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“The core of how things are created in the universe is through collision,
so you got to be prepared to collide if you want to create something.”

Will Smith on what it takes to chase your dreams



Abstract

Among the family of B mesons, the B,. meson is unique for being composed of two distinct
heavy flavors: bottom and charm. This distinctive structure makes its production and
detection significantly more challenging than that of other bottom-flavored mesons or
heavy quarkonia, resulting in large uncertainties in its dynamic properties. Due to these
experimental difficulties, the absolute differential production cross section of B, mesons
has not yet been fully determined.

To improve our theoretical understanding of B. meson production, we employ the
framework of Non-Relativistic Quantum Chromodynamics (NRQCD). This effective field
theory allows for a systematic perturbative expansion in the relative velocity of the
constituent heavy quarks, making it particularly suited for describing bound states of
heavy quarks. Within this framework, we focus on a widely used method known as the
Fragmentation Approach.

We compute the leading-order color-singlet fragmentation functions, used to predict
the transverse momentum (pr) dependence of the B. production cross section in high-
energy proton-proton collisions. Comparing against the last measurements of the LHCb
collaboration, we find that the predictions show an underestimation in all the kinematic
range measured, which becomes more significant in the low-py region. This discrepancy
suggests the potential relevance of next-to-leading power contributions, different from the
fragmentation mechanisms, at the current energies of the LHCDb reports.
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Introduction

Quantum Chromo-Dynamics (QCD) is the fundamental theory that describes the strong
interactions among elementary particles. Formulated as a non-Abelian gauge theory based
on the SU(3) color symmetry group, it governs the behavior of quarks and gluons, the
fundamental constituents of hadronic matter. A special feature of QCD is that, unlike
the photon in Quantum Electrodynamics (QED), gluons themselves carry color charge,
leading to rich and complex self-interactions. This characteristic gives rise to important
phenomena such as Asymptotic Freedom (discovered independently by 't Hooft [1], Gross
and Wilezek [2] and Politzer [3]), where the strength of the interaction decreases as the
energy scale increases, and the still not completely understood phenomenon of Colour
Confinement, which prevents the isolation of individual quarks or gluons. Despite the
challenges raised by the theory becoming strongly coupled (non-perturbative) at low
energies, QCD has provided many important insights and accurate predictions for a wide
variety of phenomena, from the structure of hadrons to the behavior of matter under
extreme conditions. Thanks to its success in explaining experimental results, QCD is now
considered a central part of the Standard Model of particle physics, and it continues to
inspire the development of new theoretical tools in the search to deepen our understanding
of the strong force.

One of the most widely used and powerful predictive tools within QCD is Perturbative
Quantum Chromo-Dynamics (pQCD), which relies on perturbative expansions in the
strong coupling constant. This approach is justified by the phenomenon of asymptotic
freedom, which allows us to use perturbative techniques to study the interactions between
quarks and gluons with considerable success in processes involving energies much higher
than the scale Aqcp, where perturbation theory predicts its own break down (the strong
coupling becomes divergent). At lower energies, the strong coupling grows large and
non-perturbative methods must be employed. When this two types of dynamics are bound
together in a same proces, the factorization theorems provide a systematic framework
that separates short-distance dynamics from the long-distance effects, and encapsulate
the laters in universal, process-independent functions such as parton distribution and
fragmentation functions. When both perturbative and non-perturbative dynamics are
involved in the same process, the Factorization Theorems offer a systematic framework to
separating them, enconding the latters in universal, process-independent functions which
are fitted to data.

Within QCD, quarks are classified according to their masses compared to the charac-
teristic scale of strong interactions, Aqcp. Heavy quarks are those whose masses are much
larger than Aqcp (mg > Aqep). According to this criterion, the charm, bottom, and
top quarks (c, b,t) are considered heavy flavors, while the up, down, and strange quarks
(u,d, s) are refered to as light flavours. The large intrinsic mass scale associated with heavy
quarks suppresses the strong coupling at the relevant energies (as(mg) < 1), making it
possible to calculate processes involving heavy quarks using perturbative QCD methods.
Consequently, systems containing heavy quarks provide an especially valuable environment
to probe QCD, offering insights into both its perturbative and non-perturbative regimes.

An important class of such systems is formed by mesons containing one or more heavy
quarks. The large masses of their constituent heavy flavours allows the application of per-
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turbative techniques to describe their production and decay at short distances. Meanwhile,
the binding of heavy quarks into mesons brings in non-perturbative effects related to
hadronization and bound-state formation. These aspects can be addressed systematically
using effective field theories such as Heavy Quark Effective Theory (HQET) [4] [5]
for heavy-light systems and Non-Relativistic QCD (NRQCD) [6] [7] for heavy-heavy
systems (which we would refer to as Heavy Mesons). In particular, the last offers an
especially clean environment where perturbative and non-perturbative dynamics can be
clearly separated. Since the heavy quarks move with relatively small velocities within the
meson, non-relativistic approximations can be used along with factorization theorems to
connect theoretical calculations with experimental observables. In this way, these systems
serve as important laboratories for testing QCD and extracting fundamental parameters
such as heavy-quark masses and CKM matrix elements.

Within this category, the B. meson has a particularly special place, being the only
known meson made of two different heavy flavors, a bottom quark and a charm antiquark,
or vice-versa. This special composition leads to many remarkable properties, one of which
is that it has explicit flavor quantum numbers. This means that, unlike heavy quarkonia
like charmonium (c¢) and bottomonium (bb), the B. meson cannot decay through strong
or electromagnetic interactions, but only through weak interactions. The first excited
states, like the vector B}, mainly decay electromagnetically into the ground state B,,
while higher excitations below the B.D threshold go through hadronic and electromagnetic
transitions before reaching the ground state. (It is worth mentioning that in literature
the term "B." refers both to the ground-state pseudoscalar meson and, more generally, to

the whole family of bound states formed by a bottom quark and a charm antiquark.)
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Figure 1: Estimates for the spectrum of B, bound states [8].

Despite the interesting properties properties of B, mesons, their production and
detection is a considerable experimental challenge, as their production cross sections are
significantly smaller than those of quarkonia. This suppression arises from the fact that,
in a single hard collision, it is necessary to produce both a bb and a c¢ pair (since stable
nucleons contain neither bottom nor charm quarks) in order to create a single B, state.
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As a consequence, it not only requires more energy to create, but also the leading-order
production mechanisms are of higher order in the strong coupling than in the case of
quarkonia.

The small production rates made the first searches for B, mesons at eTe™ and ep
colliders particularly difficult. Although theoretical estimates suggested that B, production
at the Z° resonance could be marginally observable, dedicated searches at LEP during
the mid-90s by the ALEPH, DELPHI, and OPAL experiments found not enough evidence
for B, production [9], [10], [11].

It was not until 1998 that the CDF Collaboration at the Tevatron achieved the first
clear signal of the B, through its weak decay channels [12], [13], a result confirmed
a decade later by the D@ Collaboration [14]. Since then, the higher energies and
luminosities of the LHC have allowed LHCb, CMS and ATLAS to not only reaffirm the
discovery but also to study production rates, lifetimes, and excited states, with improved
precision [15], [16], [17].

The work presented in this thesis aims to reproduce the observations published a few
years ago by LHCb [18] regarding the production ratio between B, mesons and B, + By
mesons (where this notation collectively refers to the B mesons and their corresponding
antiparticles, grouped according to their lighter flavour companions). This study employs
tools from both perturbative QCD and NRQCD, and explores the various theoretical com-
ponents required to compute the production rates, such as parton distribution functions,
fragmentation functions, and the different factorization frameworks used to study heavy
mesons. With this foundation, the main goal of this thesis is to contribute to a better
understanding of the dynamics of heavy-quark systems and to explore the relevance of the
fundamental procesess that contribute to the formation of heavy mesons in the context of
Quantum Chromodynamics.

The thesis is organized as follows. In Chapter 1, we review the main concepts and
techniques used in the application of perturbative QCD to processes involving initial-
and final-state hadrons, emphasizing key aspects relevant for the following chapters,
such as the DGLAP evolution equations and the definition of fragmentation functions.
Chapter 2 introduces the methods used to study the formation of heavy mesons within
the NRQCD factorization framework, including a brief overview of power counting rules
and the matching procedure with full QCD. In Chapter 3, we present the framework that
combines NRQCD with fragmentation functions, which we then use to obtain our results
for the B, meson production cross section, and compare them with LHCb data. Finally,
in Chapter 4, we present our conclusions and discuss possible directions for future work.



Perturbative Quantum
Chromo-Dynamics

Understanding high energy processes in particle physics often begins with the use of
perturbation theory, which is a powerful tool to calculate observables in quantum field
theories. In the case of Quantum Chromodynamics, this method works well for particles
that carry colour charge (like quarks and gluons) as long as the interactions happen at
very short distances or at very high energies. In this regime, the strong coupling becomes
weak enough that quarks and gluons behave almost like free particles.

However, in nature, we do not observe free quarks or gluons. Instead, all detectable
particles are colour neutral bound states, such as mesons and baryons, collectively known
as hadrons. These hadrons are formed through a nonperturbative mechanism called
Confinement, which hides the colour charge and binds quarks and gluons into observable
composite states. This phenomenon raises the challenge of studying a theory defined in
terms of fundamental particles whose connection to experimentally observed particles is
not yet fully understood.

In this chapter, we will explore how the Parton Model, and later the Factorization
Theorems, allow the effective application of perturbative QCD in high-energy processes
involving hadrons in both the initial and final states. We will discuss how applying
these concepts allows us to make predictions of physical observables, which can then
be compared to experimental data. Additionally, we will examine the challenges and
limitations of this approach, as well as its implications for understanding the structure of
hadrons and strong interactions.

1.1 The Structure of Hadrons at High Energies

Towards the end of the 60’s there was no established fundamental theory of strong
interactions. However, at that time experiments on high-energy proton-proton collisions
(above 10 GeV center-of-mass energy) had already shown that the large spectrum of pions
produced in the collision was primarily concentrated in a region of phase space that was
almost collinear with the collision axis. The probability of producing a pion with relatively
large transverse momentum was exponentially suppressed as the transverse momentum
increased. This observation led to a picture of the hadron as a loosely bound state of
many parts, where the constituents inside a hadron would have momenta nearly collinear
with the initial hadron’s momentum.

At first sight, this idea seemed paradoxical. How could the strong interaction, known
to be extremely powerful, allow a weak coupling behavior? he resolution to this puzzle
emerged in 1973 with the theoretical discovery of asymptotic freedom, which explained
why the strong force becomes weaker at high energies, allowing the constituents of a
hadron to behave as if they were almost free. However, before this breakthrough, the
behavior of the strong interaction at high energies remained a complete mystery.

To explore this mystery and test the loosely picture of hadronic structure, Deep
Inelastic Scattering (DIS) experiments were run at SLAC and MIT. These experiments
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involved an electron beam (with energy up to 21 GeV) scattering off a fixed hydrogen
target. A DIS event occurred when the proton was shattered by the electron, producing
a large number of hadrons in the final state. Since the detectors were sensitive only to
the scattered electrons, the cross section was measured in terms of the 4-momentum
transferred from the electron to the proton in the target, through an electromagnetic
interaction. At large scattering angles, i.e. large 4-momentum transfer, the results of
these measurements were consistent with what would have been expected if the proton
were a point-like elementary particle with fractional electric charge.

Parton Distribution Functions

The Parton Model, proposed by Feynman [19] and later developed by Bjorken and
Paschos [20], provided a framework that combined these experimental results. In
this model, the hadrons were described as loosely bounds states of a small number of
constituents, referred to as Partons. Today, we understand that partons include quarks,
gluons, and even antiquarks (strictly speaking, any particle in the Standard Model), but
at the time they were introduced, their nature was unknown. The only requirement for
these partons was that at least some of them must be electrically charged so that photons
could interact with them as point-like particles from QED.

The word “loosely” means that the binding of hadrons happens by continuous exchanges
of gluons and quark-antiquark pairs with energies and momenta around Aqcp, where
the strong coupling s 2 1 makes these exchanges very likely to happen.Therefore, these

binding interactions take place in a time of order

Thind ~ 1/Aqep (1.1)

On the other hand, a high-energy probe with momentum transfer () interacts in a time

Teoll ™~ 1/Q (12)

When @) > Aqep (so that 7eon < Thina), the probe can disturb the binding and see inside
the hadron.

In such a scenario, a struck parton escapes from the strong field inside the hadron,
interacting with the rest of the system only through soft exchanges that do not significantly
alter its momentum shortly before or after the collision. As a result, the remnants of the
hadron remain nearly unaffected. This approximated separation of the hadron’s internal
dynamics from the high-energy interaction (commonly referred to as Hard Scattering)
allows us to treat them as two incoherent processes. This key theoretical principle is what
is addressed as to Factorization.

Although partons move in all directions inside a hadron, in its rest frame, their
momenta are bounded by the hadron mass. Therefore, when the hadron is boosted along
a given direction by a large factor, the longitudinal components of the parton momenta
spreads while the transverse components remain essentially unchanged. Consequently, in
a reference frame where the hadron carries a very large momentum, the parton momenta
become approximately collinear with that of the hadron.

Applying this collinear picture along with the incoherent separation of dynamics, a
relativistic flux of composite particles in QCD can be treated as an equivalent collinear flux
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of their free constituents, with each constituent carrying a fraction & of the total momentum.
Such fluxes will be ¢-distributed according to the non-perturbative interactions among
the constituents, which will require experimental measurement to determinate them.
But as they only depend on the internal dynamics of the hadron, they must be process-
independent. These distributions receive the name of Parton Distribution Functions
(PDFs) also refered to as Parton Densities.

The total hadronic cross section is related to the partonic cross section of a per-
turbatively calculable subprocess, known as the Hard Scattering, through the Parton
Distribution Functions. Since PDFs describe the distribution of collinear momenta among
partons inside the hadron, in a way that resembles a number density (although, we will
see they are not), the initial momentum of the parton entering the hard scattering is not
fixed but given by a fraction ¢ of the hadron’s momentum P. Consequently, integration
over the different values of £ is required. Considering that the weight for each £ value is
given by f;/n(€), the PDF for a parton j inside a hadron h, the general formula for the
total hadronic cross section is given by

do =" [ defyn(€)doy(cP) (13)

where d& represents the partonic cross section of the hard scattering subprocess involving
an initial parton j, and the sum runs over all relevant initial partons in the process.
Naturally, both cross sections should be chosen to be differential in the same kinematic
variables.

Since the primary goal of the Parton Model was to study the structure of hadrons
rather than the interactions that bind partons together, most of its applications were
limited to the lowest order in QCD. This restriction spared the Parton Model from the
complications that arise when incorporating higher-order QCD corrections, that we will
treat in the next sections. Despite this, some important results were obtained from
this simple model, the most importants being the Bjorken Scaling and the Callan-Cross
relation, that where a demonstration that that proton contains spin 1/2 partons. Those
achievements are presented in almost any book on the fundamentals of quantum field
theory or quantum chromo-dynamics [21] [22] [23] [24].

Fragmentation Functions

When studying the production of specific final-state hadrons, a new class of non-perturbative
functions is required to relate these distributions to the spectra of partons produced in
the hard scattering. These are the Fragmentation Functions (FFs), previously known
as Decay Functions. Roughly speaking, a FF Dy,/;(2) represents the number density of
hadrons of a given kind h within a jet initiated by a specific parton j, where the hadron
carries a fraction z of the parton’s longitudinal momentum.

Fragmentation functions are often considered the counterparts of parton distribution
functions, but they encode a fundamentally different phenomena. While PDFs describe
the momentum distribution of partons inside a hadron, FFs govern the formation of
colorless bound states from colored partons, making them intrinsically linked to colour
confinement (one of the most profound and unresolved aspects of QCD). Understanding
FFs is therefore crucial for unraveling the mechanism that ensures quarks and gluons are
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never observed in isolation. Given their significance, the concept of FFs emerged shortly
after the introduction of the Parton Model and PDFs [25] [26]. Although their study
has been historically less prominent than that of PDFs, several research groups continue
to refine our knowledge of FFs, particularly through fits to collider data.

Similar reasoning to that used for PDFs justifies the separation of non-perturbative
dynamics in the application of FFs. Specifically, when both the parton and the hadron are
highly boosted in the lab frame, they are expected to move in nearly the same direction.
Moreover, in this regime, the parton’s virtuality (again constrained by the hadron’s
mass) is negligible compared to its boosted momentum component, allowing it to be
approximated as an on-shell particle. The factorized expression for the hadronic cross
section has the form q 14 05

Op z 0;

By = }J:/O Bt Di(2) (1.4)
where we used dd; to denote the perturbatively calculable parton production cross section
(which can be convoluted with PDFs), which considers the inclusive production of an
on-shell parton of type 7 and momentum k.

A small caveat to avoid confusion is that the Particle Data Group (PDG) uses the
term “fragmentation function” to refer to both the partonic fragmentation function, and
the following normalized cross section:

1 do, . _
O_tOt%< e —>hX)

F'2,Q) =

which, in general, differs from the fragmentation function that encapsulates the non-
perturbative dynamics of the final state.

The Naive Parton Model

The first implementation of the Parton Model was merely a heuristic argument based on
the kinematics of hadronic processes, as we have just presented. Of course, this is far from
a rigorous proof. For this reason, we will refer to this realization of the Parton Model as
the Naive Parton Model, since it neither accounts for quantum and radiative corrections
nor provides a justification for the factorization of the low-energy dynamics in hadronic
processes. Moreover, it does not quantify the order of corrections required for a complete
description of QCD processes.

1.2 Improving the Model

As we have just mentioned, the Naive Parton Model relies on hard processes with simple
matrix elements and massless quarks. If we were to naively introduce more complex
matrix elements or apply corrections to the ones previously discussed, we would encounter
infrared divergences in nearly every amplitude. For sufficiently inclusive observables,
these divergences cancel in the sum of real and virtual diagrams, as guaranteed by the
Kinoshita-Lee-Nauenberg (KLN) theorem. Unfortunately, the usefulness of this theorem
diminishes when addressing infrared divergences related to the initial state, as it cannot
be treated inclusively, and becomes even less relevant if we aim to analyse specific final
states.
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This situation might seem problematic, but in reality, it is not. Since PDFs are
defined to encapsulate the non-perturbative dynamics of the collision, any collinear or soft
radiation is expected to be already accounted for within these distributions, at least up to
the scale of non-perturvative interactions Aqcp. As a result, including these contributions
in the hard part of the process would lead to a double counting. Infrared divergences are
then not physical, as they are related to this redundancy.

Despite this observation, collinear emissions above the threshold of the non-perturbative
effects still pose challenges in calculations, as they give rise to large logarithms that
contribute significantly at all orders in perturbation theory. Resuming these terms into
the PDFs translates effectively into a redistribution of parton densities at higher scales.
The corresponding renormalization group equations that explicitly express this evolution
are the famous Dokshitzer—Gribov-Lipatov-Altarelli-Parisi Equations (DGLAP).

Before presenting a rigorous derivation of how the renormalization of PDFs and FFs
emerges, we will first guide the discussion towards the approach used in [22] which
emphasizes conceptual clarity and physical intuition, and is inspired on the method used
by Altarelli and Parisi in their foundational work [27]. This will provide a foundation for
understanding how the effects we have just mentioned arise naturally in the calculations.

Collinear Gluon Emission

The type of corrections that we are interested in studying are the collinear initial state
emissions in the hard scattering subprocess. A straightforward example to study is the
case where an initial quark radiates a final state on-shell gluon, as depicted in Fig. 1.1.
The hard part of these diagrams is related to an amplitude with the following structure:

M > 92) = () g T ulp)es (o (15)

In this expression, we show only the part of the amplitude related to the gluon emission.
The term (...); is a spinor that stands for the rest of the diagram and carries colour index
j. The factor if/k* comes from the virtual quark propagator, while the vertex gL
describes the gluon emission. The spinor u;(p)1 represents the incoming quark with color
i, and 7" (q) is the polarization vector of the outgoing gluon.

The omitted part in (1.5) involves the interaction of the virtual quark with a general
target in the state X', which produces the final state Z. In this expression, k is the four-
momentum of the quark after emitting a gluon with four-momentum ¢. As visible from
this expression, the amplitude increases rapidly when the intermediate quark approaches
the on-shell condition (k* = —2¢°p°(1 — cosf) — 0) i.e. when the emitted gluon is soft or
collinear to the initial quark.

A key insight in analysing the contribution of these emissions lies in recognizing that
the associated amplitude can be factorized into two components: the amplitude of the
process without emissions (¢’X — Z) and the matrix element describing the splitting
of a quark into a quark and a gluon (¢ — ¢’g). This separation becomes valid in the
collinear limit, where the intermediate quark approaches the on-shell condition. In this
regime, the numerator of the intermediate propagator can be expressed in terms of
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Figure 1.1: Diagram for a hard subprocess involving a quark and a single collinear gluon emission. The
dashed lines enclose the entire subprocess while the hatched circle represents the part free
from collinear emissions.

polarization-dependent spinors for massless quarks.

k=2 ulkyu(k) (1.6)

pols

As a result, the gluon emission vertex and the remainder of the amplitude can be separated
by contracting each part with on-shell spinors for a massless quark. The amplitude for
the full process can be then rewritten as

IM(gX > 92) = 5 Mg~ d,9) - (@)X — 2) (L7)

M(q = 4,9) = igt; (k)T wi(p)e; (q) (1.8)

where the subscript n denotes the polarization and colour state of the intermediate quark,
which must be the same for both parts of the diagram.

It is natural to ask whether the separation of amplitudes in (1.7) still holds after
squaring the total amplitude. Due to helicity and color charge conservation at the quark-
gluon vertex, the polarization and color of the intermediate quark are fully determined by
those of the external quark and gluon. This implies that there is no interference between
different intermediate states in (1.7), because only one of them is different from zero.
Therefore, for an unpolarized process, the spin and colour averaged squared amplitude of
the full process can be written as

2 1 1 9
= o D MX = g2) (L9)
L1
2N, Ny

‘M(q% —gZ)

> IM(a = aug) g M(@X » 2P (110

where the sum runs over the polarization and colour state of the initial quark, the
final gluon, and the states X and Z. The value of Ny is the number of colour-helicity
configurations that the X state can have. In general, there are multiple ways to obtain
the same value of n from the external particles.

The colour and parity symmetries of QCD ensure that the squared amplitudes are
invariant under global rotations of all colour states and simultaneous flips of all helicities.
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Because of this, when we sum over the squared amplitudes for all external quark and
gluon helicities and colors, such that the total only depends on the configuration of the
intermediate quark, these symmetries guarantee that the result is the same for any choice
of intermediate quark color and helicity. As a result, we can relate the sum over squared
splitting amplitudes for each fixed intermediate configuration m to the fully averaged
squared amplitude, as if the intermediate quark were a final-state particle:

- 2
> [M (g = Gugie)|*0nm = 2N > Mg = gugk)[*0um = [M(q = ¢'g)| (1.11)
Lk

¢ mlk

The importance of this observation is that it allows us to rewrite the expression (1.10)
in a way that completely decouples the splitting squared amplitudes from those of the
remaining part of the entire process.

Migx = g2)[ ZQ}VC le 2 [Z IM(ge = ngi)| ] LiMx - 2P (1.12)
Ny 424 [Z (Mg = angr)] 5nm] Mg, X — 2)° (1.13)

_2;\70]\})( ;Z; Mg dg) QIM(qInX - Z)[° (1.14)

:‘ﬂ(q —q'yg ( le(z >IN N — Mg, X = Z) ] (1.15)

Z\W(q — Q’g)f@\ﬂ(q’x — Z)‘ (1.16)

Using this result, we will be able to analyze the nature of collinear emissions in general,
regardless of the process in which they are involved.

Splitting Amplitudes

To explicitly evaluate the amplitudes related to the gluon emission, let us consider that the
initial quark moves along the third direction. The on-shell gluon and the intermediate quark
momenta will slightly deviate from this axis, by carrying a small transverse momentum
k;, for instance, in the second direction. As their momenta remain primarily aligned with
the initial quark’s motion, we can define z as the fraction of longitudinal momentum that
the quark retains after the emission. Consequently, up to terms O(k?), the momenta of
the particles involved can be expressed as

p* = (p,0,0,p) P’ =0 (1.17)
]{32
r—((]— —k (1= _ M s 2= 1.1
ki 2 ki
Kkt = k —t ¢ k= — 1.1
(Zp7 07 ts Zp) + 2(1 _ Z)pe3 11—~ ( 9)

where €3 = (0,0,0,1) is the unit vector along the third direction. Notice that O(k?)
terms have been explicitly separated in these definitions, as they will only appear in the
denominator of the quark propagator, which gets no contribution from lower orders. In
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contrast, the splitting amplitudes will start already at order O(k;), so in the rest of the
calculation we can keep in mind just the first part of these definitions.

Regarding the polarization of external particles, by the quark helicity conservation
property of the quark-gluon vertex, we have 4 non-zero amplitudes

Mi(gr = qrgr) Ma(ar = qrgr)  Ms(ar — qrgr)  Malqr — qrgr)  (1.20)

but the parity symmetry of QCD allows us to directly tell that M; = M3 and My = My,
so we can calculate just those where the quarks are left-handed.

Working in the chiral representation, the corresponding expression for the left-handed
spinor for the initial quark is given by

o) = vas () o }) (121

Since the intermediate quark is slightly deflected from the third axis, in which lies the
initial quark’s momentum direction, its corresponding spinor will have a similar expression
but rotated by the same small angle 6, = k;/zp as its momentum.

up (k) = \/ﬂp(g(()% (k) = (1 + ioab, /2) (g) _ 2]%9 (1.22)

Similarly, to get the emitted gluon polarization vectors, the common definition of the
polarization vectors in the third direction

gR(Q) = ﬁ(ovza ]-7 0) €L

needs to be rotated by an angle 8, = —k;/(1 — z)p in the direction of the gluon’s deflection.

erlq) = \}5 (0, i1, (1_/2)29) £3(q) = \}5 (0, —i, 1, (1__1‘2)]) (1.24)

Inserting these definitions inside the equation (1.8), we get the following expressions
for the needed left-handed quark splitting amplitudes

0, —i,1,0) (1.23)

V22

zgﬁktT“ (1.25)

, . V22 " .
iM(qr — qrgr) = Zg:ktTji iM(qr — qrgr) =

where the indices 7, a, and j, are related to the colour of the initial quark, the final
gluon, and the intermediate quark, respectively. Using these results, the averaged squared
M(q— ¢'g) ’ = [ > T5Ts | 29

splitting amplitude is
k? 1+ 22
1.26
N, <z(1—z)><1—z (1.26)
aij

=2or( ) (75)

where Cr = (N? —1)/2N, = 4/3 in QCD.
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Splitting Function

Having computed all the pieces needed to get the contribution of the collinear emissions
shown in Fig. 1.1, we now show that the complete partonic cross section

d3
M(gX — gZ

2 dq
) 2¢°(2m)?

do(qgX — gZ) = dllz (1.27)

1
(14 vx)2p2Ex ‘
where vy is the velocity of X and dIlz is the phase space of Z, can be understood as the
product of a splitting probability and the partonic cross section of the remaining part of
the process. To prove this statement, let us replace the squared amplitude of the entire
process with our recent finding in the equation (1.16).

1
(1 + vx)2p2Ex

A S 21—
A6 (qX — gZ) = M(q— ¢'g)| F‘M(Q’X — Z Sdllz (1.28)

)‘2 d’q
2¢°(2m)
Then, we change the variables related to the integral measure over the ¢* phase space,
to the variables z and k? from (1.18) that we already used to calculate the splitting
amplitudes:

dPq  desdPq 1 dzdky 1 dzdk?

= = = 1.29
2¢°(2m)3  2¢°(2m)3 1673 1— =z 1672 1 — 2 (1.29)

By doing so, we can construct the expression of the corresponding partonic cross section
without emissions inside the complete expression (1.28), obtaining the following:

1 dzdk?—— 2 2 1 — 2
do(qX Z) = —— ¢ ¢ — ,X 2V dII
64X = 92) = o5 [Mla = do)| [(1+UX)22p2EX’M(q ~ 2)| z]
(1.30)
dk? dz _ 2 |
=0 ki Z)]M(q — q’g)\ do(¢d X — 2) (1.31)
+ 167

where we aditionally replaced k* = &} /(1 — 2), according to the (1.19) definitions.

To derive the corresponding expression of the emission probability, we substitute the
unpolarized, colour-averaged, squared splitting amplitude from (1.26) into the differential
cross-section.

1+ 22
1—2

2
06X — gZ) = d="t Y2,
ki 2m

]da(qfx — 2) (1.32)

Finally, we integrate over the squared transverse momentum k7. To do so, recall that
the virtuality of the intermediate quark (1.19) is proportional to k2. Since particles with
large virtualities exist only for short times, the transverse momentum of the intermediate
quark can be related to the scale of the hard process. Consequently, the upper limit of
the k2 integration should be @, while the lower limit is set to Qy, whose significance will
be explored later.

2 1 2
do(qgX — gZ) = ln<Q> %dzCF[ 1—52

07 ) 2n ]d&(q’x — Z) (1.33)
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From the previous result, we can naively identify the quark-to-quark Splitting Function,
which describes the first correction to the quark distribution as a function of the momentum
fraction z retained by the quark after gluon emission:

~ 1+ 22
qu(z):CFll_Z]

(1.34)

The tilde on Iqu(z) indicates that this expression is not complete. In particular, it contains
an infrared divergence in the limit z — 1, corresponding to the emitted gluon becoming
soft.

However, such soft divergences cancel when both real emissions and virtual corrections
are included. This implies that the corresponding virtual corrections to the partonic cross
section dé,x—z(p), which we have not computed here, must contain a soft singularity
that cancels the divergence from the real emission.

The total finite contribution is obtained by combining the real corrections, where
the quark emits a gluon and retains a momentum fraction z of its initial momentum
(integrated over all z), with the virtual correction and the leading term, which correspond
to the case with no gluon emission (z = 1):

/dz[ln(?;)) Pq(z)—i—é(l—z)(l—i—ln(gz) A)]dﬁqx%z(zp) (1.35)

Here, A denotes the soft-divergent term of order o, that arises from the virtual corrections.

We can determine the value of A by interpreting the bracketed expression in eq. (1.35)
as a distribution describing the momentum fraction carried by the quark after gluon
emission. Since we are only considering gluon radiation, the total number of quarks must
be conserved. Therefore, the integral over the entire distribution must give unity:

/ dzlln(%i) * P, (z )+5(1—z)<1+ln<gz> Aﬂ ~1 (1.36)

As we mentioned before, the integral over qu( ) is divergent. To handle this, we
introduce a soft cut-off A to regularize the expression. In this way, we can solve the
normalization condition, and the divergent part from the virtual correction becomes

1-X 1 2
A=—tim [ deCr— T imoy (2 +2In )\). (1.37)

A—0.J0 —Z A—0

With this result, the complete and finite quark—to-quark splitting function can be regular-
ized and written as

Py lz) = hrr(l){qu( T)0(1 =X —2) + AN)S(1 - )} (1.38)
_CFI%{lltqu(l—)\—x)—l—<2+21n)\>(5(1—x)}. (1.39)

The previous expression can be written in a more elegant way by realizing that §(1 —x)
and hence P, (x) is a distribution. Therefore, to regularize the splitting function we use
the Plus Prescription, defined by its action on a function g(x) (Which is regular at = 1):

1 1 g )
(1—x):>(1—q;)+ /d 1—x /d 1_56 (1.40)
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X

Figure 1.2: Representative diagrams for a hard scattering process involving quarks. The left diagram
shows the lowest-order contribution, while the right diagram includes the first radiative
correction from collinear gluon emission in the initial state. In inclusive processes, both
configurations contribute to the observed parton distributions.

This distribution eliminates the need to introduce the soft cut-off A and take the limit of
the difference between two diverging quantities, enabling us to write
1+ 22 3
P

qq(ZL’) =Cp ((1—:E)+ + 55(1 — ZE)) (1.41)

Evolution of Parton Densities

As discussed earlier in this section, the parton distribution functions (or parton densities)
encapsulate all the initial non-perturbative effects of the collision i.e. radiation occurring
below the characteristic scale of non-perturbative interactions Agcp. However, in practice,
the situation is more nuanced. From a phenomenological perspective, since we generally
do not compute the hard process to all orders in the strong coupling, the distributions
observed in experiments can also include collinear radiation extending up to the hard
scale of the process (Q)). As this scale increases, it is natural to expect a corresponding
variation in these distributions.

The use of PDFs inherently assumes that the process under study is, to some extent,
inclusive. This means we cannot differentiate between scenarios where partons lose energy
due to collinear emissions and those where no such emissions occur, as long as the parton
that participates in the hard scattering carries the same momentum (Otherwise, the
kinematics would differ). Therefore, we should always consider that inclusive processes
account for both cases illustrated in Fig. 1.2.

To explore the impact of collinear contributions on PDFs, consider a general scenario
where a nucleon N undergoes an inelastic scattering with a state X', such that only a
single quark flavour inside N participates in the hard subprocess, interacting with X and
producing a final state Z (as shown in Fig. 1.1). Additionaly, suppose the PDF of a quark
inside N has been determined at a reference scale (). The objective is to examine how
collinear emissions between )y and a slightly higher scale () are resummed into the PDF,
and how this addition makes it evolve. To study this effect, let us roughly use the PDF
measured at Qg to compute the total hadronic cross section of the process occurring at
the scale @), so the factorized expression is

dONX = /dqu/N(xa QO)dequ(:Ev Q7 QO) (142)
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where x is the hadron’s momentum fraction that the initial quark carries.

The partonic cross section dé,» in equation (1.42) is not just the cross section for the
subprocess ¢X — Z it also contains terms corresponding to the subprocess ¢X — gZ
which includes the emission of a collinear gluon between the scales Qg and @ (or many
more if these scales are not so close), as they are not present in f(x, Qo).

da—qX(xa Q7 QO) - da—qX—>Z<x7 Q) + da’qX—}gZ(x Q QO) (143)

=dbxv_z(r,Q) +1n< )ozs /dz 2)dG -z (22, Q) (1.44)

—/dzl 1—z)+ln<gz> S p (2 )]daqxﬁg(zx,cg) (1.45)

The first term represents the scenario with no gluon emission, while the second term
accounts for the case where the emitted gluon carries a momentum fraction 1 — z of the
quark’s initial momentum, leaving the quark with a reduced momentum fraction zz from
the hadron’s momentum.

As you can see from expression (1.45) the momentum fraction of the quark involved
in the hard scattering is not x nor z, but its product £ = xz. To express the complete
hadronic cross section in terms of a convolution over &, let us change variables from (z.z)
to (&, z) (notice that the integrals over x and z run from 0 to 1).

dony = / / dadz fy (2, Qo). (2)db -2 (22, Q) / ded (€ — za) (1.46)
_ // dfzdz /daj(s (:17 — i) fan (@, Qo)[...](2)dbgx—z (22, Q) (1.47)

- e[ Lrun(E @)oozt (145

where the omited term [...](z) is the bracketed term from (1.45). This last expression
bears a clear resemblance to the standard (naive) parton model formula, as the partonic
cross section now contains only the hard scattering subprocess, without emissions. This
becomes more evident if we define

Q5

as the PDF of a quark inside NV evaluated at () > (). In this way, the hadronic cross
section can be rewritten as

doe = [ d fuyn(& Q) dogxo2(6.Q), (1.50)

F(e,@) = Fynte @)+ S ) 52 [ YR (Z) a9

where the resemblance to the parton model is now explicit.

For an infinitesimal increment in the process scale, we can rearrange the redefini-
tion of the quark PDF as an integro-differential equation that resembles those of the
renormalization group.

dfq N(§7Q> . g dZ
s = 5 [ TP/ Q) (1.51)
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DGLAP Equations

What we have presented in equation (1.51) is just one component of a system of 2Ny + 1
coupled differential equations (where Ny is the number of active quark flavors), known as
the Dokshitzer—Gribov—Lipatov—Altarelli-Parisi (DGLAP) equations. Denoting the PDFs
with the letter of its respective parton, the DGLAP equations can be expressed as

q (&, 1) a. (1dz }Zq(zaCQ) }ﬁg(va?) }zé(2762) qe(§/ 2, 1)
m g(é’,u) = Zﬁ/ ? PQQ(Z>Q) P99(27Q> Pgé(za Q) g(f/znu)
qr (&, 1) ¢ ¢ Paq(2,Q) Py, Q) Pga(2,Q)) \@(&/z 1)

(1.52)

These equations describe the Q2 evolution of parton densities within a given hadron. They
were independently derived by Dokshitzer in 1977 [28], by Altarelli and Parisi [27] in
the same year, an by Gribov and Lipatov in 1972 [29].

The splitting functions act as the kernels of this evolution and can be computed
analytically by expanding them perturbatively in the strong coupling constant:
Pu(z,05) = PR (2) +

Qg 1
%Pib](z) T (1.53)

Only the first term of this expansion can be computed using techniques similar to those
we employed in the derivation of P, (z). For higher-order terms, it is more convenient
to work within formal theoretical frameworks, which we will introduce in the following
sections.

As evident from equation (1.52), the full DGLAP evolution incorporates additional
splitting processes, such as gluon splitting (¢ — ¢q and g — gg) and quark radiation
(¢ = qg). At leading order (LO), the nonzero splitting functions are given by:

P9(2) = 0,,Cr Mfi + 25(1 - z)] (1.54)
PU(2) = Tp[2* + (1 - 2)?] (1.55)
Pe) = e[ FH=2 (156
Pll(z) =2C4 ll ; S a _ZZ)+ +2(1— z)] + @5(1 — 2) (1.57)

where Tr =1/2, Cp = N. =3, Cp = (N? = 1)/2N. = 4/3, and 5y = (11C4 — 4N;T¥)/3,
in QCD. The Kronecker delta enforces flavor conservation. By charge parity conservation,
the splitting functions involving antiquarks have the same values as those for quarks.

A similar equation describes the coupled Q? evolution of the fragmentation functions
associated with final-state hadrons. These two evolution equations are usually distinguished
by the sign of the parton virtuality; PDFs correspond to space-like partons, while FFs
correspond to time-like partons. The only practical difference between these two equations
lies in the values of the corresponding splitting functions. At LO, the splitting functions
for FFs are identical to their space-like counterparts; however, differences arise at next-to-
leading order and beyond. Since the analytical expressions at higher orders are too lengthy
to be displayed here, we refer the reader to [30] and [31] for the NLO expressions of
space-like and time-like evolutions, respectively. The NNLO expressions can be found in
[32] and [33].
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g/

W

Figure 1.3: On the left, a diagram of the DIS process is shown, where an electron scatters off a proton
N with initial momentum P via the exchange of a virtual photon with momentum ¢q. On the
right, the cut diagram illustrates the definition of the hadronic tensor.

1.3 Collinear Factorization

While the parton model has provided an intuitive picture to understand high-energy
hadronic processes, it does not come from a formal derivation within QCD. To go beyond
this limitation, a more systematic framework was developed by J. Collins and collaborators,
who established a theoretical proof of the factorization theorems. Each of these theorems
states that it is possible to separate the effects coming from different dynamical scales
in a given process. In this approach, PDFs and FFs are defined through lightcone
projections of proton matrix elements [34], giving a precise field operator definition that
is consistent with QCD. This formalism not only improves the conceptual understanding
of factorization but also makes clear the assumptions and conditions under which it holds.
A comprehensive review can be read in [35]. Thus, a brief overview of the fundamental
caracteristics of this perspective will be of great help to understand how to correctly apply
factorization to QCD.

A crucial subtlety about the naive parton model is that it does not hold literally for most
quantum field theories. As discussed in [36], its validity requires super-renormalizable
theories that are not based on gauge invariance principles (both integral aspects of QCD).
This is not a surprise: we have already seen that DGLAP equations modify the values of
PDFs and FFs in QCD. However, the foundational ideas of the parton model are so general
that it is reasonable to view it as an approximation to QCD. Therefore, to understand
how the naive parton model must be modified to accommodate the complexities of QCD,
it is instructive to start examining the scenario where the naive parton model is valid, i.e.
correct to the leading power of the hard scale.

A rigorous derivation of the results we will present require introducing several advanced
tools and extensive formalism, as done by J. C. Collins in his famous book [36]. Of
course, this lies far beyond the scope of this thesis. Instead, we will take these results as
given, providing only a few remarks of the approximations that have been done. This
way, we will have freedom to focus on the key conclusions that will be relevant for our
later discussions, while also having a general idea of where this framework comes from.
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Factorization of Simple Theories

Basic ideas about the space-time structure of Deep Inelastic Scattering (DIS) inspired the
development of the naive parton model. Due to this close connection, DIS is the most
natural and straightforward process in which factorization can be rigorously established.
We will therefore focus our discussion on the DIS case, as it provides a clear and controlled
setting to illustrate the key assumptions and general features of the Collinear Factorization
framework.

In this process, depicted in Fig. 1.3, a high-energy lepton scatters off a proton via the
exchange of a virtual photon. When the momentum transfer Q? = —¢? is sufficiently large,
the virtual photon probes short distances and effectively resolves the quark content inside
the hadron. As a result, the nucleon breaks apart, producing a multitude of hadrons.

Neglecting the lepton and proton masses, the DIS cross section can be expressed
(without assumptions) using the optical theorem as

doun ex y
E By = SQ4LWW“ (P,q) (1.58)
where S is the squared center-of-mass energy, « is the electromagnetic coupling, and
L, is the leptonic tensor, which contains the contribution from the QED vertex of the
scattered lepton. The non-perturbative QCD dynamic describing the hadron’s response
to the virtual photon is encoded in the hadronic tensor W* (P, q), which is defined in
[36] as

WH (P, q) /d4z e (N(P)|[J*(2), J*(0)]IN(P)) (1.59)

where J# denotes the electromagnetic current of quarks.

To formulate the parton model within the framework of Quantum Field Theory, we
must prove that the dominant contributions to the DIS process stem from cut diagrams
resembling the Handbag Diagram in Fig. 1.4, while higher corrections remain suppressed
(those involving interactions with the remnants). Such a demonstration is not an easy
task, but let us consider this idealized scenario where the naive parton model is valid.
For that case, the subgraphs enclosed by regions L and U correspond to lines collinear
to the target and the struck quark, respectively, and the related hadronic tensor has the
following general structure

e — Ca / PE s lym U+ g0 LGk, P) (1.60)
= — T .
where the trace runs over colour and Dirac indices. The functions U and L are general

matrices in the spinor space, encoding the contributions from their respective subdiagrams
(or bubbles).

A particulart convenient frame to analyze the kinematics of a DIS process is the so
called Breit Frame, a reference frame in which the four-momentum transfer ¢* carried by
the virtual photon is purely spatial. By orienting the photon along the —és3 direction and
assuming that the proton’s momentum in the é3 direction is large enough to neglect its
mass, their momenta are expressed as

qu = (0,07, —Q) B, = (P,0q, P) (1.61)
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Figure 1.4: Schematic diagram representing the leading contribution to a DIS process within the Collinear
Factorization framework. A quark inside the nucleon is struck by the virtual photon and
exits the hadron without interacting with the remnants.

In this frame, quarks (and electrons) retain their initial energy, scattering elastically
as if rebounding off a rigid surface. This defining feature is what gives this frame the
alternative name of Brick Wall Frame.

However, while choosing a convenient reference frame simplifies the kinematics, ob-
taining a factorized expression for DIS requires more than that. It also demands a careful
separation of contributions related to the parton kinematics from the rest of the diagram.
This involves making controlled approximations (collectively referred to as the Parton Ap-
prozimator) about the behavior of the upper (U) and lower (L) subdiagrams as functions
of momenta, hoping they allow us to undo the convolution between both bubbles.

A powerful tool to carry out this separation is given by Light-Cone Coordinates,
a coordinate system in which any four-vector V# is written as (V*,V~, Vr), where
VE* = (VO 4+ V%) /2. In this basis, boosts along the third axis act in a very simple
way, changing the plus and minus components by a multiplicative factor, V* — e’V ™+
and V~ — e 7V~ where 7 is the rapidity of the boost. Because of this, the light-cone
coordinates are useful to identify how different momentum components behave as @
becomes large. Writing the relevant momenta in this form gives:

g = (—zpP*,Q/V2,071) P, = (P",0,0r) (1.62)
k= (£P*, k™, kT) KM = ((5 —x5)PT,Q + k™, sz) (1.63)

where 25 = Q?/(2P - ¢) = Q/+/2P7 in the Breit frame. Here, the plus-momentum of the
incoming quark is given by a fraction £ of the hadron’s momentum, which can differ from
the Bjorken variable xp. Unlike in the simple approximation to DIS that the naive parton
model gave us, we now allow partons to carry nonzero transverse momentum, a crucial
feature to address the full complexity of QCD and moving beyond a purely collinear
picture.

A first step towards the intended factorization is to decouple the integration of the
subdiagrams U an L. While not immediately obvious, it can be shown that the upper
part U is approximately insensitive to the small momentum components transferred from
L. Since the initial quark is highly boosted from its rest frame, its plus component k™
must be the largest component. Therefore, for the relevant contributions, we can neglect
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the values of k7 and k£~ inside U. Applying these approximations, the corresponding
expression of the hadronic tensor becomes
e? 2
WH ﬁ/df P*Tr [’y“U((ﬁ—xB)P+,q,OT)fy” (/W (€P* k™ ko), P))]
(1.64)
where the convolution of the upper and lower bubbles was decoupled by restricting the
integration over £~ and kt to L only, while the integration over k., i.e. over &, is general.

While the trace over colour indices is trivial, we still have both factors (U and L)
coupled by a trace in the Dirac spinor space. To project out the leading part of the Dirac
trace, we apply the fact that a general matrix in the spinor space can be decomposed as

1
L=8+v%P+ V" +57,A" + iauﬂ"“’ (1.65)

where S, P, V¥, A* and TH"", are coefficients transforming under Lorentz transformations
as scalars, pseudo-scalars, vectors, axial-vectors, and second-rank antisymmetric tensors,
respectively.

Boosting from the rest frame to the Breit frame significantly enhances plus components
while suppressing minus components. Consequently, in the lower bubble, only the terms
Y+, A*, and T, contribute to the hadronic tensor, appearing multiplied by a v~ factor.
This structure allow us to extract these terms from the full expression of L by using the
standard trace identities of the Dirac matrices:

V= iTr [7+L] At = iTr [757+L} T = leTr [O‘—HL} (1.66)

In the unpolarized case, the dominant contribution arises from the component of L
that transforms as a vector. We can fully decouple this term from the upper bubble by
expressing L in the hadronic tensor as L &~ v~ V*. The result is that we can now define
the parton distribution functions as

k

dk- d?k o dkdk
fim(€) = Troo- / "Lk, P) =Ty L [ CET (1.67)

2 (2m)4 P

where the traces run over both colour and Dirac indices. With this definition, the hadronic
tensor takes the following form

dg

WH =~
47r &

— Jan(&)Tr

VHU((g_xB)P+7Q7OT)’YV§]7 (168>

where k = (EPT,0,07) is the massless collinear approximation of the initial quark’s
momentum.

Operator Definition of Parton Densities

The quark parton density, as defined in (1.67), is obtained by integrating over the lower
bubble in Fig. 1.4, tracing over its Dirac indices, and projecting onto the light-cone
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plus direction using a y* matrix. In general, the lower bubble represents the sum of
all possible cut diagrams of a specific topology. In the context of parton densities, the
relevant contributions come from cut diagrams that generate an off-shell quark with plus
momentum £PT, where PT is the plus momentum of the target’s initial state.

Since the factorized fermionic lines do not cross the final-state cut, the corresponding
amplitude must include field operators at the ends of each line. On the left side of the
diagram, the upper end represents the annihilation of a quark by the field, while on the
right side, it corresponds to the creation of a quark. Therefore, we would expect that the
quark density has an expression in terms of the matrix element of a bilocal field operator.
Such a representation can be derived within the framework of lightcone pertubation theory,
where the corresponding expression is

_l’_

Qs o Py (0,0, 00) L, (0P, (1.69)

2

The subscript ¢ stands for “connected”, meaning that the only contributions included are
those where the quark fields are connected to the target’s initial state.

fj/h(@ =

To define a quark density gauge invariantly, we need to add a Wilson Line (also known
as Gauge Link) along the light-like line joining the quark and antiquark fields. Then the
Wilson line will depend only on the A* component of the gauge field, as shown in (1.71).
Thus, the gauge-invariant definition reduces to the basic definition (1.69) in the light-cone
gauge (A+ = 0), as the Wilson line becomes unity. Consequently, when working in this
gauge, we can directly apply the same operator definition introduced in the previous
paragraph. Despite this fact, a gauge-invariant definition is still useful and is given by the
following expression

- +
(Pl 00, 0™ 00)W (™, 0) Lo, (0)[ P, (L70)

dw™ P w

Joyim(§) = o

where W (w™,0) is the Wilson Line given by

W(w™,0) = 73{ exp (—z’go /Ow_ dy’A&S(O, Y, OT)Ta> } (1.71)

As we will show later, Wilson lines outside the light cone gauge contribute to the amplitudes
of cut diagrams, necessitating the definition of their own Feynman rules.

In a renormalizable theory parton densities exhibit ultraviolet (UV) divergences not
only due to the fields renormalization but also from the integration over the full transverse
momentum kr and minus component k~. Consequently, the subscript (0) in equation
(1.70) means that the definition is for bare parton densities. Following the method
of BPHZ (Bogoliubov-Parasiuk-Hepp-Zimmermann), we can obtain finite renormalized
parton densities by multiplying the bare parton densities with a regulator dependent
renormalization factor.

L d¢
finla) =3 [ G Zl& 0.2 fown(w/.2) (1.72)
k? xX
In this context, the multiplication corresponds to a convolution over the longitudinal
momentum fraction and a summation over flavor indices, over the bare parton density
f(o)e/n and the renormalization factor Z;;(&, g,¢).
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Bare gauge invariant antiquark densities are obtained by swapping the roles of the
quark v and antiquark fields 1), and taking the Hermitian conjugate of the Wilson line
factor, in equation (1.70).

dw™

foyim(§) = WG%P v TY%UDW(O)J‘(O;U) ,00) Wi (w™,0)0),;(0)|P),  (1.73)

Operator Definition of Fragmentation Functions

The factorization proof for fragmentation functions is more intricate than for PDFs,
primarily because the fragmenting parton does not have a fixed momentum. Nevertheless,
after careful analysis, the results obtained rely on approximations that closely resemble
those used in the factorization of parton densities. Consequently, the factorization theorem
for fragmentation functions in single-inclusive eTe™ annihilation (the simplest process in
which the theorem has been proven) can be extended to semi-inclusive DIS, multi-hadron
production in eTe™ annihilation, and high-transverse-momentum hadron production in
hadron-hadron collisions, with a few extra steps [37].

For instance, in the case of semi-inclusive DIS, the separation of kinematic regions
follows a structure similar to Fig. 1.4, except that a final-state hadron emerges from the
upper bubble. This upper bubble can be treated analogously to how the lower one was
treated in fully inclusive DIS, leading to the definition of the fragmentation function as
the sum over all cut diagrams that produce a hadron carrying a fraction z of the initial
off-shell parton’s plus momentum, i.e. P = zk™, where k% is the plus component of the
fragmenting parton’s momentum.

A result of the similarity of the approximations used for the FFs to those employed
for PDFs, is that the corresponding definition of the bare fragmentation function for an
unpolarized Dirac quark has a strong resemblance to equation (1.70).

_ dx™ .+ —Trpirac 1rcol
d . —,n=3 /dH ikt irac olour 4
n/i(2) =2 ; x | e R

% (0]0) (0P exp <igo [y a0,y OT)Ta> P,X,0ut)  (1.74)

X (P, X, Out[tg (z7)P exp(—’igo /wi dyA?‘0§(O,y,OT)Ta>|O>

The key difference compared to the PDF definition is that the field operators now act
between an initial vacuum state |0) and a final inclusive state |P, X, Out), rather than on
an exclusive hadronic state. This distinction arises because, unlike PDFs, which describe
an incoming parton extracted from a hadron, fragmentation functions characterize an
outgoing off-shell parton that produces a final-state hadron plus many other particles.

In the same way as for parton densities, the fragmentation function of an antiquark
can be obtained by just interchanging the role of the quark field ¢, and its Dirac conjugate
1, in the definition of quarks fragmentation function.

Zn3 dr™ .-
d(O)h/j(z) :w;/dﬂx ﬁe o
x (O]w(o)(O)Pexp<—igo I dy‘A?OJ)F(O,y‘,OT)Ta>\P, X,0ut)yt  (1.75)

x (P, X, Out|¢y(x™)P exp(igo /wi dyA?OJ)r(O,y,OT)Ta>\O>
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Feynman Rules for PDFs and FFs in Gauge Theories
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Figure 1.5: Feynman rules for the integrals and traces over gamma matrix factors of the quark PDFs
and FFs, in gauge theories. The blue arrow represents the external momenta that enters or
escapes from the hard scattering.

The Feynman rules that indicate on which part of a cut diagram the action of the
operator definition needs to be applied, in order to obtain the actual PDF or FF, can be
conveniently depicted drawing a crossed vertex. The primary role of these crossed vertices
is to create or annihilate the quark that enters or escapes from the hard scattering process,
as they are neither part of the initial state nor the final state. Additionally, if we consider
an integrated unpolarized quark density, this vertex also denotes the integration over the
off-shell quark’s virtual momentum, the trace with v /2, and the constraint that fixes the
plus component of the quark’s momentum to k* = ¢PT for PDFs or kT = Pt /2 for FFs.

To represent gauge-invariant parton densities in Feynman diagrams, the Wilson line is
depicted as a double line connecting the fields at its endpoints, as illustrated in Fig. 1.5.
This line interacts with the rest of the diagram through an arbitrary number of gluon
exchanges, ranging from zero to infinitely many. Notably, the trace over Dirac indices in
a quark density remains unaffected by the presence of the Wilson line.

J k
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-
-
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Renorm. Fields: —zgoZl/2 (T )kj 190Z§/2”“(Ta)kj
Figure 1.6: Feynman rules for the gluon-WilsonLine vertex in quark PDFs or FFs (for antiquarks a

negative sign must be added on each side).

To derive the Feynman rules for the interaction vertex between a Wilson line and a
gluon in a quark PDF or FF, we expand the Wilson line exponential in powers of the strong
coupling (part of its argument). Each term in this expansion provides a target matrix
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element involving multiple gluon fields and the endpoint fields of the Wilson line, integrated
over specific positions. The interaction terms, given by —z'gOAJB)aT 0w = —igon”TaA’(‘O)a
(where n = (0,1,07)), lead to the vertex rules shown in Fig. (1.68.

The Wilson-line propagator can be derived by expanding each path-ordered exponential
as a power series and rewriting the path-ordered product of integrals as an integral over
ordered variables. To evaluate these integrals, we express the remaining parts of the
bi-local definition of PDFs or FFs (the shaded bubble from Fig. 1.5) in the momentum
space. This way the integration over the coordinates of the gluons attached to the Wilson
line has the form of the Fourier transform of a theta function.

Those integrals will give a value for each double line segment on the left side of a cut
diagram that follows the following pattern:

(e5] a2 (675

= (—igsT,,n"") X X

a4 0

(—igsTa,n!?)

1 H1
N (g, T, n™)
" B n ¢z +10

g + 10

Therefore, the double lines between each pair of Wilson Line vertices behave like normal
propagators in a Feynman diagram, but carrying only plus momenta. As the Wilson-
line propagator is independent of the minus and transversal momentum components, the
integral over d?kt and dk~ is unaffected by its presence in the definition, and the Cutkosky
rule for the Wilson Line crossing the final state cut corresponds to a delta function of the
projection of its momentum along the n direction.

Thus, the double lines connecting Wilson-line vertices behave like standard propagators
in a Feynman diagram, except that they carry only plus-momentum components. Since
the Wilson-line propagator is independent of the minus and transverse components of
momentum, the integration over d*k; and dk~ remains unaffected in the parton density
definition. Consequently, according to the Cutkosky rules, when the Wilson line crosses
the final-state cut, it contributes with a delta function that cancels any plus momentum
at the final state.

qlu' 1 q:u’
X
i - —i
—  9275(a* -
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Figure 1.7: Feynman rules for the propagators of a Wilson line.

1.4 Heavy Flavour Hadro-production

Hadro-production processes (the production of particles in hadronic collisions) constitute
an important and fruitful area of both theoretical and experimental research. In particular,
single inclusive hadro-production processes provide a wide range of observables that can be
compared with current experimental data, allowing us to test the reliability of perturbative
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quantum chromodynamics and probing the non-perturbative internal structure of hadrons
at different energy scales.

A systematic treatment of hadro-production can be carried out within the collinear
factorization framework, which expresses the differential cross-section as

dO'NlNg%QX = Z/dx1d1:2 fA/Nl(x17Ni>fB/N2($27,U/i)dOA'ABHCX(xthQNRaN%/M”) (1~76)
AB

being x; and x5 the momentum fractions carried by the partons A and B from the initial
hadrons (nucleons) Ny and N, respectively. The final partonic state consists of a parton
C plus an unobserved remnant X. The sum runs over all the possible initial partons A and
B that contribute to the production of C'. The three different scales g, 1t;, muy, represent
the renormalization scale, the inital factorization scale, and the final factorization scale,
respectively. The last two describe the evolution of the PDFs and the FFs acording with
DGLAP equations.

In hadronic collisions, final-state particles are typically characterized by their transverse
momentum Pr and their rapidity Y a long the collision axis. If the collsion occurs long
the z axis, rapidity is defined as

1 <E—|—Pz)

Y =21 L.
n E_ P (1.77)

2

where F is the energy and p, the longitudinal momentum. At sufficiently high transverse
momentum, the parton C' fragments into a jet containing final-state hadrons. When an
inclusive final state involves a single identified hadron H, the corresponding hadronic dif-
ferential cross-section includes a convolution with the fragmentation function Dy (2, 1ir),
which describes the non-perturbative transition of parton C' into hadron H:

doN, Ny HX dz don, Ny—sCX
———=——(Y, Py) = —D —_— 1.78
dY dp% ( 5 T) ; 22 H/C(Z7H’f) dy dp% (yva/Zvluf) ( )

Here, z is the momentum fraction carried by hadron H from parton C, and the sum runs
over all partons contributing to H’s production.

These two expressions, while fundamental for the application of factorization, are
not sufficient on their own to accurately describe the hadroproduction of heavy flavours,
whether quarks or hadrons. A consistent treatment of heavy flavours in perturbative QCD
requires theoretical considerations beyond the massless parton picture that was built in
the previous sections.

While light partons require a large kinematic scale, typically proportional to the
transverse momentum, to ensure the applicability of perturbative methods and the
factorization of non-perturbative dynamics, the heavy-quark mass acts as a cutoff for
initial and final state collinear singularities and establishes a minimum scale that is
significantly larger than Agcp. This allows perturbative methods to remain valid even
at zero transverse momentum of the observed particle. Consequently, heavy quarks
introduce an additional large scale, leading to distinct kinematic regions, each with its
own theoretical challenges that require specialized treatment.

At low energies (@) ~ mg), heavy quarks behave as on-shell massive particles and
should not be considered as partons within the proton’s initial state. This observation leads
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to the so called Fized Flavour Number Scheme (FFNS), which is applicable when the heavy
quark mass m is of the same order as the hard scale () of the process under consideration,
and both are much larger than the typical scale of strong interactions mg ~ Q > Agep.
This scheme keeps the number of active flavours Ny fixed, treating active quarks as
massless regardless of the actual value of their masses (some “less” heavy quarks can
still be included). However, heavy quarks with masses larger than the active ones are
not considered part of the proton and not receiving their corresponding parton densities.
Instead, they appear only as final state particles produced in the hard interaction, leaving
all their contributions within the hard-scattering matrix elements, where their masses
mg are explicitly taken into account regardless of the value of transverse momentum
p;. While the heavy quark mass acts as a natural cutoff for collinear singularities, terms
proportional to ay 1n<pf /mé) arising from collinear emissions, can become large for
pr > mg, potentially spoiling the convergence of the perturbative expansion.

In contrast, at high energy scales (@) > mg), heavy quarks can be treated as massless
partons. This leads to the so-called zero-mass variable-flavour-number (ZM-VFEFN) scheme,
which is valid when the characteristic scale of the process is much larger than both the
heavy quark mass and the characteristic scale of strong interactions Q) > m¢q > Agep.
In this approach, the number of active flavours increases with the typical energy scale
(hence the term “variable” in its name). Above a certain threshold, the heavy quark is also
considered an incoming massless parton originating from the initial hadrons, possessing its
own parton density. The presence of heavy quark PDFs introduces additional contributions
to the hard scattering processes, in addition to those initiated by light quarks and gluons,
where the quark mass is completely neglected. Consequently, large logarithmic terms of the
form ay ln%pf / mé) related to collinear emissions in the hard subprocess are resumed by
DGLAP equations into the heavy quark PDFs, allowing a better perturbative convergence
at large transverse momentum.

These two schemes were developed long ago, following the conventional proof of the
factorization theorem, which relies on the zero-mass limit of partons. However, neither
provides a complete description of all relevant kinematic regions within a unique framework.
To address this limitation, new schemes were developed over time, initially guided by
heuristic arguments [38]. It was not until 1998 that J. Collins provided a general proof
of the factorization theorem (at all orders in perturbation theory) valid for massive
quarks [39]. His work demonstrated that heavy-quark contributions can be consistently
and systematically incorporated by combining the key aspects of the two previously
discussed schemes. The resulting framework is known as the General-Mass Variable
Flavour Number Scheme (GM-VFNS), also referred to as the Aivazis-Collins-Olness-Tung
(ACOT) scheme [40] [41]. This approach smoothly interpolates between the regimes
mg ~ @ and mg < @, effectively transitioning between multiple FFNS with different
number of active quarks, or using massive hard matrix elements in the ZM-VFNS. By
applying this procedure, we overcome the limitations of both purely massless and purely
massive schemes, enabling reliable predictions across a broad range of scales.

It is important to note that in our discussion about the ZM-VFNS and GM-VFNS, we
have assumed that heavy quark flavors are generated exclusively through perturbative
QCD evolution, arising from gluons and lighter quarks at scales above pn = mg. This
approach is commonly known as the radiatively generated heavy flavour scenario, which
should not be confused with the intrinsic heavy flavour scenario. A brief discussion on
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the implications of an intrinsic charm and how it arises in the framework of GM-VFNS
can be found in [42].

1.5 Parametrizations of Heavy Quark Fragmentation
Functions

As Quantum Chromodynamics does not allow us to compute parton distribution functions
or fragmentation functions with perturbative methods, these functions must be obtained
from experimental data. Despite this, we still can try to provide a parametrization from
theoretical considerations, such as kinematic constraints, power counting, or phenomeno-
logical models. The purpose of this procedure is to reduce the parameter freedom of PDFs
and FFs while enabling us to test how well these distributions align with our theoretical
expectations.

A particularly intuitive case is the fragmentation of heavy quarks into heavy-light
systems, such as D mesons. The key observation here is that the fragmenting heavy
quark needs to create a light quark pair in order to create a heavy-light system, so the
momentum lost by the heavy quark is proportional to Aqcp. Since the heavy quark mass
is much larger than the hadronic scale Aqcp, the heavy quark retains almost all of its
original momentum throughout the hadronization process. Consequently, the probability
of heavy quarks fragmenting into a heavy-light hadron peaks at a large fraction of its
momentum (z ~ 1).

To capture this behaviour, various phenomenological models propose functional forms
for the fragmentation function Dg_,m(x), introducing free parameters that control its
shape. Among them, the most well-known parametrizations are those proposed by Peterson
et al. [43], Collins and Spiller [44], and Kartvelishvili et al. [45]. Their corresponding
expressions are given by

-2
1
Peterson et al. :  Dp,q(2) = fonyN(ep)z (1 - - “ ) (1.79)

z (1—2)
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( 1—26> (1.80)
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Kartvelishvili et al. :  Dp,/q(2) = fougN(a)2(2z — 1) (1.81)

Collins and Spiller : Dy, /q(2) = fomgN(ee)(1+ 22

where N is just a normalization factor. Each of these models presents slightly different
arguments on the dynamics of heavy-quark hadronization, but all of them rely on the
idea mentioned in the previous paragraph.

The values of the parameters in equations (1.79) (1.80) (1.81) are not directly predicted
by the models but need to be fitted to experimental data. The first extractions of these
parameters were performed by the ALEPH [46], OPAL [47], and SLD [48], and
(a few years later) DELPHI [49] collaborations as part of their studies on b-quark
fragmentation using parton shower simulations. Over time, more sophisticated fits have
been developed, most notably in the work of Kniehl et al. [50], where they fit these
expressions to calculations done in perturbative QCD with collinear factorization, using
the General-Mass Variable flavour Number Scheme.
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Heavy Meson Production in
Non-Relativistic QCD

The study of bound states of heavy quark—antiquark pairs QQ (here referred to as Heauvy
Mesons) became a major research topic after the discovery of the first charmonium
states in 1974 [51] [52] and the observation of bottomonium states in 1977 [53].
As these composite particles were expected to be the first systems where perturbative
QCD could be applied, at least approximately, their discoveries quickly established
them as valuable probes for testing the validity of this theory across a wide range of
kinematics and different processes. Being such an important object, several models and
effective field theories have been developed over the decades in an attempt to accurately
reproduce experimental observations and provide a theoretical framework for describing
the production, spectroscopy, and decay of these interesting particles.

The defining feature that makes heavy mesons special in QCD, is that the masses
of their heavy constituents is much larger than the QCD scale (m¢g > Aqcep). In this
situation, the heavy quark and antiquark are naturally expected to move non-relativistically
within the bound system, meaning they have a small velocity in the center-of-mass frame
(v < 1). As a result, multiple energy scales govern the internal dynamics of these bound
states. These characteristic scales are the heavy quark mass mg, its typical momentum
mgu, and its kinetic energy mgv?. The mass mg sets the fundamental energy threshold
for both the creation and annihilation of the bound state. The inverse momentum scale,
1/(mqu), defines the spatial extent of the meson’s wave function, effectively determining
its characteristic size. Finally, the kinetic energy mgv? dictates the fine structure of the
spectrum, setting the scale for energy splittings between radial and orbital excitations.

Since these energy scales are separated by powers of v, a sufficiently small velocity
parameter ensures a clear separation between them. In particular, the three scales
mentioned above establish a well-separated hierarchy where different types of interactions
dominate the dynamics:

mg > mgu > mgv’ (2.1)

This natural hierarchy of scales provides strong motivation for the formulation of a
factorization hypothesis, which enables a systematic decoupling of short and long distance
dynamics. This way, high-energy effects (such as those associated with quark production
and annihilation) could be treated independently from the lower-energy interactions
governing bound state formation and evolution.

Among the earliest attempts to apply perturbative QCD along with a non-relativistic
factorization procedure to the production of heavy mesons, we can find the approach
that is usually referred to as Colour-Singlet Model (CSM) [54] [55]. In this model,
heavy quarks are produced on-shell, and only a Q@ pair in a color-singlet state can
hadronize into a heavy meson state with identical quantum numbers (spin and angular
momentum). The total production rate is factorized into a perturbative component that
is process-dependent and governs the creation or annihilation of the heavy quarks, and an
universal component that describes the non-perturbative transition from the quark pair
to the physical heavy meson.
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Figure 2.1: Comparisons between the contributions of colour singlet (CS) and colour octet (CO) channels
to the observed charmonium decay J/¢¥ — pu by the CDF collaboration at Tevatron. Many
more examples on the importance of colour octet contributions are displayed in |[568].

Despite its physical transparency, the CMS not only suffers from significant theoret-
ical limitations, but also presented an striking discrepancy which was observed by the
CDF [56] and D@ [567] experiments at Tevatron. They reported large-pr production
rates of J/1¢ and 9’ states exceeding theoretical predictions by more than an order of
magnitude. This compelling evidence indicated that the CSM was missing essential
physics.

As an attempt to establish a more rigorous factorization framework, the Colour-Singlet
Model was replaced by the factorization approach proposed by Bodwin, Braaten, and
Lepage in 1994 [7], based on the rigorously derived effective field theory known as
Non-Relativistic QCD (NRQCD) [6]. This approach provides a well-founded method for
analysing heavy meson production and decay, as it is constructed from a perturbative
expansion around the non-relativistic limit (v — 0). Similar to the CSM, this framework
also takes advantage of the natural hierarchical separation of energy scales in heavy quark
systems, decoupling the physics occurring at scales above the heavy quark mass mg from
the phenomena taking place at the characteristic bound-state momentum scale mgv or
lower.

This separation allows NRQCD to incorporate transitions in which a perturbatively
produced heavy-quark pair evolves into a physical heavy meson state through intermediate
quantum states. Such transitions, which naturally arise within the v expansion, introduce
the concept of colour-octet contributions. As shown in fig. 2.1, these contributions
played an essential role in resolving the discrepancies between theoretical predictions and
experimental measurements that were observed under the CSM.

In this chapter, we introduce the NRQCD factorization framework, detailing its
fundamental assumptions and theoretical foundations. We present how this effetive theory
is applied to processes involving heavy mesons, which includes the charmonium, bottonium,
and B., families. Particular attention is given to the production mechanisms relevant
to collider experiments, highlighting the essential steps required to construct reliable
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theoretical predictions. Following the discussions presented in many good articles and
reviews [7] [69] [60] [60] [61] [62], this chapter lays the necessary foundation for
the study of heavy meson phenomenology in high-energy interactions, serving as a corner
stone for the calculations of the following chapter.

2.1 The NRQCD Lagragian

The NRQCD Lagrangian is derived from the full QCD Lagrangian by introducing an
ultraviolet cut-off A, chosen to be of the same order as the heavy quark mass mg. This
cut-off effectively integrates out the relativistic degrees of freedom associated with heavy
quarks, as well as gluons and light quarks carrying momenta above A. Since the dominant
non-perturbative dynamics for heavy mesons involves momenta of order mguv or lower,
NRQCD provides a suitable framework for analysing such systems.

In this effective theory, the complex fields describing the heavy quarks and antiquarks
are decoupled and replaced by two-component Pauli spinors fields, ¥ and y, corresponding
to the heavy quark and the a heavy antiquark fields, respectively. The momentum-space
representations of these fields are then

d*k , .
= | ——a(k)¢(k)e™™* = [ bl (k)n(k)e " 2.2
uir) = [ SratbE(be X = [ 5V e (22)
where a(k) the heavy quark annihilation operator and b(k) the heavy antiquark creation
operator (We have omitted the spin and colour indices in these expressions).

d*k

In the Dirac representation of the gamma matrices, the Pauli spinors £ and n correspond
to the upper and lower components of the original Dirac spinors in the rest frame of the
particle. In any other frame, these components cannot be identified so easily, making the
Dirac spinor field an entangled combination of the fields ¥ and y.

CRE (i) =t () e

Therefore, the decomposition into ¥ and x reflects the standard behaviour of non-
relativistic systems, which can be performed by expanding the QCD Lagrangian as a
power series. In [63], this expansion is carried out in powers of the light speed (1/c),
since it is not immediately clear how each operator in the Lagrangian scales with the
characteristic velocity v.

As a result, the NRQCD Lagrangian is primarily built from separate Pauli spinor
fields for the heavy quark and antiquark. The full Lagrangian can be organized as

Lxrqep = Liight + Lheavy + 0L, (2.4)

where the lagrangian Liight + Lheavy describes ordinary QCD coupled to a Schrodinger field
theory for the heavy quarks and antiquarks. In particular, Lygn includes the low-energy
dynamics of gluons and light quarks, while Lpeavy describes the low-momentum behaviour
of the heavy quark fields.
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In these expressions, D; and D denote the temporal and spatial components of the gauge
covariant derivative D,,.

The term 0L inside the complete NRQCD lagrangian (2.4), includes all possible
operators consistent with the symmetries of QCD and reproduces the relativistic effects of
the full theory, reproducing their effects up to a certain power of v. The leading correction

terms in the NRQCD effective lagrangian are bilinear in the quark field or the antiquark
field,

A (ipdy, s
5‘Cbzlznea7‘ - 8m22 <¢ D w X D X) (27)
C
+ 5,7 (V(D-gE ~ gE - D)y —x(D - gE — yE - D)x)
mq
+ 2 (W1(iD x gE — gE x iD) -0t — x'(iD x gE — gE x iD) - o)
SmQ
C4 T
+ T (¢(9B - o) —x'(9B - o)x)

where F; = Gy; and B; = %ijGﬂ“ are the electric-like and magnetic-like components
of the gluon field strength tensor G*”. If we keep including operators of increasing
dimension, the matrix elements derived from the NRQCD Lagrangian will approximate
those computed in full QCD to the desired order in the characteristic heavy-quark velocity
v. As a result, observables associated with heavy mesons can be reproduced with arbitrary
precision after carefully matching the corresponding Wilson coefficients ¢; to full QCD.

It is worth noting that bilinears involving mixed fields ¢ and x are not included
in NRQCD, as they would correspond to the creation or annihilation of a single heavy
quark-antiquark pair. To conserve energy and momentum, such processes would require
a gluon with energy greater than the ultraviolet cut-off A ~ mg, which is forbidden
by definition in NRQCD. Therefore, the NRQCD Lagrangian conserves the quark and
antiquark numbers.

To describe the annihilation process of a heavy quark-antiquark pair QQ within a
heavy meson, it is necessary to introduce four-fermion effective operators into the NRQCD
Lagrangian. These operators account for local interactions in which a heavy quark and
antiquark are annihilated and re-created at the same spacetime point. As such, they can
be used through the optical theorem to study the inclusive annihilation of heavy mesons.
Naturally, the form of these operators is constrained by the symmetries of full QCD, order
by order in the characteristic heavy quark velocity v. Specifically, they must respect gauge
invariance, rotational symmetry, and the global phase symmetries associated with the
heavy quark and antiquark fields.

The general form of the four-fermion operators can be expressed as

654 = z OannTrw Onm = (¢TKnX)(XTKm¢) (28)

where the factors K, and K, are composed of spin matrices o, color matrices T}, or
polynomials of the spatial derivative D. Following the idea of local interactions, each
of these operators acts by annihilating a Q@ pair with quantum numbers specified by
K., and creating a new Q@ pair in a state given by K,,. The Wilson coefficients C,,,,

encapsulate the short-distance physics at scales above A ~ mg. As with the 2-fermion
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operators, these coefficients have to be determined by matching scattering amplitudes
computed in NRQCD with those calculated in full QCD.

The lowest energy dimension four-fermion operators relevant for quarkonium physics
begin at dimension six. For the case of a single heavy quark flavour, there are only four
such operators

O Sy = piyxty OGS = yiay - yiaw (2.9)
O('SEYy = iy xITey OCSY) = piaTey - x1aTy (2.10)

where the labels [1] and [8] denote the color-singlet and color-octet configurations of
the QQ pair, and the spectroscopic notation 2°*'L; is used to specify their spin and
angular momentum quantum numbers. As you can see, these operators only describe the
annihilation and creation of QQ pairs in S-wave states.

To account for orbital and radial excitations, operators of higher energy dimension
must be included. At dimension eight, for example, the following operators describe
transitions involving P-wave states

0(1P1[”)=¢T(—iﬁ>x X( ; )w (2.11)
OFPM) = ; ( 'H. ) (—;B-a>¢ (2.12)

; < ﬁxa)x X (—ﬁxa) (2.13)
OFPY) = wT(_;B jak’)x : XT(_;ﬁUa@)w (2.14)

along with similar operators that include insertions of the colour matrix 7, representing
colour octet contributions. In the above expressions, we have used the following notations

O( [1])

g 1 . g 1
X' Dy = x'Dy — (D) T = S(T7 +T7) = 5T, (2.15)

to shorten the expressions needed to construct operators with definite angular momentum
and spin quantum numbers.

The production of a heavy meson H can also be described using four-fermion operators.
The key difference between the operators describing annihilation and those describing
production is that the latter include a projection operator to ensure the appearance of
the heavy meson in the final state. The general form of the production operator is

= (WTax) Pu (X KCont)) Pu=S|H+X)(H+X|  (216)

where Py is known as the State Projector. The sum runs over all additional soft particles
X that are sufficiently low in energy to be described within NRQCD. To distinguish them
from annihilation operators, production operators are often labelled by the specific heavy
meson state they project onto.

The heavy meson states |H) that appear in the definition of the state projector Py
can be decomposed as a superposition of Fock states involving a heavy quark, a heavy
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antiquark, an arbitrary number of dynamical gluons, and even light quark pairs. In
particular, for a heavy meson H in a 1Sy state, we can represent |H) as

H('S0)) = o|QQ('SE)) + ¢,|QQCST)g) + s QA S3)gg) ... (217)

where we used the same notation adopted for the four-fermion operators to label the
quantum numbers of the QQ pair state. The gluonic components reflect the nontrivial
QCD dynamics within the bound state and play a central role in the NRQCD framework.
They allow the QQ pair to be treated as an intermediate state whose quantum numbers
may differ from those of the final physical quarkonium being produced or decaying.

2.2 NRQCD Production Factorization

Due to the large separation between the energy scale at which a heavy quark-antiquark
pair is produced and the softer scale associated with its hadronization into a heavy meson,
the NRQCD factorization framework assumes that these two processes are sensible only
to interactions occuring at their respective scales. As a result, the production rate can be
expressed in terms of perturbative Wilson coefficients and vacuum expectation values of
local four-fermion operators in the NRQCD Lagrangian, impliying that the short-distance
production and long-distance hadronization proceed in two distinct stages.

Taking as a reference [69] the differential cross section for the inclusive production
of a heavy meson H can be expressed as a sum where each term is factorized into a
short-distance coefficient and a long-distance matrix element.

do(H() + X) = 4E1;2’012 (27Td)3]23EP %n: Crm k1, k2, P)<O7I;In(w/\)> (2.18)
(OFNY =3 (0[x Kt |H(A) +X) (H(A)+ X [¢T K x|0) (2.19)

X

The coefficient C,,,,, is a function of the relevant momenta (the meson momentum P, and
the initial momenta denoted by the subscripts 1 and 2), and it describes the short-distance
production of a Q@ pair in the colour, spin, and angular momentum state specified by
n and m. On the other hand, (OZM) is the vacuum expectation value of an effective
four-fermion production operator from NRQCD, usually referred to as Long Distance
Matriz Elements (LDME). They encode the non-perturbative transition of the QQ pair
into the observable heavy meson H. For different values of n and m, these matrix element
account for the interference between different intermediate Q@) states that can contribute
to the formation of the same final meson. It is also worth noting that the fields 1, x, and
their adjoints, are evaluated at the same spacetime point (often suppressed in notation
but typically taken as z = 0).

This factorization formula involves a double expansion in the QCD coupling constant
as and the in the characteristic heavy quark velocity v. The short-distance coefficients are
computed perturbatively, order by order in ay, and are therefore depend on the process
studied. In contrast, the long-distance matrix elements are universal and can be ordered
by their scaling behaviour as powers of v, determining the relative importance of each of
this matrix elements.

The procedure used to determine the short-distance coefficients in (2.18) is known as
Matching. Since the production of a physical heavy meson is a non-perturbative process
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and cannot be computed directly in perturbative QCD, the matching is instead performed
at the level of perturbative quark pair production. Specifically, one requires that the
production rate of a heavy QQ pair, calculated in NRQCD, reproduces the corresponding
perturbative result obtained in full QCD. This leads to the following matching condition

> (2m) 6 (b + by — P = kx) (M porax) (MlQHQQ[bHX)‘ (2.20)
X pQCD

=" Cum(k1, k2, P) (059) (2.21)

NRQCD

where the NRQCD matrix element describes the creation of a perturbative QQ pair
instead of a heavy meson. Its expression is given by

(032) =3 (0x'K. | QQla] + X ) ( QR[]+ X [¢' Ky x|0) (2.22)

where the subscripts a and b label the quantum numbers of the intermediate QQ states.

To ensure consistency, the normalization of the fields and states in NRQCD must
match that used in the perturbative QCD (pQCD) matrix elements. However, it is
common in the NRQCD literature to encounter mixed normalization conventions, with
correction factors introduced only at later stages of the calculation.

In this work, we adopt the standard relativistic normalization throughout, in order to
maintain clarity and avoid misunderstandings arising from mixed conventions. Accordingly,
our normalization conditions are

(H(P',N)|H(P,\) = 2Ep(21)36° (P — P")é, (2.23
(QQla]|QQ]) = 212, (27)*5" (] — 41)5° (g5 — 42)3as (2.24
(2.25

(

)
)
)
2.26)

2.3 Power counting

As the NRQCD factorization formula (2.18) includes an infinite series of terms, its practical
applicability relies on our ability to estimate their relative importance. This is achieved
through NRQCD power counting, which organizes contributions based on their scaling
with the heavy-quark velocity v. Each matrix element (Og(n)) is associated with a
specific power of v, establishing a hierarchy that allows for a systematic truncation of
the expansion. Consequently, at any fixed order in v, only a finite number of terms
contribute meaningfully to the production cross section. In the Coulomb gauge and at
tree level, simple power counting rules were developed in [64] assuming that one can do
perturbation theory in the characteristic heavy quark velocity v, we summarize them in
Fig. 2.2. This perturbation theory relies on the asumption that soft gluons have a weak
coupling to heavy quarks, not because the coupling constant ag is small, but because the
interaction is proportional to v.

These power counting rules show that the terms in § Lyjinear, as given in eq. (2.7),
contribute corrections suppressed by v? relative to those from the leading-order Lagrangian
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Operator Estimate

Y (mqu)**

X (mqu)*?

Dy (acting on 9 or ) mgu?

D mqQu

gE myv®

gB mgv*

g4, (in Coulomb gauge) | mgv?

gA (in Coulomb gauge) | mgv®

Figure 2.2: Approximate contributions from the NRQCD operators to the magnitudes of the matrix
elements in heavy quark-antiquark systems. The scaling with the heavy quark mass mg
follows simply from dimensional analysis.

Lheavy- Consequently, these terms can be included to compute NRQCD matrix elements
between heavy quarkonium states with an accuracy up to corrections of order v.

Furthermore, since the covariant derivative D = V + ig A scales as v, while the gluon
field term gA scales as v, contributions from Fock states containing dynamical gluons
such as ‘QQg> are generally subleading. However, notable exceptions exist, for example,
the decay rates of P-wave quarkonia [65], [66] where the effects of these Fock states
enter at leading order in the v expansion.

2.4  Matching and Covariant Projectors

As discussed in the previous sections, the short-distance coefficients for a given process are
determined by matching the cross-section calculations for the production of a perturbative
heavy-quark pair in both theories, QCD and NRQCD. In principle, there is not a single
way of getting the matching coefficients. In the standard NRQCD matching procedure, one
begins by computing the corresponding on-shell amplitude in full QCD. This amplitude is
then expanded in powers of the heavy quark momentum ¢ in the center of mass frame,
so that each term has a definite scaling in the velocity expansion. The short-distance
coefficients are extracted by identifying the relevant NRQCD matrix elements within this
expansion. However, performing the matching by directly decomposing the four-component
Dirac spinors into two-component Pauli spinors is often lengthy and cumbersome.

A more efficient method for computing short-distance coefficients is the covariant
projector approach [67] [68] [69], which directly selects the heavy-quark pair state
within the QCD amplitude. Using the fact that any QCD amplitude involving a final
state heavy-quark pair can be expressed as a trace over spinor and colour indices M =
Tr[(...)vu], this method reduces the matching procedure to replacing the heavy pair
spinor bilinear with an appropriate projection operator.

v(p2, A2)U(p1, A1) = Ae @ Ls(p1, p2) (2.27)

The Ac projectors are in charge to dictate the colour state of the system, separating the
production of color-singlet heavy pairs from those in a color-octect state. For each of
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these possibilities, the respective expression of the colour projector is

5ab
VN, VTr

where a and b are the quark’s color indices, and TF = 1/2 when N, = 3. The second
projector in (2.27) determines the spin of the heavy quark pair, which could be either
singlet or triplet. In terms of the quark’s spinors, its definition is given by

s(pi,p2) = > (P2, Ao)(pr, M) CF'G> (2.29)

A1A2

where the Clebsch-Gordan coefficients

1 1
Célséz = <2,>\1;2,)\2

A = A = (2.28)

S, 53> (2.30)

indicate the spin-state composition of the heavy-quark pair.

To make practical use of the spin projector Ilg in calculations beyond leading order
in v, we require a covariant and explicitly evaluable expression. That expression is not
as simple as for the colour projector A¢. To understand it better, it is useful to derive
it from scratch, so we will be able to see where each term comes from. To do so, we
will to work on the Dirac base of gamma matrices, as it is specially useful to work on
non-relativistic problems.

% = <é _01> = (_(()jj ‘g) (2.31)

Let us begin our derivation of the spin projector by defining the rest frame spinors as

o (s) = (5%5)> vo(s) = (n(os)> (2.32)

where £(s) and 7(s) can be recognized as the 2-component Pauli Spinors. This is true be-
cause in the Dirac’s definition of gamma matrices the generators of Lorentz transformations
take the form

0j _ ¢ 1ot o _tf0 o
b L g Gkt foe 0
ST = bl = =5 (0 Uz) (2.34)

corresponding to boosts and rotations, respectively. From (2.34), we see that the 4-
component spinor rotation generators are simply duplicated versions of those for 2-
component spinors, acting on £(s) and 7(s) by separate.

To apply these 2-component spinors in spin dependent calculations, we need to specify
their definitions for different spin states. In particular, if the spinors defined in (2.32) are
related to each other through the unitary charge-conjugation transformation v = iyu®,
then the Pauli spinors must be related as 7(s) = —io9£*(s). Choosing the spinor basis
such that v is an eigenstate of o3, the Pauli spinors are defined as

€(+) = vam (})) €)= Vam (O) (2.35)
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for fermion spinors, and

o) = vam( ) o) = Vo (') 2:30)

for anti-fermion spinors. The v/2m factor is included to maintain the relativistic normal-
ization.

To address the kinematics of the heavy quark-antiquark pair as a two particle system,
we need to move from the rest frame of each individual particle to the rest frame of
the heavy pair (the center-of-mass frame). To achieve that we need the corresponding
expression of the Lorentz Boost, which in the Dirac’s representation is given by

D(p) = exp(—iy; S :exp<1< 0 yo">> (2.37)

= cosh(y/2) + sinh(y/2) <ﬁ90 n(-)a)

where y is the rapidity. Since we are boosting from the rest frame of a massive particle to
a frame where the particle carries a momentum p, the transformation can be conveniently
expressed as

b-o

E+m 1 m + PYo
Dlp)=\—5—| po Etm|_ MTP0 (2.38)
m 1 2m(E + m)

E+m

where we have used that cosh(y) = v = E/m.

Boosting the rest frame expressions (2.32) to the center-of-mass frame of the heavy
pair, where the heavy quark and the heavy antiquark move in opposite directions with
equal absolute spatial momentum ¢, we can express the Spin Projector definition (2.29) as

vo(A2)To(M)CE4? | M1 + Yoph
Ao \/2m2 \/2m1 \/El —+ my

ma + PaYo

H.S'(plapQ) = m

where pi and ph are respectively the center-of-mass momenta of the heavy quark and the
heavy anti-quark. These momenta are related to the total momentum of the heavy quark
pair P* as

(2.39)

I B
P = (Fy, q) = MlP“ + ¢ P = (Ey,—q) = ﬁP“ —q" (2.40)

Pl = (El + E270> = <M7 0) qﬂ = (Oa q) (241)
where M is the invariant mass of the system.

When analysing eq. (2.39), the transformation properties of the bracketed term under
Lorentz transformations are not immediately apparent, as its spinor structure does not
take an obvious covariant form as a whole

v (A2)Tp(A1) = <n()\2>2f(>\1) 8) (2.42)
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To write the spin projector in a manifestly covariant form, it is useful to express it solely
in terms of gamma matrices. For this purpose, we introduce the positive P, and negative
P_ covariant energy projectors, defined as

m + m —

mey P (p ="t (2.43)

2m

Pi(p) =

These operators separate the spinors of positive u(p) and negative v(p) energy solutions of
the Dirac equation, and their action on the four component spinors is just a restatement
of the fact that they satisfy the two independent Dirac equations.

P (p)ulp) = u(p), P_(p)v(p) = v(p) (2.44)
P_(p)u(p) =0, Pi(p)v(p) =0 (2.45)

2m

The reason we have introduced this energy projectors is because we can apply them
on bracketed term using the properties shown in (2.44).

UO(/\Q)UO()\1>CSI A2 B UO()\2)U0()\1)051)\2
>§>\2 Vim0 A%:? NeTENe

Having expressed the bracketed term in this form, the second set of properties of the energy
projectors, given in (2.45), allows us to manipulate the expression more conveniently. In
particular, these properties enable us to control the null components of the bracketed
term, as the projectors ensure their vanishing. Consequently, as long as we retain the
energy projectors, we are free to construct a fully covariant expression by the addition of
a term in which the quark and antiquark exchange roles.

P.(0y). (2.46)

00(A2)To(A1) a2 vo(A2)Uo(A1) + uo(X2)To( A1) ;A
2 o2 = To= Cai? 2.47
D ey

This additional term would naturally emerge if we were constructing the spin projector
not for meson production, but for its decay. The result of this symmetrization is that the
final expression for I'g evaluates to
V5 ¢ *
Cig—gy = — gy = = 2.48

(S=0) \/5’ (5=1) \/57 ( )
corresponding to the spin-singlet (pseudoscalar) and spin-triplet (vector) states, respec-
tively. In the spin-triplet case, the spatial polarization vector is denoted by e**.

Going back to eq. (2.39), we can now replace the bracketed term with its manifestly
covariant counterpart, P, (02)'sP_(01). This yields the final covariant expression for
the spin projector, which remains valid to all orders in the heavy quark’s characteristic
velocity v (or center-of-mass momentum g).

(p, — ma) (p, +m1)
IT , =2 " TgP,.(0) T A—=-.

sprpe) = T PO g

In this expression, the «° factor appearing in the boost transformation in eq. (2.39)

effectively reduces to a sign (41 on the right and —1 on the left). This is simply because
the structure of the energy projectors in the rest frame is

(2.49)

1—{—70
2 )

1—7°

Po(0) = —5—. (2.50)

Py(01) =
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which, when acting on 7, simply replace it by their respective eigenvalues £1. Moreover,
the expression (2.49) contains only a single energy projector because the two rest-frame
projectors can be commuted through I's and combined into a single projector for the
entire QQ system. As a result, the expression (2.49) is often found in literature as

HS(Pl,pQ) = %FS ]WQLP %,

where M = E, + E, is the invariant mass of the QQ pair, and P* is the total four-
momentum of the system.

(2.51)

Despite having expressed the spin projector in a manifestly covariant form, the matching
with NRQCD still has to be performed in the rest frame. Therefore, the expression (2.51)
is always calculated in the rest frame of the pair QQ. Only after expanding in terms of
the heavy quark’s momentum q to the desired order we can boost this expression to other
frames. An exceptional simple case is when we neglect the contributions from all the
powers of the heavy quark’s rest frame momentum. This zeroth order approximation is
equal to fix the value of the rest frame momenta q equal to zero, so the heavy quark and
the heavy anti-quark will move in all frames with the same velocity. In this limit, the
spin projector in the center-of-mass frame takes the particularly simple form

14++°
I15(0,0) = v2my1v/2may’ 27 (2.52)

which can be easily boosted.

In the previous derivation, we worked assuming a space-time of d = 4 dimensions.
Thus, the projector shown in (2.51) can be applied to compute only the short-distance
coefficients of processes at tree-level. For loops calculations, the projection method has
been generalized to arbitrary d dimensions in order to handle the UV and IR poles through
dimensional regularization [70].

There is one final remark about the spin projector that is worth mentioning. If we
need the expression for a decay process, or for the complex conjugate of the amplitude
(as is required in cut diagrams), we can obtain it directly from the expression in (2.51) by
applying the following transformation:

s(p1,p2) = s(p1, p2) = Yol (p1, p2)%0 (2.53)

This relation is simply a reminder that our covariant expression for the spin projector is
composed of spinor bilinears like v, and that these satisfy v = 4o(u?)™yo. In this way,
we ensure that the covariant form of the spin projector remains valid and consistent when
transitioning between production and decay processes.

2.5 NRQCD matrix elements

The cross sections expression (2.18) applies to any heavy meson H, with its specific state
dependence entering only through the NRQCD matrix elements. While lattice QCD
allows the computation of these matrix elements when they are related to the inclusive
annihilation of heavy mesons, the same is not yet possible for their production. Despite
this, these matrix elements are expected to be process-independent, meaning they do not
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depend on the specific details of perturbative heavy-quark production. This universality
enables their extraction from experimental data in one production process, allowing
predictions for cross sections in other experiments.

It is also important to remember that the number of LDMEs increases with each order
in v, leading to a large parameter space. Given our inability to compute all these values
directly, reducing the number of independent parameters is crucial to prevent overfitting
and simplify calculations. In this section, we address this problem by introducing several
methods that help relate and simplify the matrix elements appearing in the inclusive
production cross sections of heavy mesons.

Rotational Symmetry

The most straightforward method to reduce the number of relevant matrix elements is to
restrict our analysis to the production of unpolarized heavy quark mesons. This choice
is motivated by the fact that rotational symmetry is an exact symmetry in NRQCD,
directly inherited from QCD. Namely, the consequence of this symmetry is that when
matrix elements are summed over the polarizations of the heavy meson, the state projector
becomes rotationally invariant. As a result, only those operators that are themselves
invariant under rotations contribute to this sum.

Applying this observation to the production matrix elements of the spin-triplet S-wave
state, we obtain

. , 8 5,
S (o Prustloly) = L ovPavion) = 2O (S])), (2.54)
S3
. . o 8
> (o T Pasy b0/ Tix) = S (o TaPuloTiy) = (O CST)), (2.55)

S3

where Py = > g. Pu(s,) is the polarization independent state projector.

Heavy Quark Spin Symmetry

While rotational symmetry is an exact symmetry of NRQCD, heavy-quark spin symmetry
is only approximate within the NRQCD Lagrangian. Since this effective Lagrangian
is derived from QCD through a matched expansion in the heavy quark’s characteristic
velocity v, we can always truncate at the leading order, resulting in predictions with
a relative error of O(v?). This minimal Lagrangian exhibits exact heavy-quark spin
symmetry, as the dominant violations arise from spin-flip interactions

VB -oy—x'B-oy, (2.56)

whose effects are suppressed by a relative factor of v2. Consequently, relations derived
from heavy-quark spin symmetry hold up to corrections of relative order v?. Despite this
limitation, such relations significantly reduce the number of independent matrix elements
contributing to the production of various spin states within a given radial and orbital
excitation of a heavy quark bound state.

When applied to the production of S-wave states, heavy-quark spin symmetry allow
us to relate the matrix elements associated with a spin-singlet state meson (A) and the
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unpolarized spin-triplet state version (B). This follows from the fact that, in the absence
of spin-flip interactions (2.56) in the NRQCD Lagrangian, the perturbatively produced
heavy quark-antiquark pair can only transition into a heavy meson with the same spin
configuration. As a result, the spin quantum numbers of the initial pair become irrelevant
in the transition, leading to the relation

(OPCS) =3-(0A(si)) (1+0(?). (2.57)

where the factor of 3 arises from the sum over the three possible polarization states of the
spin-triplet configuration.

Vacuum-Saturation Approximation

The vacuum-saturation approximation assumes that the sum over fock state descom-
position, present in the state projector Py, is dominated by the heavy meson state
H plus the NRQCD vacuum, effectively “saturating” the sum with the lowest-energy
contribution. For an operator O,,, applied to the production of a heavy meson H, the
vacuum-saturation approximation allows its vacuum expectation values to be expressed in
terms of vacuum-to-meson matrix elements.

(O ) = (0" KLy Pay x| 0)
— (K <Z|H+X><H+X|)¢vcmx|o> (2.58)
X
~ (0P Y (HIE Ko [0)

As you can observe from this equation, only the heavy meson term |H)(H]| is retained in
the sum over states, neglecting higher Fock states such as |H + g) or |H + gg).

For a color-singlet operator, the approximation is controlled with a relative error of
order v*. This is because the matrix element describes a transition from a color-singlet
QQ state to a final state like |H + S), where S is a soft state. Since the meson H is a
color singlet, the state S must also be a color singlet. Therefore, if S is not the NRQCD
vacuum, it requires at least two gluon emissions to produce it. Each gluon emission brings
a suppression by v2, so the total contribution from this kind of interaction is suppressed
by v* in the matrix element.

For colour-octet operators, however, this approximation is not valid. A transition
from a colour-octet QQ pair necessitates the presence of a colored soft part in the final
state |H + S) to ensure colour conservation. Therefore, we can not force the soft part to
be the NRQCD vacuum, and the vacuum-saturation approximation is inappropriate for
colour-octet matrix elements.

Heavy Meson Wave Functions

While we cannot directly compute long-distance matrix elements using common techniques
(such as Feynman diagrams), the special subset of LDME provided by the vacuum-
saturation approximation, those corresponding to the trivial vacuum-to-quarkonium
colour singlet transitions, exhibit a structure reminiscent of a wave function as defined in
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[7]. For the sake of simplicity, let’s consider a heavy quarkonium system. In a S-wave
state, the wave functions are related to the matrix elements as follows

W) = = Rs(r) = 2 O (5o (F)'Se0) (259
W(r€) = <= s(r) = 2O (<5 )ou (5)'500) (260

where the heavy quarkonium mass M, not present in the definition given in [7], has been
included as a factor to maintain the relativistic normalization of the states.

Following the classic result provided by Van Royen and Weisskopf [71], in the early
years of QCD, it has become a common practice to approximate quantities involving
relativistic bound states in terms of the values of the radial wave function Ry (0) or its
derivatives R (0) at the origin in coordinate space. In the case of NRQCD, this is also
the case, as the matrix elements from the vacuum-saturation approximation are only
evaluated at the origin, thus giving the following result

(0)/° (2.61)

;. N O (2.62)

O (s ~ [ttt = S

(©"(s1h) = [l ew )| =3

Notice that we make no distinction between the 1S, and 351 wave functions, as they are
approximately equal due to heavy-quark spin symmetry.

We can show that (2.59) and (2.60) provide a good definition of the quarkonium wave
function when working within a model in which the quarkonium consists only of a Q@ pair.
To do so, we recall that the heavy quarks inside a meson are not free particles with definite
momenta. Instead, those states must be integrated with the corresponding wave function
U(k), whose squared absolute value describes the probability of finding a quark with
momentum k inside the meson. Therefore, the state of a heavy quarkonium is expressed
as a superposition of quark-antiquark colour-singlet states, where the constituent quark
and antiquark move with opposite momenta in the bound state’s rest frame.

s 0) =5 [ 5 C”“I’J L oo (T5 (k) (263)

2Eo2Ey 5%

Here, W ;(k) represents the wave function of the quarkonium state with angular momentum
J in momentum space, while CA“\2 are the Clebsch-Gordan coefficients encoding the
spin configuration of the quark- antiquark pair. The factor 1/y/N. accounts for the
normalization over the three possible color-singlet states in which the Q@ pair can exist.
Lastly, the term \/ 2Fn/(2Eq2Fg) ensures that the state normalization is consistent with

the relativistic normalization convention used in this work.

It is important to mention that the definition (2.63) was intentionally given in the
hadron’s rest-frame, as a covariant expression is usually bit more complicated. [72]
provides a light-cone definition of light and heavy hadron’s state in terms of the wave
function in such a way that the boost in the plus direction is really simple.

Having clarified our assumptions regarding the quarkonium state, we now proceed
with the derivation of the matrix element expression for the wave functions. For simplicity,



Chapter 2. Heavy Meson Production in Non-Relativistic QCD 44

let us consider only the spin-singlet case. Using the momentum-space expressions (2.2),
the matrix element from (2.59) can be rewritten as

3 3 1.\
+ _"") < ) 1 // Padi 47’~(q1—q2) d’k Vg (k)
<0|x< 5)0(5 )[10(0) T TRV (2.64)

zn 0:)E(q1)C337 (0]a(qn)b' (g2)|Q5, (K)Q5, (—k) )

Since the equation is lengthy, we will analyse it piece by piece.

Directly from the normalization condition of the states, the product between the states
gives the following expression

(0la(g)b (g2)|Q5, (R)Q5, (—k)) = (2E:)*(2)°8" (@1 — k)° (g2 + k), (2.65)

which ensures that the momenta, colour, and spin of the quarks created perturbatively
match those present in the meson. On the other hand, if we expand the sum over the
possible quark polarization combinations,

A1A2
SSg

1 ¢ A€ ¢ AC
4@ - (@) - (260
we observe that there are only two relevant products between Pauli spinors.

77T<+7 q2)£(_7 ql) = _WT(_a q2 + ql =V 2E1 \V 2E2 (267>

Here, we have used the same definitions for the Pauli spinors as in (2.35) and (2.36). The
only difference is that these spinors are not in the rest frame, and thus their normalization
is slightly different, but fundamentally remains the same.

For a S, state, the wave function is spherically symmetric and can therefore be
expressed as

1
ERS(k)a

where Y is the corresponding spherical harmonic for an S-wave state.

(k) = V(0. 0)Rs(k) = (2.68)

Finally, applying these last results and summing over the three possible colour states,
we can rewrite the expression (2.64) as

o (=2 )6 (%) s0(0) W dgk ; (2.69)

dSQldBCD (q1—q2) 3
ar(@-a)(21,)25% (q, — k)§ k
// siag c T B (@~ k)5 1 k)

/MN d%R ik

_ M = Ne po(r) = VAMN,Ug(r),

proving equation (2.59).
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B, meson production at LHCb

The study of heavy mesons in high-energy hadronic collisions offers a powerful probe
of Quantum Chromodynamics (QCD), allowing access to both perturbative and non-
perturbative aspects of the theory. In this context, the B, stands out as a particularly
interesting system, being the only known meson composed of two different heavy flavours
(bottom and charm). This asymmetric composition sets it apart from quarkonium systems
like charmonium (c¢) and bottomonium (bb), as well as from other B mesons that contain
only a single heavy quark. As such, the B, system offers a valuable testing ground for the
theoretical tools discussed in previous chapters.

"’\’\ 1O:I L L E (q/\ 10:| L L L
S 9 (@LHCb7TeV 4 & 9F (b) LHCb 13 TeV
X 8F +Data 4 X sF +Data 3
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Figure 3.1: Ratio of production fractions [18]. The smaller error bars show the statistical uncertainties
and the larger ones include the statistical and systematic uncertainties.

Currently, precise measurements of the B, meson production cross section remain
challenging due to the large uncertainties in many of its decay branching ratios, as
well as the high energy required to produce them. This is reflected in the fact that
earlier studies reported only ratios of total cross sections, such as o(B[)/o(By) in [12],
without kinematic information. However, more recently, the LHCb collaboration [18] has
provided, for the first time, the transverse momentum dependence of the fragmentation

ratio
fC ~ O-(BC)

futfa  o(Bu)+o(By)
where f., f., and f; represent the production fractions of the B., B,, and B; mesons,
respectively (we consider the sum of the particle and the anti-particle). In fig. 3.1 this
ratio, measured for /s = 7 TeV and /s = 13 TeV, is shown as a function of the hadron’s
transverse momentum pr(H,), in the range 2.5 < n < 4.5 of forward pseudorapidity.
Although the dependence on 7 is reported to be small, the ratio decreases noticeably
with increasing pr, especially for /s = 13 TeV. This observed trend suggests that the
underlying production dynamics may vary across the kinematic range.

(3.1)

Despite the importance of these measurements, so far few studies have provided
estimates for the integrated ratio f./(f, + fa4) from a production approach, and none has
offered a prediction for its pr-dependence. Additionally, in the kinematic range explored
by LHCDb, it is possible that multiple production mechanisms contribute significantly to
B, meson production. For these reasons, the study of the pr-dependence can be a valuable
tool for testing the range of validity of different theoretical approaches and getting new
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insights on what we need to improve. Therefore, the objective of this chapter will be to
reproduce the LHCb measurements using theoretical tools based in QCD.

In the usual NRQCD method (which we will call the Direct Approach) the hadropro-
duction of B, mesons mainly comes from partonic subprocesses like gluon-gluon fusion
gg — B, + bc and flavour excitation gé — B, + b. At leading order in the strong coupling
constant, this calculation involves more than 40 Feynman diagrams, which makes it quite
complicated. For this reason, we will follow an alternative but complementary (and less
laborious) method known as the Fragmentation Approach.

We begin this chapter by introducing the fragmentation approach and discussing its
range of validity in comparison with the direct approach. We then present a calculation of
the fragmentation functions of partons into weakly decaying B. mesons. These functions
are then used to compute the differential cross sections for B, production in pp collisions
at /s =7 TeV and /s = 13 TeV. Finally, we compare our theoretical predictions with
LHCb measurements for the transverse momentum (pr) dependence of the production

ratio f./(fu+ fa)-

3.1 NRQCD Fragmentation Approach

In the previous chapters, we reviewed the fundamental aspects of two formalisms that
are particularly useful for computing scattering cross sections involving the production of
heavy mesons. Both frameworks rely on factorization techniques, in which the concept of
a hard scale () plays a central role. As we saw, this scale corresponds to the characteristic
energy or momentum transfer at which the short-distance dynamics occur. When (@) is
much larger than the typical hadronic scale Aqcp, it becomes possible to approximately
separate the perturbative part of the process from the non-perturbative contributions. In
the context of hadroproduction, the hard scale is often identified with the transverse mass

of the produced particle, defined as my = y/m? + p%, where m is the particle’s mass and
pr its transverse momentum.

When a heavy meson is produced in processes where the characteristic hard energy
scale () is comparable to the heavy-quark mass, @) ~ mg, the NRQCD factorization
framework provides a reliable and systematic approach to describe its production. In such
cases, the perturbatively calculable part of the process is dominated by a single hard scale
associated with the creation of the Q@ pair, while the lower energy scales, of order mgqv
and mgu?, govern the subsequent non-perturbative evolution of the pair into the bound
heavy meson state H.

When the characteristic energy scale of a process greatly exceeds the heavy-quark
mass, () > my, the perturvative part of the process becomes a two scale problem. In this
high-energy regime, large logarithmic terms appear in the cross section at each order in
perturbation theory. Although the emission of extra partons is suppressed by powers of
a, the presence of these large logarithms can disrupt the convergence of the expansion.
Consequently, the perturbative series is no longer solely controlled by the smallness of
as, and higher-order contributions may become comparable to or even larger than the
leading-order terms.
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In collinear factorization, scenarios as those described in the previous paragraph are
addressed by resumming the leading logarithmic contributions to all orders in perturbation
theory. For the hadro-production process of a heavy meson H, the result is that the
scattering cross-section at high transverse momentum is given by the following equation

. P m2
doap—nx =Y doapgx (ZT, s Mf) ® Doy (2, puy) + O <P§>’ (3.2)
q T

which represents the leading-power factorization formula in the limit m2Q < PZ. This
relation includes only the dominant contribution arising from the convolution of universal
fragmentation functions D, (%, jy) with a partonic production cross section déap—qx,
containing all the information on the nature of the process. The scale dependence of these
fragmentation functions is governed by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) evolution equations. Specifically, the evolution of a fragmentation function
describing the transition of a parton ¢ into a hadron H follows

d B L ¢ .
dTMQDq—)H(Z,Mf) - Zj:/z ?P]q(f) Dj—)H (5,/1]0), (3.3)

where P;,(€) are the time-like splitting functions.

Although the evolution equation is derived entirely within perturbative QCD, solving
it requires an initial condition at a lower scale py ~ mg. This initial fragmentation
function, Dy u (2, 1), captures the non-perturbative physics of hadronization and must
be extracted from experimental data. This is a limitation of the formalism, as collinear
factorization does not provide a first-principles method to compute this initial condition.
Instead, one typically resorts to phenomenological models, which still require calibration
using experimental input.

To address this limitation, one promising idea is to use NRQCD to describe the non-
perturbative structure of the initial fragmentation function D,/ p (2, 1), as it only involves
physics below the scale iy ~ mg. In this context, the fragmentation function at the initial
scale g can be expanded in terms of a finite number of NRQCD long-distance matrix
elements. Then, by applying the DGLAP evolution, this formulation allows NRQCD
to be extended to high-energy processes where the hard scale is much larger than the
heavy-quark mass. This framework, which we will refer to as the Fragmentation Function
Approach, expresses the inclusive production cross section of a heavy meson H in the same
factorized form as collinear factorization in eq. (3.2), but replaces the initial condition of
the fragmentation function with an NRQCD v-expansion

Do (25 110) = 3 dajqqpn) (2 110){On (n)) (3-4)

where the Wilson coefficient dg g (%, t0), which can be extracted after a matching with
a calculation using the Feynman rules introduced in Chapter 1 and the projectors defined
in Chapter 2, describes the distribution of Q@ pairs in the state labeled by n within a
jet initiated by a parton q. The term (Og(n)) is proportional to the probability that
this pointlike Q@ pair in the state n evolves into the heavy meson H. The light-cone
momentum fraction z carried by the heavy meson H with respect to the parent parton
q is identified with that of the QQ pair, making the z-dependence of the fragmentation
function perturbatively calculable.
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This approach has the advantage of simplifying the computation, as the fragmentation
functions are easier to calculate than full fixed-order cross sections in «,, and can also be
extended in a straightforward way to include higher orbital angular momentum states
like P-wave and D-wave mesons. Another benefit is that this approach only requires
extracting a few universal NRQCD long-distance matrix elements from experimental data
to fully determine the fragmentation function. However, its main limitation is that it
remains valid only in the regime of high transverse momentum pr.

Although a formal proof to all orders in perturbation theory is still lacking, there has
been some progrues to it [73], [74], and this formalism has been extensively applied to
heavy quarkonium production. Examples can be found in [75] [76] [77] [78] [79] [80].

3.2 DGLAP Initial Condition for B.

Many fragmentation functions for B, mesons have been computed in the literature. The
first such calculation was performed in 1993 by Braaten, Cheung, and Yuan [75], where
the fragmentation functions of b and ¢ quarks into S-wave states (specifically the B,
and B mesons) were computed at order a?. Subsequent works extended these results
to excited states. The FFs for P-wave states were calculated in [81] [82], and the
D-wave excitations were obtained in [83].These results were originally derived using
a model-based definition of fragmentation functions. They were later confirmed using
the formal light-cone definition within the framework of collinear factorization in [84]
and [85]. More recently, for S-wave mesons, next-to-leading order (NLO) « corrections
to b and ¢ quark fragmentation were computed in [86], and the leading ag contribution
to gluon fragmentation (appearing at order o) was calculated in [87] [88].

To apply any of these results to reproduce the production rates observed at LHCb,
it is important to note that B. mesons are detected experimentally only through their
weak decays. In contrast, the NRQCD formalism provides predictions for the production
of the heavy mesons at the moment of their creation. Whether or not an excited state
contributes to the observed weakly decaying B. mesons depends on their decay channels.
Since strong and electromagnetic transitions typically occur much faster than weak decays,
they can significantly enhance the population of lower states. In the case of B, mesons,
since they are composed of two different quark flavors, their excited states are protected
from annihilation into light hadrons or photons. Moreover, according to potential model
calculations [8], the 1.5, 1P, 1D, 2S5, and possibly the full set of 2P states lie below the
BD threshold (the mass at which the meson can decay into a pair of B and D mesons).
As a result, many excited states decay quickly to the ground state via electromagnetic
or pionic radiation, substantially enhancing the observed number of weakly decaying B.
mesons.

With this physical context in mind, we now turn to the derivation of the fragmentation
functions weakly decaying B, mesons at the initial scale puy. We aim to provide a rough
estimate by working at the lowest nontrivial order in both a, and the heavy quark’s
characteristic velocity v?. In general, we will follow the work presented in [86] [85],
whose derivation combines the frameworks of Collineal Factorization and NRQCD for
computing fragmentation functions for B. and B} mesons.
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Relevant Contributions at Leading Order

Before proceeding with the calculations, let us clarify what is meant by leading order
in the context of B. meson production. This case differs significantly from the more
extensively studied quarkonium systems, and identifying which contributions are the most
important at the level of precision we are using is essential. In the NRQCD factorization
approach, the calculation involves two separate expansions. One expansion is in powers of
as, which includes more complex short-distance interactions as we go to higher orders.
The other expansion is in powers of v?, in which higher order terms account for more
complex non-perturbative transitions or the production of excited heavy meson states.

From a parton-level perspective, the simplest mechanism for producing a B. meson
involves a virtual b quark (escaping from the hard scattering) radiating a c¢¢ pair and
subsequently binding with the charm antiquark to form the meson. A schematic illustration
of this heavy-quark fragmentation process at leading order in the strong coupling (a?)
is shown in fig. 3.2. Gluon fragmentation, on the other hand, requires the production

Figure 3.2: Schematic Feynman diagram of a heavy quark fragmenting into a B. meson at leading order
in ag.

of both a bb and a c¢ pair. This is only possible starting at order a3, which means it is
perturbatively suppressed compared to quark fragmentation. Moreover, from a kinematic
point of view, it is more difficult because the gluon needs to have a virtuality large enough
to produce the combined masses of both heavy quark pairs.

According to NRQCD power counting, the leading contributions at small v? come from
long distance matrix elements describing transitions where the b¢ pair evolves into an
S-wave meson without changing its spin or colour configuration. This is partially because
the lowest-order four-fermion operators in the v-expansion of the NRQCD Lagrangian
correspond to S-wave, colour-singlet configurations. Besides, any change in quantum
numbers (such as transitioning from a colour-octet to a colour-singlet state or flipping the
spin) requires soft gluon emissions, each of which introduces an additional suppression by
a factor of v to the long-distance matrix elements (LDME). Therefore, the most probable
production channels are those involving trivial transitions, where the initial b¢ pair and
the final meson have identical quantum numbers. These include 15([)1] — B.(1'Sp) and
SSP — B*(135;), which produce the ground state and the first spin-excited state of the
bc system, respectively.

In summary, there are only two contributions at leading order to the initial fragmenta-
tion functions responsible for producing (b¢) bound states.

Dy (2. 10) = dy g (2, 10) (O™ (') + O(0%) (3.5)
Dys: (2, pt0) = dy g (2 410) (O™ sy + 0@?) (3.6)
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Due to the current lack of experimental data, the values of these LDMEs remain uncon-
strained. Consequently, our only option is to use the vacuum saturation approximation,
so these colour-singlet NRQCD matrix elements can be related to the radial wavefunction
at the origin Rg(0), which can be computed using phenomenological potential models. As
shown in section 2.5, the corresponding expressions are

(O (S) = ME<|Rs(0) (3.7

(0% (351 = 12 | Ro(0) (3.8)

where M denotes the mass of the corresponding meson.

Matching Procedure

To calculate the perturbative coefficients appearing in eqgs. (3.5) and (3.6), we follow the
standard matching procedure described in Chapter 2. This involves replacing the physical
B. or B} state for a free quark pair b¢ carrying the appropriate quantum numbers and
making sure that the cases of full QCD and NRQCD provide the same results. Specifically,
we need to compute first the perturbative fragmentation functions

Dbabﬁ[ls([)l]] and DbabEPSgl]]

from which the short-distance coefficients can be extracted using the matching conditions

Dy sty (2 10) = digin (2, o) (O™ S0 81)) 4+ O(0?) (3.9)
Dy sty (2 10) = dygn (2, o) (O3 51)) + O(0?) (3.10)

where the vacuum matrix elements are

(¥l st (5[” :Z\(oyxim]be(lsg”w)(ﬂz=(2mb)(2mc)(2N0) (3.11)

(531 3511y Z\ Olxtordu|tesi™) + X)|* = 3(2my) (2mc) (2V,) (3.12)

just a normalization of the states in NRQCD.

Using the Collins-Soper definition presented in Section 1.3, the fragmentation function
is obtained by summing over all possible cut diagrams that produce the desired inclusive
final state from a single virtual quark. As illustrated in Fig. 3.3 and discussed in detail in
Section 1.3, each diagram involves a Wilson line that connects a quark-field operator on
the left side of the cut to the conjugate operator on the right side. Single virtual fermion
lines are attached to each operator, and they are connected through QCD interactions
involving gluon and quark propagators. Additional gluon emissions may also attach to
the Wilson line (unless we work in the light-cone gauge). The cut passes through the
Wilson line, the line corresponding to the final-state particle into which the b-quark is
fragmenting, and possibly through additional gluon or quark lines.

The computation of the fragmentation functions proceeds by applying their specific
Feynman rules to the relevant cut diagrams shown in Fig. 3.3. These rules were introduced
in Section 1.3; here, we provide a more detailed and guided description of how they
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Figure 3.3: Cut diagrams relevant for the computation of the fragmentation functions at leading order
in ag. The crossed vertices indicate the action of the quark field operators from the FFs
defintion, meanwhile the circle in the final state cut represents the action of the NRQCD
state projectors.

are applied in practice, to make the construction of the corresponding amplitudes more
transparent.

The first and most important point to emphasize is that, by definition, there are no
on-shell initial particles. Instead, the four-momentum k of the fragmenting quark, as
defined in Fig. 3.2, enters the diagram through the operator vertex on the left side of
the Wilson line and exits through the operator on the right side. This is reflected in the
calculation by the presence of an integral over d*k, which accounts for the flux of external
momentum:

D(z, j10) = 4]1V /dHX / 57545(zk+ — P M. (3.13)

where dIly is the final phase space.

The momentum k entering through the operator can be divided between the virtual
fermion line and the Wilson line, allowing gluons to attach to the latter. When a gluon
attaches to the Wilson line, the corresponding Feynman rules can be summarized as
follows:

e A vertex where a gluon attaches to an eikonal line contributes a factor ig, n* t7;, where
i and a are the Lorentz and color indices of the gluon, respectively, and n* is the

direction vector of the Wilson line.

e An internal eikonal line carrying momentum ¢ from the operator toward the cut side
is associated with the propagator id,;/(q - n + i0).
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The remaining Feynman rules are those of QCD.

Since fragmentation functions are defined in a Lorentz-invariant way, we can perform
the calculation in any reference frame. For convenience, we choose the rest frame of the
bc pair. In this frame, at leading order in the velocity expansion, the initial-state quark,
the final-state bc pair, and the final-state charm quark, respectively, have the momenta

1 M
kH = (k/’+,l€_,kT), P“:ﬁ(M7M,0)7 p’g: (pg_,k/‘_—\/i,k’f>, (314)

where M = m, + my, and the momenta of the heavy quarks inside the pair are
Py =reP" ph =r.P! (3.15)

where r, = my/M and r. = m./M.

To project the b¢ pair onto the desired color and spin states, we employ the covariant
projector technique. At zeroth order in the quark relative momentum, this corresponds to
making the substitution

1
z%, Ao = (3.16)

va — I, ® Ag,  Tly = V/2mev/2myys T

in accordance with the discussion we gave in Section 2.4.

Finally, putting all this things together, we can get the following cut amplitudes

2 _ AR Ty [P + o+ ) 1 Ty (5 — me) v s (P + s + 1)

|M|(a) - gS|M|ColT I ((P +p3)2 . m§)2(p1 +p3)4 1 (317)
2 4 2 [ %(F + 15+ mb)’YuHSWH(H’S - mc)ﬁﬁs

’M‘(b) - gS‘M’ColT _(291 +p3) . n)((P +p3)2 o mg)(pl +p3>4‘| (3'18)
> _ a2 Ty [ s (s — me)y sy (P + ps + ) 1

|M‘(c) - gS‘M’ColT _(p1 +p3) A n)((P +p3)2 . mg)(pl +p3>4 (3'19)
2 _ 4 2 v [ VLHSVL(% - mc)¢ﬁ5 ]

Mgy = g5 M|, T (0 + ps) - 7)2(01 + p3)? (3.20)

where
M, = Tr[T* AT T* AT (3.21)

is a common colour factor.

The last step is to integrate over the diferential phase space of the final particles (besides
the meson which has an specified momentum). In light cone coordinates, differential phase
space for the LO FFs can be written as

1

dp?t o2
Mo = ga(kﬁ — Pt —pi)e(kt) S T

2p3 (2m)?

O(p5) (3.22)

In the equation above, the usual delta function encoding 4-momentum conservation is
absent because it is used in to integrate out some of the momenta
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Analytical Expressions for Fragmentation Functions

Now, we present the leading order expressions for the colour-singlet FFs. Although the
authors from [86] published their results for the NLO FFs; they do not provide complete
analytical expressions where we can set our own choice for the value of the heavy quark
masses. Therefore, we use only the leading order expressions.

_ 2032(1 = 2)°|Ry(0)?

LO 2\ 2
D% (2) = e TV [6 — 18(1 — 2r.)z + (21 — Tdr, + 68r2)z (3.23)

— 2ry(6 — 197, + 1872)2% + 3r7 (1 — 27 + 2r2)2"]

2022(1 — 2)?|R,(0)?
DLO . — s S

o (2) 27mr2(1 — rpz)S M3

[2—2(3 —2r.)z + 3(3 — 2r, + 4r2)2* (3.24)
—2ry(4 — 7o 4+ 2r2) 2% + 17 (3 — 2r. + 2r2) 2]

Here, R4(0) denotes the radial wave function of the B, meson at the origin, assumed
identical for both contributions. The FFs for the charm quark are obtained by interchanging
r. and 7, in both equations.

3.3 Theoretical Framework of Meson Production

Before presenting our numerical results, we first outline the theoretical framework and
computational tools used to obtain the partonic and hadronic cross sections relevant for
heavy meson production in proton-proton collisions. Since our objective is to compare
our NRQCD predictions for B, production with experimental measurements, we aim to
reproduce the production ratio reported by the LHCb collaboration between B, mesons
and the light-heavy mesons B, and B,;. However, within the framework of NRQCD
it is not possible to calculate the production of light-heavy mesons, as they contain
only one heavy flavour. As a result, we rely on precise experimental measurements of
their production cross sections in order to construct a meaningful comparison via the
B./(B, + By) production ratio.

Fortunately, the LHCb collaboration has provided integrated and differential cross
sections for B, mesons at /s = 7TeV and /s = 13TeV, within the kinematic ranges
0 < pr <40GeV and 2.0 < y < 4.5, corresponding to the forward rapidity region [89].
These results include both BT and B~ mesons, quoted collectively as B*. Furthermore,
double-differential distributions in transverse momentum and rapidity are available, offering
a comprehensive dataset.

By action of the approximate flavor symmetry in QCD, which is particularly effective
for the u and d quarks, the production cross sections of B, and By mesons can be
considered approximately equal. As a result, we can safely use the experimental data
reported by LHCD to construct the denominator of the B./(B, + By) production ratio.

However, while a direct comparison between the NRQCD predictions and the measured
B, + By cross section is possible, any scheme dependent uncertainties present in the B,
calculation (such as as those associated with scale choices, parton densities, or higher-order
corrections) would propagate to the ratio. To reduce these ambiguities and obtain a more
stable prediction, we compute the production cross sections for both B, and the mesons
B, and B, within the same theoretical framework, with the exception that NRQCD is
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not used for the light-heavy mesons. Instead, we describe B meson production using
a phenomenological fragmentation function fitted to experimental data. By evaluating
both the numerator and denominator of the ratio consistently in the same theoretical
framework, many common sources of uncertainty cancel out, leading to a more reliable
and meaningful comparison with the experimental measurements of the B./B, + By
production ratio at LHCb.

Parton Production Cross Section

In the framework of collinear factorization, the differential cross section for single-inclusive
parton production in proton-proton collisions is given by

dO'pijX / d6ab%j+X
-5 1 - d a y M s M) T ) s Yy Pty Py ; 3.25
dydp, (Y, pes 1) % Ya fa(1, pi) folz, pa) dydp, (z1, 22, Y, P, pis 15), ( )

where the parton j is produced with rapidity y and transverse momentum p;, and the
integral runs over the rapidity y, of the second outgoing parton. The variables p; and
iy denote the factorization and fragmentation scales, respectively, and we took p; = pg.
The functions f,(z1, ;) and fi(z2, ;) are the parton distribution functions, evaluated
at longitudinal momentum fractions x; and x5 of the incoming partons. The quantity
dGap—;x represents the partonic differential cross section for the hard subprocess ab — jX.

Working with the General-Mass Variable Flavor Number scheme, we consider only the
production of heavy mesons coming from the fragmentation of heavy quarks ) and gluons
g. For this reason, we only include the single-inclusive production of these particles. For
heavy quark production, we consider the following hard subprocesses

99— QQ, Qg—Qg, Qq— Qq, Q7— Qg (3.26)

where () is a heavy quark (charm or bottom), and ¢ is a light quark (up, down, or strange).
For gluon production, we include the following channels

99 = 99, 99 — 9q¢, 99 — 44, (3.27)

which describe gluon-gluon scattering and gluon interaction with light quarks. We do not
include the production by quark-antiquark annihilation because the convolution of two
small parton distribution functions results in a negligible effect on the cross section.

The parton hadro-production cross section (3.25) is computed at leading order in
using the Monte Carlo event generator SHERPA [90] [91], interfaced with LHAPDF [92]
for the input from parton distribution functions, and employing ComMix [93] for matrix
element generation. For consistency with leading-order calculations, we utilize two different
LO PDF sets, CT14LO [94], and NNPDF23 Lo As 0119 QD [95]. While both
of these sets use the same value of the bottom quark mass m;, = 4.75 GeV they differ in
their chosen values for the charm quark mass, with CT14LO adopting m. = 1.3 GeV,
and NNPDF using m. = 1.41 GeV. Consistently, we will use the same values from the
heavy quark masses in our calculations depending on which set we are using.

Hadronic Production Cross Section

While the left-hand side of eq. (3.25) is formally independent of the factorization scale y;
at all orders, it retains a dependence on the fragmentation scale p¢. This scale dependence
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is eliminated once we convolute the partonic cross section with fragmentation functions
to obtain the hadronic cross section:

dapp%HX Ldz dé i X PT
QOp=HX y py / D gz ) eoiX ( ) 3.28
dY dPz (Y, Pr) ; 0 22 i (20 1g) dydp3. Yoo H ( )

where H denotes a hadron produced in the fragmentation of the parton j, and (Y, Pr)
are its rapidity and transverse momentum. The fragmentation variable z is defined as
P = zp.

Besides rapidity, another commonly used kinematic variable in collider physics is the
pseudo-rapidity, denoted by 7. Unlike rapidity, which depends on both the energy and
the longitudinal momentum of a particle, pseudo-rapidity has a purely geometric nature,
being related to the angle of a particle’s momentum relative to the beam axis. It is defined
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where 6 is the polar angle between the particle’s three-momentum p and the positive
direction of the beam axis.

In the limit where the particle’s mass is negligible compared to its momentum, the
pseudorapidity becomes approximately equal to rapidity. Specifically, one can make an
expansion for m/pr < 1 and see that

1. [E+np, m? 4 p2 cosh® 1) 4 pr sinh tanh 2
yzln( +p)—ln(\/ Pr v 77) SRR an n(m) (3.30)
br

2 E—pz /m2+pT 2

Thus, at large Pr, pseudo-rapidity provides a good approximation to rapidity and is
widely used to represent detector coverage and kinematic distributions in high-energy
collider experiments. Moreover, since pseudo-rapidity is related to the deviation angle of
scattered particles, the pseudo-rapidity of a fragmenting parton and the produced hadron
are identical in collinear factorization. This allows us to simplify the convolution formula

(3.28) as

do-pp—>HX / dZ do-pp_>JX ( PT )
— — 31

where both cross sections are now differential in the same pseudorapidity variable.

Scale Choices and Uncertainties

In practice, the hadronic cross section retains an explicit dependence on the initial-state
factorization scale y; and the final-state fragmentation scale jif, resulting in the usual
theoretical scale uncertainties. Our choice for these scales is

i = mlT;m?T myp = \/m? + p2 (3.32)

where m is the heavy quark mass, pr is the transverse momentum of the parton. For the
final-state fragmentation scale, we adopt

np =P+ M2, (3.33)
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where M and Pr are the mass and the transverse momentum of the produced hadron.

In estimating theoretical uncertainties due to scale variation, we note that next-to-
leading-order predictions typically exhibit reduced sensitivity to scale choices. At LO,
however, scale dependence remains more pronounced. To account for this and to remain
conservative, we estimate uncertainties by varying both j; and pf together by a factor of
V/2 around their central values.

Fragmentation Functions and Time-like Evolution

As mentioned earlier, in our analysis we include only the contributions coming from
fragmentation functions of heavy quarks Dg_, 5 and gluons D,_, 5, while neglecting the
contributions from light flavors. The gluon FF would be considered as a product of the
DGLAP evolution meanwhile the heavy quark FF will be the only one with a non-zero
initial value and is assumed to freeze below the starting scale py.

For the initial condition of the heavy quark FF associated with light-heavy B mesons,
we adopt the Peterson parametrization (1.79):

Dy, (2, 10) = f(b— Bu) (3.34)

where the f(b — B,) normalization and the Peterson’s parameter ¢,, are the only free
parameters of this model. The latter we take it to be ¢, = 0.001, following the value
reported in [96]. The value of f(b — B,) can be estimated as the fragmentation fraction
fu i-e. the fraction of b quarks fragmenting into light-heavy B mesons. This value can be
obtanined from experimental results that show the relative production of B,, By, B, and
AY hadrons in the same pr range. If we assume that the total production of b-hadrons is
normalized to one, and we neglect the small contribution from charmed hadrons, we can
use the condition

fu+fd+fs+fbaryons:1 (335)

along with the flavour symmetry f, & f;, to extract the normalization of the FFs. Such
an estimation can be found in the compilation [97], where the LEP data for b hadron
production taken at the Z-pole is considered, and provides the following value

fu = fa = 0.407 £ 0.007. (3.36)

We also checked the LHCbh measurements at /s = 13 TeV, focusing on the high pr region
where fragmentation typically dominates [98]. Ignoring the contributions from baryons
other than A, we find a similar result

£ = fa = 0.409 & 0.004 (3.37)

Since both results agree well, we choose to use the central value from eq. (3.36) in our
analysis.

For the initial fragmentation function of weakly decaying B. mesons, we consider the
sum of the two FFs, (3.23) and (3.24), calculated in NRQCD for B, and B} mesons. Given
that the mass difference between these two states is around 50 MeV [8], the momentum
shift of a B, originating from a B} decay is negligible within the kinematic range of LHCb.
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Therefore, the total B, production cross section can be approximated as the sum of the
direct (excluding decays) production cross sections of B, and B} mesons.

Dy (2, o) = Dysp. (2, p0) + Dy (2, o) (3.38)

We replace the value of |R,(0)|?> used in [86] with |R4(0)|> = 6.21 GeV®, as reported
in [99]. This choice is motivated by Ref. [100], which notes that the smaller value
employed in [86] leads to predictions for B. production that are roughly a factor of four
below experimental observations.

For both the light-heavy B mesons and the heavy B. meson, we set the initial scale
for time-like DGLAP evolution equal to the mass of the produced hadron py = Mpy. This
corresponds to Mp, ~ 5.28 GeV for the light-heavy case [101], and Mp, ~ 6.27 GeV for
the heavy case [102].
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Figure 3.4: LO FFs for weakly decaying B. mesons. The gluon and charm FFs have been scaled by a
factor of 30 to facilitate comparison with the bottom FF.

To perform the DGLAP evolution of the fragmentation functions at next-to-leading
order (two loops), we use QCDNUM [103], a software designed to numerically solve the
evolution equations for parton distribution and fragmentation functions in perturbative

QCD.

In Fig. 3.4, we present the gluon, charm, and bottom fragmentation functions at the
starting scale p = po (left panel) and after evolving to u = 25 GeV (right panel). In
each plot, we illustrate how the FFs change when adopting the charm-quark mass used
in the CT14 set, m, = 1.3 GeV (solid lines), versus the one used in the NNPDF2.3 set,
m. = 1.41 GeV (dashed lines). These plots reveal that the initial bottom quark FF is
notably sensitive to the value of the charm-quark mass. This sensitivity can be partially
explained by the presence of the overall factor

Lo ! (3.39)

() X )
b=Be r2M3  m2(m. + my)

D

which results in a suppression of approximately 20% when increasing m, from 1.3 to
1.41 GeV. Furthermore, since the initial charm quark FF is related to the bottom-quark
FF by interchanging the roles of m. and my, the same proportionality introduces a
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suppression factor of roughly (mj;/m.)? & 10 between the bottom and charm FFs, making
the latter significantly smaller in general. Nevertheless, because charm quarks are produced
more abundantly than bottom quarks in high-energy collisions, their contribution to B,
production cannot be neglected a priori.

For completeness, in Fig. 3.5 we present the gluon and bottom fragmentation functions
for the production of light-heavy B, mesons. As seen in the figure, the initial bottom-quark
fragmentation function taken from [96] peaks at large values of z, indicating that at such
low scales, the heavy quark retains most of its momentum during hadronization.

5.

Figure 3.5: Peterson’s FFs for B, mesons. The gluon FF have been scaled by a factor of 100 to facilitate
comparison with the bottom FF.

3.4 Results for B. production and comparison with
LHCDb data

Production Cross Sections

We begin the discussion about our results by first testing the validity of the framework
described in the previous section. To do this, in Fig. 3.6, we compared the theoretical
prediction for the production cross section of B, mesons with the corresponding measure-
ments reported by LHCb. The calculation tends to overestimate the total cross section
at low Pr, although it agrees reasonably well with the data at higher Pr values, where
the gluon fragmentation contribution becomes more relevant. At lower Pr, however, the
bottom-quark contribution alone appears sufficient to describe the data. This behavior
is expected, since both fy(z, p; = mp) = 0 and Dy,p, (2, uy = Mp) = 0 vanish at their
respective starting scales and increase rapidly with the scale through their logarithmic de-
pendence on In(u/my). Despite the discrepancy with the central values of our results, the
experimental measurements below Pr < 10 GeV remain within the theoretical uncertainty
band (indicated by the gray shaded region).

Additionally, we observe no significant difference between the results obtained using
the CT14 and NNPDF2.3 PDF sets. This is also expected, as both sets adopt the same
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value for the bottom-quark mass.
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Figure 3.6: Theoretical results for the production cross section of B, mesons (B~ and BT) at 7 TeV
(at the top) and 13 TeV (at the bottom) center-of-mass energies, compared with LHCb
measurements in the rapidity range 2.5 < y < 4.5 [89].

In Fig. 3.7, we show our results for the production cross section of weakly decaying B,
mesons at 7 TeV and 13 TeV center-of-mass energies, evaluated in the same kinematic
range as the most recent LHCb measurements [18]. The curves are shown with a hatched
width that represents their dependence on the PDF set used, which, even if the sets have
other differences, mainly affects the results through the charm-quark mass chosen in each
one. This uncertainty mainly originates from the previously discussed sensitivity of the
bottom-quark fragmentation function to this parameter. Consequently, the upper edge
of the band corresponds to the smaller charm mass, m. = 1.3 GeV, while the lower edge
reflects the larger value, m. = 1.41 GeV.

Despite this mass dependence, we can observe from these plots that, similarly to the
light-heavy B mesons, the gluon contribution remains smaller than the one from the
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Figure 3.7: Calculated cross sections for the production of weakly decaying B. mesons at 7 TeV (at the
top) and 13 TeV (at the bottom) center-of-mass energies. The hatched bands reflect the
variation due to different charm-quark mass values associated with the CT14 and NNPDF2.3
PDF sets. The flat gray band indicates the theoretical uncertainty associated with scale
variation, as in the case of B, mesons.

bottom quark. However, in this case, the gluon curve stays well below the bottom-quark
one even at low Pp, without approaching it. This behavior is due to the higher initial
scale involved in B, production, which slows down the evolution of the fragmentation
functions. As a result, for the same Py values, the gluon FF is smaller in B, production
than in the case of light-heavy B, mesons.

As a final remark, it is worth noting that the contribution from charm quark frag-
mentation is negligible in both plots, and its dependence on the charm-quark mass is not
noticeable.
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Fragmentation Ratio

To conclude our discussion, we present in Fig. 3.8 our theoretical predictions for the
fragmentation ratio defined in eq. (3.1), compared with the LHCb measurements at
/s =7 TeV and 13 TeV. The results are shown as two separate bands, each corresponding
to a different PDF set or, equivalently, to a different charm quark mass value. From
these graphs, we observe that the prediction obtained using m. = 1.3 GeV approaches the
experimental uncertainty band in the highest- Pr bin, but underestimates the measurements
at lower Pp. Furthermore, when using the slightly higher charm quark mass value of
m. = 1.41 GeV, the prediction remains entirely outside the experimental uncertainty

bands.
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Figure 3.8: Fragmentation ratio as a function of Pr at /s = 7 TeV and 13 TeV in the pseudo-rapidity
range 2.5 <7 < 4.5.

This difference can be partly explained by missing contributions in our fragmentation-
based calculation. In particular, we did not include the color-octet mechanism, which
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also contributes at leading order in a,. However, the corresponding long-distance matrix
elements (LDMESs) are usually small (typically suppressed by a factor of v* compared to
the color-singlet ones) and they cannot be reliably determined because there is limited
experimental data. For reference, we take the ratios between the phenomenological
estimates [104] of the colour-singlet and colour-octet LDMEs for the .J/1¢) meson (which
is much better studied than the B.):

(077 RyY))
(07 (351)

(7 (5¢")

(07 (S))
(0774 (351)

<$2-1077 i
(07w (57)

Y

<6-107* —0  (3.40)

These results show that the octet contributions are indeed small, and suggest that
neglecting them in our calculation is a reasonable approximation.

Another possibility, discussed in the context of pp collisions at Tevatron energies
(v/s = 1.96 TeV), is that, according to Refs. [105] [106], the fragmentation contribution
does not dominate the production of a heavy meson H in association with a heavy quark
pair (g9 — H + QQ) unless the meson is produced at very large transverse momentum
(a regime that was experimentally inaccessible at Tevatron and remains beyond the Pr
range reported by LHCb for B, production).

Although this may seem to be an extreme case, it suggests that a similar situation
could occur in the LHCb measurements of single-inclusive B, meson production. Since
protons do not contain intrinsic charm or bottom quarks, both heavy quark pairs must
be created in the collision, leading to the same problematic process we described. This
implies that, at the currently accessible Pr values, there is no need to resum logarithms
of Pr/my, as the fragmentation contribution alone is insufficient to describe the data
accurately. Moreover, we can speculate that the direct production mechanism, where both
heavy quark pairs are produced in the hard scattering process, should provide a sufficient
description.
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Conclusions

In this thesis, we have first reviewed the theoretical foundations that make perturbative
calculations in Quantum Chromodynamics applicable to high—energy processes. We began
examining the physical picture underlying the parton model and then introduced its
rigorous realization in Quantum Field Theory, known as Collinear Factorization. We
saw that in this framework, the hard scattering is the part that we can evaluate in
perturbation theory, while the long-distance physics is separated and encoded inside the
parton distribution functions, whose evolution is governed by the DGLAP equations. We
outlined the key assumptions of this framework and highlighted the practical results that
enable predictions for inclusive cross sections.

We then presented Non—Relativistic QCD (NRQCD), an effective theory created for the
study of systems containing heavy quark—antiquark pairs. In NRQCD, we found a second
factorization where short—distance coefficients encode the production of a nearly on—shell
QQ pairs, while universal long-distance matrix elements describe its non-perturbative
evolution into a meson state. We showed the power—counting rules in the heavy—quark
velocity v and the procedure to make calculations for the production of heavy mesons. We
also explained that NRQCD can be combined with Collinear Factorization, to evaluate
perturbatively the fragmentation functions related to heavy mesons.

Having established these two complementary factorization approaches, we applied
them to the inclusive production of weakly decaying B. mesons at the proton-proton
collisions ocurring in LHC. To do so, we presented the computation of the leading—order
color-singlet fragmentation functions using NRQCD, the Collinear Factorization definition,
and evolving them with DGLAP. We then obtained predictions for the Pr dependent
production cross sections of these mesons and compared our results to a similar calculation
that used a phenomenological fragmentation function for the light-heavy mesons B, (B*
and B~). This comparison allowed us to test the validity of our calculation against recent
LHCb data for B, production. Finally, we studied the transverse-momentum dependence
of the ratio between these two calculations and compared it with one of the few available
experimental observables related to B, production, the experimental fragmentation ratio

e - U(BC) - U(BC>
futfa o(By)+0(Bg) 208,

This value was measured by LHCD at center of mass energies of 7 TeV and 13 TeV, within
the range 2.5 < n < 4.5 of pseudorapidity. We analyzed both cases separately.

Given that the fragmentation function is defined as the leading contibution when the
hard scale () ~ Pr becomes suficiently large, we expected some discrepancies at the lowest
Pr values, but an agreement with the data at Pr a few times bigger than the meson’s
mass Mp,. However, our results show that the fragmentation approach underestimates
the fragmentation ratio in the whole P range reported by LHCb, speacially in the lowest
values where Pr ~ Mp_.

This increasing underestimation at lower Pr can possibly be attributed to the fact
that we have neglected corrections of relative order m? /p3 to the fragmentation function.
In particular, direct production channels such as

g9 — B.+b+c,
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where both the bb and cé pairs are produced in the hard scattering, are expected to dominate
at low pr (a behavior that has been extensively studied in quarkonium production).
Including these next-to-leading power contributions, as discussed in Refs. [107], [108],
should significantly improve the agreement with experimental data.

In summary, we observed that the fragmentation function contribution is not enough
to provide a good description of the B, production in the current observable range of the
LHCb, an we anticipate that a complete description of the Pr spectrum (especially in
the region probed by LHCb) requires also including next-to-leading power corrections
and color-octet mechanisms (whose long-distance matrix elements are small and poorly
constrained). Future work should consider these contributions, hoping that such a
comprehensive treatment will bring theoretical predictions into closer agreement with
experimental measurements and deepen our understanding of B, meson production in

QCD.
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