Majorana zero modes in condensed
matter

theoretical and numerical study in one and two

dimensional systems

KA

MSec. Alejandro Garrido Hidalgo

Supervisor: Dr. Pedro Orellana Dinamarca
Dr. Alex Matos-Abiague

This thesis is submitted for the degree of
Doctor of Philosophy

May 2025






I would like to dedicate this thesis to science.






Abstract

The search for conclusive and robust Majorana Zero Modes (MZM) signatures has been of
great experimental and theoretical interest due to its potential quantum computing applica-
tions. This thesis theoretically furthers this search with three investigations:

In the first work we study a system formed by a Double Quantum Dot (DQD) structure
coupled to two normal leads, while each QD is independently connected to a Topological
Superconducting Nanowire (TSCN) hosting MZMs at its ends. We focus on the linear
conductance through the DQD, the QD’s density of states, and the MZMs spectral functions,
which are calculated employing the Green’s functions (GFs) formalism. We focus in iden-
tifying signatures of quantum interference phenomena, emergence of bound states in the
continuum (BICs), MZMs leakage into the QDs-BICs, and the interplay between MZM and
BIC, by direct control of the magnetic flux over all the bound states of our setup. Our results
show that both MZMs and BICs appear in high-symmetry configurations, i.e., depending
on the QD-MZM coupling strength and the length of the TSCN. Also, we find a transport
suppression anomaly in the linear conductance as a function of the magnetic flux. This
phenomenon appears for the same symmetric configurations mentioned above. We also find
that both the MZMs leaking into the QDs and the BICs can be controlled by the magnetic
flux, suggesting that this external parameter will suffice for manipulating the above states.

In the second work, we examine the thermoelectric characteristics of a system consisting
of two topological superconducting nanowires, each exhibiting Majorana zero modes at
their ends, connected to leads within an interferometer configuration. By employing Green’s
function formalism, we derive the spectral properties and transport coefficients. Our findings
indicate that bound states in the continuum (BICs) manifest in symmetric setups, influenced
by the length of the wires and coupling parameters. Deviations of the magnetic flux from
specific values transform BICs into quasi-BICs with finite width, resulting in conductance
antiresonances. The existence and interplay of Majorana zero modes enhances the thermo-
electric performance in asymmetric configurations. Modulating the magnetic flux induces
transitions from BICs to quasi-BICs and significantly enhances the Seebeck coefficient and
figure of merit, thereby suggesting a strategy for optimizing thermoelectric efficiency in

systems based on Majorana zero modes.
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In the third work, we study the formation and properties of edge-like and end-like Ma-
jorana States (MSs) in proximitized planar Josephson Junctions and characterize them by
introducing a quantity (here referred to as the topological gap character) that contains in-
formation about the topological charge, topological gap, and the localization nature of the
zero-energy states. The norm of the topological gap character determines the size of the
topological gap relative to the proximity-induced superconducting gap, and its sign indicates
whether the system is in a TS state with edge-like (positive sign) or end-like (negative
sign) MSs. We analyze how the localization character of MSs depends on relevant system
parameters such as the magnetic field strength and direction, the superconducting phase
difference across the junction, the spin orbit couplig strength, and the junction crystallo-
graphic orientation. Moreover, our study reveals the possibility of inducing transitions from
end-like to edge-like MSs (and vice versa) by tuning the magnetic field strength and/or the
superconducting phase difference. Our findings can be used as a guide for achieving optimal
MZM protection and localization when engineering TS in planar JJs and could be particularly
relevant for implementing braiding operations without the need for complex non-colinear

junctions.
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Chapter 1
Introduction

Topological superconductivity (TS) is a unique phase of matter distinguished by non-trivial
topological invariants and the emergence of gapless, protected states at its boundaries.
These states, known as Majorana zero modes (MZMs) or Majorana bound states (MBSs),
have attracted intense interest due to their potential applications in fault-tolerant quantum
computing and their exotic non-Abelian statistics [9—-12, 5]. While MZMs were initially
predicted to arise in intrinsic p-wave superconductors [13], the absence of confirmed p-wave
materials has driven efforts to engineer synthetic platforms. By combining conventional
s-wave superconductors with materials exhibiting strong spin-orbit coupling (SOC)—such as
semiconductors or topological insulators—researchers can induce effective p-wave pairing
through the proximity effect, then the time-reversal symmetry is broken by an external
magnetic field.

The theoretical model proposed by Kitaev predicts that unpaired Majorana zero modes
(MZMs) can localize at the ends of a spinless p-wave superconducting nanowire, with their
coupling strength decaying exponentially as the wire’s length increases [9]. This inspired
further studies on proximitized nanowires, where a topological phase transition occurs upon
tuning the Zeeman energy or chemical potential [14, 15, 10]. This transition is characterized
by the closing and reopening of the superconducting gap, after which MZMs are expected to
emerge at the wire ends (Fig. 1.2(a)).

The first experimental realization of this system was reported by Mourik et al. [2]. How-
ever, achieving reproducible MZMs in 1D systems remains challenging due to the stringent
parameter control required, with only a few experimental groups achieving reproducible
results. The experiments carried out by Aghaee et al. substantiated these findings in het-
erostructures, affirming thus the presence of topological superconductivity and MZMs [16].
Additionally, braiding MZMs—essential for quantum gate operations—requires complex

nanowire networks [17—-19], introducing fabrication hurdles. However, recent advances in
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quantum computing exploit the principles of Majorana physics; notably, the Majorana-1
processor incorporates MZMs, offering a viable research pathway toward scalable quantum
architectures [20].

To overcome these challenges, recent research has shifted toward planar Josephson
jJunctions (JJs) [21, 22, 14, 3, 23-27], which offer broader parameter ranges for accessing the
TS phase. These JJs typically consist of a semiconductor 2D electron gas (2DEG) with strong
SOC (e.g., InAs or HgTe), partially covered by s-wave superconducting leads (e.g., Nb or Al).
The uncovered region forms a normal (N) region between superconducting (S) electrodes,
creating an S-N-S structure (Fig. 1.2(c)). Unlike nanowires, JJs leverage the superconducting
phase difference as an additional tuning parameter, enabling more robust stabilization of
MZMs [21, 22, 14]. Their geometric flexibility (e.g., T-, X-, or Y-junctions) also allows for
implementing braiding protocols and multi-Majorana systems [28, 29]. Recent experiments
have observed MZM-like signatures localized at the ends of the N region, though some
studies report edge-localized modes extending along the entire junction, a phenomenon
explored further in Chapter 4.

Scenario

Topological

Physics
superconductors

Computor

Fig. 1.1 Braiding of Majorana fermions and their physical realization: In topological quantum
computing, particles are created in a (2 4 1)-dimensional space, exchanged so that their
world lines form a braid, and then pairwise fused. These operations involving Majorana
fermions can be encoded in the topology of their braids, enabling them to be performed in a
protected way. (image from reference[1])

1.1 Experimental evidence of Majorana Zero Modes

The search for Majorana zero modes (MZM) is motivated primarily by their potential

to enable fault-tolerant quantum computing. Current quantum computers face a critical
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Fig. 1.2 (a) Schematic of a traditional 1D nanowire setup for topological superconductivity.
(b) Experimental measurements of the conductance as a function of voltage bias along a
semiconductor wire setup for multiple magnetic field strengths. The zero bias conductance
peak (ZBCP) appears at 0 uV (red dashed line) as the magnetic field strength increases. (c)
Schematic of a planar Josephson junction setup for creation and detection of topological
superconductivity. The grey-metallic upper layer denotes a s-wave Al superconductor, and
the bottom blue layer denotes a HgTe 2DEG. The red asterisks represent the localization areas
of MZM. The arrows penetrating the superconducting loop denotes an external magnetic
flux used to fix the phase difference between left and right superconducting leads. The
yellow contact is used to probe the zero-bias conductance signature of the MZM localized
underneath. (d) Differential conductance curves as a function of the bias voltage on the
tunnel probe (see (c)) for four representative values of the phase difference. (Images (a) and
(b) taken from [2], (c) and (d) taken from [3])
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challenge: their logical qubits are highly susceptible to errors from external perturbations,
necessitating extensive error-correcting qubits in order to confidently run quantum algorithms.
MZMs offer a promising solution due to their topological protection against local disturbances
and their suitability for logic gates via braiding operations. Crucially, the topological nature
of MZMs ensures that quantum gates depend only on the braiding topology—not on specific
trajectories—making them inherently robust against errors. Additionally, MZM fusion could
facilitate qubit state reading/detection [See Fig. 1.1, from reference [1]]. Beyond practical
applications, definitive experimental observation of MZMs’ non-Abelian statistics would
mark a landmark achievement in physics, as no quasiparticle with such properties has yet
been conclusively demonstrated.

The first experimental evidence of topological superconductivity was observed in a
proximitized nanowire [Fig. 1.2(a)], where a zero-bias conductance peak (ZBCP) was
measured (See Fig. 1.2(b), from reference [2]). While ZBCPs are theoretically linked to
zero-energy states (potentially MZMs), they are not unambiguous proof: phenomena like
the Kondo effect or Andreev bound states can mimic this signature. Moreover, Majorana-
induced ZBCPs are predicted to quantize at 2¢> /A (at zero temperature), yet measured peaks
consistently fall short of this value. The ZBCP has also been measured in planar JJs using
the experimental setup shown in Fig. 1.2(c), where the JJ is incorporated in a closed loop
threaded by a magnetic flux, which fixes the superconducting phase across the junction.
However, the detected ZBCP amplitude was also found to be well below the predicted
universal conductance value, as shown in Fig. 1.2(d). Therefore, the measurements of
a ZBCP as evidence of the existence of topological superconductivity are far from being
conclusive. However, the difference in ZBPCs observed in Fig. 1.2(d) for the cases A¢p =7
and A¢ = 0, can be explained by the formation of two distinct types of MZMs: end-like and
edge-like, respectively. The end-like MZM is predominantly localized at opposite ends of the
junction with short localization lengths (red asterisk), while the edge-like MZM are localized
at the ends of the junction but extend along the edges perpendicular to the junction. These
results are thoroughly analyzed and reported in Chapter 4.

An alternative method to identify MZMs involves using thermoelectric measurements,
which offer distinct advantages by exploring their unique transport signatures. Conventional
thermoelectric measurement techniques, developed in the early 1990s [30, 31], have de-
veloped into potent tools for detecting chargeless MZMs. These techniques can disclose
MZM signatures through thermal conductance [21, 32], voltage thermopower [33-35], or
the breach of the Wiedemann-Franz law [36-38], providing complementary evidence beyond

zero-bias anomalies.
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1.2 Where is the Topology?
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Fig. 1.3 Change in topology of an object when a hole is created (left); distinction between
different topological objects characterized by number of holes (i.e., genus) (right). Topology
is a branch of mathematics that describes properties that only change step-wise, like the
number of holes in the above objects. Topology describes the properties that remain invariant
when an object is stretched, twisted or deformed, but not if it is torn apart. Imagine a donut
made of clay: by stretching and bending, you can morph it into a coffee cup (keeping the
hole as the handle), proving they’re topologically equivalent. Topological objects can thus
contain one hole, or two, or three, or four, but this number has to be an integer. This is
particularly useful for characterizing global invariants in condensed matter systems—such
as the quantized electrical conductance in the quantum Hall effect, which changes only in
integer multiples of the quantum conductance. (Image taken from [4])

To a mathematician, topology is the study of geometric objects under continuous trans-
formations, focusing on properties that remain invariant during such deformations. For
instance, Fig. 1.3 illustrates a continuous transformation of a 3D coffee cup into a donut [4].
Throughout this process, the number of holes (the genus g) stays constant, a key topological
invariant for classifying shapes.

This invariance is quantified by the Gauss-Bonnet theorem, which links local geometry

to global topology. For a closed 2D surface S, the theorem states:
/KdA:27rx(S), where x(S) =2 —2g. (1.1)
S

Here, K is the Gaussian curvature (positive for sphere-like regions, negative for saddle-like

ones), and ¥ (S) is the Euler characteristic, determined by the genus g. For example:
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* A coffee cup and donut (both g = 1) have ¥ = 0, requiring their total curvature to

vanish (balancing "hills" and "valleys").
* A sphere (¢ = 0) has y =2, forcing [(KdA = 4.

The theorem reveals why topology constrains geometry: continuous deformations pre-
serve g and J, fixing the "curvature budget" of the surface.

In condensed matter physics, topology classifies quantum phases based on global invari-
ants that persist under smooth deformations of the system. These invariants—such as the
Chern number in quantum Hall effects [39] or the Z, index in topological insulators—arise
from the wavefunction’s structure (e.g., Berry curvature in momentum space) and dictate
robust physical properties. For instance, 3D topological insulators exhibit conducting surface
states immune to disorder, while magnetic skyrmions are stabilized by their winding number.
Mathematically, topology distinguishes phases by equivalence classes of Hamiltonians, akin
to how a donut and coffee cup share the same genus. This framework reveals profound con-
nections between geometry, symmetry, and emergent quantum phenomena. The robustness
of topologically protected states stems from the discrete nature of topological invariants.
Since these invariants cannot change continuously, smooth local perturbations cannot destroy
or remove such states, doing so would require altering the invariant discontinuously, which is
inherently forbidden.

In this thesis, the first two works involve nanowires in their topological phase (Chapter 2
and Chapter 3), while the third work uses the calculation of topological invariants to describe
the trivial or topological phase of the system (Chapter 4).



Chapter 2

MZMs and BICs in a DQD interferometer

In systems with quantum dots (QDs) connected to topological superconducting nanowires
(TSCNs), there are usually more than one electronic path, which allows exploiting the
quantum interference effects as a tool to predict the consequences of the presence of Majorana
zero modes (MZMs) at the edges of the TSCN. In particular, we model a system where each
quantum dot is embedded in one of the arms of the interferometer, using the Aharonov-Bohm
phase (due to the existing magnetic flux across the interferometer) as a parameter to control

emerging states in the different coupling regimes.

2.1 Kitaev chain

The most widely used model for TSCN is the Kitaev chain [9]. To understand this model and
the distinction between its two phases (trivial and non-trivial topological) we begin with the

Hamiltonian of a one-dimensional spinless lattice featuring superconducting pairing A,

I |
H=Y, [ucj.cj — 5 (refesin — Acecses, —|—h.c.)] , 2.1)
J

where cj- (cj) is the creation (anihilation) fermionic operator in the j-th site of the chain,
u is the chemical potential, ¢ is the coupling between sites, A is the superconducting pairing
energy, and ¢gc is the superconducting phase. We can replace the fermionic operators with

Majorana operators by the following definition,

i1 = ei¢sc/2Cj + e—i¢scc;f 7 (2.2)

Y= _ieifPsc/ZCj + ie_i‘PSch., (2.3)
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Fig. 2.1 Kitaev chain. a) One-dimensional chain of spinless fermions with tight-binding
parameters as described by Eq. 2.1. b) Trivial phase of the Kitaev chain: in the Majorana
representation of Eq. 2.5, the Majoranas on each site are coupled forming a standard fermion.
c) Non-trivial phase: Majoranas on each site are decoupled while Majoranas on adjacent
sites become coupled. This leaves two unpaired Majoranas at the ends of the chain. (Image
taken from [5])

where satisfies both ¥, = ¥ and {},,, %} = 20, 7. We can interpret that each fermionic
operator c; is expressed by two operators }»;_1 and %, as schematically indicated in Fig.

2.1(b). The Hamiltonian in Majorana representation is written as,

H:_EZ »uYZJ”YZj*l+§(Z‘—A)72j7172j+2—E(I+A)Yzj’)/2j+1 . 2.4)
J

We can distinguish two phases from the above Hamiltonian [see Fig. 2.1], the trivial
phase, with u # 0 and t = A = 0. In this case, the Hamiltonian reduces to,

HZ—%Z?’zj}’sz- (2.5)
J

where the Majoranas on each j-site are coupled forming a standard fermion. On the other
hand, we have the non-trivial topological phase, with = |A 0 and u = 0. For this case,
the Hamiltonian reduces to

it
H = %Z’}/zj’]/zj+1. (26)
J

where Majoranas on each site are decoupled while Majoranas on adjacent sites become
coupled, this leaves two unpaired Majoranas at the ends of the chain [}/‘1“ and y‘ﬁ in Fig.
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2.1(c)], and since they do not appear in the Hamiltonian, then they correspond to zero energy
states [5].

This last case demonstrates the existence of Majorana bound states localized at the ends
of the chain (now denoted as y; and 7g). Kitaev further developed an effective model in

which these edge states interact through a coupling parameter of the form,

H= i£M’}/L')/R, (27)

where gy ~ e~/ with L the length of the chain and /[y the superconducting characteristic

length.

2.2 Bound states in the continuum

Spectrum Mode profile
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Nature Reviews | Materials

Fig. 2.2 In an open system, the frequency spectrum consists of a continuum or several
continua of spatially extended states (shown in blue) and discrete levels of bound states
(shown in green) that carry no outgoing flux. The purple dashed line illustrates the structure
that provides confinement. States inside the continuous spectrum typically couple to the
extended waves and radiate, becoming leaky resonances (shown in orange). BICs (shown in
red) are special states that lie inside the continuum but remain localized with no radiation. [6]

Bound states in the continuum (BICs) were first theorized by von Neumann and Wigner([40].
They demonstrated that certain oscillatory potentials can sustain bound states embedded
within the continuum spectrum, i.e., do not decay even if their energy levels are within the
range of the continuum states [6], as we can apreciate in Fig. 2.2. The BICs, have been

receiving great interest in photonic systems. Furthermore, given the analogous interference
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phenomena in electronic and photonic systems, the presence of BICs may naturally extend to
electronic systems [6, 41, 42].

These states can be detected through the density of states, where they manifest as
extremely narrow resonances (approaching zero width) effectively resembling Dirac delta
(6) functions.

2.3 Interferometer and quantum dots

(@ OF Y S A T
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QD2 0.5F
%

Fig. 2.3 (a) Double-dot Aharonov-Bohm interferometer. (b) Transmission between leads as
a function of magnetic flux. There are signatures of a flux-dependent level attraction and
an anomaly of suppressed transport. The form of AB oscillations in different regions of
the parameter space, indicate the evolution of sharp peaks near the anomaly of suppressed
transport and a maximum- to-minimum transition of the AB signal around ¢ = 7. Regimes
where constructive interference through identical dots yields a transmission that is 1, 2, or 4
times as large as that through a single quantum dot were identified. [7]

The electronic transport through quantum dots (QDs) structures has been an active
research field during the past decades [43—48]. QDs are nanostructures with quantized
energy levels due to the confinement of electrons, so they are usually called artificial atoms
[43]. Additionally, electrons tunneling through QDs show a high coherence preservation,
demonstrated in several phenomena such as the subtle Kondo effect in QD connected to leads
[49-51], the Aharonov-Bohm (AB) oscillations in closed interferometers [52, 7], and Fano
resonances in systems with multiple channels [53, 54, 43, 44, 52, 50, 55], among others.

In a previous work, a double QD (DQD) interferometer has shown an anomaly of
suppressed transport and signatures of a flux-dependent level attraction [see Fig. 2.3], which
can be manipulated by an applied magnetic flux and gate voltages [7]. Moreover, when a
TSCN is coupled to the DQD, the linear conductance shows MZM signatures at zero energy
while inducing the Fano effect [56].
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2.4 Outline

In the following paper we study a system formed by a DQD structure coupled to two normal
leads, while each QD is independently connected to a TSCN hosting MZMs at its ends. We
focus on the linear conductance through the DQD, the QD’s density of states, and the MZMs
spectral functions, which are calculated employing the Green’s functions (GFs) formalism.
We focus on identifying signatures of quantum interference phenomena, MZMs leakage
into the QDs-BICs, and the interplay between MZM and BIC, by directly controlling the

magnetic flux over all the bound states.
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Abstract We investigate the transport properties through a nanostructure composed of parallel double quantum dots coupled to
two normal contacts. Additionally, each quantum dot is connected to a topological superconducting nanowire, hosting Majorana
zero modes at its ends. A magnetic flux threading across the area enclosed by the interferometer is considered. First, we investigate
the physical quantities of the system employing Green’s function formalism. We find that the emergence of bound states appears in
symmetric configurations of topological superconducting nanowires, i.e., depending on their lengths and coupling energies to the
quantum dots. Also, we find a transport suppression anomaly as a function of the magnetic flux in the same symmetric configurations
mentioned above. Besides, we find that the magnetic flux controls both the projection of Majorana zero modes and of the bound
states in the continuum into the density of states and the linear conductance, suggesting that only by switching this parameter can
we manipulate both bound states.

1 Introduction

In recent years, the study of topological superconductor nanowires (TSCNs) has received a great deal of attention in condensed
matter physics due to their potential for technological applications in quantum computing [1-6]. In this context, the existence of
exotic fermionic quasiparticles has been predicted as quasiparticles that would be their own anti-quasiparticles [7-9], as the ones
appearing localized in topological superconducting systems. Due to their resemblance with Majorana fermions they are called
Majorana zero modes (MZMs).

MZMs satisfy non-Abelian statistics and they can be manipulated by braiding operations [10, 11], making them exceptional
candidates for quantum computation implementations [1-3, 6, 10, 12—14]. Among others, MZMs systems are predicted to be found
at the ends of a TSCN, composed of a semiconductor-superconductor nanowire with strong spin-orbit interaction in the presence
of a magnetic field. This system can be seen as a setup of a Kitaev chain [1, 12, 15], in which the coupling between the two MZMs
located at the wire’s opposite ends decays exponentially with the wire’s length [6], allowing to build of a qubit which is topologically
protected from decoherence by local perturbations [6, 10, 12, 16-18].

The first physical realization of this system was achieved by Mourik and collaborators, announcing zero-bias anomalies in the
conductance as a signature of the MZMs presence [19]. Later, many systems have been proposed [20-33], and several experiments
based on zero-bias anomalies in transport properties through source-drain leads have been performed [19, 34-40]. But these anomalies
are not always a reliable evidence of MZMs, leading to the necessity of devising custom-made experimental protocols that allow
e.g. performing simultaneous tunneling and Coulomb blockade spectroscopy measurements within the same device, in order to rule
out MZMs detection ambiguities [41].

On the other hand, the so-called bound states in the continuum (BICs) do not decay even if their energy levels are within the
range of the continuum states [42]. The BICs, predicted by von Neumann and Wigner [43], have been receiving great interest
in photonic systems. Moreover, due to the typical interference phenomena analogy between electronic and photonic systems, the
inherent possibility of BICs presence in electronic systems arises [42, 44, 45]. In this context, the electronic transport through
quantum dots (QDs) structures has been an active research field during the past decades [46-51]. QDs are nanostructures with
quantized energy levels due to the confinement of electrons, so they are usually called artificial atoms [46]. Additionally, electrons
tunneling through QDs show a high coherence preservation, demonstrated in several phenomena such as the subtle Kondo effect in
QD connected to leads [35, 52, 53], the Aharonov-Bohm (AB) oscillations in closed interferometers [54, 55], and Fano resonances
in systems with multiple channels [46, 47, 52, 54, 56-58], among others.
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In the past years, a wide range of research has been done regarding the effects of quantum interference in several configurations of
the components previously explained: parallel, series, and T-shaped. In the systems of hybridized QD-TSCN, there is usually more
than one electron transport path, and quantum interference effects are an efficient way to detect the existence of the MZMs formed
at the ends of the TSCN [59, 60]. For instance, in a non-interacting QD-leads system with a side coupled TSCN, Liu and Baranger
established a particular signature of the presence of MZMs, which is a half-integer conductance at zero-energy [61]. Later, it was
shown that this zero-bias anomaly is due to MZM leaking into the QD [62], and it is robust against changes in the QD energy level,
which was shortly after experimentally verified [63]. Aditionally, in QD-MZMs systems, where the interplay between MZM-BICs
can take place, a theoretical encryption setup based on BICs [64] and Majorana fermion qubits readout technology [65] have been
proposed.

In previous work, a double QD (DQD) interferometer has shown an anomaly of suppressed transport and signatures of a flux-
dependent level attraction, which can be manipulated by an applied magnetic flux and gate voltages [55]. Moreover, when a TSCN
is coupled to the DQD, the linear conductance shows MZM signatures at zero energy and then inducing the Fano effect [60].

Within this context, in the present work we study a system formed by a DQD structure coupled to two normal leads, while each
QD is independently connected to a TSCN hosting MZMs at its ends. We focus on the linear conductance through the DQD, the
QD’s density of states, and the MZMs spectral functions, which are calculated employing the Green’s functions (GFs) formalism. We
focus in identifying signatures of quantum interference phenomena, MZMs leakage into the QDs-BICs, and the interplay between
MZM and BIC, by direct control of the magnetic flux over all the bound states of our setup. Our results show that both MZMs and
BICs appear in high-symmetry configurations, i.e., depending on the QD-MZM coupling strength and the length of the TSCN. Also,
we find a transport suppression anomaly in the linear conductance as a function of the magnetic flux. This phenomenon appears for
the same symmetric configurations mentioned above. We also find that both the MZMs leaking into the QDs and the BICs can be
controlled by the magnetic flux, suggesting that this external parameter will suffice for manipulating the above states.

This paper is organized as follows: Sect. 2 presents the model and method used to obtain quantities of interest; Sect. 3 shows the
results and discussions, and the concluding remarks are presented in Sect. 4.

2 Model and method

We consider an interferometer configuration of the DQD, where each QD is connected to the two normal leads S and D, and
independently side-coupled to one of the TSCNs hosting MZMs at both ends, as we show schematically in the Fig. 1. We model
the system through an effective low-energy Hamiltonian in the following form

H = Hdols + Hleads + Hdots—leads + HM + Hdots»M, (1)

where the first three terms on the right-hand side correspond to the regular electronic contributions, given by

Hdot = Z 8jd;dj s (2)
j=12
Hieads = Z Sa,ka;,kaa,k s 3)
a,
Hyots-leads = Z Z (ta,k,j((pa,j)a;,kdj +h.c), “4)
ak j=12

where dT(d ;) is the electron’s creation (annihilation) operator in the j-th QD, with single energy level ;. The operator a; k(e x) is

the electron creation (annihilation) operator with momentum k, and energy &, k in the lead o = S, D. The parameter f4 i, j(¢q, j) =

O

.k, j €XP [i@q, j] describes the QD-lead tunnel matrix element, where an Aharonov-Bohm (AB) phase is included to model the

Fig. 1 Schematic view of the system under study: TSCN-DQD-TSCN. Each QD (green) is coupled to a TSCN (blue tones). The TSCN A(B) is connected
to the QD1(2) and hosts two MZMs, Y1, AB) and Y2, aB): At its ends (light blue). The DQD is coupled to two normal leads, labeled as S and D (solid gray),
and an external magnetic flux ® across the mterferometer is considered. The I" parameters are the couplings among the system’s components and ¢ is an
asymmetry parameter, as later explained in the main text
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magnetic flux @ across the interferometer [55]. We choose a symmetric gauge such that ¢, | = —¢,, = —¢5 | = @5, = ¢/4,
with ¢ = 2m® /D¢ and ¢ = h/e is the quantum flux, where # is the Planck’s constant and e the electron’s charge.

The last two terms in the Hamiltonian presented in Eq. (1) are MZMs terms, specifically MZM-MZM and MZM-QD couplings,
given by

Hwm :Zi‘c"M,ﬁ YipgVaps (5)
B
Haorm =(hadi — Mid)y, , + Oepda — X3d))y, 4, (6)

where Vg denotes the MZM operator (with 8 = A, B), and satisfies both Vig = [yj’ﬂ]T, and {yjyﬁ, yj,,ﬁ,} =4, y8p, p - Besides,
Aa(B) is the tunneling coupling between 1, 4(p) and the QDj(2), and £y, g oc exp(—Lg/¢) is the coupling amplitude between two
MZMs in the same TSCN, where Lg corresponds to the wire’s length and ¢ denotes the superconducting coherence length. We can
evaluate the electronic transport by using a transformation as follows: by writing each MZM operator as a superposition of regular
fermionic operators fg in the form

1 N
Ny =5+ £, (7a)
Yy = — %(fﬁ - . (7b)

satisfying the anticommutation relations {fg, fg} = {fg, f;,} = 0, and {f3, fg,} = dg, p- Accordingly, the Egs. (5) and (6)
transform to

N 1
HM:Z‘E‘Mﬁ(f/j'fﬂ_E)’ (8)
S
! « gt i
Haorm = <ﬁ>()\Ad1 = Axd))(fa+ fy)
1 . .
+ <ﬁ)(k3d2 — Msd))(fB + ). ©)

The Hamiltonian described above is spinless since only electrons with one spin projection will couple to the MZMs [66]. At low
temperatures, characteristic of superconducting systems, the linear electronic conductance G is obtained through the transmission
probability T(w). We fixed the temperature at 7 = 0, so the relation between both quantities is directly given by the Landauer
formula G = (ez/ h)T (o = ¢ef) [67, 68], where ¢F is the Fermi level’s energy. The transmission probability is calculated from the
expression

T(w) = Tr{G%()['PG" (w)['5}, (10)

where G0 (w) is the system advanced (retarded) GF in the energy domain, and ['2() the line-width function denoting the coupling
between the QDs and the leads D(S), and are given by

00 0 0 0 0 00
00 0 0 0 0 00
00Ty 0 A% 0 0 0

o loo 0 1y 0 A% 00

=100 a5 0 14y 0 0 of (D
00 0 Ay, 0 T% 0 0
00 0 0 0 0 00
00 0 0 0 0 00

where we have defined A?; = /Fi“j I‘;‘i , and Ff‘j = 27ty k,i (Pai)ta, k, j(@aj)]* P is the tunnel-coupling strength, with p, being the

local density of states in the lead «. The retarded GF satisfies G’ (w) = [G” (a))]*, and will be obtained by means of direct inversion,
ie G (w) = (@ — H y~!, where & = ol is the energy matrix. The procedure is presented qualitatively in the Appendix A.

We also investigate the behavior of the local density of states (LDOS) in each QD, since it is closely related to resonances in the
conductance. The LDOS is expressed as

1
LDOS | (2)() = —;Im[GSS(SS)(a}) + Gg4(66)(w)], (12)
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where Gg3(44) (Gg5(66)> are the diagonal terms of the full GF C’(w) corresponding to the QD1(QD?2). Finally, the spectral functions
for the MZMs are given by

Ap(@)==2Im| > Gj(o) | (13)
| i.j=12 i

Ap(@)=—2Im| > G|, (14)
| i.j=78

where G ; (w) in Egs. (13) and (14) are matrix elements extracted from the full GF G"(w), corresponding to the MZMs operators
V1.4 and y, p, respectively.

Moreover, the complete GF poles are closely related to the eigenvalues of the isolated TSCN-DQD-TSCN (disconnected from
leads S and D), and give reliable information about the energy localization of the system’s states. The eigenvalues can be written as
2
M,A(B)

2
£ /(€10 + £y + 2005

X \/(‘910) - 8M,A<B))2 + 2)‘34(3)' (15)

+ 12 2 2
2[w1(2)] =6, ¢ +2AA(B)

For the particular case of A4y = A, &,/45, = &> and ¢,,) = & = 0, the eigenvalues wﬁz) = o™ are

w~ =0, (16)

o' =% /62 +222, (17)

where w™ in the Eq. (16) has quadruple degeneracy and each solution for w* in the Eq. (17) has double degeneracy.

3 Results

We have considered the wide-band approximation, in which p, has an approximately constant value and then I'{; is energy-
independent. Thus, we fixed the line-width function to Ffl = F2D2 =TI, and Fsz = Ffz = Fﬁ = Ffl = Fﬁ = 1"52 = gI', where g
is a dimensionless parameter with ¢ = 1(¢g = 0) corresponding to a close(open) system. Besides, the elements Fg, Ffz, Fg , and
Fgl contain the information of the AB phase due to magnetic flux. In the following, all the energy parameters are given in units of
I". In order to consider realistic parameters with experiments, the values for I' can be considered from a few to hundreds of meV.

3.1 Without magnetic flux (¢ = 0)

First, we consider the case with both TSCNs in the long-wire limit using ¢,,, 5, = 0, and we fix the QDs’ energy levels at ¢,,) = 0.
Figure 2 shows the linear conductance G, as a function of the energy w, for the case when one or both TSCNs are coupled to the
DQD with ¢ = 1 (¢ = 0) corresponding to a close (open) system. Figure 2a shows a Breit-Wigner resonance centered at w = 0
for A4 = 0 (solid red line) while for A4 # O the linear conductance is composed of a maximum at @ = 0 and two dips located
at energies w = =4, the latter reaching conductance values G ~ e2/2h. For this case of parameters, @ = 4 correspond to
the system’s eigenenergies. In Fig. 2b, a fixed 14 = 0.5T is used, and the two QDs are connected in a parallel configuration with
asymmetrical left-right coupling such as 0 < g < 1. The linear conductance G amplitude falls progressively to zero when the circuit
goes from the close (¢ = 1, solid red line) to the open system (¢ = 0, dashed-dotted purple line). The latter is due to that the
transmission coefficient (and then the zero-temperature conductance) is proportional to the line-width function f‘“‘(q), i.e. when ¢
tends to zero, the matrix elements connecting the leads-QDs tend to zero. Notice the location of the antiresonances is independent of
the value of g, since they are centered at system’s eigenergies, that are obtained regardless ¢. In Fig. 2c we set the coupling strength
Aa = 0.5T and the second TSCN is connected allowing 0 < Ap < 0.5T". The conductance exhibits two antiresonances close to
the conductance value G ~ 2 /2h, which are located at energies @ ~ +34/2, with & = (A + Ap)/2 whenever L4 # Ap. These
vanish for a symmetrical coupling strength A4 = Ap = 0.5T" due to the MZMs hybridization. Furthermore, at zero energy (w = 0)
the conductance goes from its maximum value G = e*/h (with one TSCN coupled) to a half-maximum value G = ¢%/2h (when
both TSCNs are coupled to the DQD). This robust behavior is independent of the coupling strength A4 and A, the latter being a
MZM signature as was reported for the first time by Liu and Baranger [61]. The antiresonances line-shapes are formed by means
of the interference phenomena due to the hybridization between QD’s states and MZMs, recently described as the Fano-Majorana
effect [40], and it is due to that both electronic paths are no longer equivalent for going from source to drain leads in the cases of
non-symmetric couplings between TSCNs and QDs. Without loss of generality, we now set ¢ = 1 in what follows.
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Fig. 2 Linear conductance G as a function of the energy w across the DQD in the long-wire limit for both TSCNs (¢, AB) = 0) with 10 = 0. Panel (a)
shows G with one TSCN coupled (L4 # 0 and A3 = 0) using symmetric coupling between contacts-QD (¢ = 1), where the solid red, dashed green, dotted
black and dash-dotted purple lines correspond to A4/ I" = {0, 0.15, 0.3, 0.5}, respectively. Panel (b) shows G using fixed 14 = 0.5I" and Ag = O for the
asymmetric coupling between contacts-QD (0 < ¢ < 1). Panel (c) shows G when both TSCNs are connected (A4 = 0.5 and Ag # 0) using ¢ = 1, where
the solid red, dashed green, dotted black and dash-dotted purple lines correspond to the values Ag/I" = {0, 0.15, 0.3, 0.5}, respectively

Figure 3 considers both TSCNs out of the long-wire limit (i.e. ¢, 5, = €,, = 0.25I") and the coupling strength of each TSCN-QD
connection as A4(py = A = 0.5T". The linear conductance G as a function of the energy w, is shown in Fig. 3a—c, and the spectral
function A(w)/2 with the DQD’s DOS is shown in Fig. 3b—d. The DOS is obtained by adding both contributions given by Eq. (12). In
the case when the QDs’ energy levels ¢, = 0, the linear conductance G is composed of a maximum in @ = 0 and two dips located
at energies w = =*e¢,, [Fig. 3a]. In Fig. 3b, localized states are observed in the DOS (dashed blue line) in the form of resonances
with vanishing width. Since they do not have a projection in G, these states correspond to BICs placed at energies w = @~ = 0

(quadruply degenerate) and w = o™ = + /8%4 +2A2 (each doubly degenerate), accordingly to the eigenvalues described in Egs.

(16) and (17), respectively. Note that the side BICs observed in the DOS are related to the leaking of the lateral bound states present
in the spectral function A(w). The two symmetric broad resonances placed at energies @ = +¢,, in A(w) hybridize with DQD states,
giving place to the dips in the linear conductance. In this case, the spectral function of each MZM, A 4(w) and A p(w), are the same
and are described by the solid purple line and the dashed-dotted light-purple line.

In Fig. 3c, we introduce asymmetry in the QDs’ energy levels in the form ¢, = —e, = 0.1I". The linear conductance G shows
an antiresonance located at @ = w~ = 0, and shows two asymmetric Fano-like antiresonances located at the eigenvalues w = w?,
given by the Eq. (15). These states observed in the spectral function and the DOS in Fig. 3d acquire a width, becoming quasi-BICs
since they acquire projections on the linear conductance. The vanishing of the lateral Fano-like shapes in both the symmetrical
energy and the TSCNs-coupled cases, termed as the so-called Ghost-Fano Majorana effect, is a direct consequence of the bound
states uncoupling from the rest of the system, and then there is no contribution to the transmission coefficient [58].

3.1.1 With magnetic flux (¢ # 0)

We study the electronic transport in the TSCN-DQD-TSCN system in the presence of a magnetic flux across the interferometer
(so ¢ # 0). Figure 4 shows the color map of the linear conductance G as a function of the dimensionless magnetic flux ¢ and the
energy w in top panels. Each bottom panel is a linear conductance G’s horizontal cut (of the corresponding top panel) at fixed values
of the magnetic flux ¢ /7 = {0, 0.25, 0.5, 1}, presented in green, purple, orange, and blue colors, respectively. We use fixed QDs’
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Fig. 3 Linear conductance G, spectral function A/2 and DOS as a function of the energy  across the DQD out of the long-wire limit for both TSCNs

(Aa(B) = 0.5T and ey 4(p) = 0.25T). Panels a and ¢ show G with 1) = Oande; =

function A/2 and DOS for the cases described in panels a and ¢, respectively
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Fig. 4 Color map of the linear conductance G as a function of both the magnetic flux ¢ and the energy  in upper panels a—f, where the red(blue) color
represents a maximum(minimum) value. G as a function of the energy w for different values of the magnetic flux in lower panels g-1, where the solid green,
dashed purple, dash-dotted orange, and solid blue lines correspond to ¢ /m = {0, 0.25, 0.5, 1}, respectively. The QDs’ energy levels are g10) = 0 in all
panels. In panels a and g 24(g) = 0 is used. In panels b and h A4 = 0.25T", ¢,,, = 0, and Ag = O are used. In panels ¢ and i A4(p) = 0.25T", and
Epag) = 0 are used. In panels d and j A5(p) = 0.25T, ¢),, = 0.2T', and &), , = 0 are used. In panels e and k A4(p) = 0.25T, ¢,,, = 0.2T, and

€yp = 0.11" are used. In panels f and 1 A 4(gy = 0.25T", and Epap) = 0.2T are used

energy levels ¢, = Oinall panels. Figure 4a corresponds to a DQD interferometer (without TSCNs, A 4¢p) = 0) where the magnetic
flux induces a transport suppression for a wide range of values (G = 0, blue color in the color maps). Kubala and Konig described

@ Springer



Eur. Phys. J. Plus (2023) 138:663 Page 70f 12 663

®  Fig 4h (¢/m=0)
Fig 4h data Numerical fit

040 T T T T T
-1.0 -0.5 0.0 0.5 1.0

w/T

Fig. 5 Conductance G from Fig. 4h for 24 = 0.25T, A = 0, Epa = 0, and ¢ = 0. The solid red line is a numerical fit using Eq. (18), with § = 0.249,
£ =0.014, and n = 2.142 (all in energy units of I")

this behavior [55], where the QDs’ energy levels are coupled to each other indirectly via the leads. This coupling yields signatures
of a flux-dependent level attraction in the linear conductance. Besides, transport suppression occurs whenever both QD levels are
close to the Fermi level of the leads. Coupling one TSCN in the long-wire limit (A4 = 0.25T"; ¢,,, = 0) allows transmission around
the energy @ = 0, and is independent of the magnetic flux. A half-integer conductance describes this behavior in Fig. 4b, and is
also shown in Fig. 4h, where the linear conductance at zero energy takes G = e*/2h values when ¢ # 27 n (with integer n). For the
case ¢ = 0, shown in Fig. 4h, we can characterize the linear conductance by means of a convolution of a Fano and a Breit-Wigner
line shapes in the form

(18)

where we have used ¢ = (Jw|—48)/&, and the complex g-parameter g = i/ V2. The latter can be interpreted as an evidence of the
presence of a superconductor lead [69], and the particular pure imaginary value seems to be the signature of the leaking of the MZM
into the QDs. The § parameter describes the localization of the antiresonance and, in this particular case, can be identified as the
coupling strength A 4. The comparison between the exact result and the fitting using Eq. (18) is shown in Fig. 5.

By symmetrically coupling both TSCN in the long-wire limit (A 4y = 0.25I"; &, 5, = 0) we obtain a transport suppression as
a function of the magnetic flux as shown in Fig. 4c, same as previously in Fig. 4a. Additionally, when w = 0 the linear conductance
reaches a half-integer value (G = e?/2h) for magnetic flux values ¢ = 2nr, as is also shown in Fig. 41, where the linear conductance
takes the value G = e%/2h for ¢ = 0 (green line), and takes the value G = 0 for ¢ # 0 (purple, orange and blue lines).

In the same way, in the Fig. 4d we coupled both TSCNs considering one of them away from the long-wire limit (A 4(py = 0.25T;
&ys = 0.2T" and ¢,,, = 0), where the linear conductance presented in the color map shows that the system allows transport around
o = 0 as a function of the magnetic flux. The linear conductance as a function of the energy o in Fig. 4j shows that, for @ = 0,
the maxima reached are G = ¢2/2h for magnetic flux ¢ # 2nm and G = €2/ h for ¢ = 2nzr. Coupling both TSCNs away from the
long-wire limit using different wires lengths (A 4(gy = 0.25T";¢,,, = 0.2T" and ¢,,, = 0.1I") is addressed in Fig. 4e. For this case we
obtain two half-integer peaks in the linear conductance (G = ¢ /2h) for ¢ = 2nm. When coupling both TSCNs with equal length
(AaBy = 0.25T and ¢, 5 = 0.2I") as shown in Fig. 4f, the transport suppression as a function of the energy w is recovered as in
Fig. 4a and c. For vanishing magnetic flux (¢ = 0), we obtain an integer maximum linear conductance G = 2/ h at zero energy, as
well as two dips, reaching the half-integer value G = ?/2h, placed at energies @ = ¢ wa = T0.2T, as is also shown in Fig. 41 in
the solid green line.

We find that the magnetic flux induces a symmetry breaking in the DQD paths, leading to a richer interference phenomena
between the hybridized DQD-MZMs states, observable in conductance. This effect is described through zones of total reflection
in the color map of the linear conductance (blue values of G = 0). In addition, however, we find that the device allows electronic
transport in those zones of total reflection whenever the DQD has one of the following coupling cases: by coupling only one of the
TSCN is in the long wire limit [Fig. 4b]; by connecting both TSCNs with one of them in the long-wire limit [Fig. 4d]; or by coupling
both TSCNs out of the long-wire limit using different lengths in each one [Fig. 4¢], where the signal reaches the G = €2 /2h value.
We interpret the latter signal as MZMs leaking into the QDs. Therefore, tuning the magnetic flux allows control of this leaking and,
consequently, the possibility of manipulating the emergence of the MZMs signatures.

Figure 6 displays the density of states (DOS) as a function of the energy w for magnetic fluxes ¢: 0, 7/1000, /100, and 7t /10,
in green, purple, orange, and blue colors, respectively. The calculations in panels Fig. 6a—f, use exactly the same combinations of
parameters A4, Ap, €,,,, and €,,,, as the bottom panels of Fig. 4 [Fig. 4g-1], correspondingly. In Fig. 6a, we observe a resonance
localized in w = 0 for ¢ = 0, corresponding to a BIC, which width increases with the magnetic flux. We connected one TSCN in the
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eya = 0,and Ag = 0 are used. In panel ¢ A5y = 0.25T", and Eprag) = 0 are used. In panel d A 4(g) = 0.25T", ¢;,, = 0.2T", and ¢, = 0 are used. In
panel e Ag(p) = 0.25T", ey 4 = 0.2T", and ey g = 0.1T are used. In panel f A o(p) = 0.25T", and EpaB) = 0.2T" are used

long-wire limit in Fig. 6b. We can also observe the BIC localized at w = 0 for ¢ = 0. Besides, the DOS shows two symmetric wide
resonances, centered at energies w = £ 4, due to the hybridization of the MZMs with the QD, which are precisely the position of
the antiresonance projected in the linear conductance, as shown in the green curve of Fig. 4h. Figure 6¢ shows the DOS considering
that the two TSCNs in the long-wire limit are connected. We observe the BIC placed at @ = 0 for ¢ = 0, and two symmetric
BICs localized at w* = :EAA(B)ﬁ = 0.25+/2T, which are given by taking Eyam = 01n Eq. (17). These states correspond to the
hybridized MZMs, which do not show an apparent projection in the linear conductance [see Fig. 4i]. We find that the central BIC in
the DQD at zero magnetic flux without TSCNs is destroyed when only one TSCN is coupled to the system. However, it reappears
when the two TSCNs are connected. The above can be explained because the symmetry is restored at zero magnetic flux with two
TSCNs coupled to the DQD. In a threaded magnetic flux, the central BIC becomes a quasi-BIC. When either one TSCN is out of
the long-wire limit [as ¢,,, = 0.2T" and ¢,,, = 0 in Fig. 6d] or when both are out of the long-wire limit and also have different
lengths [as ¢,,, = 0.2T" and ¢,,, = 0.1T in Fig. 6e], we can observe that the two lateral symmetrical BICs in the DOS gain a finite
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Fig. 7 Density of states (DOS) as a function of the energy o for different values of the magnetic flux, where the green, purple, orange, and blue lines
correspond to the following magnetic flux values: ¢ = {0, 7 /1000, /100, 7 /10}. These are the same calculations as the ones shown in Fig. 6, but now
using QDs’ energies €10 = 0.3

width, hence becoming quasi-BICs. This can also be observed by projections in the linear conductance of the form of antiresonance
values up to G = e/2h (Fig. 4j and k, respectively) localized at the same energy. In the case of both TSCNs with finite and equal

length [Fig. 6f], we recovered the two lateral symmetrical BICs placed at ™ = + /81%4 am F 2)&( ) = 0.406I" according with Eq.
(17). However, these states do not show projections in the linear conductance presented in Fig. 41.

Figure 7 shows the DOS for the same parameters of Fig. 6, but now breaking the symmetry in the QD’ levels in the form
of E1p = € = 0.3T". In the case of the DQD without TSCNs [Fig. 7a], we can see two lateral peaks, corresponding to BICs
located at energies w = :i:sl(z) = 30.3T". When one TSCN in the long-wire limit is connected (A4 = 0.25T", ¢,,, = 0), the DOS
displays three wide resonances [Fig. 7b]. When connecting both TSCNs in the long-wire limit (A 45y = A = 0.25T, &,,, 5, = 0)
we obtain three resonances according to Eq. (15), one located at o~ = 0 (quadruply degenerate) and two laterals located at
ot = £v&2 +2)2 = £0.464T" (each doubly degenerate). When one of the TSCN is taken out of the long-wire limit (Fig. 7c
but adding ¢,,, = 0.2I'), the BIC located at @ = 0 becomes a resonance. Also, the lateral resonances acquire a width due

@ Springer
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to the symmetry breaking [Fig. 7d], becoming quasi-BICs. In the same way, when both TSCNs are out of the long-wire limit
(Aag) =0.25T, ¢, = 0.2T",and ¢,,, = 0.1T"), the DOS exhibits two lateral quasi-BICs, and two broad lateral resonances located
near to w ~ 0 [Fig. 7e]. In the symmetric case (Agpy = A = 0.25T, Epas) = Em = 0.2I"), we can observe the formation of
four BICs [Fig. 7f]. According to Eq. (15), they are located at energies @~ = £0.122T" and o™ = 40.490T", and each resonance
corresponds to a doubly degenerate state. We can interpret from the DOS that the formation of BICs occurs only in symmetric cases,
as shown in Fig. 7a, c, and f. Whenever one or both TSCNs are taken out of the long-wire limit (with different lengths), the lateral
BICs disappear and become quasi-BICs [Fig. 7d and e].

4 Summary

We studied a system formed by a DQD coupled to two normal leads forming an interferometer configuration. Each QD is inde-
pendently side coupled to a TSCN hosting MZMs at both ends, and an external magnetic flux across the enclosed interferometer
was considered. We focused on the linear conductance across the leads and the DOS of the system, obtained from both the MZMs
spectral function and QDs’ local density of states. The latter was obtained employing Green’s function formalism. We show that the
total reflection phenomenon is robust against the coupling of superconducting wires as long as the system’s symmetry is maintained,
for two favorable symmetric coupling cases: (i) when the system is composed by two TSCNs in the long-wire limit; and (ii) when
two TSCNs conform the system out of the long-wire limit with equal length. Besides, for values of the magnetic flux ¢ = 2nw, we
find the formation of BICs due to the presence of the coupled MZMs, characterized through resonances of zero width in the DOS,
in the same two favorable symmetric coupling cases mentioned above. However, as these states do not project in the conductance,
behave as Ghost Fano Majorana anomalies. Also, we find that these BICs destroy as a function of the magnetic flux. On the other
hand, whenever ¢ # 0, these states acquire a finite width evolving to quasi-BICs and show a projection in the linear conductance
in the form of antiresonances placed at the same energies. These results indicated we could control the bound states generated by
switching this external parameter.
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Appendix 1: Retarded Green function

The retarded Green’s functiqn G’(w) = [CA;“(a))]T is obtained by means of direct inversion, i.e. C’(w) = (v — H )~ where & = ol
is the diagonal energy and H the system Hamiltonian, both in matrix form. We obtain

. , 19)

where each element in Eq. (19) corresponds to a 2 x 2 matrix, and are given by

~A—1 _ w — SMA(B) 0
EmamB) = ( 0 ®+ €y s (20)
for MZMs, and
i
. =&, + 5 > ') 0
Sip = ¢ i o ’ @1
0 W+ 8, + 3 ZF11(22)
o
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for QDs, in which the leads contribution are considered. The QD-MZM coupling matrix is

Aviacs) = L( M) Pam) )
V2 \—2a) — rans)
while the inter-QDs coupling matrix is
i
2 AR 0
o

i
ng\‘fz

>
I
=Y

(22)

(23)

Obtaining the inversion of Eq. (19), one can identify the necessary matrix elements for the quantities under study. For the LDOS of
each QD, the corresponding Green’s function is located according to the first diagonal element of Eq. (21). Besides, as the MZM
operators are described as a superposition of regular fermionic operators Eqs. (7a)-(7b), the Green’s function for y; ,, G;’ p(@), is

obtained from the addition of all elements located according to Eq. (20).

Appendix 2: Full Green’s function poles

We obtain the full Green’s function poles from Eq. (19). For the particular case of using A4 = Ap = A, ¢, = &,,, = ¢, and

e, = ¢&, = ¢, the poles are described by the roots of

Py + Pio + Pao” + P30’ + Pyo’ + Pso® + Pow® + Pro” +0® =0, 24)
where the coefficients P; are defined as follows

Py =¢} [ sin*(¢/2) +26°T? (cos*(¢/2) + 1) + 7], (25)
Py =—4iTe [e2 +22][e* + T sin®(¢/2)], (26)

Py = =262 T2[(227 + €2 ) (3 — cos?(¢/2)) + [ sin*(¢/2)] — ee2 [20% (cos™(¢/2) + 1) + &> + 227 + &2 |
— 42412 sin%(¢/2), (27)
Py =4iT[(e2, +27)(D?sin®(¢/2) + 2 + 227 + &2 ) + &2, (2 + T2 sin*(¢/2)) . (28)
Py =4[22 + &2 [[A2 + &2 + T2(3 — cos*(¢/2))] + & +e?[e? + 2T (cos?(¢/2) + 1) ] + T sin* (¢ /2), (29)
Ps = — 4iT[[?sin®(¢/2) + e* + 317 +2¢7 |, (30)
Ps=—2[*(3 — cos*(¢/2)) + &> + 227 + & |, 31
Py =4iT". (32)
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Chapter 3

Thermoelectric transport through a
MZ Ms-leads interferometer

An alternative method for detecting Majorana zero modes (MZMs) leverages thermoelec-
tric measurements, which provide distinct advantages by capturing their unique transport
signatures. These measurements can reveal MZM signatures through thermal conductance,
thermoelectric voltage, or violations of the Wiedemann-Franz law, offering complementary

evidence that goes beyond zero-bias anomalies.

3.1 Thermoelectrics quantities

The system under study are framed within the linear response regime. In this scenario, to
obtain the thermoelectric quantities, we consider that there is a temperature difference AT
between the two contacts used. With this, it is possible to express both the charge current
Icharge and the heat current /ey in terms of a potential difference AV as,

Lehasge = —€’LoAV + ZLIAT, (3.1)

1
hhea = eL1AV — —L>AT, (3.2)

where the coefficients L, correspond to the so-called kinetic integrals, which are given

by,

L) =1 [ ae (—@) (e—uy 7 (), (33)
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where 4 is Planck’s constant, .% (&, i) the Fermi distribution, and .7 (&) the transmission
probability trough the device. Note that the electrical conductance ¢ is defined as the ratio
between the charge current and the potential difference for the limit AT — 0. Therefore, we
obtain,

Iehar
G () = - = Lo, (3.4)

Analogously to the electronic case, the thermal conductance « is defined as the ratio

between the heat current and the temperature gradient that generates it, when Iepage — 0.

Thus, we obtain,

Iheat 1 L%
= — =—(r,—2L). 3.5
kW) =37 =7 ( Lo (3.5)

The thermal conductance, in general, comprises electronic and phononic contributions.
The above equation only considers the electronic contribution, as the phonon contribution
is negligible at low temperatures, typically a few Kelvin, which are common in systems
involving conventional superconductors.

On the other hand, one of the quantities that characterizes a system’s ability to generate
potential differences from a temperature gradient is the Seebeck coefficient S, also called
thermopower. By definition, this corresponds to the proportionality between the temperature
difference and the generated voltage for zero charge current. S is given by,
S(u)=—i—¥=—iﬂ. (3.6)

el Ly
A way to quantify the efficiency of a system in thermoelectric transport, such as generating

current from a temperature difference (or vice versa), is through the figure of merit ZT,

ZT = Sng, 3.7
K
which is a dimensionless quantity dependent on the system’s structural parameters. Values
of ZT ~ 1 are considered evidence of an efficient system. One way to achieve efficient values
is through the violation of the Wiedemann-Franz law, which states that,

K

IT = constant = £, (3.8)

where £y = (7*/3)(kg/e)? is the Lorenz number. It has been shown that systems with
nanostructures can achieve efficient values, ZT 2 1, by violating this law through electron-
hole symmetry breaking and interference phenomena.
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3.2 Outline

In the following paper we study a system composed of two normal leads coupled to two
TSCNs, each hosting MZMs at their ends, arranged in an interferometer configuration. We
focused on the electronic and thermal conductances between the leads, as well as on the
spectral functions of the MZMs and thermoelectric quantities. The latter were obtained
using the Green’s function formalism, while thermoelectric properties were analyzed via the

Sommerfeld expansion.
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In this study, we examine the thermoelectric characteristics of a system consisting of two topolog-
ical superconducting nanowires, each exhibiting Majorana zero modes at their ends, connected to
leads within an interferometer configuration. By employing Green’s function formalism, we derive
the spectral properties and transport coefficients. Our findings indicate that bound states in the
continuum (BICs) manifest in symmetric setups, influenced by the length of the wires and coupling
parameters. Deviations of the magnetic flux from specific values transform BICs into quasi-BICs
with finite width, resulting in conductance antiresonances. The existence and interplay of Majo-
rana zero modes enhance thermoelectric performance in asymmetric configurations. Modulating
the magnetic flux transitions BICs into quasi-BICs significantly enhances the Seebeck coefficient
and figure of merit, thereby proposing a strategy for optimizing thermoelectric efficiency in systems

based on Majorana zero modes.

I. INTRODUCTION

Recently, topological superconductor nanowires
(TSCNs) have attracted significant attention in con-
densed matter physics for their potential in quantum
computing [1-6]. Exotic fermionic quasiparticles
predicted within this framework, being their own anti-
quasiparticles, have emerged [7-9]. These quasiparticles,
known as Majorana zero modes (MZMs), are localized
in topological superconductors. ~The MZMs exhibit
non-Abelian statistics and are manipulated through
braiding operations [10, 11], making them ideal for
fault-tolerant quantum computation [1-3, 6, 10, 12-14].
They are predicted at the ends of a TSCN comprising
a semiconductor-superconductor nanowire with strong
spin-orbit interaction under a magnetic field. The afore-
mentioned system can be viewed as a realization of a
Kitaev chain [1, 12, 15], where the coupling between the
two MZMs located at opposite ends of the wire decays
exponentially with the wire’s length [6]. This enables the
construction of a qubit that is topologically protected
from decoherence by local perturbations [6, 10, 12, 16—
18]. Mourik and collaborators achieved the first physical
realization of this system, reporting zero-bias anomalies
in conductance as evidence of the presence of MZMs
[19]. However, these anomalies do not always provide
conclusive evidence of MZMs, highlighting the need for
custom-designed experimental protocols [19-26]. An
alternative method to identify MZMs involves using
thermoelectric measurements, which offer distinct ad-
vantages by exploring their unique transport signatures.
Conventional thermoelectric measurement techniques,
developed in the early 1990s [27, 28], have developed
into potent tools for detecting chargeless MZMs. These
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techniques can disclose MZM signatures through thermal
conductance [29, 30], voltage thermopower [31-33], or
the breach of the Wiedemann-Franz (WF) law [34-36],
providing complementary evidence beyond zero-bias
anomalies.

Contemporary protocols facilitate the identification of
topological phases featuring MZMs in superconductor-
semiconductor devices [37]. This is achieved through a
three-terminal configuration comprising two normal leads
alongside a superconducting lead, which employs non-
local conductance measurements to observe topological
transitions via variations in the energy gap. The exper-
iments carried out by Aghaee et al. substantiated these
findings in heterostructures, affirming thus the presence
of topological superconductivity and MZMs [38]. Recent
advances in quantum computing exploit the principles of
Majorana physics; notably, the Majorana-1 processor in-
corporates MZMs, resulting in enhanced scalability [39].
Conversely, bound states in the continuum (BICs) re-
main stable even when their energy levels reside within
the domain of continuum states [40]. Originally predicted
by von Neumann and Wigner [41], BICs have garnered
considerable interest, especially within photonic systems.
Furthermore, owing to the similar interference phenom-
ena observed in both electronic and photonic systems,
the potential presence of BICs in electronic systems has
been posited [25, 40, 42—44].

In this work, we study a system composed of two nor-
mal leads that interact in parallel with two TSCNs that
host MZMs at their ends, forming an interferometer con-
figuration, as illustrated in FIG. 1. Our primary focus is
on the thermal and electrical conductances between the
normal leads and the spectral functions of the MZMs,
computed using the Green function (GF) formalism. By
modulating the magnetic flux within the interferometer,
we discern signatures of quantum interference phenom-
ena and the interaction between MZMs and BICs. Our
findings indicate that BICs manifest in high-symmetry



FIG. 1.

Schematic representation of the system under study:
The TSCN A(B) is connected to the lead S(D) and hosts two
MZMs, 1, ,p, and My apy> ab its ends, with the intracoupling
Majorana term given by ep;4(p). An external magnetic flux
® threading the interferometer is considered. The parame-
ters Vs(p) (WS(D)) represent the couplings among the system’s
components, while ¢ is a dimensionless asymmetry parameter,
where ¢ = 1 (¢ = 0) corresponds to a closed (open) system,
as explained later in the main text.

configurations, depending on the coupling strength be-
tween the TSCNs and the leads, as well as the lengths
of the TSCNs. Moreover, we detect suppression in elec-
tronic and thermal conductance as a function of exter-
nal magnetic flux, occurring within the mentioned sym-
metric configurations. We ascertain that the interaction
between MZMs and BICs can be either triggered or in-
hibited by the magnetic flux, demonstrating the poten-
tial of this external parameter to effectively control these
states. Finally, the annihilation of BICs by magnetic flux
and/or asymmetry in couplings can enhance the response
in thermopower and figure of merit and then enhance the
thermoelectric efficiency of the system.

The structure of this paper is organized as follows. Sec-
tion II elucidates the model along with the methodol-
ogy used to derive the quantities of interest; Section III
presents the results and their subsequent discussion; and
Section IV offers the concluding remarks.

II. MODEL AND METHOD

We consider an interferometer configuration in which
each TSCN is connected to two normal leads, S and D,
and hosts MZMs at both ends, as schematically shown
in Fig. 1. We model the system using an effective low-
energy Hamiltonian of the following form:

H = Hleads + HM + HM—leads ) (1)
where the first term on the right-hand side corresponds
to the regular electronic contribution of the leads, given

by

_ § ’ l
Hleads - 5a,kaa’kaa,ka (2)
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where the operator al,k(amk) is the electron creation
(annihilation) operator with momentum k and energy
€ak inlead o = S,D.

The middle and last terms in the Hamiltonian pre-
sented in Eq. (1) correspond to MZM-related terms,
specifically MZMg-MZMpg and TSCNg-lead,, couplings,
given by

Hy = ZieM,wlﬁ??z,ﬁ ) (3)
B
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a,k,Baa,k)nl,ﬁ )

Hyf1eads = Z Z(ta,k,,ﬁaa,k —t
B ak

(4)
where 7, , denotes the MZM operator (with j = 1,2
and f = A,B) and satisfies both 7n,, = [nm]T

and {77];1, ﬁ,} 0;.5108,5 Additioﬁally, EM,B X
exp (—Lg/¢ ) represents the coupling amplitude between
two MZMs in the same TSCN, where Lg corresponds
to the wire’s length and ( denotes the superconduct-
ing coherence length. The parameter t, k g(pa,s) =
t(aO’L 5€xp [ipa,p] describes the TSCNg-lead, tunnel ma-
trix element, where an Aharonov-Bohm (AB) phase is
included to model the magnetic flux ® across the interfer-
ometer. We adopt a symmetric gauge such that ¢, , =
—Opp = —Psa = Psp = ¢/4, with ¢ = 27P/®y and
oy = h/ e being the quantum flux, where h is Planck’s
constant and e the electron charge.

The GF is obtained from (G")~! = gy* + in X YT,
where g ! represents the Green’s function of the isolated
MZMs. The matrix Y describes the coupling between
the scatterer (Hy) and the leads. Since only MZM-1/3
is coupled to the leads, the matrix representation of g !
and Y can be expressed in the basis {n,,, 7, }, given by

w —ig,, 0 0
—1_ | et w 0 0
g = 6M 0 w =i, | (5)
0 0 ey w
and
_VSe—i¢/4 —qVDeiW‘l VSei¢/4 qVDe—i¢>/4
¥ — 0 0 0 0
- —qWSei¢’/4 —Wpe— /4 qWSe_i‘f’/‘l Wpet/4
0 0 0 0
(6)

The Hamiltonian described in Eq.(1) is spinless since
only electrons with one spin projection will couple to the
MZMs [45].

The transmission probability is calculated from the ex-
pression

T(w) = Tr{G“(w)I‘DGT(w)I‘S}, (7)



where G"(%) (w) is the system retarded (advanced) GF in
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where 'Y = 27|V, | pa, I'Y = 27|[Wa|?pa, and we have
defined the function

K=i {,/rgrgelﬁﬁ/? + 1/FgF£ei¢/2} .9

The retarded GF satisfies G"(w) = [G%(w)]f. TP
is the line-width function denoting the coupling between
the MZMs and the lead—D(S), and is given by

I'ss 0 A5 O
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where we have defined A%, =, /T35 G 5, and T'gg =

2t ok, 8(Pas)[tak 8 (Pap )] Pa is the tunnel-coupling
strength, with p, being the local density of states in the
lead a.

To examine the thermoelectric properties, we consider
the system in the linear response regime, characterized
by a temperature difference AT between the two leads.
In this framework, the charge and heat currents, Icharge
and Ineat, can be expressed as functions of the potential
difference AV as

Icharge = _62L0AV + %LlAT, (11)

1
Iheat = eLlAV — TLQAT7 (12)

where the integrals L,, are obtained from,

}1L /OOO <_m¢g;,m> (w— )" T (w) dw,

(13)
where f(w, ) = [exp{(w — pu)/ksT} + 1]71 is the Fermi
distribution function and kg the Boltzmann constant.
The Seebeck coefficient S, also known as thermopower,
describes the relationship between the temperature dif-
ference AT and the resulting potential difference AV in-
duced when the charge current vanishes,

Ly (p, T) =

AV 11

S(M)Z_E:_ﬁfo' (14)
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The electrical conductance G(u) is defined as the ratio of
the charge current to the potential difference when the
temperature difference AT is zero. Similarly, the thermal
conductance k(p) is defined as the ratio of the heat cur-
rent to the temperature gradient when the charge current
is zero. Based on Egs. (11) and (12), both conductances
can be expressed as:

Iy,
charge :eng,

N

(15)

r(p) (16)
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Note that Eq. (16) accounts only for the electronic con-
tribution to the thermal conductance, assuming that
the phononic contribution is negligible in the low-
temperature regime (a few kelvins) typical of these sys-
tems.

To quantify the efficiency of our MZM thermoelectric

setups, we calculate the dimensionless figure of merit Z7T',
defined as

2
ZT:SGT.
K

(17)

An means to improve the ZT factor involves exceeding
the constraints imposed by the Wiedemann-Franz (WF)
law, which dictates the ratio x/GT = Lo = constant
across all systems, where Lo = (72/3)(kp/e)? represents
the Lorenz number. Although macroscopic materials
typically adhere to the WF law, nanostructured systems
have demonstrated exceptional capability as thermocon-
verters, effectively transcending this restriction [46]. The
four quantities defined above, G, k, S, and ZT, can be
obtained using the Sommerfeld expansion in the integrals
L, yielding the following:

2 4
Lo = % {T(O) + %T(2)£2 + %T(‘*)f“ + 0(56)} :
(18)
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where T () = (d"T /dw™) (1), and & = kpT.

We also investigated the behavior of the spectral func-
tion, since it is closely related to resonances in the con-
ductance. The spectral function is expressed as

A@) = I [TH{G" @)}] (21)

and the spectral function for each TSCN are expressed
as

1 T
Aja(w) =~ Im{GF, (@)} (22
1 T
Ajp(w) = _;Im{Gj+2,j+2(w)}7 (23)
where j = 1,2. Moreover, the complete GF poles are

closely related to the eigenvalues of the isolated TSCN-
TSCN (disconnected from leads), and give reliable in-
formation about the energy localization of the system’s
states. The eigenvalues equation can be written as
wh—e? 2 =0. (24)

MA~ MB

obtaining 2-degenerate solutions in the form

W] = :I:\/ Evalus - (25)

For instance, in the particular case of long wire limit for
both TSCN (g,,, =€, =0),

Wi = 0. (26)

IIT. RESULTS

We have considered the wide-band approximation, in
which p, has an approximately constant value, and then

% and I'} are energy independent. Thus, we fixed the
values I‘f; =TIf = F% =TE =T, and ¢ is a dimen-
sionless parameter with ¢ = 1(¢ = 0) corresponding to a
close(open) system. In the following, all energy parame-
ters are given in units of I'. In order to consider realis-
tic parameters with experiments, the values of I' can be
considered from a few to hundreds of meV. We assume a
background temperature of T' = 1K, well below typical
superconductor critical temperatures [47].

First, we analyze the electronic transport in the system
by considering three scenarios: only one, both, or neither
TSCN in the long-wire limit. In this regime, the MZMs
in each TSCN can interfere in the transmission process

— 9=t R T fma
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FIG. 2. Electronic conductance G as a function of chemi-
cal potential p without magnetic flux (¢ = 0), we show the
cases (a) eprapy = 0 (long wire limit) with ¢ € [0,1], (b)
eys = 0 with ,,,/T = {0,0.4,0.6,0.8}, (¢) ,,, = 0.6
with €,,,/I' = {0,0.2,0.4,0.6}, and (d) €,,, 5, = 0.6" with
q € [0,1]. The dimensionless asymmetry parameter ¢ corre-
sponds to a close(open) system for ¢ = 1(¢ = 0), respectively.

depending on whether they are coupled (g,,, # 0) or de-
coupled (g,,, = 0). The electronic conductance G as a
function of the chemical potential u is shown in Fig. 2.
Panel (a) corresponds to the case where both TSCNs
are in the long wire limit (¢,,,, = 0), ensuring that
the MZMs are decoupled from the external ends of each
TSCN. The dimensionless asymmetry parameter g char-
acterizes the openness of the system: ¢ = 1 corresponds
to a closed system, while ¢ = 0 corresponds to an open
one. We obtain a Breit—Wigner resonance centered at
u =0 for ¢ = 1, while an antiresonance at u = 0 appears
for ¢ # 1. We also show that the electronic conductance
progressively decreases to zero as the circuit transitions
from a closed system (g = 1, solid green line) to an open
system (¢ = 0, dotted red line). This behavior arises be-
cause the transmission coefficient is proportional to the
line width function I'*(g); that is, as ¢ tends to zero,
the matrix elements connecting the leads and the TSCNs
also tend to zero. Panel (b) corresponds to a closed sys-
tem (q = 1), where one TSCN is in the long wire limit
(eyp =0), while in the other TSCN, the MZM coupling
€ya > 01is varied. This results in a Breit—Wigner reso-
nance centered on p = 0, reaching the value G = eQ/h.
When ¢€,,, # 0, the electronic conductance consists of a
central Breit—Wigner resonance and two lateral antires-
onances located at p = +¢,,,/v2. In panel (c), we fix
the MZM coupling €,,, = 0.6I' and vary the coupling
€ups- The electronic conductance exhibits an antireso-
nance at 4 = 0 and two lateral antiresonances at ener-
gies u = £(g,,, +€yp)/2 when ¢,,,, # 0, except in the
symmetric case €,,, ,, = 0.6 (solid green line), where
the two lateral antiresonances evolve into resonances at
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FIG. 3. Colormap of the electronic conductance G as a function of both the magnetic flux ¢ and the chemical potential p,
where red (blue) represents maximum (minimum) value for (a) ,,, 5, =0, (b) €;,, =0.5I' and ¢, , =0, (e) €,,, = 0.5T" and
eyp = 031, and (f) €,, , 5, = 0.5I". In panel (c) and (g) we show the electronic conductance G, as a function of the chemical
potential u, for specific values of the magnetic flux ¢ = {0,7/2, 7} in black, magenta, and light green color, respectively. The

solid (dash-dotted) line correspond to symmetrical (asymmetrical) configuration of the length of both TSCN, where &

=0
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(Erracsy = 0.5T) and €,,, = 0.5I' with ¢, ; =0 (€,,, = 0.5 with £, ;, = 0.3['), are shown in the top (bottom) panel. The

spectral function A, 4¢p) as a function of energy w is shown in the panel (d) €

was = 0and () £,/ , 5 = 0.5I". We use specific

values of the magnetic flux ¢ = {0,0.0017,0.017,0.17} in solid green, dash-doted red, dashed blue, and dotted orange line,

respectively.

p = £0.6I'. In panel (d), we show that the symmet-
ric MZM-coupling configuration (g,, 5, = 0.6I'), shown
as the solid green line, gives rise to antiresonances at
p = +0.6I when ¢ # 1. We note that the position of
these antiresonances is independent of the value of g, as
they are centered at the system’s eigenenergies, which are
determined independently of ¢, as can be seen in Eq. (25).

We study the electronic transport in a closed system
(¢ = 1) in the presence of a magnetic flux across the inter-
ferometer (i.e., ¢ # 0). Figure 3 shows a colormap of the
electronic conductance G as a function of the dimension-
less magnetic flux ¢ and u. In FIG. 3(a), we consider the
long-wire limit for both TSCNs (g, , 5, = 0). At zero en-
ergy, the electronic conductance is G = €2 /h for ¢ = 2n7
(n € Z), and drops to zero for ¢ # 2nm, where the mag-
netic flux induces transport suppression over a wide range
of values, reaching total reflection at ¢ = (2n — 1)7. Fig-
ure 3(b) shows the case with ¢,,, = 0.5I' and ¢,,,, =
0. At zero energy, the electronic conductance remains
G = €2/h and is invariant under symmetry-breaking in-
duced by the magnetic flux. Figure 3(e) shows G as a
function of v and ¢ for the case where both TSCNs are
outside the long-wire limit, but with different lengths,
ie, €,, = 0.5I' and ¢,,, = 0.3 We observe that,
regardless of the magnetic flux, the linear conductance
exhibits an antiresonance at zero energy. For the partic-

ular case ¢ = 2nm, two lateral antiresonances appear at
w= (e, +€,5)/2. Figure 3(f) shows the electronic
conductance G for the case where both TSCNs are out-
side the long-wire limit, i.e., €,,, = €,,, = 0.5I'. Again,
the linear conductance displays an antiresonance at zero
energy, independent of the magnetic flux. The suppres-
sion of transport as a function of p is recovered—similar
to the behavior in Fig. 3(a)—for values ¢ = (2n — 1)7.
This behavior appears only for symmetric configurations
of the MZM couplings, i.e., when ¢,,, = €,,. Fig-
ures 3(c) and 3(g) show the electronic conductance G
as a function of y for fixed values of the magnetic flux:
¢ =0, ¢ = 7/2, and ¢ = 7, represented by black,
magenta, and light green lines, respectively. The solid
(dash-dotted) lines correspond to symmetric (asymmet-
ric) configurations of the MZMs couplings. We observe
the phenomenon of total reflection (G = 0) in the sym-
metric case €,,, = €,,, for ¢ = 7w (solid light green line
in both panels), which is an energy-independent behav-
ior. Figures 3(d) and 3(h) display the spectral functions
Aip as a function of the energy w for magnetic flux val-
ues ¢ = 0, 7/1000, 7/100, and 7/10, shown in green
(solid line), red (dash-dotted line), blue (dashed line),
and orange (dotted line), respectively. For a symmetric
configuration of the MZMs coupling (g,,, = €,,5), We
find A;4 = Ay, with parameters [panel (d)] e =0

MA(B)
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FIG. 4. Thermal quantities as a function of chemical po-
tential p. We show the (a) thermal conductance k, (b) See-
beck coefficient S, and (c) figure of merit ZT, for the cases
€yp = 0 (dotted green line), €,,, = 0.3"' (dashed red line),
and €,,, = 0.5I' (dash-dotted blue line), with €,,, = 0.5’
and ¢ = 0 for all panels.

and [panel (h)] €,,,, = 0.5I. In the long-wire limit
(Exracm = 0), shown in Fig. 3(d), we observe a zero-
width resonance localized at w = 0 for ¢ = 0 (solid green
line), corresponding to a true BIC, since these states do
not contribute to the electronic conductance G. These
states acquire a finite width as the magnetic flux increases
(¢ # 0), becoming quasi-BICs and contributing to the
transmission in the form of antiresonances. In Fig. 3(h),
we consider the case where both TSCNs have finite and
equal lengths (g, , , = 0.5I'). For ¢ = 0, we obtain two
symmetric lateral BICs located at w = +¢,,, ,; = +0.5T,
in agreement with Eq. (25). These states do not have
projections in the electronic conductance, as shown in
Fig. 3(g) for ¢ = 0. When ¢ # 0, the two symmetric lat-
eral BICs in the spectral function acquire a finite width,
thus becoming quasi-BICs.

We now focus our attention on the thermoelectric
properties of the system. Figure 4 shows the [panel (a)]
thermal conductance &, [panel (b)] Seebeck coefficient S,
and [panel (¢)] figure of merit ZT as functions of u, in the
absence of magnetic flux (¢ = 0). We fixe,,, = 0.5T", and
the second TSCN takes the values €,,, = 0 (dotted green
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FIG. 5. Thermal quantities as a function of chemical potential
i. We show the (a) thermal conductance &, (b) Seebeck coef-
ficient S, and (c) figure of merit ZT', for the cases e, , ) =0
(solid orange line), €,,, = 0 (dotted green line), ¢,,,, = 0.3
(dashed red line), and ¢,,, = 0.5I' (dash-dotted blue line),
with €,,, = 0.5I" for (b)-(d), and magnetic flux ¢ = 7/2 in
all panels.

line), €,,, = 0.3T' (dashed red line), and ¢,,, = 0.5T
(dash-dotted blue line). The thermal conductance in
Fig. 4(a) exhibits a behavior similar to that of the elec-
tronic conductance (see, for instance, Fig. 3), where reso-
nances and antiresonances depend on the MZM couplings
of each TSCN. The cases withe,,, =0, €,,, = 0.3, and
€yps = 0.5I" correspond to the dash-dotted black line in
Fig. 3(c), the dash-dotted black line in Fig. 3(g), and the
solid black line in Fig. 3(g), respectively. The Seebeck
coefficient is shown in Fig. 4(b), and is an odd function
of p. The changes in S, from minimum to maximum,
are centered at u = +¢,,, /v/2 (dotted green line), u =0
and p = *(e,,, +¢€,,5)/2 (dashed red line), and p = 0
(dash-dotted blue line), which coincide with the posi-
tions of antiresonances in the thermal conductance shown
in Fig. 4(a). The thermoelectric efficiency is character-
ized by the extrema of the figure of merit, ZT, shown
in Fig. 4(c). We observe that the maxima of ZT appear
in pairs and are centered at the same energies as those
found in the thermopower and thermal conductance. In
the inset, we show a zoomed view where the maxima
of ZT exhibit a symmetric behavior centered at p = 0.



At this point, we can express that the thermoelectric
properties of the system are strongly influenced by the
coupling between the MZMs in each TSCN. The loca-
tion of resonances and antiresonances in the electronic
and thermal conductances correlates with features in the
Seebeck coefficient and thermoelectric efficiency. In par-
ticular, symmetric configurations of MZM couplings lead
to well-defined antiresonances and enhanced thermoelec-
tric response.

Figure 5 shows the [panel (a)] thermal conductance &,
[panel (b)] Seebeck coefficient S, and [panel (c)] figure
of merit ZT as functions of u, in the presence of mag-
netic flux (¢ = 7/2). We first present the case¢,, , ,, =0
(solid orange line). Then, we fix €,,, = 0.5I" and vary the
second TSCN coupling as €,,, = 0 (dotted green line),
€yp = 0.3 (dashed red line), and €,,, = 0.5T" (dash-
dotted blue line). The thermal conductance in Fig. 5(a)
exhibits behavior similar and proportional to that of
the electronic conductance. We observe this correspon-
dence in Figs. 3(c) and 3(g), where the solid and dash-
dotted magenta lines represent symmetric and asymmet-
ric MZM-coupling configurations, respectively. As be-
fore, the positions of resonances and antiresonances de-
pend on the MZMs couplings of each TSCN. The Seebeck
coefficient is shown in Fig. 5(b), and is an odd function
of the chemical potential u. The variations in S, from
minimum to maximum, are centered at u = =+e,,,
and p = 0 (dash-dotted blue line), and at pu = 0 for the
solid orange and dashed red lines. These positions coin-
cide with the locations of antiresonances in the thermal
conductance shown in Fig. 5(a). The maxima of ZT ap-
pear in pairs [Fig. 5(c)], and are centered at the same
energies as those observed in the thermopower and ther-
mal conductance. In the inset, a zoomed view reveals
that the maxima of ZT exhibit a symmetric behavior
centered at p = 0. We observe that the BICs present
in the system for ¢ = 0 do not affect the thermoelectric
quantities. However, when ¢ # 0, these BICs are de-
stroyed and become quasi-BICs, which enhance the ther-
moelectric efficiency. This effect is particularly evident
in Fig. 5(c) for the cases €,,,,, = 0 (solid orange line)
and €,,, 5, = 0.5I' (dash-dotted blue line).

In Fig. 6 we study the fulfillment of the WF law by
plotting the Lorenz ratio £ in units of the Lorenz number
Ly, as a function of chemical potential . The panel 6(a)
shows the cases €,,,, = 0 (dotted green line), €,,,, = 0.3T
(dashed red line) and €,,, = 0.5 (dashed-dotted blue
line), with €,,, = 0.5I" and ¢ = 0. The Lorenz ratio £ =
k/GT = Lo for almost all values of i, however £ deviates
from Lo around pu = {0,4e,,,/V2, £(c,0 + €0p)/2},
where £ reaches the maximum L4, = 4.19Ly. Fig. 6(b)
is a zoom of Fig. 6(a) centered at yu = 0. We can observe
from Eq. (19), that the expansion for the integral Ly con-
tains only odd derivatives of the transmission 7, which
is dominated by the term proportional to 7). which
vanishes at the antiresonance energy. As a result of this,
the thermal conductance has a small peak in the antires-
onance region due to the term L%/Lg, in Eq. (16), it

L/

“Eyvam) =

L/L

0 - 0 -
-0.1 0 0.1 -0.1 0 0.1
/T 1073 /T 1073

FIG. 6. We show (a) Lorenz ratio £ as a function of y, for the
cases €,,, = 0 (dotted green line), €,,, = 0.3T" (dashed red
line), and €,,, = 0.5I" (dash-dotted blue line), with €,,, =
0.5T" and ¢ = 0 for all panels. The horizontal dashed black
line corresponds to the universal maximum value of 4.19L.
In panel (b) we show a zoom of panel (a) centered at pu = 0.
In panel (c) we plot both conductances (G and k, in arbitrary
units) for the case & = 0.5I', in the same energy range
that in panel (b).

MA(B)

falls to zero, while the electronic conductance G presents
a single minimum, as can be seen in panel 6(c). Both
curves present different shapes in a small region around
the antiresonance energy, which results in the violation
of the WF law.

IV. SUMMARY

We studied a system composed of two normal leads
coupled to two TSCNs, each hosting MZMs at their ends,
arranged in an interferometer configuration. We focused
on the electronic and thermal conductances between the
leads, as well as on the spectral functions of the MZMs
and thermoelectric quantities. The latter were obtained
using the GF formalism, while thermoelectric properties
were calculated via the Sommerfeld expansion. We re-
ported the phenomenon of total reflection at magnetic
flux values ¢ = (2n — 1)x for symmetric MZM-coupling
configurations, that is, when both TSCNs have the same
length. In addition, for magnetic flux values ¢ = 2nm, we
identified the formation of BICs, characterized by zero-
width resonances in the spectral functions. These states
also emerge under symmetric MZM coupling and behave
as ghost Fano-Majorana anomalies, since they do not
contribute to the electronic conductance. We also found
that these BICs are destroyed as the magnetic flux devi-
ates from ¢ = 2nw. For ¢ # 0, the BICs acquire a finite
width, becoming quasi-BICs, and manifest themselves as
antiresonances in both electronic and thermal conduc-



tances at the same characteristic energies. These results
demonstrate that BICs in the system can be controlled
via the external magnetic flux, and their transformation
into quasi-BICs leads to enhancements in thermopower
S and thermoelectric figure of merit Z7T, by means of a
violation of the WF law.
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Appendix A: Green function

The full Green function is obtained from Eq. (8), in the form

G11 G12 —Kw2 —iKsMBw
s, 1 Go Gog iKe,, ,w —Ke, €5
G o 5 _Kw2 _iKSN[A G33 G34 ? (Al)
iKeypw —Keya€np Gas Gas
with the matricial elements
Gii(3s) = [ p lz FB(A)] w—w ] , (A2)
Gao(aa) = i[B(A) [iZFj(B)—l—w —wK? tw iZF‘j—O—w iZF% +w|, (A3)
Gia = —Ga1 = — €xra €us ZFBW - w? ) (A4)
G34——G43—— EvB —ZZFALU w 5 (A5)
and the denominator D,
= {gim—izr%—kw €0rp ZFB+w — K22, (A6)
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Chapter 4

Majorana edge and end states in planar
Josephson junctions

Proximitized planar Josephson Junctions (JJs) have recently emerged as promising platforms
for creating and manipulating Majorana states (MSs) [57, 23, 58, 27, 59-62, 3, 29, 63-70, 28,
71-78]. In addition to the experimental advances in building such structures, proximitized
planar JJs have also been shown to possess an enhanced parameter space supporting the

topological superconducting state [23, 79].

4.1 BdG Hamiltonian

The Bogoliubov-de Gennes (BdG) Hamiltonian provides the fundamental framework for
describing quasiparticle excitations in superconductors within the Bardeen-Cooper-Schrieffer
(BCS) theory. This matrix Hamiltonian takes the general form,

Hy Aei?sc )

Agyc = . I 4.1
Bde (Ae’¢5€ — 71 AyT @D

where Hy represents the single-particle electron Hamiltonian, A denotes the supercon-
ducting gap parameter originating from the BCS mean-field approximation, —7~'HyT
corresponds to the time-reversed hole sector, and ¢sc describe the superconducting phase
difference across the junction.

The realization of topological superconductivity (TS) in JJs requires three essential

physical ingredients encoded in the BAG Hamiltonian:

* Proximity-induced superconductivity manifests through the off-diagonal pairing terms

AeTsc which couple the electron and hole sectors.
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Fig. 4.1 Periodic table of topological insulators and superconductors: 6 = d — D, where d
is the space dimension and D + 1 is the codimension of defects; The leftmost column (A,
AllL, ..., C, CI) enumerates the symmetry classes of fermionic Hamiltonians, classified by the
presence or absence of time-reversal (T), particle-hole (C), and chiral (S) symmetries. These
symmetries are encoded numerically: a nonzero value (+1 or —1) indicates the presence of
a symmetry, with the sign corresponding to the square of its operator (e.g., 7> = +1 in the
BDI class), while 0 denotes its absence. The entries—Z7, Z,, 27, and 0—classify the distinct
topological phases possible within each symmetry class and dimension. A nonzero entry (Z,
Z,, or 27.) indicates the existence of nontrivial topological insulators, superconductors, or
defects, with the algebraic structure denoting the type of invariant (integer, binary, or even
integer, respectively), and O corresponds to a trivial classification. The case of D =0 (i.e.,
0 = d) corresponds to the tenflod classification of gapped bulk topological insulators and
superconductors. [8]

* Zeeman splitting induced by an external magnetic field.

 Spin-orbit coupling (SOC) introduces the necessary spin-momentum locking that,

when combined with the other components, can effectively emulate p-wave pairing.

These ingredients creates the conditions for TS, by opening a gap in the energy spectrum.
The interplay between these elements leads to the formation of Majorana zero modes (MZMs)
at the opposite ends of the junction.

To solve the BdG-Hamiltonian in Eq. 4.1, we employ numerical techniques described in
Appendix A (finite-difference method, and Tight-Binding approximation).
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4.2 Symmetry classes and topological phases

The classification of a system’s topological phases is determined by identifying its topo-
logical invariants, which depend crucially on the presence or absence of three fundamental
symmetries: time-reversal (7), charge-conjugation (C), and chiral symmetry (S) [8]. Each
symmetry class is uniquely defined by (1) which of these symmetries the system preserves,
and (2) their symmetry operator (O) properties, specifically, their operators’ square values
(i.e., 0> = +1) [See Fig. 4.1].

For this work, the BDI and D symmetry classes (for = 1) are the main focus. Because
symmetries are linked to conserved properties (such as parity and momentum) of a system,
the symmetry classification can be used as a guide for identifying the appropriate topological
invariant. For the D symmetry class, the topological invariant turns out to be the Z; index, also
called the topological charge Q, this can take the values 1 and —1 for trivial and topological
states, respectively. The topological invariant for the BDI class is the Z invariant, which can
take integer values. The topological charge (or Z, index) of the D class, is simply the parity
of the BDI Z index.

4.3 Outline

In the following paper, we investigated the formation and properties of edge-like and end-like
MSs in proximitized planar JJs subjected to an in-plane magnetic field, considering the
effects of Rashba and/or Dresselhaus SOCs. The end-like MSs are primarily localized at
opposite ends of the normal region within the junction. In contrast, the edge-like MSs extend
along the system’s edges, perpendicular to the junction. To characterize the nature and
protection of the MSs we introduced a quantity called the topological gap character. This
quantity simultaneously characterizes three key properties: (1) the existence of a topological
superconducting phase, (2) the magnitude of the topological gap, and (3) the spatial nature of
Majorana zero modes (end-like or edge-like).
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We theoretically investigate the localization properties of Majorana states (MSs) in proximitized,
planar Josephson Junctions (JJs) oriented along different crystallographic orientations and in the
presence of an in-plane magnetic field and Rashba and Dresselhaus spin-orbit couplings. We show
that two types of MSs may emerge when the junction transits into the topological superconducting
state. In one case, referred to as end-like MSs, the Majorana quasiparticles are mainly localized
inside the normal region at the opposite ends of the junction. In contrast, edge-like MSs extend
along the opposite edges of the system, perpendicular to the junction channel. We show how the
MSs can transit from end-like to edge-like and vice versa by tuning the magnetic field strength
and/or the superconducting phase difference across the junction. In the case of phase-unbiased JJs
the transition may occur as the ground state phase difference self-adjusts its value when the Zeeman

field is varied.

I. INTRODUCTION

Majorana states (MSs) are zero-energy quasiparticle
excitations predicted to appear localized at the bound-
aries of topological superconductors (T'SCs) [1-6]. The
MSs obey a non-Abelian exchange statistic, which makes
them promising candidates for realizing robust qubits
with potential applications in fault-tolerant quantum
computing [7-10].

Topological superconductivity (TS) can be engineered
by using semiconductor nanowires with large spin-orbit
coupling (SOC) and proximitized by s-wave supercon-
ductors [11-21], proximitized systems exposed to mag-
netic textures [22-32], and magnetic chains on s-wave
superconductors [33-38]. Proximitized planar JJs have
recently emerged as promising platforms for creating and
manipulating MSs [39-65]. In addition to the exper-
imental advances in building such structures, proximi-
tized planar JJs have also been shown to possess an en-
hanced parameter space supporting the topological su-
perconducting state [40, 66].

Magnetic and crystalline anisotropic effects have been
predicted to appear in the Josephson junction with non-
centrosymmetric materials [67-70]. In particular, it has
been shown that in the presence of SOC the Zeeman in-
teraction yields a strong dependence of the system prop-
erties on the magnetic field direction. Furthermore, in
systems with Rashba [71] and Dresselhaus [72] SOCs
the crystallographic orientation can affect the topologi-
cal superconducting state, its robustness, and signatures
[67, 68, 73].

Most previous investigations of TS in planar JJs have
focused on end MSs, i.e., MSs that localize at the oppo-
site ends of the junction with short localization lengths
both along the junction (§ direction, as shown in Fig. 1)
and along the system edges perpendicular to the junc-
tion (& direction, as shown in Fig. 1) [53, 57, 67, 68, 74].

* alejandro.garridoh@usm.cl

However, theoretical evidence of the existence of edge
MSs (i.e., MSs that are localized along the junction di-
rection but spread along the entire system edges per-
pendicular to the junction) has been provided in previ-
ous works [46, 67, 75]. The formation of MSs exhibit-
ing anomalous multilocality in three-terminal Josephson
junctions has also been proposed [76]. Besides JJs, Ma-
jorana edge states can also emerge in hybrid supercon-
ductor/ferromagnet structures with helical magnetic tex-
tures [77]. Moreover, two-dimensional structures, typi-
cally associated with quantum anomalous Hall systems
coupled to superconductors, have been shown to support
chiral Majorana edge states [78-80] flowing around the
sample edges in opposite directions and Majorana corner
modes localized at vertices [81-83].

In this work, we study the formation and properties
of edge-like and end-like MSs in proximitized planar JJs
and characterize them by introducing a quantity (here
referred to as the topological gap character) that con-
tains information about the topological charge, topolog-
ical gap, and the localization nature of the zero-energy
states. The norm of the topological gap character de-
termines the size of the topological gap relative to the
proximity-induced superconducting gap, and its sign in-
dicates whether the system is in a TS state with edge-like
(positive sign) or end-like (negative sign) MSs. We an-
alyze how the localization character of MSs depends on
relevant system parameters such as the magnetic field
strength and direction, the superconducting phase differ-
ence across the junction, the SOC strength, and the junc-
tion crystallographic orientation. Moreover, our study re-
veals the possibility of inducing transitions from end-like
to edge-like MSs (and vice versa) by tuning the magnetic
field strength and/or the superconducting phase differ-
ence. In phase-unbiased JJs, the transition between end-
like and edge-like MSs may occur as the ground state
phase difference self-adjusts its value when the Zeeman
field is varied. The paper is organized as follows. Section
IT presents the theoretical model and an overview of the
relevant quantities used for characterizing the systems
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FIG. 1. (a) Schematic of a JJ consisting of a noncentrosym-
metric semiconductor 2DEG (blue) in contact with two su-
perconducting (S) leads (green). The & and g axes define the
coordinate system in the junction’s reference frame. A top
gate (not shown) over the normal (N) region can be used to
modulate the Rashba SOC strength [48, 84]. (b) Relevant
angles in the junction coordinate system: ¢p defines the di-
rection of the in-plane magnetic field (B) with respect to the
I axis, while 6. determines the orientation of the junction ref-
erence frame with respect to the semiconductor’s [100] crys-
tallographic axis.

p2

H =
0 2m*

h

Here og and 79 are unit matrices, o, . and 7, , . de-
note the Pauli matrices in particle-hole and spin spaces,
respectively. The linear momentum is represented by p,
m* is the electron effective mass, 74 = (7, £ i7y) ® 00/2,
and V(z) = (ps — pn)O(Wn /2 — |z|) describes the dif-
ference between the chemical potentials in the N (un)
and S (ug) regions. The Rashba and Dresselhaus SOC
strengths are represented by « and 3, respectively. The
angle 0. characterizes the orientation of the junction with
respect to the crystallographic direction [100] of the semi-
conductor [Fig. 1-(b)]. The chemical potentials are mea-
sured with respect to the minimum of the single-particle
energies, ¢ = m*A\%(1 + | sin26,|)/2h%. Here we use the
SOC parametrization,

a = MAcosbs,, B=2Asinfs,, A=+/a?2+ 52, (3)

where A represents the overall strength of the combined
Rashba and Dresselhaus SOCs, while the spin-orbit an-

gle,
s, = arccot(a/f) . (4)

characterizes the relative strength between them.
The second term in Eq. (1) corresponds to the Zeeman
interaction and is determined by the vector,

_9'usB

5 (cos g, singp, 0)7 . (5)

E, =
with ¢*, up, B, and ¢p representing the effective g-
factor, the Bohr magneton, the magnetic field strength,
and the magnetic field direction, respectively. In what

(0%
+ V(I) - (.U'S - 5) oo + _(pygz —Pny) +

and the MSs. The numerical simulations and main re-
sults are discussed in Sec. III, while concluding remarks
are given in Sec. IV.

II. THEORETICAL MODEL

We consider a planar JJ composed of a 2D electron
gas (2DEG) formed in a noncentrosymmetric semicon-
ductor and subject to an in-plane magnetic field B. The
superconducting (S) regions are induced in the 2DEG
by proximity to the superconducting cover layers, while
the uncovered region remains in the normal (N) state
[Fig. 1(a)]. Excitations in the JJ are described by the
Bogoliubov-de Gennes (BdG) Hamiltonian,

H=7,®Hy+1®E, o+ Alx)r, + A™(x)r—, (1)
where

B .
5 (pe0z — Dyoy) 0820, — (p20y + pyos)sin26.] . (2)

follows, we use Ez = g*upB/2 to denote the amplitude
of the Zeeman energy. The spatial dependence of the
superconducting gap is,

A(z) = Ag e @29(|z| — Wi /2), (6)

where ¢ is the phase difference across the JJ and Ay is
the magnitude of the proximity-induced superconducting

gap.

A. Topological charge

To identify the topological regions we investigate how
different sets of system parameters affect the topologi-
cal invariants characterizing the junction. The presence
of the magnetic field breaks the time-reversal invariance
and the system generically belongs to the D class, charac-
terized by the topological charge (i.e., the Zy topological
index),

PH{H(ky = m)1y ® 0y}

Q= | B H (ky = O)ry @ 0y} )

(7)

where Pf{...} denotes the Pfaffian [85-88]. The topologi-
cal charge determines whether a system belonging to the
D class is in a trivial (Q = 1) or topological (Q = —1)
phase [89-94].

It is worth noting that under some conditions deter-
mined by the SOC field, the magnetic field direction,
and the junction crystallographic orientation, symmet-
ric junctions may effectively belong to the BDI class [67].



In such cases, the topological phases are characterized by
the Z topological invariant of the BDI class. Since the
topological charge ) is determined by the parity of the
Z index, the topologically non-trivial regions of the BDI
class consist of non-trivial D-class regions (composed of
odd Z index subregions) enhanced by regions with even Z
index [40, 43]. We found that the topological gap in BDI
class regions with multiple pairs of MSs is relatively small
in the systems considered here. Therefore, our investiga-
tion focuses on regions that support only a single pair of
MSs. The extent of these regions can be determined by
examining how the topological charge @) depends on the
system parameters.

B. Topological gap

As the system transits into the topological state, MSs
emerge as pairs of degenerate zero-energy states which
are isolated from the rest of the excitation spectrum by
the energy gap, A¢op, referred to as the topological gap
and defined as,

Atop = (El - EO) . (8)

Here Ey and FE; are the two lowest-energy states on
the positive branch of the energy spectrum, respectively.
Due to finite-size effects, the MSs localized at opposite
ends (or edges) may overlap, so their energy (+Ep) may
slightly deviate from zero. Note that Eq. (8) can only be
interpreted as the topological gap when the system is in
the TS state.

In the topological superconducting (TS) state, the
topological gap protects the Majorana bound states (MS)
from smooth local perturbations. However, the degree of
protection depends on the size of the topological gap, as
the information stored in the MS can be compromised
if the perturbation energy approaches or exceeds Ayp.
Thus, large values of A, are desirable for designing ro-
bust MSs suitable for constructing fault-tolerant qubits.

The magnitude of Ay, has been shown to strongly de-
pend on the junction’s crystallographic orientation (6.),
the spin-orbit angle (6s,) and the in-plane magnetic field
orientation (¢p), being optimal when the following rela-
tion is fulfilled [67, 68],

tan pp = cot 0, sec 20, — tan 26,. (9)
|

Therefore, it is crucial to investigate how the topological
gap protecting the end-like and edge-like MSs depends on
the superconducting phase difference and magnetic field
strength in junctions subjected to the constraint imposed

by Eq. (9).

C. End-like vs. edge-like Majorana states

As briefly discussed in the Introduction, end-like MSs
are localized at the opposite ends of the junction chan-
nel, with short localization lengths both along the junc-
tion and along the system’s edges perpendicular to it.
In contrast, edge-like MSs are localized solely along the
junction direction but extend across the full length of the
system’s edges perpendicular to the junction. We want
to emphasize that the edge-like MSs examined here differ
from both chiral Majorana states commonly associated
with quantum anomalous Hall systems coupled to su-
perconductors [78-80] and unidirectional Majorana edge
states in noncentrosymmetric superconductors [95].

To understand the origin of the extended nature of
edge-like MSs, consider a simplified model of a junction
sufficiently long such that the overlap between Majorana
states at opposite edges is negligible. In this scenario, we
can focus solely on one Majorana state, for instance, the
one localized at the bottom edge (y = 0). Assuming the
S regions are infinitely wide (Wg — 00), the scattering
states in the left S region can be expressed as [67, 73],

\I/(I‘) =e ™ Z [Ce,sXe,seiin’sz + Cthh,seiqh’sz]v (10)
s=+

where x describes the localization of the Majorana state
along the junction y-direction, the subindexes e and h
refer to electron-like and hole-like states, respectively,
s = % characterizes the spin, and ¢. s (¢n,s) is the wave
vector of the electron-like (hole-like) state with spinor
Xe,s (Xn,s) and spin s.

At ¢ = 0, the coefficients C, s and C}, s become phase-
independent, and the asymptotic behavior of W(x,y)
along the edge is entirely determined by the wave vec-
tors. By combining Egs. (1) and (10) and requiring the
energy to vanish, we obtain the following quartic equa-
tion for ¢2,

(B2 +w - w o+ Ao +€2)° — 4 [[B5 2| A2 + €2) + (w - w)e? + (E. - w)?] = 0, (11)

where,
qf cos 26, + ik(a — Bsin 26.)
w = | —q(a+ Bsin26,) — ixfcos 26, |, (12)
0

is the spin-orbit field and & = h2¢%/(2m*) — us + €.

The solutions to the quartic equation [Eq. (11)] represent
the wave vectors ¢; s (j = e, h). At ¢ =0, the Majorana
state’s character is determined by the nature of these
wave vectors. Specifically, each scattering mode {j, s}



contributing to the Majorana state in the S region decays
within a characteristic length,

(13)

The overall localization length of the Majorana state
along the edge is given by the largest of the [; ;. Hence,
at ¢ = 0, end-like Majorana states appear when all wave
vectors are complex. Conversely, if at least one wave
vector is purely real, the corresponding scattering mode
represents a propagating wave, leading to an edge-like
MS.

The coefficients of the quartic equation [Eq. (11)] are gen-
erally complex, yielding complex solutions for all wave
vectors and resulting in end-like MSs. However, if the
conditions,

o?sin2¢p + (%sin(2pp +460.) = afcos20, =0, (14)

are satisfied, all coefficients of the quartic equation be-
come real. This allows for purely real wave vectors, en-
abling the emergence of edge-like MSs if the system pa-
rameters are appropriately tuned. All the configurations
considered in the numerical analysis presented in Sec. III
are chosen in such a way that Eq. (14) and the condition
for optimal topological gap [Eq. (9) are simultaneously
fulfilled.

In general, we can anticipate three scenarios: i) four
real wave vectors, leading to edge-like MSs composed of
the superposition of four propagating modes; ii) two real
and two complex wave vectors, resulting in edge-like MSs
formed by two propagating and two localized modes; and
iii) four complex wave vectors, corresponding to localized
end-like MSs. By appropriately tuning the system pa-
rameters, the system can be driven into any of these sce-
narios, enabling controlled transitions between end-like
and edge-like behaviors. Furthermore, at finite supercon-
ducting phase differences, the coefficients C¢ s and Cj, s
in Eq. (10) become ¢-dependent. This dependence gov-
erns the interference between the four scattering modes,
thereby modulating the localization characteristics of the
Majorana states (MSs).

To capture the topological character of the state, the
magnitude of the topological gap, and the extension of
the MSs along the edges perpendicular to the junction,
we introduce the quantity,

~ 1-Q)A

5= U= 28 g (15)
where £ s a parameter that characterizes the nature of
the MSs, taking positive values for edge-like MSs and
negative values for end-like MSs.

In what follows, we refer to A as the topological gap
character. Its magnitude represents the topological gap
normalized to the proximity-induced superconducting
gap, while its sign indicates the nature of the Majorana
states: positive for edge-like MSs, negative for end-like
MSs, and zero when the system is in the trivial state (or

in the BDI-class TS with an even number of Majorana
pairs), i.e.,

+A¢op/Ag  for D-class TS with edge-like MSs
A 0 for trivial phase with no MSs

0 for even BDI-class TS phase

—A¢op/Ao  for D-Class with end-like MSs

(16)
Although we limit our analysis to MSs within the D class,
the topological character defined in Eq. (15) can easily
be generalized to account for the BDI-class TS by using
the winding number (the Z topological invariant) instead
of the topological charge.

For the junctions studied here, the probability density of
edge-like MSs displays an oscillatory behavior along the
edge, with multiple local maxima of comparable ampli-
tudes. In contrast, the probability density oscillations of
end-like MSs decay rapidly, featuring a large maximum
at the middle of the junction edge, followed by a few
significantly smaller maxima. Therefore, the localization
nature of the MSs can be captured by the parametriza-
tion & = n—np—1/2, where n is the number of probability
density local maxima with comparable amplitudes. Since
the typical number of local maxima for end-like MSs is
smaller than 3, we set ng = 3 in the numerical simu-
lations of Eq.(16) discussed below. For higher chemical
potentials and/or larger W and Wg one may need to
increase ng accordingly.

D. Phase-biased and phase-unbiased JJs

The eigenenergies E, can be used to compute the
phase-dependent part of the junction’s free energy,

F=— Y [By+2kpTIn(1+e B/keTy 0 (17)
E,>0

In the phase-biased case, the JJ is incorporated in a
closed loop threaded by a magnetic flux ®, which fixes
the superconducting phase across the junction to ¢ =
27 ® /Py, where @q is the magnetic flux quantum.

In the absence of the magnetic flux, the junction is
phase unbiased, and the phase difference is self-adjusted
in such a way that the free energy of the system is min-
imized. The ground-state phase (¢¢s) is the supercon-
ducting phase difference that minimizes the free energy
of the system, i.e.,

F(pgs) = m(;n F(¢). (18)

Since the free energy also depends on the Zeeman energy,
¢aGs is generally a function of the magnetic field. This
offers a mechanism for indirectly controlling the super-
conducting phase difference using an in-plane magnetic
field, without relying on a magnetic flux.



III. RESULTS

We consider two types of junctions: (i) Al/HgTe
Josephson junctions (JJs), where Rashba spin-orbit cou-
pling (SOC) is the dominant effect, and (ii) Al/InSb JJs,
where both Rashba and Dresselhaus SOC may be signif-
icant. The system parameters used in our calculations
are provided in Appendix A. The numerical simulations
were carried out by discretizing Eq. (1) on a mesh with a
lattice constant of @ = 10 nm. Using the finite-difference
approximation, we constructed the tight-binding (TB)
form of the BAG Hamiltonian with the Kwant package
[96]. The energy spectrum and wave functions were ob-
tained by numerically diagonalizing the TB BdG Hamil-
tonian on a finite lattice. The energy spectrum was then
used to compute the topological gap [Eq. (8)], the phase-
dependent part of the free energy [Eq. (16)], and the
ground-state phase [Eq. (16)]. The topological charge
[see Eq. (7)] was computed by using the system TB BdG
Hamiltonian with imposed translational invariance along
the junction direction.

A. Effects of Rashba SOC

In Al/HgTe Josephson junctions (JJs), where Rashba
SOC is the dominant and Dresselhaus SOC is negligibly
small (i.e., 8 = 0), the spin-orbit angle 5, ~ 0 and A = «
[see Egs. (3) and (4)]. In this scenario, the system ex-
hibits magneto anisotropyy (i.e., its properties depend on
the in-plane magnetic field orientation, @), while crys-
talline anisotropy is absent (i.e., the system properties
are independent of the junction’s crystallographic direc-
tion, 6.) [66—68]. For the calculations presented in this
subsection, the in-plane magnetic field was aligned with
the junction direction (i.e., ¢ = m/2), which, as dis-
cussed in Ref. [67], yields the optimal topological gap for
this configuration.

Figure 2(a) shows the behavior of the topological gap
character (A), as a function of the Zeeman field (Ey)
and the superconducting phase difference (¢) in a phase-
biased JJ. Gray areas correspond to A = 0, indicating
topologically trivial (with respect to the D classification)
regions with topological charge Q = 1. Note, however,
that the gray zone may still contain regions of BDI-class
TS with an even number of MS pairs. As previously
mentioned here we disregard those regions, as they ex-
hibit a relatively small topological gap. Blue (red) areas
indicate regions where A < 0 (A > 0) correspond to
a D-class TS phase that supports the formation of end-
like (edge-like) MSs. The figure reveals that in junctions
where only Rashba SOC is significant, the formation of
end-like MSs with a sizable topological gap is favored for
¢-values near 7. In contrast, less robust edge-like MSs
with smaller topological gaps emerge when the system is
in the TS state, and ¢ is near 0 or 2.

The effect of the superconducting phase difference on
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FIG. 2. (a) Topological gap character (A) as a function of
the Zeeman energy Ez and the superconducting phase dif-
ference (¢) across an Al/HgTe JJ with only Rashba SOC
(6so = 0). The junction and magnetic field orientations are
set to . = 0 and pp = 7/2, respectively. The green solid
line represents the path of the ground-state phase (¢gs) as
the Zeeman energy is varied. The vertical dashed line marks
a possible transition between a TS state supporting a zero-
phase edge-like MS (cyan triangle) and one supporting an
end-like MS (magenta dot) during which Ez is kept constant,
while ¢ is tuned. (b)-(d) Probability density (normalized to
its maximum value) of the MSs corresponding to the Ez and ¢
values marked in (a) by the cyan triangle (edge-like MS), ma-
genta square (end-like MS), and magenta dot (end-like MS),
respectively. (e)-(g) Energy spectra as a function of the Zee-
man energy for ¢ = 0, ¢ = 7/2, and ¢ = m, respectively.
Red-solid and dashed-blue lines represent states that evolve
into MSs as Ez is varied. Vertical dashed lines indicate the
boundaries of the first topological region in which only a sin-
gle pair of MSs (red solid lines) exists.

the localization nature of the MSs can be qualitatively
understood by noting that the phase factor of the super-
conducting pairing potential appearing in the antidiago-
nal blocks of the BdG Hamiltonian can be gauged away
by a position-dependent unitary transformation (see de-
tails in Appendix B). As a result, the BAG Hamiltonian
of a junction with a superconducting phase difference ¢ is
transformed into a BAG Hamiltonian of a junction with
zero phase difference, but in the presence of a position-
dependent gauge potential with strength proportional to
¢. The edge-like MSs at zero phase transit to end-like
MSs when the ¢-dependent gauge field is strong enough.

Considering a junction with infinitely wide S regions
(i.e., Wg — o0) and a Zeeman field along the junction
direction and much larger than the Rashba SOC split-
ting, we can write the approximate solutions of Eq. (11)



as,

\/QW* (MS +J'\/M)

qj,s = A

+5keo| +K2

(19)
where j = e =1 (j = h = —1) for electron-like (hole-
like) states, E; = |Ez|, and ks, = m*«a/h%. This in-
dicates that zero-phase edge-like MSs of junctions with
only Rashba SOC and magnetic field along the junction
direction appear when the system is in the TS state and
the following conditions are fulfilled,

Ez > Agand pg > \/E% — A2. (20)

Indeed, in such a situation, all the wave vectors are purely
real (i.e. Im[g; 5] = 0) and the the MS localization length,
l]‘,s — Q.

When the second inequality in Eq.(20) is satisfied (as
it is for the parameters used in the numerical simula-
tions), the emergence of edge-like MSs at ¢ = 0 in the
limit Wg — oo is governed by the condition Ez > Ag.
However, since the numerical simulations account for su-
perconducting regions of finite width, the results shown
in Fig. 2(a) —where zero-phase edge-like MSs appear at
Zeeman energies slightly below Ay —exhibit a small devi-
ation from the condition Ez > Ag. The impact of finite-
size effects on the topological phase diagram of planar
JJs has been explored in Ref.[66].

In phase-unbiased junctions, the system’s state evolves
according to the trajectory of the ground-state phase [see
green solid line in Fig. 2(a)] as the Zeeman field is varied.
During the 0 — 7 ground-state jump at Fz ~ 0.14 meV,
the junction undergoes a transition from the trivial to a
TS phase with end-like MSs. A self-tuning mechanism,
where edge-like MSs transition into end-like MSs (and/or
vice versa) as the Zeeman field varies, appears impracti-
cal in phase-unbiased junctions with only Rashba SOC.
However, a topologically protected transition in which
end- and edge-like MSs can be transformed into each
other without exiting the TS state seems feasible by tun-
ing the magnetic flux in phase-biased Josephson junctions
(JJs). Since the system remains in the same TS state the
topological gap does not close during the process, pro-
viding topological protection to the transition. This is
illustrated in Fig. 2(a), where an edge-like MS (cyan tri-
angle) can evolve into an end-like MS (magenta dot) by
adjusting the Zeeman field (at the value indicated by the
vertical dashed line) and varying the phase from 0 to 7.

To visualize the spatial extension of the edge-like MSs
along the sample edges perpendicular to the junction,
Fig. 2(b) shows the probability density (normalized to
its maximum value) of the edge-like MS corresponding
to the cyan triangle in Fig. 2(a) at ¢ = 0. The probabil-
ity density exhibits an oscillatory behavior with multiple
maxima of comparable amplitude. Note that the edge-
like MSs consistently spread along the entire edge exten-

sion, regardless of the width Wg of the S regions (see
Appendix C). In contrast, the probability density of the
end-like MSs corresponding to the magenta square and
magenta dot in Fig. 2(a) [see Figs. 2(c) and (d), respec-
tively] is localized at the opposite ends of the junction
with wave functions that decay both along and perpen-
dicular to the junction’s direction.

The energy spectrum as a function of Ez is shown
in Figs. 2(e)-(g) for ¢ = 0,7/2, m, respectively. The red
solid and blue dotted lines represent the states with ener-
gies closest to zero, which evolve into MS as the junction
transitions into the TS phase. The vertical lines mark the
Zeeman energy boundaries of the first topological region,
characterized by the Zs invariant of the D class, where
the topological charge is Q = —1 [see Eq. (7)]. Within
this region, the absolute value of the Z invariant of the
BDI class equals 1, indicating the presence of a single pair
of MSs, as shown by the red lines in Figs. 2(e)-(g). Addi-
tionally, regions where a second pair of MSs emerge (blue
dashed lines) can also be observed. In these regions, the
system remains in the BDI class and supports two pairs
of MSs, corresponding to an absolute value of 2 for the
Z invariant of the BDI class. However, it is important
to note that the topological gap in regions with multi-
ple pairs of MSs is significantly smaller than in regions
where only a single pair of MSs exists [this is particularly
clear in Fig. 2(g)]. For this reason, our analysis of edge-
like and end-like MSs is focused on topological regions
containing only a single pair of MSs.

B. Effects of Dresselhaus SOC

We now focus on JJs where only the Dresselhaus SOC
plays a significant role. In this scenario, with o = 0
and A = 8 # 0, we can assume 6, = 7/2 without loss
of generality. Unlike linear Rashba SOC, the Dresselhaus
spin-orbit field is not rotationally invariant about the axis
normal to the junction plane, leading to the emergence
of both magneto-anisotropy and crystalline anisotropy in
the system. Therefore, to optimize the topological gap, it
is essential to carefully align both the in-plane magnetic
field angle ¢ and the crystallographic orientation of the
junction 6.. For numerical simulations, we use the values
0. = vp = 0, which together with 6, = 7/2, satisfy the
condition in Eq. (9).

The character of the topological gap A, depicted in
Fig. 3(a) as a function of E; and ¢, exhibits an overall
behavior similar to that shown in Fig. 2(a). Specifically,
edge and end-like MSs emerge at phase values near 0
and m, respectively. Notably, edge-like MSs are better
protected by a larger topological gap in JJs dominated
by Dresselhaus SOC compared to those where Rashba
SOC is predominant.

The ground-state phase trajectory [green line in
Fig. 2(a)] in phase-unbiased JJs undergoes a 0 — 7 transi-
tion, enabling the system to enter the TS state at a lower
Zeeman energy compared to when the phase is fixed at
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FIG. 3. (a) Topological gap character (A) as a function of
the Zeeman energy Ez and the superconducting phase differ-
ence (¢) across an Al/InSb JJ, where the Rashba SOC has
been tuned to a negligibly small value and only Dresselhaus
SOC is relevant (6s, = 7/2). The junction and magnetic field
orientations are set to 6. = 0 = ¢p = 0. The green solid
line represents the path of the ground-state phase (¢cs) as
the Zeeman energy is varied. The vertical dashed line marks
a possible transition between a TS state supporting a zero-
phase edge-like MS (cyan triangle) and one supporting an
end-like Majorana state (magenta dot) during which Ez is
kept constant, while ¢ is tuned. (b)-(d) Probability density
(normalized to its maximum value) of the MSs corresponding
to the Ez and ¢ values marked in (a) by the cyan triangle
(edge-like MS), cyan square (edge-like MS), and magenta dot
(end-like MS), respectively. (e)-(g) Energy spectra as a func-
tion of the Zeeman energy for ¢ = 0, ¢ = 7/2, and ¢ = T,
respectively. Red-solid and dashed-blue lines represent states
that evolve into MSs as Ez is varied. Vertical dashed lines
indicate the boundaries of the first topological region in which
only a single pair of MSs (red solid lines) exists. The devi-
ation of the edge-like MS energies (red solid lines) from zero
in (f) results from the wavefunction overlap between edge-like
MSs on opposite edges [see (c)].

zero. However, as in the case of Rashba SOC, a self-
tuned transition from end-like to edge-like MSs appears
unfeasible in JJs with only Dresselhaus SOC. Nonethe-
less, the end-to-edge transition can still be achieved with
external control of the superconducting phase difference.
For example, as indicated by the vertical dotted line in
Fig. 3(a), fixing the in-plane magnetic field to a value
corresponding to Ez = 0.25 meV and tuning ¢ from 0 to
7 would induce a transition from edge to end-like MSs.
The probability density of MSs corresponding to the
values of £z and ¢ marked by the cyan triangle, cyan
square, and magenta dot in Fig. 3(a) are shown in
Figs. 3(b)-(d), respectively. Additionally, the dependence
of the energy spectra on Ez for ¢ = 0,7/2, 7 is depicted
in Figs. 3(e)-(g), respectively. Compared to the edge-like

MS illustrated in Fig. 2(b), the zero-phase edge-like MSs
in Fig. 3(b) are protected by a larger topological gap [see
Figs. 2(e) and 3(e)]. However, MSs in junctions with only
Rashba SOC exhibit stronger localization along the junc-
tion, implying that JJs with dominant Dresselhaus SOC
would need to be longer to effectively prevent the overlap
between MSs localized at opposite ends (or edges). The
overlap between MSs from opposite edges, particularly
evident in Fig. 3(c), causes their energies to deviate from
zero [seen in Fig. 3(f)].

C. Effects of combined Rashba and Dresselhaus
SOCs

In systems like Al/InSb-based junctions, the coexis-
tence of significant Rashba and Dresselhaus SOC gener-
ates a two-fold symmetric spin-orbit field. This, com-
bined with the Zeeman interaction, results in nontrivial
magneto anisotropic and crystalline anisotropic effects.
The relative strength of Rashba («) and Dresselhaus (53)
SOCs can be tuned by adjusting the Rashba SOC via a
gate placed on top of the junction [48]. A particularly in-
teresting regime arises when the Rashba and Dresselhaus
SOCs are equally strong. Based on the parametrization
introduced in Egs. (3) and (4), the condition o = 3 cor-
responds to the SOC angle 0,, = /4.

The character of the topological gap (A) is shown in
Fig. 4(a) as a function of Ez and ¢, with 65, = 7/4.
The crystallographic and magnetic field orientations were
chosen as 0, = 37/4 and pp = 7/2, respectively, ensur-
ing that the condition in Eq. (9) is satisfied. A distinc-
tive feature of this regime is that, unlike the previously
discussed cases, edge-like MSs can emerge at supercon-
ducting phase differences close to w. Additionally, the
coexistence of Rashba and Dresselhaus SOCs leads to an
overall enhancement of the topological gap.

As in the cases discussed in the previous subsections,
in phase-biased JJs with both Rashba and Dresselhaus
SOC transitions between edge and end-like MSs can also
be induced by tuning the magnetic field while keeping
the phase fixed at an appropriate value [e.g., following
the dotted line from the cyan dot to the magenta square
in Fig. 4(a)] or by fixing the magnetic field and tuning
the phase difference [e.g, following the dotted line from
the cyan triangle to the magenta square in Fig. 4(a)].
Remarkably, the coexistence of Rashba and Dresselhaus
SOC allows for transitions between edge and end-like
MSs in phase-unbiased junctions, something not observed
in systems with only Rashba or only Dresselhaus SOC.
As shown in Fig. 4(a), the self-tuning of the ground-state
phase (green solid line) as the Zeeman energy varies cre-
ates a transition pathway between (red) regions hosting
edge-like MSs and (blue) regions hosting end-like MSs.
For instance, along the ground-state trajectory, the edge-
like MSs at the cyan dot can transition into the end-like
MSs at the magenta cross.

For completeness, the probability densities of the MSs
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FIG. 4. (a) Topological gap character (A) as a function of the
Zeeman energy E7 and the superconducting phase difference
(¢) across an Al/InSb JJ, with equal Rashba and Dresselhaus
SOC strengths (0s, = 7/4). The junction and magnetic field
orientations are set to 6. = 37/4 and ¢p = 7/2, respectively.
The green solid line represents the path of the ground-state
phase (¢as) as the Zeeman energy is varied. The vertical
(horizontal) dashed line marks a possible transition between
a TS state supporting a zero-phase edge-like MS (cyan trian-
gle/dot) and one supporting an end Majorana state (magenta
square) during which Ez (¢) is kept constant while ¢ (Ez)
is tuned. A transition between edge-like (e.g., cyan dot) and
end-like (e.g., magenta cross) MSs can also be achieved by
solely tuning Ez, as the value of ¢ self-adjusts and follows
the path of the ground-state phase (green solid line). (b)-
(d) Probability density (normalized to its maximum value)
of the MSs corresponding to the Ez and ¢ values marked
in (a) by the cyan triangle (edge-like MS), magenta square
(end-like MS), and cyan dot (edge-like MS), respectively. (e)-
(g) Energy spectra as a function of the Zeeman energy for
¢ =0, ¢ =m/2, and ¢ = 37/5, respectively. Red-solid and
dashed-blue lines represent states that evolve into MSs as Ez
is varied. Vertical dashed lines indicate the boundaries of the
first topological region in which only a single pair of MSs (red
solid lines) exists.

corresponding to the Ez and ¢ values indicated by the
cyan triangle, magenta square, and cyan dot in Fig. 4 are
shown in Figs. 4(b)-(d), respectively. Both the edge-like
MSs [Figs. 4(b) and (d)] and the end-like MSs [Fig. 4(c)]
exhibit strong localization along the junction direction,
resulting in very stable MSs within the first topological
region, which contains a single pair of MSs. This stability
is evident in the energy spectra presented in Figs. 4(e)-
(g) for ¢ = 0,7/2,37/5, where very flat zero-energy MSs
(red lines) with an enhanced topological gap, compared
to the cases with only Rashba SOC [see Figs. 2(e)-(g)]
or only Dresselhaus SOC [see Figs. 3(e)-(g)], are clearly
visible. Notably, the transition between edge-like (cyan
dot) and end-like (magenta square) MSs induced by vary-
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FIG. 5. (a) Topological gap character (A) as a function of
the Zeeman energy Ez and the superconducting phase dif-
ference (¢) across an Al/InSb JJ, with Rashba SOC strength
about 2.4 times greater than the Dresselhaus SOC strength
(650 = 7/8). The junction and magnetic field orientations are
set to 6. = 37/4 and pp = /2, respectively. (b)-(d) Proba-
bility density (normalized to its maximum value) of the MSs
corresponding to the Ez and ¢ values marked in (a) by the
cyan triangle (edge-like MS), magenta square (end-like MS),
and magenta dot (end-like MS), respectively. (e) Energy spec-
trum along the path indicated by the vertical dashed line in
(a), where Ez = 0.23 meV and ¢ is varied from 0 to 27. The
symbols in (e) indicated the energy of the MSs whose proba-
bility densities are plotted in (b)-(d).

ing Ez while keeping ¢ = 7/2 is very robust, with MSs
maintaining their zero energy and protected by a sizable
topological gap, as can be appreciated in Figs. 4(f).

In junctions where the strengths of Rashba and Dres-
selhaus SOC are equal (e.g., 05, = 7/4), the topological
gap exhibits mirror symmetry with respect to ¢ = m, as
shown in Fig. 4(a). However, this symmetry is broken
when the Rashba and Dresselhaus SOC strengths are no
longer equal, as illustrated in Fig. 5(a), where the topo-
logical gap character is plotted as a function of Fz and
¢ for the case of a JJ with 05, = 7/8 (i.e., a/f =~ 2.4),
0. = 3m/4, and ¢ = 7/2. The vertical dashed line high-
lights a path along which the JJ transitions between end
and edge-like MSs as ¢ is varied while keeping F; con-
stant. The probability densities of an edge-like MS (cyan
triangle) and two end-like MSs (magenta square and ma-
genta dot) are shown in Figs. 5(b)-(d), where their local-
ization properties are illustrated.

The evolution of the energy spectrum along the path
marked with the dashed line in Fig. 5(a) is displayed in
Fig. 5(e). Red lines represent the energies of the MSs.
As the superconducting phase difference is varied, the
junction undergoes multiple transitions between end and
edge-like MSs. Since all the transitions occur within the
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FIG. 6. (a) Energy spectrum as a function of Ws for ¢ = 0
and Ez = 0.25 meV. The other system parameters were taken
as in Fig. 4. Red-solid and dashed-blue lines represent states
that evolve into MSs as Wy is varied. Vertical dashed lines
indicate Wg-values of 0.4 pum, 0.8 pum, 1.2 pm, and 2 pm. (b)-
(f) Probability density (normalized to its maximum value) for
JJs with (b) Ws = 0.8 um, (c) and (d) Ws = 1.2 ym, and
(e) and (f) Ws = 2 um. The edge-like Majorana pair in (b)
evolves into the one shown in (¢) (when Wy increases from
Ws = 0.8 pm to Ws = 1.2 pm) and then into the edge-like
pair shown in (e) when Ws = 2 um. A second Majorana
pair [shown in (d)] exists when Ws = 1.2 ym and eventually
evolves into the end-like MS displayed in (f).

TS state, they occur in a protected way, i.e., without gap
closings. This is also true for the transitions indicated in
Figs. 2(a), 3(a), and 4(a). It is important to note, how-
ever, that for practical applications, the transition path
may need to be further optimized with respect to varia-
tions in Ez, ¢, and system size in order to identify the
path between end-like and edge-like MSs that maximizes
the topological gap.

To illustrate the behavior of the MSs as the size of the
S regions increases, we show in Fig. 6 the energy spec-
trum as a function of Wy for ¢ = 0 and Ez = 0.25 meV,
with all other system parameters as in Fig. 4. For clar-
ity, only the 12 states with energies closest to zero are
shown. Red-solid and blue-dashed lines indicate states
that evolve into MSs as Wy increases. In regions where
multiple Majorana pairs coexist, some energy lines may
be indistinguishable, as they overlap. Vertical dashed-
lines mark the values Wg = 0.4, 0.8, 1.2, 2 ym.

The probability density (normalized to its maximum
value) of the edge-like MSs in a JJ with Wg = 0.4 pum
[see Fig. 4(b)] transforms into the edge-like MSs shown
in Figs. 6(b), (c), and (e) as Wg increases to 0.8 um,

1.2 pm, and 2 pm, respectively. A second Majorana pair
appears at Wg = 1.2 pum [see Fig. 6(d)] and eventually
transitions into the end-like Majorana pair displayed in
Fig. 6(f) as the extent of the S regions increase to 2 pm.
Although not depicted in Fig. 6, a third pair of MSs exists
at Wg =2 pm.

It is important to note that as long as the chemical
potential p is larger than the other characteristic energy
scales of the system (Ag, Fz, and the spin-orbit coupling
energy splitting), its specific value has no direct impact
on the emergence of edge-like Majorana states (MSs), as
suggested by Eq. (19). Thus, our calculations for p =
1 meV (a value larger than the other relevant energy
scales) are expected to remain qualitatively accurate even
for higher chemical potentials. However, the chemical
potential still plays a crucial role, as it affects the extent
of the topological region in the ¢ — F; parameter space.
For MSs to emerge, the system must first be driven into
the topological superconducting (TS) state. Once in the
TS state, the primary effect of the chemical potential is
to modulate the oscillations of the edge-like MSs.

As indicated by Eq. (19), when the wave vectors are
real, they increase with the chemical potential, leading to
shorter wavelengths for the propagating modes and faster
oscillations in the probability density of the edge-like
MSs. This behavior is evident in Figs. 7(a)-(d), which
display the probability density for junctions with chem-
ical potentials of 4 meV, 6 meV, 12 meV, and 15 meV,
respectively.

Due to their distinct localization characteristics, end-
like and edge-like MSs can yield different experimental
outcomes. Understanding the behavior and properties of
these states is, therefore, crucial for correctly interpret-
ing their experimental detection. For instance, the sharp
contrast in the zero-bias conductance peak (ZBCP) ob-
served in Josephson junctions (JJs) when the supercon-
ducting phase is changed from ¢ = 0 to ¢ = 7 [49] could
be related to a transition between edge-like and end-like
MSs. At ¢ = 0, edge-like MSs exhibit reduced proba-
bility density beneath the contact, leading to a smaller
ZBCP amplitude. Conversely, at ¢ = 7, end-like MSs
have a larger probability density below the contact, re-
sulting in a more prominent ZBCP amplitude. Moreover,
because edge-like MSs extend along the entire junction
edges, they could act as global interconnects, enabling
coupling between distant MSs. This coupling can be con-
trolled by switching between edge-like and end-like MSs,
offering a potential mechanism for modulating interac-
tions in topological quantum devices.

IV. SUMMARY

We investigated the formation and properties of edge-
like and end-like MSs in proximitized planar JJs sub-
jected to an in-plane magnetic field, considering the ef-
fects of Rashba and/or Dresselhaus SOCs. The end-like
MSs are primarily localized at opposite ends of the nor-
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FIG. 7. Probability density (normalized to its maximum
value) for JJs with Wg = 1.2 ym, Wx = 0.2 ym, E. =
0.25 meV, and chemical potential (a) psny = 4 meV, (b)
psvy = 6 meV, (c) psvy = 12 meV, and (d) pgvy = 15
meV. The other parameters were taken as in Fig. 4(a), namely,
Oso =7/4, 0. =3mw/4, ¢ =0, and pp = 7/2.

mal region within the junction. In contrast, the edge-like
MSs extend along the system’s edges, perpendicular to
the junction. To characterize the nature and protection
of the MSs we introduced a quantity called the topolog-
ical gap character. This quantity provides insight into
whether the system is in the D-class (or BDI-class with
Zs index equal to £1) TS state, the size of the topolog-
ical gap, and whether the MSs are end-like or edge-like.
Through numerical simulations of the topological gap
character as a function of the magnetic field strength and
the superconducting phase difference (¢) across the junc-
tion, we found that when the system is in the TS state,
and either Rashba or Dresselhaus SOC dominates, edge-
like and end-like MSs, protected by a sizable topological
gap, typically emerge near ¢ values of 0 and 7, respec-
tively. However, when the Rashba and Dresselhaus SOC
strengths are comparable, and the junction and magnetic
field are properly oriented, protected edge-like MSs can
also emerge at phases near w. Our results reveal the
possibility of inducing topologically protected transitions
between edge-like and end-like MSs in phase-biased JJs
by tuning the superconducting phase difference and the
magnetic field strength. Furthermore, in phase-unbiased
junctions with comparable Rashba and Dresselhaus SOC
strengths, protected transitions between end and edge-
like MSs can be achieved by solely adjusting the magnetic
field strength, as the superconducting phase self-tunes
to minimize the system’s free energy. Controlled transi-
tions between edge-like and end-like MSs could function
as switchable global interconnects, enabling or disabling
the coupling between distant MSs.
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Appendix A

The system parameters used in the numerical simu-
lations are listed in Table I. The values of the hopping
parameter t = h?/(2m*a?) are also included.

parameter | Al/HgTe [73]| Al/InSb [84]
Ao 0.23 meV 0.21 meV
s 1 meV 1 meV
UN 1 meV 1 meV
m* 0.038m, 0.013m,

A 16 meV nm | 15 meV nm
W 100 nm 100 nm
Ws 400 nm 400 nm

L 5000 nm 5000 nm

a 10 nm 10 nm

t 10.0 meV 29.3 meV

TABLE I. Material parameters used in the numerical simula-
tions of proximitized planars JJs reported in this work. The
proximity-induced superconducting gap is represented by Ag,
s (un) denotes the chemical potential in the S (N) region,
m™ is the electron effective mass (with mo as the bare mass
of the electron), A = /a2 + 82 characterizes the combined
strength of Rashba (o) and Dresselhaus (8) SOCs, Wx (Ws)
is the width of the N (S) region, L is the length of the junction,
a is the TB lattice constant, and ¢ the TB hopping parameter.

Appendix B

To get qualitative insight into the role of the supercon-
ducting phase difference in the formation of edge-like and
end-like MSs, we assume, without loss of generality that
0 < ¢ < 7, consider the BAG Hamiltonian in Eq. (1),
and apply the unitary transformation,

U = (10 ® o) cos[sgn(z)¢/2]

+ (7, ® 0¢) sin[sgn(z) /2] (B1)

which eliminates the phase dependence of superconduct-
ing pairing potential at the expense of adding a phase-
dependent gauge field to the z component of the momen-
tum. The transformed Hamiltonian,

H' =U'HU, (B2)
has the same form as H but with the original pairing
potential in Eq. (6) replaced by the zero-phase pairing,
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FIG. 8. Probability density (normalized to its maximum
value) for JJs with (a) Wy = 0.4 pm and (b) Wx = 0.8 pm.
The other parameters were taken as in Fig. 7(c), namely,
Ws = 1.2 ym, Ez = 0.25 meV, 0.0 = 7/4, 0, = 37 /4, ¢ = 0,
and pp = /2.

A" = Ay O(|z| — Wy /2), and the momentum component
along the x-axis replaced by, pl, = p, + (¢/2)d(x) in the
particle-like (4) and hole-like (-) blocks of the Hamilto-
nian, respectively. In other words, a JJ with supercon-
ducting phase difference ¢ is equivalent to a JJ with zero
phase (¢ = 0), but with the Dirac function gauge poten-
tials A, = £ £ (¢/2)d(x) acting on the particle-like and
hole-like components of the wavefunction. In the case of
a JJ with only Rashba SOC, the gauge potential behaves
as an attractive potential in the x-direction. Since it is
centered in the middle of the normal (N) region, this po-
tential contributes to the localization of the MSs near the
ends of the junction. Conversely, when the gauge poten-
tial vanishes for ¢ = 0, the MSs extend along the edges
perpendicular to the junction.

Let’s now analyze the case in which the Zeeman field
dominates the SOC and the spin is approximately con-
served. In such a case one can make the approximation
(w-E.)? ~ (w-w)?|E,|? in Eq. (11) and find approximate
analytical solutions for the wave vectors.
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1. Magnetic field along the junction (Ez || y)

Consider a magnetic field aligned along the junction,
together with the absence of Dresselhaus SOC (5 = 0)
or a junction orientation at an odd multiple of 7/4 with
respect to the [100] crystallographic direction of the host
semiconductor.

The wave vectors at ¢ = 0 of zero-energy states are given

by,

2 (us + VBT~ 53)

L 2
qj,+ 7 + K

=+ kso

(B3)
where j = e =1 (j = h = —1) for electron-like (hole-like)
states, Bz = |Ez|, and

m*(a + Bsin 26,)

kso = 72

(B4)

From Eq. (B3,) one finds that the wave vectors are real

if,
Ez > Ag and pug >/ E% — A2.

Hence, edge-like MSs emerge when the system is in the
TS state and the conditions in Eq. (B5) are met. Note
that, in principle, for the wavefunction to be delocalized,
it is sufficient only one, not all, of the wave vectors to be
real. In this case, only the first inequality in Eq. (B5) is
required. However, when all the wave vectors are real, the
wavefunction is guaranteed to be strongly delocalized.

(B5)

2. Magnetic field perpendicular to the junction
(Ez Ly)

In this case, the wave vectors of zero-energy states at
¢ = 0 are found to have the same form as in Eq. (B3)
but with,

m* S cos 20,

kf'so = 72

(B6)

We then conclude that in this case, edge-like MSs emerge
when the system is in the TS state and the conditions in
Eq. (B5) are met.

Appendix C

In Sec. IIT we focused our discussion on narrow junc-
tions with Wy = 0.1 pm [Figs. 3-6] and Wy = 0.2 pm.
However, the existence of edge-like MSs is also supported
in wider junctions as evidenced by Fig. 8, where the
probability density (normalized to its maximum value)
is shown for (a) Wy = 0.4 pum and (b) Wy = 0.8 pm.
The other system parameters were taken as in Fig. 7(c).
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Chapter 5
Conclusions

This thesis contributes to the theoretical understanding and identification of robust signatures
of Majorana Zero Modes (MZMs), a key pursuit in the advancement of topological quantum
computing. Through three independent yet thematically connected investigations, we ex-
plored novel quantum transport and localization phenomena in systems involving topological
superconductors.

In the first study, we demonstrated that the interplay between MZMs and Bound States in
the Continuum (BICs) in a double quantum dot (DQD) system leads to tunable interference
effects, with the magnetic flux acting as a control parameter. The appearance of conduc-
tance suppression and leakage of MZMs into the quantum dots highlights the potential for
manipulating such states with external magnetic fields.

In the second work, we showed that thermoelectric properties of systems hosting MZMs
can be significantly enhanced by exploiting the BIC to quasi-BIC transition driven by
magnetic flux. The modulation of the Seebeck coefficient and figure of merit points to a
promising route for detecting MZMs.

In the final study, we introduced a quantitative descriptor—the topological gap charac-
ter—for distinguishing between edge-like and end-like Majorana states in planar Josephson
junctions. By analyzing its dependence on physical parameters such as magnetic field and
superconducting phase difference, we identified strategies to induce controlled transitions
between different localization regimes. This provides valuable insights for improving the
stability and manipulation of MZMs, with direct implications for scalable braiding operations.

Altogether, these results offer new pathways for engineering and controlling MZMs via
interference, and external parameters, and may serve as theoretical foundations for future

experimental realizations and topological qubit design.






Appendix A

Numerical methods for TS in JJs

Solving the BAG-Hamiltonian for JJs requires numerical methods. While semi-analytical
solutions exist in limited cases (such as under the Dirac-delta approximation for infinitely
narrow junctions) these approaches are restrictive and fail to capture general physical effects.
We therefore employ numerical techniques to compute the eigenvalues and eigenstates of the
BdG Hamiltonian.

A.1 Finite-Difference Method

Our numerical approach uses the finite-difference method, where the system is discretized

on a square lattice. In this framework, derivatives are approximated as,

df(x) _flxta)—flx—a)

dx 2a ’ A1)
Pf(x)  flx+a)+flx—a)—2f(x)
e ~ " , (A.2)

where f(x) is an arbitrary function and « is the lattice spacing. These approximations
converge to the true derivatives as a — 0, allowing us to transform differential equations into

algebraic systems.

A.2 Tight-Binding Approximation

We represent the system using discretized position states |x,y) = |a;,a;), where i, j are
index lattice sites and a is the lattice constant. Within the tight-binding approximation, the

momentum operator and kinetic energy take the form:
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A d Ix+a,y)—|x—a,

Palx,y) = —z$|x,y> ~ i y>2a| y>, (A.3)
R 0° —|x+a,y) —[x—a,y) +2[x,y

p)%‘x,y> = _W’x7y> ~ | > |(l2 > | > (A4)

The corresponding y-components p, and ﬁ§ follow analogously from Egs. (A.3) and
(A.4). These relations enable construction of a tight-binding representation of the BdG
Hamiltonian, which we diagonalize numerically. The resulting matrix Hamiltonian has
dimension 4N, accounting for four orbitals per site (electron spin up/down and hole spin
up/down).

For implementation, we use the Python package Kwant [80], which provides efficient

tools for building and diagonalizing tight-binding models in quantum transport calculations.
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