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Abstract

This work focuses on the thermodynamics of asymptotically flat black holes in different
gravity theories, mainly those including scalar fields. It is divided into two parts: the first
focuses on the thermodynamic stability of black holes, and the second on the identification
of fundamental thermodynamic relations based on Wald’s formalism. The objective is to
understand the role of fields and scalar charges in the thermodynamics of black holes.

The main goal of the first part is to investigate the thermodynamic stability of
black holes with a scalar field and a scalar potential in a 4-dimensional theory and com-
pare it with the stability of a charged black hole that has Gauss-Bonnet corrections in
5 dimensions. The relevance of this study comes from the fact that these are examples
of thermodynamically stable black holes in flat spacetime. The quasilocal (Brown-York)
formalism supplemented with counterterms is used, and families of black hole solutions
for both theories are analyzed, by evaluating the on-shell Euclidean action and the cor-
responding thermodynamic potential. The study focuses on identifying stability regions
in phase space by analyzing the response functions in the canonical and grand canoni-
cal ensembles. It is observed that the family of black hole solutions with Gauss-Bonnet
corrections exhibits thermodynamic similarities with black holes of the family with scalar
field and scalar potential in regions near extremality.

The objective of the second part is to provide a description of the scalar charges for
black holes, in a framework that allows an understanding of how scalar charges are included
in thermodynamic relations. The scalar charge is defined as a closed 2-form on-shell in
theories with and without global symmetries, and Wald’s formalism is used to deduce the
first law, where the term proportional to the scalar charge and the variations of the scalar
field at infinity are obtained, as demonstrated by Gibbons, Kallosh, and Kol in 1996.
Wald’s formalism is also used to deduce the Smarr formula, where no term proportional
to the scalar charge is found. In theories with global symmetries, the requirement of a
bifurcate horizon in spacetime allows the definition of the scalar charge to explicitly reveal
its dependence on other conserved charges, confirming its nature as secondary hair. On the
other hand, in theories without global symmetries due to the presence of a scalar potential,
the same requirement imposes specific conditions on the scalar potential to ensure that
the theory admits black hole solutions. These conditions are consistent with the no-hair
theorems present in the literature.





Resumen

Este trabajo abarca la termodinámica de agujeros negros asintóticamente planos, en difer-
entes teoŕıas de gravedad, principalmente que incluyen campos escalares. Se divide en dos
partes: la primera se centra en la estabilidad termodinámica y la segunda en la deducción
de relaciones termodinámicas fundamentales a partir del formalismo de Wald. El obje-
tivo es entender el rol que juegan los campos y cargas escalares en la termodinámica de
agujeros negros.

La primera parte tiene como objetivo estudiar la estabilidad termodinámica de agu-
jeros negros con campo escalar y potencial escalar en una teoŕıa 4-dimensional, y comparar
la estabilidad con otro agujero negro cargado que tiene correcciones de Gauss-Bonnet en
5-dimensiones. La relevancia de estudio viene del hecho de que estos son ejemplos de
agujeros negros termodinámicamente estables en espaciotiempo plano. Se utiliza el for-
malismo cuasilocal de Brown-York suplementado con contratérminos y se analizan las
familias de agujeros negros para ambas teoŕıas, utilizando el valor de la acción euclidea
on-shell y el potencial termodinámico correspondiente. El estudio se enfoca en identificar
regiones de estabilidad en el espacio de fases analizando las funciones respuesta en los
ensambles canónicos y gran canónico. Se observa que una familia de las soluciones del
agujero negro con correcciones de Gauss-Bonnet exhibe similitudes termodinámicas con
los agujeros negros de la familia con campo escalar y potencial escalar en regiones cercanas
a la extremalidad.

El objetivo de la segunda parte es formular una descripción completa de las cargas
escalares para agujeros negros asintóticamente planos, en un marco que permita entender
cómo las cargas escalares se incluyen en las relaciones termodinámicas. Se define la carga
escalar como una 2-forma cerrada on-shell en teoŕıas con y sin simetŕıas globales y se
utiliza el formalismo de Wald para deducir la primera ley, donde se obtiene el término
proporcional a la carga escalar y a las variaciones del valor del campo escalar en el infinito,
como demostraron Gibbons, Kallosh y Kol en 1996. El formalismo de Wald se utiliza
también para deducir la fórmula de Smarr, donde no se observa un término proporcional a
la carga escalar. En teoŕıas con simetŕıas globales, la exigencia de un horizonte bifurcado
en el espaciotiempo permite que la definición de carga escalar revele expĺıcitamente su
dependencia respecto de las demás cargas conservadas, confirmando aśı su naturaleza como
pelo secundario. Por otro lado, en teoŕıas sin simetŕıas globales debido a la presencia de
un potencial escalar, la misma exigencia impone condiciones espećıficas sobre el potencial
para que la teoŕıa admita soluciones tipo agujero negro. Estas condiciones son coherentes
con los teoremas de no-pelo existentes en la literatura.





Contents

1 Introduction 1

1.1 Thermodynamic stability for asymptotically flat black holes . . . . . . . . . 7

1.2 Charges, symmetries and conservation laws . . . . . . . . . . . . . . . . . . 9

1.3 Smarr formula from the generalized Komar charge . . . . . . . . . . . . . . 19

1.4 Summary of the main results. . . . . . . . . . . . . . . . . . . . . . . . . . . 21

I Thermodynamic stability 23

2 Existence of thermodynamically stable asymptotically flat black holes 25

2.1 Black holes in Einstein-Maxwell-dilaton theory . . . . . . . . . . . . . . . . 27

2.2 Black holes in Einstein-Maxwell-Gauss-Bonnet . . . . . . . . . . . . . . . . 34

2.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

II Role of scalar charges in black hole thermodynamics 45

3 On scalar charges and black hole thermodynamics 47

3.1 The theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.2 A definition of scalar charge . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.3 First law and scalar charges . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.4 Static dilaton black hole solutions . . . . . . . . . . . . . . . . . . . . . . . . 62

3.5 Static axion-dilaton black hole solutions . . . . . . . . . . . . . . . . . . . . 64

3.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4 Hairy black holes, scalar charges and extended thermodynamics 71

4.1 The theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.2 Scalar charge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3 Smarr formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.4 The first law of black hole mechanics . . . . . . . . . . . . . . . . . . . . . . 81

4.5 The Anabalón-Oliva hairy black hole . . . . . . . . . . . . . . . . . . . . . . 87

4.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

III Conclusions and appendices 93

A Conclusions 95

A.1 English version . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

A.2 Spanish version . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

B Charges, symmetries and conservation laws 97



B.1 Noether-Wald charge for Einstein-Maxwell theory (p-forms) . . . . . . . . . 97

C Toolkit for the existence of thermodynamically stable asymptotically flat
black holes 99

C.1 Local stability conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

C.2 Dilaton counterterms in AdS vs flat spacetime . . . . . . . . . . . . . . . . 100

C.3 ADM mass in D = 5 dimensions . . . . . . . . . . . . . . . . . . . . . . . . 101

D Proofs 103

D.1 Proving that dW[k]=̇0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

Bibliography 107





1
Introduction

In 1687, Newton formulated the first mathematical theory [1] describing the motion of
terrestrial and celestial objects, and the interaction between them, in a unified framework
through universal laws. Among them, the universal law of gravitation

F⃗ = −Gm1m2

|r3|
r⃗,

described gravitational interactions between celestial masses as an attractive force and
successfully predicted the orbits of planets. The work done by Newton, in his Principia
Mathematica, constitutes the foundation of classical physics which governed the scientific
thought up to the 20th century. It was John Michell in the 18th century, who just using
Newtonian mechanics, speculated about the idea of “dark stars” [2]: if an object’s escape

velocity ve =
√

2GM
R exceeded the speed of light, not even light could escape its grav-

itational pull, rendering it invisible to an observer at infinity1. Despite its success, the
universal law of gravitation was unable to explain the precession of Mercury’s perihelion,
and the notion of force acting at a distance intrigued scientists at the time, including
Newton [3].

Today, we know that the theory which best describes gravitational interactions at
large scales is Einstein’s theory of General Relativity [4], which revolutionized our un-
derstanding of gravity and spacetime. Einstein’s formulation no longer relies on forces
but on the geometry of spacetime, making Newton’s space and time dynamical quantities
and explaining gravity as the curvature of spacetime (caused by the presence of mass or
energy) through the field equations

Gµν =
8πG

c4
Tµν .

The first test of General Relativity2 was the calculation of Mercury’s precession, which
marked its triumph over Newtonian physics in describing gravitational phenomenona.

As soon as Einstein introduced General Relativity in 1915, exact solutions to its
field equations began to be found. The earliest and most famous is the solution found by
Karl Schwarzschild3 in 1916, which describes the spherically symmetric spacetime around

1Dark stars would be the archaic version of black holes. Today we have a more precise definition.
2See [5] and references therein for experimental tests of general relativity
3We have to mention that four months after Schwarzschild published the first solution, Johannes Droste,

a doctoral student of Lorentz, independently found the same solution more transparently and presented
it even using the coordinates we usually use today [6]. To be fair, the solution should be called the
Schwarzschild-Droste solution.
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Chapter 1. Introduction

a non-rotating mass [7]. Initially, Schwarzschild’s solution was met with some skepticism
because of the singularity at r = rs, where rs = 2GM/c2. In 1933 Georges Lemâıtre [8]
presented a change of coordinates demonstrating that r = rs was nothing but a coordinate
singularity. The hypersurface r = rs is null, dividing the spacetime into two causally
disconnected regions, which is, in fact, the definition of the event horizon of a black hole.
With the result of Lemâıtre, it was shown that the real singularity is at r = 0, where the
curvature of the spacetime diverges. Later, in 1939, Oppenheimer and Snyder [9] found
that a rotating spherical star could gravitationally collapse in such a way that it would lead
to the Schwarzschild spacetime in the exterior, providing further evidence of the physical
relevance of the Schwarzschild solution.

The development of General Relativity and its solutions also led to a deeper under-
standing of the causal structure of spacetime. Roger Penrose’s singularity theorem [10],
formulated in 1965, established that the existence of any trapped surface, such as those
found inside a black hole, inevitably leads to a singularity4 under certain conditions. These
include the validity of the strong energy condition and reasonable causal properties of the
spacetime.

All these works were fundamental for a better understanding of the Schwarzschild
solution and to support black holes as a prediction5 of the Einstein theory. Actually, it
was not until 1967, that John Wheeler coined the term “black hole” and nowadays all
observations6 support its existence. Besides the Schwarzschild black hole, another black
hole solutions including matter and rotation were found and are listed in table (1.1); these
are called “classical” black holes. The Kerr solution [16] is the analogous to Schwarzschild
but with a rotating mass. The Reissner-Nordström solution [17,18] describes the charged,
spherically symmetric spacetime around a non-rotating mass and its analogous charged
model, but with a rotating mass is the Kerr-Newman solution [19]. The interested reader
can check Refs. [20–24] and references therein for an exhaustive analysis of these classical
black hole solutions.

Theory Black hole solution Charges

Einstein Schwarzschild M

Einstein-Maxwell Reissner-Nordström M,Q

Einstein Kerr M,J

Einstein-Maxwell Kerr-Newman M,Q, J

Table 1.1: Summary table of classical black holes. M is the mass, Q is the electric charge and J
the angular momentum.

We restrict ourselves to the Schwarzschild spacetime which is the simplest solution
of an asymptotically flat7 uncharged spacetime around a non-rotating mass, as our toy
model in order to study its causal structure in this paragraph. A Penrose, Penrose-
Carter or conformal diagram is a useful representation of the causal structure of the

4The formal definition of a singularity in terms of geodesic incompleteness was given by Hakwing and
Penrose in Ref. [11].

5General relativity also predicts gravitational waves [12,13] which have been detected in recent years [14].
6The first image of the supermassive black hole at the center of our galaxy, Sagittarius A*, was obtained

by the Event Horizon Telescope (EHT) Collaboration and published in 2022 in Ref. [15].
7An asymptotically flat spacetime is a Lorentzian manifold indistinguishable from Minkowski spacetime

at infinite distance, i.e., for r → ∞ the metric is Minskowski. See Ref. [25] for a precise definition.
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IIII

II

IV

H
+

•BH i0

i+

i−

H −

Singularity

J +

J −

Figure 1.1: Penrose diagram for the Schwarzschild spacetime. The singularity at r = 0 is the
zigzag line. Point i+ (i−) denotes the future (past) timelike infinity and point i0 spacelike infinity.
The line J + (J−) is the future (past) null infinity. The line H+ (H−) is the future (past) oriented
horizon at r = rs. The red dot is the bifurcation surface, since each point in the diagram represents
a 2−sphere. The causal future (past) is denoted J+ (J−).

spacetime. The construction8 of these diagrams is based on the fact that the null geodesics
of the metric gµν are also null geodesics of the metric hµν = Ω2(x)gµν , where Ω2(x) is
a global conformal factor; therefore it preserves the global causal structure of a given
spacetime. We need to perform a change of coordinates to obtain the maximally extended
Schwarzschild solution, removing the coordinate singularity at r = rs using the Kruskal-
Szekeres [28] coordinates, where only the physical singularity at r = 0 remains; then we
apply a conformal transformation to bring the infinities to a finite distance. Following
these steps we obtain the Penrose diagram shown in Fig.(1). Region I represents the black
hole exterior r > rs. Region II is the interior of the black hole r < rs, limited by the null
hypersurface at r = rs where the event horizon is located (to be defined later). We can
see that any observer that crosses r = rs will inevitably reach the spacelike singularity at
r = 0 making it impossible to return to region I. Region III is described as a “another
universe” and region IV is referred to as a “white hole” (the opposed to a black hole) since
everything is expelled from it. These later two regions do not appear in a Penrose diagram
of a black hole formed through gravitational collapse and will not be discussed further.
With the information provided by the Penrose diagram, we can make some definitions
which will be useful throughout this work9:

• The future event horizon H+ is defined as the boundary of the causal past of J +,
i.e.,

H+ := ∂
[
J−(J +)

]
.

A similar definition applies to the past event horizon H− which is defined as the
boundary of the causal future of J +. However, throughout this work, when referring
to the event horizon, we will specifically mean the future event horizon.

• An asymptotically flat black hole region B is a region in the spacetime M (a

8Is assumed that the reader is familiarized with the concepts presented. Excellent references to study the
causal structure of spacetimes and regarding the construction of Penrose diagrams are books in Refs. [25–27]

9This definitions are taken from Ref. [23].
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Chapter 1. Introduction

Lorentzian manifold) defined as the complement of the causal past of J +, i.e.,

B := M− J−(J +).

Then, by definition, a black hole is a region causally disconnected from the future
null infinity, which means that there is no timelike or null trajectory connecting
region I with region II.

• A Killing horizon H is a surface at which a Killing vector k becomes null

k2
H
= 0.10

Moreover, the Killing vector k is normal to the Killing horizon (k is orthogonal to
H at every point). In what follows, we are going to denote the event horizon with H
because the rigidity theorem [29] tell us that the event horizon of a stationary black
hole11 solution is also a Killing horizon. This relation is important since we only
consider stationary black holes in this work.

• The bifurcation surface BH is the locus where the future and past horizons meet
(red dot in Fig.(1)). It is a 2-sphere of radius r = rs. At this surface, the Killing
vector k vanishes

k
H
= 0.

When the bifurcation surface exists, the Killing horizon is called a non-degenerate
or bifurcate horizon.

• The surface gravity κ of a Killing horizon with normal Killing vector k is defined as
non-affinity parameter of the null geodesic12

kµ∇µk
ν := κkν .

When κ = 0 (for extremal black holes) the horizon is called a degenerate horizon
and there is no bifurcation surface. We focus only in κ ̸= 0 black holes.

Let us now discuss one of the most groundbreaking advances in black hole physics,
which came from the early works on the “laws of black hole mechanics” formulated by
Bekenstein, Christodoulou, Bardeen, Carter, and Hawking, among others [30–33]. These
laws were very similar to those of standard thermodynamics, but it was not until Hawk-
ing’s work, where he studied quantum fields in a black hole background and discovered
that black holes emit radiation due to quantum effects (the Hawking radiation [34]) with
temperature

TH =
κ

2π
,

that these laws were properly identified with the laws of black hole thermodynamics. Fol-
lowing Hawking’s contribution, the entropy proposed by Bekenstein [35] was found to
be

S =
A

4
,

10The notation
H
= means “evaluated at H”.

11A stationary black hole is whose admitting an asymptotically timelike Killing vector.
12Equivalently: κ2 H

= − 1
2
(∇µkν) (∇µkν)

4



Chapter 1. Introduction

where A is the area of the event horizon. All of this marks the beginning of black hole
thermodynamics13.

The thermodynamic description of black holes offers a theoretical framework for de-
scribing various equilibrium configurations involving charges and their conjugate chemical
potentials through the first law. Understanding how these charges and their associated
potentials are defined is crucial for revealing their roles and significance. Also, it has
inspired new areas of study aimed at finding a microscopic interpretation of entropy and
has been consolidated as an active area of research.

The four laws of black hole thermodynamics for the most general asymptotically
flat, axisymmetric and stationary solution of the Einstein-Maxwell theory (Kerr-Newman
black hole) are (these laws are taken from Ref. [21]):

• 0th law: The temperature TH (or the surface gravity κ) is constant14 over the
bifurcate horizon.

• 1st law: When the black hole switches from one stationary state to another, its
mass (or energy) changes by

δM = THδS +ΩHδJ +ΦHδQ,

where ΩH is the angular velocity of the horizon, δJ is the variation of the angular
momentum, ΦH is the electrostatic potential (defined as the difference of the electric
potential at infinity and at the event horizon) and δQ is the variation of the electric
charge. The conjugate chemical potentials ΩH and ΦH are constant over the event
horizon according to the generalized 0th law.

• 2nd law: In any process, the area of a black hole (so its entropy), do not decrease

δS ≥ 0.

• 3rd law: It is impossible to reach a zero black hole temperature (or κ = 0) by a
finite number of physical processes.15.

Note that if the temperature reaches zero, the entropy does not vanish since as it
depends on the area A. Therefore the alternate version of this law does not hold for
black holes.

The increasing interest in black holes has led to study in which way the physical
charges involved characterize the solution. This gives rise to no-hair theorems (or no-hair
conjecture) [37,38] which establish that any black hole is fully described by their conserved
charges only16: the mass M , the electric charge Q (if the theory has a Maxwell field) and
the angular momentum J (if it is rotating). The term “hair” is assigned to charges that
are not protected by a conservation law. The uniqueness of the Schwarzschild [31], the

13For a historical and comprehensive review of black hole thermodynamics and future directions, the
reader can check [36].

14There are another quantities constants over the event horizon which are enounced in the “generalized
0th law”.

15This law is formulated as a conjecture, as no mathematical proof exists, and its validity remains under
debate.

16With the remarkable counterexample of Einstein-Yang-Mills theory. See Refs. [39–42].

5



Chapter 1. Introduction

Reissner-Nordstrom [43], the Kerr [31, 44] and Kerr-Newman [45] solutions have been
fully demonstrated and this fact is intrinsically related with the no-hair conjecture, as
they demonstrate that no additional parameters are required to fully characterize these
solutions.

Regarding theories with scalar fields, the existence of black hole solutions (hairy
black holes17) are allowed for specific field configurations. Scalar charges are not related to
any gauge symmetry and are not protected by any conservation law (are hair). However,
there is a distinction between primary and secondary hair: primary hair would be an
independent scalar charge, and secondary hair is a scalar charge which is not independent
because it depends in a non-trivial way from the other parameters. The regular black hole
solutions found for those theories are those with secondary hair since the primary hair is
forbidden by the no hair-conjecture [47].

Today, black holes stand as natural laboratories where the most extreme conditions
in the universe test our understanding of fundamental physics. Their study from a ther-
modynamical point of view, provides invaluable insights not only into the nature of gravity
but also into the potential unification of quantum mechanics and gravity, two of the most
successful yet seemingly incompatible theories of modern physics.

Since this introduction pretends to be a self-contained guide in order to understand
the publications on which this thesis is based, it is organized as follows: In Section 1.1 we
will review the conditions of thermodynamical stability for asymptotically flat black holes.
Then, in Section 1.2 we will define conserved charges and discuss the special case for the
scalar charges, which are not conserved and are the main concern of this thesis. We want
to check what happens for charges that are related to global and local symmetries, so
we will have to check Noether’s theorems and also discuss the construction of generalized
Komar charges. In 1.3 we will show how to obtain the Smarr formula starting with the
generalized Komar charge. Finally, in Section 1.4 is presented a summary of the main
results for each publication in Refs. [48–50] in which this thesis is based.

17See Ref. [46] and references therein for a nice review about no-hair theorems for asymptotically flat
hairy black holes.
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1.1 Thermodynamic stability for asymptotically flat black
holes

Black holes are thermodynamic objects that obey the usual laws of thermodynamics.
The study of its thermodynamic stability is fundamental due to its intrinsic connection
with their quantum properties. Moreover, this analysis allows us to distinguish between
configurations that can be studied within the framework of equilibrium thermodynamics
and those that cannot be fully described using those tools.18

It is worth mentioning the distinction between local and global thermodynamic sta-
bility. Global stability is directly linked to phase transitions, as it determines the most
favorable configuration among all possible states in a given thermodynamic ensemble. On
the other hand, local stability refers to the response of the system to small perturbations
in their parameters, such as the temperature or the electric potential.

Mathematically, local stability means that small fluctuations in the system’s vari-
ables do not lead to an amplified response, allowing the system to remain in equilibrium.
This requirement can be expressed in terms of the convexity19 and concavity20 of its ther-
modynamic potentials. Specifically, the thermodynamic potentials must be convex with
respect to their extensive variables, such as the entropy S, the volume V , or the charge
Q; and concave with respect to their intensive variables, such as the temperature T , the
pressure P , or the electric potential Φ (see Ref. [51]). These properties ensure that the
system does not deviate from equilibrium under small perturbations, providing us with a
rigorous criterion for local thermodynamic stability.

The present section focuses on the local stability of asymptotically flat black holes
whose conserved charges are the mass M and the electric charge Q. In Ref. [52], a general
criterium to evaluate the local stability based on the positivity of the response functions
is presented: the heat capacity and the electric permittivity. The heat capacity, defined as

CX = T

(
∂S

∂T

)
X

, (1.1)

measures the system’s response to temperature variations, indicating how much energy is
required to change its temperature by a small amount. Here, X represents the variable
held constant, such as the electric charge Q (canonical ensemble) or the electric potential
Φ (grand canonical ensemble). A positive specific heat ensures that entropy increases with
temperature, indicating stability against thermal fluctuations and confirming consistency
with the second law of thermodynamics, which requires that entropy does not decrease.
Similarly, the electric permittivity

ϵX =

(
∂Q

∂Φ

)
X

(1.2)

quantifies how the charge Q changes in response to variations in the electric potential
Φ, keeping X constant. For thermodynamical stability ϵX must be positive; otherwise,
adding charge would lead to a decrease in the electric potential, resulting in an unstable
response.

18A thermodynamically unstable black hole will rapidly evolve toward a state of thermodynamic equi-
librium, as is the case for any physical system in nature.

19A function f(x) is said to be convex in an interval if its second derivative is positive d2f
dx2 > 0.

20A function f(x) is concave if its second derivative is negative d2f
dx2 < 0.
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This framework establishes the necessary conditions for ensuring local stability in
different thermodynamic ensembles. This section aims to show these developments and is
mainly based on Refs. [51–54]. For more details, the reader can check Appendix C.1.

1.1.1 Stability in the grand canonical ensemble: fixed Φ

In the grand canonical ensemble the electric potential Φ is held fixed, allowing the system to
exchange energy and charge with a reservoir. The corresponding thermodynamic potential
is the Gibbs free energy denoted by G, defined as

G =M − TS −QΦ. (1.3)

Integrating by parts the first law, the derivative of the Gibbs free energy can be written
as

dG = −SdT −QdΦ. (1.4)

In the grand canonical ensemble, local thermodynamic stability is determined by analyzing
small perturbations around equilibrium and ensuring that the system does not amplify
such perturbations. Then, the Gibbs free energy must be convex respect to the entropy,(

∂2G

∂S2

)
> 0, (1.5)

but also must be concave respect to the electric potential,(
∂2G

∂Φ2

)
< 0. (1.6)

These criteria are expressed in terms of the second derivatives of the mass M in Ref. [55].
After some algebra and using the thermodynamic relations, one arrives to the folloowing
conditions:

1. The system’s response to fluctuations in the electric potential Φ is measured by the
electric permittivity ϵS . Local stability demands

ϵS > 0. (1.7)

2. The thermal stability is characterized by the heat capacity at constant Φ. For local
stability, it must satisfy

CΦ > 0. (1.8)

The fact that both stability conditions are satisfied simultaneously ensures that the
system remains in equilibrium under small fluctuations of the electric potential or the
entropy. Electrostatic stability, characterized by ϵS > 0, ensures that the charge responds
monotonically to variations in the potential Φ, avoiding electrostatic instability. Thermal
stability, characterized by CΦ > 0, ensures that the entropy increases with temperature,
reflecting stability against thermal perturbations. The determinant condition involving
M guarantees stability under coupled perturbations in S and Q, providing a complete
description of local stability in the grand canonical ensemble.
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Chapter 1. Introduction

1.1.2 Stability in the canonical ensemble: fixed Q

The canonical ensemble is a thermodynamic framework where the electric charge Q is
fixed. In this ensemble, the system can exchange energy with a thermal reservoir while
maintaining a fixed charge. The appropriate thermodynamic potential for this ensemble
is the Helmholtz free energy given by

F =M − TS. (1.9)

Similar to the grand canonical ensemble, integrating by parts the first law yields

dF = ΦdQ− SdT. (1.10)

From the last equation, it can be seen that

Φ =

(
∂F

∂Q

)
T

, S = −
(
∂F

∂T

)
Q

. (1.11)

Local stability is achieved by requiring that the potential F satisfies specific convexity
or concavity properties with respect to its extensive and intensive variables, respectively.
From Eq. (1.11), one obtains(

∂Φ

∂Q

)
T

=

(
∂2F

∂Q2

)
T

,

(
∂S

∂T

)
Q

= −
(
∂2F

∂T 2

)
Q

(1.12)

and, after some algebra, we find the two conditions for thermodynamic stability in the
canonical ensemble for a black hole:

1. Electrostatic stability in the canonical ensemble is associated with the response of
the system to fluctuations in the electric potential Φ at fixed Q, and it implies

ϵT > 0. (1.13)

This guarantees that the system responds stably to small fluctuations in the electric
potential. In this way, the electric potential increases monotonically with the charge.

2. The positivity of CQ guarantees that the entropy increases monotonically with tem-
perature, reflecting thermal stability, that is,

CQ > 0. (1.14)

The simultaneous satisfaction of both stability conditions ensures that the system
remains in equilibrium under small perturbations of the temperature or the electric po-
tential.

1.2 Charges, symmetries and conservation laws

The definition of charges and their conservation is probably one of the most fundamental
topics in physics, as they enable the characterization of any system and the description
of its thermodynamics. Noether theorems, which relate each continuous symmetry to a

9



Chapter 1. Introduction

conserved charge, provide the mathematical basis for defining currents and charges in any
field theory and are widely used in many fields of physics. The first and second theorems
of Noether show us how to define charges depending on whether the symmetries are global
or local, respectively.

Wald and his collaborators developed a formalism based on Noether theorems, that
can be applied to general relativity and more complex gravity theories. They discov-
ered that the first law can be obtained by using an identity involving the variation of
the Noether-Wald charge, which is the Noether charge associated with the invariance un-
der diffeomorphisms. This formalism gives a candidate to black hole entropy for generic
diffeomorphism-invariant theories of gravity that reduces to the Bekenstein-Hawking en-
tropy (∝ 1/4 of the area of the horizon) in general relativity. This entropy is known as
Wald entropy.

Despite the success of this formalism—for example, in theories with higher-order
derivatives—the original method fails to account for the work terms in the first law when
applied to theories with matter fields, such as gauge or scalar fields. In the original
formulation by Wald, it is assumed that all matter fields transform as tensors, but this
is not correct for fields with some gauge freedom, as has been stressed in Refs. [56, 57].
Their transformations are not given by the standard Lie derivative. Instead, we applied a
gauge-covariant derivative, consisting in the standard Lie derivative plus a compensating
gauge transformation (see Ref. [58]).

In this thesis, we are going to focus on the role of scalar fields in black hole thermo-
dynamics. We have found that using a covariant definition of scalar charge and correctly
accounting for the symmetries, we can recover the terms involving the scalar charge in
the first law as demonstrated by Gibbons, Kallosh and Kol in Ref. [59]. This covariant
definition is also useful for proving no-hair theorems, as shown here.

Once Wald’s approach is improved in such a way that it now deals with the symme-
tries of the fields in a gauge-covariant way, and assuming that the field configuration allows
for the existence of a Killing vector field, it is possible to construct a closed (d− 2)- form
charge which we call the generalized Komar charge. As a consequence of the closedness of
this charge, we can find a relationship between the thermodynamic quantities at infinity
and at a black hole’s horizon, which is the Smarr’s formula, as we are going to show in
this section. In particular, in this work we focus on how to define a generalized Komar
charge in gravity theories with scalar fields and with a scalar potential.

1.2.1 Noether theorems: general overview

Consider an action S in a d-dimensional spacetime M (a Lorentzian manifold)

S =

∫
M

L(φ), (1.15)

described by a d-form Lagrangian density L depending on some fields denoted collectively
by φ. Under a general variation of the fields

δS =

∫
M

[Eφ ∧ δφ+ dΘ(φ, δφ)] , Eφ =
δL

δφ
(1.16)

where the Euler-Lagrange equations of motion are Eφ and where by definition Θ is a
(d − 1)-form known as the symplectic prepotential. Now consider an arbitrary infinitesi-
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mal transformation δσφ with parameter σ, that leaves invariant the action up to a total
derivative21

δσS = −
∫
M
dB(φ, σ), (1.17)

where B is a (d − 1)-form depending on the fields and on σ. Applying the infinitesimal
transformation to the general variation of the action

δσS =

∫
M

[Eφ ∧ δσφ+ dΘ(φ, δσφ)] . (1.18)

Comparing Eq. (1.17) with Eq. (1.18), we obtain the general off-shell fundamental identity

d [Θ(φ, δσφ) +B(φ, σ)] = −Eφ ∧ δσφ. (1.19)

There are two cases depending on the form of the transformation in Eq. (1.18): if the
parameters σ are constants, then the transformation is called global and we have to apply
the first Noether theorem; if σ is an arbitrary function of the spacetime, then the transfor-
mation is called local and we have to apply the second Noether theorem. In what follows,
we will briefly review each of these cases.

Global symmetries—First Noether theorem

Let us start considering the case in which the transformation δσφ describes global sym-
metries of the field configuration, that is

δσφ = σAδAφ, (1.20)

where the σA are constant parameters and A is a label such that A = 1, ..., n. Since this
is a linear transformation, we can always write

ΘA(φ, σ
A) = σAΘA(φ), BA(φ, σ

A) = σABA(φ).

Replacing in the fundamental identity Eq. (1.19),

σAd {ΘA(φ) +BA(φ) = −Eφ ∧ δAφ} . (1.21)

Since the identity Eq. (1.21) is satisfied for arbitrary values of σA, then it is independent
of σA. Thus,

d [ΘA(φ) +BA(φ)] = −Eφ ∧ δAφ, (1.22)

and if the equations of motion are satisfied22, the last equation reads

d [ΘA(φ) +BA(φ)] =̇0. (1.23)

Some observations are in order:

1. From Eq. (1.23) we define n (d− 1)-forms JA which obey

JA ≡ Θ(φ, δAφ) +BA(φ), (1.24)

and we call them the Noether currents associated to global symmetries.

21This is the definition of a symmetry of the action.
22In what follows, =̇ means on-shell.
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2. For every (d− 1)-form current JA, we define a Noether charge qA

qA ≡
∫
Σ(d−1)

JA, (1.25)

where Σ(d−1) is a spacelike hypersurface.

3. To determine if qA are conserved charges, we take Σ(d−1) and sweep into a spacetime
volume M. Now we can apply the Stokes theorem to Eq. (1.24)∫

M
dJA =

∫
∂M

JA, (1.26)

where ∂M denotes the (d−1)-dimensional boundary of the spacetime. Decomposing
this piece in (see Fig. 1.2.1):

• i) Two (d − 1)-dimensional spacelike hypersurfaces at t = 0 and another at
t = t′ denoted, respectively by Σ(d−1) and Σ′(d−1).

• ii) A (d− 1)-dimensional timelike hypersurface (which we call the flux ) of ∂M
denoted by Σ

(d−1)
flux ,

then
∂M = Σ(d−1) ∪ Σ′(d−1) ∪ Σ

(d−1)
flux . (1.27)

With the definition of the Noether charge Eq. (1.25) and the decomposition Eq. (1.27)
in Eq. (1.26) we find

qA − q′A =

∫
Σ

(d−1)
flux

JA, (1.28)

where q′A =
∫
Σ′(d−1) JA and qA =

∫
Σ(d−1) JA. Then, the change in time of the Noether

charge Eq. (1.25) is equal with the flux integral of the current.

Local symmetries—Second Noether theorem

If the transformation parameters σA are arbitrary functions of the spacetime i.e., σA(x),
from the fundamental identity Eq. (1.19) can be seen that, in general, the terms are not
linear in σA(x), since now the variation of the fields (δσφ) may include derivatives of σA(x).
However, integrating by parts as many times as necessary, we can obtain a relation that
is linear in σA plus a total derivative

Eφ ∧ δσφ = σAFA(Eφ) + dS(φ, σ). (1.29)

Comparing this result with the fundamental identity Eq. (1.19), we find that those linear
terms must vanish i.e.,

FA(Eφ) = 0. (1.30)

These are the Noether identities, which relate the equations of motion (satisfied off-shell)
and express that not all of them are independent. Finally, we find a relation between the
equations of motion and a (d− 1)- form S

Eφ ∧ δσφ = dS(φ, σ), (1.31)

which is the Second Noether theorem. Some comments are in order:
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Σ(d−1) (spacelike)

Σ′(d−1) (spacelike)

Σ
(d−1)
flux (timelike)

Figure 1.2: Schematic representation of the decomposition of a piece of spatial volume and its
evolution through time. The spacelike hypersufaces Σ(d−1) and Σ′(d−1) have different orientations,

and Σ
(d−1)
flux is a timelike hypersurface.

1. Replacing Eq. (1.31) in Eq. (1.19), we find the off-shell identities that allow us to
define closed (d− 1)-form Noether currents J

dJ[σ] = 0, J[σ] = S(φ, σ) +Θ(φ, δσφ) +B(φ, σ), (1.32)

for each independent σ.

2. An off-shell closed (d−1)-form Noether current implies the local existence of (d−2)-
form Noether charges Q[σ] such that

J[σ] = dQ[σ]. (1.33)

It is worth noting that it is not possible to integrate the currents over a closed
spacelike surface as we did in the first Noether theorem to compute the charge
because we will obtain zero by Stokes theorem.

3. In general, the charges forms defined in Eq. (1.33) are not closed, i.e J[σ] = dQ[σ],
but under certain conditions it is possible to construct closed (d − 2)-form charges
associated to local symmetries [60]. Consider a solution for which exists Killing or
reducibility parameters σk such that δσk annihilates all the fields (i.e., δσkφ = 0).
Then, from the current Eq. (1.32) and the charge Eq. (1.33) on-shell will satisfy

J[σk] = dQ[σk]=̇B(φ, σk), (1.34)

because S=̇0 for a field configuration that satisfies the equations of motion and since
Θ is linear in δσkφ, then Θ = 0 for symmetric fields. Consider two cases:

(a) If B(φ, σk) = 0 in Eq. (1.34), we will obtain closed (d − 2)-form charges asso-
ciated to each Killing parameter σk

dQ[σk]=̇0. (1.35)
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Σ′(d−2)

Σ(d−2)

Σ(d−1)

Figure 1.3: Schematic representation of two closed hypersurfaces. Σ′(d−2) is a smooth deformation
of Σ(d−2). Σ(d−1) is a hypersurface of dimension (d−1) that fills the space between the two (d−2)
closed surfaces.

We define the charge as the integral of the (d− 2)-form charge

qσk ≡
∫
Σ(d−2)

Q[σk], (1.36)

where Σ(d−2) is a closed (d−2)-dimensional hypersurface. Consider a closed hy-
persurface Σ′(d−2) obtained by a smooth deformation from Σ(d−2) (see Fig. 3a).
The charges will satisfy

q′σk − qσk=̇0, (1.37)

where q′σk =
∫
Σ′(d−2) Q′[σk], qσk =

∫
Σ(d−2) Q[σk] and the minus is because of the

different orientations. By Stokes theorem in Eq. (1.35) and using Eq. (1.37),
with ∂Σ(d−1) = Σ(d−2) ∪ Σ′(d−2)∫

Σ(d−1)

dQ[σk] = q′σk − qσk=̇0. (1.38)

This is a generalization of the standard Gauss law. The value of the integral
does not change under smooth deformations of the integration surfaces, as long
as the deformations does not cross any point at which the equations of motion
are not satisfied. We have to emphasize this result: every charge defined as an
integral of a closed (d− 2)-form charge will satisfy a Gauss law.

(b) If the (d− 2)-form B(φ, σk) in Eq. (1.34) does not vanish, by definition of the
transformation of the action under Killing parameters

δσkS = 0. (1.39)

This guarantees that B will be locally exact and we can write it in terms of a
(d− 2)-form wk as

B=̇dwk. (1.40)

Then, with Eq. (1.40) in Eq. (1.34) we can construct a (d− 2)-form charge K

K[σk] = − (Q[σk]−wσk) , (1.41)
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which is closed on-shell by construction. Because of its closedness, it can be
shown using the same procedure that in the previous item, that this charge will
also satisfy a Gauss law.

4. If we are dealing with fields with gauge freedoms, it has been stressed in Refs. [56,57]
that the variation of the fields under diffeomorphisms (denoted δξ) includes the
standard Lie derivative (denoted Lξ) plus (induced) gauge transformations (denoted
δσξ)

δξ = −Lξ + δσξ , (1.42)

where ξ is a vector field and represents the generator of infinitesimal general coordi-
nate transformations (GCTs) or diffeomorphisms; δσξ depends on ξ and on the fields
on which the transformation acts. By hypothesis, is assumed that L is invariant un-
der gauge transformations. Acting with δξ on the action and using Cartan formula
for the standard Lie derivative23

δξS = −
∫
M

(dıξL+ ıξdL) = −
∫
M
dıξL, (1.43)

we identify this total derivative with the one in Eq. (1.17). Replacing in Eq. (1.32),
we obtain the (d− 1)-form current Noether associated to diffeomorphisms

J[ξ] = S(φ, ξ) +Θ(φ, δξφ) + ıξL, (1.44)

which is closed off-shell by construction. We define the (d − 2)-form charge Q[ξ]
related to the invariance of the theory under diffeomorphisms

J[ξ] = dQ[ξ], (1.45)

which is the Noether-Wald charge and, in general, it is not necessarily closed.24

Note from the current Eq. (1.44) that for Killing parameters in a theory which obeys
Eq. (1.43), the (d−2)-form wk used to define the closed charge K in Eq. (1.41) reads
ıkL = dwk. With this identification we can define the (d− 2)-form K[k]

K[k] = − (Q[k]−wk) , ıkL = dwk, (1.46)

which satisfies a Gauss law because of its closedness and we call it the generalized
Komar charge.

This concludes the brief review about Noether theorems. Below, there is a table (1.2)
summarizing the main results.

1.2.2 Scalar charges

In the previous section, we have shown how to construct charges using the Noether the-
orem, for both global and local symmetries. The construction of charges relies on the
closedness of a current or a charge form. Then, we want to define scalar charges as an

23Cartan formula: Lξ = ıξd+ dıξ.
24As an illustrative example, we show in Appendix (B.1) the explicit computation of the Noether-Wald

charge for the d-dimensional Einstein-Maxwell theory for a (p+ 2)-form F .
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First Noether theorem Second Noether theorem
Application Applies to global symmetries

of the Lagrangian.
Applies to local (gauge) symmetries
of the Lagrangian.

(d− 1)-forms The Noether current, closed
on-shell

JA ≡ Θ(φ, δAφ) +BA(φ).

The Noether current, closed off-
shell

J[σ] = S(φ, σ)+Θ(φ, δσφ)+B(φ, σ).

(d− 2)-forms The scalar charge (to define
in Sec. (1.2.2), closed on-shell

Qs[k] ≡ ıkJ.

The Noether charge Q[σ] not nec-
essarily closed

J[σ] = dQ[σ].

The charge, closed on-shell:

K[σk] = − (Q[σk]−wσk
) .

Charges for
closed forms
on-shell

The global Noether charges

qA =

∫
Σ(d−1)

JA.

Every closed (d − 2)-form charge
K[σk] will obey a Gauss law

qσk
=

∫
Σ(d−2)

K[σk].

The main in-
gredient

The transformation parame-
ter is linear Eq. (1.21).

The existence of Noether identities
Eq. (1.30).

Table 1.2: Comparison between the First and Second Noether Theorem.

integral of a closed form in order to have a covariant definition. The study of scalar charges
is relevant since they are understood as “hair” in gravity theories evolving scalar fields, as
we pointed out in the introduction.

There are many hairy black holes solutions for asymptotically flat spacetimes (see
Ref. [46]) but in all of them the scalar charges are secondary hair (functions of another
conserved physical parameters), since they are the only regular black hole solutions allowed
by the no-hair conjecture. Also, as we are going to see, scalar charges are not protected by
any conservation law, but they still appear in the first law. The role they play in black hole
thermodynamics is still not clear and finding a good definition can give us some insights.

The standard definition of the scalar charge in the literature is in the asymptotic
expansion of the scalar field ϕ(r) for asymptotically flat spacetimes:

ϕ(r) = ϕ∞ +
Σ

r
+O(r−2) (1.47)

where Σ is the scalar charge and r is the standard radial coordinate.

Our definition needs to recover this result. Let us start considering the simplest case
(which will be our toy model in what follows) consisting in a 4-dimensional Einstein-Scalar
theory given by the action

S[ea, ϕ] =
1

16πG
(4)
N

∫ [
− ⋆

(
ea ∧ eb

)
∧Rab +

1

2
dϕ ∧ ⋆dϕ

]
(1.48)
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where ϕ is a real scalar field. A general variation of the action is

δS[ea, ϕ] =

∫
[Ea ∧ δea +Eδϕ+ dΘ(ea, ϕ, δea, δϕ)] (1.49)

where E is the scalar equation of motion

E = −d ⋆ dϕ. (1.50)

The action in Eq. (1.49) is exactly invariant under constants shifts of the scalar

ϕ = ϕ+ c, c ∈ R; (1.51)

that is, the action has a global symmetry given by the constant translations of the scalar
field. If we take into account the global symmetry Eq. (1.51), we could define a (d−1)-form
current J and write dJ in terms of the equation of motion Eq. (1.50)

dJ = d (⋆dϕ) = −E (1.52)

to obtain an on-shell closed current. We may define the scalar charge Σ integrating J over
a 3-dimensional spacelike hypersurface Σ(3), up to a normalization factor, as

Σ ∼
∫
Σ3

⋆dϕ. (1.53)

But we find that this scalar charge definition vanishes on stationary black hole
spacetimes and does not allow us to recover the standard definition given in Eq. (1.47).
Then, the definition given in Eq. (1.53) does not satisfy our requirements.

We are going to show how we can construct scalar charges as in Refs. [49, 50, 61].
Assuming that the field configuration is invariant under the diffeomorphisms generated by
a Killing vector k,

δkϕ = −Lkϕ = −ıkdϕ = 0. (1.54)

By hypothesis δk ⋆ dϕ must be invariant also

−Lk ⋆ dϕ = −ıkd ⋆ dϕ− dık ⋆ dϕ = 0. (1.55)

From the scalar equation of motion Eq. (1.50) and using Eq. (1.55), we find that

ıkE = −ıkd ⋆ dϕ = dık ⋆ dϕ=̇0, (1.56)

where ık ⋆ dϕ is a 2-form which is closed on-shell. We define, up to a normalization factor,
the 2-form scalar charge Qs[k],

Qs[k] ≡ ık ⋆ dϕ (1.57)

which will obey a Gauss law.25 This is,

Σ ∼
∫
Σ2

ık ⋆ dϕ (1.58)

where Σ2 is a 2-dimensional hypersurface. In the context of black holes, this hypersurface
is commonly chosen as either a hypersphere at spatial infinity or the bifurcation surface.

25By the same arguments given in the second Noether theorem section, see Item 3a.
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However, integration can also be extended to other appropriate hypersurfaces, depending
on the specific application or geometric considerations. In this thesis we focus exclusively
on the geometry of black holes.

Let us demonstrate that the scalar charge definition Eq. (1.57) leads to the result
given in Eq. (1.47). Since the scalar charge must remain invariant regardless of the inte-
gration surface, we can evaluate it over a sphere at spatial infinity S2

∞

Σ ∼
∫
S2
∞

ık ⋆ dϕ ∼ −4πΣ, (1.59)

where we recover the scalar charge Σ along with the normalization factor that must be
taken into account. Now, if we integrate the scalar charge definition Eq. (1.57) over the
bifurcation surface

Σ ∼
∫
BH

ık ⋆ dϕ = 0, (1.60)

this vanishes because by definition the bifurcation surface satisfies the property

k
BH
= 0. (1.61)

By equating Eq. (1.59) with Eq. (1.60), we find

Σ = 0, (1.62)

which physically implies that the only regular black hole solution in the theory Eq. (1.48)
occurs when the scalar charge vanishes.

Unlike the naive procedure in Eq. (1.53), this definition proves more robust for
studying no-hair theorems. The presence of a bifurcation surface is particularly crucial
because it enforces Σ = 0. The vanishing of the scalar charge on the bifurcation surface
arises directly from the fact that the Killing vector field k is null there, making the inte-
grand to vanish. This property provides a key geometric constraint that plays a central
role in validating no-hair theorems within this framework.

In this work, we have defined scalar charges associated to global symmetries in
theories with Abelian gauge fields (see Ref. [49]) and in theories with a scalar potential
and no global symmetries (see Ref. [50]). In any of them, the existence of regular hairy
black hole solutions is restricted to the conditions imposed by the integral of the scalar
charge over the bifurcation surface.

In theories with global symmetries, the integral over the bifurcation surface gives us
the non-trivial relation of the scalar charge with the conserved quantities, while in theories
with no global symmetries the integral over the bifurcation surface gives the restrictions
that the scalar potential must satisfy in order to have hairy black holes.
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1.3 Smarr formula from the generalized Komar charge

The Smarr formula was first derived as a consequence of the homogeneity of the entropy
and Euler’s theorem [62], resulting in a thermodynamic relation involving the mass and
other conserved quantities. Moreover, Komar integrals [63] have also proven be useful for
deriving the Smarr formula for stationary black holes [64]. In [65], a systematic framework
is presented for constructing Komar integrals, starting from the Noether-Wald charge and
employing the formalism outlined in Refs. [66–68]. This approach combines surface and
volume integrals into a unified expression. Remarkably, as demonstrated in Ref. [69], the
volume term can always be reformulated as a surface term which give rise to the Smarr
formula, highlighting the consistency and versatility of Wald’s formalism in gravitational
theories.

In this section we will briefly review how to derive the Smarr formula using the
improved Wald formalism. This involves deducing the generalized Komar charge from the
Noether-Wald charge and applying the Stokes theorem to integrate it over well-defined
black hole boundaries: the bifurcation surface and a sphere at spatial infinity.

The generalized (d − 2)-form Komar charge in Eq. (1.46) is closed on-shell by con-
struction

dK[k] = 0. (1.63)

Let us integrate the last equation, a (d−1)-form, over a hypersurface Σ(d−1) whose bound-
aries are the bifurcation surface and a (d− 2)-sphere at spatial infinity. With the Stokes
theorem in Eq. (1.63) we find ∫

S
(d−2)
∞

K[k]−
∫
BH

K[k]=̇0, (1.64)

To illustrate how this formula relates quantities at infinity and over the bifurcation surface,
let us consider again the action in Eq. (1.48). The generalized Komar charge for that theory
can be obtained following the observations made in the Noether theorem’s section (item
4) and was defined in Eq. (1.46). Note that in this case the Noether-Wald charge is the
same as in pure Einstein gravity (see Ref. [67])

Q[ξ] =
1

16πG
(4)
N

⋆
(
ea ∧ eb

)
Pξab, (1.65)

where Pξab is the Lorentz momentum map, defined by the equation

DPkab + ıkR
ab = 0 (1.66)

for Killing vectors k. This equation is satisfied by the Killing bivector

Pk
ab = ∇akb, (1.67)

and using the Noether-Wald charge in Eq. (1.46) it is easy to see that

K[k] =
−1

16πG
(4)
N

⋆
(
ea ∧ eb

)
Pkab (1.68)

is the generalized Komar charge for the Einstein-Scalar theory Eq. (1.48).
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Now let us consider a static and asymptotically flat black hole spacetime admitting
a Killing vector k = ∂t − ΩH∂φ. Using the generalized zeroth law [33] for each term in
Eq. (1.64), the integral evaluated at spatial infinity takes the form∫

S2
∞

K[k] =

∫
S2
∞

(
K[∂t]− ΩHK[∂φ]

)
=
M

2
− ΩHJ. (1.69)

The integral over the bifurcation surface is∫
BH

K[k] = − κ

16πGN

∫
BH

d2Σnabn
ab =

κAH
8πGN

= THS. (1.70)

Equating Eqs.(1.69) and (1.70) we arrive at the Smarr formula

2THS =M − 2ΩHJ. (1.71)

For the theory under consideration, the Smarr formula is the same as in pure Einstein
gravity, since the generalized Komar charge remains unchanged. This is due to the absence
of fields with gauge freedoms that could alter it, as happens in the case of gravity plus
a Maxwell field (see Appendix C). It is important to emphasize that when the theory
includes a scalar potential that breaks the global symmetry, the Noether-Wald charge
remains unaffected, but the generalized Komar charge does change. This is due to the
term wk, which no longer vanishes as it does in pure gravity. The scalar potential in
Einstein-Scalar-Potential theories includes a dimensionful coupling constant α, which will
explicitly appears in the Smarr formula as a new thermodynamics variable with a conjugate
potential; in contrast to the scalar charge that does not contribute to the Smarr formula.

Although the theory under consideration is relatively simple, the Smarr formula of-
fers a clear physical interpretation by establishing a thermodynamic relationship between
quantities measured at spatial infinity and those defined at the horizon. Quantities mea-
sured at infinity, such as the energy M and angular momentum J , represent the global
properties of the spacetime. In contrast, the thermodynamic quantities at the horizon are
directly linked to the geometric characteristics of the black hole: the entropy S is pro-
portional to the area of the event horizon and the temperature T depends on the surface
gravity κ, which is constant across the horizon by virtue of the zeroth law.
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1.4 Summary of the main results.

Part I: Thermodynamically stable asymptotically flat black holes

In the first part, which consists of Chapter 2 we study the thermodynamic stability for
asymptotically flat black holes, comparing two black hole solutions:

1. A family of hairy black holes in a 4-dimensional Einstein-Maxwell-Scalar-Potential
theory with action Eq.(2.1), and

2. a family of black holes in a 5-dimensional Einstein-Maxwell-Gauss-Bonnet theory
whose action is Eq.(2.1).

The goal is to identify configurations that allow for thermodynamic stability.

For the hairy black holes, the thermodynamic stability is achieved in the positive
branch of solutions, both in the canonical and grand canonical ensemble. For the Gauss-
Bonnet black hole, the stability is found in the positive branch also (with positive coupling
parameter α), but only in the canonical ensemble.

The striking similarity is that in both cases the stability regions are for small black
holes, near extremality, where the corrections from scalar fields or higher-curvature terms
play a crucial role in regulating the thermodynamic behavior.

Part II: Scalars in black hole thermodynamics

The second part consists of the Chapters 3 and 4, and it is devoted to the investigation
of the effects produced by scalar fields in black hole thermodynamics.

• In Chapter 3, based on Ref. [49], we considered 4-dimensional ungauged supergravity-
inspired theories containing nS scalar fields ϕx that parametrize a symmetric space
and nV 1-form fields AA = AAµ dx

µ with 2-form field strengths FA = dAA coupled
to gravity, described by the generic action given in Eq.(3.2). Two particular fami-
lies of black hole solutions contained in that action are the static dilaton and static
axion-dilaton.

We use the improved Wald’s formalism to study black hole thermodynamics with
scalar charges, introducing a new, covariant definition of scalar charge as an integral
over closed 2-surfaces. These charges satisfy a Gauss law, are invariant under co-
ordinate and gauge transformations, and are derived from global symmetries of the
action (specifically in stationary spacetimes with timelike Killing vector).

Also we recover consistently the scalar charge term proposed by Gibbons, Kallosh
and Kol in Ref. [59].

Finally, it is explicitly shown how the scalar charge definition works for static dilaton
and static axion-dilaton black hole spacetimes. The key outcome of this work high-
lights the dependence of scalar charges on conserved charges, confirming their nature
as secondary hair. Importantly, the existence of a bifurcation surface is shown to be
essential for this conclusion, as it ensures the well-posedness of the scalar charge in
these spacetimes.
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• In Chapter 4, based on Ref. [50] we applied the procedure of the previous chapter
to define scalar charges in a 4-dimensional theory for a real scalar field in the action
known as Einstein-Scalar-Potential Eq.(4.1). We extend the covariant definition of
scalar charge to include theories with scalar potentials that lack global symmetries.

The Smarr formula is derived in such a way that incorporates a term proportional
to the dimensionful parameter α present in the scalar potential, as expected, akin to
the cosmological constant in black hole chemistry. The regularity of the conjugate
potential Φα of α in the Smarr formula imposes the same conditions on the scalar
potential found previously, confirming in this way the consistency of the constrains.
Also, it is explicitly shown how the scalar charge appears in the first law associated
with variations of the asymptotic scalar field using the Wald’s formalism, confirming
the results by Gibbons, Kallosh and Kol in Ref. [59].

Finally, it is shown how these results are valid in the Anabalón-Oliva hairy black
hole. The defined scalar charge must remain invariant regardless of the surface
over which it is integrated. The main result of this work is that by performing the
integration of the scalar charge over the bifurcation surface and equating it to the
integral of the scalar charge at spatial infinity, one derives conditions that the scalar
potential must satisfy to ensure the existence of a regular black hole, providing a
powerful framework that complements classical no-hair theorems.

Part III: Conclusions and appendices

The last part of the thesis contains the conclusions in English and Spanish and several
appendices with additional information.
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2
Existence of thermodynamically stable

asymptotically flat black holes

This chapter is based on:
Existence of thermodynamically stable asymptotically flat black holes
D. Astefanesei, R. Ballesteros, P. Cabrera, G. Casanova and R.Rojas

Phys. Rev. D 110 (2024) 2, 024045 (arXiv:2404.15566)

The black hole represents the equilibrium end state of gravitational collapse and the
relationship between thermodynamic entropy and the area of an event horizon is one of
the most robust results in gravitational physics. Once quantum effects were taken into
account, it was understood by Hawking [34] that black holes can emit radiation. While
the Hawking radiation produces a very small effect that is not relevant from an empirical
point of view, the black hole thermodynamics makes sense only in a theoretical framework
in which the black holes are thermodynamically stable. However, this is not the case
for black holes in flat spacetime, e.g. Schwarzschild, Reissner-Nordström (RN), and Kerr
black holes are thermodynamically unstable.

One way to circumvent this situation is to enclose the asymptotically flat black hole
by a finite ‘box’ [70] such that the radiation can not escape to the asymptotic region.
However, while this proposal is interesting from a theoretical point of view, it does not
provide any concrete hint of physical situations where this kind of boundary conditions
can appear naturally. A more general construction, for a theory with a non-trivial negative
cosmological constant, was considered by Hawking and Page [71]. They found that, indeed,
there exists a general family of ‘large’ black holes (with the horizon radius comparable with
the radius of anti-de Sitter (AdS) spacetime) that are thermodynamically stable. In this
case, the conformal boundary of AdS (where the boundary conditions should be imposed)
plays the role of the ‘box’. However, the boundary conditions are changed to correspond
to a spacetime with negative cosmological constant and, while this is a very important
result in the context of AdS-CFT duality [72], it can not be applied to asymptotically flat
black holes.

Therefore, to obtain a well defined thermodynamic framework, the key point is the
existence of asymptotically flat black holes, which are thermodynamically stable, without
imposing artificially boundary conditions corresponding to a finite box. Elucidating this
aspect could be relevant for understanding the existence of supermassive black holes that
can not be formed by gravitational collapse. One can imagine a scenario where, in the
early universe, small black holes exist in a suitable environment that makes them thermo-
dynamically stable, e.g. surrounded by dark matter. Then, after a long time, they can
grow up to become supermassive if there is enough matter around they can absorb.
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Chapter 2. Existence of thermodynamically stable asymptotically flat black holes

In this work, we carefully investigate the existence of such an ‘environment’ and
present a detailed analysis of the thermodynamic stability by using the quasilocal for-
malism supplemented with boundary counterterms. Both Gauss-Bonnet-Maxwell and
Einstein-Maxwell-dilaton theories can be interpreted as particular completions of Einstein-
Maxwell gravity, and so the question of how these theories modify some concrete features
of black holes could be of significant interest. First, we consider a four-dimensional the-
ory, with a scalar field and its self-interaction, in which there exist exact hairy black hole
solutions. While this is a toy model for static black holes, it shows that, even in a simple
theoretical set up, the hair can stabilize, dynamically and thermodynamically, the black
holes (see, also, [52, 53, 55]). It can very well be that more complicated models for dark
matter can have a similar effect. Second, we consider the five-dimensional gravity when
the Einstein-Hilbert action is supplemented by GB corrections. These models can be un-
derstood, for example, as effective theories from string theory where the higher derivative
corrections are tree level, depending of the string tension (there are also quantum cor-
rections depending of the string coupling). It was found long time ago that there exist
exact static neutral black hole solutions and they are thermodynamically stable [73] (see
also [74, 75]).1 We consider the generalization of RN black hole in GB theory, compute
the conserved charges within the quasilocal formalism of Brown and York [77] that is self-
consistent and so we do not need Wald formalism [67] to obtain the entropy.2 We find
again that there exist thermodynamically stable charged static black holes.

The quasilocal formalism supplemented with counterterms in flat spacetime was
used in [78] to obtain the thermodynamics of the dipole black ring [79]. However, this
formalism was put on a firm ground by Mann and Marolf in [80], where they have shown
that the addition of an appropriate covariant boundary term to the gravitational action
yields a well-defined variational principle for asymptotically flat spacetimes. This becomes
the standard tool that leads to a natural definition of conserved quantities at spatial in-
finity, e.g. [81–87]. In this work, we use concrete counterterms to circumvent the problem
with the background subtraction method when the ‘background’ can not be explicitly
constructed. We construct the counterterm for GB gravity (and fix the ambiguity of an
overall numerical factor), which is consistent with a correct variational principle and regu-
larizes the Euclidean action. Interestingly, unlike the AdS case, there is no need of adding
counterterms for the scalar field in flat spacetime when it vanishes at the boundary. We
shall consider both the grand canonical ensemble, in which the electric potential difference
between the event horizon and the infinity is fixed, and the canonical ensemble, in which
the electric charge is fixed.

The remainder of the paper is organized as follows: in Section 2.1, we present the
exact asymptotically flat hairy charged black hole solution and study in detail the local
and global thermodynamic stability. We use the counterterm method to obtain the on-
shell regularized Euclidean action and the quasilocal formalism to obtain the conserved
charges. We identify the region of the phase space where there exist thermodynamically
stable black holes. In Section 2.2, we present the charged black hole solution in GB gravity.
We obtain the on-shell Euclidean action, conserved charges, Smarr formula, and verify
the quantum-statistical relation. Again, we identify the region of the phase space where

1There is another physical mechanism that could be important for the stability of black holes in theories
with higher derivative terms, namely the scalarization and existence of the scalar condensates [76].

2The Wald formalism and a concrete computation of scalar charge for various hairy black holes can be
found, e.g., in [49,56,57].
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Figure 2.1: Schematic behaviour of the scalar field potential for the family Υ < 0 and Υ > 0. The
region ϕ < 0 corresponds to the negative branch and ϕ > 0 corresponds to the positive branch.

there exist thermodynamically stable black holes. In the last section, we present a brief
review of our main results, complement the analysis of thermodynamic behaviour with
an analysis using the thermodynamic potential, and discuss to some extent the extremal
limit that is important for the existence of a consistent canonical ensemble. In Appendix
C.1, we summarize the general thermodynamic stability conditions of response functions
for charged black holes. In Appendix C.2, we compare the counterterm method in AdS
with the one in flat spacetime and explain why there is no need of scalar counterterms for
regularizing the Euclidean action of asymptotically flat hairy black holes. In Appendix C.3,
we review the basics of the Arnowitt-Deser-Misner (ADM) formalism in five dimensions,
required for Sec. 2.2.

2.1 Black holes in Einstein-Maxwell-dilaton theory

Let us consider the theory given by the action

I =
1

2κ

∫
M
d4x

√
−g
[
R− 1

2
(∂ϕ)2 − eϕF 2 − V (ϕ)

]
(2.1)

where κ = 8π, in the unit system where G = c = 1; F 2 = FµνF
µν , where Fµν =

∂µAν − ∂νAµ is the gauge field and Aµ the gauge potential, and (∂ϕ)2 ≡ gµν∂µϕ∂νϕ.

The potential [88–90] is

V (ϕ) ≡ 2Υ (2ϕ+ ϕ coshϕ− 3 sinhϕ) (2.2)

where Υ is a dimensionful parameter that characterize the strength of the potential. Im-
portantly, now it is well understood that in fact this is a model of a dilaton and its
self-interaction, in the sense that the dilaton is endowed with a potential that originates
from an electromagnetic Fayet-Iliopoulos (FI) term in N = 2 extended supergravity in
four spacetime dimensions [91, 92] (see, also, [93]). Therefore, the theory we consider is
consistent and its ground state is stable (recently, exact hairy charged soliton solutions
were constructed in [94–97]). The schematic behaviour of the potential (2.2) is depicted
in Fig. 2.1. The potential is symmetric under ϕ→ −ϕ and Υ → −Υ transformations.
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The exact static hairy black hole solution was obtained in [90],

ds2 = Ω(x)

[
−f(x)dt2 + η2dx2

x2f(x)
+ dΣ2

2

]
, Aµ =

[
Φ− q(x− 1)

x

]
δtµ , ϕ(x) = ln(x)

(2.3)
where dΣ2

2 ≡ dθ2 + sin2 θdφ2 and

f(x) = Υ

(
x2 − 1

2x
− lnx

)
+
η2(x− 1)2

x

[
1− 2q2(x− 1)

x

]
, Ω(x) =

x

η2(x− 1)2
(2.4)

In the expressions above, x is a dimensionless coordinate that is related to the standard
canonical radial coordinate, r, by the transformation Ω(x) = r2. There are two constants
of integration, η and q, which are related to the mass and electric charge of the solution,
and Φ in the expression of gauge field is an arbitrary additive constant. The black hole
event horizon is located at x = x+ such that f(x+) = 0 and x+ is the biggest root. The
asymptotic region is located at x → 1, where the conformal factor Ω diverges, and the
scalar field (along with its potential) vanishes.

We distinguish two families of solutions: the family for which Υ > 0 and the family
for which Υ < 0. Within each family, there are two branches of solutions, characterized by
the domain for the coordinate x, which in turn fixes the sign of ϕ. These two branches are
characterized by distinct boundary condition for the scalar field. To obtain the asymptotic
behaviour of the dilaton, we consider the transformation to the canonical radial coordi-
nate, namely Ω(x) = r2 near the boundary. This gives rise to two possible changes of
coordinates,

x = 1± 1

ηr
+

1

2η2r2
± 1

8η3r3
+O(r−4) (2.5)

The negative branch corresponds to the case where 0 ≤ x < 1 (and so ϕ < 0). By using
the corresponding change of coordinates, we obtain the following boundary expansion:
ϕ = − 1

ηr + O(r−3). The positive branch corresponds to the case where 1 < x ≤ ∞ (and

so ϕ > 0), and the boundary expansion of the scalar field becomes ϕ = + 1
ηr +O(r−3).3It

is worth emphasizing that the “scalar charge” Σ = η−1 is not conserved, and so there is
no independent integration constant associated to the scalar field.

In the remainder of this section, we will be focusing on the family Υ > 0, which
contains thermodynamically stable black holes. The family Υ < 0 only supports black hole
solutions for the positive branch, but in this case the potential (2.2) becomes unbounded
from below, as shown in Fig. 2.1.

2.1.1 Euclidean action and thermodynamics

Let us briefly present the computation of the on-shell Euclidean action. For concreteness,
we perform the computations in the positive branch, that is, under the assumption that
x− 1 > 0.

3Generally, for example in string theory where the scalar fields are moduli related to the coupling
constants, the expansion of the scalar field in flat spacetime is ϕ = ϕ∞ + Σ/r + ..., where Σ is the scalar
charge. A discussion of why scalar charges (which are not conserved charges) [59], when ϕ∞ can vary, do
not appear in the first law of black hole thermodynamics was presented in [98, 99]. However, since the
theory we are interested in contains the dilaton potential, the boundary conditions for the dilaton are such
that ϕ∞ = 0 (see, also, [50]).
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Let us consider first the bulk part of the action (2.1) and the Gibbons-Hawking
boundary term [100], given by

IGH =
1

κ

∫
∂M

d3x
√
−hK (2.6)

where K ≡ ∇µn
µ is the trace of the extrinsic curvature and h is the determinant of the

metric on the hypersurface x = const, with unit normal nµ. Within this foliation of the
spacetime, the boundary ∂M becomes the hypersurface x = const in the limit x→ 1.

These two first contributions yield

IEbulk + IEGH = β(−TS − ΦQ) +
4πβ

κ

[
2

η(x− 1)
+

Υ− 12η2q2 + 3η2

3η3
+O(x− 1)

]
(2.7)

where the temperature and entropy are defined as usual: The temperature is obtained by
removing the conical singularity in the Euclidean section, and the entropy is one quarter
of the area of the event horizon,

T = − x+
4πη

df(r)

dr

∣∣∣∣
x=x+

, S = πΩ(x+) (2.8)

and Q and Φ are the electric charge and its conjugate potential. The electric charge, in
terms of the constants of integration, is obtained by using the Gauss law

Q =
1

4π

∮
s2∞

eϕ ∗ F =
q

η
(2.9)

and the conjugate potential is defined as

Φ = At(x→ 1)−At(x+) =
q(x+ − 1)

x+
(2.10)

Now, in order to remove the divergent contribution appearing in (2.7), it is necessary
to add a gravitational counterterm for asymptotically flat spacetime [78,80,101–103]4

Ict = −1

κ

∫
∂M

d3x
√
−h
√

2R(3) (2.11)

where R(3) is the Ricci scalar on ∂M. In the Euclidean section, we have

IEct =
4πβ

κ

[
− 2

η(x− 1)
− Υ− 12η2q2 + 6η2

6η3
+O(x− 1)

]
. (2.12)

The total action is therefore

IE = IEbulk + IEGH + IEct = β(−TS − ΦQ) + β

(
12η2q2 −Υ

12η3

)
. (2.13)

4Unlike AdS spacetime where counterterms for the scalar field should be also included, in our case there
is no need of counterterms associated to the dilaton. We discuss this point in great detail in Appendix
C.2.
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The last term in (2.13) is indeed the mass of the black hole, as follows from computing
the conserved charges of the system. We compute this energy by using the Brown-York
quasilocal formalism [77], with the quasilocal boundary stress tensor

τab ≡ − 2√
−h

δI

δhab
(2.14)

where I = Ibulk+IGH+Ict, and the index a stands for the coordinates on the hypersurface
x = const. For this case, the concrete expression for τab is [78]

τab =
1

κ

[
Kab − habK −Ψ

(
R(3)
ab −R(3)hab

)
− hab2Ψ+Ψ;ab

]
, Ψ ≡

(
2

R(3)

) 1
2

(2.15)
Now, according to the Brown-York formalism, the conserved charge associated to the
isometry generated by the killing vector ξa is

E =

∮
s2∞

d2σ
√
σNaξbτab (2.16)

where Na is the timelike unit normal to the hypersurface x = const and σ is the deter-
minant of the metric with x = const and t = const. The integration is performed in the
limit x→ 1. For ξa = δat and the result is

E =
12η2q2 −Υ

12η3
(2.17)

which also reproduces the mass read off from the expansion, in the canonical coordinates,
of gtt in the asymptotic region. Therefore, the Euclidean on-shell action satisfies the
quantum-statistical relation

IE

β
= E − TS − ΦQ (2.18)

The computation made so far has assumed that the boundary condition for the
gauge field is δAt|∂M = 0. This implies that the conjugate potential, Φ, is fixed. Thus,
the thermodynamic potential obtained, namely, G ≡ E − TS − ΦQ, corresponds to the
grand canonical ensemble. One can construct the canonical ensemble, in which Q is fixed
instead, by performing a Legendre transform in (Φ, Q), which is equivalent to adding to
the action the following boundary term

IA =
2

κ

∫
∂M

d3x
√
−hnνFµνAν (2.19)

giving rise to the thermodynamic potential F ≡ E − TS.

Now that we have all the thermodynamic quantities consistently computed, one can
verify that the first law of black hole thermodynamics is satisfied,

dE = TdS +ΦdQ (2.20)

Notice that the scalar charge does not appear explicitly in the first law as an inde-
pendent term. This comes as a consequence of the fact that this scalar field is a secondary
hair with no independent integration constant associated to it. Explicitly, the scalar charge
is Σ = η−1 and, by rearranging (2.17), we get

E − Q2

Σ
+

1

12
ΥΣ3 = 0 (2.21)

and so Σ depends on the conserved charges E and Q, and the parameter of the theory Υ.
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Figure 2.2: Equation of state Φ − Q, for T fixed. Left hand side: Positive branch. Right hand
side: Negative branch.

2.1.2 Equation of state Φ = Φ(Q, T )

To proceed further with the thermodynamic behaviour, let us construct the equation of
state Φ = Φ(Q,T ). First, we replace q = Qη in the expressions for the thermodynamic
quantities, as follows from (2.9). We then have the parametric expressions

T =
(x+ − 1)

[(
η4Q2 − 1

2η
2 − 1

4Υ
)
x2+ +

(
η4Q2 − 1

2η
2 + 1

4Υ
)
x+ − 2η4Q2

]
2πηx2+

,Φ =
Qη(x+ − 1)

x+
(2.22)

where η must be isolated from the horizon equation f(x+) = 0. In Fig. 2.2, we have
depicted the equation of state for the positive and negative branch, respectively. In both
cases we have considered the family Υ > 0.

The equation of state contains relevant information on the local stability. Concretely,
the response function

ϵT ≡
(
∂Q

∂Φ

)
T

(2.23)

known as isothermal permittivity is a measure of the stability of the configurations against
small fluctuations of the electric charge (for more details, see [104, 105]). If ϵT > 0,
the system is locally stable against electric fluctuations. In both cases, the positive and
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negative branches contain regions where ϵT > 0. For the negative branch (the plot at the
right hand side of Fig. 2.2), the region for which ϵT > 0 corresponds, as we are going
to show in the next section, to the region where the second relevant response function,
the heat capacity at constant electric charge, CQ (and also CΦ), is negatively defined,
indicating a thermal instability. This is similar with the thermodynamics of RN black
hole and so these configurations are not locally stable.

The interesting case is for the positive branch (the plot on the left hand side of Fig.
2.2), where a novel region with ϵT > 0 develops. This is the region A, as shown in the
plot. It looks a very small region in the phase space, but it is valid for any Q > 0 (and
T > 0). Next, we show that in this particular region, the heat capacity is also positive,
thus fulfilling the conditions for local stability. The regions A, B and C are separated by
the curves characterized by (∂Φ/∂Q)T = 0 (the dotted curve, that separates A from B)
and (∂Q/∂Φ)T = 0 (the dashed curve, that separates B from C).

2.1.3 Phase diagram and local stability

The second response function relevant for the local stability is the heat capacity, both at
fixed electric charge, CQ, and at fixed conjugate potential CΦ,

CQ ≡ T

(
∂S

∂T

)
Q

, CΦ ≡ T

(
∂S

∂T

)
Φ

(2.24)

Thermally stable configurations are those with CQ > 0, for the canonical ensemble, and
CΦ > 0, for the grand canonical (see Appendix C.1 for a brief summary on the criteria for
local stability).

Canonical ensemble: Q fixed

In Fig. 2.3, we have depicted the phase diagram T − S of the canonical ensemble for
the positive (left hand side plot) and negative branch (right hand side plot), respectively.
As commented above, the interesting behaviour occurs for the positive branch, where we
observe that CQ > 0 for both regions, A and B. However, only in region A we have, in
addition, ϵT > 0 and, hence, only region A contains fully locally stable configurations,
for the positive branch. On the other hand, the negative branch is characterized by two
regions, according to the sign of CQ. These two regions are separated by exactly the same
curve that divides the regions ϵT > 0 and ϵT < 0 in the Φ − Q phase space (the dashed
curve, for which (∂Q/∂Φ)T = 0 and C−1

Q = 0) and, thus, the response functions CQ and
ϵT can not be simultaneously positive for the negative branch.

Grand canonical ensemble: Φ fixed

A similar analysis can be done in the grand canonical ensemble. As shown in Fig. 2.4,
since clearly CΦ < 0, the black holes of the negative branch are not stable. However,
for the positive branch, we also observe that, in particular, the region A is characterized
by CΦ > 0, which also corresponds to ϵT > 0 and so there exist black hole solutions,
which are thermodynamically stable (region B corresponds to ϵT < 0 and so the response
functions are not simultaneously positively defined). We would also like to point out that,
for the positive branch, the stable black holes are also globally stable, as they minimize
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Figure 2.3: T −S for fixed Q. Left hand side: Positive branch. Right hand side: Negative branch.

Figure 2.4: T −S for fixed Φ. Left hand side: Positive branch. Right hand side: Negative branch.

the thermodynamic potential, G. We are going to discuss this point in more detail in
discussion section.

33



Chapter 2. Existence of thermodynamically stable asymptotically flat black holes

2.2 Black holes in Einstein-Maxwell-Gauss-Bonnet

Let us now consider the Einstein-Maxwell-Gauss-Bonnet action [73]

I =
1

2κ

∫
M
d5x

√
−g
(
R+

1

4
αRGB − F 2

)
(2.25)

where κ = 8π, in the unit system where G = c = 1, Fµν = ∂µAν − ∂νAµ, Aµ is the gauge
potential, RGB ≡ R2 − 4RµνR

µν +RµνσρR
µνσρ is the GB invariant and α is the coupling

constant with GB sector. It is convenient to distinguish two branches, according to the
sign of α, since they have different thermodynamic properties, as shown below.

The equations of motion for this system are

Rµν −
1

2
Rgµν +

1

4
αHµν = κTEMµν , ∇µF

µν = 0 (2.26)

where TEMµν ≡ 1
4π

(
FµαFν

α − 1
4gµνF

2
)
is the energy-momentum tensor for the electromag-

netic field, and

Hµν ≡ 2RµαβσRν
αβσ − 4RµσνρR

σρ − 4RµσR
σ
ν + 2RRµν −

1

2
RGBgµν (2.27)

The spherically symmetric black hole solution was obtained in [106]

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dΣ2

3 , Aµ =

(
Φ−

√
3q

2r2

)
δtµ (2.28)

where dΣ2
3 ≡ dθ2+sin2 θdϕ2+sin2 θ sin2 ϕdψ2 is the line element of the unit 3-sphere, Φ is

an additive constant in the expression of gauge potential, and q is the charge parameter.
Working with this ansatz, the differential equation for f(r) becomes

(
r2 + α− αf

)
f ′ + 2r (f − 1) +

2q2

r3
= 0 (2.29)

and there exists two families characterized by ϵ = ±1, which can be expressed in a compact
form as

f(r) = 1 +
r2

α

[
1 + ϵ

(
1 +

2αµ

r4
− 2αq2

r6

) 1
2

]
(2.30)

where µ is the constant of integration related to the mass. However, only the family
ϵ = −1 is consistent with asymptotic conditions of flat spacetime, namely f(r → ∞) =
1 + O(r−2). The other family characterized by ϵ = 1 is not asymptotically flat, namely
f(r → ∞) = 2r2/α+1+O(r−2). Since we are interested in asymptotically flat spacetime,
in what follows we are going to consider the family ϵ = −1.

As in general relativity, in GB theory the black hole configurations can also have at
most two horizons for which f(r) = 0,

r± =
1

2

[
2µ− α±

√
(2µ− α)2 − 16q2

] 1
2

(2.31)

with the outer one, r+, corresponding to the event horizon. We would like to emphasize
that the solution is regular when 2µ − α ≥ 0, otherwise it becomes a naked singularity.
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Therefore, the extremal black holes exist when the constraint (2µ−α)2 = 16q2 is satisfied.
In this case, the two horizons coincide (r+ = r−) and so the mass parameter can be written
as µ = 2r2+ + (1/2)α.

In the next section, we shall explicitly compute the regularized quasilocal stress
tensor and energy. As a consistency check, we prove that, once an ambiguity in the overall
factor that multiplies the counterterm is fixed, the quasilocal mass matches, indeed, the
Arnowitt-Deser-Misner (ADM) mass [107–110].

2.2.1 Euclidean action and thermodynamics

In this section, we use again the counterterm method and quasilocal formalism of Brown
and York [77] to consistently compute the regularized Euclidean on-shell action, boundary
stress tensor, and energy. We verify that the quantum-statistical relation and first law of
black hole thermodynamics are consistently satisfied. We also obtain Smarr formula in
this non-trivial case.

The regularized action of this theory is

IE = IEbulk + IEGH + IEct (2.32)

where IEbulk is the bulk part of the action given by (2.25), IGH and Ict are the Gibbons-
Hawking boundary term [111] and the gravitational counterterm, respectively, with their
corresponding extension for the GB sector,

IEGH = −1

κ

∫
∂M

d4x
√
hE
(
K +

1

2
αKGB

)
(2.33)

IEct =
1

κ

∫
∂M

d4x
√
hE
(
3

2
R
) 1

2
(
1 +

j

9
αR
)

(2.34)

where h is the determinant of the induced metric hab on the boundary ∂M, Kab = ∇anb
is the extrinsic curvature, with na being the normal unit vector to ∂M, K ≡ habKab, and

KGB ≡
[
2

3
KacKdb

(
Khcd −Kcd

)
+

1

3
Kab

(
KcdK

cd −K2
)]
hab − 2

(
Rab −

1

2
Rhab

)
Kab

(2.35)
and R = habRab is the trace of the Ricci tensor on ∂M.

For now, we use an arbitrary factor denoted by j in the GB counterterm because
the variational principle is well defined for any j. This ambiguity can be eliminated on
physical grounds, and we are going to fix this factor in a consistent manner later on so
that the physical quantities are well defined. A similar couterterm was used in [112] (see,
also, [113,114] for GB counterterms in AdS).

The on-shell Euclidean action in the bulk can be written as5

IEbulk =
πβ

8

[
r3f ′ − 3αr (f − 1) f ′

]∣∣rb
r+

− 3πβq2

4r2+
(2.36)

where f ′ ≡ df/dr and rb is the location of the boundary. We shall take the limit rb → ∞
at the end of the computation. Specifically, for RNGB black hole, the result for the bulk

5Here, β =
∫ β

0
dτ is the periodicity of the imaginary time in the Euclidean section.
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term can be written in the compact form as

IEbulk =
πβ

4

(
µ−

r4+ + 3αr2+ + 2q2

r2+ + α

)
(2.37)

The Gibbons-Hawking boundary term is6

IEGH =
πβ

2
(µ− α)− 3πβ

4
r2b +O

(
r−2
b

)
(2.38)

Observe that IEGH contains a divergent part ∝ r2b , which does not come from the GB
sector. As expected, this divergent quantity is going to be removed with the gravitational
counterterm that turns out to be

IEct = −πβ
2

(
3

4
µ− jα

)
+

3πβ

4
r2b +O

(
r−2
b

)
(2.39)

All the divergent contributions are now cancelled out and the final result for the Euclidean
action is

IE =
3πβ

8
µ+

πβ

2
(j − 1)α− πβ

4

(
r4+ + 3αr2+ + 2q2

r2+ + α

)
(2.40)

Notice that the second term in Eq. (2.40), proportional to α, is a finite contribution purely
due to the GB sector. We shall see below that, for consistency with the asymptotically
flat spacetime boundary conditions, we have to fix j = 1 such that we recover the usual
ADM mass.

We now compute the quasilocal energy for this system at spatial infinity. According
to the Brown-York formalism,

Equasi =

∫
s3∞

d3x
√
σnaτabξ

b (2.41)

is the conserved charge associated with the time symmetry of the metric, given by the
Killing vector ξa = δat , where σ is the determinant of the metric on the three-sphere

ds2σ = r2dΣ2
3, na = δta/

√
−gtt = f

1
2 δta is the normal unit to the hypersurface t = constant,

and τab is the boundary stress tensor

τab ≡
2√
−h

δI

δhab
=

1

κ

[
Kab −Khab +

1

2
α

(
Q̃ab −

1

2
Q̃hab

)]
− 2

κ
Ψ̃ab (2.42)

where

Q̃ab ≡ 3Jab + 2KRab − 4RacK
c
b +RKab − 2KcdRcadb , Q̃ = Q̃abh

ab (2.43)

and

Ψ̃ab ≡
dΨ(R)

dR
Rab −

1

2
Ψ(R)hab , Ψ(R) =

(
3

2
R
) 1

2
[
1 +

1

9
jαR

]
(2.44)

6Some intermediate results are

Jabh
ab = −f

1
2 (3rf ′ + 2f)

r3
, GabK

ab = −3rf ′ + 6f

2r3f
1
2

where Gab ≡ Rab − 1
2
Rhab.
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The components of the boundary stress tensor are

τtt =
f

8πr3b

[
3(r2b + α)f

1
2 − αf

3
2 −

(
2jα+ 3r2b

)]
= − 1

4πr3b

[
3µ

4
+ (j − 1)α

]
+O(r−5

b )

(2.45)

τθθ = −
4rbf

1
2

(
f

1
2 − 1

)
+
(
r2b + α− fα

)
f ′

16πf
1
2

= −µ
2 − 4q2

32πr3b
+O(r−5

b ) (2.46)

where f = f(rb) and τψψ = sin2 ϕτϕϕ = sin2 θ sin2 ϕτθθ.

We have now all the necessary ingredients to compute the thermodynamic quantities.
By using the formula (2.41), we get

Equasi =
3

8
πµ+

1

2
π(j − 1)α (2.47)

This expression for the energy of RNGB black hole is consistent with the usual statistical
formula obtained from the thermodynamic potential in the grand canonical ensemble:

E =

(
∂IE

∂β

)
Φ

− Φ

β

(
∂IE

∂Φ

)
β

= Equasi (2.48)

A similar computation can be done in the canonical ensemble as E = (∂ĨE/∂β)Q,
where [115]

Ĩ = I +
2

κ

∫
∂M

d4x
√
−hFµνnµAν → ĨE = IE + βQΦ (2.49)

This action is compatible with the boundary condition for the gauge field that fixes the
electric charge, which is given by the Gauss law,

Q = ϵ0

∮
⋆F =

√
3π

2
q (2.50)

and Φ ≡ At(∞)−At(r+) =
√
3

2r2+
q is the conjugate potential. The Hawking temperature is

computed as usual by removing the conical singularity in the Euclidean section,

T = β−1 =
1

4π
f ′(r+) =

r4+ − q2

2πr3+(r
2
+ + α)

(2.51)

Before comparing the ADM and quasilocal masses, let us first proceed further with com-
puting the entropy directly from the regularized action

S = −IE + β

(
∂IE

∂β

)
Φ

=
1

2
π2r+

(
r2+ + 3α

)
(2.52)

which follows from statistical mechanics, after using the semi-classical approximation
lnZ ≈ e−I

E
, where Z is the partition function. The entropy receives a contribution

from the GB sector and can be also computed by Wald formalism [67,116].

Before fixing j, let us first verify the quantum-statistical relation. There is some
hope that we can eliminate the ambiguity related to j by using this relation, but since the
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τtt component of the boundary stress tensor has a similar contribution, both contributions
cancel each other in the quantum statistical relation. Concretely, we obtain7

G ≡ E − TS − ΦQ =
3

8
πµ+

1

2
π(j − 1)α− 1

4
π

(
r4+ + 3αr2+ + 2q2

r2+ + α

)
= β−1IE (2.53)

and so it is satisfied for any j.

Therefore, the correct way to fix j is to compare the quasilocal mass at spatial
infinity with the ADM mass. Once j is fixed for one specific solution, the counterterm can
be used to regularize the energy of all regular solutions with the same boundary conditions.
We emphasize that the fall off of GB term is very fast at the boundary and that is why the
asymptotic flat boundary conditions are permitted. For completeness, in Appendix C.3,
we provide the basic details for computing the ADM mass that matches the holographic
mass only for j = 1.

We would also like to emphasize that in the limit rb → ∞, the trace of the boundary
stress tensor vanishes,

τabh
ab =

3µ

16πr3b
+O(r−5

b ) (2.54)

and it is covariantly conserved, τab;b = 0, which is compatible with our solution with no
matter or conical defects at spatial infinity [117].

It is also straightforward to verify the first law of black hole thermodynamics,

dE = TdS +ΦdQ. (2.55)

The Smarr formula is
2E = 3TS + 2ΦQ+ 2Bα, (2.56)

where the last term is, in principle, consistent with an extension of the first law, dE =
TdS +ΦdQ+ Bdα,

B ≡
(
∂E

∂α

)
S,Q

= −3

8
π

(
1

2
+

3r2+ − 2µ

r2+ + α

)
(2.57)

when the parameter α can vary, which is not our study case.

2.2.2 Equation of state: Q− Φ

In this section, we obtain the equation of state and study in detail the regions where the
system achieves local stability.

The equation of state Φ = Φ(Q,T ) can be implicitly written as

T =
1

6

(
QΦ

π

) 1
2 3− 4Φ2

Φπα+Q
(2.58)

In the limit α = 0, the equation of state reduces to the one of charged black hole in general
relativity. For this case, it is well known that there are no locally stable configurations, as
CQ and ϵT can not be simultaneously positive.

7We have assumed the boundary condition δAµ|∂M = 0 for the gauge potential, that fixes Φ (the grand
canonical ensemble). Similarly, F ≡ E − TS = 3

8
πµ + 1

2
π(j − 1)α − 1

2
π2r+

(
r2+ + 3α

)
= β−1ĨE for the

canonical ensemble.
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Figure 2.5: Equation of state Φ−Q, for fixed T . Left hand side: α = 1. Right hand side: α = −1.

For the family α > 0, the isotherms T ̸= 0 in the Q− Φ plane are characterized by
being ‘closed’, i.e, starting and ending at Q = Φ = 0, as shown in the first plot of Fig. 2.5.
This indicates that there is one curve, say Φ0 = Φ0(Q), along which ϵT = 0, and another
curve, say Φ∞ = Φ∞(Q), along which ϵT diverges or, alternatively, ϵ−1

T = 0. From the
expression of the isothermal permittivity,

ϵT =
Q
(
12παΦ3 + 20QΦ2 + 3παΦ− 3Q

)
(4Φ2 − 3)(Q− παΦ)Φ

(2.59)

it follows that the Φ0 = Φ0(Q) is given implicitly by the cubic equation

12παΦ3
0(Q) + 20QΦ2

0(Q) + 3παΦ0(Q)− 3Q = 0 (2.60)

whereas

Φ∞(Q) =
Q

πα
(2.61)

Because ϵT changes twice its sign along a given isotherm T ̸= 0, we can distinguish three
regions. Regions A and C contain electrically stable configurations (ϵT > 0), and region B
contains electrically unstable ones. While region B and C mimic the behaviour for charged
black holes in Einstein-Maxwell gravity, the presence of the GB invariant, moduled by the
constant α, is responsible for new stable configurations within region A, which consists of
small black holes characterized by Φ > Q

πα , which is equivalent to r2+ < α.

Moreover, for α > 0, there exists a maximum allowed temperature that depends
only on α. By looking at the first plot in Fig. 2.5, we can observe that, as tempera-
ture approaches to its maximum, Tmax, the corresponding isotherm shrinks to eventually
disappears. It can be shown, but also follows from visual inspection, that in the limit
T → Tmax, Φ → Q/(πα). In other words, the isotherms tend to align with the dotted
curve in Fig. 2.5. Replacing Φ = Q/(πα) in the equation of state and taking the limit
Q→ 0 leads to

Tmax =
1

4π
√
α

(2.62)

On the other hand, for α < 0, there is one special curve in the Q−Φ phase space, namely,
Φ0 = Φ0(Q), where ϵT = 0. This situation is depicted in the second plot of Fig. 2.5. As
shown next, for the α < 0 case, the region with ϵT > 0 is thermally unstable, CQ < 0.
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Figure 2.6: T − S for fixed Q. Left hand side: α = 1. Right hand side: α = −1.

2.2.3 Phase diagram and local stability

Canonical ensemble: Q fixed

Let us focus on the case α > 0. From the equation of state, we have that, for a given Q
within the region A, the electrically stable configuration is the one that has the largest
value of Φ. We now explicitly show that configurations within region A are also thermally
stable. The heat capacity in this case is

CQ = T

(
∂S

∂T

)
Q

=
3
√
πQΦ(Q+ παΦ)2

(
3− 4Φ2

)
2Φ2(12παΦ3 + 20QΦ2 + 3παΦ− 3Q)

(2.63)

It is easy to translate the curves that divide region A, B and C, given by (2.60) and (2.61),
into the diagrams T − S, as shown in the first plot in Fig. 2.6. As commented earlier,
region A contains small black holes, r2+ < α, that is S < 2π2α

3
2 . These configurations are

thermally stable as CQ > 0, and thus, are locally thermodynamically stable.

Grand canonical ensemble: Φ fixed

The thermodynamic stability in the grand canonical ensemble can be investigated in the
same way, though the analysis is simpler. The heat capacity for this ensemble is

CΦ =
3
√
πQ(Q+ παΦ)2

2Φ
3
2 (παΦ−Q)

(2.64)

Consider the case of interest, α > 0. Since region A is characterized by Φ > Q/(πα), it
immediately follows that CΦ > 0 within this region.

Thus, we conclude that region A contains fully thermodynamically stable configu-
ration both in the canonical and grand canonical ensembles.

2.3 Discussion

In this paper, we provide examples of thermodynamically stable asymptotically flat black
holes. We have shown that effective theories with the dilaton and its self-interaction, as
well as gravity with GB corrections, can allow for thermodynamic stability regions in the
phase diagram of charged static black holes.

40



Chapter 2. Existence of thermodynamically stable asymptotically flat black holes

The conserved charges of asymptotically flat black holes are usually computed by
using Hamiltonian methods [107–110]. However, supplemented with counterterms, the
quasilocal formalism of Brown and York [77] becomes a powerful framework for computing
conserved quantities in general relativity. The basic idea in [77] is to define a ‘quasilo-
cal’ energy inside a given finite region that can be directly derived from the gravitational
action for that specific spatially bounded region. The quasilocal energy is the value of
Hamiltonian which generates unit magnitude proper-time translations in a timelike direc-
tion orthogonal to spacelike hypersurfaces at some fixed spatial boundary and so it agrees
with the ADM energy in the limit when the spatial boundary is pushed to infinity. We
emphasize, though, that while within the ADM formalism the foliation is made by hyper-
surfaces that are Cauchy surfaces such that the data on a slice determine completely the
future evolution of the system, that is not necessary the case for the quasilocal formalism.
One important result of our work was to obtain a consistent counterterm for GB gravity
in flat spacetime. While the variational principle is at the basis of this construction, a
relevant subtlety we had to deal with was the existence of a finite contribution coming
from the counterterm that is related to the ambiguity in defining its overall factor. To
fix this ambiguity and construct the general counterterm that regularizes the action we
had to rely on the Hamiltonian formalism. Once the quasilocal formalism is consistently
supplemented with counterterms, it can be also used for theories with higher derivative
corrections. We emphasize that, unlike in the case of Wald formalism, we do not need to
use the first law a priori and so the quasilocal formalism is self-consistent providing all
information about the thermodynamic behaviour of the gravitational system.

The existence of asymptotically flat hairy black holes in theories with a scalar field
potential was proposed in [118]. We made this proposal concrete by analyzing exact
solutions when the dilaton together with its potential are present in the theory. Since in
flat spacetime, the effective potential (obtained from the self-interaction of dilaton together
with the non-trvial coupling to the gauge field) plays the role of the local ‘box’, one can
expect that there can exist thermodynamcally stable black holes in such theories. This is
indeed true for 4-dimensional supergravity theory with FI terms for which, interestingly,
there exist exact hairy solutions. Unlike the black holes in AdS spacetime, the small
black holes (the parameter Υ coming from the FI sector provide a scale in the theory)
are stable. This can be understood as follows: when the horizon radius is large, the
dilaton potential gets weaker (it vanishes at the boundary) and so the large black holes
are not stable, while for small ones, the self-interaction becomes relevant acting like a box
allowing configurations in stable thermal equilibrium. There exists a family of solutions
that contains two distinct branches, but only one branch contains thermodynamically
stable hairy black holes (see the first plot in Fig. 2.2 and the first plot in Fig. 2.3, where
the stable black holes reside within region A, for the positive branch). The range for which
these black holes exist is close to the extremality.

Surprisingly, the charged black holes in a gravity theory with GB corrections have a
similar thermodynamic behaviour. As discussed in Section 2.2, there is again a family of
asymptotically flat black holes with two different branches, but only one branch contains
thermodynamically stable black holes. In this case, it seems that the GB term in the
action behaves as an ‘effective potential’. This can be explicitly checked by comparing the
behaviour in the asymptotic region of V (ϕ) vs GB term:

V (ϕ) =
Υ

30
ϕ5 +

Υ

630
ϕ7 +O

(
ϕ9
)
=

Υ

30η5r5
− 3Υ

560η7r7
+O(r−9) (2.65)
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and

RGB = R2−4RµνR
µν+RµνσρR

µνσρ =
72µ2

r8
− 360µq2

r10
−
336

(
µ3α+ q4

)
r12

+O
(
r−14

)
(2.66)

We observe the rapid fall off that explains, in both cases, the existence of asymptotically
flat solutions. However, in both cases, the backreaction deep in the bulk becomes relevant.

For GB theory, the small black holes in the range close to the extremality are
again thermodynamically stable. However, there is now an extra constraint, namely the
existence of a critical charge: only those with Q < 1

2

√
3πα or, equivalently, S < 2π2α3/2

are thermodynamically stable. This can be also understood from the first plot in Fig.
2.5 and Fig. 2.6, where we see that one zone that contains the near-extremal black holes
(those close to the horizontal dotted curve) is within Region A (stable), but the other is
in Region B (unstable).

To summarize this striking analogy, let us concretely emphasize which branches are
relevant for the existence of thermodynamically stable black hole configurations. For the
Einstein-Maxwell-scalar theory, stability criteria are met when the scalar field potential
has positive concavity and is bounded from below. This occurs for one of two families,
namely the Υ > 0 one, where Υ is the (global) parameter that controls the strength of the
self-interaction. Within this family, only the branch for which the scalar field is positively
defined and satisfies some particular boundary condition contains thermodynamically sta-
ble black hole solutions. For charged black holes in the GB theory, stability criteria are
met when the metric is asymptotically flat. This occurs for one of the two families, namely
the one defined by ϵ = −1, where ϵ = ±1 defines the asymptotic structure of the metric,
and, within this family, for one of the two branches, namely the one where α > 0, where
α controls the strength of the GB correction in the action.

To complement the thermodynamic analysis in the bulk of the paper that was based
on the equation of state, we now briefly present an analysis of the thermodynamic poten-
tial. We start with the GB case and focus on the case of interest, namely α > 0. The
relevant information obtained from the equation of state can also be read off from the
F −Q diagram when T is fixed, depicted in the first plot of Fig. 2.7. The locally thermo-
dynamically stable black holes are the ones in region A, i.e., those with the biggest value
of Φ, for a given Q < 1

2

√
3πα. Since Φ = (∂F/∂Q)T , the stable configurations in F −Q

diagram correspond to the lowest part of each isotherm, having the biggest slope. Also
from Fig. 2.7, it follows that these configurations minimize the thermodynamic potential.
From this observation, we conclude that locally stable black holes are also globally stable.
We shall investigate the global stability using the F − T diagram, depicted in the second
plot of Fig. 2.7. Since CQ = −T (∂2F/∂T 2)Q, it follows that locally stable configurations
are those satisfying (∂2F/∂T 2)Q < 0, which also corresponds to the lower part of the
curve, containing again configurations minimizing F .

The thermodynamic potential for the hairy black hole solution is depicted in Fig.
2.8 where we consider the positive branch. However, the thermodynamically stable config-
urations are present only in the positive branch, corresponding to the first plot in Fig. 2.8.
Since CQ = −T (∂2F/∂T 2)Q, we observe that the locally stable configurations CQ > 0 are
those with negative concavity, which correspond to the configurations that minimizes F .
Therefore, in a similar manner as we did in the GB case, we obtain that these solutions
are also globally stable.

For completeness, we present the plots of T vs r+ for both cases corresponding to
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Figure 2.7: Left hand side: F −Q for fixed T for α = 1. Right hand side: F − T for fixed Q
for α = 1.

Figure 2.8: F − T for fixed Q, in the positive branch of the hairy solutions.

Figure 2.9: Horizon temperature vs r+ for both scenarios, the hairy black hole (the plot at the
left) and for the Gauss-Bonnet black hole (the plot at the right).

the hairy and GB black hole solutions. For the hairy case, we consider r+ ≡
√
Ω(x+) that

plays the role of the canonical radial coordinate of the horizon (for the positive branch,
1 < x+ ≤ ∞). This is depicted in Fig. 2.9, where we observe again a clear similarity: In
the presence of electric charge, there exists a maximum value of the temperature and two
branches, of which the branch of small black holes contains the stable ones.

Since there is no solution of flat spacetime with constant charge, and unlike AdS
spacetime where hairy charged solitons were explicitly constructed in some specific cases
[94–96], making sense of the ground state in this case is not obvious. However, as in [104],
one can consider the extremal black hole (otherwise the spacetime can collapse in a naked
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Figure 2.10: Entropy of extremal black hole for the hairy black holes in the positive branch.
Υ = 1.

singularity) as the state with respect to which we compute the energy. Therefore, to
complete the analysis, let us consider the extremal limit that is relevant for the existence
of the canonical ensemble. One can use the entropy function formalism [119–121] to obtain
the near horizon geometry of black hole solutions in theories that are diffeomorphism and
gauge invariant. This method is based on the existence of an enhanced AdS2 in the
near horizon geometry that also plays an important role for understanding the entropy
of spinning [119] astrophysical black holes [122]. For asymptotically flat hairy black holes
in a theory with a dilaton potential, this analysis was done in [55] (see, also, [123] for a
related discussion in a different context) and for GB charged hairy black holes, the details
can be found in [113] and so we do not repeat them here. We would only like to emphasize
that, for the extremal black holes we have considered in our work, the entropy does not
vanish and so these are regular solutions of the equations of motion. In the GB case, the
results can be obtained analytically, as follows: consider T = 0 limit, namely r2+ = q,
as follows from (2.51). By replacing this value in the horizon equation, f(r+) = 0 or,
equivalently, in (2.31), we get the following relation between the conserved charges for the
extremal black hole:

E =
1

16

(
3πα+ 8

√
3Q
)

(2.67)

and the entropy becomes

S =
(2πQ)

1
2

2 · 3
1
4

(
3πα+

2Q√
3

)
(2.68)

In the hairy case, we can show, through numerical computations, that the entropy
of extremal black holes is also positive, with its values depending of the electric charge. It
turns out that, for increasing values of Q, the entropy of extremal hairy black hole rapidly
approaches to zero, as depicted in Fig. 2.10. This can be also seen from the first plot of
Fig. 2.3, though, from that plot and for curves with large values of Q, it is not as easy to
discern that S(T = 0) > 0.

While the theories are completely different, we would like to point out that, generally,
theories with higher derivatives f(R) are equivalent with theories with a scalar field and
its self-interaction [124,125]. However, this consideration can not be applied for our work
because one theory is four-dimensional, while the other is five-dimensional. The GB term
is trivial in four-dimensions, but once it is coupled with the scalar field it contributes to
the equations of motion and so we expect that the hairy black holes receive corrections.
Since we were not able to generate exact solutions, we leave the detailed analysis of this
specific case for a future work.
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On scalar charges and black hole thermodynamics

This chapter is based on:
On scalar charges and black hole thermodynamics

R. Ballesteros, C. Gómez-Fayrén, T. Ort́ın and M.Zatti
JHEP 05 (2023) 158 (arXiv:2302.11630)

It is widely believed that one of the defining characteristics of classical black holes
is that they have no “hair”. The concept of black-hole hair is a very broad one but, for
the stationary black holes we will be concerned with in this paper it can be defined as any
parameter that enters the metric and which cannot be eliminated through a coordinate
transformation which is not a function of the charges of the theory which are conserved
by virtue of a local symmetry (mass, angular momenta, electric charges) or a topological
property (magnetic charges) or the asymptotic values of the scalars (moduli).

Scalar charges, typically defined through the asymptotic behavior at spatial infinity
of the scalars in the black-hole spacetime, are not protected by any conservation law. In
ungauged theories the only local symmetries scalar fields transform under are diffeomor-
phisms but the conserved charges associated to them are the gravitational ones: mass and
linear and angular momenta. Scalar fields only transform under global symmetries of the
action or of the equations of motion only to which we will refer to as dualities. However,
the charges associated to those symmetries in stationary black-hole spacetimes vanish
identically. They seem to have nothing to do with the conventionally-defined black-hole
scalar charges. Gauging the global symmetries does not help because the gauge symmetry
would be associated to some 1-form gauge fields and the conserved charges would have
the interpretation of electric and magnetic charges.

Therefore, according to our definition of hair, scalar charges are understood as hair
and, according to the no-hair conjecture, no black-hole solutions with regular horizons
(henceforth to be referred to as “regular black holes”) carrying scalar charges should
be expected. Any scalar charges possessed by gravitationally collapsing matter should
be radiated away in the black-hole formation. However, there are many regular black
hole solutions carrying non-vanishing scalar charges such as dilaton black holes and their
generalizations.1

The solution to this apparent counterexample of the no-hair conjecture lies in the
distinction between primary and secondary hair [127]: in all the regular black-hole so-
lutions with non-vanishing scalar charges, those charges are not independent parameters
but very specific functions of the independent conserved charges which are allowed by the
no-hair conjecture and they are (by definition) secondary hair. In the solutions in which

1For a review with many references, see Ref. [126].
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the scalar charges are truly independent parameters, such as the Janis-Newman-Winicour
solution [128] or the Agnese-La Camera solutions [129] and their generalizations [126],
there are no regular horizons but naked singularities unless the scalar charge takes the
value of the specific function of the conserved charges we mentioned above (simply zero
in the JNW solution). This kind of scalar hair is, by definition, primary hair and it is the
one which would actually be forbidden by the conjecture.

The scalar charges which are allowed by the no-hair conjecture remain, nevertheless,
quite mysterious: What are the values of the scalar charges allowed in a given theory?
Why are those values allowed and no others? And, even more basic: Is there a coordinate-
independent definition of scalar charge?

This mystery only deepened when Gibbons, Kallosh and Kol (GKK) showed in
Ref. [59] (see also Ref. [98]) that the allowed scalar charges occur in the first law of
black hole mechanics [33] as thermodynamical potentials conjugate to the variations of
the moduli. While it is not clear which kind of physical process may result in a change of
the moduli,2 it is a fact that varying the black-hole entropy formulae of known solutions
with respect to the moduli one finds the scalar charges as coefficients of those variations.

Wald’s formalism [66–68] opened a new venue for the study of black-hole thermody-
namics that can be used to explore the role of scalar charges into it. The main observation,
realized in the context of purely gravitational (matter-free) theories invariant under dif-
feomorphisms is that the properties of the Noether (d− 2)-form charge associated to the
invariance under diffeomorphisms (Noether-Wald charge) can be used to prove the first
law of black-hole thermodynamics.

In theories with matter, this law includes work terms proportional to the variations
of conserved charges and the GKK scalar term proportional to the variations of the moduli.
In the last few years we have extended the formalism to handle theories in which there
are matter fields with gauge symmetries coupled to gravity showing how the electric work
terms appear [56, 130, 131],3 showing how extended black-hole thermodynamics arises in
this context [69, 138], how to include magnetic charges in the first law [57] and how to
construct Komar integrals from which Smarr formulae can be derived [69, 139]. In all
those cases each new work term in the first laws is associated to a gauge symmetry or an
equivalent topological property. Since, as we have seen, scalar charges are not associated
to neither, it is unclear how the GKK work term can be recovered in Wald’s formalism.4

The absence of a good coordinate-independent definition for the scalar charge complicates
this problem.

In this paper we are going to show how this problem can be solved taking into account
hitherto ignored contributions to the integrals at spatial infinity and using a definition of
scalar charge as the integral of a (d − 2)-form which is manifestly coordinate and gauge
independent and which satisfies a Gauss law in stationary black-hole spacetimes. This
definition relies in the existence of conserved charges associated to global symmetries and
in the existence of a timelike Killing vector whose Killing horizon coincides with the black-

2The same could be said about magnetic charges.
3A slightly different approach to the one taken in those papers, which is the one used here as well, is

the point of view of “invariance up to gauge transformations”, taken in Refs. [132–137].
4In extended thermodynamics there are work terms associated to the variation of dimensionful constants

which, apparently, unrelated to gauge symmetries.5 However, those constants can be dualized into (d −
1)-form potentials with a gauge freedom (for the cosmological constant, see Refs. [142, 143]) and this
description leads to the work terms [69,99,138,140,144].
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hole’s event horizon and whose action leaves invariant all the physical fields. Therefore,
there is a scalar charge associated to each global symmetry, and, therefore, the number of
charges may or may not coincide with the number of scalar fields.

In this paper we have studied 4-dimensional theories6 whose scalar kinetic terms are
described by symmetric sigma models in which the scalar fields map spacetime into a target
space which is a symmetric Riemannian homogeneous space G/H. These kinetic terms are
very common in supergravity theories. Furthermore, our theories include Abelian 1-forms
and we are going to assume that the couplings of the scalars to those 1-forms are such that
the equations of motion, enhanced with the Bianchi identities satisfied by the 2-form field
strengths are invariant under the duality group G.7 Again, this is a fairly common situation
in supergravity and include simple theories such as the Einstein-Maxwell-Dilaton ones. In
these theories we can associate a conserved scalar charge to each of the generators of G,
even if some of the transformations (the electric-magnetic duality rotations in particular)
do not leave the action invariant. As a result, according to our definition, there are always
more scalar charges than scalars. Nevertheless, we are going to show that the conventional
scalar charges can be recovered as combinations of the ones we have defined and we are
going to check these relations in particular black-hole solutions.

In this framework we are going to proof the first law of black-hole thermodynamics
recovering the GKK results and, as a byproduct, we are going to find a general expression
for the scalar charges in terms of the conserved charges and the position of the horizon,
thus answering one of the long-standing questions posed above.8 Observe that, since our
definition of scalar charge satisfies a Gauss Law, the value obtained for those charges is
the same whether we calculate the integrals over the horizon or at infinity.

This paper is organized as follows: in Section 3.1 we review the kind of theories
that we are considering, their duality symmetries, the Gaillard-Zumino theorem [146] and
the construction of the Noether-Gaillard-Zumino (NGZ) currents which will be used in
Section 3.2 to define the scalar charges. In Section 3.3 we derive the first law recovering
the GKK results and the general expression of scalar charges in terms of conserved charges
and the position of the horizon. In Sections 3.4 and 3.5 we test our results on dilaton and
axion-dilaton black holes respectively. Section 3.6 contains a discussion of our results.

3.1 The theory

In this section we are going to review the theories we are going to consider and their
duality symmetries. Most of this material can be found elsewhere, but here we adapt it
to our needs and conventions.

Throughout this paper we are going to consider 4-dimensional ungauged supergravity-
inspired theories containing nS scalar fields ϕx that parametrize a symmetric coset space
G/H and nV 1-form fields AΛ = AΛ

µdx
µ with 2-form field strengths

6The extension to higher dimensions and higher-rank forms is straightforward using the results of
Ref. [145] for the Noether-Gaillard-Zumino currents.

7The general form of the theories that we consider is identically to that of the theories considered by
GKK in Ref. [59] but, in our approach it is crucial to know the global symmetries of the theory.

8After completion of this work, we found that a similar definition of scalar charge and similar result
had been found in Ref. [61] in the context of the dilaton black holes of the EMD theories.
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FΛ = dAΛ , (3.1)

coupled to gravity which we will describe through the Vierbein ea = eaµdx
µ. Up to two

derivatives, they can be described by the generic action

S =
1

16πG
(4)
N

∫ [
− ⋆ (ea ∧ eb) ∧Rab + 1

2gxydϕ
x ∧ ⋆dϕy − 1

2IΛΣF
Λ ∧ ⋆FΣ − 1

2RΛΣF
Λ ∧ FΣ

]

≡
∫

L ,

(3.2)

where the kinetic matrix I = (IΛΣ) is negative-definite and we are going to assume that
the positive-definite σ-model metric gxy(ϕ) is invariant under the action of G (the duality
group) which also leaves invariant the set of all equations of motion plus the Bianchi
identities of the theory. This assumption will be translated into conditions for the scalar-
dependent matrices I = (IΛΣ) and R = (RΛΣ) shortly.

We will set G
(4)
N = 1 and we will ignore the normalization factor (16π)−1 for the

time being.

The equations of motion are defined by (here φ stands for all the fields of the theory)

δS =

∫ {
Ea ∧ δea +Exδϕ

x +EΛδA
Λ + dΘ(φ, δφ)

}
, (3.3)

and given by

Ea = ıa ⋆ (e
b ∧ ec) ∧Rbc + 1

2gxy (ıadϕ
x ⋆ dϕy + dϕx ∧ ıa ⋆ dϕy)

− 1
2IΛΣ

(
ıaF

Λ ∧ ⋆FΣ − FΛ ∧ ıa ⋆ FΣ
)
, (3.4a)

Ex = −gxy {d ⋆ dϕy + Γzw
ydϕz ∧ ⋆dϕw} − 1

2∂xIΛΣF
Λ ∧ ⋆FΣ − 1

2∂xRΛΣF
Λ ∧ FΣ , (3.4b)

EΛ = dFΛ , (3.4c)

where we have defined the dual 2-form field strength

FΛ ≡ IΛΣ ⋆ F
Σ +RΛΣF

Σ . (3.5)

Furthermore,

Θ(φ, δφ) = − ⋆ (ea ∧ eb) ∧ δωab + gxy ⋆ dϕ
xδϕy − FΛ ∧ δAΛ . (3.6)

The original and dual 2-forms can be combined into a symplectic vector of 2-forms9

9The symplectic nature of this vector will be proven shortly.
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(
FM

)
≡
(
FΛ

FΛ

)
, (3.7)

and the Bianchi identities of the original 2-form field strength FΛ

dFΛ = 0 , (3.8)

and the Maxwell equations EΛ = 0 can be written as

dFM = 0 . (3.9)

These equations can be interpreted as Bianchi identities implying the local existence
of 1-form potentials

(
AM

)
≡
(
AΛ

AΛ

)
, (3.10)

such that

FM = dAM . (3.11)

The set of equations (3.9) is invariant under arbitrary GL(2nV ,R) transformations

FM ′ = SMNF
N , (3.12)

but we have to take into account the rest of the equations and an important constraint:
the components of FM are not independent and, therefore, FM satisfies the following
twisted self-duality constraint

⋆FM = −ΩMNMNPF
P , (3.13)

where MMN is the 2nV × 2nV symmetric symplectic matrix

M = (MMN ) =

 I +RI−1R −RI−1

−I−1R I−1

 ,

M−1 =
(
MMN

)
= Ω−1TMΩ =

 I−1 I−1R

RI−1 I +RI−1R

 ,

(3.14)

and

Ω = (ΩMN ) =

 0 ⊮nV ×nV

−⊮nV ×nV 0

 , Ω−1 =
(
ΩPN

)
. (3.15)
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As a consequence, the set of Maxwell equations and Bianchi identities will only be
invariant under the subset of GL(2nV ,R) transformations that preserve this constraint,
which is possible provided that M transforms as

M′ =
(
Ω−1SΩ

)
MS−1 , S =

(
SMN

)
. (3.16)

It is convenient to analyze the invariance of the Einstein equations first.

Using the identity

MMN ıaF
M ∧ ⋆FN = IΛΣ

(
ıaF

Λ ∧ ⋆FΣ − FΛ ∧ ıa ⋆ FΣ
)
, (3.17)

and the twisted self-duality constraint Eq. (3.13), the energy-momentum tensor of the
1-forms can be written in the form

−ΩMN ıa ⋆ F
M ∧ ⋆FN , (3.18)

which is left invariant by the transformations that leave invariant Ω

STΩS = Ω , (3.19)

that is, by transformations that belong to Sp(2nV ,R) [146]. Defining the nV × nV blocks
of the symplectic matrix S

S =

(
A B
C D

)
, (3.20)

the symplectic nature of S implies the following conditions for them:

ATC − CTA = 0 , (3.21a)

BTD −DTB = 0 , (3.21b)

DTA−BTC = ⊮nV ×nV . (3.21c)

It is not difficult to see that, if S symplectic, so is ST . The symplectic nature of ST

implies

BAT −ABT = 0 , (3.22a)

DCT − CDT = 0 , (3.22b)

DAT − CBT = ⊮nV ×nV . (3.22c)

On the other hand, Eq. (3.19) implies
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Ω−1SΩ = S−1T , (3.23)

and, going back to Eq. (3.16), we find that

M−1 ′ = SM−1ST . (3.24)

Defining the nV × nV , symmetric, period matrix

N = R+ iI , (3.25)

it can be seen that the transformation of M Eq. (3.24) is equivalent to the following
generalized fractional-linear transformations of N :

N ′ = (C +DN ) (A+BN )−1 . (3.26)

It is clear that these transformations of the period matrix are associated to trans-
formations of the scalars which we are going to study in their infinitesimal form. The
transformations of the scalars that leave the equations of motion invariant must necessar-
ily be generated by the Killing vectors of the σ-model metric gxy, which we are going to
denote by {kAx(ϕ)}.10 In some cases it is convenient to include in this set some vectors
which are identically zero so that the index A can be used to label also transformations
of the 1-form fields that do not involve the scalars, if necessary. Of course, additional
conditions involving the kinetic matrices (hence, the period matrix) need to be satisfied.

The infinitesimal transformations of the 1-form fields are

S ∼ ⊮2nV ×2nV + αATA ,

TA =
(
TA

M
N

)
=

 TA
Λ
Σ TA

ΛΣ

TAΛΣ TAΛ
Σ

 .

(3.28)

S is symplectic if

TA
TΩ+ ΩTA = 0 , ⇒ (ΩTA)

T = ΩTA , (3.29)

(so ΩMPTA
P
N is symmetric in MN) which implies, for the block matrices

TAΛΣ = TAΣΛ ,

TA
Λ
Σ = −TAΣ

Λ ,

TA
ΛΣ = TA

ΣΛ .

(3.30)

10These transformations leave exactly invariant the energy-momentum tensor of the scalars, which is the
only piece of the Einstein equations that we had not studied and transform covariantly the first two terms
of the scalar equations of motion:

δA {d ⋆ dϕx + Γyz
xdϕy ∧ ⋆dϕz} = ∂wk

x
A {d ⋆ dϕw + Γyz

wdϕy ∧ ⋆dϕz} . (3.27)
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Then, the infinitesimal form of Eq. (3.26) is

δANΛΣ = TAΛΣ + TAΛ
ΩNΩΣ −NΛΩTA

Ω
Σ −NΛΓTA

ΓΩNΩΣ , (3.31)

and, for the kinetic matrices,

δARΛΣ = TAΛΣ + TAΛ
ΩRΩΣ −RΛΩTA

Ω
Σ −RΛΓTA

ΓΩRΩΣ + IΛΓTA
ΓΩIΩΣ , (3.32a)

δAIΛΣ = TAΛ
ΩIΩΣ − IΛΩTA

Ω
Σ − 2R(Λ|ΓTA

ΓΩIΩ|Σ) . (3.32b)

Then, it can be easily seen that the whole scalar equations of motion transform as

δAEx = −∂xkAyEy , (3.33)

under the transformations

δAϕ
x = kA

x , δAF
M = TA

M
NF

N , (3.34)

provided that

kA
x∂xN = δAN , (3.35)

where δAN is the infinitesimal generalized fractional-linear transformation in Eq. (3.31)
(or equivalently, in Eqs. (3.32a) and (3.32b) for the kinetic matrices). This equivariance
condition of the kinetic matrices is the condition we announced when we defined the theory.

3.2 A definition of scalar charge

Not all the symmetries of the equations of motion that we have studied are symmetries of
the action: those generated by TA

ΛΣ do not leave the action invariant. Those generated
by TAΛΣ leave it invariant up to a total derivative. However, as shown in Ref. [146], there
is an on-shell conserved current for each of them, the so-called Noether-Gaillard-Zumino
(NGZ) current. The simplest way to construct them is by contracting the scalar equations
of motion with the Killing vectors that generate them. Using the Killing vector equation
and the equivariance conditions Eqs. (3.32a) and (3.32b) we get [145]

kA
xEx = −d ⋆ k̂A − 1

2ΩMPTA
P
NF

M ∧ FN

= −d
[
⋆k̂A + 1

2ΩMPTA
P
NA

M ∧ FN
]
+ 1

2ΩMPTA
P
NA

M ∧EN ,

(3.36)

where we have collected in a symplectic vector of 3-forms the Maxwell equations and
Bianchi identities:

(
EM

)
≡
(

EΛ

EΛ

)
, (3.37)
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and where we have denoted by k̂A the pullback of the 1-form dual to the target space
Killing vector kA

k̂A ≡ kA
xgxydϕ

y . (3.38)

Therefore, we find that the NGZ currents

⋆jA ≡ − ⋆ k̂A − 1
2ΩMPTA

P
NA

M ∧ FN , (3.39)

are conserved on-shell

d ⋆ jA = kA
xEx − 1

2ΩMPTA
P
NA

M ∧EN
.
= 0 . (3.40)

The conservation of these currents follows from a global symmetry and the associated
charges are expressed as integrals over spacelike hypersurfaces (volumes)

qA ∼
∫
Σ3

⋆jA . (3.41)

However, it is not difficult to see that in static black hole solutions with non-trivial
scalar fields ϕx whose charges Σx are conventionally defined11 through the asymptotic
behavior of the field at spatial infinity

ϕx
r→∞∼ ϕx∞ +

Σx

r
, (3.42)

the NGZ charges not only do not reproduce the charges Σx (or combinations of them) but
vanish identically.

In stationary black hole spacetimes, though, there is another definition of scalar
charge that satisfies a Gauss law. Let us assume that all the fields are invariant under the
isometry generated by the spacetime vector k, δkφ = 0. This implies, in particular, that
k is a Killing vector and, for us, it will be the Killing vector associated to the Black hole’s
Killing horizon. For the scalar fields it means that their Lie derivatives with respect to
that vector vanishes

δkϕ
x = −£kϕ

x = −ıkdϕx = 0 . (3.43)

As shown in [56,130,131],12 for the 1-form fields, it means that their Lie derivatives
with respect to k plus a gauge transformation with parameter

χk = ıkA− Pk , (3.44)

where the Maxwell momentum map Pk satisfies the Maxwell momentum map equation13

11See, for instance, Ref. [59].
12The work terms for the electric charges associated to p-forms were found using the covariant phase

space formalism in Ref. [147]. See also [148] for a different, equivalent, approach based on the mathematics
of principal bundles. The importance of the gauge- and diffeomorphism invariance of the charges and
potentials that occur in the laws of black-hole thermodynamics has been stressed in [137, 149] and in the
5th chapter of [23].

13The local existence of a Pk satisfying this equation follows from the assumption:

δkF = −£kF = −dıkF = 0 . (3.45)

55



Chapter 3. On scalar charges and black hole thermodynamics

ıkF + dPk = 0 , (3.46)

vanish identically:

δkA
M = −£kA

M + dχMk = − (ıkd+ dık)A
M + d

(
ıkA

M − Pk
M
)

= −
(
ıkF

M + dPk
M
)
= 0 ,

(3.47)

by virtue of the Maxwell momentum map equation (3.46).

If all the fields are invariant under δk, so must the NGZ currents be. Furthermore,
since the NGZ currents are not gauge invariant, we must use this definition for δk:

δk ⋆ jA = −£k ⋆ jA + δχk
⋆ jA

= − (ıkd+ dık) ⋆ jA − 1
2ΩMPTA

P
Nδχk

AM ∧ FN

.
= −dık ⋆ jA − 1

2ΩMPTA
P
Ndχk

M ∧ FN

.
= d

{
−ık ⋆ jA − 1

2ΩMPTA
P
Nχk

MFN
}

= 0 ,

(3.48)

by assumption.

The expression in brackets is a 2-form that satisfies a Gauss law. Massaging it a bit,
we find the following manifestly gauge-invariant expression for it:

QA[k] = ık ⋆ k̂A +ΩMPTA
P
NPk

MFN . (3.49)

Now, integrating over 2-dimensional, spacelike, closed surfaces (and restoring the
normalization) we get the charges associated to the NGZ currents:

QA,k =
1

16πG
(4)
N

∫
Σ2

{
ık ⋆ k̂A +ΩMPTA

P
NPk

MFN
}
. (3.50)

This is our proposal for scalar charges. Observe that under a duality transformation
generated by kA, TA with Lie brackets and commutation relations

[kA, kB] = −fABCkC , [TA, TB] = +fAB
CTC , (3.51)

these charges transform in the adjoint representation of the duality group:

δAQB,k = −fABCQC,k . (3.52)

In what follows we are going to show in several examples corresponding to static
dilaton and axidilaton black holes that their values are non-vanishing and reproduce the
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values of the conventionally-defined scalar charges Eq. (3.42) but, before we set to do
that, let us observe that this definition depends on the value of the momentum map over
the integration surface. The Maxwell momentum map is defined only up to an additive
constant. This constant can be chosen so that Pk

M
∣∣
∞ = 0. That is the choice that allows

us to recover the values of the conventionally-defined scalar charges Eq. (3.42). However,
other choices are possible. The form of the first law that we are going to find includes an
additional term that takes into account that possibility so that the first law is invariant
under a change of asymptotic value of the Maxwell momentum maps.

It is also worth stressing that in the case in which we are considering (a symmetric
σ-model) there are always more symmetries than scalar fields. Therefore, there are more
2-forms QA[k] satisfying a Gauss law than scalars. Obviously, not all of them will be inde-
pendent. In any case, the conservation laws of those currents can be used to reconstruct
the equations of motion of the scalars using the identity

δx
y = gABkAxkB

y , (3.53)

in which gAB is the Killing metric of the duality group G.

It also follows that there are more scalar charges than scalars, but we are going to
see that the conventionally-defined scalar charges Σx can be expressed in terms of the
charges QA,k that we have just defined.

It is worth mentioning that there is a slightly different procedure that allows us to
obtain the same expression Eq. (3.49) and that was used in the case of dilaton black holes
in Ref. [61]. In that case there is only one scalar and one target space Killing vector k = 1
that generates the constant shifts of the scalar which are compensated by rescalings of the
vector field (see Section 3.4). In our case, we have to project the scalar equations with
the different Killing vectors kA

x first, as in the first line of Eq. (3.36). Then, we take the
inner product of the resulting equation with ık

ıkkA
xEx = −ıkd ⋆ k̂A − ΩMPTA

P
N ıkF

M ∧ FN . (3.54)

If all the fields are invariant under the diffeomorphism generated by k

−ıkd ⋆ k̂A = dık ⋆ k̂A ,

ıkF
M = −dPkM ,

(3.55)

and, integrating by parts we arrive to dQA[k] = 0.

3.3 First law and scalar charges

Taking into account the results obtained in Refs. [56, 57, 130, 131] for the inclusion of
matter fields, in Wald’s formalism [66–68], the first law of black hole thermodynamics for
a non-extremal black hole whose bifurcate horizon coincides with the Killing horizon of
the Killing vector field k = ∂t +Ω∂φ, can be derived by integrating the on-shell identity

dW[k]
.
= 0 , (3.56)
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where

W[k] ≡ δQ[k] + ıkΘ(φ, δφ)−ϖk , (3.57)

over a spacelike hypersurface with boundaries at spatial infinity (S2∞) and at the bifurcation
sphere BH and applying the Stokes theorem.

In the above identity Q[k] is the Noether-Wald charge for the Killing vector k,
Θ(φ, δφ) is the presymplectic (d− 1)-form defined in Ref. [66] and ϖkis defined by14

δΛk
Θ(φ, δφ) ≡ dϖk . (3.58)

Furthermore, it is assumed that the variations of the fields δφ satisfy the linearized equa-
tions of motion in the black-hole’s background.

The first law, thus, follows from the identity∫
S2∞

W[k] =

∫
BH

W[k] . (3.59)

In previous works, following Ref. [68], we assumed that, almost by definition, the
first integral simply gives the variation of the conserved charges associated to the Killing
vector k, that is,

δM − ΩδJ . (3.60)

A closer look reveals that, in presence of matter fields, it contains additional terms
that contribute to the first law [57]. In particular, as we are going to see, it contains terms
related to the scalar charges that we have just defined.

A standard calculation along the lines of Refs. [56, 57,130,131] gives

Q[k] = ⋆(ea ∧ eb)Pk ab − Pk
ΛFΛ , (3.61)

where Pk ab is the Lorentz momentum map defined in Ref. [56] and coincides with the
Killing bivector

Pk ab = ∇akb , (3.62)

and Pk
Λ is the Maxwell momentum map defined in Eq. (3.46). A quick calculation gives

δQ[k] = Pk abδ ⋆ (e
a ∧ eb) + ⋆(ea ∧ eb)δPk ab − FΛδPk

Λ − Pk
ΛδFΛ . (3.63)

The presymplectic 3-form is given in Eq. (3.6) and another short calculation gives

ıkΘ = −ık ⋆ (ea ∧ eb) ∧ δωab − ⋆(ea ∧ eb) ∧ δıkωab + gxyık ⋆ dϕ
xδϕy

− 1
2 ıkFΛ ∧ δAΛ − 1

2FΛ ∧ δıkAΛ .

(3.64)

14This term arises when the effect of the induced gauge transformations are correctly taken into account
as in Ref. [57]. In Eq. (3.58) δΛk stands for all the gauge transformations induced by the isometry generated
by k.

58



Chapter 3. On scalar charges and black hole thermodynamics

Since, on-shell, the dual 1-forms obey the same equations as the original ones, we
can define the dual (magnetic) momentum maps PkΛ through the equation

ıkFΛ + dPkΛ = 0 , (3.65)

and, substituting this definition in the above expression and integrating by parts, we get

ıkΘ = −ık ⋆ (ea ∧ eb) ∧ δωab − ⋆(ea ∧ eb) ∧ δıkωab + gxyık ⋆ dϕ
xδϕy

+ PkΛ ∧ δFΛ − FΛ ∧ δıkAΛ ,

(3.66)

up to an irrelevant total derivative.

Another simple calculation gives [57]

δΛk
Θ = (δσk + δχk

)Θ

= −δσk
[
⋆(ea ∧ eb) ∧ δωab

]
− FΛ ∧ δχk

δAΛ

= − ⋆ (ea ∧ eb) ∧ Dδσk ab − FΛ ∧ dδχkΛ

= d
{
− ⋆ (ea ∧ eb) ∧ δσk ab − FΛδχk

Λ
}
,

(3.67)

where the parameters of the induced Lorentz and Maxwell gauge transformations are,
respectively

σk
ab = ıkω

ab − Pk
ab , (3.68a)

χk
Λ = ıkA

Λ − Pk
Λ . (3.68b)

Therefore,

−ϖk = ⋆(ea ∧ eb) ∧ δσk ab + FΛδχk
Λ . (3.69)

Combining all these partial results, we arrive at

W[k] = Pk abδ ⋆ (e
a ∧ eb)− ık ⋆ (e

a ∧ eb) ∧ δωab

− Pk
ΛδFΛ + PkΛδF

Λ + gxyık ⋆ dϕ
xδϕy .

(3.70)

Let us consider the integral of W[k] at spatial infinity first, restoring the global

factor 1/(16πG
(4)
N ). The first two terms give the gravitational contribution
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1

16πG
(4)
N

∫
S2
∞

{
Pk abδ ⋆ (e

a ∧ eb)− ık ⋆ (e
a ∧ eb) ∧ δωab

}
= δM − ΩδJ , (3.71)

while the third and fourth give15

1

16πG
(4)
N

∫
S2
∞

{
−PkΛδFΛ + PkΛδF

Λ
}
= −ΦΛ

∞δqΛ +ΦΛ∞δp
Λ = −ΩMNΦ

M
∞δq

N , (3.72)

where ΦΛ
∞ and ΦΛ∞ are the values of the electrostatic and magnetostatic potentials at

spatial infinity.

Let us consider the last term. In the previous cases only conserved charges are
involved and it is natural to use the definition of scalar charges we have proposed here to
rewrite that term. Using the identity gxy = gABkAxkB y

gxyık ⋆ dϕ
xδϕy = gABık ⋆ k̂AkB yδϕ

y =
(
QA[k]− ΩMPTA

P
NPk

MFN
)
δA . (3.73)

where we have defined

δA ≡ gABkB yδϕ
y , (3.74)

Restoring the global factor 1/(16πG
(4)
N ), we find

∫
S2
∞

(
QA[k]−

1

16πG
(4)
N

ΩMPTA
P
NPk

MFN

)
δA =

(
QAk − ΩMPTA

P
NΦ

M
∞q

N
)
δA∞ .

(3.75)

Then,

∫
S2
∞

W[k] = δM − ΩδJ − ΩMNΦ
M
∞δq

N +
(
QA − ΩMPTA

P
NΦ

M
∞q

N
)
δA∞ . (3.76)

The bifurcation surface is defined by the property k = 0 and, on it,

Pk ab
BH
= κnab , (3.77)

where nab is the binormal to the horizon wit the normalization nabnab = −2 and κ is the
surface gravity. Therefore,

∫
BH

W[k] =
1

16πG
(4)
N

∫
BH

{
Pk abδ ⋆ (e

a ∧ eb)− Pk
ΛδFΛ + PkΛδF

Λ
}

=
κδAH

8πG
(4)
N

− ΦΛ
HδqΛ +ΦΛHδp

Λ ,

(3.78)

15The electric and magnetic Maxwell momentum maps can be identified with the electrostatic and
magnetostatic potentials ΦΛ and ΦΛ, respectively.
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where AH is the area of the horizon and ΦΛ
H and ΦΛH are the values of the electrostatic and

magnetostatic potentials over the horizon (constant according to the generalized zeroth
law).

We arrive at our main result:16

δM =
κδAH

8πG
(4)
N

+ΩδJ − ΩMN

(
ΦMH − ΦM∞

)
δqN −

(
QAk − ΩMPTA

P
NΦ

M
∞q

N
)
δA∞ . (3.79)

In this expression the object δA∞ is unusual, but it just reflects the different forms
in which the dualities of the theory can modify the values of the moduli at infinity, which
are also naturally associated to the charges that we have defined.

The last term involving ΦM∞ is also unusual, but it has to be there if we are going
to allow for potentials which do not vanish at infinity. In the examples that we are going
to study explicitly, ΦM∞ = 0 and the scalar charges take the expected value. Furthermore,
in that case, the scalar term can be brought to the form found in Ref. [59] (up to the
normalization of the charges):

−QAkδ
A
∞ = −QAkg

ABkB
x
∞gxy∞δϕ

y
∞ = −1

4Σ
xgxy∞δϕ

y
∞ , (3.80)

where the scalar charges defined through the asymptotic expansions, Σx are related to the
ones associated to the duality symmetries QA by

Σx = 4QAg
ABkB

x
∞ . (3.81)

Finally, observe that, on the bifurcation surface

QA[k]
BH
= ΩMPTA

P
NPk

M
H F

N , (3.82)

and, therefore

QAk = −ΩMPTA
P
NΦ

M
H q

N . (3.83)

This formula, which is our second main result, gives a universal relation between
the scalar charges of a black hole and the electric and magnetic charges and potentials
evaluated on the horizon generalizing the result found in Ref. [61] in a gauge-invariant
way. Observe that The existence of a bifurcate Killing horizon is crucial: in other space-
time backgrounds the scalar charges may take arbitrary values in agreement with the
no-hair “theorem” and the interpretation of the non-trivial scalar fields of these black-hole
solutions as secondary scalar hair [127].17

If we plug that formula back into the first law we arrive at

16The overall sign of the electric and magnetic terms is unconventional. It is due to the definition of FΛ

with a negative-definite kinetic matrix IΛΣ. It can be easily be changed, but the relative sign between the
electric and magnetic terms can only be changed at the expense of losing explicit symplectic invariance.

17Static, spherically-symmetric solutions of pure gravity and dilaton gravity with primary scalar hair
(i.e. scalar fields with charges which are independent parameters of the solutions) can be found in Refs. [128,
129] (see also the higher-dimensional generalizations in Chapter 16 of Ref. [126]) and are singular.
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δM =
κδAH

8πG
(4)
N

+ΩδJ − ΩMN

(
ΦMH − ΦM∞

)
δqN − ΩMPTA

P
N

(
ΦMH − ΦM∞

)
qNδA∞ , (3.84)

which is manifestly independent of the choice of asymptotic value of the potentials.

Notice that the right-hand side of this expression only contains the variations of
quantities which are independent physical parameters of the black-hole solutions. The
variations of the scalar charges cannot and do not appear. The scalar charges actually
pleay the roles of thermodynamical potentials.

In the next two sections we are going to compare the scalar charges we have defined
with those obtained through the asymptotic expansion and the first law that we have
obtained with the first law obtained through the variation of the entropy with respect to
the physical parameters in two sets of solutions: static, electrically-charged black holes
and static axion-dilaton black holes.

3.4 Static dilaton black hole solutions

Dilaton black holes are solutions of the family of models defined by the action18

S[e,A, ϕ] =
1

16π

∫ {
− ⋆ (ea ∧ eb) ∧Rab + 1

2dϕ ∧ ⋆dϕ+ 1
2e

−aϕF ∧ ⋆F
}
, (3.85)

which depends on the real parameter a and determines the strength of the coupling of the
dilaton and the Maxwell field. The static black-hole solutions of this model were found in
Refs. [150–152] and can be written in the form

ds2 = H
− 2

1+a2Wdt2 −H
2

1+a2

[
W−1dr2 + r2dΩ2

(2)

]
,

At = αeaϕ∞/2(H−1 − 1) ,

e−ϕ = e−ϕ∞H
2a

1+a2 ,

(3.86)

where the functions H and W take the form

H = 1 +
h

r
, W = 1 +

ω

r
, (3.87)

and the integration constants h, ω, α satisfy the following relation

ω = h
[
1− (1 + a2)(α/2)2

]
. (3.88)

In terms of the physical parameters M, q, ϕ∞ (ADM mass, electric charge and mod-
ulus) and the coupling constant a, the integration constants h, ω and α are given by

18Sometimes they are called Einstein-Maxwell-Dilaton (EMD) actions. We set G
(4)
N = 1 throughout all

this section.

62



Chapter 3. On scalar charges and black hole thermodynamics

h = −a
2 + 1

a2 − 1

{
M −

√
M2 + 4(a2 − 1)eaϕ∞q2

}
,

ω = − 2

a2 − 1

{
a2M −

√
M2 + 4(a2 − 1)eaϕ∞q2

}
,

α = −4qeaϕ∞/2/h ,

(3.89)

for a ̸= 1 and

h =
4eϕ∞q2

M
,

ω = −2
M2 − 2eϕ∞q2

M
,

α = −e−ϕ∞/2M/q .

(3.90)

The scalar charge Σ, computed using the conventional asymptotic definition

ϕ ∼ ϕ∞ +
Σ

r
, (3.91)

takes the value

Σ = − 2ah

a2 + 1
. (3.92)

We have chosen the sign of the square roots in h and ω so as to always have h > 0
and ω negative if certain non-extremality conditions are met: for all values of a

M2 >
4

a2 + 1
eaϕ∞q2 . (3.93)

In that case, there is an event horizon at

r = −ω ≡ r0 , (3.94)

with Bekenstein-Hawking entropy

S = πr
2a2

a2+1

0 (r0 + h)
2

a2+1 , (3.95)

and Hawking temperature

T =
r0
4S

. (3.96)

We can derive the first law for these families of black holes by varying the entropy
with respect to all the independent physical parameters, including the modulus ϕ∞:
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δS =
1

T

[
δM +

4

(a2 + 1)α
eaϕ∞/2δq + 1

4Σδϕ∞

]
, (3.97)

for a2 ̸= 1 and

δS =
1

T

[
δM +

2

α
eϕ∞/2δq + 1

4Σδϕ∞

]
, (3.98)

for a2 = 1.

In the above expressions Σ is the scalar charge defined through the asymptotic
expansion Eq. (3.91).

These theories are invariant under the global transformations generated by

δϕ = −1 , δA = −a
2
A , (3.99)

and Eq. (3.49) takes the form

Q[k] = − 1

16π

{
ık ⋆ dϕ+

a

2
Pke

−aϕ ⋆ F
}
= − ah

8π(a2 + 1)
ω(2) , (3.100)

where ω(2) is the volume form of the round 2-sphere of unit radius. It is evident that these
2-forms satisfy a Gauss law and they give the same value when they are integrated over
2-spheres of any radius:

Qk = − ah

2(a2 + 1)
= −1

4Σ , (3.101)

as expected according to our general arguments. This is, essentially, the result obtained
by Pacilio in Ref. [61].

3.5 Static axion-dilaton black hole solutions

The so-called axion-dilaton model is just a generalization to an arbitrary number of vector
fields nV of pure, ungauged, N = 4, d = 4 supergravity [153], although this model can
also be embedded in N = 2, d = 4 supergravity for nV = 2.

We can introduce it as a model with two real scalars ϕ1 = a (the axion) and ϕ2 = ϕ
(the dilaton) which are naturally combined into the complex scalar (axidilaton)

λ = a+ ie−2ϕ , (3.102)

and where the σ-model metric and the period matrix are given by

(gxy) =

(
e4ϕ 0
0 4

)
, NΛΣ = −λδΛΣ . (3.103)

The most general non-extremal, static, black-hole solution of the axion-dilaton model
was presented in Ref. [154] and it is a generalization of the solutions presented in Refs. [150,
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155–159].19 A very useful feature of this solution is that it is written in terms of its
physical parameters only: the ADM mass M , the asymptotic value of the axidilaton
λ∞ = a∞ + ie−2ϕ∞ , the complex electromagnetic charges ΓΛ (a combination of the real
electric charges qΛ, the real magnetic charges pΛ and the moduli λ∞) and the complex
axidilaton charge Υ = Σ + i∆. All these parameters are defined by the asymptotic

expansions (G
(4)
N = 1)

gtt ∼ 1− 2M

r
, (3.104a)

λ ∼ λ∞ − ie−2ϕ∞ 2Υ

r
, (3.104b)

1
2

[
FΛ

tr + i ⋆ FΛ
tr

]
∼ e+ϕ∞ΓΛ

r2
=
e+2ϕ∞(qΛ − λ∗∞p

Λ)

r2
. (3.104c)

The asymptotic behavior of λ implies for those of a and ϕ

a ∼ a∞ +
2e−2ϕ∞ℑmΥ

r
, (3.105a)

ϕ ∼ ϕ∞ +
ℜeΥ
r

, (3.105b)

so

Σ1 = 2e−2ϕ∞ℑm(Υ) , Σ2 = ℜe(Υ) . (3.106)

The axidilaton charge is a function of the rest of the physical parameters:

Υ = − 2

M
ΓΛ ∗ΓΛ ∗ . (3.107)

The ADM mass can be defined more rigorously as a conserved quantity through the
ADM [161], the Abbott-Deser [162] or many other formalisms. The electric and magnetic
charges can also be defined as conserved charges by standard methods Refs. [60, 163] as

pΛ ≡ 1

16πG
(4)
N

∫
FΛ , (3.108a)

qΛ ≡ 1

16πG
(4)
N

∫
FΛ . (3.108b)

In contrast, as we have stressed, the scalar charges are conventionally defined through
the above asymptotic expansion which is not based on any conservation (Gauss) law. Our

19The most general stationary, non-extremal black-hole solution of this theory was presented in Ref. [160].
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goal in this section will be to show that the definition of scalar charges that we have
proposed in Section 3.2 gives exactly the same result for the static solutions of the axion-
dilaton model.

The most economical way of presenting this kind of solutions is through the time
components of the original and dual 1-form fields AΛ

t and AΛ t, respectively. They contain
enough information to recover the rest of the components of each of them.20 The solution
is, then, [154]

ds2 = e2Udt2 − e−2Udr2 −R2dΩ2
(2) ,

λ =
λ∞r + λ∗∞Υ

r +Υ
,

AΛ
t = 2eϕ∞R−2[ΓΛ(r +Υ) + c.c.] ,

AΛ t = −2eϕ∞R−2[ΓΛ(λ∞r + λ∗∞Υ) + c.c.] .

The functions e2U and R are given by

e2U = R−2(r − r+)(r − r−) ,

R2 = r2 − |Υ|2 ,
(3.109)

and the parameters r± that appear in e2U (actually, the positions of the outer and inner
horizons when they take real values, i.e. when r20 > 0) are given by

r± =M ± r0 , with r20 =M2 + |Υ|2 − 4ΓΛΓΛ ∗ . (3.110)

Since we are just interested in the thermodynamics of these black holes, we only
need their Hawking temperature and Bekenstein-Hawking entropy, which are given by

T =
r0
2S

, (3.111a)

S = 2π
{
M2 +Mr0 − 2ΓΛ ∗ΓΛ ∗} . (3.111b)

Varying S with respect to the physical charges M, qΛ, p
Λ and the moduli λ∞ we get

the first law:

δM = TδS +ΦΛδqΛ − ΦΛδp
Λ − 1

2ℑm(Υ)e2ϕ∞δa∞ −ℜe(Υ)δϕ∞ . (3.112)

The last two terms can be rewritten in two different fashions:

20They are computed explicitly in Ref. [139].
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−1
2ℑm(Υ)e2ϕ∞δa∞ −ℜe(Υ)δϕ∞ = −1

2ℑm
(
Υ∗ δλ∞

e−2ϕ∞

)

= −1
4gxy(ϕ∞)Σxδϕy∞ ,

(3.113)

where Σ1,Σ2 are the asymptotic scalar charges defined in Eqs. (3.106). Both expressions
are manifestly duality-invariant.21

We are now going to see how the scalar charges Σx are related to those defined in
Section 3.2 and how the scalar term in the first law agrees with the one in Eq. (3.79).

The Killing vectors of the target-space metric are

k1 = a∂a − 1
2∂ϕ , k2 =

1
2(1− a2 + e−4ϕ)∂a +

1
2a∂ϕ , k3 =

1
2(1 + a2 − e−4ϕ)∂a − 1

2a∂ϕ ,
(3.114)

and their Lie brackets satisfy the sl(2,R) ∼so(2, 1) algebra

[kA, kB] = εABDη
DCkC , (3.115)

where (ηAB) = (ηAB) =diag(+ +−) is the SO(2, 1) invariant metric.

The SL(2,R) matrices which act on the 1-form fields are tensor products

S =

(
A B
C D

)
⊗ ⊮nV ×nV , with AD −BC = 1 . (3.116)

The generators (always ⊗⊮nV ×nV ) are

T1 = −1
2σ

3 , T2 = −1
2σ

1 , T3 =
i
2σ

2 , (3.117)

and their commutation relations are

[TA, TB] = −εABDηDCkC . (3.118)

It is somewhat simpler to work with the bases k1, k± = k2±k3 and T1, T± = T2±T3.
We compute separately the ık ⋆k̂A and ΩMPTA

P
NP

M
k FN contributions, which in this case

correspond to

ΩMPT1
P
NP

M
k FN = 1

2

(
PΛ
k FΛ + PkΛF

Λ
)
,

ΩMPT+
P
NP

M
k FN = −PΛ

k F
Λ ,

ΩMPT−
P
NP

M
k FN = PkΛFΛ .

(3.119)

In this case we can use as potentials the time components of the original and dual
vector fields given in Eqs. (3.109)

21e2ϕδλ and Υ are multiplied by the same phase under SL(2,R) transformations.
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PMk = AMt , (3.120)

which vanish identically at infinity.

We are only interested in the pullback of these 2-forms over 2-spheres.22 The results,

after a long calculation are (G
(4)
N = 1)

Q1 k = − 1

8π
e2ϕ∞ℑm(λ∗∞Υ)ω(2) ,

Q+ k = − 1

8π
e2ϕ∞ℑm(Υ)ω(2) ,

Q− k =
1

8π
e2ϕ∞ℑm(λ∗ 2∞Υ)ω(2) ,

(3.121)

Again, it is evident that these 2-forms satisfy a Gauss law and they give the same
value when they are integrated over 2-spheres of any radius, namely

Q1 k = −1
2e

2ϕ∞ℑm(λ∗∞Υ) ,

Q+ k = −1
2e

2ϕ∞ℑm(Υ) ,

Q− k =
1
2e

2ϕ∞ℑm(λ∗ 2∞Υ) .

(3.122)

It is now trivial to see that the asymptotic charges Eqs. (3.106) are recovered using
Eq. (3.81) with the Killing vectors given above and

(
gAB

)
=

 1 0 0
0 0 1/2
1/2 0 0

 , (3.123)

for the 1,+,− basis.

The first law Eq. (3.79) is recovered with

δ1∞ = 1
2e

4ϕ∞δ|λ|2∞ , δ+∞ = e4ϕ∞δa∞ , δ−∞ = −1
2e

4ϕ∞(λ∗ 2∞ δλ∞ + c.c.) .
(3.124)

3.6 Discussion

Some final comments on our results are in order.

First of all, it is unclear how to give coordinate-independent definitions of scalar
charges satisfying a Gauss law in absence of global symmetries. This limitation led us

22There are additional tr components that we ignore since they do not contribute to the integrals.
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to focus on theories with enough global symmetries to account for all the possible scalar
charges. On the other hand, there are not many examples of black-hole solutions in theories
with no or very few global isometries. Most of the general recipes elaborated to construct
black holes in N = 2, d = 4 theories, for instance, [164] are only valid for extremal black
holes, which lie outside the scope of our methods. Working with non-extremal black holes
is much more difficult [165] although some general methods have been developed [166] and
they should be revisited to study this problem.

In general, a Gauss law is not equivalent to a full conservation law. In our case,
the restriction to backgrounds with timelike Killing vectors makes it trivially equivalent
to a conservation law in those particular backgrounds, but not in general. We expect,
however, that the existence of a rigorous definition can be used to study the evolution of
scalar charge or at least its behavior under perturbations.

It is worth stressing the relation between the value of the scalar charge and the
existence of a regular bifurcate Killing horizon. In absence of such a horizon there does
not seem to be a restriction on that value. It is because of this relation that it can be
understood as secondary black-hole hair.

The general procedure that has allowed us to define a (d−2)-form satisfying a Gauss
law starting from the (d− 1)-form (Noether current) associated to a global symmetry can
probably used in more general settings (fermionic matter, for instance).

As we mentioned before, it should be stressed that these results can be generalized
to higher-rank fields and higher dimensions. The NGZ currents have been determined in
Ref. [145] and one simply has to follow the same steps. It also seems that it should also be
possible to find (d − 2)-forms satisfying Gauss laws starting from any standard Noether
current (d− 1)-forms associated to a global symmetry.

Concerning the first law, in order to recover the GKK scalar term it has been
essential to realize that the integral of W[k] at spatial infinity gives more than just the
variations of the gravitational charges at infinity. Often, these contributions have been
ignored or set to zero via convenient boundary conditions at spatial infinity. Often, the
integral on the bifurcation surface has been also identified with the TδS term of the firm
law ignoring other contributions (work terms). We think it is now clear that there are
different contributions to the first law coming from that integral as well and that the only
one which is associate to the entropy is the one that takes the form of a conserved Lorentz
charge, as we have pointed out in Refs. [57,130,131]. Actually, the title of Ref. [67] should
be replaced by “Black hole entropy is the (Lorentz) Noether charge.”
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4
Hairy black holes, scalar charges and extended

thermodynamics

This chapter is based on:
Hairy black holes, scalar charges and extended thermodynamics

R. Ballesteros and T. Ort́ın
Class. Quant. Grav. 41 (2024) 5, 055007. (arXiv:2308.04994)

One of the most remarkable aspects of black holes is the fact that all their properties
are determined by their conserved charges, irrespectively of their formation history. This
fact is referred to as uniqueness (there is only one black hole for a given set of conserved
charges) or absence of hair (there are no other parameters apart from the conserved
charges characterizing different black holes) and it can be argued that it lies at the very
heart of the thermodynamic interpretation of the dynamics of black holes.

This property has been tested in theories in which matter fields giving rise to different
conserved charges are coupled to gravity. We can distinguish two broad types:

1. Matter fields with gauge symmetries, such as 1-forms in 4 dimensions. The conserved
charges associated to these symmetries (electric and magnetic charges) are defined
through surface integrals and are believed to be preserved by quantum gravity.

2. Matter fields with global symmetries, such as scalar fields.1 The conserved charges
associated to these symmetries are defined through volume integrals and are be-
lieved not to be preserved by quantum gravity. Therefore, black holes should not be
characterized by this kind of charge, and possible non-trivial fields of this kind in
black-hole spacetimes would, then, be understood as “hair” violating uniqueness.

It goes without saying that it is the second type of matter and the possible violations
of black-hole uniqueness that it may induce that has attracted most interest. It is also the
subject of this work.

In order to discuss black holes with scalar hair we first have to characterize scalar
hair more precisely. The most naive way to do it would be to use the conserved charge
associated to the global symmetries of the theory that act on the scalars. There are several
reasons why this is not possible, even though the contrary is sometimes assumed in the
literature:

1. There may not be any global symmetry acting on the scalars at all and, therefore,
there may not be an associated conserved charge. This is what actually happens in

1The symmetries may act on other fields as well.
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the theories considered in this paper in which the shift symmetry of a real scalar is
broken by a scalar potential. In some works, the charge that would be conserved in
absence of the potential is used, even though it is obviously not conserved and does
not satisfy a Gauss law. The main problem with this kind of definitions comes from
the next point, though.

2. In static black-hole spacetimes the volume integral that gives the globally conserved
charge usually vanishes when integrated over a spacelike hypersurface [49].

For these reasons, in most of the literature it has been customary to use a definition
of scalar charge based on the asymptotic expansion of the scalar: the scalar charge would
be given, up to normalization, by the coefficient of the 1/r term in that expansion (see,
for instance, Ref. [59]). This definition can be used in simple settings but it is clear that
a coordinate-dependent definition is necessary to study the properties of this charge and
establish general results.

In Refs. [49, 61] a covariant definition of scalar charge of a stationary black hole as
the integral of an on-shell closed 2-form was proposed. In the cases considered so far,
this definition gives the same value as the conventional definition based on the asymptotic
expansion, but with the new definition one can go farther: the closedness of the 2-form
charge implies that this scalar charge satisfies a Gauss law2 and the covariant definition
can be used to recover the scalar term in the first law of black-hole mechanics found in
Ref. [59].

One of the empirical properties of this scalar charge is that, in black-hole spacetimes,
it is usually completely determined by the conserved charges and asymptotic values of the
scalars. In the language of Ref. [127] this kind of scalar charge corresponds to “secondary
hair” and the black hole is still completely determined by the values of its truly conserved
charges (plus the asymptotic values of the scalars). Whenever there are solutions with
the same conserved charges but the scalar charge does not have that value (a particular
function of the conserved charges and asymptotic values of the scalars) but is a free
parameter that describes “primary hair” in the language of Ref. [127], the solution does
not have a regular horizon and does not describe a black hole. This is illustrated by the
solutions in Refs. [128, 129]. The covariant definition of scalar charge of Refs. [49, 61]
can be used to determine the particular value of the scalar charge allowed in presence
of a bifurcate black-hole horizon, which is, as a matter of fact, equivalent to a “no-hair
theorem”.

In this paper we want to study the extensions of the results obtained in Refs. [49,61]
to the case in which a real scalar is coupled to itself via a scalar potential instead of being
coupled to vector fields. This is a very simple case which has been very much studied in
the past and several “no-hair theorems” have been proven for more or less general classes
of scalar potentials in Refs. [47, 167–171].3

One of the main assumptions in the proofs of these theorems is the positivity of the
scalar potential, related to the energy conditions and, not surprisingly, asymptotically-flat
black-hole solutions with scalar hair have been found in theories whose scalar potential
violates that condition [118,172–175]. These solutions and their thermodynamics have not

2It is worth stressing that by no means this implies that this scalar charge is conserved.
3See Ref. [46] for a review on the topic of hairy black holes with many references.
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been studied from the point of view of their scalar charges4 and our main goal is to do so,
which, first of all requires a generalization of the definition of scalar charge of Refs. [49,61]:
the theories considered in Refs. [49,61] have global symmetries and the scalar charges are
related to them. As we are going to see, the covariant definition can be extended to the
theories that we are going to consider, which have no global symmetries and it can be used
to determine which values are allowed in the presence of a bifurcate black-hole horizon.
As a byproduct we are going to see that the potentials that allow for asymptotically-flat
black-hole solutions with well-defined scalar charges must satisfy a quite restrictive set of
conditions previously found in Ref. [175].

This paper is organized as follows: in Section 4.1 we are going to describe the kind of
theories that we are going to study. In Section 4.2 we are going to give a covariant definition
of scalar charge for static solutions of these theories which satisfies a Gauss law and we are
going to see which scalar potentials allow for well-defined scalar charges in the presence
of a bifurcate horizon. In Section 4.3 we are going to derive a general Smarr formula for
the black-hole solutions of these theories and in Section 4.4 we will derive the first law.
in Section 4.5 we are going to test the general results obtained in the previous sections
using the asymptotically-flat Anabalón-Oliva black hole [174]. The results obtained are
discussed in Section 3.6, which also contains pointers to further research.

4.1 The theory

The theory we are going to work with consists of gravity, described by the Vielbein ea =
eaµdx

µ, coupled minimally to a real scalar field ϕ which couples to itself via a scalar
potential V (ϕ). The action, in differential-form language, is simply given by5

S[e, ϕ] =
1

16πG
(4)
N

∫ {
− ⋆ (ea ∧ eb) ∧Rab + 1

2dϕ ∧ ⋆dϕ+ ⋆V (ϕ)
}

≡
∫

L ,

(4.1)

where L is the Lagrangian 4-form.

Under a general variation of the fields, the action transforms as

δS =

∫
{Ea ∧ δea +Eδϕ+ dΘ(e, ϕ, δe, δϕ)} , (4.2)

where, ignoring the normalization factor (16πG
(4)
N )−1 for the time being (we will recover

it when necessary), the Einstein equations Ea and the scalar equation E are given by

Ea = ıa ⋆ (e
b ∧ ec) ∧Rbc + 1

2 (ıadϕ ⋆ dϕ+ dϕ ∧ ıa ⋆ dϕ)− ıa ⋆ V , (4.3a)

E = −d ⋆ dϕ+ ⋆V ′ , (4.3b)

4In Ref. [176] the extended thermodynamics of some of these solutions has been studied, but not from
the point of view of their scalar charges.

5Our conventions are those of Ref. [49,126].
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where V ′ ≡ dV/dϕ, and where

Θ(e, ϕ, δe, δϕ) = − ⋆ (ea ∧ eb) ∧ δωab + ⋆dϕδϕ . (4.4)

Several no-hair theorems for this system have been proven in the literature [47,
169–171, 177] with the positivity of the scalar potential as one of the main assumptions.
Several asymptotically-flat black-hole solutions with regular horizon and scalar hair have
been found in systems that violate this particular assumption [118, 172–175]6. We will
only study in detail the asymptotically-flat Anabalón-Oliva black hole Ref. [174].

Our goal in this paper is to study how the concept of scalar charge can be used
to study these solutions and what allows them to exist at all. Thus, we first study the
definition of scalar charge in this system.

4.2 Scalar charge

Following Refs. [49, 61] we take the inner product of the Killing vector k with the scalar
equation of motion, getting

ıkE = d [ık ⋆ dϕ+Wk] , (4.5)

where we have defined

dWk = ık ⋆ V
′ . (4.6)

The existence of the 2-form Wk is (locally) guaranteed by the assumptions concern-
ing the symmetry of the system: if the diffeomorphism generated by k leaves invariant all
the fields of the configuration,

£k ⋆ V
′ = dık ⋆ V

′ = 0 . (4.7)

Then, we define the scalar charge 2-form associated to the Killing vector k, Qϕ[k], by
7

Qϕ[k] ≡ − 1

4πG
(4)
N

[ık ⋆ dϕ+Wk] . (4.8)

We have just shown that Qϕ[k] is closed on-shell or, in other words, that it satisfies a
Gauss law on-shell.

We are going to consider stationary black-hole spacetimes and k will be the timelike
Killing vector that generates their Killing horizon. As we will show later, for spherically-
symmetric, static, asymptotically-flat black holes, this choice gives the scalar charge Σ
defined in Eq. (4.17) as the integral over any closed 2-dimensional surface Σ2 enclosing
the black hole horizon

Σ ≡
∫
Σ2

Qϕ[k] . (4.9)

6See Ref. [46] for a review on this topic with many references.
7The sign and normalization have been chosen so as to reproduce the conventional value of the scalar

charge in absence of a potential. This is defined by the asymptotic expansion Eq. (4.17).
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The on-shell closedness of Qϕ[k] ensures that this definition does not depend on the
integration surface chosen as long as they are homologically equivalent.

Wk is defined up to closed forms. We can use that freedom to make it vanish at
spatial infinity:

Wk(∞) = 0 . (4.10)

Then, if we integrate Qϕ[k] over the 2-sphere at spatial infinity, S2
∞, we find that

Σ = − 1

4πG
(4)
N

∫
S2
∞

ık ⋆ dϕ , (4.11)

which recovers the conventional definition of scalar charge, as we are going to see.

If the black hole has a bifurcate horizon and we choose to integrate Qϕ[k] over the
bifurcation surface BH in which k = 0, we get

Σ = − 1

4πG
(4)
N

∫
BH

Wk , (4.12)

which provides an interesting relation between the scalar potential and the scalar charge
of a black hole with bifurcate horizon. If we use the boundary condition Eq. (4.10) and
the definition of Wk Eq. (4.6), applying Stokes’ theorem we can rewrite the above formula
in the form

Σ = − 1

4πG
(4)
N

∫
Σ3

ık ⋆ V
′ , (4.13)

where Σ3 is a hypersurface with boundaries at the bifurcation surface and spatial infinity.

Black holes with regular bifurcate horizons and scalar hair corresponding to the
scalar charge Σ will only exist if the integral in the right-hand side is finite, which imposes
strong conditions on the scalar potentials that allow for hairy black hole solutions. In order
to find these conditions, we are going to focus on static, asymptotically-flat, spherically-
symmetric black holes with metrics of the form

ds2 = λ(ρ)dt2 − λ−1(ρ)dr2 −R2(ρ)dΩ2
(2) . (4.14)

Since the integral of Qϕ[k] over any 2-sphere of constant radius ρ should give the
same result, Σ,

Qϕ[k] =
Σ

16π
ω(2) , (4.15)

where ω(2) is the volume 2-form of the unit sphere.

On the other hand,

−ık ⋆ dϕ = −λR2∂ρϕω(2) , (4.16)

and, if ϕ behaves at spatial infinity as8

8This is the conventional definition of the scalar charge Σ.
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ϕ ∼ ϕ∞ +
G

(4)
N Σ

ρ
+O(ρ−2) , (4.17)

where ϕ∞ is the constant value of the scalar at spatial infinity, we find that, in that limit,

− 1

4πG
(4)
N

ık ⋆ dϕ ∼ Σ

4π
ω(2) +O(ρ−1) . (4.18)

which implies that, in the same limit,

Wk ∼ O(ρ−1) , (4.19)

which is consistent with the boundary condition we had chosen for Wk, Eq. (4.10), and,
in its turn, implies that

− 1

4πG
(4)
N

Wk(BH) =
Σ

4π
ω(2) . (4.20)

Observe that, since λ must vanish on the horizon, ık ⋆ dϕ vanishes everywhere on
the horizon and not just on the bifurcation surface.

Let us find an explicit expression for Wk. For the metrics we are dealing with,

dWk = d
[
Wk(ρ)ω(2)

]
, (4.21)

where the function Wk(ρ) is defined by

dWk(ρ) = −R2(ρ)V ′[ϕ(ρ)]dρ . (4.22)

From Eq. (4.15) and the definition of Qϕ[k]

− 1

4πG
(4)
N

[ık ⋆ dϕ+Wk] =
Σ

4π
ω(2) , (4.23)

and, using Eqs. (4.16) and (4.21) we have

Wk(ρ) = −ΣG
(4)
N −R2∂ρϕ =

∫ ∞

ρ
R2(ρ)V ′[ϕ(ρ)] . (4.24)

If we expand asymptotically the right-hand side of the definition ofWk(ρ), Eq. (4.22),
assuming

ϕ ∼ ϕ∞ +
G

(4)
N Σ

r
+

∆

r2
+O(r−3) , (4.25)

we get
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dWk(r) =

(
1−

2(G
(4)
N M)2

r2
+O(r−3)

)
×

×
{
V ′[ϕ∞]r2 + V ′′[ϕ∞]ΣG

(4)
N r + 1

2

[
V ′′′[ϕ∞]

(
ΣG

(4)
N

)2
+ 2V ′′[ϕ∞]∆

]
+O(r−3)

}
dr

=

(
1−

2(G
(4)
N M)2

r2
+O(r−3)

)
×

×
{
V ′[ϕ∞]r2 + V ′′[ϕ∞]ΣG

(4)
N r + 1

2V
′′′[ϕ∞]

(
ΣG

(4)
N

)2
+ V ′′[ϕ∞]∆

−2(G
(4)
N M)2V ′[ϕ∞] +O(r−1)

}
dr ,

(4.26)

and, comparing with an asymptotic expansion of Wk(r) that takes into account that
Wk(∞) = 0

Wk(r) = O(r−1) , ⇒ dWk(r) = O(r−2)dr , (4.27)

we find that the potential and its first four derivatives must vanish at the asymptotic value
of the scalar:

V (ϕ∞) = V ′[ϕ∞] = V ′′[ϕ∞] = V ′′′[ϕ∞] = V ′′′′[ϕ∞] = 0 , (4.28)

where we have taken into account that we are considering asymptotically-flat black holes
only and where we have assumed that Σ ̸= 0.9

These conditions are satisfied by the potential of the theory of Ref. [174] for the
asymptotic value of the asymptotically-flat (Anabalón-Oliva) black hole ϕ∞ = 0.10 They
are not satisfied for a massive scalar, though, because V ′′[ϕ∞] = m2 ̸= 0. Therefore, the
result that we have obtained, based on a definition of scalar charge that satisfies a Gauss
law is equivalent to Bekenstein’s no-hair theorem of Ref. [167] and also discards many
other scalar potentials.

4.3 Smarr formula

Our next step in the study of these theories is the derivation of a Smarr formula using the
techniques developed in Refs. [64, 65,69,138–140,178].

9These conditions have been previously derived in a different but equivalent way in Ref. [175] in which
the requirement of a well-defined scalar charge has been implicitly used.

10They are also satisfied by the first scalar potential of Ref. [173]. The scalar potential of Ref. [172] was
not given in full. On the other hand, the scalar potential in Ref. [118] manifestly violates those conditions,
but the asymptotic behaviour of the scalar field is exponential, ϕ ∼ e−αρ/ρ so that Σ = 0.
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The Smarr formula follows from the integration of the generalized Komar charge [63]
on the hypersurface Σ3 that interpolates between the bifurcation sphere and the sphere
at spatial infinity (its two boundaries). The generalized Komar charge is given by

K[k] ≡ − (Q[k]− ωk) , (4.29)

where Q[k] is the Noether-Wald charge associated to the Killing vector k and ωk is the
2-form implicitly defined by11

ıkL
.
= dωk . (4.30)

The (local) existence of ωk, as that of Wk, is guaranteed by the assumption that k
generates a symmetry of all the field of the solution:

£kL = dıkL = 0 . (4.31)

As explained in Ref. [56], in order to compute the Noether-Wald charge one must
properly take into account the gauge freedoms of the fields of the theory. In this case,
the only gauge symmetry of the theory (apart from diffeomorphisms), is the local Lorentz
symmetry acting on the Vielbein and the right way to deal with it is to replace the Lie
derivative of the Vielbein by the Lorentz-covariant (or Lie-Lorentz) derivative [58] (see
also Ref. [179]), so that

δξe
a = −

(
Dξa + Pξ

a
be
b
)
, δξϕ = −ıξdϕ , (4.32)

where Pξ
ab, the Lorentz momentum map, is defined by the equation

DPkab + ıkR
ab = 0 , (4.33)

for Killing vectors k. This equation is satisfied by the Killing bivector

Pk
ab = ∇akb . (4.34)

Substituting the transformations Eqs. (4.32) into Eq. (4.2) and using the Noether
identity associated to the invariance under local Lorentz transformations of the action

Pξ
a
bEa ∧ eb = 0 , (4.35)

and the Noether identity associated to the invariance under diffeomorphisms of the action

DEa +Eıadϕ = 0 , (4.36)

we find that the variation of the action under the transformations Eqs. (4.32)

δξS = −
∫ {

(DEa +Eıadϕ) ξ
a + Pξ

a
bEa ∧ eb

+d
[
−Eaξ

a − ⋆(ea ∧ eb) ∧ (ıξRab +DPξ ab) + ⋆dϕıξdϕ
]}

,

(4.37)

11We indicate relations which only hold on-shell with
.
=.
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is just a total derivative.

Massaging this total derivative a bit, we arrive to

δξS = −
∫
d
{
ıξL− d

[
⋆(ea ∧ eb)Pξ ab

]}
. (4.38)

Since the action is only invariant under a total derivative under these transforma-
tions, we arrive to the Noether-Wald charge of pure Einstein gravity [67], which is nothing
but the Komar charge of pure Einstein gravity

Q[ξ] =
1

16πG
(4)
N

⋆ (ea ∧ eb)Pξ ab . (4.39)

Now, in order to find ωk we need to evaluate the on-shell Lagrangian. We first take
the trace of the Einstein equation

ea ∧Ea = −2 [L+ ⋆V ] . (4.40)

Then,

L = −1
2e
a ∧Ea − ⋆V

.
= − ⋆ V , (4.41)

and, for a Killing vector k that leaves all the fields invariant

ıkL
.
= −ık ⋆ V ≡ dVk . (4.42)

Again, the (local) existence of the 2-form Vk is guaranteed by the assumptions on
the symmetry of the configurations.

The Komar charge of this theory is finally given by

K[k] = − 1

16πG
(4)
N

[
⋆(ea ∧ eb)Pk ab − Vk

]
, (4.43)

and it is not difficult to check that it is closed on-shell:

dK[k] = 1
2e
a ∧Ea − kaEa +

1

16πG
(4)
N

ıkdϕ ⋆ dϕ
.
= 0 , (4.44)

recalling that, by assumption, ıkdϕ = 0.

Let us consider asymptotically-flat (V = 0 at spatial infinity), static black holes with
bifurcate Killing horizons H associated to k and let us integrate dK[k] over a hypersurface
Σ3 whose boundaries are the bifurcation sphere BH where k = 0 and the 2-sphere at
spatial infinity S2∞. Applying Stokes theorem

0
.
=

∫
S2∞

K[k]−
∫
BH

K[k] . (4.45)

At infinity, by assumption
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∫
S2∞

K[k] = 1
2M +

1

16πG
(4)
N

∫
S2∞

Vk . (4.46)

Over the bifurcation sphere

∫
BH

K[k] =
κA

4G
(4)
N

+
1

16πG
(4)
N

∫
BH

Vk . (4.47)

Thus, using again Stokes’ theorem and the definition of Vk Eq. (4.42), we arrive at the
Smarr formula

M = 2ST − 1

8πG
(4)
N

[∫
S2∞

Vk −
∫
BH

Vk

]

= 2ST − 1

8πG
(4)
N

∫
Σ3

ık ⋆ V .

(4.48)

This is not the form in which the Smarr formula is usually presented. The scalar
potential must be proportional to one or several dimensionful coupling constants. Let α
be that constant and let it have dimensions of inverse length squared so that

V = α
∂V

∂α
. (4.49)

Then, the Smarr formula can be written in the more standard form

M = 2ST + 2αΦα , where Φα ≡ − 1

16πG
(4)
N

∫
Σ3

ık ⋆
∂V

∂α
, (4.50)

which, as proposed in Refs. [69, 138, 140], must be interpreted in terms of extended ther-
modynamics: α plays the role of a new thermodynamic variable and Φα plays the role of
its conjugate potential. The validity of this Smarr formula can be tested directly in the
existing hairy solutions and we will do so for the Anabalón-Oliva black hole.

For the static, spherically symmetric metrics we are considering

ık ⋆ V = −R2(ρ)V (ϕ(ρ))dρ ∧ ω(2) , (4.51)

and

Φα =
1

4G
(4)
N

∫ ∞

ρh

R2∂V

∂α
dρ . (4.52)

For large values of ρ
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ık ⋆ V = −

(
1−

2(G
(4)
N M)2

ρ2
+O(ρ−3)

)
×

× ρ2

{
V (ϕ∞) + V ′(ϕ∞)

ΣG
(4)
N

ρ
+ · · ·

}
dρ ∧ ω(2) .

(4.53)

Asymptotic flatness implies V (ϕ∞) = 0 and the convergence of the integral demands,
again, Eqs. (4.28) to hold.

4.4 The first law of black hole mechanics

As shown in Ref. [138], in order to derive the first law of black-hole mechanics using Wald’s
formalism in theories with dimensionful parameters such as those that must necessarily
occur in the scalar potential (α in the case discussed in Section 4.3), it is necessary to
dualize those parameters into (d− 1)-form potentials which have a gauge symmetry gen-
erated by (d − 2)-form parameters and work with the dual formulation of the theory. In
particular, we have to rederive the Noether-Wald charge, which will have an additional
term associated to the new gauge symmetry.

4.4.1 The dual theory

We can directly draw from the results of Ref. [138] and write an action which contains
two additional dynamical fields: the scalar ϑ and the 3-form C. ϑ is the square root of
the dimensionful constant α discussed in Section 4.3, which in this setting is promoted to
a scalar field,

α = ϑ2 , (4.54)

so that

ϑ
∂V

∂ϑ
= 2V . (4.55)

The 3-form C is the dual of ϑ and it is introduced in the action as a Lagrange multiplier
enforcing the constraint dϑ = 0. The action is that in Eq. (3.2) supplemented by the
Lagrange multiplier term, which is topological and does not modify the Einstein equations:

S[e, ϕ, ϑ, C] =
1

16πG
(4)
N

∫ {
− ⋆ (ea ∧ eb) ∧Rab + 1

2dϕ ∧ ⋆dϕ− C ∧ dϑ+ ⋆V (ϕ)
}

≡
∫

L .

(4.56)

Under a general variation of the fields,
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δS =

∫
{Ea ∧ δea +Eδϕ+EC ∧ δC +Eϑ ∧ δϑ+ dΘ(φ, δφ)} , (4.57)

where the Einstein and scalar equations Ea,E are identical to those of the original ac-
tion Eqs. (4.3a) and (4.3b), and the equations of the 3-form C and of the dimensionful
“constant” ϑ are given by

Eϑ = −G+ ⋆
∂V

∂ϑ
, (4.58a)

EC = dϑ , (4.58b)

where

G ≡ dC , (4.59)

is the field strength of the 3-form C, invariant under the gauge transformations

δχC = dχ , (4.60)

where χ is an arbitrary 2-form.

On-shell, the equation of motion of ϑ is a duality relation between the 3-form and
ϑ [180]

G = ⋆
∂V

∂ϑ
, (4.61)

and, as expected, the equation of motion of C just says that ϑ is constant.12

Finally, Θ contains a new term

Θ(φ, δφ) = − ⋆ (ea ∧ eb) ∧ δωab + ⋆dϕδϕ+ Cδϑ . (4.62)

Observe that the action Eq. (4.56) is only invariant under the gauge transformations
of C up to a total derivative (defined itself up to total derivatives), which we will have to
take into account:

δχS =

∫
d (ϑdχ) . (4.63)

4.4.2 The Noether-Wald charge of the dual theory

We just have to use the general form of the variation of the dual action Eq. (4.57) in the
particular case of the variations Eqs. (4.32) and

δξϑ = −ıξϑ , δξC = − (ıξG+ dPξ) , (4.64)

12In presence of sources of 3-form C, 2-branes (domain walls) charged with respect to C, it can be
piecewise constant, see for instance, [181]. This action, thus, is slightly more general than the original one.
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where, following the general rules, we have defined the momentum map 2-form Pξ to
satisfy the equation

ıkG+ dPk = 0 , (4.65)

for a Killing vector k that leaves invariant all the fields of the theory. This assumption
guarantees the existence of Pk.

The Noether-Wald and Komar charges can be simply read from Ref. [138]

Q[ξ] =
1

16πG
(4)
N

[
⋆(ea ∧ eb)Pξ ab + ϑPξ

]
, (4.66a)

K[ξ] = − 1

16πG
(4)
N

[
⋆(ea ∧ eb)Pξ ab − 1

2ϑPξ

]
, (4.66b)

but we have to take into account that they have been computed using the particular choice
of total derivative Eq. (4.63)

δξS =

∫
{−dϑ ∧ ıξC − ϑdPξ} . (4.67)

Before deriving the Smarr formula and the first law for the dual theory, it is necessary
to consider the generalized, restricted, zeroth law [56]. If k is the Killing vector that
generates the horizon, in the bifurcation surface where k = 0 Eq. (4.65) implies that

dPk
BH
= 0 . (4.68)

In the static case in which we are interested here, this just means that

Pk
BH
= 16πG

(4)
N ΦGω(2) , (4.69)

where ΦG is a constant and ω(2) is the volume form of the unit 2-sphere.

Observe that, on-shell and using the homogeneity of V in ϑ, the equation of motion
of C, the momentum map equation (4.65) and the equation of motion of ϑ we have the
following relation:

ık ⋆ V =
1

2
ϑık ⋆

∂V

∂ϑ

.
=

1

2
ϑıkG = −1

2
ϑdPk

.
= d

(
−1

2
ϑPk

)
, (4.70)

which means that Vk defined in Eq. (4.42) is given by

1
2ϑPk

.
= Vk . (4.71)

Replacing this result in the Komar charge Eq. (4.66b) we recover that of the original
theory Eq. (4.43), which means that we get the same Smarr formula Eq. (4.50).

Let us now consider the derivation of the first law in full detail, improving the
derivations made in Refs. [49,56,57,130,131,138,139] in which either scalar charges had not
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been considered or the action was exactly invariant under gauge transformations (which
is not the case here).

We start by defining the symplectic 3-form [66–68]

ω(φ, δ1φ, δ2φ) ≡ δ1Θ(φ, δ2φ)− δ2Θ(φ, δ1φ) , (4.72)

where φ denotes collectively all the fields of the theory. In this case we have to choose
in Eq. (4.72) δ1φ = δφ, variations of the fields which satisfy the linearized equations of
motion but which are, otherwise, arbitrary, and δ2φ = δξφ, the transformations under
diffeomorphisms given in Eqs. (4.32) and (4.64) which, we must recall, include induced
gauge transformations δσξ , δχξ

which we will denote, collectively, by δΛξ
, so that

δξ = −£ξ + δΛξ
. (4.73)

Under these transformations, using the general expression for the variation of the
action, we get

δξS =

∫
dΘ′(φ, δξφ) , (4.74)

where Θ′ is a combination of Θ and equations of motion, so that, on-shell, Θ = Θ′.

On the other hand, varying directly the action we find that

δξS =

∫
d
{
−ıξL+X(δΛξ

φ)
}
, where dX(δΛξ

φ) ≡ δΛξ
L . (4.75)

In the theory we are considering we can read X(Λξ) from Eq. (4.67):

X(δΛξ
φ) = −dϑ ∧ ıξC − ϑdPξ

.
= d (−ϑPξ) . (4.76)

Equating Eqs. (4.74) and (4.75) we arrive at

dJ[ξ] = 0 , where J[ξ] ≡ Θ′(φ, δξφ) + ıξL−X(δΛξ
φ) . (4.77)

Then,

ω(φ, δφ, δξφ)
.
= δΘ′(φ, δξφ)− δξΘ

′(φ, δφ)

= δ
(
J[ξ]− ıξL+X(δΛξ

φ)
)
−
(
−£ξ + δΛξ

)
Θ′(φ, δφ)

= δJ[ξ]− ıξδL+ δX(δΛξ
φ) +

(
ıξd+ dıξ − δΛξ

)
Θ′(φ, δφ)

= δdQ[ξ]− ıξ (Eφ ∧ δφ+ dΘ(φ, δφ))

+
(
ıξd+ dıξ − δΛξ

)
Θ′(φ, δφ) + δX(δΛξ

φ)

.
= d

[
δQ[ξ] + ıξΘ

′(φ, δφ)
]
− δΛξ

Θ′(φ, δφ) + δX(δΛξ
φ) .

(4.78)
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The last two terms must also be total derivatives:

δΛξ
Θ(φ, δφ) ≡ dϖξ , (4.79a)

δX(δΛξ
φ) ≡ dπξ . (4.79b)

Let us consider ϖξ first. In the case at hands, there are two kinds of gauge trans-
formations:

1. Local Lorentz transformations, δσ. The parameter of the local Lorentz transforma-
tion induced by the diffeomorphism generated by ξ is

σabξ = ıξω
ab − Pξ

ab . (4.80)

2. Gauge transformations of the 3-form C, δχ. The parameter of the gauge transfor-
mation induced by the diffeomorphism generated by ξ is

χξ = ıξC − Pξ . (4.81)

We find that

δΛξ
Θ(φ, δφ)

.
= d

[
− ⋆ (ea ∧ eb)δσξ ab + χξδϑ

]
≡ dϖξ . (4.82)

As for πξ, we find

δX(δΛξ
φ)

.
= dδ (−ϑPξ) ≡ dπξ . (4.83)

Thus, we find that

ω(φ, δφ, δξφ)
.
= dW[ξ] , (4.84)

with

W[ξ] ≡ −δQ[ξ]− ıξΘ(φ, δφ) +ϖξ − πξ , (4.85)

and we also find that for vector fields k that generate symmetries of all the fields δkφ = 0

dW[k]
.
= 0 . (4.86)

Integrating this identity over the same hypersurface Σ3 we considered for the Smarr
formula and using again the Stokes theorem we will derive the first law, but we must
compute W[k] first. We find

ıkΘ(φ, δφ) = −ık ⋆ (ea ∧ eb) ∧ δωab − ⋆(ea ∧ eb) ∧ δıkωab + ık ⋆ dϕδϕ+ ıkCδϑ , (4.87a)

δQ[k] = δ ⋆ (ea ∧ eb)Pk ab + ⋆(ea ∧ eb)δPk ab + δ (ϑPk) , (4.87b)

85



Chapter 4. Hairy black holes, scalar charges and extended thermodynamics

and, therefore,

W[k] = −δ ⋆ (ea ∧ eb)Pk ab + ık ⋆ (e
a ∧ eb) ∧ δωab − Pkδϑ− ık ⋆ dϕδϕ , (4.88)

where we have used Eq. (4.71).

As a non-trivial test of all the manipulations we have performed, it can be checked by
an explicit and direct calculation that, indeed, W[k] is closed on-shell when the variations
of the fields satisfy the linearized equations of motion and k leaves invariant the background
solution. This calculation can be found in Appendix D.1.

Let us proceed to derive the first law:

0
.
=

∫
Σ3

dW[k]

=
1

16πG
(4)
N

∫
Σ3

d
{
−δ ⋆ (ea ∧ eb)Pk ab + ık ⋆ (e

a ∧ eb) ∧ δωab − ık ⋆ dϕδϕ
}

− δϑ

16πG
(4)
N

∫
Σ3

dPk

.
=

1

16πG
(4)
N

{∫
S2
∞

−
∫
BH

}{
−δ ⋆ (ea ∧ eb)Pk ab + ık ⋆ (e

a ∧ eb) ∧ δωab − ık ⋆ dϕδϕ
}

+
δϑ

16πG
(4)
N

∫
Σ3

ıkG

.
= δM + 1

4Σδϕ∞ − TδS +
δϑ

16πG
(4)
N

∫
Σ3

ık ⋆
∂V

∂ϑ

= δM + 1
4Σδϕ∞ − TδS − Φϑδϑ ,

(4.89)

where we have defined

Φϑ ≡ − 1

16πG
(4)
N

∫
Σ3

ık ⋆
∂V

∂ϑ
. (4.90)

Observe that

Φϑδϑ = Φαδα , (4.91)

where Φα is the potential that occurs in the Smarr formula Eq. (4.50).
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In the above derivation we have used Eq. (4.11) and the vanishing of k over the
bifurcation sphere.

Thus, we arrive to our final expression for the first law

δM = TδS − 1
4Σδϕ∞ +Φαδα . (4.92)

4.5 The Anabalón-Oliva hairy black hole

In this section we study, as an illustration of our general results, the asymptotically-flat
Anabalón-Oliva (AO) hairy black hole constructed in Ref. [174] as a solution of the system
we are considering Eq. (3.2) for the particular scalar potential13

V (ϕ) =
2α

ν2

{
ν − 1

ν + 2
sinh

[√
ν + 1

ν − 1
ϕ

]
− ν + 1

ν − 2
sinh

[√
ν − 1

ν + 1
ϕ

]

+4
ν2 − 1

ν2 − 4
sinh

(
1√

ν2 − 1
ϕ

)}
,

(4.93)

where α is a constant with dimensions of inverse length squared and ν is a dimensionless
parameter (which means that we are, actually, dealing with a family of theories) such that
ν > 1.

The metric and the scalar field of the AO solution are given in Ref. [174] in the form

ds2 = Ω(r)

[
F (r)dt2 − dr2

F (r)
− dΩ2

(2)

]
, (4.94a)

ϕ =
√
ν2 − 1 ln (r/η) , (4.94b)

where the functions Ω and F are given by

Ω(r) =
ν2ην−1rν−1

(rν − ην)2
, (4.95a)

F (r) =
r

ηΩ(r)
+ α

[
1

(ν2 − 4)
−
(
1 +

ηνr−ν

ν − 2
− η−νrν

ν + 2

)
r2

η2ν2

]
, (4.95b)

but it is convenient to define a new coordinate ρ, related to r by

r = ηW 1/ν(ρ) , where W (ρ) ≡
(
1− ν/η

ρ

)
, (4.96)

which satisfies

13Apart from the change in the signature of the metric, we have set κ = 1/2 in the results of Ref. [174].
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dr =
dρ

Ω(ρ)
. (4.97)

Then, defining

λ ≡ FΩ , and R2 ≡ Ω , (4.98)

the metric and scalar field of the solution take the form

ds2 = λ(ρ)dt2 − λ−1(ρ)dρ2 −R2(ρ)dΩ2
(2) , (4.99a)

ϕ =

√
ν2 − 1

ν
lnW , (4.99b)

with the functions λ and R given by

R2(ρ) =W 1−1/νρ2 , (4.100a)

λ(ρ) =W 1/ν + α

{
W 1−1/ν

(ν2 − 4)
− W 1+1/ν

ν2
− W 1/ν

ν2(ν − 2)
+

W 2+1/ν

ν2(ν + 2)

}
ρ2 . (4.100b)

In this form the metric is asymptotically flat with the standard normalization for
ρ→ ∞: for large ρ

λ ∼ 1− 3η2 + α

3η3ρ
+O(1/ρ2) , (4.101a)

R2 ∼ ρ2 +O(ρ) , (4.101b)

ϕ ∼ −
√
ν2 − 1

ηρ
+O(1/ρ2) , (4.101c)

so that the ADM mass M , the scalar charge Σ and the asymptotic value of the scalar ϕ∞
are given by

M =
3η2 + α

6η3
, (4.102a)

Σ = −
√
ν2 − 1

η
, (4.102b)

ϕ∞ = 0 . (4.102c)
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For this asymptotic value of the dilaton, the conditions Eqs. (4.28) are, indeed, satisfied.

Observe that, since α and ν are parameters of the theory, the solution contains only
one free parameter, η, which determines the ADM mass. The scalar charge Σ can, then, be
written in terms of the ADM mass and the parameters that define the theory. Therefore,
it describes secondary hair.

It is not difficult to recover some known metrics: for |ν| = 1, the “hairless limit”14

the scalar vanishes identically and

R2(ρ) = ρ2 , (4.103a)

λ(ρ) =W +
α

3
(W − 1)3 ρ2 = 1−

(
1

η
+

α

3η3

)
1

ρ
, (4.103b)

which correspond to the Schwarzschild metric with

M =
3η2 + α

6η3
. (4.104)

When α = 0 the potential vanishes and one recovers the Janis-Newman-Winicour
solutions [128]

R2(ρ) =W 1−1/νρ2 , (4.105a)

λ(ρ) =W 1/ν , (4.105b)

ϕ =

√
ν2 − 1

ν
lnW . (4.105c)

The parameter ν does not occur in the action and it is just an integration constant related
to the mass and scalar charge by

ν =

√
M2 +Σ2/4

M
, (4.106)

and the metric is singular except when the scalar charge vanishes, (Σ = 0, |ν| = 1)

λ(ρ) vanishes for ρ = ν/η, but so does R2(ρ) (except for |ν| = 1, Schwarzschild),
which indicates that there is a singularity there. It can be shown numerically that, for
ν < 3 λ has another zero at some ρh > ν/η which converges towards the singularity at
ρ = ρsing = ν/η. Finding an analytical expression for ρh in terms of α, ν and η is too
complicated, but we can check the Smarr formula and the results concerning the scalar
charge that we have obtained in the previous sections using the property λ(ρh) = 0 and
R2(ρh) ̸= 0 only. In the calculations it is often convenient to use a coordinate15

14The potential diverges for |ν| = 1 and the theory is not well defined for this value of the parameter.
15This coordinate x is different from the one defined in Ref. [174].
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x ≡ ν

ηρ
, xh ≡ ν

ηρh
. (4.107)

Using these properties, we find the surface gravity

κ =

[
−αρ2h + ν2 (ν − 2)

]
W−1+1/ν(ρh)

2ην2(ν − 2)ρ2h
+
αρhW

2+1/ν(ρh)

ν2(ν + 2)

−
α
[
2η
(
ν2 − 4

)
ρh − 2 ν2 + 3 ν + 2

]
W 1+1/ν(ρh)

2η ν2 (ν2 − 4)
+
αρhW

1−1/ν(ρh)

(ν2 − 4)

+
α(ν − 1)W−1/ν(ρh)

2η (ν2 − 4)
−
α
(
2 η ρh + ν2 − ν − 2

)
W 1/ν(ρh)

2ην2 (ν − 2)
,

(4.108)

and the area of the horizon

A = 4πR2(ρh) = 4πW 1−1/ν(ρh)ρ
2
h . (4.109)

We can, then, compute

M − 2ST =
3η2 + α

6η3
−R2(ρh)κ , (4.110)

which, according to the Smarr formula Eq. (4.50) should equal to

1

8πG
(4)
N

∫
Σ3

ık ⋆ V = − 1

2G
(4)
N

∫ ∞

ρh

R2V dρ , (4.111)

which is proportional to α. We have checked that the Smarr formula holds in this form.

We have also checked that Eq. (4.24) which follows from the coordinate-independent
definition of scalar charge Eq. (4.9) holds.

Finally, checking the first law Eq. (4.92) in this solution is difficult. In order to test
the term proportional to the scalar charge one must have a family of solutions in which
the asymptotic value of the scalar is a free parameter, which is not the case here.

4.6 Discussion

In this paper we have derived a Smarr formula and a first law for the extended thermody-
namics of the black-hole solutions of the theories described by the action Eq. (3.2) using
Wald’s formalism and the results of Refs. [56, 138]. Our results coincide with those of
Ref. [176] except for the inclusion of the term proportional to the scalar charge and the
variation of the asymptotic value of the scalar. This term is somewhat mysterious since
there are no asymptotically flat black-hole solutions for asymptotic values of the scalar
other than zero, but it may make sense in a wider class of not asymptotically-flat solutions.
In any case, the term is clearly there since it arises exactly in the same way as in all the
theories considered in Refs. [49, 59].
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Using an extension of the covariant definition of scalar charge given in Refs. [49,61]
we have shown that, in the presence of a bifurcate horizon, the scalar charge is determined
by the parameters of the theory, the particular scalar potential, and the value of the scalar
on the horizon, and should be considered as “secondary hair”. On the other hand, a well-
defined scalar charge is possible in the presence of a bifurcate black-hole horizon only if the
scalar potential satisfies a set of quite restrictive conditions given in Eq. (4.28), previously
found in Ref. [175] following other considerations. These conditions are equivalent to a
“no-hair theorem” for all the theories whose potentials do not satisfy them. Some scalar
profiles such as those considered in Ref. [118] may evade these constraints, though.

Our results still leave some questions unanswered: are there hairy black-hole so-
lutions in all the theories whose scalar potentials satisfy all the right conditions? What
happens in theories with more scalar fields or in theories in which the scalars couple to
curvature scalars? Clearly, much more work is necessary to find a general pattern of be-
haviour of scalar fields in black-hole spacetimes and some work in this direction is already
in progress.
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A
Conclusions

A.1 English version

The main objective of this thesis has been to understand the role played by fields and
scalar charges in the thermodynamics of black holes.

For the first part, regions of stability were identified for both black hole solutions
in configurations close to extremality. The use of the Brown-York formalism supple-
mented with counterterms allowed the entropy and the quantum-statistical relation to
be established for both solutions. For the black hole with Gauss-Bonnet corrections, it
was observed that higher-order terms stabilized the solution in a similar way to how the
scalar field stabilized the black hole solution with secondary hair in an asymptotically flat
spacetime.

The definition of a scalar charge for theories with and without global symmetries
proved crucial for an extended version of Wald’s formalism, which explicitly includes scalar
charges in the first law of thermodynamics. This definition confirmed that the scalar charge
must be secondary hair and that the restrictions on the scalar potential are consistent with
the no-hair theorems.

The results obtained in both parts of the work allow for a complementary under-
standing of the role of scalars in the thermodynamics of black holes. While the first part
explores thermodynamic stability in specific configurations and demonstrates the viabil-
ity of stable regions in theories with and without additional corrections, the second part
establishes a formal framework for incorporating scalar charges into thermodynamic laws.
Together, they provide a broader perspective on how the thermodynamic relations of black
holes depend on scalar fields.

All these works opens several lines of research for the future, as the role of scalar
fields is not still clear. One of these is to extend the analysis of thermodynamic stability to
theories with massive scalar fields and to explore a definition of scalar charge that allows for
conditions of no-hair in these theories. It is also possible to investigate how the restrictions
on the scalar potential affect the existence of hairy black hole solutions in asymptotically
Anti-de Sitter spacetimes. With the methodology for constructing charges presented in
this thesis, we can explore the thermodynamics of Taub-NUT spacetimes by defining the
NUT charge and understanding how it is incorporated into thermodynamic relations, for
a physical interpretation of the NUT charge within Wald’s formalism. Finally, we could
extend Wald’s formalism to extremal black holes using plausible integration limits when
defining the charges.
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A.2 Spanish version

El objetivo principal de esta tesis ha sido el de comprender el rol que juegan los campos
y las cargas escalares en la termodinámica de agujeros negros.

Para la primera parte, se identificaron regiones de estabilidad para ambas soluciones
de agujero negro en configuraciones cercanas a la extremalidad. El uso del formalismo de
Brown-York suplementado con contratérminos permitió encontrar la entroṕıa y la relación
estad́ıstico-cuántica para ambas soluciones. Para el agujero negro con correcciones de
Gauss-Bonnet, se observó que los términos de orden superior estabilizan la solución de
manera similar a cómo el campo escalar estabiliza la solución del agujero negro con pelo
asintóticamente plano.

La definición de una carga escalar para teoŕıas con y sin simetŕıas globales resultó
clave para una versión extendida del formalismo de Wald, que incluyera expĺıcitamente
las cargas escalares en la primera ley de la termodinámica. Esta definición confirmó que
la carga escalar debe ser pelo secundario y que las restricciones del potencial escalar son
consistentes con los teoremas de no-pelo.

Los resultados obtenidos en ambas partes del trabajo permiten comprender de man-
era complementaria el rol de los escalares en la termodinámica de los agujeros negros.
Mientras que la primera parte explora la estabilidad termodinámica en configuraciones
espećıficas y demuestra la viabilidad de regiones estables en teoŕıas con y sin correcciones
adicionales, la segunda parte establece un marco formal para incorporar las cargas es-
calares en las leyes termodinámicas. En conjunto, permiten una visión más amplia de
cómo las relaciones termodinámicas de los agujeros negros dependen de los escalares.

Este trabajo abre varias ĺıneas de investigación para el futuro, pues el rol de los
escalares aún no está claro. Una de ellas es extender el análisis de la estabilidad ter-
modinámica a teoŕıas con campos escalares masivos y explorar una definición de carga
escalar que permita obtener condiciones de no-pelo en estas teoŕıas. También se puede
investigar cómo las restricciones sobre el potencial escalar afectan a la existencia de solu-
ciones de agujeros negros con pelo asintóticamente Anti-de Sitter. Con la metodoloǵıa para
la construcción de cargas expuestas en esta tesis, podemos explorar la termodinámica de
los espaciotiempos Taub-NUT definiendo la carga NUT y entendiendo cómo se incorpora
en las relaciones termodinámicas, para una interpretación f́ısica de la carga de NUT en el
formalismo de Wald. Por último, podŕıamos extender el formalismo de Wald para agujeros
negros extremos utilizando ĺımites de integración pausibles al integrar las cargas definidas.
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B
Charges, symmetries and conservation laws

B.1 Noether-Wald charge for Einstein-Maxwell theory (p-
forms)

Consider the generalization of the d-dimensional Einstein-Maxwell theory given by,

S[ea, A] =
1

16πG
(d)
N

∫ [
(−1)d−1 ⋆ (ea ∧ eb) ∧Rab +

(−1)d(p−1)

2
F ∧ ⋆F

]
≡ L. (B.1)

where the (p+1)-form A satisfies F = dA, with F a (p+2)-form. Under a general variation
of the fields, omitting at the moment (16πGN

(d))−1

δS =

∫
{Ea ∧ δea +E ∧ δA+ dΘ(ea, A, δea, δA)} , (B.2)

where Ea are the Einstein equations of motion, E are the Maxwell equations of motion
and Θ(ea, A, δea, δA) is the symplectic prepotential (d− 1)-form. These are given by

Ea = ıa ⋆ (e
c ∧ ed) ∧Rcd +

(−1)dp

2

(
ıaF ∧G+ (−1)p+1F ∧ ıaG

)
(B.3)

E = −dG, G = ⋆F (B.4)

Θ(ea, A, δea, δA) = − ⋆ (ea ∧ eb) ∧ δωab +G ∧ δA. (B.5)

The action in Eq.(B.1) is invariant under infinitesimal transformations up to a total deriva-
tive,

δξS = −
∫
dıξL. (B.6)

Applying the Lie derivative plus the compensating gauge transformation to the general
variation of the fields,

δξ = −Lξ + δΛξ
, (B.7)

and note that,

δξω
ab = − (dıξ + ıξd)ω

ab +Dσabξ = −
(
DP abξ + ıξR

ab
)
. (B.8)

δξA = −LξA+ δχξ
A = − (dıξ + ıξd)A+ dχξ = − (dPξ + ıξF ) , (B.9)
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δξe
a = − (dıξ + ıξd) e

a + σaξ b e
b = Dξa + P aξ b e

b. (B.10)

Replacing in Eq.(B.2) with Eq.(B.7)

δξS =

∫ {
−Ea ∧

(
Dξa + P aξ b e

b
)
−E ∧ (dPξ + ıξF ) + dΘ(ea, A, δξe

a, δξA)
}
. (B.11)

Θ(ea, A, δξe
a, δξA) = ⋆(ea ∧ eb) ∧

(
DP abξ + ıξR

ab
)
+G ∧ (dPξ + ıξF ) . (B.12)

We find,

δξS =

∫ {
(−1)d−1Eaξ

a −E ∧ ıξF + (−1)d−p−1dE ∧ Pξ + dΘ′(ea, A, δξe
a, δξA)

}
,

(B.13)

where we defined

Θ′(ea, A, δξe
a, δξA) = Θ(ea, A, δξe

a, δξA) + (−1)dEaξ
a + (−1)d−pE ∧ Pξ. (B.14)

Using the Noether identities associated to gauge transformations dE = 0 and diffeo-
morphisms, we arrive at

DEaξ
a + (−1)dE ∧ ıξF = 0, (B.15)

then

δξS =

∫
dΘ′(ea, A, δξe

a, δξA), (B.16)

which, combined with the total derivative, leads to

dJ[ξ] = 0, J[ξ] ≡ Θ′(ea, A, δξe
a, δξA) + ıξL. (B.17)

As usual, this implies the local existence of the (d− 2)-form Q[ξ] such that

J[ξ] = dQ[ξ], (B.18)

Q[ξ] =
1

16πG
(d)
N

{
(−1)d−1 ⋆ (ea ∧ eb)P abξ − (−1)d(p−1)Pξ ∧G

}
. (B.19)

which is the Noether-Wald charge for the Einstein-Maxwell theory.
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C
Toolkit for the existence of thermodynamically

stable asymptotically flat black holes

C.1 Local stability conditions

The local stability of equilibrium configurations follows from demanding that heat ca-
pacity CQ ≡ T (∂S/∂T )Q and isothermal permittivity ϵT ≡ (∂Q/∂Φ)T to be simul-
taneously positive defined. The proof follows from considering that at stable equilib-
rium, the entropy has a maximum value with respect to the entropy of the system
when considering the fluctuations. We can use the argument (see, for instance, [51])
that, if S(E,Q) represents the entropy before some fluctuations in E and Q, given by
δE and δQ, respectively, then, for the configuration S(E,Q) to be stable, the aver-
age entropy 1

2 [S(E + δE,Q+ δQ) + S(E − δE,Q− δQ)] after the perturbation cannot
be greater than the initial one. The same argument is valid in terms of the energy: for
a given state E = E(S,Q) to be locally stable, the average energy after the perturbation
can not be lower than the initial one. This gives rise to three mathematical conditions for
local stability, namely,

(
∂2E

∂S2

)
Q

(
∂2E

∂Q2

)
S

−

[(
∂

∂S

)
Q

(
∂E

∂Q

)
S

]2
> 0 ,

(
∂2E

∂S2

)
Q

> 0 ,

(
∂2E

∂Q2

)
S

> 0

(C.1)

Consider the canonical ensemble, for which the thermodynamic potential is F =
E − TS. For infinitesimal changes in its thermodynamics, we can describe the system
by dF(T,Q) = −SdT + ΦdQ, and it can be shown, using the standard thermodynamic
relations, that the conditions (C.1) can be written in terms of F and, indeed, can be
reduced to only two independent requirements:

CQ = T

(
∂S

∂T

)
Q

= −T
(
∂2F
∂T 2

)
Q

> 0 (C.2)

ϵT =

(
∂Q

∂Φ

)
T

=

(
∂2F
∂Q2

)−1

T

> 0 (C.3)

where we have used S = − (∂F/∂T )Q and Φ = (∂F/∂Q)T .

In the grand canonical ensemble, it can be shown that stability also follows from
analyzing the concavity of the thermodynamic potential G. In this case, G = E−TS−ΦQ,
the first law takes the form dG(T,Φ) = −SdT −QdΦ, and the relevant response function
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for local stability in this case is

CΦ ≡ T

(
∂S

∂T

)
Φ

= −T
(
∂2G
∂T 2

)
Φ

> 0 (C.4)

where S = − (∂G/∂T )Φ.

C.2 Dilaton counterterms in AdS vs flat spacetime

Let us consider the Einstein’s equation derived from Einstein-Maxwell-scalar gravity (2.1),
but now with the general potential (see, e.g., [182] where the extremal limit was also
discussed)

V (ϕ) =
2Λ

3
(2 + coshϕ) + 2Υ (2ϕ+ ϕ coshϕ− 3 sinhϕ) (C.5)

that contains the comological constant Λ. We now consider the asymptotically AdS solu-
tion, for which the limit Λ → 0 leads to the asymptotically flat solution,

ds2 = Ω(x)

[
−f(x)dt2 + η2dx2

x2f(x)
+ dθ2 + sin2 θdϕ2

]
, Aµ =

[
Φ− q(x− 1)

x

]
δtµ (C.6)

where

Ω(x) =
x

η2(x− 1)2
, f(x) = −Λ

3
+Υ

(
x2 − 1

2x
− lnx

)
+
η2 (x− 1)2

x

[
1− 2 (x− 1) q2

x

]
(C.7)

By taking the trace of the Einstein’s equation, we can use the relation R = 1
2(∂ϕ)

2 + 2V
to simplify the bulk part of the action that yields

Ibulk =
1

2κ

∫
M
d4x

√
−g
[
R− 1

2
(∂ϕ)2 − eϕF 2 − V (ϕ)

]
=

1

2κ

∫
M
d4x

√
−g
[
V (ϕ)− eϕF 2

]
(C.8)

The on-shell Euclidean action is

IEbulk =
1

4
β

∫ xb

x+

dx

[
2ηΩ(x)

x
− (xf(x)Ω′(x))′

η

]
(C.9)

Together, the bulk part and Gibbons-Hawking boundary term add up to

IEbulk+I
E
GH =

β
[
(12η2q2 −Υ)(x+ − 1)− 6η2(x+ − 3)

]
24η3(x+ − 1)

−
β
(
6η2 − Λ

)
6η3(xb − 1)

+
βΛ

2η3(xb − 1)2
+

βΛ

3η3(xb − 1)3

(C.10)
where xb → 1 is the boundary location. We note that there are three divergent terms
proportional with Λ that are not going to survive for the asymptotically flat solution when
the cosmological constant vanishes. The gravitational counterterm required to remove the
divergences is specific to the flat and AdS spacetimes. For asymptotically flat spacetime,
the gravitational counterterm is

IEct(flat) =
1

κ

∫
∂M

d3x
√
|h|
√
2R(3) =

β

η(xb − 1)
−
β
(
12η2q2 − 6η2 −Υ

)
12η3

+O(xb−1) (C.11)
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It is clear that the counterterm for asymptotically flat spacetime perfectly cancels the
only divergence coming from Ibulk + IGH when Λ = 0. The total action for flat spacetime
satisfies the quantum-statistical relation β−1IE = E − TS −ΦQ, as shown in Section 2.1.

Now, the gravitational counterterm for asymptotically AdS spacetime is

IEct,(AdS) =
1

κ

∫
∂M

d3x
√
h

[
2

ℓ
+
ℓ

2
R(3)

]
(C.12)

=
β
(
Λ + 4Υ + 24η2 − 48η2q2

)
48η3

+
β(8η2 − Λ)

8η3(xb − 1)
− βΛ

2η3(xb − 1)2
− βΛ

3η3(xb − 1)3

(C.13)

where Λ = −3/ℓ2. For the AdS case, the divergence coming from Ibulk + IGH are not
completely cancelled by (C.13), and one of the terms ∝ (xb − 1)−1 survives. Concretely,

IEbulk + IEGH + IEct,(AdS) =
β
[
12η2(x+ + 1) + (Λ + 2Υ− 24η2q2)(x+ − 1)

]
48η3(x+ − 1)

+
βΛ

24η3(xb − 1)
(C.14)

and the remaining divergent term is cancelled by the contribution from the scalar field
counterterm [183,184] (consistent with the Hamiltonian formalism [185,186])

IEϕ =
1

2κ

∫
∂M

d3x
√
h

[
ϕ2

2ℓ
+
W (ϕ)

ℓA
ϕ3
]
= − βΛ

24η3(xb − 1)
− βΛ

48η3
(C.15)

where ϕ(r) = A/r + B/r2 + · · · , r =
√
Ω(x), and B = dW (A)/dB (in this case, B = 0

and W = 0). The total action also satisfies the quantum-statistical relation, β−1IE =
E − TS − ΦQ, where IE = IEbulk + IEGH + IEct,(AdS) + IEϕ .

C.3 ADM mass in D = 5 dimensions

Let us employ the ADM formalism, which is as follows: first, consider a generic equation
of motion for GB gravity

Rµν −
1

2
Rgµν +

1

4
αHµν = κTµν (C.16)

where Tµν is a generic energy-momentum tensor. It is convenient to rewrite it as

Rµν +
1

4
α

(
Hµν −

1

3
Hgµν

)
= κT̄µν (C.17)

where H ≡ gµνHµν and T̄µν = Tµν − 1
3Tgµν , T = gµνTµν . Now, we expand the left hand

side for a small perturbation, gµν = g̊µν+hµν , where |hµν | ≪ 1 is the perturbation around
a background spacetime, g̊µν . The left hand side of (C.17) expands as −1

22hµν + O(h2)
when the harmonic gauge condition is considered,

∇̊µ

(
hµν − 1

2
g̊µνh

)
= 0 (C.18)

where h = g̊µνhµν . Since |hµν | ≪ 1, we consider the non-relativistic limit, under which
2hµν ≈ ∇2hµν , T ≈ −T00. In this limit, we have the Poisson equation

∇2hµν = −2κT̄µν (C.19)
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The solution to (C.19) can be expressed as

hµν(x
i) =

κ

A

∫
T̄µν(y

i)d4y

|x− y|2
(C.20)

where A =
∫ π
0 sin2 θdθ

∫ π
0 sinϕdϕ

∫ 2π
0 dψ = 2π2 is the area of the unit 3-sphere. We obtain

∇2
xhµν(x

i) =
κ

A

∫
T̄µν(y

i)d4y∇2
x

(
1

|x− y|2

)
(C.21)

Notice that ∫
V
∇2

(
1

r2

)
dV =

∮
S
∇
(

1

r2

)
dS = − 2

r3

∮
S
dS = −2A (C.22)

where
∮
S dS = Ar3 is the area of the 3-sphere of radius r. Therefore,

∇2
x

(
1

|x− y|2

)
= −2Aδ4(x−y) → ∇2

xhµν(x
i) = −2κ

∫
T̄µν(y

i)δ4(x− y)d4y = −2κT̄µν(x
i)

(C.23)
that is consistent with (C.20).

Now, to get the ADM mass, MADM , one must identify MADM =
∫
T00d

4x. By
expanding h00 from (C.20) for the asymptotic region, |x| ≫ |y|, we obtain

h00(x
i) =

κ

A

[
1

r2

∫
T̄00d

4y +O(r−4)

]
(C.24)

=
κ

A

[
1

r2

∫ (
T00 −

1

3
g00T

)
d4y +O(r−4)

]
(C.25)

=
κ

A

[
2

3r2

∫
T00d

4y +O(r−4)

]
(C.26)

=
2κMADM

3Ar2
+O(r−4) (C.27)

Therefore, the ADM mass can be directly read by obtaining h00 from expanding g00,

MADM =
3

8
πr2h00 (C.28)

where we have replaced κ = 8π and A = 2π2. For the GB metric (2.30), we asymptotically
expand gtt to read h00 around the flat spacetime,

g00 = −1 +
µ

r2
+O(r−4) , h00 =

µ

r2
(C.29)

Therefore, only for j = 1 we consistently obtain

MADM = Equasi =
3

8
πµ (C.30)

and so (2.34) with j = 1 is the correct counterterm that is going to regularize the Euclidean
action for any solution with the same boundary conditions.
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D
Proofs

D.1 Proving that dW[k]=̇0

In this appendix we give a detailed proof of the on-shell closedness of the 2-form charge
given in Eq.(4.88). We the sequence of steps in which we use basic geometric properties,
equations of motion and symmetry properties is almost self-descriptive and we will not
comment upon them in order not to extend too much this appendix.

dW[k] = −Dδ
[
⋆(ea ∧ eb)

]
Pk ab − δ

[
⋆(ea ∧ eb)

]
∧ DPk ab +D

[
ık ⋆ (e

a ∧ eb)
]
∧ δωab

− ık ⋆ (e
a ∧ eb) ∧ Dδωab − dPkδϑ− dık ⋆ dϕδϕ− ık ⋆ dϕ ∧ δdϕ

= −Dδ
[
⋆(ea ∧ eb)

]
Pk ab + δ

[
⋆(ea ∧ eb)

]
∧ ıkRab +D

[
ık ⋆ (e

a ∧ eb)
]
∧ δωab

− ık ⋆ (e
a ∧ eb) ∧ δRab + ıkGδϑ+ ıkd ⋆ dϕδϕ− ık ⋆ dϕ ∧ δdϕ

= −δd
[
⋆(ea ∧ eb)

]
Pk ab + 2ωacδ

[
⋆(ec ∧ eb)

]
Pk ab

+ δ
[
⋆(ea ∧ eb)

]
∧ ıkRab − 2Pk

a
c ⋆ (e

c ∧ eb) ∧ δωab

− ık ⋆ (e
a ∧ eb) ∧ δRab + ık ⋆

∂V

∂ϑ
δϑ+ ık ⋆

∂V

∂ϕ
δϕ− ık ⋆ dϕ ∧ δdϕ

(D.1)
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dW[k] = −2δ
[
ωac ∧ ⋆(ec ∧ eb)

]
Pk ab + 2ωacδ

[
⋆(ec ∧ eb)

]
Pk ab

+ δ
[
⋆(ea ∧ eb)

]
∧ ıkRab − 2Pk

a
c ⋆ (e

c ∧ eb) ∧ δωab

− ık ⋆ (e
a ∧ eb) ∧ δRab + ık ⋆

∂V

∂ϑ
δϑ+ ık ⋆

∂V

∂ϕ
δϕ− ık ⋆ dϕ ∧ δdϕ

= −δ
{
ık ⋆ (e

a ∧ eb) ∧Rab
}
+ ık

[
δ ⋆ (ea ∧ eb) ∧Rab

]

+ ık ⋆
∂V

∂ϑ
δϑ+ ık ⋆

∂V

∂ϕ
δϕ− ık ⋆ dϕ ∧ δdϕ

(D.2)

dW[k] = −δ
{
−1

2 ık ⋆ dϕ ∧ dϕ+ ık ⋆ V
}
+ ık

[
δ ⋆ (ea ∧ eb) ∧Rab

]

+ ık ⋆
∂V

∂ϑ
δϑ+ ık ⋆

∂V

∂ϕ
δϕ− ık ⋆ dϕ ∧ δdϕ

= 1
2 ıkδ ⋆ dϕ ∧ dϕ+ 1

2 ık ⋆ dϕ ∧ δdϕ− ıkδ ⋆ V + ık

[
−ıc ⋆ (ea ∧ eb) ∧Rab ∧ δec

]

+ ık ⋆
∂V

∂ϑ
δϑ+ ık ⋆

∂V

∂ϕ
δϕ− ık ⋆ dϕ ∧ δdϕ ,

(D.3)
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dW[k] = 1
2 ıkδ ⋆ dϕ ∧ dϕ+ 1

2 ık ⋆ dϕ ∧ δdϕ− ıkδ ⋆ V

+ ık
{[

1
2 ıa ⋆ dϕ ∧ dϕ+ 1

2 ⋆ dϕıadϕ− ıa ⋆ V
]
∧ δea

}
+ ık ⋆

∂V

∂ϑ
δϑ+ ık ⋆

∂V

∂ϕ
δϕ− ık ⋆ dϕ ∧ δdϕ

= 1
2 ıkδ ⋆ dϕ ∧ dϕ− 1

2 ık ⋆ dϕ ∧ δdϕ− ıkδ ⋆ V

+ ık
{[

1
2 ıa ⋆ dϕ ∧ dϕ+ 1

2 ⋆ dϕıadϕ
]
∧ δea

}
ık

{
−ıc ⋆ V ∧ δec + ⋆

∂V

∂ϑ
δϑ+ ık ⋆

∂V

∂ϕ
δϕ

}

= 1
2 ıkδ ⋆ dϕ ∧ dϕ− 1

2 ık ⋆ dϕ ∧ δdϕ− ıkδ ⋆ V

+ ık
{[

1
2 ıa ⋆ dϕ ∧ dϕ+ 1

2 ⋆ dϕıadϕ
]
∧ δea

}
+ ıkδ ⋆ V

= 1
2 ık [(−ıa ⋆ dϕ ∧ dϕ− ⋆dϕıadϕ) ∧ δea + ⋆dδϕ ∧ dϕ]− 1

2 ık ⋆ dϕ ∧ δdϕ

+ ık
{[

1
2 ıa ⋆ dϕ ∧ dϕ+ 1

2 ⋆ dϕıadϕ
]
∧ δea

}
= 0 .

(D.4)
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