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Abstract

This thesis focuses on the time-discretisation of nonlinear systems, emphasising the dis-
cretisation of port-Hamiltonian systems. Two main approaches are presented: the Discrete
Gradient Method and the Collocation Method. Additionally, this work shows how to discre-
tise controllers using Collocation Methods, as well as an implementation strategy based on
the closed-loop system to be achieved, referred to as the target system strategy.

To evaluate the performance of the proposed discretisation techniques, they are applied
to an electromechanical system called a piezoelectric actuator. Given its highly nonlinear
hysteresis behaviour, it serves as an ideal case of study. The port-Hamiltonian model of
the piezoelectric actuator used in this thesis is presented, and different discrete-time models
are obtained. Furthermore, a Proportional-Integral controller capable of tracking reference
signals is proposed, and a discrete-time equivalent is derived using collocation methods in
conjunction with the target system strategy.

Finally, laboratory experiments are conducted to identify and validate the parameters of
the proposed model using sinusoidal input tests. Subsequently, the performance is validated
for pulse-type reference inputs. The discrete-time controller is then implemented on the real
system, and its performance is analysed under varying sampling periods. Moreover, it is
compared against a Proportional-Integral controller discretised using conventional methods.

ii
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Chapter 1

Introduction

1.1 Motivation and State of Art

In the field of automatic control and automation, system modelling plays a fundamental
role. Models allow us to analyse the characteristics of systems using different mathematical
tools [1-3], which in turn enable the design of control algorithms [4H7] to properly manipulate
processes. Originally, control theory was developed in continuous time since controllers were
implemented through physical systems. However, the rise of computing and the emergence
of increasingly faster systems for control have generated the need to translate the theory into
the discrete-time domain.

Regarding modelling, port-Hamiltonian system is a mathematical framework that allows
us to represent multi-physical systems [§] in a formalized structure. Their main focus is the
physical background of the systems and the fulfilment of the first law of thermodynamics,
which ensures both the total energy conservation and the passivity of the systems [9]. This
methodology enables the interconnection of systems through energy-conserving connections
called ports, which in turn facilitate the application of passivity-based control [6),7].

To implement computer-based control, it is necessary to connect continuous-time systems
with the discrete-time framework in which processors operate. For this purpose, discrete-
time approximation theory was developed for general ordinary differential equations [10]. In
control engineering, the discretization of linear systems has been extensively studied, with
three main approximation methods: Forward Euler, Backward Euler, and Tustin, along with
the exact discretization method known as Zero Order Hold [11]. The discrete-time frame-
work enables the implementation of advanced control techniques such as optimal control,
including the Linear Quadratic Regulator, as well as Model Predictive Control and artificial
intelligence-based strategies such as Reinforcement Learning, the latter two being inherently
discrete-time methods [12H14]. In the context of port-Hamiltonian systems, several time-
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discretization techniques have been proposed to approximate both systems and controllers
while preserving their energetic properties. Two main approaches are found in the literature:
discrete gradient methods and collocation methods, which have been applied for the approx-
imation of both systems [15}/16] and controllers |17H19).

Piezoelectric actuators are electromechanical devices that enable precise position control
through the application of high voltages [20]. Their modelling is particularly challenging
due to pronounced hysteresis behaviour. Several approaches have been proposed to cap-
ture this phenomenon (see [21-25]), with notable contributions in [26},27], which specifically
address hysteresis modelling within the port-Hamiltonian framework. This inherent com-
plexity makes piezoelectric actuators an excellent case study for demonstrating the methods

developed in this work.

1.2 Chapter Organization

Excluding Chapters 1 and 6, which cover the introduction and conclusions, respectively,

the thesis is organized into four main chapters:

o Chapter 2: The mathematical framework for continuous-time systems is presented.
This chapter introduces mathematical models for control, linear and linearized system
models, associated stability theory, port-Hamiltonian systems, and two different control

techniques.

e Chapter 3: The concepts presented in Chapter 2 are translated into the discrete-time
domain. Time-discretization theory is presented, including methods to approximate

both systems and controllers.

o Chapter 4: Piezoelectric actuators are introduced, and the control theory from Chap-
ters 2 and 3 is applied to a port-Hamiltonian system model of a piezoelectric actuator.
In particular, a PI controller is proposed to stabilize the system at a desired equilibrium
point. A discrete-time approximation for this controller is also presented.

o Chapter 5: An experimental implementation is conducted. The controller devel-
oped in Chapter 4 is applied to a real piezoelectric bender. Two different tests are
performed: the first explores the system performance under varying sampling times,
and the second compares the performance of the designed controller with a classical

discretized controller.



Chapter 2

Continuous-time Framework

Automatic control is a branch of electronics concerned with the regulation of physical
systems through mathematical algorithms. The design of such algorithms necessitates a
mathematical model of the system, which provides an abstraction of reality while capturing
its essential characteristics. These models are typically expressed using differential equa-
tions that describe the system’s dynamics, that is, how its behaviour evolves over time. As

these phenomena unfold continuously, the system is considered to operate in continuous time.

This chapter aims to establish the mathematical framework underlying automatic con-
trol. It introduces the fundamental concepts utilised in this field and presents two distinct

approaches for the design of controllers.

2.1 System Definitions

In this work we will use dynamical systems that are modelled by a finite number of

coupled first-order differential equations [1]:

jjl = fl(t,.’lfl, ey Ty Upy .. ,up)

[tg = fQ(t,JZl, ey Ty Uy e ,Up)

Tn = fult, 1, . Tn, U, Up)
where @; denotes the time derivative of x; and wuy, wuo, ..., u, are specified input variables.
We call the variables xy, xs, ..., x, the state variables, they represent the memory that the

dynamical system has of its past. We usually use vector notation to write these equations in
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a compact form, let be

T (51 fl( 7*1'7“)
T U t,x,u
xr = ? s u = ? 5 f(t,l’,U)_ fz( )
T Uy fult, z,w)

the vectors of the states, inputs and function respectively, and rewrite the n first-order
differential equations as one n-dimensional first-order vector differential equation:

T = f(t,z,u) (2.1)

We call ([2.1]) the state equation and refer to x as the state vector and u as the input vector.
Sometimes, another equation

y=g(t,x,u) (2.2)

is associated with (2.1)), thereby defining a g-dimensional output vector y that comprises
variables of particular interest in the analysis of the dynamical system. We call (2.2) the
output equation and we will refer to the concatenation of these two equations

as the state-space model or simply the state model. This works focuses on state equations
without the explicit presence of the time:

(2.3)

in which case the system is said to be autonomous or time-invariant.

An important concept in dealing with the state equation is the concept of equilibrium
point. A point x = z* in the state space is said to be an equilibrium point of if it has
the property that whenever the state of the system starts at z*, it will remain at x* for all
future time. For the autonomous system , the equilibrium points are the real roots of
the equation:

fz*u*) =0 (2.4)

for any arbitrary input «*. An equilibrium point could be isolated; that is, there are no other

equilibrium points in its vicinity, or there could be a continuum of equilibrium points.
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Example 2.1.1. A simple pendulum is modelled by the system equation:

0=w
. —mgl . c 1
w=— sin(6) — W + 5 Teat (2.5)
y=20
where T = [(9 w}T are the system states and u = Tep 1S the system input. Here, m is

the mass of the pendulum, [ is the distance from the pivot to the center of mass, g is the
acceleration due to gravity, J is the moment of inertia of the pendulum about the pivot, and
¢ is the viscous damping coefficient. FEquilibrium points of the system for Te,; = 0 can be

computed by setting 6 = & = 0:

Equilibrium Point 1: w* =0
0*=0
Equilibrium Point 2: w* =

0 =

2.2 Linear Systems and Linearization

An important subclass of systems are linear systems. These systems have been exten-
sively studied and are highly useful for controller design [3-5]. In state-space form, they are

described by the following linear structure:

= Ax + Bu

2.7
y=Cx+ Du 27)

where A a n X n matrix that represents the interaction among the different states of the
system, B is a n x p matrix that shows how the inputs interact with the states, C' a ¢ x n
matrix representing the relationship between the ¢ outputs and the system states and D a
q X p matrix describing the direct relationship between outputs and inputs.

A linear representation around an equilibrium point (2.4) of the general system ([2.3))
can be obtained by applying a first-order Taylor series expansion, resulting in the system
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matrices:

= df (z,u) 7 B df (z,u)

dg(x, u) dg(x, u) '
C="a | P Ta
T @ R
Thus, the linearized model around the operating point is given by:
At = AAx + BAu
(2.9)

Ay = CAx + DAu

where Az = (z — z*) and Au = (u — u*) the deviations of the state and the input from
the operating point. It should be noted that the linear model is only valid in a neighbour-
hood around the operating point, as the system moves further away, the approximation will

increasingly differ from the original nonlinear model.

Example 2.2.1. Let’s consider the pendulum system (2.5)). A linearization around the equi-
librium points (2.6) can be obtained using (2.8)):

o Fquilibrium Point 1:

Al | 0 1] |Ag 9] Ar
Aw|  |-m el Aw] |3 T
Af
Ay=1[1 0
y=[1 0|,
o Equilibrium Point 2:
AG| |0 1|]|Ad 0| \
Aw|  |me el Aw] 3T
(2.10)
Ab
Ay=1[1 0
y=[1 0|,

Example 2.2.2. An RLC circuit is a linear system represented by the following system of

differential equations:

R.1..1
I =——1%— —U+ =V,

ek (2.11)
1‘):5?]
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The system can be rewritten as a state-space linear system:
: R 1
YW_ |71 "I
b & 0
7
=10 1 .
oo 1]

Shifting the order of the state variables, the system becomes:

H ) [—0; —éfz]
y=[ H |

Upon linearisation, different systems may exhibit similar structures, which can result in the

(2.12)

+ 1 Vin,

L

loss of some of their physical characteristics. However, this similarity also facilitates the
application of common analytical tools, enabling a systematic study and comparison of diverse

systems within a unified framework.

An important feature of linear systems is that they can be analysed in the frequency

domain by applying the Laplace transform [3], defined as

F(s) = /OOO F(t)est dt, (2.13)

where s is a complex variable. When applied to linear systems, the Laplace transform allows
the derivation of the transfer function (TF) between the input and the output. For the
system (2.7)), its transfer function is given by

F(s)
E(s)

G(s) = = C(sI—A)'B+D, (2.14)

where F'(s) and E(s) are polynomials in s.

A fundamental property of transfer functions is their poles and zeros, which correspond
to the roots of E(s) and F(s), respectively. In particular, the poles are directly related to

the eigenvalues of the matrix A.

Example 2.2.3. The transfer function of the RLC circuit given in (2.12) is obtained by
applying (2.14), resulting in

1
G(s)= —2L& 2.15
O e 4 (249)
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2.3 Stability Theory and Analysis for Systems

System stability is the ability of a system to maintain or return to an equilibrium point
after a disturbance. If a system is stable for an equilibrium point (2.4)), it will always converge
to that specific point, otherwise, the system will diverge to infinity or to others equilibrium

points. Following [1], consider the autonomous system
T = f(x) (2.16)

where f : D — R" is a locally Lipschitz map from domain D C R"™ into R". Suppose z* € D
is an equilibrium point of ([2.16]). Our goal is to characterize and study the stability of z*, we
will always assume that f(x) satisfies f(0) = 0 and study the stability of the origin = = 0.

Definition 2.3.1. The equilibrium point z* = 0 of ([2.16) is

o Stable if, for each € > 0, there exists a 6 > 0 such that

l2(O)| <6 = llz()] <€, VE=0

o Unstable if not stable.

o Asymptotically stable if it is stable and & can be chosen such that
J#(0)] < = Jim a(t) =0
Once stability is defined, it is necessary to find a method to determine the stability of a
system. For this purpose, the following theorem will be used:

Theorem 2.3.1 (Lyapunov Stability Theorem 1). Let x* = 0 be an equilibrium point
for (2.16) and D C R™ be a domain containing x* = 0. Let V : D — R be a continuously
differentiable function such that

V0)=0 and V(z)>0 in D-—{0} (2.17)

V(z) <0 in D (2.18)
Then, x* = 0 is stable. Moreover, if
V(r) <0 in D\ {0} (2.19)

then x* = 0 is asymptotically stable.

A second stability theorem is developed using the linearization technique:
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Theorem 2.3.2 (Lyapunov Stability Theorem 2). Let x = 0 be an equilibrium point for

the nonlinear system
&= f(z)
where f: D — R" is continuously differentiable and D is a neighbourhood of the origin. Let

_ df(z)
A= dx

r=x*
Then,

1. The origin is asymptotically stable if Re{\;} < 0 for all eigenvalues of A.

2. The origin is unstable if Re{\;} > 0 for one or more eigenvalues of A.
Finally, a stability theorem for transfer functions is presented [3]:

Theorem 2.3.3. Let
F(s)

E(s)

denote the transfer function of a system. Then, the system is:

G(s) =

» Stable if all roots of the polynomial E(s) have negative real parts.

o Unstable otherwise.

Remark 1. The analysis presented is also valid for systems with external inputs and/or
equilibrium points different from the origin, since at the equilibrium point the external input
is a constant that can be treated as another parameter of the system, and it is always possible

to perform a coordinate transformation that places the analyzed point at the origin.

Example 2.3.4. Let’s consider the pendulum system (2.5). We analyse the stability of the
Equilibrium Point 1 using Theorem [2.3.1] setting Texe = 0. A suitable Lyapunov candidate
function is the total energy of the pendulum:

V(f,w) = ;JwQ + mgl(1 — cos(0)),

where the first term represents the kinetic energy and the second term the potential energy.
The function V(0,w) is positive definite around (0,0) and V(0,0) = 0. The time derivative
of V' along the system trajectories ([2.5)) is:

. ov . IJV . mgl c

V(f,w) = %0 + o= mglsin(f) w + Jw <_J sin(f) — Jw) = —cuw?.

Since ¢ > 0, we have V < 0, showing that V is non-increasing along the system trajectories.
Finally, the system is stable for Equilibrium Point 1.

9
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Example 2.3.5. Let’s consider the linearised pendulum system around Equilibrium Point 2,
given by (2.10)). The eigenvalues of the system are calculated with

c mgl
N —\——L =0.
T3

c c\%2 mgl
— (= myt
A 2. \/(2J> - J

As one of the roots has a positive real part, the linearised system is unstable. Finally by
Theorem the Equilibrium Point 2 of the nonlinear system is unstable.

Solving for \, we obtain

Example 2.3.6.

2.4 Input-State-Output Port-Hamiltonian Systems

As defined in [28], an input-state-output port-Hamiltonian system (pHs) with n-dimensional
state space manifold X, input and output spaces U =Y = R™, and Hamiltonian H : X — R,
is given as

(2.20)

5. &= [J(z) — R(z)]VH(z) + G(z)u
| y=G"(2)VH(z)

where V H (z) denotes the column vector of partial derivatives of H, the n x n matrices J(x),
R(z) satisfy J(z) = —J7(x) and R(x) = R(z)T > 0. The Hamiltonian H(z) is equal to
the total stored energy of the system, while u”y is the externally supplied power. In the
definition of a pHs, two geometric structures on the state space X play a role: the inter-
nal interconnection structure given by J(z), which by skew-symmetry is power-conserving,
and a resistive structure given by R(x), which by non-negativity is responsible for internal

dissipation of energy.

The stability of pHs for the origin equilibrium point (z*,u*) = (0,0) can be determined
with the Theorem using as a Lyapunov candidate function the energy function H(z),
then by the properties of J(z) and R(x), the time derivative of H(x) follows that

H(z) =VTH(z)i

2.21
= -V H(2)R(x)VH(z) +y u < u'y (2.21)

Setting the input u* = 0 converts into
H(z) = -VTH(z)R(z)VH(z) <0 (2.22)

matrix R(z) is symmetric, then (2.22)) is always less or equal to zero. Finally, by definition,

10
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pHs are stable in origin.

A last important property of the pHs is the passivity property [6], integrating (2.21)) over
a time period give us the energy balance equation

t t
H(z(t)) — H(z(0)) = / (—VTH(x)R(x)VH(x) + yTu) ds < / u'yds (2.23)
0 0

This last equation indicate us that the energy of pHs is always less or equal than the externally
supplied energy. In the case that there are no externally supplied energy the system energy
decreases over time if the system presents dissipation matrix

H(0) = - [ "7 H(2) R(x)V H(x)ds + H(x(0)). (2.24)

If H(z) is bounded from below, the energy energy system will decrease until reach a minimum

energy point.

Example 2.4.1 (RLC circuit pHs formulation). From the physics we know that an RLC
circuit presents two elements that storage energy: the capacitor C' that accumulates energy in
the form of electric charge QQ and the Inductor L that accumulates energy as magnetic field
¢. The energy function of these elements are

¢2

QQ
:ﬁ7 = -_—

H1(0) Ho(@) = S

and the total energy of the system is the sum of the energy of every element
L(¢* @
H ==+ =

The gradient of the energy function is

C

@
vi(6.0) - |f).

To obtain a pHs formulation for the RLC circuit, it is necessary to rewrite (2.11)) as (2.20)),

we can do it applying the voltage and current equations

Q . _ ¢

o 'TI

11
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in (2.11)), then reorganizing give us the pHs state equation

: ¢
0] -R 1| |7 1
| = in 2.25
[Q 10 é o] " (2.25)
C
we can see that the structural matrices are
0 -1 —R 0 1
(@) [1 ) ] o R@=| )l 6w H
satisfying the structural conditions. The output equation is calculated by (2.20)):
¢
y=10]|§ (2.26)
c

Then the pHs representation is presented as the concatenation of (2.25)) and (2.26))

b R -1 ¢ 1
[Q]: Lo | [8]7 |o]
C
¢
Yy = [1 O} é
c
The energy ratio is computed as:
H((;SQU-):[Q Q} i %—1—11)'
Y )y Yin L C 1 0 % O m
R
:_B¢2+?Uln

Then, setting vy, = 0, we can see that the energy rate is always negative ¥(p, Q) # 0, implying
that the system is stable at the origin.

Example 2.4.2 (Pendulum pHs Formulation). Consider the pendulum (2.5)). The asso-

ciated energy function is

1
Hf,w) = §Jw2 + mgl(l — cos(@)),

12
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with gradient

VH(0,w) = lmgl (']fjn(e)] .

The system can be expressed in pHs form as

) 0 1 '
w -4 -5 Jw 7

0 L 0 0 0
J(x) = [_1 L R@) = [0 "1 G = H .
J 72 72 J
The energy ratio is
H(0,w, Tegt) = —Ccw? + WTegy.

Finally, setting T..; = 0, we can see that the energy rate is alwayys negative ¥(0,w) # 0,
implying that the system is stable at the origin.

2.5 Control Methods

A controller is a dynamical system described by:

é = fc(ﬁ,ltﬂ”)

2.28
u=g.(§ x,7) ( )

which, when interconnected with the system ({2.3), now called plant, allows for the manipu-
lation of its behaviour so that the plant’s output matches a reference signal r over a certain
range of values, a diagram of the interconnection is shown in Figure 2.1} In this work, two
types of controllers are presented.

2.5.1 Proportional-Integral-Derivative Controllers

Proportional-Integral-Derivative (PID) are linear controllers that feedback the error r —y
signal, its derivative and its integral to generate a control action, they are normally repre-

sented as an integral differential equation:

d(r —y)

u:Kp(r—y)+K1/(r—y)dt+Kd o

(2.29)

13
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= flz,u)
1y = g(z,u)

u xr
é = fc(£7xvr)

Figure 2.1: General Control Interconnection Diagram

where Kp, K and Kp are the controller gains used to design the desired system response.
To tune the controller gains multiple techniques can be used depending on the case, the
most common ones are the Ziegler-Nichols Oscillation Method and Reaction Curve Based
Methods [4], that uses empirical information from the plant to tune the parameters. In this
case a different approach is proposed using linear approximations of the system and pole
placement methodology.

Pole Placement

Pole Placement is a frequency domain control technique where we use the controller gains
to change the position of the plant poles. Let be the plant TF and following Lemma
7.1 in [4], let be A, an arbitrary polynomial of degree ns, = 2n — 1. Then there exist
polynomials P(s) and L(s), with degrees np = ng, = n — 1 such that

E(s)L(s) + F(s)P(s) = Au(s) (2.30)
Then a controller transfer function is obtained by

C(s) = (2.31)

If r poles and /or zeros wants to be forced on the controller transfer function, then the degrees
of the respectively polynomial change into ns, =2n —1+7rand np=n, =n—1+r.

For the PID, this controller presents the following transfer function
K
PID(s) = Kp + — + Kps,
5

not implementable in reality, the derivative term must be approximated by a high-pass filter,

14
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the approximated PID(s) controller

S

s+a’

K
PID(s) = Kp + ?’ +Kp (2.32)

is equivalent to a second order bi-proper system. An useful variation of PID is Proportional—
Integral (PI) controller, in transfer function form:

K

PI(s)=Kp+ —, (2.33)
S
An implementation scheme is attached
ro T u —
PI/PID | &= f(z,u)
- Controller |y = g(z,u)

Figure 2.2: PI/PID Control Scheme

Example 2.5.1. PID Controller Design: Let’s consider the RLC TF (2.15) and the
PID(s) controller (2.32)), the Au(s) is given by

R 1 RI P2 b1 Po
pao =st e (B (L m) o mmo oy,
)=\ ) e ™7 1) T et T e (2:34)
where

p2 = Kp+ Kp

p1=akp+ Kj

po = aK;

ZOZOé

It can be seen that there are four variables to adjust four parameters from the A, then there
s a unique solution to the equation system and the poles can be placed arbitrarily. We want

to place the closed-loop poles on
Aa(s) = (s+ )" = s* + 485° + 682> + 485 + 4, (2.35)

where B is a desired value. Then, to place the poles at the desired position the following

15
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equalities must be holds

fﬂo_w

Example 2.5.2. PI Controller Design: Let’s consider the RLC transfer function (2.15))
and the PI(s) controller (2.33)), the Au(s) is given by

Ag(s) =8+ —=s* + LC’+ﬁ s+ — (2.36)

R ( 1 K p) K
L LC

In this case, there are only two variables available to adjust three parameters, meaning that
it is not possible to freely assign all the closed-loop pole locations. However, it is still possible
to assign some of the closed-loop poles. The following closed-loop characteristic polynomial

s considered:

Aa(s) = (s+B) (s +7)" ="+ (27 +8) s+ (+* + 298) s +7°8

It is observed that 5 and ~v must satisfy:
R
2 ==
THB=7
Therefore, only one of the two parameters, either 3 or~y, can be freely chosen, while the other

becomes a direct consequence of (2.5.2)). Finally, to place the poles the following equalities
must be holds

1 Kp

kel S 2

ictic=—7 20
K
e

2.5.2 Energy Shaping plus Damping Injection Controller

Energy shaping and damping injectio are Passivity Based Control (PBC) [6,(7,/18] that
uses the energy properties of pHs to design control systems.

16
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Energy Shaping

Energy Shaping (ES) modifies the energy function H(x) of the original system into a
desired energy function H,(x), whose minimum energy point occurs at x # 0, thereby shifting
the system’s equilibrium point to a desired value. This technique seeks to shape the system
to behave according to target input-state-output pHs:

S { i = [J(x) — R(x)]V Hy(x) + G(x)v (237

y = GT(2)VHy(z)

Here, v is an additional input. The desired energy function Hy(z) is assumed to be the sum

of the original system’s energy and an auxiliary energy function introduced by the controller:
Hy(z) = H(z) + H,(2) (2.38)
Substituting into and equating it to , we obtain:
[J(x) — R(x)|VHy(z) + G(z)v = [J(z) — R(z)|]VH(z) + G(z)u (2.39)
Replacing into and simplifying yields:
[J(z) — R(x)][VH,(z) + G(z)v = G(x)u (2.40)
We assume the control input is the sum of a state feedback term and an arbitrary input v:
u=pa) +v.
Substituting this into , we get:
[J(z) — R(2)]VH,(z) = G(z)B(2). (2.41)

The problem now reduces to finding functions VH,(z) and f(x) that satisfy this equation.
To solve it, we use Proposition 7.2.7 from [28]: Applying the full-rank left annihilator
G*(z) to (2.41)) leads to the energy shaping matching equation:

G*H(z)[J(x) — R(z)]VH,(x) =0 (2.42)
Any V H,(x) satisfying this equation is a solution of (2.41)). The corresponding control input

is given by:

Blz) = (G"(2)G(x)) "G  (2)[J (2) — R(x)]VHa(z). (2.43)

17
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Damping Injection

The Damping Injection (DI) uses the input v to extract, or add, power from the system,
feed-backing the passive output:

v=—Dy+w=—-DG(2)VHy(z)+w (2.44)

where w is an additional passive input, and D = DT > 0 is the damping injection gain. The
DI control action let us increase or decrease the energy rate of (2.37)) given by

Hy(w) = =V Hy(a)R(2)V Ha(z) + y"v (2.45)

Replacing (2.37)) and (2.44) in (2.45)) generates

Hy(w) = =V" Hy(2) R(z)V Hy(x) — (V" Ha(2)G(2) DGV Hy(z)) + y"w < w'y 210
= —V"Hy(x) (R(z) + G(2) DG" (2)) VHy(x) + y"w < w"y '
Is important to notice that to maintain the system stability it’s necessary that

R(z) + G(z)DG* (z) > 0

The DI action then modifies the structure of the original pHs by adding an extra damping
matrix through the feedback. The controlled system became:

(2.47)

Ypspr i =[J(x) = (R(z) + G(z) DG" ())]V Ha(x) + G(z)w
| y=G"(x)VH(x)

The controller described can be implemented using the control scheme shown in Figure 2.3

u | @ = (J(x) = R(x))VH(x) + G(x)u
"y =GN (2)VH(2)
+ \ 4 y

B(z,2%) = (G"(0)G()) " G (@) (J(2) - R(2))VH, (z,2")

Figure 2.3: Damping Injection + Energy Shaping Control Scheme

18
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Example 2.5.3 (ESDI Controller Design). Consider the pHs RLC circuit (2.27)) with
enerqy function (2.4.1)). The goal is to shift the minimum energy point to a desired equilibrium
point:

*:O
Q" = Cv;,

Applying the ES technique with G+ = {0 1} yields:
VsH, =0

Hence, the energy function only depends on (). The desired energy function is defined as:

0.0 = ( + 4G

2\ L C
_1(¢* Q% 1/[(Q)—20Q"
_2<L+C'+2 o
From , we identify:
1((Q)-2QQ"
R G
and its gradient is:
_ &
vHa(Q) - C
Using this in the control law from (2.43)), we get:
_&

The DI control is applied via output feedback, and the modified damping matriz becomes:

R R+D 0
0 0
The system input thus becomes:
Q" ¢
n — o~ D—
c "
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The resulting closed-loop system is described by:

. ¢
| [~m+D) -1]| 7 1
[Q]_ | o] QLo | o™
C
Xa
¢
C
H(¢Q)_1<¢2+(Q_Q*)2>
A 2\ L C
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Chapter 3

Discrete-time Framework

The Continuous-time dynamic models are practically impossible to be implemented in
digital systems, as these systems operate by taking data at finite time intervals. For this
reason, all digital processing systems in practice use numerical approximations to calculate
and simulate the desired dynamical systems.

In this chapter, the different techniques of temporal discretization of dynamic systems
and how they can be applied to pHs will be presented. The pros and cons of each type of dis-
cretization will be shown, and their performance in approximating continuous-time systems
based on accumulated approximation errors will be analysed. In particular, the techniques of
Explicit-Euler, formulated by Euler in 1768; Discrete-time Gradient and Collocation Methods
as a generalization of the previous methods will be analysed.

3.1 Discrete-Time Systems
A discrete-time dynamical system is described by the general recursive equation
Trr1 = fa(k, Tk, u)

where k denotes the current time step, and z; and wu; represent the system states and inputs
at time step k, respectively. The function fy(-) defines the system’s dynamics. Discrete-time
systems also include an output equation, given by:

Yr = galk, xx, ug)
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As with continuous-time systems, discrete-time systems can also be described by a state-space

model by combining the state and output equations as:

Lkt+1 = fd(ka Tk, Uk)

yr = ga(k, x, u)

A good part of our analysis will deal with state equations without explicit time dependence:

Tht+1 = fd(l'k,uk)>

(3.1)
Yk = galxy, ug),

In this case, the system is said to be time-invariant. A state x = z* is called an equilibrium
point if it satisfies z* = fy(x*, u*) for any arbitrary input u*.

As in the continuous-time case, an important subclass is given by discrete-time linear
systems:

T = Agrr + Bauy, (3.2)
yr = Caxy, + Dauy,

where the matrices A4 to D, are the discrete-time counterparts of matrices A to D in (2.7)),
preserving the same properties. The linearization process for general systems is carried out

in the same way as in the continuous-time case.

3.2 Stability Analysis

The stability concept doesn’t change for discrete-time system, but in this time frame-
work, different Lyapunov stability theorems are presented for proving stability [2]. First, let

consider the discrete-time autonomous system:

Tpy1 = fa(Tr) (3.3)

where f; : D — R" is a locally Lipschitz map from domain D C R” into R". Suppose
x* € D is an equilibrium point of . The goal is characterize and study the stability of
z*, we will assume that f;(0) = 0 and study the stability the stability of the origin = 0.
The following Theorems are presented

Theorem 3.2.1. . Let z* = 0 be an equilibrium point for (3.3) and D C R"™ be a domain

22



CHAPTER 3. DISCRETE-TIME SYSTEMS

containing x* = 0. Let V(x1) : D — R be a continuously differentiable function such that

V(0) =0,
V(ZL’k) >0, mD-— {O}
V(fa(zr)) = V(xk) <0, inD
Then, x* = 0 is stable. Moreover, if
V(fa(zy)) = V(zg) <0, inD, (3.4)

then * = 0 is asymptotically stable.
A second stability theorem is derived using the linearization technique.

Theorem 3.2.2. Let x* = 0 be an equilibrium point for the nonlinear system

Lp+1 = fd(ZL‘k) (35)
where f: D — R" is continuously differentiable and D is a neighbourhood of the origin. Let

_ df(@)
dx

Aa

=0

Then:
1. The origin is asymptotically stable if |\;| < 1 for all eigenvalues of Ayq.

2. The origin is unstable if |[\;| > 1 for one or more eigenvalues of Ay.

3.3 Time-Discretization Methods

Time-discretization consists in obtaining a discrete-time approximation (DTA) of (2.3),
i.e., generating a recursive equation that presents the same dynamics as the continuous-
time one. In general, recursive equations describe the relationship between samples; this
relationship is associated with time through the sampling time, denoted by h, which has the

following property
t = kh.

We will start summarizing the DTA method for linear systems and then we will study the
principal DTA methods for general systems.
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3.3.1 Linear Systems Case

For linear systems, DTA approximations are widely studied [3}4,|11], there are four im-
portant DTA approximations that are worth to study. Let be

G(z) = Cy(zI — Ay) "By + Dy (3.6)

the discrete time transfer function of (3.2]) that results of applying the Zeta transform [3].
Where z is the discrete-time complex frequency variable and I the identity matrix. In this
domains the DTA of continuous-time transfer function are performed replacing s by a function

of z, depending on the function used different DTA are performed

—1
Forward Difference: s = c .
-1
Backward Difference: s = - ; (3.7)
z
22—1
Tustin’s A imation: = —
ustin’s Approximation: s P

Every DTA has their own characteristic that will not be discussed in this work. At least,
we have the zero order holder (ZOH) approximation or exact method, it takes in count that

between sampling times the signals are constant, mathematically the ZOH can be done by

ol @9

where £71, Z are the inverse Laplace Transform and the Zeta Transform. This method can

Glz) = (1-2") 2 {cl [G(s)l}

S

be done in time domain for state space systems where we transform the systems matrices
A "oa
Ay= et By = / eMdyB. (3.9)
0
For C; and D, there is no change.

3.3.2 Nonlinear Systems Case

In the case of nonlinear systems, there is no formal procedure to obtain a DTA as in the
linear systems. Therefore, the most commonly used approximation methods for ODEs are
presented below.

The DTA approximations for ODEs are generally developed for autonomous un-actuated

systems ([2.16)). The extension to non-autonomous and actuated systems will be discussed at
the end. All the methods shown below approximate the derivative of the states by a finite
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difference over the sampling time
o Tht1 — Tk

where the main difference among them lies in how they treat the argument of the function

(3.10)

f(-). The methods in the following sections are one-step methods, meaning they use data

from the current time step to compute the future value [10].

Explicit Euler Method
The Explicit Euler Method is the simplest numerical method. Using (3.10)), the function
f(+) is evaluated at xy, yielding

Tp1 = T + hf(xy).

Implicit Euler Method

In the Implicit Euler Method, the system function is evaluated at xj,, generating an
implicit equation
Tpy1 = T + hf (Tpg1).
Since the update equation is implicit, numerical solvers are generally required to compute the
solution. An exception arises when applied to a linear system (2.7)), for which a closed-form

expression can be obtained:
Th4+1 = (] — hA)_l T

It should be emphasized that the matrix I — hA must be nonsingular.

Implicit Midpoint Rule

The Implicit Midpoint Rule uses the average value of x; and xy,; in the argument of the

function: N
T+
Tpy1 = x +hf <k2k+1> .

As an implicit method, it also requires numerical solvers. However, in the case of linear

systems ([2.9), an explicit expression can be derived:

h\"" h

Here again, the matrix I — %A must be nonsingular.

25



CHAPTER 3. DISCRETE-TIME SYSTEMS

Runge-Kutta Methods

The discretization methods study until now were explained exclusively for autonomous
un-actuated systems. Runge-Kutta (RK) methods are a generalization of one step methods
applicable for non autonomous and actuated systems. Given , an s-stage RK method is
computed by

J=1

k’l:f (to“‘cih, l'()—{'hzaijk’j, Ul) R ?::1,..,8
(3.11)

T :Z'O—Fthlkl

i=1

with b;, a;; and ¢; = 32%_; a;; real numbers, that are usually displayed as

C1 | Q11 Lo Qg
Cs | g1 ... Qgg
b ... b

All DTA methods shown previously can be expressed as collocation methods with param-
eters given by

00 111
1 1

for the explicit, implicit Euler and midpoint rule respectively. In the analysis of the Runge-

DO [
— o=

Kutta methods the method order is an important property.

Definition 3.3.1. A Runge-Kutta method has order p, if for all sufficiently reqular problems
the local error x1 — x(to + h) satisfies

z1 —x(tg+h)=0OM"™) as h—0

Remark 2. Definition relates changes in the sampling time T to changes with the
maximum local error. When the sampling time is reduced by a factor of n, the mazximum

local error decreases proportionally to nP.

3.3.3 Collocation Methods

An important family of methods are the Collocation Methods (CM), where a polynomial
p(t) of degree s is used to approximate the trajectories of (2.1)). The polynomial must satisfy:

p(to) = o,

3.12
p(to + c;h) = f(to + cih, p(to + c;ih), u(to +ch)), i1=1,...,s, ( )
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where ¢; are distinct real numbers (usually 0 < ¢; < 1), called collocation points. The

numerical solution is then obtained by evaluating the polynomial at the next time step [10]:

Example 3.3.1 (CM polynomial derivation for s = 1). Let p(t) be a polynomial of
degree s = 1:
p(t) = ait + ao, (3.14)

and consider a generic ODE
'i‘ = f(t7 x? u)?

with current value x(ty) = x. Applying the CM conditions (3.12) on (3.14), with zo = xy
creates the following conditions:

o First condition: Fuvaluating at ty:
p(tr) = arty + ap = xy,
we compute ag as a function of ay. Replacing in yields:
p(t) = xp + (t — ty)ay. (3.15)
e Second condition: Differentiating gives:
p(t) = ay,
and applying the second condition yields:
a; = f(ty + c1h, xx + crhay, u(ty + cih)).

Thus, the polynomial for s =1 at each time step k is:

a; = f(ty, + c1h, x4+ crhay, u(ty + c1h)),
p(t) =z + (t — tg)ay,

and the solution for the next step is:
Trr1 ~ p(ty + h) = xp + ha.

The Explicit Euler, Implicit Euler and Midpoint Rule are special cases of collocation
methods with ¢y =0, ¢; = 1 and ¢; = %, respectively. An important relationship between

CM and Runge-Kutta methods is given by:
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Theorem 3.3.2 (Guillou & Soulé (1969), Wright (1970)). The collocation method is
equivalent to the s-stage Runge—Kutta method (3.11) with coefficients

c; 1
CLZ'j:‘/O lj(T)dT, bZ:/O ZZ(T) dT,

where 1;(T) is the Lagrange polynomial

L) = 1),

A GG

This method provides an approximation of order s to the exact solution [16]. Common
choices for the collocation points include:

1. Equidistant collocation points: The collocation points are chosen equidistantly.
With s collocation points, the interval is divided into s 4+ 1 equal parts. Examples for
s=2and s =3 are:

1128 _1 35

1 4 | 48 3 48
2 27 _1 1
2 4 | 12 6 12
3 319 0 3
1 4 | 16 16
2 2 _1 2
3 3 3

Table 3.1: s = 2 equidistant collocation

points parameters Table 3.2: s = 3 equidistant collocation

points parameters.

2. Gaussian quadrature points: The collocation points are chosen as the zeros of the
shifted Legendre polynomial of degree s:

dS S S
e — 1)),

The resulting method has order 2s. Parameters for s = 2 and s = 3 are shown below:

1 _ V15 5 2 V15 5 V15
% _ ? i i _ ? 2 10 36 9 5 36 30
1 5 4 V15 2 5 _ v15
1, V3|1, VV3 1 2 36 T 24 9 36 24
5+ 2| 7+ = 1 1, V15 | 5 | V/15 2 | /15 5
2 6 4 6 4 4 =2 + +
1 1 2 10 36 30 9 15 36
2 2 5 4 5
18 9 18

Table 3.3: s = 2 Gauss collocation points

parameters Table 3.4: s = 3 Gauss collocation points

parameters.
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Finally, the CM method can be summarized by the following system of equations:
Lo, = T+ 0 Y aif(te,, ey, uey), i=1,...,s,
j=1

Tyl = Ty + hz bjf(tcj7x0j7u0j)'
7=1

(3.16)

Example 3.3.3. Let’s consider (2.12]) where

. R 1 1,.in
leg _azci - Zvci + Zvci
Loy = [ ] ) f(xch uci) - [ 1 )

Clci

and two collocation points c; = % and ¢y = % that generates

51(7)27_22—3<T—§> 12(7):T—§:3<T_1)

a“:foé_g@_%)‘h:% a12:f0%—3<7'—§)d7‘:—%

S Y PR Y o o
Lt N N FYCr P

The solution given by CM is calculated by:

Tel = T + 7a11f<xcla Ucl) + Ta12f($c27 Uc2)
Tep = T + Ta21f(33c17 Uc1)

Tpi1 = T + 7h1 f(Tea, Uer) + Tho f (X2, Uea)

3.4 Time-Discretization for port-Hamiltonian Systems

Once the time-discretization methods for dynamical systems have been presented, the
next step is to implement them in pHs while preserving their structural properties, such as
the matrices .J(x) and/or R(z), or energetic properties such as the energy rate H(z) or the
total energy of the system. Therefore, it is necessary to find an approach that satisfies both
objectives.

The pHs present two derivative terms: the time derivative of the states @ and the gradient

of the energy function VH(z). To obtain a discrete-time representation, it is necessary
to address the discretization of both terms. In the case of the time derivative, multiple
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methodologies were presented in the previous section. In the case of the gradient, according

to the literature |15,/17,/19], two approaches can be considered:

1. Treat the term as an algebraic expression: This option allows us to regard the
term (J(x)— R(z))V H(z) as an arbitrary function f(z), and thus treat the pHs system
as

#(t) = f(z) + g(x)u

This approach enables the use of any of the previously presented time-discretization
methods.

2. Derive an equivalent expression of the gradient for discrete time: This ap-
proach seeks to preserve certain properties between the continuous-time and discrete-

time representations.

In both cases, it is necessary to analyse which properties are preserved.

3.4.1 Discrete Gradient Method

The discrete Gradient (dG) method uses the definition of discrete derivative, proposed
in [29], to approximate the gradient of the energy function VH (z). This derivative may hold
the properties of the following definition.

Definition 3.4.1. A discrete derivative for a smooth function f : R"™ — R is a mapping
Vf:R"x R" = R"™ with the following properties:

1. Directionality. (y — )"V f(z,y) = f(y) — f(z) for any x, y € P.
2. Consistency. lim, ,, Vf(z,y) = Vf(x) for all v, y € P
Some examples of dG are:

« Mean Value Discrete Gradient [30]
_ 1
VH(zy, p41) = /O VH((1 - 0)zy + 0w )do (3.17)

» Gonzales Discrete Gradient [29)

2

H(xpq1) — H(xy) = VTH (%) (Thy1 — 1)
||2 (Ik—l-l - Ik)

@H(xk, Tpp1) = VH <W>
(3.18)

|[(Try1 — 1)

A particular case of discrete gradient arises when it takes a quadratic form, such as
H(z) = 32" Px. According to [31], we have:

30



CHAPTER 3. DISCRETE-TIME SYSTEMS

Lemma 3.4.1. Given H(z) = %xTPx, with symmetric P matriz, then the associated discrete

gradient verifies

¥ H (g, 21) = ;p (5 + Trs1) = ; (VH(2) + VH(zpe) (3.19)
Proof. This is directly deduced from the equality
H(zpy1) — H(xy) = ;xzﬂPa)kH - ;I{ka
= ; ((fb’kﬂ - SCk)TP(ka - xk)) :
[
With the defined approximations, the dt-pHs is defined following [18§]:
Definition 3.4.2. Let be
S { Tht1 = Tp + h[j<xliaxktl) - R(%, $k+1)]6H(mk7$k+1> + hG Tk, Thy1)uk (3.20)
Yp = GT(xp, 2k41) VH ()

the discrete-time approzimation of pHs (2.20) obtained using dG. With sampling time h, en-
ergy function H(xy) and the change of the energy function defined with the discrete Gradient
VH (zy, tpe1). Where uy = u(kh), with k € N the input at the sampling instant, matrices

[J(xg, xpy1) — Rz, 2p11)] © R™ X R™ — R™™ and G(xg, xr41) : R™ x R" — R™™ the
discrete-time approzimation of [J(x) — R(z)] and G(x), respectively, where Vg, xpi1 € R™
we have that

[J (zh, wx) — }%(xk,xk)] = [J(z) = R(2)] (3.21)
G(l‘k, xk) = G(l’)

[j(:ck, xk) — R(l’k, SCk)] -+ [j(SCk, xk) — R(mk,xk)}T S 0. (3.22)

The system matrices are a sort of degree of freedom choice for the designer, some admis-
sible options are:

[j(l'kaxk—i-l) - R(Ik7xk+1)] = [J(z) — R(zx)] or [‘] (W) — R (W)]

2 2
Ty + Ik+1>
2

Gk, Ty1) = G(zg) or G(
(3.23)

The change of energy in the system is derived from the directionality propertie of the discrete
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derivative:

H($k+1) - H(xk)
h

= —V"H (g, Tp1) R(xh, )V H (0p, Tp1) + vy ue < upys  (3.24)

The stability of the DTA is proved applying Theorem [3.2.1{ on (3.24) with u;, = 0. We can
see that (3.24) is always negative, then the DTA is stable. It is worth noting that if the
energy function is quadratic, H = %xth, and the matrices of the discrete system depend on

the midpoint argument, x’“%ﬂ"', the discrete Gradient method is equivalent to the Implicit
Midpoint Rule.

Remark 3. The dG DTA preserves the structure of the continuous-time pHs and the stability
of the system.

Example 3.4.2. A DTA for RLC system described by (2.27) using dt-G is presented. This
system presents a quadratic energy function, using the Lemma a dG for the system is

3 Pt Prt1
VH(¢,Q) = Qkfélvkl
2C

and the dt-G pHs representation for RLC circuit is shown as follows
Prt1 _
Qrs1
Pt Prt1 ]

Yk = [1 O} [QkaL?kH
2C

-R -1
1 0

o

+ 7
Qr

1 mn
+7 0 vy,

Pkt ki1
2L
QrtQrt1
2C

The methodology presented can be applied exclusively to pHs. If a system does not
exhibit the required structure, it is not possible to obtain a DTA using this approach. This
limitation becomes particularly relevant when implementing non-passive controllers, as these
typically break the pHs structure. For this reason, the approach presented here is not suitable
for the discretization of controllers.

3.4.2 Collocation Methods

As presented in [15,/19]. Using CM, a DTA of pHs is done applying (3.16) in (2.20)),
resulting in:

Te, = Tp + hiaij ({J(xcj) — R(:Ecj)] VH(x,)+ G(a:cj)ucj) , i=1,...,8

J=1

Tpi1 =T+ h ZS: b; ([J(xcj) — R(a:cj)} VH (z,)+ G(xcj)ucj>

j=1
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The output is computed for every collocation point and at the next time step k + 1 as:

Yei :GT(QJCZ.)VH(Q}C), i=1,...,s

(3.26)
Yir1 = G (2p1) VH (Tp41)

In this discretization method, the pHs is threat as a generic ODE. To obtain a complete
discrete-time pHs formulation requires defining the associated energy function and deriving an
expression for the energy rate to prove stability. For this porpoise, the following Proposition
is presented.

Proposition 1. The dt-pHs approzimation presented in (3.25) and (3.26) features the same
energy function H(z), but evaluated over the trajectories of the dt-pHs. The change of energy
over the time is computed approximating (2.21)) using collocation methods

H (1) = H(zg) + h Z b (—=VH" (2,)R(e,)VH (1c,) + yljue; ) (3.27)

=1

Proof. Applying CM ([3.16]) to (2.21]) generates the following equations

H(x.) = H(w) + by ay [~VH (20 Rz, )V H(xe) + yhue|, i=1,..s

=1

H(wpyr) = H(xg) + b by [~V H (0, R(we,)VH (0,) + yljues]
j=1
The first equation calculates the energy function at the collocation points meanwhile the
second one calculates the energy function at the next time step. ]

Stability analysis can be developed using the discrete-time Lyapunov Theory shown in
Theorem [3.2.1} Let’s consider the discrete-time pHs shown in (3.25) where u,; = 0 V ¢i and
using as a candidate Lyapunov function H (zy), the rate of change of Lyapunov function over
the time

H(tpe) — H(zy) = — S b, VH (20, )R(z. )V H(z,,) < 0 (3.28)

J=1

is always negative because b; > 0 and R(x,) by definition is symmetric, then the term
VH (z.,)R(x.,)VH(x.,) is always positive, then 2 = 0 is stable.

Remark 4. The CM DTA of pHs doesn’t preserve the structure of the continuous-time pHs,
the state equation is replaced by . The stability property in the origin is translated to
the discrete-time domain by . The principal advantage of this methodology is the higher
approximation order that arise from CDM.

33



CHAPTER 3. DISCRETE-TIME SYSTEMS

Example 3.4.3. Let’s consider the RLC-series circuit from the previous example and two

Gaussian Collocation Points from Table[3.3, a discrete-time approzimation is performed as
1

) =l B (0 W] o)« G0 (1 6z +lol =)

a\[ 1 0|Qa] [0
¢02 o ¢k 1 \/g -R -1 ¢cl 1 in 1 -R -1 ¢02 1 in
ol R R (G T e AR F O R (B o R 1
¢02 Um
Q02 -

+ +

+h +

used to calculate the states at the collocation points and

it | _ 1 fer i) 1
)=l B )l )

used to computed the state at the next step-time.
3.5 Time-Approximation for Controllers

-R -1
1 0

1
0

Dk
Qk

-R -1
1 0

1
0

+h - +

A discrete-time approximation can be developed using CM (3.16]) to ([2.28)), obtaining

gci =&+ hzaijfc(é-Cj?xC]’JTCj) t=1,..,n
j=1

N (3.29)
gk-i-l = fk +h Z bifc(gcia Leyy rci)
i=1
the control action then is calculated by
U, = Ge( &y Th ) - (3.30)

To apply the presented controller DTA, the state of the plant at the collocation points z;
are needed, this is non-causal, i.e. impossible to apply in the real applications. To overcome
the problem we can pre-compute the resulting closed loop system when the input from (2.28|)
is applied to [17-19], we will refer to this approach as Target System Strategy.

Target System Strategy

In Target System Strategy (TSS) we calculate the resulting closed-loop system when u

of is applied to
i) _[fglenr)
§ fe(& z,7m)

" = fop (7). (3.31)

then, rewriting the system as
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a DTA can be developed using CM (3.16)) to (3.31) obtaining

wi = 2 Y i fen (28 7)), i=1,..n
" . (3.32)

n
o = 2y A h Y b fem (2 )
=1

The first equation in allows the computation of both the plant and controller states
at the collocation points ¢;. This requires the value of the reference signal at the collocation
points, 7.,, which is not a limitation since this signal is assumed to be known for every &, and
the value of the states at the present instant k. Then, using the second equation, all the states
for the next time step k41 are computed. Finally, the controller action is computed by .

The TSS allows the controller dynamics to be implemented implicitly, since at each time
step k, the value of &.1 is computed. However, it introduces a trade-off that must be
considered. While it removes the dependency on a non-causal variable, it requires knowledge
of the system states at the current time step. This necessitates the use of a state estimator

if the states cannot be directly measured. The corresponding control diagram is provided

below:
v o (J(z) — R(x))VH(z) + G(x)u
=GT(2)VH(x)
[zo.1.] [[Sampler ]
v

U, S
ext __ .ext g ext .
xS =y +h§ ai]-fd<xc]-,rc]-), i=1,...,8
=1

s

ext __ ext ext

Ty =Ty +h § bjfcl (xcj 7TCj)
Jj=1

Im

Figure 3.1: Control diagram illustrating the implementation of TSS.

ext
Uk =Yc (xk 77"k>

Example 3.5.1. Consider the RC series circuit described by

1
RrC" T RCY (3.33)

Ve = —
Y =T
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and the PI controller

E=r—y
u= Kp(r—y)+ K&

The target system is obtained applying the control input into the system generating

be(t)| |~ (Kp+1) FE| |ve)] | |58
lf(t)] —-[ ke o if] lf(t) + éf’ r(t) (3.34)

Using as parameters for the plant and controller

R=1 C=0.001
Kp=1828 K; = 4000,

step response can be simulated for continuos-time and discrete-time controllers, for different
values of h:

Controller Actuation System Response

T T
u = mict — Controller

e 0t — C'ontroller, h = 1070
s ——dt — Controller, h =107"| | ik
: ——dt — Controller, h = 10"
115
161 08 B
= = 1.05
© v
14 <06 1
= =
S 3
= =~ 095
121 04F 1 15 2
%103
u mmict — Controller
1r 0.2, e dt — Clontroller, h = 1076
———dt — Controller, h = 107°
——dt — Controller, h = 10"
08 . . . . . . . 0 . . . . | | | | !
0 0.5 1 15 2 25 3 35 4 4.5 5 0 0.5 1 15 2 25 3 35 4 4.5 5
Time [s] %103 Time [s] x107
(a) Controller Actuation (b) System Response

Figure 3.2: Example 2.3.1 Time-response
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Chapter 4

The Piezoelectric Actuator Case

The piezoelectric phenomenon entails the ability to generate an electric charge as a reac-
tion to mechanical stress or deformation and, in the opposite way, to deform when exposed
to an electric field [20]. Piezoelectric Actuators (PZA) are electromechanical systems that
exploit the piezoelectric effect to generate micrometric-scale deformations by applying high
voltages, enabling precise position control. However, these actuators exhibit hysteresis in
their behaviour, a highly nonlinear input output relationship that difficult the system mod-
elling. The modelling of hysteresis phenomena has been widely studied, classical modelling
approaches include the Prandtl-Ishlinskii model [32], based on min(-) and maz(-) opera-
tors, and the Bouc—Wen model [24], which uses input time-derivatives and absolute values
of them, both yield non smooth models. Alternatively, hysteresis modelling in pHs frame-
work are developed in [26], which models this behaviour using irreversible pHs, and [27}33|,
employing hysterons [21], i.e., energy storage elements coupled with nonlinear dissipation,
interconnected with a mass—spring—damper system through Bond—Graph methods [8].

4.1 Hysteron Modelling Approach

Hysterons are systems composed of energy-storing elements interconnected with nonlinear
dissipative elements, which allow modelling hysteresis curves [21]. This approach provides a
systematic framework for approximating hysteresis loops through modular components. For

the present work, we employ an RC parallel circuit hysteron model:

Q=—h" (g) + in,

where () represents the electric charge stored in a capacitor with capacitance C, i, denotes
the input current and A~!(-) corresponds to a nonlinear admittance function. Specifically,
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we implement a dead-zone nonlinearity:

p(E-4), 4

N
QO

where p~! represents the resistive element’s admittance and d defines the deadzone width.

Figure illustrates this characteristic nonlinearity. The resulting hysteresis behavior,

generated with parameter values:

p~t =100 [Q7]
d=10[V]
C =0.1[F],

demonstrates frequency-dependent characteristics as shown in Figure .15}

(a) Characteristic deadzone function h=1(x)

Dead — zone Function
; . . ; :

Hysteresis Curve

——1[H7]
—— 10[Hz]
r 50[Hz]
—— 100[Hz]

051

2v]

-05

=

s I 1 I i | I L . .
5 1000 -800  -600 -400 200 O 200 400 600 800 1000
in[A]

(b) Frequency-dependent hysteresis loops (1-100 Hz)

Figure 4.1: Hysteron nonlinearity characterization

A key advantage of the hysteron paradigm lies in its modular architecture. Multiple

hysterons can be interconnected to construct complex hysteresis patterns, as shown in Fig-

ure [4.2] This scalability enables precise matching of diverse hysteresis phenomena observed

in piezoelectric systems.
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Hysteresis Curve

2

I I I I
200 400 600 800 1000

~ I I I I
-1000  -800 -600 -400 -200

0
il) [A]

Figure 4.2: Composite hysteresis loop generated by four interconnected hysterons

4.2 Piezoelectric Actuator Model

A modular pHs model of the Piezoelectric Actuator (PZA) was developed in [27,33] using
the Bond-Graphs methodology , which allowed integrating n hysterons into a mass-spring-

damper mechanical model. In this work, a model with two hysterons is used, described

by:

o) [@)E o 0 ][]
Qs _ 0 —h' (&) & 0 ol (&), [0,
q 0 0 0 1] |gk 0
p - - -1 =b] | & o
- ) " S
&
%
—fo 0 o0 2
v=o 0 0 o |
P

where C; is the capacitance of the i-th hysteron, & is the elastic stiffness, m is the mass, b

the damping, and « is a transformation constant. The system variables are (); the charge of

the Hysteron i, ¢ the PZA position and p the momenta. The input v;, is the voltage applied

to the system. The energy function

_1(QF Q3 P’
H(z) =3 <01 o kq® + m) (4.2)
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has a minimum at the origin. The system presents the equilibrium points described by

v ()0
()0

(4.3)
p'=0
Lo Q@3 )
g k(01 o, T Vm

Due to the nonlinear function h;'(-), the system presents infinite number of equilibrium
points that doesn’t match the minimum energy point when the input is zero. In [27], a

parameter table was obtained:

Parameter Value Units
m 1.0148 x 1073 | [kg]
k 24579 [N/m]
b 3.7356 [Ns/m]
o 5.6425 x 107> | [F]

prt 0.6002 Q1]
d 14.7571 V]
Cy 52125 x 1077 | [F]
Pyt 1.1528 x 107* | [Q71]
do 8.6838 V]
oY 0.046311 [C/m]

Table 4.1: Parameters for the pHs model.

These parameters will be used for controller design process and for the development of

simulations throughout the remainder of this chapter.

4.3 Discrete-time Model

Two discrete-time models are created using the methodologies shown in Sections [3.4.1

and [3.4.2] then step-responses are performed simulating and error analysis is performed.

Discrete-time Gradient Models

The first discrete-time model to be develop is generated using dG methodology. For this

we need to determine the discrete Gradient to be used and the form of the system matrices.
Regarding the first point, the Mean Value discrete Gradient (3.17)) is selected due to its
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computational simplicity:

VH(.I‘k, Ik:—&-l)

where K = diag (i Lk, %) is a diagonal matrix. For the system matrices, both options

Ci17 Cy

i (Qk + Qk+1>
o
1 (Q k+1>
Cy

(Qk +Qk+1>
L m (pk +2pk+1> _

presented in (3.23)) are considered:

1
= iK(% + Zpi1)

Qk) Ch ]
—h —_ 0 0 «
()
_ _ Q) C
[J(xk) _ R(xk)} — 0 —h2 ( k in 0 «
k
0 0 0 1
i e -« —1 —b]
_—h_l <Q11g + Q11c+l> 20y 0
1 20, Qh + Qhya 0+ 2 o0
[ﬂxm Tpi1) — R(wy, xm—l)] = 0 —hy! < : ;OQ Hl) Q7 + 622E~+1
0 0
— —a

Collocation Method Models

0 «
0 «
0 1
-1 —b]

The second discrete-time Model uses CM technique. We need to determine the number

of collocation points and their position in the time interval, we will use two collocation

points positioned according to Equidistant Collocation points by Table[3.1]and Gaussian

Quadrature Points by Table [3.3] This choice results in two distinct numerical models,

which are subsequently used for comparative analysis.

4.3.1 Numerical Simulations and Performance Analysis

Using the parameters from Table 1], we simulate a time response for the position ¢ when

a step input v;,, = 50[v] is applied. The resulting transient responses for each model are shown

in Figure[d.4] Visual inspection reveals that the discrete-time gradient model with simplified

system matrices exhibits the poorest performance under variations of the sampling time h.
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The remaining models demonstrate comparable performance with no appreciable differences.
Further order-of-accuracy analysis, presented in Figure[4.3] shows that the Gauss Collocation
Points model presents the higher order of accuracy according to the Theory.

Maximum Local error v/s Sampling Period

102 T T T
=@— dtG — Midpoint Matriz
104k e dtG — Simple Matrix *® ]
Gauss Collocation Points ‘A‘.
«=e== Arbitrary Collocation Points e

Maximum Local error [m)]

| | | |

107 10°® 10° 10 10°
Sampling Period [s]

Figure 4.3: Order Graphics

4.4 Position Control

The main applications of PZAs involve precise positioning, which requires control systems
specifically designed to accurately regulate their position. Two controller are developed using
the methodology presented in Sections [2.5.1] and [2.5.2]

4.4.1 Passivity-Based Controller

To control the position, it is necessary to shift the minimum energy point from the origin
to an admissible equilibrium point (4.3)). To do this, we will use ES, we will start by searching
for compatible energy functions H,(x) through the energy shaping matching equation ([2.42)),
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10" zr Matriz dtG
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Collocation method with arbitrary point
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(d) Collocation method with Gauss-Legendre points

Figure 4.4: Step response comparison of the four numerical models under study.

where:

VH, ()

43



CHAPTER 4. SIMULATION AND EXPERIMENTAL IMPLEMENTATION

This yields the following PDE:

C

—hy? (gi) %VQlHa(x) +aV,H,(x) =0 (4.4)
C

_hy! (gz) 2V, Ha(x) + ¥, Hy(x) = 0 (4.5)

V,Hy(z) =0 (4.6)

From ({4.6)), it is observed that H,(x) does not depend on the momenta p. Substituting this re-
sult into equations (4.4)) and (4.5)), both reduce to the same condition as (4.6). Consequently,
H,(x) is independent of @)1 and s, leading to:

Once the form of H,(x) has been obtained, we propose an energy function for the closed
loop. To this end, we recall our control objective, which is to change the position of the PZA

q. Accordingly, we shift the desired minimum energy point to a reference value gy :

_1 Q% Q% 2 p2
Hd(x)_2<cvl+612+5(q_qref) +E

where 0 is a gain that defines the desired convergence rate. In order to apply the control
strategy, we decompose H,, by choosing § = k + ¢, with ¢ a design parameter, then we can
rewrite the desired energy as:

Ha(w) = H(z) + (56 = (k+ agres + (b + )y

where:
c
Ho(x) = 50" = (k+ 0)dres + (k + )7

The gradient is then computed as:

0
VH, (x) = 0 (A7)
¢ C(q - QTef) - k%"ef .
0

We observe that (4.7)) is consistent with the matching equations (4.4)), (4.5)), and (4.6]). The
energy shaping control action is given by (2.43)):

c k
B(I‘) - _a(q - QTef) + aqref
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and the control input is applied through (2.5.2)), resulting in:

c( ) k
U= ——(q — Qret) + —Qrer + V.
aq ref aqf

The resulting closed-loop system is given by:

0] [-m'(8)e oQ 0 « gi 0
) -1 2\ C &2
Q2| _ 0 ~h' (2)S 0« % o],
g 0 0 0 1||(k+2)(@=aep)| |0
p -« —a -1 =b s e
Yps

Q

Ch

%
=100 0 2
b=l 00 o |&

ya

DI control action is applied by feeding back the passive output through the input v as:

p
V= —yo—
m

where v is a design parameter that allows us to adjust the convergence rate. The complete

damping injection control law is:

p
V= —ya—
m
and the resulting closed-loop system becomes:
o] [E)E o 0« *
) _pho1(Q2) Co Q2
QQ — 0 iz j) o Y @ C (4.8)
g 0 0 0 1 (k+2) (4= arey)
p —a — -1 —(b+n~a) 2

The gain 7 is selected by analyzing the stability of (4.8)). The time derivative of the
energy yields:
: 1 (@1 Ga 1 (G2 Q2 P’
H :—h1<>—h1()—b —
d(x) ! Cl Cl 2 02 02 ( * '704) m2

To ensure stability of the system, v must satisfy:

b
y> ——.
(0]
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Finally, the control input that allows us to regulate the position ¢ is given by:

c k P
= ——\4Y — {gre —lref — — 4.9
U= =g = Gref) + ey — 00 (4.9)

Analysing (4.9) we can see that the obtained controller is equivalent to a Proportional-
Derivative controller with a feedforward term described by

Pfo:Kp(r—y)—I—KDy'—i—Kffr

due to
y=rp

and where

. a Q7 Q3
q = Qref — < 1+2)

L\C, ' G,

where L = (k; + g) It can be seen that the proposed controller does not reach the desired
value ¢,.r. The charge in the hysteron does not converge to zero, resulting in an offset with
respect to the reference position. Step responses were conducted for different values of ¢ and

7, with gyep = 1074p(t — 0.005)[m] in Figure [4.5]

4.4.2 Proportional-Integral Controller

A PI controller is proposed based on a simplified version of the linear PZA pHs model

where the nonlinear admittances h; ' (v;) are replaced by the linear admittances slope as
hi(vi) = pi v

Following [34], the simplification assumes that the hysteron dynamics are significantly faster

than the mechanical dynamics, allowing us to consider )7 and Q9 as time-invariant. As a
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10 ¢ parameter change <107 v parameter change
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(a) Time response for different ¢, setting v =0 (b) Time response for different +, setting ¢ =0

Figure 4.5: Time response for different controller parameters

result, we have:

~1

- a

QQZOZ% Q2+ —p
2 m

Implying that @)1 and @) are scalar function of the momenta p, then the values of the
hysterons states can be replaced into the p dynamical equation leading to

-5 4

(4.10)

with

The gains of the PI controller will be determined wih Pole Placement from Section 2.5.1]
Applying (2.14) to (4.10) generates the following transfer function

3le

Gls) = m 4.11
) §2 + deug 4 (1)

2

7|
3=
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Using ([2.33)) as controller, the A, with (4.11)) is computed

be k K
Ay =4 g2y <m> s+ EKI (4.12)
m m m

we can see that the controller gains can only change the coefficient of s' and s° being unable

to adjust the coefficient of s? implying that the poles cannot be placed freely. Let’s consider
a target closed-loop gain composed by a simple pole and a complex one:

Al = (s+a) (32 + 26w, s + wi)

with a and w,, parameters to determine and £ = 0.707 the damping factor. This polynomial
must match with the closed-loop gain (4.12)), this implies that

be k+ oK
s* + (1.414w, +a) s* + (wz + 1.414wna) s+wia=s+ 25+ <+aP

o
) s+ *K]
m m m
For both equations to be equivalent, it is sufficient for their coefficients to match. It can be
observed that there is a constraint on the coefficient of s2:

be
1.414w, +a = =

m

For the other two coefficient, the controller gains Kp and K; will be used to match the
equations, then we have the following design equations:

a= % — 1.414w,,

m

Kp— m(w? + 1.414w,a) — k

(4.13)

Then we have a free degree in choosing w,,. To determine the value, we will analyse the poles
of the system (4.11):

Py = —20811

We can see that the dominant pole correspond to p;, we can choose w, = 3000 to be the
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dominant pole, then

a = 17779
Kp =1.3191 x 10° (4.14)
K; = 3.5062 x 10°

As shown in , the proportional gain increases the convergence rate by effectively enhanc-
ing the system’s natural stiffness, as illustrated in . The controller is implemented in
the simplified system and in the real system . A step-response is generated using
r =1 x 10~4u(t)[m], obtaining the Figure

PZA Position Controller Actuation

-4
x10 160

Il
™

Voltage [v]

Position [m]
o
o

N
~

m= Non, — Linear Model| |
e Sinipli fied Model

e
[N}
o

0 0.002 0.004 0.006 0.008 0.01 0 0.002 0.004 0.006 0.008 0.01

Time [s]

Figure 4.6: Step response with PI controller over the linearized and pHs system

Stability analysis is done using Theorems[2.3.2/land [2.3.3] A linearization of the controlled
PZA system (4.5)) around the equilibrium point

1 (@]
0 (3)-o
1 Cl
1 (@
(@)
2 02
L QT @y  k+aKp , Kp
5 _K[(Jé+K[()é+ OéK] 1 K[T
(]*ZT*

49
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is obtained applying (12.8):

(O] 0 0 0 a0 ][ag 0

Q- 0 0 0 a0 | AR, 0
gl=10 0 0 Lo Ag|+] 0 |Ar
D & —6 “k—oaKp —% aKr| | Ap aKp
E —1 0 0 ][Aag] [ 1]

Using the parameters from Table and , a transfer function can be obtained using
as output equation i i
AQy
AQ,
y=[0 0 1 0 0]|Aq
Ap
AL

obtaining
6.02 x 10"s + 1.6 x 10!

53 4368152 4+9.22 x 107s + 1.6 x 101

G(s) =
The poles of the system are
s1 = —9.4 x 10 +9.38 x 10%j

59 = —9.4 x 10* — 9.38 x 10%j
s3=—1.8x10°

Finally, the controlled system is stable for any equilibrium point (4.15)).

4.5 Controllers Time-Discretization

The PI controller is defined as a state-space system as

§=r—gq

(4.16)
u = KP(T—Q) +K]§
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CHAPTER 4. SIMULATION AND EXPERIMENTAL IMPLEMENTATION

this controller is discretized with TSS and CM. The target system is computed applying u

from (4.16]) as input of (4.1)), obtaining

0] [-m(8)$ 0 0 o 0] [@ 0
Qo 0 ~hy' (&) & 0 a 0 ||2 0
q|= 0 0 0 1 0 g|+1| 0 |r
D — —o —k—aKp —-b aK; % aKp
S . 0 -1 0 o J[&] |1
described in simplified form
i = f(z*") + B -r (4.17)

Then applying CM equations (3.16)) on (4.17)):

2t = extJthaU( N+ Bry),  i=1,..s
7 (4.18)
apl = 4+ h Z bi (") + Brai) .

With this last system the dynamic of the controller is implemented implicitly, we only
need the value of the plant and controller states at the current time, which implies that we
need to measure or estimate (Q1, ()2, ¢ and p at the current time, the controller state at the
current time is calculated in the previous iteration. The controllers output doesn’t present
any change. In the ideal case, we have access to all the state values and the control algorithm
is apply, a simulation of the ideal case is performed in Figure 4.7

PZA Position Controller Actuation

m m mct — System

dt — System, h = 1076
——dt — System, h = 107
——dt — System, h =5-107°|

m m mct — System

dt — System, h = 1076
——dt — System, h = 10~
——dt — System, h =5-107°

= L LAAAM
£ 1 LLARK 10 = N
1.03 Y
S S ”H[””"' 63
= 1.02 §
@w S}
S = -
a 1.01 WW\NW\IWWVWWW" S & o)
1 WWW\AMN\MN"W
099 61
098
0.02 0.025 0.03 0.435 60
0 | | | | [ ‘ 40 I ‘ ‘ 002 0025 0.03 0.035
0 0005 001 0015 002 0025 003 0035 0 0.005 001 0015 002 0025 003 0035

Time [s] Time [s]

Figure 4.7: PI Time-response

When full state measurement is unavailable, state observers become essential for esti-
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CHAPTER 4. SIMULATION AND EXPERIMENTAL IMPLEMENTATION

mating the required states to implement TSS. However, the system’s inherent hysteresis
effects difficult the creation of an observer. The deadzone function h; *(-) exhibits three pos-
sible values, resulting in a nonlinear system that switches between multiple states. Among
these, all states in which either of the two h; () values equals zero lead to an unobservable
system. To overcome this limitation, we propose a simplified linear system based only on

the PZA mechanical dynamics. This reduced-order system approximates the actuator as a

-5 &

The linear approximation permits standard Luenberger observer implementation and main-

mass-spring-damper system:

Vin, (4.19)
(0%

p

tains the dominant mechanical dynamics. Combining the simplified system with controller (4.16))

gives us a target system with form

g 0 L9 7[q 0
p| = |-k—aKp -1 aK/| |p|+ |aKp|T, (4.20)
3 —1 0 0 ||¢ 1

The simplified target system only needs the information of the position ¢ that can be mea-
sured and the velocity p that can be estimated using a generic Luenberger observer.
Luenberger Observer Design

A Luenberger observer is a linear system that let us estimate the estates of the real

system [4]. The observer is applied by
T = A%+ Bu+ L(y — C%)

where 7 is the state estimation and L = [l; l5]" contains the observer gains. The observer
dynamics are generated by the matrix A — LC', the poles of the system can be calculated by

k+0b+ 1

o (4.21)

b
|3[—(A—LC)]:32+<m+ll>s+

The observer gains [; and [ are designed using as reference the poles of the simplified system

p1 = —1840.5597 + 4564.3045;
pa = —1840.5597 — 4564.30457,
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an choosing as the desired observer’s poles two simple poles in

P = —2000

(4.22)

po = —20000

which implies that the desired poles takes the form:
|sI — (A = LC)|desirea = (s — p1)(s — p2) = 5° — (p1 + p2)s + pipa (4.23)

The observer gains are then computed by matching the coefficients of (4.21) and (4.23)),
yielding;:

[, = 319,
lo = —21412.6564.

Using the observer, the value of p can be estimated, which enables the discretization of

= (J(z) — R(z))VH(z) + G(z)u
y =G (x)VH(x)

A\ 4

\ 4

T =A%+ Bu+ L(y — Ci) |«

lx A 4

Z.0.H. Sampler Sampler
y ixk

S

ext __ .ext ext -

ot = xy —i—hg aijfd(xcj7rcj), 1=1,...,s
Jj=1

U, Yk = gk

A

s
ext __ _ext ext
o =i+ Y by fa (%j ,ch>
j=1

ext
Uk =Yc (l‘k 7Tk)

Tk

Figure 4.8: Control diagram illustrating the implementation of T'SS with a continuous-time ob-

server
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equation (4.20) using the CM method. An implementation diagrama is shown in Figure
and simulations are carried out for different sampling times h of the controller in Figure
We can see from it that the system doesn’t reach the reference signal, using a simplified

system for the observer ads errors estimating the states.

Controller Actuation

PZA Position

m m mct — System

dt — System, h = 1076
——dt — System, h =107
——dt — System, h =5-107°|

m m mct — System
dt — System, h = 1076 120
——dt — System, h = 10
——dt — System, h =5-107° 100 B

Position [m]

0.5

-20

9.4 56
0.02 0.025 0.03 0.035 .40 I I 0.02 0.025 0.03 0.035

0 ‘ ‘ ‘ s
0 0005 001 0015 002 0025 003 0035 0 0005 001 0015 002 0025 003 0035
Time [s] Time [s]

Figure 4.9: PI with Continuous-Time Observer Time-response

Finally, to generate a complete discrete-time control scheme is necessary to obtain a
discrete-time observer, using the continuos-time as a base, the discrete-time observer can
be generated discretizing the Simplified System by ZOH (3.9). The resulting system
obtained with sampling time h = 1075

. 009671 2.254-107°|
[qu] _ {0 0988 0.00967 ] [qk] . { 5410 ] i
p

1 —0.2412  0.9627 | |px 4545-1077

For the observer poles we discretize the continuous-time ones (4.22)) by

pr = e 2000107 = 0.9802
Py = 6720000><10_5 — 0.8187

Finally, the observer gains are

[; =0.1626
lo = —0.5020

It is important to note that the observer gains depend directly on the sampling time h. An

scheme illustrating the implementation is shown in Figure |4.10]
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u = (J(z) — R(z))VH(z) + G(z)u y=4a
’ T
=G (z)VH () l
Z.0.H. Sampler
A
» Tpi1 = Aadr + Baug + La(yr — CZy) |«
Ty
\ 4
Uk Yr = gk
‘/I/‘ift 6It+hzal]fcl< i;tt;rc]) Z: 1,...,8
ry = Y b (55 ) «
j=1
Uy =G (3329“7 7“1:)
Tk

Figure 4.10: Control diagram illustrating the implementation of the target system methodology
with a discrete-time observer

Therefore, the previous step response simulation is repeated, this time using the discrete-
time observer, resulting in the plot shown in Figure [{.11, Comparing the time response
between the discrete and continuous time observer, there are no visible differences.

Position [m]

<10 PZA Position
m m mct — System
dt — System, h = 1076
——dt — System, h = 107"
——dt — System, h =5-107°
N s
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(a) Controller Actuation

Controller Actuation
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Figure 4.11: PI with Discrete-Time Observer Time-response
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Chapter 5

Experimental Implementation

As final chapter of this Thesis, PI controller designed in the previous chapter will be
implemented in a laboratory experiment. For this purpose, the parameters of the PZA to
be used will be estimated, and the controller gains will be recalculated accordingly. Finally,
the developed controllers will be applied in a real PZA. The performance of the proposed
control strategy will be assessed through sampling-time variation tests and comparisons with

classical discrete-time controllers.

5.1 Experimental Setup

The experimental implementation was conducted using the setup shown in Figure [5.5
The configuration was designed to provide high-precision measurement, low-latency signal
processing, and sufficient actuation capabilities for the control of a piezoelectric bender. The

main components are described as follows:

1. dSpace MicroLabBox: A high-performance, all-in-one real-time control platform,
equipped with a dual-core processor running at 2 GHz, an user-programmable FPGA,
and more than one hundred high-speed 1/O channels. The system supports deter-
ministic execution of control algorithms and offers a wide range of analog and digital

interfaces, enabling seamless integration of sensors and actuators.

Figure 5.1: dSpace MicroLabBox
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CHAPTER 5. EXPERIMENTAL IMPLEMENTATION

2. Optical Position Sensor: Model LK-G87 from KEYENCE, based on a red semicon-
ductor laser (A = 655nm) that measures displacement relative to an 80 mm reference
point. The sensor provides a measurement range of +15 mm with a minimum sampling
period of 20 us, ensuring high temporal resolution and low measurement noise. To
connect the sensor to the MicroLabBox, the LK-G3001PV controller is used.

(a) LK-G87 (b) LK-G3001PV

\

Figure 5.2: Optical position sensor and controller.

3. Linear Amplifier: Pendulum Instruments Dual Channel High Voltage Linear Ampli-
fier A400DI. This device integrates two independent A400 amplifier channels sharing
a common ground and power supply. It is used to drive the piezoelectric actuator,
providing output voltages up to 100 V with low distortion, enabling precise positioning

control.

Figure 5.3: A400DI linear amplifier.

4. Piezoelectric Bender: ThorLabs PB4NB2S, capable of producing a maximum dis-
placement of 450 um =+ 15% at an applied voltage of 150 V. The actuator exhibits
less than 15% hysteresis and has a free length of 28 mm, making it suitable for high-
bandwidth precision motion applications.

Figure 5.4: ThorLabs PB4NB2S piezoelectric bender.
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5. Computer: Used to program and control the dSpace MicroLabBox.

Figure 5.5: Experimental setup for PI Controller implementation.

On the software side, the dSpace MicroLabBox is programmed in SIMULINK (MATLAB)
as a block diagram, which is then compiled and deployed to the platform. Communication
between the PC and the MicroLabBox is managed through ControlDesk, a software tool
provided by dSpace. This interface allows reading and writing of variables in real time, as
well as monitoring and adjusting parameters from the connected sensors and actuators.

5.2 Estimation of Parameters

For estimating the parameters of the PZA, we will employ the methodology outlined
in (Section 4.2). To do this, an experiment will be conducted where the PZA will
be excited with a sinusoidal signal of 1[H z| frequency and 55[V] amplitude. Following this,
measurements of the applied voltage and the displacement of the PZA will be taken. These
measurements will be saved using the iddata command, which will generate a data object
necessary for utilizing the commands in the System Identification Toolbox. Once the data
file has been created, a Gray-box System object will be created using the command idnlgrey,
transforming the system of equations that model the PZA into an idnlgrey variable. This
variable, along with the iddata variable, will then be used as inputs to the nigreyest command
to identify the parameters of the system. The optimization command needs a initial condition
to start the optimization proces, we will use the parameters from Table [{.1] the identified
parameters are shown in the following table. With these parameters we obtain a 92.9% fit of
estimation data.
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Parameter Value Units
m 1.0148 x 1073 | [kg]
k 25479 [N/m]
b 3.7356 [Ns/m]
Ch 0.001 [F]

prt 0.6002 Q1]
dq 14.7571 V]
Cy 1.9022 x 107 | [F]
Pyt 2.703 x 107* | [Q7Y]
do 8.6838 V]
o 0.0774 [C'/m)]

Table 5.1: Parameters for the PHS model obtained with the identification process using sinusoidal
signal of 1[H z| frequency and 55[v] amplitude.

Parameter Validation for Sinusoidal Input

Sinusoidal responses were applied to both the pHs model and the experimental system at
four excitation frequencies, 1[Hz], 10[H 2|, 50[H z| and 100[Hz], all of them with amplitude
of 55[V]. The corresponding time-domain responses are depicted in Figures to , while
the hysteresis curves are shown in Figures to[5.13]

The results indicate that the pHs model captures the overall dynamics of the real sys-
tem with good agreement at low frequencies. The main discrepancies arise at the response
peaks, where the model tends to deviate from the experimental measurements. Regarding
the hysteresis behaviour, the model provides an accurate approximation for the 1[Hz] in-
put. However, for excitation frequencies of 10[Hz| and above, the model’s hysteresis curve

increasingly deviates from the experimental one.

Parameter validation for pulse input

Since the control objective is to regulate the PZA position to a constant reference, it is
necessary to validate that the identified parameters correctly capture the system dynamics
when subjected to step references. However, such references may damage the PZA struc-
ture; therefore, the input signal is filtered through a system that removes high-frequency
components, described by the transfer function

1000

Fs) = —
() = 7000

It should be noted that the developed model does not account for vibration and creep
effects [27]; hence, it cannot accurately reproduce highly oscillatory phenomena. This limi-
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Position [m]

1.5

05

Position [m]

-05

-1.5

PZA Position for 1[H z] Input Voltage

T
Real System
= ct-model ]
dt-model, h = 2 x 107
——dt-model, h = 6 x 10°°
e dt-model, h =1 x 107*

0.5 1 15 2 25 3 35 4 45 5
Time |[s]
Figure 5.6: Time-Response for 1[Hz| Input Voltage
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Figure 5.7: Time-Response for 10[H z] Input Voltage
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Figure 5.9: Time-Response for 100[H z] Input Voltage
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Figure 5.11: Hysteresis Curve for 10[H z] Input Voltage
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Figure 5.13: Hysteresis Curve for 100[H z] Input Voltage
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tation is illustrated in Figure [5.14] where a pulse train with a period of 1[s| and amplitude
of 50[v] was applied both to the identified model and to the real system. As observed, the
model does not capture the existing vibrations and also fails to reach the same amplitude as
the real system.

10 PZA Position for Pulse Input Voltage
2.5 T T T T T T T
Real System
2 ——pHs Model |1
15 -
] i
E
05| i
=
2
=
g or i
A
0.5 -
A .
15} -
2 | | | | | | |
0 05 1 15 2 2.5 3 35 4

Time [s]

Figure 5.14: System response for a 1[s] pulse train input of 50[v] amplitude.

Given the discrepancy between the pHs model and the PZA behaviour, a new parameter
identification was performed using the same pulse-train reference employed in the previous
validation, following the method described earlier. The resulting parameters are summarised
in Table 5.2

Finally, to validate the updated model, a pulse train with a period of 3[s] and amplitude
of 40[v] was applied both to the model and to the real system. The obtained results are shown
in Figure [5.15] Again, the oscillatory behaviour is not accurately represented; however, the

steady-state error is slightly smaller compared to the previous parameter set.

Controller Parameter Adjustment

Given that the parameters obtained from the experimental model differ from those used
in the initial controller design, it is necessary to recalculate the PI controller gains. Using
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Position [m]

o
)

o

©
o

-1.5

Parameter Value Units
m 1.0148 x 1073 | [kg]
k 25479 [N/m]
b 3.7356 [N's/m]
o 0.0017 [F]

pit 0.6002 Q1]
d; 14.7571 V]
Cy 2.0469 x 1076 | [F]
Pyt 1.9228 x 1074 | [Q7Y]
ds 8.6838 V]
a 0.0777 [C'/m)]

Table 5.2: Parameters of the pHs model.

PZA Position for Pulse Input Voltage

T T

T

T

T

Real System
—— pHs Model

|

3
Time [s]

Figure 5.15: System response for a 3[s] pulse train input of 40[v] amplitude.

the parameters from Table in (4.13) we compute the controller gains obtaining:

Kp =1.3809 x 10°,
K; = 3.3516 x 10°.
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5.3 Experimental Tests

As final part of the present work, we will realize experimental control test to check the

real control behaviour.

5.3.1 General Implementation

To conclude the work presented in this thesis, the developed control system is implemented

using the following scheme:

Computer and dSpace MicroLabBox

T T
| e _ I
I Ref I I Linear : :
eference |_ _>: Controller - — ¥, OmPut :__ g p| Piezoelectric
,  Filter : ——--x---- i Gain | mpliher Actuator
L — — 1_ —_— G s s e
I I
—— - _ _ o __d____  _____. A
| I :_ I I |
; User 1 | State I | Input Position
I Interface : | Observer ' : Gain ! Sensor
| | |

—_—_ — — — = —_—— e _ —_a e _- - = =

Figure 5.16: General Control Diagram

The control algorithm is structured around six main blocks:

1. User Interface: Through Control Desk, the user can monitor the measured position
and the applied control action. Additionally, the user can modify the reference signal

and various controller parameters.

2. Reference Filter: This filter is used to smooth step-type reference inputs to avoid
damaging the PZA, the filter dynamic must be fast enough to not affect the dynamic of
the controlled system. It has two implementations depending on the type of controller:

for continuous-time controllers, the filter is defined by

z = —1000z + 1000w

y=xz
whereas for discrete-time controllers, a Z.O.H. DTA is used:

Thi1 = e~ 1000k, 4 (1 _ e—lOOOh) up,

Y = Tk
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the discrete-time filter let us consider the reference as a constant value at the collocation
points.

3. Controller: This block implements the various controllers developed throughout the
thesis.

4. Observer: State observer required for implementing the DTA using Collocation Meth-
ods.

5. Input and Output Gain: Input and output gains necessary to correctly scale signals

for the complete system.

5.3.2 Noise Analysis and Controller Gain update

The PI controller with gains defined in (5.1) was implemented on the real PZA. The
plant became unstable, exhibiting oscillations that exceeded the sensor’s measurement range.
Analysis of the experimental setup revealed that the position sensor introduced measurement
noise. Therefore, the controller gains were recalculated to ensure that the closed-loop con-
figuration did not increase the output noise variance. The position signal was measured in
open loop, as shown in Figure obtaining the following statistics:

mean = (,

variance = 1.2506 x 1072,

Starting from the gains in ({5.1)), they were reduced until the closed-loop noise variance

matched the open-loop value. The final gains were:

Kp =103,

5.2
K; =107, (5:2)

yielding the following closed-loop noise statistics:

mean = 0,

variance = 1.0480 x 1072,
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Figure 5.17: Measurement noise.

5.3.3 Test 1: Change of sampling time

As first experimental test, the PI controller with parameters given in ([5.2)) is implemented

in two configurations:

1. Continuous-time: The continuous PI controller described in the state-space form (4.16))

is implemented using the control loop shown in Figure 2.2]

2. Discrete-time: The DTA approximation from TSS , obtained through the CM
method with two Gauss collocation points, is implemented using the control loop shown
in Figure where the observer gains are recomputed based on the updated param-
eters in Table 5.1l

A constant-reference tracking test is then performed. Initially, the controller drives the
PZA position to zero, after which the reference value is changed to 100[nm|. The experimental
results are shown in Figures [5.19 and [5.1§|

It can be observed that all controllers exhibit similar transient behaviour. However,
the discrete-time controllers fail to perfectly reach the reference value, and the steady-state
error increases with the sampling period A. This trend matches the simulation results ob-
tained when the controller is implemented with an observer—both in continuous and discrete
time—shown in Figures and [£. 11} Therefore, the use of a simplified observer prevents the
achievement of the desired control objective.
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5.3.4 Test 2: Forward Euler Comparison

A second test was carried out by comparing the CM discrete-time controller with a forward

Euler approximation of the PI controller:

Eorr = & + (T — @),
ur = Kr&e + Kp(re, — qi).

It is worth noting that, in this case, the forward Euler approximation is equivalent to a
ZOH approximation. Using the minimum possible sampling time A = 2 - 1075, a pulse
response was obtained and is shown in Figures and [5.21] It can be observed that the
Euler approximation achieves better performance than the CM controller. This difference in

performance is likely due to the simplified observer design used in the CM controller.
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Figure 5.18: Test 1: PZA position
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Chapter 6

Conclusions

In this Thesis, the continuous-time mathematical framework to analyze and control dy-
namical systems was presented. In particular, pHs were introduced and discussed, empha-
sizing the physical properties of this class of systems. Regarding controllers, two different
control schemes were studied: one exploiting the passivity properties of pHs to design con-
trol laws based on their energetic characteristics, and the other using classical PI controllers

designed through a linear control approach.

Discrete-time system theory was also discussed, and discrete-time approximations (DTA)
for general systems were presented, with special attention to pHs and their controllers. Two
DTA methods for pHs were introduced: the discrete-gradient method and the collocation
method. On the controller side, DTA approximations were carried out using CM and TSS
to resolve the causality issue of the plant states.

The piezoelectric phenomenon was analyzed, and PZAs were introduced. The hysteresis
problem of these actuators was discussed, and a pHs model was proposed. Two position con-
trollers for the PZA were developed: one using passivity-based control techniques, and the
other based on a classical PI approach. Finally, both models and controllers were discretized
using the methods presented in this work.

Using an experimental setup, the model parameters were obtained and validated. Using
the updated parameters, the controller gains were adjusted, and the controller was imple-
mented on the real system. Tests were conducted under varying sampling periods, and the

performance was compared against that of a PI controller discretised using forward Euler.
As future work, it is proposed to develop controllers with integral action using Passivity-

Based Control, and subsequently discretize them with the techniques presented in this Thesis.
In addition, the aim is to implement the developed controllers in the same laboratory setup.
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