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ABSTRACT
The identification and characterization of independent entities within molecular clouds iS5
a key challenge for astronomical data analysis. The ever-increasing volume, resolution a
sensitivity of observations demand automatic routines to identify and deblend candidate entiti%
to be analysed. Additionally, the intrinsically hierarchical nature of molecular gas distributioné§
demands an automatic identification of the nesting relations between these entities. We propase
a novel approach for decomposing molecular clouds in two steps: first we fit the data to 5_
Gaussian mixture with many components, then reconstruct the cloud using a hierarchical mo@l
using a Gaussian-mixture reduction algorithm. We use a continuous-space representaticn,
because it is well suited for disentangling coupled entities of emission compared with pixel-g
based ones, and build a tree structure to represent the hierarchical connections between mixtére
components. This allows us to select different groups of components in the tree WithOLﬁz
additional computational effort, including overlapping substructures. We assess our proposal
quantitatively and qualitatively using data from the Atacama Large Millimeter Array (ALMA) %
science verification archive, as well as synthetic data. We also compare the results from sorﬁe
state-of-the-art clump identification algorithms. The experiments and comparisons show th@
our approach is an effective way to inspect and represent the hierarchical structure of moIeculgr
clouds.
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the increase of angular resolution and sensitivity, is the fact that
the structure of molecular clouds is clumpy and hierarchical on dif-
Understanding how molecular clouds are structured is a key issueferent scales (Rosolowsky et 2008 Leroy et al.2013 Heyer &
in understanding their evolution and the formation of stars (Shad- Dame2015: small-scale compact clumps (Williams, De Geus &
mehri & Elmegreer2011). The identification of coherent regions  Blitz 1994 are always contained in larger-scale and less compact
within molecular clouds has been used for studying the relationship gas envelopes. Additionally, molecular clouds and clumps at low
ofthe interstellar medium (ISM) with the stellar initial mass function  intensities may be blended together (Blitz & Williarh899.
(IMF) (Williams, Blitz & McKee 2000 Shadmehri & Elmegreen Throughout this articlecloud entitieswill refer to the coherent
2011). The structure of molecular clouds reflects the conditions un- regions inside the image or data cube observations of molecular
der which they form, acts as an indicator of their evolution and (at clouds, which might be considered as independeolecular gas
sufficiently high densities) is related to the mass scale of stars andclustersn the ISM. According to Blitz & Williams £999’s seminal
the slope of the IMF (Blitz & Williamsl999. Nevertheless, funda-  work, the objects in the hierarchical cloud structure can be catego-
mental aspects of molecular clouds, like lifetimes, formation mech- rized into clouds, clumps and cores, going from large to small scale
anisms and star formation rates, still remain unclear (Shu, Adams & respectively. In the terminology of this work,coud entitymay
Lizano1987, Blitz & Williams 1999 Pringle, Allen & Lubow2001 range from a diffuse molecular cloud to a self-gravitating compact
Heyer & Dame2015. What has become clearer, especially with clump with its molecular gas envelope.
Characterizing these cloud entities becomes a challenging prob-

lem when the volume, resolution and sensitivity of observations
* E-mail: martin.villanueva@usm.¢MV); maray@inf.utfsm.c{MA); increase. This is mainly due to the appearance of blended emission
ctorres@inf.utfsm.(CET) and multi-scale hierarchical dependences in the molecular cloud.

1 INTRODUCTION
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Most clump identification algorithms consist of decomposing the capabilities of our proposal by using data from the Atacama Large
data into a set of discrete clumps that might not overlap. This leads Millimeter Array (ALMA) Science Verification (SV) database and,
directly to an underestimation of flux and mass function, since the finally, Section 6 presents the conclusions of this work.

blended part of the clumps is not taken into account. An exception

is Stutzki & Guesten1990’s causscLumMPS which does handle

blended emission. However, this algorithm assumes an ellipsoidal2 RELATED WORK

Gaussian shape of clumps, which is not a realistic assumption, astpere are several approaches for detecting compact molecular cloud
molecular clouds and clumps are known to be fairly iregularly g pities like clumps automatically and each method can differ sig-
shaped (Myers et al991). An even more critical problem is that  ificantly from the others, depending on the representation used and
most of. the clump |dent|f|caF|0n algorithms (Stutzki & Guesten o assumptions. When each clump is represented by a set of con-
199Q Williams et al.1994 Bertin & Arnouts1996 Berry 2013 do tiguous pixels, we say that the algorithm that produced that set uses
not take into account the hierarchical structure of molecular clouds. ;5 §iscrete representatiorin contrast, when clumps are character-

These algorithms perform a segmentation of the data into discrete;, ¢ by 5 set of continuous-function parameters, we say that it useso
groups of pixels atafixed scale. The only alternative to decomposing 5 continuous representatiotn addition, if the representation takes 2

a clogd entity that might conta_in derjser objects is re-running the_se into account the nesting relations between clumps for multi-scale >
algorithms with a different configuration of parameters. Notable evi- analysis, we say that it usedirarchical representationif this is

dence of this problem is presented in Pineda, Rosolowsky & Good- .\ the case, we say that the algorithm uspkain representation
man Q009. They showed that, for the same regi@numMPFIND

(Williams et al.1994 identifies a different number of clumps and
their derived properties are variable when using different spatial 2.1 Discrete representations
resolution. Further, they concluded that it is not possible to de-
rive a single mass function describing the entities of a molecular
cloud when using a non-hierarchical decomposition. The approach
to tackle this problem is using hierarchical representations, where a
tree-like data structure is navigated for analysing molecular clouds
at different scales and in different groups. That is the case for
Houlahan & Scalo1992's structure treeand Rosolowsky et al.
(2008's dendrograms However, these are structure description
techniques and do not address the problem of identification of cloud
entities.
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Since images and cubes are usually available in discrete pixel-based
formats (e.g. Flexible Image Transport System images), the most§
common approach is to separate clumps directly in the pixel domain. 3.

SEXTRACTOR (Source Extractor: Bertin & Arnout&996 is a
very popular and mature algorithm that identifies sources within a ©
discrete representation based on background subtraction and thres B
olding. Even though this algorithm has a deblending stage, eachS
pixel is assigned to only one source, depending on the probability 2
of belonging to each of the blended sources. While this method can2

We propose a method that takes into account the blended and®® used for molecular clouds (Watson et2009, it is designed
hierarchical nature of molecular clouds, allowing the identification &nd optimized to work with optical and near-infrared images in
of cloud entities at different scale sizes. This method is formulated €Xtragalactic astronomy. o )
as a two-step process. First, we map the data from the discrete pixel Another classical algorithm in this category & UMPFIND
domain (i.e. image or cube) to a continuous domain, where Gaus- (Williams et al. 1994, which seeks for clumps by contouring the

sian mixtures can be properly fitted to represent the data. The modeldata at multiple levels and connecting them when they overlap. The
used is similar to that of Stutzki & Guesteh990), but we do not output is a discrete pixel representation calleddlhenp assignment

assume a one-to-one correspondence between clumps and Gaussidhray (CAA), where each pixel is assigned exclusively to one clump

components of the mixture. To provide an accurate fit, we minimize 'dentifier. ) ) )

a functional following a variational approach (Log20i13 that has The GETSOURCESalgorithm (Men'Shchikov et al2013 is a

been successful in image denoising and image restoration problemdnuiti-scale and multi-wavelength source extraction method. Itanal-

(Wang, Serpedin & Qaradg014. In a second step, we use Gaus- YS€S fine spatial decompositions of original images across a wide

sian mixture reduction (GMR) algorithms to generate a hierarchical fange of scales and across all wavebands. o

binary tree similar in purpose to dendrograms (Rosolowsky et al. A More recent algorithm iBELLWALKER (Berry 2019. This is a

2008, but containing Gaussian parameters rather than pixels. Then,dradient-tracing scheme that assigns a pixel to a clump if it is on

any branch of the tree can be isolated by reconstructing the signalth® Path to the local maximum (peak of the clump). The output is

produced by the Gaussian mixture components on the leaves. The?!SC @ CAA, where each pixel belongs to a unique clump.

result is a flexible data structure that allows us to trace the hier- A compelling analysis and assessment of the clumping algo-

archical structure of the molecular cloud, but also to identify the '1thmsimplemented in theupiD software packagepusScLUMPS

cloud entities at multiple scale sizes in the hierarchy. Concretely, CtUMPFIND, REINHOLD, FELLWALKER: Berry et al.2007) can be

the contribution of this article is twofold: (1) we present a varia- found in WatsonZ010.

tional approach for performing a thorough fitting of the data to a

Gaussian mixture that handles blended emission and (2) we pro-

pose a novel method to perform structural analysis by organizing

the Gaussian components into a tree data structure that characterizeShe algorithms presented in the previous section associate each

the hierarchical cloud structure. pixel with a single clump, segmenting the image into disjoint sets
In Section 2, we briefly discuss the algorithms and representa- of pixels (Williams et al1994 Bertin & Arnouts1996 Berry2015.

tions used in astronomy for molecular cloud analysis. Section 3 Unfortunately, assigning each pixel to a clump neglects the blended

introduces the model and methods to obtain a Gaussian mixturenature of the molecular cloud structure.

representation of the data, while in Section 4 we explain the pro-  An alternative to pixel-level analysis is to represent the data as

cedure for finding independent molecular cloud entities with this a linear combination of continuous functions, as proposed by the

representation. In Section 5 we present the results of testing thecausscLumpPsalgorithm (Stutzki & Guested99Q Kramer et al.

6 Aq 805815/8.82/€/28V/a1o1e/Se no-
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Table 1. Summary of related works. A partition into four groups is made, distinguishing between discrete/continuous
representations and plain/hierarchical representations.

Discrete Continuous

Plain SEXTRACTOR (Bertin & Arnouts1996 GAUSSCLUMPS(Stutzki & Guester1990
CLUMPFIND (Williams et al.1994
GETSOURCEYMen’Shchikov et al2012) BUBBLECLUMPS (Araya et al.2017)
FELLWALKER (Berry 2015

Hierarchical SWT (Alves et al2007) HDMC — our proposal

SWT + cupID (Gregorio et al2014)
3D-SWT + cupiD (Villanueva & Araya2017)
Dendrograms (Rosolowsky et 2008
SCIMES (Colombo et aR015

1998. As its name states, we get a set of Gaussians with differ- algorithms produce, they still associate each pixel with a single
ent parameters, which, summed plus the background noise, reconindependent entity.

structs the original signal. This allows a representation of overlap-  Table1 summarizes the related work presented in this section.
ping clumps using only a few parameters per clump. However, this We grouped the methods depending on their output: whether it is
early approach has many limitations, like several free parameters, discrete or continuous and whether a plain or hierarchical approach =
and strong assumptions, such as clumps being st@etlyssiar(i.e. is used. Most algorithms remain in the pixel-level representation,
symmetric and unimodal). while our proposal (bottom-right group) is the only algorithm that

Recently, Araya et al.2017 also proposed a continuous rep- uses a continuous and hierarchical representation.

resentation of the data by usigaussian homogeneous represen-

tations which exploit its homogeneity to transform the data into

an independent and identically distributed sampling space to be3 GAUSSIAN MIXTURE REPRESENTATION
analysed.

woJy papeojumod

The first step of the proposed method is to computgaaissian
mixture representatioof the data, i.e. a representation of the data
2.3 Hierarchical representations as alinear combination of Gaussian functions. This section focuses &

] .. on obtaining an accurate representation, while Section 4 addresses%_
Molecular clouds can be composed of several independent entitiesy, o\ to use this representation for analysis.

at different scales. Even though plain representation algorithms 1o Lse of Gaussian mixtures for clump detection is com-

might identify them by using different parameters for each scale, monly associated with the eaausscLUMPSalgorithm (Stutzki &
the nesting relations between clumps at different scales are lost. ThiSGuesteleQQ. Here, we propose a different approach, which fits

information is important not only for structural analysis, but also e Gayssian mixture in a global and coupled way, without making
for organizing and navigating complex regions. Fortunately, this priori assumptions about the shape of the clumps.

type of structural analysis can be conducted by using hierarchical ', help in following the explanation of these steps, an outline

representations. _ o of the procedure is shown in Fig(a)—(d) for a unidimensional
Alves, Lombardi & Lada 2007 studied the origin of the stellar  gjgna) case. First, the coordinates and intensity values of the ob- &

initial mass function of molecular clouds, through the use of multi- served signal are mapped to the [0,1] interval and the background €
resoluti_on analysis based etationa_ry_wavelet transform(SWT). level is estimated in a region without signal (see Ea. Then, the
Gregorio et al. 2014 followed a similar methodology, but com-  h401ground level is subtracted from the observed data to find the

bined the SWT analysis witbupID routines (Berry et al2007). significant emissionegion (e.g. emission between the vertical dot-
Then Villanueva & Araya2017) extended this idea to work with a4 jines in Figab). This is done by discarding pixels with negative

spectroscopic cubes using 3D discrete wavelet transforms and the 51yes and those belonging to small pixel groups. Then an initial
explicit construction of the hierarchical tree as the outputresult. ¢ 655 js estimated for the Gaussian representation within the signif-
~A different type of hierarchical descnptlon_ of molecular clouds  j-ant emission region (see Fific). Finally, the Gaussian mixture

is thedendrogram(Rosolowsky et al2008, which tracks the tree- agtimate is improved iteratively through a non-linear optimization
like structure of the components explicitly over a wide range of process (see Fidd).

scales. The authors explicitly present this technique as a statisti- e st of this section describes the details of each of the afore-

cal and hierarchical representation of the molecular ISM. Recently, antioned steps required to produce an accurate Gaussian mixture
Colombo et al. 2015 proposed the Spectral Clustering for Inter- representation of the data.

stellar Molecular Emission Segmentation (SCIMES) method, which
they describe as a mophysically orientecdipproach than previous
algorithms, in the sense that it clusters discrete regions with similar
emission properties in giant molecular clouds (GMCs). SCIMES in-
terprets dendrograms of GMCs in the broader framework of graph Since each input data point has a different coordinate scale, we
theory and uses spectral clustering techniques for the segmentatiorstandardize them by mapping each coordinate axis to the [0,1]
of discrete objects. range. To do this, we assume that the data aRPirwith D = 2 in

It is important to mention that, despite the hierarchical focus the case ofimages ai= 3 in the case of spectroscopic cubes. The
of the algorithms presented above, they all remain at the discreteintensity values are also mapped to the [0,1] range. See Appendix A
representation level. This implies that, no matter the output these for further explanation.
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Figure 1. Unidimensional illustrative outline of the Gaussian mixture representation step. (a) The observed signal (OS) is shown with a solid line (blmoc@l)
while an estimation of the background level (BL) is shown in the horizontal dotted line. (b) The background-subtracted and cleaned signal (®S) is st@w
with a solid line and the region with significant emission is bounded by the dotted vertical lines. (c) The initial-guess estimation (IG) of the Bixtissa
representation is shown with a dash-dotted line. (d) The final approximated solution (AS) is obtained and shown with a dashed line and the indisidnal Ga
mixture components (GM) are shown with a dash-dotted line.

Letus defindy: [0, 1]° — [0, 1] as the function thatdescribesthe  Wedefindn = [c1, ..., cy, U, ..., UL, vecEy)T, ..., vecEy)']"
standardized observed data dnd0, 1]° — [0, 1] as the function as the vector of all the parameters that defin@dditionally, we
that describes the background-free data. Then, impose further restrictions on the solution space in order to get a:

simple and computationally tractable method:

Jo(¥) = f(X) +e,

where x € [0, 1]? is a position-position (D = 2) or position-
position-velocity (D = 3) coordinate and is the additive back-
ground noise. Having the data as a continuous function is required
by our proposal, since we need to evalulgtanywhere in the do-
main [0, 1P. The functionfy is built as a bilinear interpolator in A discussion about these restrictions and how they are implemented3
the case of 2D data and as a trilinear interpolator for 3D data. It is is presented in Appendix B1. The problem can then be formulated £
worthwhile mentioning that this kind of interpolator might not be  as optimizing the parametey®f u under these restrictions, in order
the optimal for interpolating radioastronomy data, but it has shown to find an accurate approximationfoffThe method to obtain such a
a good compromise between accuracy and computational cost.  functionu is presented in the next section.

From all the available coordinates, we are only interested in the
subset ofsignificant emissionQz[0, 1]°. Each coordinate i
is what we call asignificant pixel To identify these regions, we
estimate the background level considering a sourceless region. All .
pixels with values below this level are discarded fréhand the A problem that may arise when trying to approximgtewith a
background level is subtracted from all the other pixels. This creates Gaussian mixtures is thatu might have larger values thafi in
segmented groups of p|Xe|S from which 0n|y those |arger than a certain areas of the domai®. This results in an undesired overes-
given size are considered significant. In practice, this selection is timation of flux inu with respect tof, a phenomenon that we call
made using erosion and dilation morphological operations, which is flux addition
comparable to how Bernp(015’s FELLWALKER algorithm performs In order to obtain an accurate representatiofi ahd also reduce
the same operation using cellular automatons. the possible flux overestimation in we formulate the problem as

After this pre-processing stage, we obtain an estimation of the @ minimization of the following functional:
background-free dat : [0, 1]° — [0, 1]. Please note that our es- . .
LS . L . u* =argminJ (u)
timation considers that the background emissiois uniformly M’

(i) the weightsc; should always be positive;

(ii) the Gaussian centrgs; are restricted to be in the region of
significant emission;

(iii) the Gaussians are restricted to be spherically symmetric.

Utl/woo dnoolwapese//:sdny wo.y papeowm@

3.3 Variational formulation

202 19qWan0N G0 U0 1sanb Ag £80581G/8.82/€/¢8Y/a101ne/

distributed, which is a very optimistic assumption, as it might not )
be the case in many datasets. We direct the reader to the work = argumln/g L(X, uyug, uy, - ) dSQ2 @
by Men’shchikov 2017, where a more sophisticated background- . B
subtraction method is proposed. =arg min/ (f —u)?+aV¥(u— f) d,
u Q S=——— N———
Similarity Flux Control
3.2 Solution structure whereus is the minimizing functiony € R§ is a weight parameter

) ) ) . o and¥ > 0 is a function described in detail in Appendix C. The
Now, the main goal is to find a functiom: QIZ[0, 1" — [0, 1] Lagrangian functior. : R — R determines the properties of the

as similar as possible b We constrairu to be a Gaussian mix-  gq|ytion we are looking for. The proposed Lagrangian has two main
ture of N components, where each Gaussian component is deflnedtermS described as follows.

by its weight, mean (or centre location) and covariance matrix:
(ci, m;, i), respectively. The general form of such Gaussian mix-
tures is as follows:

N 1 IHere, vec() refers to the vectorization operator, which converts the input
u(x) = Z ¢; exp (_E(X — ) X — [Li)) ) D) matrix into a column vector by stacking the columns of the matrix.
i=1

MNRAS 482, 2878-2892 (2019)
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(i) Similarity:this is the standard term that penalizeslth@orm
of the difference between observed dgtand the Gaussian mixture

approximatioru.

(ii) Flux control: this penalizes the overestimation of flux f
overf; it penalizess when it adds extra (non-existent) flux as part of
the solution, i.eu should be upper bounded Ky This is explained

in detail in Appendix C.

The minimumus of the functional (2) can be obtained by solving
the Euler—Lagrangesquation (Guptd996 Logan2013:

D

oL
ou ;

d

Ek Outy,

oL

=0, with x(dQ) = F(O%).

®3)

where Dirichlet boundary conditions are imposed am. If we

replace the Lagrangian in (2) in the Euler—Lagrange equation (3),

we obtain the equation
2(f —u) +a¥' - f)=0.

(4)

non-linear system of equatioAg\dditionally, we observed a good
empirical behaviour in the non-linear least-squares solvers for this
problem. For these reasons, we decided to solve the system (6)
through a least-squares approach, by minimizing the residual func-
tion R(y) = %r(n)Tr(n) with the Levenberg—Marquardt algorithm
(LM). We chose LM because of its stability properties (local con-
vergence ensured) and its computational efficiency M&78.

4 GAUSSIAN MIXTURE REDUCTION

4.1 Gaussian agglomeration

The second part of this method is to use the Gaussian mixture
representation to identify and quantify independent cloud entities

and their hierarchical dependences. For this purpose, we perform
a Gaussian mixture reduction (GMR) algorithm on the Gaussian

mixture. This was the main reason why we used Gaussians instead
of any other particular basis function.

Since partial derivatives af are not present in the Lagrangian
equation (4) is algebraic and non-lineawint is important to point
out that one could solve equation (4) by setting= f. However,
this does not satisfy our assumption of representing the data as a
mixture of Gaussians with the constraints mentioned in Section 3.2.

A Gaussian mixturean be formally written as a linear combina-
tion of normal probability density functions (PDFs):

N
hv(X) = > wiMX; g, %) with

3.4 Gaussian mixture parameter optimization Mx; i, 3) =

As we described in Section 3.2, we have parametrized the structure
of u as a constrained mixture of Gaussians. Now we want to find a

exp (50— )k - ).

functionu with this predefined structure that solves equation (4).  aiso denoted asf := {(wy. pi1, 1), . ... (wy. fty. y)}, Where
We will useu(x, n) to denote the constrained Gaussian mixture . are the weightsy, the mean vectors ari; the covariance ma-
parametrized by). Then, to complete the first step of the method, trices. The GMR algorithms consist of reducing lstomponent
we need to find thearameter vecton to approximate the function  Gayssian mixturery(x) to an M-component Gaussian mixture
w«. In order to do this, we defing(x, n) as the expression obtained | (x) (with M < N), such thathy and hy are as little dissimi-
when we evaluate(x; n) on the left side of the Euler-Lagrange  |ar as possible, in a sense to be defined next in this section.

equation (4) ak and for a given:

Since all the results in the literature of GMR algorithms apply

E(X, 1) = 2[£(X) — u(x; n)] + W' [u(x;q) — F(X)] (5) only to Gaussian mixtures as presented in (7), we need to perform
an algebraic arrangement on thg) function:

and we also define B&( ) = u(X; ) — f(x). Then, the problem
can be reformulated as solving

E(X, n) = 0 with boundary condition BG(, ) = 0.

This non-linear system of equations arises by evaluatifig n) at
collocation pointsQ and evaluating BG(, ) at boundary points

B. The discussion and method for generation of these points is
described in Appendix D. If(f;’gI € Q are the selected collocation
points andx(,. € B are the selected boundary points, then the
following non-linear system of equations is obtained:

0 = > crexp (30— ) - )
i=1
i 1 T-1
Ci WGXP(—E(X — i) Z(x = I’«i))

N
= Z w N(X; 1y, Z0),
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r(n) =

1
E (Xgo)h 17)

E (XSC%), 17)

BC (

Bc(

(1)
Xpoune 1

(I1B1)
Xbouna

)
)

(6)

In many cases, we need a fine-grained evaluatiof (af ») in
Q2 to get an accurate approximation, obtaining an over-determined of equations is greater than the number of unknown parameters.

MNRAS 482, 2878-2892 (2019)

with w; = ¢;+/(2m)P | Z;|. We need to point out that (8) is the same
u(x), but rewritten and interpreted in a convenient way for GMR
purposes. Each component in this mixture represents exactly the
same component in the original linear combination of Gaussians.
There are many algorithms to perform GMR and a complete sur-
vey of them can be found in Crouse et &011). Among these al-
gorithms, we chose the RunnalR0Q7) approach for the following
reasons. (1) It is computationally efficient. (2) It is the most robust
among simple GMR algorithms: advanced algorithms like Gaussian

2This over-determined non-linear system is obtained by increasing the size
of the collocation point setd), such that Q| + |B| > |n|, i.e. the number
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Figure2. Example tree describing the hierarchical agglomeration process.
HereG; represents a single Gaussian 8Qlis the merging function, which
in this case computes tl,eoment-preserving merge

Mixture Reduction via Clustering (GMRC: Schieferdecker & Hu-
ber 2009 and Constraint Optimized Weight Adaptation (COWA:
Chen, Chang & SmitR010 use its output as an initial guess. (3) It
is ahierarchical clustering algorithmi.e. it allows the construction
of a hierarchical binary tree describing the relations between the
reduced mixture components.

In order to understand how the Runnalk9Q7 GMR algorithm
works, we need to introduce the following two concepts.

(i) Moment-preserving merge. The moment-preserving merge
of two Gaussian§(w;, u;, %), (w;, u;, X;)} corresponds to a sin-
gle Gaussiany,,, 1,,, ,,) that preserves the zeroth, first- and

second-order moments of the two-component mixture. Its parame-

ters are obtained as follows:

Wy = wW; +wj,

W, W
I’Lm - wm I'Ll wm ”‘]’ (9)
w; w w; W
X = i+ 712/’ + 2j (i — )i — ﬂj)T~
Wi Wi wy,

(i) Kullback—Liebler divergence (KLd). The Runnalls
(2007 approach compares each two-component mixture
{(wi, i, 3), (wy, mj, £j)} with its moment-preserving merge
{(wn, 1,,» ,n)} using a Kullback—Liebler divergence (KLd) up-
per bound. In Williams & Maybeck2003, the KLd is described as
the ‘ideal cost function’ for Gaussian mixture reduction, but it has
the disadvantage of lacking anlosed formin the case of Gaussian
mixtures. However, Runnall2007 obtained the following upper
bound:

de (i, j) = = ((wi + w))10g| S| — wi log | =] — w; log|Z;1),

(10)

NI =

which exhibits very good empirical results.

The agglomeration process then works as followkile more
than one component remains in the Gaussian mixidreind the
two components that are the least dissimilar in the sense of (10)
and replace them in/ with its moment-preserving merge.

Through this agglomeration process, we build a binary ffee

single Gaussian. Every time we merge two components, we replace
the branch by its moment-preserving Gaussian.

4.2 Gaussian hierarchical decomposition

In this step, we decompose the tfBeierarchically (see Fi@). This
process consists of traversifidrom top to bottom, decomposing it
into a set of disjoint subtrees, each one representing an independent
cloud entity. In particular, we are interested in obtaining a set of
disjoint subtrees of: {71, 72, ..., Tx}, where each one inked

to a single cloud entity. This data structure has the advantage that
it allows itself to be navigated through, thus making it possible to
dive into the structure of the molecular cloud. This method is very
convenient, because it allows identification of the cloud entities at
multiple scale-levels across the hierarchical structure of the molec-
ular cloud, but one can also obtain an accurate Gaussian mixture
representation for each of the substructures.

An example of the decomposition of the hierarchical tree is il-
lustrated in Fig3, where the first two steps of the decomposition
procedure are shown. In Fi@(a), two cloud entities are repre-
sented with the subtre§g and7;, while in Fig.3(b) the subtred;
is decomposed into its corresponding subtrEeand7s. In simple
terms, each of the subtrees in F8jis linkedto a cloud entity. In
this case, the cloud entities represented by tfgemd7; are sub-
structures of the cloud entity represented by ffgen this way, we
are able to track the hierarchical relationships between the different;
independent cloud entities identified.

A key feature of our method is that we keep the mixture of leaf
Gaussians as the flux representation, rather than using the momentg,;
preserving merge Gaussians at the root of each subtree. Thereforey
there is no strict Gaussianity assumption (or any other shape) of thes
clumps. Also, we can reconstruct accurate images of the identified &
clumps from the leaf Gaussians.
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5 EXPERIMENTS

In this section we assess our method quantitatively and
qualitatively’. We study its parameter dependenceNoand« in
Sections 5.1 and 5.2, respectively.

Afterwards, we perform several experiments on a set of astro-
nomical images in Section 5.3 and on spectroscopic cubes in Sec-p
tion 5.4. For these purposes, we take advantage of the publicly o
available ALMA SV data sét(Hills 2011). We collected calibrated
continuum maps of Orion KL, NGC 3256 and NGC 4038, part
of the Antennae galaxies and the spectroscopic line cube of Orion
KL. Table 2 shows a summary of some characteristics of the se-
lected data. These observations were selected because they displ
a clumpy and hierarchical structure, perfect for our purposes.

To evaluate the performance of our algorithm, the following quan-
tities are measured.

sonb Aq ¥805815/8.82/€/28

AON GO U

vzoz Bqws

(i) RMSof residual: (ﬁ S - u,-)Z) Y2 Which s the root-
mean-square (RMS) value of the residual dver

(i) Fluxaddition: 3=, 7(u; — £:)®, which is the amount of flux
added byu (over f).

3This implementation is based orv4oN and is supported by standard
libraries: NUMPY, SCiPy, NUMBA, MATPLOTLIB, ASTRCPY, among others.

which contains the hierarchical_ erendences between the mixturen|| this code is publicly available in theepositoryfor reproducibility of the
components and the cloud entities these components represent. Asxperiments.

visualization of the creation process pis shown in Fig.2. This

4https://almascience.nrao.edu/alma-data/science-verification

tree is built from the bottom to the top and each node represents a®Here, () denotes th@ositive part functiondefined asx)*™ := max (0,x).
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Figure 3. First two steps of the decomposition process.
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Table2. FITS data used from the ALMA Science Verification archive. The first three entries correspond to continuum maps and the remaining two are data
cubes. Here, NPIX-RA denotes the number of pixels in RA coordinates, NPIX-Dec denotes the number of pixels in Dec. coordinates, NPIX-Freq denote%—the
number of pixels in frequency coordinates, Frequency corresponds to the central frequency of the observation, ARes denotes anguldyigsahaB)y;
denote the minor and major axes of the beam and SRes denotes spectral resolution.

Name NPIX-RA NPIX-Dec NPIX-Freq Frequency ARes Bwin Biaj SRes
[MHZz] ["] ["] ["] [MHZz]
Orion_KL 100 100 1 230.949 0.40 1.368 1.856 —
NGC 3256-C0O1.0 100 100 1 107.366 1.00 4.609 6.770 -
NGC 4038-C0O2_1 500 500 1 344.031 0.13 0.658 1.206 —
Orion KL-CH30H 100 100 41 229.753 0.40 1.375 1.894 0.49

- . 5.1 Number of Gaussians
0.6 // A —— Observed signal
05 4 X —=- GM representation The first set of experiments consists of the study ofghality of
' the obtained solution and the number of Gaussians required for it.
204 In Fig. 5 (left column), we observe the results for the 2D images in
g 03 Table2 as a function oN. Note that there is a decreasing behaviour
€ for all quantities as we increade The reduction of the RMS of the
02 residual, flux addition and flux lost indicate that we are achieving a
0.1 better approximation afi.
0.0 As expected, adding components to the mixture representation
0.0 0.2 0.4 0.6 0.8 10 allows us to obtain a more accurate representation. However, it is

Spatial coordinate important to note that the computational complexity is quadratic
with the number of centre§)(N)? (See Fig6).
Figure4. Anillustrative sketch for flux addition (left, green area) and flux
loss (right, pink area) measures between the observed signal and its Gaussian
mixture representation.
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5.2 Flux addition

The second set of experiments consists of the study of the im-
(iii) Flux lost: 3=, 7(f; — u;)*, which is the amount of flux not ~ Portance of théree parameterr. As presented in Appendix @,

represented by (under f). controls the relative importance between the terms in the func-
tional (2). This means that higher values @fgive a greater

Here,Z is defined as the set of the indexessa@hificant pixelsand relevance to thdlux control term with regard to thesimilarity

#: andy; are the values of andu evaluated at thih pixel. term.

Fig. 4 shows an illustrative sketch for better understanding of  In Fig.5 (right column), the results for the 2D images in TaBle
these measures. Notice that the RMS of the residual evaluates howare presented. We observe that there is an evident decrease in the
similar u is to 7, i.e. it evaluates the impact of the first term of amount of flux addition, which is what we expected when increasing
the functional (2). The remaining measures assess whether flux isthe value ofx. As a direct consequence, there is an increase in the
being lost or added by the Gaussian mixture representation. Thesdlux lost and the RMS of the residual. This happens because the
evaluate the impact of the second term in the functional (2). relative importance of theimilarity term in (2) decreases.
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5.3 Structural analysis of images signal and therefore we also know the real flux distribution of the

clumps (the number of clumps and the shape of each one).
To test the capability to identify entities within the cloud further,
we use the continuum map of the Orion KL complex from ALMA

In this section, we show the capabilities of our proposal for the
hierarchical identification and description of independent cloud en-

tities, by applying it to real and synthetic data, and we also show SV. This region is one of the archetypal massive star-forming re-

how the structural analysis is performed. . . ions in the Galaxy (Crockett et 2014 and is of particular interest
For assessment purposes, we use the synthetic generated |mag%

shown in Fig.7. This image was generated as the sum of eight ue to its close distance (in fact, it is the nearest star-forming region,

blended Gaussians. Additive background noise modelled with the ;'?]tvae(rj]ltztan(c':er |c(:,fdtllt7l_ggnl\é|;gtle;; e_lt_:lljzg?thnsdt;teserr']cgec:gzgglln
half-normal distribution (Byer2009: & ~ |X|, with X ~ M0, 02 ry

ando = 0.01, was generated and added to the image. This allows detail (.g. in Crockett et aR014 Feng et al2015, chemically

: L and structurally. Regarding the latter, it is known that emission in
us to know exactly which part of the emission corresponds to the _ . . - . .
Orion KL is due to several distinct spatial/velocity components and

MNRAS 482, 2878-2892 (2019)
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1.0 over-decomposing them. It is clear from Fgthat our algorithm is
capable of recognizing the known entities in the Orion KL complex.
0.8 As a comparison, in Fig9 we show the results obtained by
the CLUMPFIND and FELLWALKER algorithms. Here we display the
boundary of the detected clumps. Similar entities are detected for
0.6 all algorithms. However, with our method, we were able to capture
emission of blended entities and identify substructures that the other
0.4 algorithms are not able to find.
Itis important to mention that our method does not determine the
number of clumps, aSLUMPFIND Or FELLWALKER optimistically try
0.2 to do. However, we offer the possibility of producing a decompo-
sition for an arbitrary number of clumps, allowing us to dig deeper
0.0 into the hierarchical structure of molecular gas by being able to -
identify cloud entities at different scale sizes across this hierarchy. S
Figure 7. Synthetic generated data of 150150 pixels; the red dots and ~ Moreover, this is done with no extra significant computational cost, 2
ellipses indicate the positions of each Gaussian emission. since all the data needed are stored in the hierarchical tree data®
structure. This is not possible with classical clump identification &
. " . algorithms, which have to be re-executed with a different set of g
se_veral clumps and sources have been |den_t|f|ed (e.g. sed table parameters to get a different number of clumps identified. i
Friede| & Looney2017for a summary overview of thes_e compo- In real data, it is not possible to separate the contribution of &
nents). The mo§t prominent are the hot core, compact ridge, plateaudifferent entities in the flux value for each pixel, thus there exists 2
and extended ridge (Crockett eta014. In the continuum map of some blending in the distribution of flux per pixel among the entities. §

Orion KL from SV data, only the hot core and the compact ridge
appear, as shown in fig. 8 of Crockett et 2014).

In Fig. 8, we present four steps of the hierarchical decomposition
process over the Orion KL image, showing very good results. For
a good visualization, we display each detected entity with a con-
tour line at the background level. In this case, up to seven cloud
entities are clearly identified. We can decompose each identified
entity even further (a feature of the method), but this may lead to

This issue can be addressed by using synthetic data, where we knows
how much flux belongs to each entity. In this way, our knowledge of %
the structure of the cloud is accurate. We perform the same structural 2
analysis as with Orion KL on the synthetic image in Fg.

Fig. 10 shows the decomposition results obtained. At each step,
we split the cloud entity, which exposes a hierarchical dependence,
with denser objects contained inside that cloud, attempting to match
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Figure 8. Gaussian decomposition process over Orion KL. Solution with 1, 3, 5 and 7 entities detected is shown, from left to right and top to bottom.
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Figure9. Segmentation results of classic clumping algorithms over Orion KL.
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Figure 10. Gaussian decomposition process over synthetic data. Decomposition with 2, 4, 6 and 8 detected entities is shown, from left to right and top to
bottom.

the flux distribution of the clumps of the synthetic data. All but one synthetic image. We observe ttatumPFIND has serious problems
ofthe clumps was correctly detected and represented. The exceptiorwith noise, producing as a result a large number of clumps as output.
happens because that particular clump has low intensity and smallOn the other handsELLWALKER does a very good job of detecting

extent, making it difficult for any algorithm to identify. the clumps. However, itis unable to capture the blended emission of
For comparison, we show in Fi@lthe boundary of the clumps  coupled entities and thus the representation of such blended clumps
detected by thecLUMPFIND and FELLWALKER algorithms in the is not accurate.

MNRAS 482, 2878-2892 (2019)
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(a) clumpfind solution. (b) fellwalker solution.

Figure11. Segmentation results of classic clumping algorithms over synthetic data.

5.4 Structural analysis on spectroscopic cubes only is it a descriptor of the hierarchical structure of the molecular
cloud, but it also builds a tree data structure that allows us to iden-
tify molecular cloud entities at different scales. Furthermore, each ©
identified cloud entity is represented by a mixture of Gaussians.
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Finally, we analyse spectroscopic data cubes. ERyshows the
final results of the hierarchical decomposition process. For good
visualization and mterpret_atlon, we show the_ t_hre_e 2D_pr01ect|ons We have also shown that this representation is accurate and handle
(one for each stacked axis) of the cloud entities identified by our o ..
o A emission of blended cloud entities successfully.
method. Here, each detected entity is represented with a contour . ) . )
surface at the background level. This means of visualization is The proposed glgonthm consists 9ftwo main steps. Thefirst ste.p
useful for our decomposition procedure, because if we see a Cloudproduces a continuous representation of the image as a Gaussiarg
entity that exhibits a hierarchical de eﬁdence by containment of mixture and the second produces a binary tree data structure through2
y o P 1ce by a Gaussian mixture reduction algorithm.

substructures inside it in any of these projections, then we can .
choose to decompose it A set of experiments was performed to show the capabilities and

We observe in Fi 12.a decomnosition of the intearated ma limits of our proposal. We demonstrated that the quality of the solu-
obtained from the Ii?]e of methanrc))l (GBH) in Orion ?(L This P tion obtained, i.e. the accuracy of the representation, improves as the
line traces the hot core and the compact ridae (Crocketté@&l@ number of Gaussians increases (within a reasonable extra compu-
Again. our results show that we car?identif?/ the entities in at-least tation time). We also validated that the increment of the parameter
or?e 01: the proiections « was able to reduce the overestimation of flux of the Gaussian

proj ) mixture for the original data. This quality test was performed using

we obs_erve in Fig.12 a decomposition of the integrated continuum maps of molecular gas from ALMA SV with different
map obtained from the line of methanol @BH (rest fre- - .
levels of clumpiness and resolution.

quency= 229.759 GHz) in Orion KL. This lines traces the entities . . .
) . We also presented the output obtained with our algorithm ap-
we observed in the continuum map, namely the hot core (HC) and .. ) .
. . . plied to the continuum map of OrionKL from the ALMA SV
the compact ridge (CR). The right panel from Fig. 12 shows the de- .
o : . . database. Our algorithm successfully recovers the well-known cloud
composition obtained by our algorithm in the complex. Structures o o . .
; entities identified in the literature. When compared with other
S2 and S5 correspond approximately to the HC and CR, respec- .
- 1 state-of-the-art algorithms such asuMPFIND and FELLWALKER,
tively. The peak frequency corresponds to a valugspk 8 km s . o .
1 . our proposal deals properly with the emission of blended enti-
for S2 (HC) andvisr ~ 6.8 km s* for S5 (CR), in good agreement .~} . . . ;
. . ) ties in molecular clouds and thus is more sensitive for identify-
with previous works (Friedel & Loone§017). . . ;
L . . ing substructures in the cloud. Moreover, with our method, we
Itis important to mention that the computational cost for process- . . ] N
were able to identify and produce an accurate representation of

Ing 3D spectroscopic cubes with ourmethod increases ConSiderably'muItipIe-scaIe entities transversely in the molecular cloud hier-

This is due to the higher number of Gaussians needed to obtain an o ; .
. archy. This is possible because our method combines features
accurate representation.

from continuous representationas well ashierarchical repre-

sentationsof previous approaches to clump and cloud identifi-

6 CONCLUSIONS cation. This analysis included 2D images and 3D spectroscopic
) ) _ Cubes.

In this work we have introduced a new and novel approach for hi-  gome features of HDMC require further analysis and may ex-

erarchical analysis of two- and three-dimensional observations of tend and improve the results presented here considerably. The most
molecular clouds. We presented a convenient alternative to state-yemgarkable are the following.

of-the-art algorithms (Alves et a007 Rosolowsky et al2008

Men’Shchikov et al2012 Gregorio et al2014) to perform struc- () In order to simplify the model, we decided to use spherically
tural analysis, which was able to trace the nested relations betweersymmetrical Gaussians. However, with data with very different res-
multi-scale cloud entities. The novelty of our proposal is that not olution scales, this would require the use of more Gaussians in the

dno
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Figure 12. Structural analysis over OriaL-CH3OH with a decomposition of five entitieseft visualization of the three 2D projections of the detected
entities.Right frequency spectrum of the detected entities, standardized by the total sum of flux.
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APPENDIX A: SCALING AT PRE-PROCESSING step described in Section 4.1.

The data used in this article consider spatial coordinates, frequencies It IS important to distinguish between theal modelparameters
and intensity values, each of them with their own scale. This diver- 7 @S presented in Section 3.2 and theernal modelparameters
sity of scales is a great challenge for numerical computing when the presented in this section that allow us to bound the real ones. These
algorithms used need to couple the variables. A traditional and yet internal modelparameters correspond 8. 6; . ;). The other
useful strategy to manage this is by means of normalization of the Parameters such gg;, &;, omin andomax are set heuristically, as
variables used (Marquard®80).

Inthe general case of a data cube, we have two spatial coordinates,
with Ny andN, pixels in each dimension, respectively, and a spectral SHere, sin () is applied elementwise a@ddenote elementwise multiplica-
coordinate withN, elements. If we leNmax = max Ny, Ny, N,), tion.
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explained in Appendix B2. Then thieternal modeparameter vec-
tor is defined asj = [c1,...,cn,0],...,0%,61,...,6y5] and is
mapped directly tay.

B2 Heuristically set parameters

(i) Minimal and maximal widthThese two § min, 0 max) are esti-
mated as

D

1
Omin = K67D Z pl,,
d=1
. Nsignificant pixels
Omax = K omin With K = —>gnficantpiels (B2)
NGaussians

where pj is the pixel length in each dimension ands a constant

value. The reason we seti, in this way is that the smallest Gaus-

sian fits ink pixels. For a single pixel = 1), the coverage of
a Gaussian (we consideb Bis set to be half the size of a pixel,

where the pixel size is estimated as the mean of the pixel lengths

in each dimension pl This gives us equation (B2). The value
is estimated as BSize/ARes, the quotient betweerBemm Size
andAngular Resolutiorf the input data. The value ofy is just

K times o min, WwhereK is an estimation of the number of pixels
each Gaussian must cover. It considers Gaussian centres uniformlythe collocation points2, which are the points where equation (4)

distributed across the significant pixels.

(i) Reference centre§he vectorsjt; are determined with the
method presented next in Section D1.

(iii) Neighbourhood of reference centré@gie maximum distance

the actual centres can be The length of neighbourhood around max-
imum distance the, namedy, is set equal for all Gaussians. We set

this parameter a8; = [omin Omin]" OF 8; = [Gmin Omin Omin] | (de-

pending ifD = 2 orD = 3), i.e. centres can move a distance equa

to the minimal width.

APPENDIX C: FLUX CONTROL
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Figure C1. Fifth-order spline penalizing function and its behaviour as we 2
move in the range [1., 10.]. To achieve a faster penalization in the [0.,1.] =
domain, highen values should be used. g
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APPENDIX D: POINTS GENERATION %T
QD
It is necessary to introduce three sets of points that we use: the§

centre pointsP corresponding to the centres (means) of Gaussians,

‘dno-ol

is evaluated, and the boundary poifftsvhich are the points at the
boundaries of the structures to be represented. In what follows, we
present the methods we use to generate each of these points.

D1 Centre points

| As introduced in Section B1, there are two kinds of centre points
(Gaussian centres): theference centrpointsP are the fixed points
around which thereal centrepoints P can move. A good spa-
tial distribution of these points gives us the capacity to obtain an
accurate representation of the data over the region of significant
pixels.

80G815/8.8¢/€/Z8Y/3[01Ie/SeIul/Wod

The main reason for the variational formulation in Section 3.3was  or that purpose, we make use of generalized Halton sequences~

to include the flux-control term in (2). This term is introduced to

reduce the overestimation of flux in our solutiomver 7 and has
the formW (u — f). Therefore, the expected respons&gx) is not

to penalize negative inputx « 0), since in that case there is no

additional flux being added. For positive inputsX 0), a high and

rapidly increasing penalization is expected. Then the proposal isto _Then thereference centrpoints are generated as a sequence

useW(x) = (1 x), with ¥ being defined as

0, x <0,
Y(x) = { 1063 — 154 + 6x°, x €0, 1], (&)
1, x>1

where ¢ is a fifth-order spline with domain in [0,1], built

(Faure & Lemieux2009, which is a method for generation of a £
low-discrepancy sequence Bfdimensional points. It is guasi-
randomsequence generator that maximizes the distance betwee
the generated points, thereby producing an approximately uniform
set of points.

Tonb

of Halton points over the regions of significant pixels. Since the
regions of significant pixels are very irregular (can have any shape)
and Halton sequences fill square domains ([®),1jve generate
Halton points until our irregular domain is filled with the desired
number of points. An example of how these points are generated is
shown in Fig.D1(a).

720 1aquWBaAON G0 uo

to be continuous and smooth in its entire domain. Because

of its polynomial structure, evaluating the function and its

D2 Collocation points

derivatives is computationally fast, as they are lower order These correspond to the points in the region of significant emission

polynomials.
In this way, the parameterin (2) controls themaximum amount
of penalizationwhereas. controls thespeed of penaltyTo setx,

Q where equation (4) is evaluated. In order to obtain a consistent
non-linear system of equations (6), these points must sgdisfy
(D + 2)|'P| — |B|, whereD is the dimensionality of the input data.

we notice that the maximum amount of penalization is reached at In other words, the points i@ are much more than those of

x = 1/x. Since typicallyju — f| <« 1 during the optimization process,
theni > 1, with typical values in the range [1, 10], as shown in

Fig.CL

P.
These points are also generated as Halton sequences2over
Moreover, collocation points include threference centrgoints
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(a) Centre points.

Figure D1. Point-generation example over the Orion KL image from ALMA Science Verification archive. (@f&@nceandreal centre points generated
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(b) Collocation points.
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(c) Boundary Points.

20"

as generalized Halton sequences, (b) 200 collocation points also generated as a generalized Halton sequence and (c) 50 boundary points.

previously generatecf? C Q. An example of how these points are

generated is shown in Fi@1(b).

The reason fo® ¢ Q is that every Gaussian has a collocation

D3 Boundary points

is shown in FigD1(c).

In order to evaluate the boundary conditio(02) = f(0€2), a

finite set of points in the boundary are selected. These points areThis paper has been typeset fromgX/IATEX file prepared by the author.
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generated as a random sample in the set of boundary pixels. TheS
random sampling is performed assuming a uniform probability for
the boundary pixels. We sample the boundary pixels iteratively:
point near its centre. Having a collocation point close to each Gaus- €Very time a pixel is selected, this and its neighbour pixels are set ;
sian centre is necessary to reach a good solution, otherwise it hasat probability 0. This is done with the aim of obtaininggatially
been observed empirically that a single Gaussian could grow too distributedsample. An example of how these points are generated
much, deteriorating the overall solution.
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