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Introduction

In the last decade, the observation of chiral spin textures in magnetic materials, stabilized
by the Dzyaloshinskii-Moriya interaction, has sparked great interest due to their potential
applications in spintronics. Those chiral spin textures are presented in di"erent systems,
such as ultrathin ferromagnetic films with a specific lack of inversion symmetry in their
crystallographic structure. This kind of system spawns a new interaction between spins,
called Dzyaloshinskii-Moriya coupling, which di"ers from the usual interactions since it
induces a canting of the spins with a given chirality. It has been reported that in thin
films with DM interaction, the magnetization profile follows a conical helix.
This work is focused on finding how the conical-helix spin textures depend on the size
of the ultrathin film, considering di"erent classes of symmetries for the Dzyaloshinskii-
Moriya interaction, such as the T (bulk), Cnv (interfacial), D2d, anisotropic, Dn, and Cn

symmetry classes.
In the first chapter, the formalism to describe the problem is introduced, detailing the con-
tinuum energy terms associated with the di"erent interactions of the system. Then in the
second chapter a simple model that characterizes the magnetic texture is proposed, and
the total energy of the film is minimized, thus obtaining the parameters that characterize
it. Subsequently, the variation of these parameters are analyzed as the film size decreases.
The process is repeated for di"erent classes of symmetries of the Dzyaloshinskii-Moriya in-
teraction, and the confinement e"ects are analyzed for each case. Additionally, analytical
formulas for the nucleation fields for each symmetry class were obtained.
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Chapter 1

Micromagnetism

The behavior of magnetic materials is primarily characterized by their magnetic moment.
This quantity originates from the spin and orbital angular momentum of electrons through
the motion of the electric charge within the atoms and the intrinsic spin. Then, based on
the response of the magnetic moments when a magnetic field is applied, materials can be
classified into several groups [1–3]. One of them includes diamagnetic materials, in which
the weak magnetic moments are induced in an orientation antiparallel to an applied mag-
netic field. These materials do not preserve the magnetic ordering once the external field
is removed. This behavior stems from the fact that the atoms in diamagnetic materials
do not possess a net magnetic moment because their electrons are fully paired [2].

The next group is paramagnetic materials, where the magnetic moments are weak and
align parallel to an applied field due to the torque induced by the field. Like diamagnets,
the paramagnetic materials lose their magnetic ordering once the external field is removed.
However, unlike diamagnetic materials, the atoms in paramagnets contain unpaired elec-
trons and a net magnetic moment. The lack of magnetic ordering in the absence of a field
is because individual magnetic moments are randomly oriented [4].

Interestingly, ferromagnetic materials exhibit strong magnetic moments that tend to align
parallel to an applied magnetic field. These materials can retain the magnetic ordering
even after removing the applied magnetic field, resulting in spontaneous magnetization.
Soft magnetic materials are usually partitioned into regions known as magnetic domains,
within which the magnetic moments are uniformly aligned. These domains are responsible
for the macroscopic magnetization observed in ferromagnetic materials. In the unmagne-
tized state, the domains are randomly oriented, resulting in a net magnetization of zero.
However, upon application of a magnetic field, the domains align, leading to a net average
of the magnetic moment over the volume, well-known as magnetization. Ferromagnetic
materials lose their magnetic order when heated above their Curie temperature, at which
there is a transition into a paramagnetic state [1].

This thesis focuses on ferromagnetic materials, which exhibit strong magnetic order be-
low their Curie temperature [1]. In ferromagnetic materials, atomic spins interact via the
quantum mechanical exchange interaction, favoring alignment in the same direction. The
Heisenberg Hamiltonian describes this symmetric exchange coupling. The problem with
working this interaction at the microscale, where quantum mechanics accurately mod-
els atomic-scale interactions, is that applying quantum theory directly to systems with
a large number of atoms is computationally impractical. To address this challenge, a
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micromagnetic model was developed, which is valid when the characteristic length of the
problem is much larger than the lattice constant.

The micromagnetic model is a semiclassical theory that approximates a discrete atomic
array as a continuous medium and considers the quantum spins as classical vectors while
incorporating essential quantum mechanical e"ects, such as the exchange interaction [1].
This theory considers a homogeneous array of identical spins which may have di"erent
orientations. Therefore, the discrete distribution of magnetic moments is well approx-
imated by a continuous vector density M(r, t), the magnetization. For this thesis, the
dynamic e"ects of the magnetization are not considered, and the static magnetization has
a constant norm at low temperatures that can be written in terms of a unit vector m(r)
as

M(r) = Msm(r), (1.1)

where Ms is the saturation magnetization. The di"erent energy contributions depend on
the magnetization. The micromagnetic theory seeks to determine the internal magnetiza-
tion structure that minimizes the total free energy. Getting this goal can be challenging
since the dipolar coupling is nonlinear and nonlocal. Therefore, a method employed in
this thesis involves assuming a magnetization texture with defined parameters based on
reports of similar systems, calculating the total free energy, and minimizing it concerning
the parameters characterizing the texture. The subsequent section introduces the di"erent
energy contributions whose competence is relevant to the internal magnetization texture.

1.1 Free Energy

1.1.1 Zeeman interaction
When an external magnetic field Hze is applied to a ferromagnetic medium, its magnetic
moments tend to align parallel to the field. This coupling is described by the Zeeman
energy, which, according to micromagnetic theory, is expressed as:

Eze = →µ0

∫

V

M ·Hze dV, (1.2)

with µ0 being the vacuum permeability. Equation 1.2 shows that the energy minimum is
achieved when the magnetization is aligned with the field.

1.1.2 Dipolar coupling
The dipolar coupling energy describes the classical magnetic dipole-dipole interaction in
a magnetic material. For a continuous magnetization M = Msm and in the absence of
electric currents, Maxwell’s equations reduce to

↑ ·B = 0, (1.3)
↑↓Hdip = 0, (1.4)

where the magnetic field B can be written in terms of the dipolar magnetic field Hdip and
the magnetization M

B = µ0 (Hdip +M) . (1.5)

According to 1.4, a magnetic scalar potential U can be defined through Hdip = →↑U ,
which transforms magnetic Gauss’s law into a Poisson equation for U . Then, substituting
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equation 1.5 in equation 1.3 and writing the magnetic field in terms of the magnetic scalar
potential,

→↑ · (↑U) +↑ ·M = 0, (1.6)

which is solved in the whole space R3. Then, the magnetic scalar potential inside and
outside of the magnetic material can be written

↑
2
Uin = ↑ ·M (1.7)

↑
2
Uout = 0. (1.8)

This set of di"erential equations must be solved together with the appropriate boundary
conditions for the magnetic scalar potential:

Uin = Uout, (1.9)

ωUin

ωn
→

ωUout

ωn
= M · n̂. (1.10)

with n̂ the normal vector to the surface. Furthermore, to ensure a physically meaningful
and unique solution, the magnetic scalar potential must tend to zero at infinity.

Once the magnetic scalar potential has been obtained, the dipolar field Hdip can be
calculated, and the dipolar coupling energy is expressed as [1, 2]

Edip = →
µ0

2

∫

V

M ·Hdip dV. (1.11)

Unlike the other energies, this interaction is nonlocal due to the long-range nature of the
magnetostatic field raised by the dipoles, which can cause the emergence of chiral e"ects
[5, 6]. In some cases, such as ultrathin films, the energy due to dipolar coupling may
be treated as an e"ective local uniaxial anisotropy [7, 8], although it can not capture
the nonlocal nature of the dipolar coupling. Therefore, the complete form of the dipolar
coupling is used in this thesis.

1.1.3 Anisotropy energy
The anisotropy energy describes the preferential alignment of the magnetization along
specific axes, referred to as easy axes. This energy arises from the spin-orbit coupling,
where electron orbits are tied to the crystallographic structure, and their interaction
with spins causes the latter to orient along well-defined crystallographic directions [1, 2].
The associated energy density w is typically expressed using phenomenological models
involving power series expansions of the magnetization components that account for the
crystal symmetry [9]. The coe!cients in these expansions are determined experimentally.
There are di"erent kinds of anisotropy energy, with the simplest case being uniaxial
magnetic anisotropy. This type of anisotropy is present, for instance, in hexagonal crys-
tals [9, 10], and its energy expression depends only on a single parameter: the angle ε

between the c-axis and the direction of magnetization. Since the energy is symmetric with
respect to the ab-plane, odd powers of cos ε are excluded from the power series expansion.
The first two terms of this expansion are given by [9]:

wu = →K1 cos
2
ε +K2 cos

4
ε, (1.12)

where the coe!cients K1 and K2 depends on the temperature. Higher-order terms are
usually negligible.
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Throughout this thesis, the kind of anisotropy that will be considered is the superficial
anisotropy. From a phenomenological point of view, any surface energy term should
reflect the tendency of the normal magnetization at the surface to be either parallel or
perpendicular to the surface. In a thin film, the anisotropy energy term has an easy axis
either parallel or perpendicular to the film plane [11]. A first-order approximation for the
surface anisotropy energy term can be expressed as:

Ean = →
1

2
Ks

∫
(m · n̂)2dS, (1.13)

where the integration is performed over the surface of the ferromagnet, z is a unit vector
normal to the film’s surface, and Ks is the surface anisotropy constant. In an ultrathin
film, this energy term can be averaged over the volume, where K→ = Ks/d represents the
surface anisotropy constant normalized by the film thickness d. The resulting volume-
averaged surface anisotropy energy is then given by

Ean = →
K→

2

∫

V

(m · ẑ)2dV. (1.14)

For K→ > 0 the superficial anisotropy energy favors the alignment of the normal mag-
netization perpendicular to the film, contrary to the dipolar coupling, which favors the
in-plane spin alignment. This competition is encapsulated in the anisotropy/dipolar qual-
ity factor Q = 2K→/µ0M

2
s .

1.1.4 Exchange coupling
The symmetric exchange coupling describes how magnetic moments interact with their
neighbors. This interaction has a quantum origin and has no classical analog. The ex-
change interaction is isotropic concerning the magnetization rotation in the lattice, as it
only aligns parallel or antiparallel the neighboring spins without a given preferential orien-
tation. It is the strongest coupling and is responsible for the existence of ferromagnetism
and antiferromagnetism. However, it is a short-range interaction that only couples the
nearest-neighbor (n.n.) spins. In a discrete spin model the symmetric part of this energy
is given by the Heisenberg Hamiltonian:

Hex = →

∑

i,j

JijSi · Sj, (1.15)

where Si, Sj are the spin operators of sites i and j that are approximately equal, and Jij

is the exchange integral, which decays quickly with distance and it is consider zero after
a cuto" distance between spins, taking a constant value J for isotropic materials. The
exchange integral is positive for parallel alignment or negative for antiparallel alignment.
Assuming a homogeneous material and the micromagnetic limit, the exchange energy can
be written as:

Hex = →JS
2
∑

n.n.

cosϑij. (1.16)

where S is the average spin, Small angles between neighboring spins are expected since
this strong interaction acts only to the nearest neighbors. Thus, the cosine function can
be expanded as:

Hex ↔ →JS
2
∑

n.n

(
1→

ϑ
2
ij

2

)
. (1.17)
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Here, the sum in index i runs over the entire sample, while the sum in j runs over the
n.n. of site i. The first term corresponds to the constant energy of the saturated state [1].
In the continuum approximation, the exchange energy density is given by:

Hex = A

∫

V

[
(↑mx)

2 + (↑my)
2 + (↑mz)

2
]
dV, (1.18)

where A = JS
2
c/a is the exchange sti"ness constant, with a the side of the cell and c the

coordination number.

1.2 Kinds of Dzyaloshinskii-Moriya interactions
The properties of so called chiral magnets are strongly influenced by the Dzyaloshinskii-
Moriya interaction (DMI). In seminal work [12], Dzyaloshinskii studied weak ferromag-
netism, a phenomenon that commonly appears in antiferromagnets due to anisotropic
exchange interactions. To describe this behavior, he phenomenologically introduced the
asymmetric exchange interaction (AEI) using symmetry arguments, pointing out that
magnetic crystals with low symmetry and spin-orbit coupling give rise to AEI. Shortly
after, Moriya provided a microscopic derivation of AEI [13] using the theory of superex-
change interactions proposed by Anderson [14]. Moreover, Dzyaloshinskii demonstrated
that for noncentrosymmetric magnetic crystals, this interaction stabilizes long-period spa-
tially modulated structures with a fixed sense of rotation, i.e. with a chirality, of the total
spin vector at each site [15]. The discrete Hamiltonian for DMI is described as:

Hdm = Dij · (Si ↓ Sj) . (1.19)

where Si, Sj are neighboring spin vectors, and Dij is the Dzyaloshinskii-Moriya vector,
which depends on the symmetry-breaking mechanism that activates the DMI. This energy
is minimized when the adjacent spin vectors are orthogonal. In the micromagnetic limit,
the total energy is

Edm =

∫

V

wdm dV, (1.20)

where the energy density wdm changes according to the crystal symmetry, and it is de-
scribed as a combination of first-order spatial derivatives of the magnetization, known as
Lifshitz invariants (LIs) [16–18]:

L
k
ij = Mi

(
ωMj

xk

)
→Mj

(
ωMi

xk

)
. (1.21)

There are di"erent kinds of DMI, depending on the symmetry of the crystal. Bogdanov
et al. [16] proposed di"erent types of DMI belonging to a group of known crystallographic
classes. The most common symmetry studied is the tetragonal point group T in noncen-
trosymmetric bulk B20 cubic crystals, which is known as bulk DMI [19]. This symmetry
is present, for instance, in MnSi [20–22], FeGe [23–25], Fe1↑xCoxSi [26, 27] and other cubir
magnetic compounds [19]. Its energy density is mathematically described as [17]:

H
T
dm =

D

µ0M
2
s

(
L

z
yx + L

y
xz + L

x
zy

)
, (1.22)

where D is the strength of the DM coupling measured in J/m2.
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Another commonly studied symmetry is the Cnv point group found at interfaces of a
ferromagnet and a heavy metal, which is known as interfacial DMI [28–30]. Here, the
inversion symmetry breaking occurs at the interface (z-axis) and the energy density is
described as:

H
Cnv
dm =

D

µ0M
2
s

(
L

x
xz + L

y
yz

)
. (1.23)

This work also considers more exotic kinds of symmetries besides the usual T and Cnv,
such as the D2d symmetry and the anisotropic DMI, whose energy density read:

H
D2d
dm =

D

µ0M
2
s

(
L

y
xz + L

x
yz

)
, (1.24)

H
an
dm =

D

µ0M
2
s

(
L

x
zx → L

y
zy

)
. (1.25)

The anisotropic DMI, introduced by Jena et al. [31], emerges in Heusler compounds with
a D2d symmetry due to the layered nature of the structure where Pt atoms break inversion
symmetry of a magnetic Mn layer di"erently along the [100] and [010] crystallographic
orientations. Finally, crystallographic point groups Dn and Cn, are formed by the combi-
nation of two DM terms following the formalism established in [16].

H
Dn
dm =

D1

µ0M
2
s

(
L

y
xz → L

x
yz

)
+

D2

µ0M
2
s

(
L

z
xy

)
(1.26)

H
Cn
dm =

D1

µ0M
2
s

(
L

x
xz + L

y
yz

)
+

D2

µ0M
2
s

(
L

y
xz → L

x
yz

)
. (1.27)

The classification of DMI according to crystallographic classes arises from the symmetry
of the underlying lattice or interface [18]. The specific combination of Lifshitz invari-
ants allowed by symmetry reveals a rich variety of chiral interactions that determine the
orientation, stability, and periodicity of magnetic textures in thin films. While the bulk
and interfacial DMIs have been widely studied, more exotic symmetry classes such as
D2d, anisotropic, Dn, and Cn have received less attention [16], particularly in confined
geometries. In this work, we aim to systematically compare the behavior of conical-helix
textures stabilized by each of these symmetry classes.

1.3 Conical-Helix magnetic textures
In a ferromagnetic material, the competition among symmetric exchange, Dzyaloshinskii-
Moriya, magnetic anisotropy, dipolar, and Zeeman interactions gives rise to a ground state
with a noncollinear alignment of the magnetic moments, known as a magnetic texture [32].
Only a limited number of inhomogeneous textures are energetically stable. In ultrathin
films, the most prominent magnetic textures are stripe domains, Bloch and Néel domain
walls [3], as well as skyrmion arrays [20, 33–35] and spin spiral structures [36–38].

Dzyaloshinskii started with the study of chiral magnetic textures, demonstrating that
asymmetric exchange interaction can stabilize spatially modulated structures with a fixed
rotation sense of the magnetization [12, 15]. Shortly after, Moriya developed a microscopic
derivation of AEI. Following their pioneering work, chiral textures have been investigated
theoretically and experimentally in di"erent kinds of magnetic crystals. Ishikawa et al. [39]
and Motoya et al. [40] conducted high-resolution neutron di"raction and nuclear magnetic
resonance (NMR) studies on MnSi. Both studies concluded that MnSi exhibits a helical
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spin structure, with a magnetization process interpreted as due to the helical-conical-
ferromagnetic phase transitions [40, 41]. The high-resolution neutron di"raction data
confirmed the helical order, while NMR measurements demonstrated that this structure
persists even without an external magnetic field. A few years later, Bak and Jensen fol-
lowed the previously mentioned works, demonstrating that the helical structures observed
in MnSi and FeGe are caused by the Dzyaloshinskii-Moriya interaction [42]. Following
this, Moriya and Miyadai conducted studies on Cr1/4NbS3, showing that long-period he-
lical spin textures emerge at low temperatures in otherwise ferromagnetic crystals due to
AEI [43]. Ishimoto et al. [44], determined the field dependence of a long-period helical
spin texture in Fe0.8Co0.2Si by long-wavelength polarized-neutron di"raction experiments.
They showed that clockwise and counterclockwise helices were observed in any direction
when the sample was cooled without a bias magnetic field. Once the magnetic field was
applied and removed, a single clockwise helix stabilized parallel to the field direction.

Figure 1.1: (a) Topography of atomic layers of Mn grown on a W(001) substrate obtained
from spin-polarized scanning tunneling microscopy (SP-STM). (b) The upper panel shows
a high-resolution constant-current image of the Mn layer taken with a Cr-coated tip, while
the lower panel illustrates an antiferromagnetic magnetic corrugation along the monolayer
with a nominal periodicity of 0.448 nm and a longer-wavelength spin-spiral modulation
with 6 nm period. Adapted from Bode et al. [45]. Panel (c) illustrates a helical texture
obtained with Monte Carlo simulations, while panel (d) depicts a real-space image of
a 90 nm period spin helical texture in the noncentrosymmetric helimagnet Fe0.5Co0.5Si
belonging to the T symmetry class. Adapted from Yu et al. [46]

.

Fert [28] and Bode et al. [45] establish that the antisymmetric exchange (or DMI) is an
essential interaction in low-dimensional systems that lack inversion symmetry, such as
thin films, interfaces, clusters, and atomic wires. They used spin-polarized scanning tun-
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neling microscopy (SP-STM) to map chiral helical textures in layers of Mn grown on a
W(001) substrate. Figure 1.1(a) shows the topography of 0.77 atomic layers of Mn grown
on a W(110) substrate, while Fig. 1.1(b) shows a high spatial resolution constant-current
image measurement on the atomically flat Mn layer taken with a Cr-coated tip (upper
panel) [45]. The line section in Figure 1.1(b), lower panel, shows the modulation of the
magnetic amplitude, which adjusts the experimental data with a simple sine function (red
line) that reveals a phase shift of ϖ between adjacent antinodes.

1.3.1 Spin Waves
The low-energy excitations in magnetic materials are known as spin waves and represent
the collective motion of the magnetization [47–52]. These spin waves are usually reciprocal
but if spatial symmetry is broken, they can behave nonreciprocally and travel in opposite
directions with di"erent wavelengths [29, 30]. In 2010, Zakeri et al. [53] experimentally
measured, for the first time, the influence of the Dzyaloshinskii-Moriya interaction on the
spin-wave dispersion in a Fe double layer grown on a W(100) substrate. They used spin-
polarized electron energy loss (SPEELS) measurements to demonstrate the asymmetry of
the spin-wave dispersion due to the interfacial DMI. Such an important discovery followed
early theoretical works [54–57] predicting the same behavior. These works estimate the
dispersion relation in the presence of bulk and interfacial DMI in a uniformly magne-
tized film [29, 30]. For fields lower than a critical field, one can expect the formation of
conical-helical periodic textures [58, 59]. Interestingly, periodic magnetic textures produce
periodic magnetic potentials that cause the magnonic crystal-like behavior of spin waves
in a film with DMI [60–63]. These elementary excitations, called helimagnons, exhibit a
reconfigurable magnon band structure since, by increasing the applied field beyond sat-
uration, the magnetization evolves from a conical-helix state to a uniformly magnetized
state, which has an entirely di"erent dispersion. Therefore, detailed knowledge of the
conical-helix textures may help in calculating analytically the spin-wave band structure
of helimagnons, which has only been obtained numerically [64].

1.4 Nucleation fields
The concept of the nucleation field refers to the external magnetic field strength at which
an initial saturated state of a magnetic system becomes unstable, thereby allowing the
onset of a new magnetization configuration [1]. The nucleation field is a valuable quantity
that allows for understanding the emergence of magnetic textures. As mentioned earlier,
within the framework of micromagnetic theory, it is possible to assume a model for the
magnetization that characterizes a particular texture. For each of these textures, a cor-
responding nucleation field can be computed if the system initially resides in a saturated
state under a high external field. Then, as the field is progressively reduced, reaching a
critical value, the saturated state is no longer an energy minimum, and a magnetic texture
nucleates. The texture associated with the highest nucleation field is the one that first
becomes accessible as the field decreases, and therefore, it determines the actual reversal
path.

As already mentioned, the magnetic state of the system depends on the external magnetic
field history, but it can also rely on other parameters. Then, a phase diagram showing
the di"erent magnetic states of the system, according to the problem conditions, can be

12



Figure 1.2: (a) Illustration of a typical magnetic field/temperature phase diagram of a
noncentrosymmetric helimagnet defining the critical (nucleation) field Hc2, which gives
the transition between the field polarized state (FP), obtained with ε = 0, and the conical
states (0 < ε < ϖ/2). The other critical field Hc1 gives the transition between the conical
and helical (ε ↔ ϖ/2) states, which are illustrated in (b) and (c). Adapted from Garst et
al. [64].

constructed. Figure 1.2 depicts a phase diagram for cubic chiral helimagnets, where the
external magnetic field and temperature determine the magnetic phases of the system.
As expected, for temperatures above the Curie temperature Tc, the system transitions
into the paramagnetic (PM) state. Below this critical temperature, when the external
magnetic field exceeds a critical field Hc2(T ), the conical phase becomes unstable, and
the system enters the field-polarized (FP) state, where the magnetization aligns uniformly
with the external field.
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Chapter 2

Conical-helix magnetic textures
stabilized with di!erent kinds of
Dzyaloshinkii-Moriya interactions

In this chapter, an analytical model is formulated for a conical-helix magnetic texture in
ferromagnetic thin films with di"erent crystal symmetry classes, which implies di"erent
kinds of DM interactions. A parameterized model for the magnetization is assumed, al-
lowing to describe and minimize the energy of the system. As a result, parameters, such
as the pitch vector of the helices and the critical field for the nucleation of the helices, can
be determined. The theoretical results are compared with micromagnetic simulations [65].

Section 2.1 introduce the model and its main parameters, section 2.2.1 calculates the
Dzyaloshinskii-Moriya (DM) interaction of interfacial type as an illustration. Section 2.4
the pitch vector of the helices that minimized the energy of the magnetic system is ob-
tained, considering its direction and magnitude. After that, in section 2.5 the analytical
expression for the nucleation fields for every symmetry class are derived. Finally, in
section 2.6 the boundary conditions of the finite film are calculated.

2.1 Conical-helix magnetization structure
In the following sections of this thesis, we adopt a methodology to describe the magne-
tization texture present in ultrathin magnetic films. The method consists in assuming
a magnetization configuration, M(r), and studying its behavior through the parameters
that characterize the texture. Moreover, the magnetization texture is compared with
other possible configurations to determine which one is physically meaningful, based on
the analysis of the nucleation field, as will be discussed later. A second more general
method, treats the total micromagnetic energy as a functional E[m] and minimizes it us-
ing a variational approach. This leads to the Brown equations [1], from which the e"ective
field and the natural boundary conditions can be obtained. These boundary conditions
include both symmetric and antisymmetric exchange terms (see Table 2.1).

In order to solve the variational problem analytically, the dipolar interaction is often
approximated by an e"ective uniaxial anisotropy with a hard axis perpendicular to the
film plane. Due to the complexity of solving the full micromagnetic equations in more than
one spatial dimension, a further simplification typically involves reducing the problem to
a one-dimensional model, enabling analytical helical solutions, as shown in [66]. However,
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we do not adopt this approach here, as our goal is to retain the full non-local character of
the dipolar interaction. As shown in [42], a conical-helix spin structure can be stabilized in
the presence of DMI, allowing the introduction of a conical-helix magnetization structure
model. This model enables the study of its parameters following the work of Rios et
al. [58] and Garst et al. [64]. Considering a film with its normal axis along the z-axis, and
an applied magnetic field along the y-axis, see Fig. 2.1, the conical-helix magnetization is
given by [65]:

m(r) =




sin(q · r+ ϱ) sin ε

cos ε
cos(q · r+ ϱ) sin ε



 . (2.1)

The conical-helix is characterized by the following parameters: the cone angle ε; the pitch
vector q = q(sinςq, cosςq, 0) at an angle ςq with respect to the applied field H; and the
nucleation field Hn, which marks the onset of the conical-helix formation. Furthermore,
ϱ is a phase angle that depends on the competition between the dipolar demagnetization
and perpendicular anisotropy fields, see section 2.4. The magnetic material is confined
to a finite square geometry with position vector r and spatial coordinates restricted to
x ↗ [→Lx/2, Lx/2], y ↗ [→Ly/2, Ly/2], and z ↗ [→d/2, d/2], where the film thickness is
much smaller than its lateral dimensions (d ↘ Lx, Ly), as seen in Fig. 2.1.

Figure 2.1: Representation of helical magnetic profiles stabilized by the Dzyaloshinskii-
Moriya coupling in Cnv and T symmetry classes for a cone angle ε = ϖ/2. The external
field H is applied along the y-axis, which is then reduced to zero to allow the helix
formation. The pitch vector q points perpendicular (for Cnv symmetry) or parallel (for
T symmetry) to the applied field, respectively. In the bottom panel, the twisted helix for
the Cn symmetry is illustrated. The angle ςq illustrated in the bottom panel gives the
direction between the field direction H and the helical pitch vector q, and the color code
represents the normal magnetization component.

Ríos et al. [58] implemented the model described in equation 2.1 to characterize the static
properties of a conical-helix magnetization texture in ultrathin films of infinite extension
(discarding the phase angle ϱ), stabilized by both bulk and interfacial Dzyaloshinskii-
Moriya interactions. They demonstrated that the pitch vector of the texture coincides
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with the critical wave vector—evaluated at zero frequency—of the spin-wave dispersion
relation. Subsequently, in his thesis work, Ríos introduced a phase-shift term into the
magnetization model to study the e"ects of finite film size, discussing the role and impact
of this additional phase-shift term. For comparison with the spin-wave dispersion relation,
he reverted to the model assuming an infinite film. He kept the study of the magnetic
textures stabilized by both bulk and interfacial DMI. In this thesis we exploring other
kinds of DMI and studied the parameters that characterize the spin texture in confined
films.

2.2 Total energy
The total micromagnetic energy of the system consists of multiple competing interactions,
which define the equilibrium magnetization structure. The energies present in the system
were introduced in Section 1.1, and section 1.2 of Chapter 1. Then the micromagnetic
energy is expressed as:

Etot = Eex + Eze + Ean + Edip + Edm, (2.2)

where Eex is the exchange interaction, Eze is the Zeeman energy due to the exter-
nal magnetic field, Ean is the superficial (perpendicular) anisotropy, Edip is the dipolar
coupling, and Edm is the Dzyaloshinskii-Moriya interaction (DMI). The Dzyaloshinskii-
Moriya (DM) energy depends on the crystallographic symmetry of the material, and it
is expected that the parameters characterizing the conical-helix structure vary depending
on the specific form of the DMI employed. For simplicity, a normalized energy expression
is used throughout this work, φ = E/(µ0M

2
s V ), where Ms is the spontaneous magnetiza-

tion, and V the volume of the system. The energy terms are calculated in Appendix A,
with the exception of the DM contributions, which are calculated in the following section.
Given the total energy:

E

µ0M
2
s V

=
Aq

2

µ0M
2
s

sin ε +
Edm

µ0M
2
s V

→
H cos ε

Ms

→
K→ sin ε

2µ0M
2
s

[1 + sinc(qLx cosςq)sinc(qLy sinςq) cos 2ϱ]

+
sin ε

4qd
[(qd+ e

↑qd
→ 1) sin ε sin2

ςq(1→ sinc(qLx cosςq)sinc(qLy sinςq) cos 2ϱ)]

+
sin ε

4qd
[4(qd+ e

↑qd
→ 1) cos ε sinϱ sin2

ςqsinc(qLx cosςq)sinc(qLy sinςq)]

+
sin ε

4qd
[sin ε(1→ e

↑qd)(1 + sinc(qLx cosςq)sinc(qLy sinςq) cos 2ϱ)],

(2.3)

here Edm depend on the crystallographic symmetry.

2.2.1 Interfacial Dzyaloshinskii-Moriya energy (Cnv symmetry)
As mentioned above, the DMI changes according to the crystallographic symmetry. In the
micromagnetic limit, the energy due to the Dzyaloshinskii-Moriya coupling is calculated
as [16]:

Edm =

∫
wdm dV, (2.4)
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where wdm is the energy density. Depending on the crystal symmetry, wdm is expressed
as a specific combination of Lifshitz invariants [16–18]. As mentioned in Sec. 1.2, we
focus on a specific symmetry to illustrate the calculation of the DM energy. For the Cnv

symmetry, which corresponds to interfacial DMI [30], the energy density is given by:

wi↑dm =
D

M2
s

(
L

y
yz + L

x
xz

)
, (2.5)

which, after unraveling the Lifshitz invariants, reads

wi↑dm =
D

µ0M
2
s

(
My

ωMz

ωy
→Mz

ωMy

ωy
→Mx

ωMz

ωx
+Mz

ωMx

ωx

)
. (2.6)

By inserting the conical-helix magnetization model (Eq. 2.1), integrating the energy den-
sity within the volume, and then normalizing it by µ0M

2
s V , the DM normalized energy

for the Cnv symmetry is:

φi↑dm =→
qxD

µ0M
2
s

sin2
ε →

qyD

2µ0M
2
s

↼(q,ϱ, ε). (2.7)

Here, the first term arises from L
y
yz. The next one arises from L

x
xz, and depends on

↼(q,ϱ, ε) = sinc
(
qxLx

2

)
sinc

(
qyLy

2

)
sinϱ sin 2ε (2.8)

where sinc(x) = sinx
x is the cardinal sine function. As expected, the DMI energy is

proportional to qD and depends on the angle between q and H, which determines the
components of the pitch vector qx = q sinςq and qy = q cosςq. This energy term also
depends on the phase angle ϱ and cone angle ε, as will be discussed in the next section.

2.2.2 Dzyaloshinskii-Moriya energy for Cn symmetry
Following the same procedure used for the Cnv symmetry, we now derive the DM energy
for the Cn class [67, 68]. Established symmetry classes are interfacial (Cnv) and tetragonal
(T ) or bulk DMI. As detailed in Section 1.2, this symmetry leads to an energy density
involving a distinct combination of Lifshitz invariants. Specifically, the energy density
wdm under Cn symmetry introduces two independent Dzyaloshinskii-Moriya constants,
D1 and D2:

wCn↑dm =
D1

µ0M
2
s

(
L

x
xz + L

y
yz

)
+

D2

µ0M
2
s

(
L

y
xz → L

x
yz

)
. (2.9)

We follow the same methodology: insert the conical-helix magnetization model into the
DMI energy density, then integrate it over the film volume and normalize the result to
obtain the corresponding normalized energy expression.

φCn↑dm =→
(D1qx +D2qy)

µ0M
2
s

sin2
ε →

(D1qy +D2qx)

2µ0M
2
s

↼(q,ϱ, ε). (2.10)

Unlike the other energies, the DMI energy for Cn symmetry depends on both constants
D1 and D2, which influence the orientation of the magnetization texture, the phase angle
ϱ, and the nucleation field, as discussed in the next section. Furthermore, the form of the
energy under Cn symmetry can be interpreted as a combination of those for the T and
Cnv classes. This is because, in a thin film regime, the e"ect of out-of-plane derivatives,
(e.g. L

z
xy), are discarded. Consequently, the DM constant D1 is the constant associated

to the interfacial DMI, Cnv symmetry; and the DM constant D2 is associated to the bulk
DMI, T symmetry.
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2.2.3 Dzyaloshinskii-Moriya interaction under di!erent symme-
try classes

For each crystallographic symmetry class, the calculation procedure is analogous. The
third column of Table 2.1 shows the di"erent normalized energies density for each symme-
try class (first column), which are obtained from their respective combination of Lifshitz
invariants (second column). The similarity of the Lifshitz invariants of the energy density
of certain classes is reproduced in the energy term of the conical helix. For instance,
classes T and D2d include similar energy densities but with an opposite sign in the term
proportional to qx. From the literature, it can be seen that this negative sign in D2d

di"erentiates the formation of Bloch skyrmions in T class materials from reported anti-
skyrmions in D2d [69, 70]. The other symmetry classes preserve the same structure of the
conical helix energy density, but interchanging the qx,y components of the pitch vector.

2.3 Micromagnetic Simulations
Micromagnetic simulations were performed using the GPU-accelerated package mumax+

[73], and the solutions were validated using the OOMMF software [74] via the micro-
magnetic platform Ubermag [75, 76]. The simulated system consists of a square film
of size L ↓ L with a thickness of 1 nm. The discretization cell is defined with a cubic
volume of 1 nm3. Magnetic interactions include symmetric exchange, DMIs (T , Cnv and
Cn symmetries), dipole-dipole interactions, uniaxial anisotropy along the z→axis, and the
Zeeman interaction. The magnetic parameters are set as: exchange sti"ness A =11.1
pJ/m, uniaxial anisotropy K→ = 0.25 MJ/m3 and an external field applied along the
y→direction. For T and Cnv symmetries, the DMI strength was set to D = 1.5 mJ/m2.
For the Cn symmetry, which involves two distinct DMI values, one was varied between 0
and 3.0 mJ/m2, while the other was kept fixed. The same parameters were used in the
analytical calculations to enable a direct comparison with the micromagnetic simulations.
The simulations are based on a gradual decrease in the magnitude of the external mag-
netic field, starting from a saturated state at 1 T down to zero, in steps of 5 mT. At every
field stage, the energy is minimized using the steepest descent method with a modified
Barzilai-Borwein step scheme [73]. This field sweep passes through the critical field at
which the conical-helix texture begins to nucleate. At zero field, the texture period is
extracted, enabling the calculation of the pitch vector magnitude (q) for each system size
L, ranging from 900 nm to 1100 nm in steps of 10 nm. This procedure is carried out for
both bulk and interfacial DMI. In the case of the Cn symmetry, the system size is kept
fixed, and the critical field is determined. During the nucleation process, and down to
zero field, both the pitch vector magnitude (q) and its orientation concerning the external
field direction (ςq) are evaluated. More details about the micromagnetic simulations can
be found in the publication associated with this thesis [65].

2.4 Energy Minimization
After introducing the conical-helix magnetization model (Sec. 2.1) and calculating the
total energy (Sec. 2.2), the parameters that describe the texture can be determined by
minimizing the total normalized energy, which is accomplished in the following sections.
In particular, the total energy is minimized according to the angle ςq, which gives the
direction of the pitch vector. The ςq minimization is carried out numerically since tran-
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scendental equations arise in the first and second derivatives of the energy. The result of
the angle direction are shown in table 2.1. We note that for the T and Cnv symmetries,
the pitch vector directions coincide with the infinite film case presented by Rios-Venegas
et al. [58, 59], which are those that maximize the spin-wave nonreciprocity, ςq = 0 for the
T symmetry and ςq = ϖ/2 for the Cnv symmetry [29].

For the other symmetries, the direction is distributed between the directions parallel
and perpendicular to the applied magnetic field. Based on the results shown in the
fourth column in table 2.1, we note that symmetry classes T , D2d, and Dn favor textures
aligned parallel to the field. The Cnv and Anisotropic symmetries favor textures oriented
perpendicular to the magnetic field. In each case, the equilibrium direction of the texture
is determined for the angle ςq that minimizes the first term of the DM energy. This
happens because the second term in the DM energy depends on sinc (cardinal sine)
functions, which reach a maximum value of one, for arguments equal to zero, and decay
for large arguments.
Finally, for the Cn symmetry, the direction of the periodicity of the texture is defined
by the competition between two DMI constants D1 and D2, as ςq = arctan(D1/D2). In
the limit case where D1 vanishes, it recovers the DM energy for symmetries with the
pitch vector parallel to the applied field. In contrast, in the opposite limit D2 ≃ 0,
we recover the DM energy for symmetries with a perpendicular orientation of the pitch
vector. Using the fact that tanςq = D1/D2, and defining D̃ =

√
D

2
1 +D

2
2, it can also

be noted, by trigonometric arguments, that the pitch vector components are related with
the DMI strengths by qx/qy = D1/D2.

2.4.1 Phase angle of the conical helix
Once the direction of the pitch vector is determined, the total energy calculation is facil-
itated, and the evaluation of other parameters becomes simpler. The first parameter of
interest is the phase angle ϱ, that in our model provides information about the magne-
tization of the helix at the center of the film (r = 0). The total energy is derived with
respect to ϱ, and the critical points are found by solving ωφ/ωϱ = 0. For symmetries
with the direction of the helical texture parallel to the applied field, that is ςq = 0, the
extrema condition is:

sin(2ϱ) sin2
ε
sin(qLy)

qLy


K→

µ0M
2
s

→
1→ e

↑qd

2qd


= 0. (2.11)

On the other hand, symmetries with the direction of the texture perpendicular to the
applied field, ςq = ϖ/2, give:

sin(2ϱ) sin2
ε
sin(qLx)

qLx


K→

µ0M
2
s

→
1→ e

↑qd

qd
+

1

2


= 0. (2.12)

For both equations, solutions for the phase angle appear when the bracket is nonzero.
Part of the solutions are given by sin(2ϱ) = 0, leading to ϱ = nϖ/2 and then to ϱ = 0
and ϱ = ϖ/2.

For the Cn symmetry, with two DMI constants, the direction of the texture is determined
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by the competition of two DMI constants, and the equation for the extreme points gives:

sin(2ϱ) sin2
ε↽

↔
x↽

↔
y


K→

µ0M
2
s

+
(qd+ e

↑qd
→ 1)D2

2

4qdD̃2
+

(e↑qd
→ 1)D̃2

2qdD2
2


+

cosϱ sin(2ε)


qD1D2↽x↽y

µ0M
2
s D̃

+
D1D2(qd+ e

↑qd
→ 1)↽↔

x↽
↔
y

4qdD̃2


= 0.

(2.13)

where the auxiliary terms are defined as ↽x,y = 1
2sinc

(
1
2Lx,yqx,y

)
and ↽

↔
x,y = sinc (Lx,yqx,y)

with qx = q sinςq, and qy = q cosςq. The first term in Eq. 2.13 depends on the relation
between the dipolar and anisotropic energy that appears in the first two equations, while
the second term depends on the competition between the DM constants D1 and D2. In
the limiting cases, D1 ≃ 0, or D2 ≃ 0, the second term vanishes, and the first term
recovers the expression obtained in Eq. 2.11 for D1 ≃ 0, and Eq. 2.12 for D2 ≃ 0. The
phase angle ϱ will have only the extreme value ϱ = ϖ/2, if the second parenthesis is
non-zero, or the conical angle is di"erent from ε = ϖ/2, which causes the second term
not to disappear. In case that the second term vanish, a second extreme value arise ϱ = 0.

Now we check if the critical values are minimum by the condition ω
2
φ/ωϱ

2
> 0. For

symmetries with parallel and perpendicular helix orientations, the minimum conditions
result, respectively, in the following expressions:

cos(2ϱ) sin2
ε
sin(qLy)

qLy


K→

µ0M
2
s

→
1→ e

↑qd

2qd


> 0, (2.14)

and
cos(2ϱ) sin2

ε
sin(qLx)

qLx


K→

µ0M
2
s

→
1→ e

↑qd

qd
+

1

2


> 0. (2.15)

It can be shown that the exponential function (1→ e
↑qd)/(qd) ≃ 1 for realistic values of

q and d, that is, q ↔ 0.067 rad/nm, and d = 1 nm. Then, using the definition of the
anisotropy/dipole quality factor Q = 2K→/µ0M

2
s , the minimum condition simplifies to:

cos(2ϱ) sin2
ε
sin(qLy)

qLy
[Q→ 1] > 0, (2.16)

and
cos(2ϱ) sin2

ε
sin(qLx)

qLx
[Q→ 1] > 0. (2.17)

These equations show that the phase angle takes the value ϱ = 0 when the anisotropy
energy is greater than the dipolar energy, that is Q > 1, indicating that the magneti-
zation tends to point out-of-plane. On the other hand, the phase angle takes the value
ϱ = ϖ/2 when the anisotropy energy is less than the dipolar energy (Q < 1), resulting
in a tendency to magnetization in the plane. It is worth mentioning that, if the quality
factor is close to 1, the model predicts a conical helix that requires very low values of the
DMI constant to be stable [58]. Otherwise, if Q is not close to 1, the competition between
the anisotropy energy and the dipolar energy is not balanced, and the conical-helix re-
quires larger values of the DMI constant to stabilize. This can lead to an elliptical helix,
which is not described by the model and whose influence is more relevant when the DMI
strength is low (larger values of D help to stabilize the conical helix). The description of
an elliptical helix is out of the scope of the thesis work. When Q = 1, the dipolar and
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anisotropy fields are equilibrated, and the film becomes completely isotropic. Therefore,
there is no solution for the phase angle ϱ when Q = 1 since the magnetization does not
prefer to be either parallel or perpendicular to the film’s surface.

Finally, for the Cn symmetry, the minimum condition is:

2 cos(2ϱ) sin2
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↔
x↽

↔
y


K→

µ0M
2
s

+
(qd+ e

↑qd
→ 1)D2

2
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2
s D̃

+
D1D2(qd+ e
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→ 1)↽↔

x↽
↔
y

4qdD̃2


> 0.

(2.18)

This expression does not yield a straightforward analytical condition due to the interplay
of multiple parameters. Nonetheless, it shows that the stability of the solution for ϱ

depends on a more delicate balance between the anisotropy and dipolar terms, which
enter in the first bracket, and the DMI competition, which appears in the second bracket.
Furthermore, the DMI constants D1 and D2 influence the pitch vector components qx and
qy, which are present in almost all the terms.

2.4.2 Wavelength of the helix
The following parameter of interest is the pitch vector magnitude q of the helices, which
determines the periodicity (or wavelength) of the magnetic texture through the relation
⇀ = 2ϖ/q. Taking the first derivative of the total normalized energy with respect to the
pitch vector strength q, for symmetries where the magnetic texture is aligned parallel to
the applied field, such as the T class, the following transcendental equation is obtained:

2Aq

µ0M
2
s

→
D

µ0M
2
s

→
K→ sin(qLy) cos(2ϱ)

2µ0M
2
s qLy

→
(1→ e

↑qd)

4q2d
+

e
↑qd

4q

+cos(2ϱ)

(
(1→ e

↑qd) cos(qLy)

2q2d
→

(1→ e
↑qd) sin(qLy)

q3dLy
+

e
↑qd sin(qLy)
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)
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(2.19)

On the other hand, for symmetries with a perpendicular orientation of the helix with
respect to the applied field, such as the Cnv class, the transcendental equation is:

2Aq

µ0M
2
s

→
D

µ0M
2
s

→
K sin(qLx) cos(2ϱ)

2µ0M
2
s qLx

+cos(2ϱ)

(
(1→ e

↑qd) cos(qLx)

2q2d
→

(1→ e
↑qd) sin(qLx)

q3dLx
+

e
↑qd sin(qLx)

2q2Lx

)
= 0.

(2.20)

It is important to note that, due to the transcendental nature of these equations, stem-
ming from the dipolar and surface anisotropy contributions, an analytical solution for the
pitch vector q cannot be obtained. However, the structure of these equations reveals that
the pitch vector magnitude depends explicitly on the lateral dimensions of the film (Lx

and Ly). In the case of an infinite film, there is no dependence on these lengths due to the
intrinsic translational symmetry. In contrast, for a finite film, just the fact of integrating
the energy on the volume, without the necessity of considering boundary conditions, in-
troduces a dependence of the equilibrium pitch vector on the sample size, as evidenced
by the presence of Lx and Ly in the transcendental equation.
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Figure 2.2: In (a), the energy of the conical helix is plotted as a function of the pitch
vector magnitude q for di"erent film lengths and fixed DMI strength D = 1.5 mJ/m2. The
energy is minimized for a given value of the pitch vector strength except for L = 1000 nm
(black line), where two minima appear in the energy. In (b), the strength of the pitch
vector, q, as a function of the film length is presented. The black line represents the
average value of the pitch vector, and the purple line represents q0 = D/(2A). The inset
shows a zoomed-in view of a shorter range of the film length, where the colored dots
indicate the values obtained for the corresponding lengths used in (a). Here, ⇀̄ is the
average period of the oscillation obtained as ⇀̄ = 2ϖ/q̄.

To determine the behavior of the strength of the pitch vector, the total normalized energy
is minimized numerically with respect to q for di"erent film lengths L. In Fig. 2.2(a), the
normalized total energy for symmetry classes having the orientation of the pitch vector
perpendicular to the applied field, are plotted. It can be seen that for most of the values
of L, there is a single well-defined energy minimum that changes with the specific value of
L, while for L = 1000 nm there are two possible values for the pitch vector that minimizes
the energy. This indicates that the pitch vector q of the helical structure oscillates and
undergoes a discontinuous transition between two values of q. This is shown in the inset
of Fig. 2.2(b), where the minimized pitch vector is calculated as a function of L, with the
colored dots indicating the values of L plotted in Fig. 2.2(a). In Fig. 2.2(b), the black
dashed line represents the average value of the pitch vector magnitude q̄. The line shows
that, for large film lengths, the q that minimize the energy converge to this average value,
which coincides with those obtained for an infinite film, aligning with reported theoretical
results [58]. The period of the oscillation is approximately equal to the average wave-
length of the conical helix, ⇀̄ = 2ϖ/q̄ (inset of Fig. 2.2), and is inversely proportional to
the strength of the DMI. This behavior is observed in symmetries with the orientation of
the pitch vector parallel to the magnetic field, ςq = 0.

The oscillation of the helical pitch vector with respect to the sample lateral size L is an
unexpected result associated with both the dipolar coupling and perpendicular anisotropy
in a finite squared film. The wavelength of the texture is calculated as ⇀(L) = 2ϖ/q(L),
given the wavelength of the helical structure as a function of the film length. This result
is depicted in Fig. 2.3(a,b) for two orientations of the helical texture, parallel and perpen-
dicular, where the results of minimizing the total energy are compared with simulations
based on mumax+ and OOMMF. Then, for the parameters used here, K→ = 0.25 MJ/m3,
D = 1.5 mJ/m2, A = 11.1 pJ/m; we notice that the discontinuity of the wavelength is
about 7 nm.
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Figure 2.3: Panels (a) and (b) show the wavelength as a function of film length for their
respective symmetries, while panels (c) and (d) display the number of wavelengths as a
function of film length for the corresponding symmetries. Panel (e) shows a simplified
picture of the helix for the T symmetry in cases I-IV marked in panel (b) and (d). In
panels (a)-(d), the blue line represents the theoretical results, the black dots indicate
the mumax+ simulation results, and the green stars indicate the OOMMF simulation
results. Panels (a) and (c) correspond to the Cnv symmetry class, with the dashed lines
representing integer multiples of ⇀̄. Panels (b) and (d) correspond to the T symmetry
class.

For a better understanding of the influence of the length in the wavelength of the texture,
the number of wavelengths of the helical texture in a film with a length L is plotted in
Fig. 2.3(c,d). For both directions of the pitch vector, it is observed that the periodicity
of the helical texture adjusts itself to always correspond to approximately a half-integer
number of wavelengths. This can be attributed to the dipolar coupling since a half-integer
number of wavelengths means that, at opposite edges of the film, the magnetization closed
field lines, which reduce the dipolar coupling. As can be seen in Fig. 2.3, micromagnetic
simulations also show the jump in q but with a approximately 20 nm shift concerning
the theoretical prediction. The di"erence between the theoretical calculations and the
simulations can be attributed to the boundary conditions, as boundary e"ects are not
explicitly considered in the theoretical model. Nonetheless, the model helps us to find the
peculiar behavior of the number of wavelengths that can fit in a film of length L.

The periodic steps in q and ⇀ observed when L changes (obtained from theory and sim-
ulation) tend to disappear when the perpendicular anisotropy constant increases and
approaches the dipolar field. This behavior is particularly noticeable when the anisotropy
dipolar quality factor Q ↔ 1. At this critical value, the model predicts a transition in
the phase-angle ϱ from ϖ/2 to 0. The flattening of the periodic steps in Fig. 2.4 can be
explained by analyzing the energy terms. When K→/µ0M

2
s ↔ (1 → e

↑qd)/2qd (see equa-
tion 2.14), the perpendicular anisotropy and dipolar contributions practically cancel each
other. In this case, the system is governed only by the Zeeman, exchange, and Dzyaloshin-
skii–Moriya interactions. Moreover, the DM term loses its dependence on the film length
L because it is evaluated along the direction that minimizes the energy, removing the
L-dependent contribution. Therefore, it is worth working with quality factors close to
but not exactly Q = 1, in order to retain sensitivity to finite-size e"ects.
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Figure 2.4: Left panel shows the wavelength of the helix as a function of the film length
for di"erent anisotropy constant: K→ = 0.25 mJ/m3 (red line), K→ = 0.254 mJ/m3 (black
line), and K→ = 0.27 mJ/m3 (blue line), corresponding to Q = 0.998, Q = 0.999, and
Q = 1.062, respectively. The right panel shows the comparison between theoretical results
and OOMMF simulations for K→ = 0.27 mJ/m3.

2.5 Nucleation Field
The nucleation field, Hn, is defined as the value of the external magnetic field at which
the saturated state becomes unstable. For applied fields greater than Hn, the film is
saturated, i.e., the conical angle is ε = 0, and m = ŷ. Then, when the applied field is
reduced below Hn, a nontrivial magnetization texture arises, and the conical-helix solution
εq appears. This solution is obtained by solving the condition ωφ/ωε = 0. The extreme
values of the conical angles are well-defined for symmetries with the texture parallel and
perpendicular to the applied field. For symmetries with parallel direction of the pitch
vector with respect to the applied field, the extreme values are given by:
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
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(2.21)
while, for perpendicular direction of the pitch vector with respect to the applied field, is
given by:
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(2.22)

These equations admit three solutions for ε: the homogeneous states ε = 0 and ε = ϖ,
and the intermediate conical angle εq when the bracket vanishes. The solution εq for
symmetry classes with an helical texture parallel to the applied field is:
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and for symmetry classes with an helical texture perpendicular to the applied field is:

εq = cos↑1
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2



 .

(2.24)
For both directions, the conical angle εq depends on q, L, the external field, and the pa-
rameters of the magnetic material. For symmetry Cn, an expression for the critical values
cannot be obtained analytically. We know that the saturated state is a minimum when
the field is above than an applied field Hn and the condition of minimum, ω2

φ/ωε
2
|ω=0 > 0,

is fulfilled. Then, to find the nucleation field, we look in the condition minimum to the
critical case when the second derivative is no longer positive, and the second derivative
must be zero, ω2

φ/ωε
2
|ω=0 = 0. With this new condition, the nucleation field for symme-

tries with parallel direction with respect to the applied field is obtained from solve the
field in the second derivative equation:
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For textures with the pitch vector perpendicular to the applied field, the nucleation field
reads

H
→
n =

2Dq

µ0Ms
→

2Aq2

µ0Ms
+

K→

µ0Ms
(1 + sinc(qLx) cos 2ϱ)

+Ms

(
e
↑qd

qd
→

1

qd
+

1

2

)
sinc(qLx) cos 2ϱ →

Ms

2
.

(2.26)

In both cases, parallel (bulk-like) and perpendicular (interfacial-like), the nucleation field
depends on the strength of the DMI (D), the exchange sti"ness (A), the perpendicular
anisotropy constant (K→), and the pitch vector magnitude (q).

For the symmetry class Cn, the nucleation field depends on the competition of two
Dzyaloshinskii-Moriya constants D1 and D2:
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(2.27)

where D̃ =
√

D
2
1 +D

2
2. Using the fact that tanςq = D1/D2, then it is useful to write

qD1/D̃ = q cosςq = qy, (2.28)

and
qD2/D̃ = q sinςq = qx. (2.29)

As can be seen in the equations of the nucleation field for a magnetic texture equations
2.25, 2.26, and 2.27, depends on the pitch vector magnitude, and as was discussed in
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Figure 2.5: Nucleation field strengths plotted as a function of the pitch vector magnitude
q for di"erent film sizes. An interfacial DMI strength D = 1.5 mJ/m2 was used. The pitch
vector that maximizes the nucleation field is the one that minimizes the micromagnetic
energy, as seen in Fig. 2.2(a).

Section 1.4 , just the maximum values of the nucleation field has physical meaning. Then,
the value of q that maximizes the nucleation field will be the pitch vector of the conical
helix texture that arises when the saturated state becomes unstable [58, 59].

In our previous discussion, we mentioned that the magnitude of the pitch vector depends
explicitly on the length of the film. Therefore, the value of q that maximizes the nucleation
field varies according to the length L of the film. Fig. 2.5 shows the nucleation field as a
function of q for the same film lengths used in Fig. 2.2. Analyzing both figures, it can be
verified that the value of q that maximizes the nucleation field coincides with the value
of q that minimizes the total energy of the system. This result is consistent since the
definition of the e"ective field can be expressed as H = →(1/µ0)⇁φ/⇁M. In magnetic
systems, di"erent reversal modes can occur, such as conical-helix textures, domain wall
motion, curling modes, and coherent rotation. The particular mode that the system
selects depends on which mode exhibits the highest nucleation field, in accordance with
the discussion presented in Section 1.4. In this context, the history of the magnetization
becomes critically important [1]. It should be noted that during transitions between
magnetization states, configurations with lower energy than the initial state may exist.
However, the fact that a magnetic state has lower energy than the initial state does not
necessarily imply that the system will transition to it. For a transition to occur, the
selected mode must satisfy the condition of exhibiting the highest nucleation field among
the available reversal modes [77–79].
For the Cn symmetry class, the nucleation field is examined in detail. It has two DMI
constants, D1 and D2. By fixing the value of D2, a phase diagram can be plotted.
Fig. 2.6(a-c) shows the phase diagrams of the magnetic state parametrized by the field
strength and D1 for three specific D2 magnitudes. Here, the relation between dipolar
coupling and superficial anisotropy is given by the quality factor Q = 1.1. The states
present in the phase diagrams of Fig. 2.6 are the field-polarized state, where the field
is su!ciently strong to maintain the magnetization along the applied field, the conical-
helix state, and the uniform mode associated either with in-plane or out-of-plane coherent
rotation. These two reversal modes are achieved by decreasing the magnetic field from the
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Figure 2.6: Phase diagrams of the magnetic reversal states for the Cn symmetry. The
upper-row panels show the magnetic states after a field sweep from a saturating field, as
a function of the applied field and DMI constant D1 for di"erent D2 constants (in every
column) and Q = 1.1. A D1c value determines the critical constant D1, above which the
nucleation field for a conical-helix configuration is larger than that of a coherent rotation
(given by the horizontal line) ending in an out-of-plane uniform state (square grey region).
The lower-row panels show phases of nucleated states (below a nucleation field computed
as in the upper-row plots), in the D1 versus Q landscape, for fixed D2 constants. The
phase regions are delimited by curves of the critical constant D1c.

field-polarized state, where the magnetization will nucleate to either a coherent rotation
mode or a conical-helix mode, depending on a critical D1 value, D1c. For D < D1c, the
film reverse coherently, either in-plane (Q < 1) or out-of-plane (Q > 1). Accordingly,
nucleated-state phase diagrams as a function of Q and D1 are depicted in Fig. 2.6(d-f),
where, above a critical value, a conical-helix texture is nucleated after field sweep from a
saturating field.
From Fig 2.6(d-f), it is observed that increasing the D2 constant a gap arise around
Q = 1, which allows tuning the region of conical-helix formation, this means that for Cn

symmetry, the transition to a coherent state is not always possible.

2.6 Boundary conditions
The analytical model presented in Eq. 2.1 neglects boundary e"ects that may result from
the exchange, anisotropy, and DM interactions. In this section, we explicitly compute
the boundary conditions associated with the interfacial DMI, for the C2v symmetry class,
by performing a variational analysis of the energy functional. This procedure naturally
reveals the explicit form of the surface terms that must be satisfied at the boundaries of
the magnetic film, which are shown in the simulations.
First, we consider the DM energy as a functional of the normalized magnetization vector
field, m. For the C2v symmetry, the DM energy functional is given by:

Edm[m] =
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M2
s
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y
yz

)
dV, (2.30)
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expanding the Lifshitz invariants
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and after some algebra the total energy simplifies as:
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Then, we calculated the contribution to the boundary conditions provided by the DMI
through the variation of DM energy functional [80]:
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For an arbitrary direction v, which is,

⇁Edm[m,v] = lim
ε↗0

d

dε

∫

V

D


(m+ εv) ·

(
ω

ωy
(m+ εv)↓ x̂

)

→ (m+ εv) ·

(
ω

ωx
(m+ εv)↓ ŷ
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interchange the derivative with the integral, we solve the derivative and evaluate the limit
ε ≃ 0:
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regrouping
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We notice that
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Then we rewrite the second term of the equation (2.36)
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interchanging the vector functions in dot and cross product of the second term with the
identity: a · (b↓ c) = c · (a↓ b) = →c · (b↓ a),
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ω

ωy
(v · (m↓ x̂))


dV,

(2.41)

using the divergence theorem for the second term, obtain:
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Where the first term is ⇁E/⇁m, and the second term is v ·G. Where G is the boundary
term associated with the DMI. Then, the boundary condition is write as

2A
ωm

ωn
→G = 0, (2.43)

with
G = D[(m↓ŷ)(x̂ · n̂)→ (m · x̂)(ŷ · n̂)]. (2.44)

The boundary conditions for every studied symmetry class are calculated and shown in
the fifth column in table 2.1.
This boundary condition (Eq. 2.43) is not fulfilled by the proposed model in Eq. 2.1,
although the calculation of this boundary term helps to understand the behavior of the
magnetization at the edges of the film. If we define a magnetization

m = (sin ε(r) sinϱ(r), cos ε(r), sin ε(r) cosϱ(r))

in the case of Cnv symmetry the boundary condition impose:
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Conclusion

In the present thesis, the conical-helix magnetic textures in thin ferromagnetic films with
di"erent kinds of asymmetric exchange, i.e., Dzyaloshinskii-Moriya interactions, have been
described by defining a suitable magnetization ansatz. This model contains a series of
parameters, including the phase angle, the helix pitch vector, and the cone angle, that
can be determined by minimizing the micromagnetic energy functional for the ultrathin
planar geometry considered here. Moreover, this technique enables the calculation of a
nucleation field of a conical-helix texture when decreasing an applied magnetic field after
saturating the sample.
The method employed in this study has been applied to ferromagnetic systems with
di"erent crystalline symmetry classes, which are described by DMI energy densities given
by di"erent combinations of Lifshitz invariants. This analysis allowed the comparison of
the helix parameters obtained from theory and simulation for all these symmetry classes.
Moreover, the model fully considers the e"ect of dipolar interactions in the thin film
regime, providing an accurate description of these nonlocal interactions that are usually
nontrivial to formulate mathematically. Therefore, the developed formalism serves as a
solid foundation for the micromagnetic modeling of helical spin textures in materials with
any DMI, or antisymmetric exchange-like interactions, in thin films. This first approach
to study helical modulations in confined systems could be of interest for more complex
states like syrmion lattices, and hedgehog lattices. Since can be described by three or
more helical modulations [20, 21, 81]
The theoretical model was validated against micromagnetic simulations using the novel
finite di"erence code mumax+ and the well-established code OOMMF, to support the re-
sults. Although the analytical model does not consider finite-size e"ects from the sample
boundaries, it considers a phase angle due to the finite film since translation symme-
try is broken. This phase angle reveals the competition between the dipolar coupling
and the perpendicular surface anisotropy and directs the magnetization towards di"erent
orientations.
A discontinuous behavior of the pitch vector was found from its minimization together
with the wavelength as a function of the length L of the film. Due to the boundaries of
the finite film, the dipolar coupling seeks to close magnetic fields line by selecting a half-
integer number of helical wavelengths for the magnetic texture, causing an antiparallel
magnetization at the edges of the thin film and reducing the total energy. Moreover,
based on the nucleation field calculations, the transition states for the Cn symmetry has
been analyzed, showing that the conical-helix texture dominates over other competing
magnetization textures.
These results show excellent agreement between the analytical solutions and numerical
calculations, even without accounting for the finite-size e"ects at the sample boundaries.
To further improve the model, introducing a spatial dependence of the conical angle could
be a promising approach. This dependence could be defined for each symmetry class based
on the boundary conditions derived in the variational analysis.
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Appendix A

Energy terms

A.1 Exchange energy
The energy associated with the intralayer exchange coupling is given by:

Eex =
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dV. (A.1)

Inserting the model for the magnetization, 2.1, the exchange energy density is:

φex =
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µ0M
2
s

sin2
ε. (A.2)

A.2 Zeeman energy
The energy associated to the Zeeman energy is:

EZ = →µ0

∫

V

M ·H dV (A.3)

Then, the density energy is:
φZ = →

H cos ε

Ms
(A.4)

A.3 Perpendicular magnetic anisotropy energy
The energy associated to the perpendicular magnetic anisotropy energy is obtained as:

Es = →
K→

2

∫

V

(m · ẑ) dV. (A.5)

Then the density energy is:

φs = →
K→ sin2

ε

2µ0Ms2
[1 + sinc(qLy cosςq) sinc(qLx sinςq) cos 2ϱ] . (A.6)

For symmetries in which the pitch vector is aligned parallel to the applied field, the
anisotropy energy density simplifies to:

φ
↓
s = →

K→ sin2
ε

2µ0Ms2
[1 + sinc(qLy) cos 2ϱ] . (A.7)
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For symmetries where the pitch vector is oriented perpendicular to the applied field, the
anisotropy energy density becomes:

φ
→
s = →

K→ sin2
ε

2µ0Ms2
[1 + sinc(qLx) cos 2ϱ] (A.8)

Finally, for the crystallographic point group Cn, the surface anisotropy energy density
takes the form:

φ
Cn
s = →

K→ sin2
ε

2µ0Ms2


1 + sinc

(
D1

D̃
qLx

)
sinc

(
D2

D̃
qLy

)
cos 2ϱ


(A.9)

A.4 Dipolar coupling
As it was discussed in section 1.1.2, the magnetic scalar potential is calculated to obtain
the dipolar coupling,

↑
2
U(r) = ↑ ·M(r), (A.10)

inserting the model from equation (2.1) into the right-hand side of equation (A.10), yields

↑ ·M(r) = Msq cos(qy cosςq + qx sinςq + ϱ) sin ε sinςq (A.11)

A particular solution for the magnetic scalar potential has provide in [58, 82]

U(r) =






a sin ε cos(q · r+ ϱ)e↑qz
, z > d/2,

(Ae↑qz +Be
qz) sin ε cos(q · r+ ϱ)→ ↘·M(r)

q2 ,→d/2 ⇐ z ⇐ d/2,

b sin ε cos(q · r+ ϱ)eqz , z < →d/2

(A.12)

Then the coe!cients are obtain from the boundary condition along z. See equations 1.9, 1.10.

a = A+Be
qd
→

Mse
qd/2 sinςq

q
(A.13)

b = Ae
qd +B →

Mse
qd/2 sinςq

q
(A.14)

A = →
Ms(1→ sinςq)e↑qd/2

2q
(A.15)

B =
Ms(1 + sinςq)e↑qd/2

2q
(A.16)

(A.17)

The magnetic scalar potential inside the film is:

U(r) =
Ms

2q
sin ε sinςq cos(q · r+ ϱ)e↑q(d/2+z)

(
e
2qz

→ 1 + sinςq

(
1 + e

↑2qz
→ 2e↑q(d/2↑z)

))
.

(A.18)
Now, the dipolar field is obtained from H = ↑U(r), and the dipolar energy can be obtain
from equation 1.11, thus the normalized energy is:

φdip =
sin ε

4qd

 (
qd+ e

↑qd
→ 1

)
sin ε sin2

ςq (1→ sinc(qxLx) sinc(qyLy) cos 2ϱ)

+4
(
qd+ e

↑qd
→ 1

)
cos ε sinϱ sin2

ςq sinc(qxLy) sinc(qyLy)

+ sin ε(1→ e
↑qd)(1 + sinc(qxLx) sinc(qyLy) cos 2ϱ)


(A.19)
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For the symmetries with the texture parallel to the applied field, qx = 0 and qy = q, the
dipolar density energy yields to:

φ
↓
dip =

sin2
ε

4qd
(1→ e

↑qd)(1 + sinc(qLy) cos 2ϱ). (A.20)

And for the symmetries with the texture perpendicular to the applied field, qx = q and
qy = 0, the dipolar density energy yields:

φ
→
dip =

sin ε

4qd

 (
qd+ e

↑qd
→ 1

)
sin ε (1→ sinc(qLx) cos 2ϱ)

+4
(
qd+ e

↑qd
→ 1

)
cos ε sinϱ sinc(qLx)

+(1→ e
↑qd) sin ε(1 + sinc(qLx) cos 2ϱ)


(A.21)
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