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CHAPTER 1

Introduction

The study of the statistical behavior of dynamical systems is a central topic in modern
smooth ergodic theory. A fundamental objective in this area is to understand how in-
variant probability measures describe the asymptotic dynamics observed for typical initial
conditions. In many systems of interest, particularly beyond the uniformly hyperbolic
setting, the coexistence of multiple invariant measures and the structure of their basins of
attraction give rise to rich and complex phenomena.

Recall that the basin of an f-invariant probability measure p is
1 n—1
_ TN 3 _ . )
B(p) = {:U eM : nh_}ngo " Z;w(f (2)) /wdu, for all : M — R contlnuous} :
]:

An invariant probability measure is called physical if its basin has positive Lebesgue mea-
sure. Physical measures play an important role, as they capture the statistical behavior
observed for a positive proportion of initial conditions with respect to a natural reference
measure (Lebesgue) on the phase space. In many classical settings, physical measures
are well understood: for transitive C" Anosov diffeomorphisms with » > 1, a unique
physical measure exists and its basin has full Lebesgue measure; more generally, for C?
Axiom A attractors, physical measures are finite in number, the union of their basins
covers Lebesgue-almost every point of the ambient manifold, and each basin is an open
set modulo a Lebesgue-null set [35, 31, &, 7].

Beyond the uniformly hyperbolic setting, this classical picture can break down. A
striking example was introduced by Ittai Kan in [20]: he constructed a dynamical sys-
tem exhibiting multiple physical measures whose basins are not separated by smooth or
measurable boundaries, but are densely intertwined throughout the phase space.

Kan’s construction takes the form of a skew-product map K: S' x [0,1] — S* x [0, 1],
where S! plays the role of the base and [0, 1] the role of the fiber, defined by

(1.1) K(0,4) = (30, £+ cos(276) (3%) (1 t)) .

1



1. INTRODUCTION 2

Despite the apparent simplicity of its definition, the map K exhibits a rich ergodic struc-
ture resting on three key properties: both boundary components S' x {0} and S! x {1} are
invariant under K; the restriction of K to each boundary is uniformly expanding; and the
average fiber contraction near each boundary is negative. Together, these properties guar-
antee that the Lebesgue measure on each boundary component is invariant and physical,
yielding two physical measures. Furthermore, the fiber maps at two special fixed points
of the base — which we call elevators — exhibit contrasting behavior: at one elevator,
t = 0 is attracting and ¢ = 1 is repelling, while at the other the roles are reversed. This
generates a heterodimensional cycle responsible for the intermingling of their basins: every
nonempty open subset of S! x [0, 1] intersects each basin in a set of positive Lebesgue mea-
sure, the union of these basins covers Lebesgue-almost every point in S! x [0, 1], and this
behavior persists under small perturbations [19]. These ingredients were later abstracted
and systematized in [4, Chapter 11], leading to the class of Kan-like maps, which provide
a natural framework for studying the robustness of intermingled basins and serve as a
point of departure for the investigations developed in this thesis.

Kan-like systems have since been studied from two complementary perspectives. From
the topological viewpoint, Gan and Shi [16] proved that Kan’s original cylinder endomor-
phism is robustly topologically mixing within the class of C? boundary-preserving maps.
In the invertible setting, Cheng, Gan, and Shi [12] constructed a robustly transitive dif-
feomorphism of Kan’s type on T? by inserting a blender into Kan’s example, and Xia [38]
proved that Kan’s original diffeomorphism on T? x [0, 1] is itself topologically transitive,
under a mild irrationality condition on the derivatives of the elevator maps. These results
reveal a fundamental contrast: despite admitting two distinct ergodic behaviors, Kan-like
systems are topologically indecomposable.

From the measure-theoretic viewpoint, the interior ergodic structure has been studied
primarily in the endomorphism setting. Besides the measures supported on the boundary
of the cylinder, Bonifant and Milnor [6] detected, for Kan’s original cylinder endomorphism
on S x [0, 1], a third hyperbolic invariant measure supported in the interior of the cylinder,
projecting onto Lebesgue measure on the circle, though not physical in the usual sense.

In [26], Kan’s construction was generalized by replacing the multiplication-by-3 map
with a uniformly expanding endomorphism F of the base. In this endomorphism setting,
the phenomena observed by Kan and Bonifant—Milnor were shown to persist for a wide

class of E-invariant probability measures v, including measures of maximal entropy and



1. INTRODUCTION 3

equilibrium states for Holder potentials (see Section 2.1). Considering the natural refer-
ence measure m, = v X Leb; on the ambient manifold, an invariant measure p is called
observable with respect to m,, if its basin % (u) has positive m,-measure. It is established
that the boundary measures are observable and intermingled with respect to m,,, their
basins cover m,-almost every point of the ambient manifold, a unique interior ergodic
measure exists, and all these measures are hyperbolic.

In the same pioneering work [20], Kan also introduced a diffeomorphism version of his

construction, considering the map K: T? x [0, 1] — T? x [0, 1] defined by

(1.2) K(z,y,t) = (3x Yy, 22 4y, t+ cos(2ma) (é) (1- t)) ,

and established that the Lebesgue measures on the boundary components are physical
measures with intermingled basins, showing that the phenomenon first observed in the
endomorphism setting persists in the invertible case.

Motivated by Kan’s construction, this thesis studies a general class of diffeomorphisms
sharing these features. Let T denote the d-dimensional torus, I = [0,1], and M = T% x I.
We consider a C"-diffeomorphism K: M — M defined by

(1.3) K(z,t) = (A(x), (2, 1)),

where the base diffeomorphism A: T¢ — T¢ is a C"-Anosov diffeomorphism and the fiber
map ¢: M — I is a C" map, r > 1. Throughout this thesis, A is always assumed to be
transitive.
We call K defined in (1.3) a Kan-like diffeomorphism if it satisfies the following con-
ditions:
[KD1] K preserves the boundary: For every x € T¢ we have ¢(xz,j) = j, with j € {0,1}.
[KD2] K has two “elevators”: The Anosov diffeomorphism A has two fixed points p, ¢ €
T<. The map ¢(p,-): I — I has exactly two fixed points: a hyperbolic source at
t = 0 and a hyperbolic sink at ¢ = 1. Analogously, the map ¢(q,-): I — I has
exactly two fixed points: a hyperbolic sink at ¢ = 0 and a hyperbolic source at
t=1.
[KD3] K is a partially hyperbolic diffeomorphism: There exists a Riemannian metric on
M (adapted to K) and a constant A < 1 such that for every (z,t) € M,

|IDK

B @l <A (DK gy @n) 'l < A,

IDK|gs @l - (DK g (k@) Il < 1,
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IDK | ge @l - (DK gy (k(2y) ' < 1.

FiGure 1. Kan-like diffeomorphisms

The question of which ergodic measures can occur for a Kan-like diffeomorphism, and
how their basins are organized, has remained open. This thesis addresses these questions.

The goal of this work is to understand how the asymptotic behavior along the fibers,
as captured by the central Lyapunov exponent, determines both the structure of invariant
measures and the geometry of their basins of attraction. Our main results establish that
every ergodic K-invariant measure is a graph measure supported on a K-invariant graph,
and that the sign of its central Lyapunov exponent determines the geometry of its basin
along the fibers; these conclusions are made precise in Theorems A, B, and C.

The relevant terminology is as follows. For each z € T¢, we denote by I, = {z} x I the
fiber over x. Given an ergodic K-invariant probability measure pu, its central Lyapunov

exponent (or fiber Lyapunov exponent) is

) = [ Toelop(e. )] dua ).

Since K is partially hyperbolic by [KD3], the fiber direction 0; spans the central bundle
E¢., so x(n) measures the average asymptotic expansion in this central (fiber) direction.
Denote by m: M — T? the natural projection. Given a measurable function ¢: T¢ — I,
we call T(¢) = {(z, ¢(z)): = € T} an invariant graph for K if ['(¢) is K-invariant; given
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an A-invariant probability measure v on T¢, the associated graph measure is defined by
11s(E) = v(m(ENT(4))) for every measurable E C M.

THEOREM A (Geometry of basins). Let K: M — M be a Kan-like C"-diffeomorphism,

r > 1. Then, for every ergodic K-invariant probability measure p,

(1) the pushforward measure v = m,u is ergodic;

(2) there exists a measurable function ¢: T — I whose graph T'(¢) is K-invariant
and [t = [iy;

(3) for v-almost every x € T? (where v is as in (1)), the intersection of the basin
PB() with the fiber I, is an interval (possibly degenerate). In addition,
(a) if the central Lyapunov exponent of u is positive, then B(u) N 1, is a single

point; and

(b) if the central Lyapunov exponent of p is negative, then the set B(u) N I,

contains an open interval.

While Theorem A describes the geometric structure of the basin of each ergodic K-
invariant measure, it does not characterize which such measures actually occur, nor how
many there are.

An ergodic A-invariant probability measure v on T? is called geometric if it has local
product structure, uniformly bounded Radon—Nikodym derivatives, and full support; see
Section 2.3 for the precise definition and further properties.

By condition [KD1], the boundary components T¢ x {0} and T¢ x {1} are K-invariant.

0 def
—VX50

Given an A-invariant probability measure v on T¢, the boundary measures are v
and v* £ v x §;, that is, the measures supported on the invariant boundary components
T¢ x {0} and T? x {1}.

We call an ergodic K-invariant measure interior if its support is not contained in the
boundary T¢ x {0, 1}.

The next result provides a complete description of the ergodic measures projecting

onto a given geometric measure on the base.

THEOREM B (Structure of ergodic measures). Let K: M — M be a Kan-like C"-
diffeomorphism, r > 1. Let v be a geometric measure on the base T¢. Among all ergodic
K-invariant probability measures p satisfying m.pu = v, exactly one of the following alter-
natives holds:

(1) No interior measures: the set of interior ergodic measures is empty, and the bound-

ary measures satisfy x°(v°) x¢(v') < 0.
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(2) Lyapunov alternating sequence: there erists a finite or infinite sequence of interior
ergodic graph measures {jy,} whose associated graphs satisfy ¢;(x) < ¢ip1(x) for
v-almost every x, and whose central Lyapunov exponents alternate in sign. If
the sequence is infinite in some direction, it accumulates on the corresponding

boundary measure, whose central Lyapunov exponent is equal to zero.

A more precise statement, including the exact structure in the finite case, is given in
Theorem 6.10.

FIGURE 2. Schematic illustration of Theorem B, Case (2): the Lyapunov
alternating sequence. Each interior ergodic graph measure p, is supported
on the invariant graph T'(¢;); the strict ordering ¢ (x) < ¢o(z) < ¢3(z)
holds for r-almost every x, and the central Lyapunov exponents alternate

in sign.

We now study the intermingling phenomenon for boundary measures that are m,-
observable. A geometric measure v is called strongly geometric if it additionally satisfies
the uniformly bounded Jacobian (UBJ) condition (see Section 2.3 for details). The follow-
ing result shows that, when both boundary measures v° and v! are m,-observable, their

basins are intermingled.

THEOREM C. Let K: M — M be a Kan-like C"-diffeomorphism, r > 1. Let v be a

strongly geometric measure on the base T. Assume that v’ is m,-observable, j = 0, 1.
Then,
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(1) The basins B(1L°) and B(v') are dense and intermingled with respect to m,, their

L are the only m,-observable

union covers m,,-almost every point of M, and 1°,v
K -invariant measures projecting onto v.
(2) There exists a unique ergodic K-invariant probability measure p # v°, v project-

ing onto v; such a measure has positive central Lyapunov exponent.

We note that strongly geometric measures always exist for Kan-like diffeomorphisms;
see Corollary 7.11 (Section 7.6).

The thesis is organized as follows. Chapter 2 recalls background notions from smooth
ergodic theory that will be used throughout the work, including entropy, equilibrium states,
Gibbs measures, geometric measures, and basic properties of Anosov diffeomorphisms.

Chapter 3 studies the ergodic decomposition of invariant measures on the boundary
components and the topological structure of the corresponding space of measures. It
provides the tools needed to produce geometric and strongly geometric measures with
prescribed signs of the central Lyapunov exponent on the boundary.

Chapter 4 establishes the fundamental dynamical properties of Kan-like diffeomor-
phisms used throughout the thesis: their partial hyperbolicity, the projection of the dy-
namics onto the boundary components, the elevator structure connecting these compo-
nents, and the resulting decomposition of the space of invariant measures.

Chapter 5 develops the main tools for ergodic basins in the skew-product setting: the
correspondence between ergodic measures and invariant graphs, the interval structure of
basins along fibers, and the basin geometry of hyperbolic measures. These results yield
the proof of Theorem A.

Chapter 6 treats the case of a geometric base measure. Using the Avila—Viana In-
variance Principle, we show that interior ergodic measures are necessarily hyperbolic and
obtain a complete structural description of the set of ergodic measures projecting onto the
base. This yields the proof of Theorem B.

Chapter 7 is devoted to the proof of Theorem C. We show that, when both boundary
measures are m,-observable, their basins are dense, intermingled, and together cover al-
most every point of the manifold, and establish the existence and uniqueness of the interior

measure.



CHAPTER 2

Preliminaries

2.1. Entropy, pressure, invariant measures, and equilibrium states

Topological pressure and entropy. Let (X, distyx) be a compact metric space and
let F': X — X be a continuous map. Given € > 0 and n € N, the n-th Bowen ball of size

€ centered at z € X is the set
B,(x,€) = {y € X: distx (F*(z), F¥(y)) <€, for every k=0,...,n—1}.

A set B C X is said to be (n,€)-separated if for every distinct z,y € B, there exists
k €{0,...,n— 1} such that distx(F*(z), F*(y)) > e.

Consider a continuous function ¢: X — R. The n-th Birkhoff sum of i) along the
orbit of x is defined by

n—1

(2.1) Spt() = Y D(FH(x)).

k=0
We denote by
P(,n,€) = sup Y exp(Snth(x)),
zeB
where the supremum is taken over all the sets B C X being (n, €)-separated. For € > 0,

we denote
of 1. 1
(2.2) P.(¢)) = limsup — log P(1),n, €).
n—oo N
The topological pressure is defined as
(23) P(4) < lim P, (1)),
e—0

In particular, the topological entropy of I is the pressure of the null potential,
(24) htop(F) déf P(O)

Recall that, given a measure 7, its push forward is the measure F,n < no F~'.
Let n be an F-invariant Borel probability measure (that means F.n = 7). A (mea-
surable) partition P on X is a countable (finite or infinite) family of pairwise disjoint

8
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measurable subsets of X whose union has full » measure. The entropy of the partition P
is the real number
H,(P)=">_ —n(P)logn(P).
PeP
Given two partitions Q;, Qs of X, their join is the partition Q; V Qy & {Q1NQy: Q €
Q1, Q2 € Qs}. More generally, given a countable family of partitions { Qg }res, we denote
by V,e; @k the partition whose elements are the nonempty intersections [1),.; @k, with

Qr € Qk.

Given a partition P on X, with finite entropy, denote
n—1
P = \/ F7*(P)  for each n > 1.
k=0

The metric entropy of F' with respect to the measure 7 is defined by

hy(F) = sup h,(F,P),
P

where the supremum is taken over all the partitions with finite entropy and h,(F,P)

denotes the entropy of F' with respect to the partition P, which is defined by
1
hy(F,P) = lim EHH (P").

Equilibrium states and Gibbs measures. The variational principle establishes

that for every continuous function ¢: X — R, we have
P (i) = sup {h,(F) +n(¥) },
U

where the supremum is taken over all the invariant probability measures of F' and (1))
denotes the integral [ dn.

The invariant measure 7 is an equilibrium state for the potential ¢ if

P() = hy(F) +n(v).
In particular, any equilibrium state for the potential ¢ = 0 is called a measure of mazimal
entropy.
An invariant measure 7 is a Gibbs measure or a Gibbs state with respect to v if it
satisfies the Gibbs property: for every € > 0 small enough, there is Q,, = Qy(€) > 0 such
that for all x € X and n € N, we have

1 _n(Ba(,€)
Qw = e—nP ) +Sny(z) — Qw'
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In particular, any Gibbs measure in a transitive Anosov system is ergodic [7].

Every equilibrium state is a Gibbs state for the potential ¢ [32, Chapter 4]. The
converse need not be true in general, but a summability condition on the potential is
indeed sufficient for the coincidence of Gibbs and equilibrium states [22, 11]. Such a

summability condition is satisfied if ¢ is, for instance, Holder continuous.

Space of invariant measures. Denote by M;(X) the space of Borel probability
measures on X. The following defines a metric on M, (X).

For B C X, denote by B¢ = {z € X: disty(z, B) < €} the e-neighborhood of B.
Given 71,12 € My (X),

distar, (x) (71, 72) < inf {e> 0:1(B) < mi(B°) + € for every Borel set B C X }.

Although the definition is apparently not symmetric in 7; and 7, one verifies that the
condition above holds with 7,7, interchanged for the same €, so disty, (x) is indeed a
metric.

This metric, called the Lévy—Prokhorov metric, induces the weak* topology and there-
fore M, (X) is a compact metrizable convex topological space [36, Section 2.1.3] (see also
(37, Theorem 6.4]).

We denote by disty the induced Hausdorff distance on compact sets in My (X).

Disintegration and ergodic decomposition. If P is a partition of X into measur-
able subsets, there is a canonical projection w: X — P that assigns to each point z € X
the element P(z) = w(x) of the partition that contains it. We say that a subset Q C P

is measurable if there is a measurable subset £ C X such that

= 1(Q) = |J P);
z€E
in this case we write @ = E¥. The collection B of all such measurable subsets of P is a
o-algebra. The inverse image of the projection w thus endows P with the structure of a

probability space (P, B, n”), where the measure 1" is defined by (see [25, 36])
(2.5) n"(E7) =n(E).

A disintegration of n with respect to the partition P is a family {nﬁ :Pe 77} of
probability measures on X such that n2(P) = 1 for n”-almost every P € P; for every
measurable set £ C X the map P+ nh(E) is measurable, and
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26) WE) = [ ()i (P@).

The measures {nh : P € P} are called conditional probabilities of n with respect to P.

Given z € X, we write n” = 777;(9;)’ so that (2.6) reads

2.7) n(E) = /X P (E) di ().

If X is a complete separable metric space, Rokhlin’s Theorem [36, Theorem 5.1.11]
states that for any measurable partition P, there is a unique family of conditional proba-
bility measures {n-: x € X} which is the disintegration of n with respect to P.

We denote by M(F') the space of F-invariant Borel probability measures and by E(F)
the space of ergodic measures of F.

The Ergodic Decomposition Theorem states that for every n € M(F), there exists
a partition P of X into measurable subsets and a family {7, : x € X} of conditional
probability measures with respect to P, where 1, € &(F) for n-almost every » € X'.

In particular, the ergodic decomposition {7, },cx implies that, for every ¢»: X — R

measurable

(2.8) /wdnz / (/wdm) dn” (z)

and
(29) (F) = [ B (F) P (a).
In Section 2.3 we apply the previous setting for X = T¢ and F = A.

2.2. Invariant manifolds for Anosov diffeomorphisms

Recall that a C"-diffeomorphism A: T¢ — T9 is an Anosov diffeomorphism if there
exists a splitting of the tangent bundle TT¢ = E% @& E%, invariant for the derivative of A,
and constants C' > 0, A € (0, 1) such that, for every x € T? and n > 1,

||DAn|E2(I)|| S CA\* and ||DA_n|EX(A"z)|| S C\".

Replacing the Riemannian metric on T? by an adapted metric, we may and do assume
throughout that C' = 1, so that for every z € T¢,

[ DA|ps @)l <1< ||DA_1|E;§(A(x))||_1'

n this particular case, we omit the dependence on P in the notation.
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Given 19 > 0, the local unstable manifold of size ry of a point o € T¢ is the set

W4(zg,70) of points z € T such that

lim distpa (A_"xO,A_”z) =0 and distqa (A_"aso, A‘"z) <rg foralln>0.

n—-+0o0o

According to the Unstable Manifold Theorem [33], for every rq > 0 and every zy € T¢,
W4(z0,70) is a disk C"-embedded in T¢ with T,,,W4(zo,70) = E% (o).

The unstable manifold W4(xq) of xo € T is the set of points z € T? whose backward

orbit is asymptotic to that of x:

lim distpa (A" 29, A"2) = 0.

n——+0oo
It follows immediately from the definitions that
Wi(ro) = U A" (Wi (A xo,70)) -
n>0
Therefore, W} (z) is a C” immersed submanifold.
Let us denote by dist“ the intrinsic distance defined on a fixed unstable manifold.

def

More precisely, given points x € T¢ and z,y € W}(x), dist"(z,y) = inf, length(vy) where
the infimum is taken over all the C'-curves v in W¥%(x) connecting z to y. Since the
derivative of A is uniformly expanding along the tangent bundle EY%, this distance is
uniformly contracted by the backward iterates of A. Indeed, given any piecewise C! curve
7 connecting z to y inside W(x), the length of A7"(v) is less than \,"length(y), for

every n > 1, where A, = ||[DA™|gu ||~ > 1. Therefore,
dist” (A7"(2), A™"(y)) < A, "dist"(z,y)  for every n > 1.
Fix z € T% Given 2 € W¥(x), and rq > 0, the u-ball centered at x of radius ry, is the set
B"(xz,ro) = {z € Wji(z) : dist"(z,2) < 1o}

If ry is small enough, there is a constant 0 < a < 1 such that

Wi(x,a-rg) C BY(z,r9) € Wi(z,10).
A set v C T? is a u-disk if it is a subset of some unstable manifold W% (z) that is
diffeomorphic to a u-ball.
The Unstable Manifold Theorem also states that W} (z,ry) varies continuously with
the point € T?. More precisely, for every zy € T¢ and ry > 0, there exists a neighborhood

Usore C T? of xg, and a continuous map

Do Usgrg — Emb” (W (9, 79), T?)
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such that ®,, ,, (7o) is the inclusion of W4 (zg, r¢) in T¢, and for every z € Uy, »,, W4(2,70) =
D, o (2) (Wi (z0,70)). Recall that r > 1 is the class of differentiability of A.

Let 2y € T?, ro > 0, and Uzoro © T be the neighborhood of z given by the Unstable
Manifold Theorem. Let z € U,,,, be a point such that &, ., (2) = W}(z,79). Given
€ > 0, we say that two closed u-disks v C W(xg,79) and ¥ C W (z,79) are e-close in the
C"-topology if ® s,y (2) is e-close to Dy, (20) in the C" topology of Emb" (W (2o, o), T?),
and ®,, ., (v) and 7 are close in the intrinsic metric of W}(z,ry) and vice versa.

Let G : vy —[0,1], G : % — [0, 1] be C"-functions defined on the u-disks v C W¥(zq, )
and 7 C W4(z,70). We say that G and G are e-close in the C"-topology if the disks v and
4 and the functions G and G o ., (%) are e-close in the C"-topology.

The local stable manifold of size ro > 0, denoted W5 (xo,70), and the stable manifold,
W (o), of a point # € T? are defined in the same way as the local unstable manifold and
the unstable manifold, respectively, replacing A~! by A. Again, local stable manifolds of

points are C" embedded disks, and the stable manifolds are C" immersed.

2.3. Geometric measures for Anosov diffeomorphisms

Recall that A has a local product structure, that is, there exists 6 > 0 such that for
every x,y € T? with distpe(z,y) < ¢ the intersection W5 (x,70) N W4(y,rg) is transverse
and consists of a single point z denoted by [z, y]. A closed subset R C T? is a rectangle if

for all x,y € R the point [z, y| is well-defined and belongs to R. For every x € R, we let
Wi(z, R) = W4(z,70) N R.

Consider a rectangle R, a point x € R, and a pair of probability measures £* and &°
defined on W} (z, R) and W5(z, R), respectively. Their product measure, denoted £" ® &*
and defined on R, is given by

€' @ &([R", RY)) = €1 (R"E(R);
where R* C W} (z, R), and R®* C Wj(x, R) are Borel subsets and
[R*, R*] = {[y, 2]: y € R*, z € R*}.
Given a rectangle R and points y, 2z € R, consider the stable holonomy map

(2.10) hy.: Wiy, R) = Wi(z,R),  hi() < [z,2],
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which maps one unstable leaf to another one by sliding along stable manifolds. Analo-

gously, one defines the unstable holonomy map
hy.: Wily, R) = Wi, R),  hy.(2) = [2,4],
between W5 (y, R) and W§(z, R).

Given any rectangle R, we can consider the partition of R by local unstable sets
WE = (Wi (z,R): = € R}.

Since W} is a measurable partition, Rokhlin’s Theorem (see Section 2.1) states that,
for every n € M;(T?) there is a unique family {n*: x € R} of conditional probability
measures defined on W} (z, R) € W, which is a disintegration of n|R with respect to the
partition WE.

Fix x € R. Due to the local product structure, each element W}(y, R) € W is
identified with the point h%(y) € Wi(x, R), where h¥: R — W3(z, R) is defined by

(2.11) he: R— Wiz, R),  hi(y) = hi, ().

Moreover, the measure n"V& defined in (2.5) can be identified with a measure 73 on
Wil(z, R) by

(2.12) iy = 0o (hy) ™

and (2.6) can be written in this case as
(2.13) wE) = [ E ).
W5 (x,R)

Analogously, we can consider the partition of R by local stable sets
Wi = {W5(x,R): = € R},

and obtain a unique family {n?: x € R} of conditional probability measures defined on
Wi(x, R) € Wy, which is also a disintegration of n|R. In this case, the partition space W5,
can be identified through the holonomy map with the local unstable manifold W} (x, R)
and the measure n"V& can be viewed as a measure 7 on W4%(z, R), and (2.6) rewrites as
2.14) wE) = [ e i)
W (z,R)

When 7 has local product structure (see below), the disintegrations in (2.13) and (2.14)

are compatible in the sense that n¥ ~ 0% and n; ~ 7; for n-a.e. z € R.

Recall that two measures 7, £ are equivalent if n < & and £ < n; in this case, we write

n~_g.
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A measure n on T? has local product structure if there is § > 0 such that for every
rectangle R C T¢ with n(R) > 0 and diam(R) < ¢, it holds

Ng~ny @n, fornae x€R.
The next lemma characterizes measures with local product structure.

LEMMA 2.1 ([13, Lemma 2.12]). Let R be a rectangle and n a measure with n(R) > 0.

Then the following conditions are equivalent:

(1) (hs.), ny < nt forn-a.e. y,z € R,
(2) (hy.), my ~n2 forn-a.e y,z € R,
(3) (hv.), ms < s forn-a.e. y,z € R,
(4) (hy.), my ~n: for n-a.e. y,z € R,
(5) there exist x € R and measures 72,75 on Wi(x, R), W5(z, R) such that n|, ~

M @ 135
(6) Nl ~nt@n: forn-a.e. x € R.

A probability measure n with local product structure has uniformly bounded Radon—
Nikodym derivatives (UBD) if there are constants C7,d > 0 such that for every rectangle
R with diam(R) < ¢ and for every y, z € R the Radon-Nikodym derivative of the stable
holonomy h;_ (defined in (2.10)) satisfies
d(hy.)

My <O},

2.1 -1 <
(2.15) 7t < s

REMARK 2.2. The conditional measures 73 depend on the choice of the rectangle
R (although this is not reflected in the notation). In fact, the ambiguity only consists
of a normalizing constant: if Ry, Ry are two rectangles and {nl}.cr, and {n?}.cr, the
corresponding systems of conditional measures on the sets W (z, R;), j € {1, 2}, then for
n-almost every x € Ry N Ry, the restrictions of the measures n! and n? to W4(x, Ry) N
W (x, Ry) are scalar multiples of each other (see [13, Lemma 2.10]).

Given a finite covering Ry, ..., R, of T¢ by rectangles with diam(R;) < 4, for each
r € T? we fix some index j € {1,...,n} with z € R; and define n* as the conditional
measure of n|g, on Wi(z, R;). The choice of j is immaterial: by the above, conditional
measures corresponding to different rectangles containing x agree up to a scalar multiple

on the intersection of the corresponding unstable leaves.
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An ergodic measure of A is called geometric if it has local product structure, satisfies
the UBD property, and has full support. We denote by G = G(A) C &(A) the set of

geometric measures of A. We call every measure in E(A) \ G non-geometric.

2.4. Strongly Geometric measures for Anosov diffeomorphisms

Let n be a probability measure on T? that is not necessarily invariant under A. A
measurable function J, : T? — [0, 00) is a Jacobian of A with respect to 7 if the restriction

of J, to any measurable subset £ C T is integrable with respect to n and satisfies

HA(E)) = / g, di.

We denote by J;7, n > 1, the Jacobian of A" with respect to . We say that the Jacobian
Jy, has uniformly bounded distortion if there exists Co > 0 such that for every integer
n > 1, every v € T¢ and every y € B,,1(x, 1),

b - Jy(Anx)
Cy = Jp(Ary) —

A standard argument shows that a Holder-continuous Jacobian has bounded distortion.

(2.16) 3

A geometric probability measure 1 has a uniformly bounded (unstable) Jacobian (UBJ)
if for every € T%, ry > 0 and n > 1 it holds that A% < n%., and the Radon-Nikodym

d"%nac

dAime satisfies

derivative J];; =
(2.17) Co™t < Jhu(A"z2) < O,

for every z € A" (W4 (A™z,19)).
In particular, this implies that,
1 Jh(A"z)
2.18 — <L <2
219 a3 = T =
for every y,z € A7 (W4 (A™x,19)). Therefore, for any u-disk £ C Wi(A"x,ry) and any

measurable subset £/ C E, we have

L ming (') Avma(BY) o iing (E7)
CE 4, (B) — Ampi(E) = P b, (B)

We denote by 8 C G the set of strongly geometric measures, consisting of those n € G
that satisfy the UBJ property.

If A is transitive, then 8§ # (). Indeed, since A is a transitive Anosov diffeomorphism

(2.19)

on the connected manifold T¢, A is topologically mixing. Hence, for any Hélder potential

Y: T¢ — R there is a unique equilibrium state which is a Gibbs measure [7].
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LEMMA 2.3 ([7, 13]). Every Gibbs measure of A associated with a Hdélder continuous

potential is a strongly geometric measure.

In order to prove that the union of the basins of v x dy and v x 97 is a full v x Leb-
measure subset (see Proposition 7.9 below for more details), we will require the following
lemmas, which are a slight modification of Lemma 4.3 in [5]. In our case, we need to adapt
the original statement for the Lebesgue measure to any strongly geometric probability
measure 7).

Now we state two lemmas, needed in Chapter 7.

Let n be a Borel probability measure on M and Z C M be a measurable set. A point
z € M is an n-density point of the set Z if

n(Z N B(z,e))

lim =1
=0 7 ( B ( z, 6))
When 7 is other than Lebesgue, it follows from [15, Section 2.9] (see also [23, section 4])

that n-almost every point in Z is an n-density point.

LEMMA 2.4. Let A : T¢ — T? be an Anosov diffeomorphism and n be any strongly
geometric measure. Let ro > 0 be fized. Then, for any x € T and any u-disk v C W4%(x)
such that n“(y) > 0 and having a boundary of zero n“-measure, and for any integer n
sufficiently large, there exist u-disks ¥; Cw; C v, i=1,...,5(n), such that

(i) the 19 are pairwise disjoint;
(i) 7

(iii) each A™(¥;), i=1,...,5(n), is a u-ball of radius ry inside A"(vy); and

(iv) each A™(w;), i =1,...,7(n), is a u-ball of radius 2ry inside A"(7).

H(OA wl) converges to N%(vy) as n — co;

PROOF. Given any large enough n, let B (x;,r9),i =1,...,j(n), be a maximal family
of disjoint u-balls of radius r contained in A”(vy). This means that for any other z € A™(7),
the u-ball of radius 7y around z intersects either the boundary of v or B* (x;, ry) for some
i =1,...,7(n). In particular, the family B* (z;,2r,) covers the set of points in A™(7)

whose distance to the boundary is larger than r,. We take
(2.20) v, = A" (B" (z4,19)) and w; = A" (B" (x;,2r0)) .

We are left to prove part (i) of the statement. For this, note that the union of the
wi, i =1,...,j(n) contains the set of points of v whose distance to the boundary of ~ is
larger than A, "ry. Since the boundary of v has zero n¥-measure, the n!-measure of the

complement of this set approaches zero as n approaches infinity. O



2.4. STRONGLY GEOMETRIC MEASURES FOR ANOSOV DIFFEOMORPHISMS 18

LEMMA 2.5. Let A:T% — T¢ be an Anosov diffeomorphism, and let n be any strongly
geometric measure. Let v C T¢ be a u-disk, and o' C v such that n*(y') > 0, x € v. Then,
for every rq > 0, there ezists a sequence of u-balls of radius ro, v C A™(), n > 1, such

th(lt U n An /
iy Thra (V"N A™M(Y))

=1.

PROOF. Let zy € 4/ be an n¥-density point of 7/. Then, there exists a decreasing

sequence of u-balls wy, C v around zy with a radius approaching 0, such that

1y (wWk 07)

2.21 lim =1
( ) k—o0 ng(wk)
For each sufficiently large and fixed k, we choose n = n(k) large enough such that

Lemma 2.4 can be applied to 7 = wg. We may assume that n(k) — oo as k — oo.
Let ¥ and wF, i = 1,...,(k), be the u-disks in v obtained from this lemma.
Claim: There exists a constant 0 < 7 < 1, independent of k£ > 1, such that

3 (k)
(2.22) i U I | > 7n(wr), for every k > 1,

i=1
that is, the union of the ¥¥’s covers a fixed fraction of wy, for every k. Assuming the claim
above, Lemma 2.4 part (ii) completes the proof of the lemma. Indeed, since the 9% are
pairwise disjoint, it follows from (2.22) combined with (2.21) that we can choose some
ir € {1,...,7(k)} such that the sequence ¥¥ satisfies

ne(vk Ny

2.23 lim =1.
(2:29) e (0E)
We take
n(k n(k k
(2.24) 7" = ArB (5 ).
Using (2.19) and (2.23), we have
1, (7" N A (7)) _ Moo, (A"P (05 1Y)
Waning (7°M) Myt (A9 (0F))
— 1_ 77,7f1n<k)x(14n(k) (ﬂfk \7’))
77171(1@)1(’4"(@(195;6))
u ﬂk !
> oY) lk,}fy) S,

and therefore, the proof concludes.
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PROOF OF CLAIM. Recall that 9% and w¥, i = 1,...,j(k), were chosen satisfying
AMP) (98) = BY(2F o) and AP (WF) = BY(2F, 2ry),
for certain zF € T¢. Equivalently, if 2 € ¥F is such that A™*®)(3%) = 2F then
I8 = BY(2F n(k),r) and wF = B“(z¥ n(k), 2r).

In particular, since ¥ has uniformly bounded unstable Jacobian, from (2.18), we obtain

1 C3
i e (B (2 m0)) < (0F) < — e, (B (0 m0))
CQQJ;%(M(%IC)”A (B"(21,m0)) < (V7) J%(k)(gf)nA (B"(2]',m0))

analogously for w¥. Then,

w (U0 i (o)
Ny (Uj(k ) a Zi(kl 771( z)
(3T ()~ (B (#Fm0)
L) C3( T (2~ e (B (<4 2m0)
On the other hand, since n* is fully supported along W4%(z) and T? is compact, for all
o > 0 there exist C;F, C; > 0 such that

T0?

(2.25)

(2.26)

(2.27) C,y <1 (B"(2,10)) < Cf,

for all z € T¢. Now, bounding each term in (2.26) by means of (2.27) and cancelling the

common factor 7% (k) (C2J" (~k)) we obtain

ne (Uj(k 19’“) N C: Za(k (C’ZJ" (35 ))—1 s

0

U ( jik) ) 2r0 Zg(:k; C’% ( n;(zz‘ ))_1 C4 C2+ro .

Taking 7 = C,, /(C3 C3, ), we obtain the claim.




CHAPTER 3

The space of measures of the boundary dynamics

3.1. Decompositions

Throughout this section, we assume that A : T? — T¢ is a transitive C” Anosov
diffeomorphism. We now recall some well-known properties of the space of A-invariant

measures.

LEMMA 3.1. For every v € M(A) there exists a sequence (v,), C E(A) such that
hy, (A) = h,(A) and v, — v, in the weak™ topology, as n — oco.

PRrROOF. Recall that the Anosov diffeomorphism A has the specification property.
Hence, the density of ergodic measures follows from [34, Theorem 1]. Weak* and en-

tropy density follow from [14, Theorem B|. O

A set Q C T4 is a basic set of A if it is locally maximal, compact, invariant, and A|q

is topologically transitive.
LEMMA 3.2. For every basic set 2 C T¢ of A, the space E(A|q) is arc-connected.

PROOF. By Lemma 3.1 (which applies to A|q since, being a transitive locally maximal
hyperbolic set, it also has the specification property), the extreme points of M(A|q) are
dense in this space; hence it is a Poulsen simplex. Therefore, by [24], E(A|q) is arc-

connected. ]

The convex hull of a finite set of measures {1, ..., up} C M(A) is

k k
conv({p, ..., pu}) = {thuj >0, Y tj= 1}.
J=1 j=1

We state the following slightly strengthened version of the results in [21, Supplement
S.5.12], which is contained in its proof'. For this purpose, recall that for every pair of
basic sets for the transitive Anosov diffeomorphism A there exists another one containing

both sets.

'Indeed, [21] deals with ergodic hyperbolic measures; here we are in a (uniformly) hyperbolic context

and hence all considered measures are hyperbolic.

20
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PROPOSITION 3.3. For every e > 0 and every finite collection of ergodic measures
Vi, ..., v € E(A):
(1) There exists a basic set Q C T¢ such that

distyr (M(Alq), conv({r1,...,v})) <e.

(2) For each v;, j =1,...,k, there exists a measure v; € E(Alq) which is e-close to

vj and satisfies |, (A) — hy, (A)] <e.
Given ¢: T — R continuous and ¢ € R, we consider the set

(3.1) Epce(A) ={n € &(A) = n(y) < c}.

Analogously, we can define spaces replacing < by >, <, > or =.

From Lemma 3.1, every v € M(A) is approximated weak* and in entropy by ergodic
measures. We can improve such approximation on v by ergodic measures inside either of
the spaces €y.(A) or €ys.(A), for every continuous ¢: T¢ — R and any ¢ belonging to

the open interval (™ ¢™%) where

3.2 min‘ﬁ : d maxd:ef )
(3.2) W Vrerg(g)V(w) an W nax, v(¢)

It follows from the Ergodic Decomposition Theorem that min and max in (3.2) are

indeed attained.
LEMMA 3.4. Let v € M(A) and let ¢: T¢ — R be continuous such that

(3.3) P < () < g
Then, for every e > 0, there are v, v~ € E(A) satisfying:
(1) distaay (v, v) <e;
(2) [y (4) — ho(A)] < &;
3) v~ (¥) <v(¥) <v'(¥).

PrOOF. Without loss of generality, assume that v(¢)) = 0. By hypothesis, there exist
nt,n~ € &(A) such that ™" < 5~ () < 0 < T (¢p) < ™. For sufficiently small ¢ > 0,
the measures & = tn* + (1 — t)v € M(A) satisfy (1)-(3) with €/3 in place of €, and
& (1) <0 < & (¥). By Lemma 3.1, choose v+ € E(A) with distaga) (&7, %) < €/3 and
|hex(A) = hyx(A)] < ¢/3. The triangle inequality gives (1) and (2). For (3), note that
& () <0 < & (), with £ (1)) bounded away from 0; since v is continuous, 7 +— (1))
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is weak*-continuous, so, choosing the approximation v* close enough (which Lemma 3.1
permits), we also obtain v~ (¢)) < v(¢) < vT(¢), that is, (3). O

PROPOSITION 3.5. Consider a continuous map 1: T — R and ¢ € (™", ™e%). Then

Ey=c(A) contains a Gibbs measure relative to some Holder continuous function V.

The proof relies on the following intermediate step, which establishes the result in the

Holder setting.

LEMMA 3.6. Assume that ¥: T? — R is Hélder continuous. For every 3 € (fmin ymax)
there is a unique equilibrium state v*s¥ of the potential gV such that v (V) = 3. More-

over, the map B — 'Y is continuous in the weak® topology and in entropy.

PROOF. Recall that if ¥ is a Holder continuous function, then there exists a unique
equilibrium state v¥ € &(A) for ¥, which is an ergodic Gibbs measure (see [7] and
Lemma 2.3). In particular, as the map ¢ W is Holder continuous for every ¢ € R, there exists
a unique equilibrium state v*¥ for the potential t¥, which is an ergodic Gibbs measure.

Recall that the pressure t — P(t¥) is Lipschitz continuous and the entropy ¢ — h,w (A)
is upper semicontinuous due to the specification property of A (see [37, Chapter 9]). If

t, — t is such that v¥ — 5 in the weak* topology, then

hyew (A) + / tU ' = P(tT) = lim P(t,0)

n—oo

(3.4) = lim h,uv(A) +/tn\I’ dv'Y

n—oo

< hn(A)—l—/t\I/dn.

Since P(t¥) > h,(A) + [t¥dn by the variational principle, equality holds throughout,
and thus 7 is also an equilibrium state for t¥. By uniqueness, n = v'¥. Since M(A)
is weak*-compact and every convergent subsequence of (v»¥), has limit ¥, the whole
sequence converges to v*¥; therefore t — 'V is continuous in the weak* topology. As a

consequence, the map ¢ — v'¥(t¥) is continuous. Since

oo (A) = hyw(A) = (P(tP) — P(t,V)) + ( / t, U dyinY — / tw dy“’),

we conclude the continuity of ¢ — h,w(A).
As a consequence, for every 8 € (U™ ymax) there is {3 € R such that v%¥(¥) =

3. O
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We can now prove Proposition 3.5.
PROOF OF PROPOSITION 3.5. Let
0 <6< gmin{lum — | [um — cf)

and choose some Holder continuous function W satisfying ||¥ — 9| < €.
Note that

(3.5) [gmin gl <6 and UM — | <,

v

By Lemma 3.6, for each 8 € (U™ ™) there is a unique equilibrium state v%#%, such

that v () = 3 and the map S~ 1Y is continuous in the weak* topology. Note that,
since VY (U) = B and ||[¢ — Vs < €,
Ve () = v (W) + 0 () = 0) < B+ [[Y - Pl < B e
and analogously vY(¢) > B — || — V|l > B — €.
Hence, by continuity, it follows that
(q/min + €, pmax _ 6) C {thgll!(w>: 6 c (\Ijmin7\I}maX>}
and therefore, by (3.5),
(\Ijmin + 26, Ppmax 26) C {Vtﬁ\li(w): 5 c (qlmin’ \I,max)}'

As, by hypothesis, ¢ belongs to the latter interval, there exists t. € R such that v*¥(¢) = c.

W

Since t.U is Holder continuous, v'¥ is the required Gibbs measure. This proves the

proposition. O

REMARK 3.7. Note that Proposition 3.5 immediately implies that for every ¢ €
(ypmin pmax) each of €pe(A) and Eys.(A) also contains a Gibbs measure — in fact, infin-

itely many.



CHAPTER 4

Dynamics of the Kan-like diffeomorphisms

Throughout this chapter we describe the partially hyperbolic structure, invariant foli-
ations, and decomposition of the space of invariant measures of K: M — M, a Kan-like

C"-diffeomorphism, r > 1.

4.1. Partial hyperbolicity

As in Chapter 1, condition [KD3| asserts that K is partially hyperbolic: there is a
D K-invariant splitting of the tangent bundle

(4.1) TM = Ey ® E} @ EY,

where DK uniformly contracts E, uniformly expands £}, and EY, is the center subbundle
dominated by both in the sense that the contraction on £, is stronger than any contraction
on EY. and the expansion on Ej. is stronger than any expansion on Ef. A Riemannian
metric on M is adapted to this splitting if the uniform contraction on Ej., the uniform
expansion on F}, and the domination of E}; over Y and of EY over £, are all exhibited
by DK itself, without requiring iteration. Such a metric always exists for any partially
hyperbolic splitting [17, Theorem 3]. Working with this adapted metric, there exists a
constant A < 1 such that, for every (z,t) € M,

(4.2) |IDK

B @l <A (DK gy @y) 'l < A,

(4.3) IDK|gs @)l - (DK g (k@) Il < 1,
and
(4.4) IDK| g @il - (DK gy (k@) 'l < 1.

Since K is a skew product over A, DK (z,t) maps the vertical direction (0,1) € T,y M
to a vertical vector at K(z,t). Denoting I, = {z} x I, K maps each fiber I, to L.
The vertical direction is thus a D K-invariant one-dimensional subbundle; condition [KD3]
excludes it from FE3, and Ej, giving ES (z,t) = ((0, 1)).
24
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For o > 0, define the unstable and stable cone fields of size a of A by
Ci(a) = {v=2"+v" € LT [|v*| < aflv"||},
Ci(e) = {v=0"+v" € LT [[v"]| < afv’||},

with v* € F5(z) and v" € E%(x).
In the same way, we define the unstable and stable cone fields of size a of K: for each
(x,t) € M,
Ck(2,t) = {w = v + w" € Ty M : [[w”] < affw"[]},
Crelat) = {w = w™ + w* € T M : 0] < allw]]},
where w® € Ej, © By, w™ € Ef ® By, w® € EYy, and w* € EY.
If o is chosen sufficiently small, then these cone fields satisfy the following strict in-

variance properties (see [28, Section 2.2]). The cones of A satisfy
DA(z) C%(x) C int C%4(Ax),

(4.5)
DA™Y x) C5(x) C int C5 (A '),

and the cones of K, by the partial hyperbolicity conditions (4.2)—(4.4), satisfy
DK (z,t) Cp(z,t) Cint Ok (K (x,t)),

(4.6)
DEY(x,t) Ci(x, 1) C int C (K~ (x, ).

In other words, DA maps every vector v € C%(z) to a vector in int C (Ax) with a strictly
larger ratio |[(DAv)“||/|[(DAwv)%||; that is, DA expands the E% component relative to
E%. Analogously, DK expands the E} component of vectors in C} relative to Ej @ EY,.
The symmetric statements hold for DA™ on C% and DK~ on C%;. Henceforth, we fix «
satisfying these conditions.

As in the Anosov case (see Section 2.3), it is known that there are unique foliations
Wy, and Wi tangent to Ef and Ej}, respectively [9, 18]. More precisely, there is 7y > 0
such that, for every (z,t) € M, the set Wi ((x,t),10) is a C"-embedded disk in M with
TanyWi((x,t),10) = Ej(x,t). Moreover, W ((x,t),ro) varies continuously with the point
(x,t) € M.

The stable manifold W} (x,t) of (x,t) € M is given by

Wic(a,t) = | K" (Wi (K™ (2,1),79))
n>0

and the stable foliation of K is the family

Wi = {Wp(z,t) : (x,t) € M}.
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The local unstable manifold of size ry, denoted Wi ((x,t),ro), and the unstable man-
ifold, Wi(z,t), of a point (z,t) € M are defined in the same way as the local stable
manifold and the stable manifold, respectively, replacing K by its inverse. Therefore, we
obtain the unstable foliation of K, W}, as before.

Moreover, a Kan-like diffeomorphism is dynamically coherent: for every (x,t) € M, the
manifolds Wi (z,t) = I, Wi (x,t) = Wi(x) x I and W (x,t) = Wi(x) x I are tangent to

def def

the directions E% (x,t), B (x,t) = E5(x,t)®ES(x,t) and E¥(x,t) = ES(x,t)®E} (2, 1),

respectively.

4.2. Projection of the dynamics onto the boundary

We denote by m : M — T? the natural projection defined by 7(x,t) © 2, 2 € T Since

K is a skew product over A, we have the semiconjugacy
(4.7) mToK =Aom.
Condition [KD1] means that K preserves each boundary component of M and K(x,j) =
(A(x),j), for every z € T? and j € {0,1}. Therefore,
Ej(z,j) = Eji(z) x {0}, and Eg(z,j) = E4(z) x {0}.
Similarly, the cone fields of K restrict on the boundary to those of A:
Ci(z,)) NT,T = Ci(z),  Ciklz,j) NT,T = Ci(x),
where T, T¢ is identified with the horizontal subspace of T, (@) M.
Moreover,
Wi (x,j) = Wilz) x {j} and Wg(z,j) = Wi(x) x {j},

and T(Wi(x,t)) = Wi(z), m(Wi(x,t)) = Wi(z), for every (z,t) € M, which follows
from (4.7). In particular, the constant A in (4.2)—(4.4) and the cone size « in (4.5)—(4.6)
can be taken the same for K on M and for A on OM.

4.3. Elevators

The center-stable manifolds of the saddle points guaranteed by condition [KD2| play
a key role in the dynamics of K: they connect the two boundary components through
the interior of M, acting as elevators that allow ergodic information to be transported
between T¢ x {0} and T¢ x {1}. Their precise structure is as follows.

By condition [KD2], there are hyperbolic (fixed) saddles (p,0) and (¢, 1) with stability
index d* = dim E%. Similarly, (p,1) and (¢,0) are hyperbolic saddles with stability index
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d*+1. Since (p, 1) has stability index d°+1, the center direction at (p, 1) is also contracting,

so its stable manifold coincides with its center-stable manifold:
Wi(p,1) = Wg(p, 1) = Wi(p) x (0,1].

Note that the boundary of W (p,1) contains W5(p) x {1}. A similar situation occurs
with the stable manifold W;*(q,0) of (¢,0). Moreover, for any fixed L > 0, there exists
rr, > 0 such that the (d® 4+ 1)-dimensional manifolds

def

(48) Xp = Wilp,rr) x [0,1) € Wi (p,0), and
4.8

def

Eq = WZ(Q’TL) X (07 1] - WIC(S((L 1)7

are such that, for every (x,t) € T¢ x (0, 1), the local unstable manifold W((z,t), L) of
size L transversely intersects ¥, and ¥, (as guaranteed by condition [KD2]). The endpoint
t =1 (resp. t = 0) is excluded from X, (resp. X,) because (p, 1) (resp. (¢,0)) is a distinct

elevator fixed point, of stability index d* 4 1, with its own center-stable manifold.

4.4. Decomposition of the space of invariant measures

The Kan-like map K satisfies K(OM) = OM and K (int(M)) = int(M). Therefore,

the space of K-invariant Borel probability measures M(K') splits as follows
M(K) = M(K) UM™(K),

where M?(K) is the set of K-invariant measures supported on OM, and M"*(K) is the set
of K-invariant measures such that their supports intersect int(A). Note that the support
of a measure in M™ (K) may intersect OM as well.

Similarly, one obtains a decomposition of the ergodic measures of K:

E(K) = E2(K) U EM(K),

where £2(K) = &(K)NM?(K) and £™(K) = &(K) N M™(K).

Note that

MI(K) =M (K)UMH(K) and E9(K)=E%K)U &N K),

where MY (K) (resp. €7(K)) is the set of invariant (resp. ergodic) measures supported on
T x {j}, and

M (K) = {v x §; veM(A)}=M(A) x {4}
and

(4.9) EIK) = {vx8; : ve&(A)} =EA) x {5},
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Consider the map J: M — R defined by
J(,t) = log [Op(w, D], (z,8) € M.

For any p € E(K), the central Lyapunov exponent of p is
0 = [ Iw.0)dutz.)
M

Recalling (3.1), given a potential ¢ and a number ¢, we define the sets €,.(K), EZ<C(K),
& _(K), and M (K).!

P<c P<c
We are particularly interested in the case v = J and ¢ = 0, where J is the potential

defined above. In such a case, €;.¢(K) (or E.(K)) is the set of ergodic measures of K
having a negative central Lyapunov exponent?.

As mentioned above, the set €-(K) can be split as
Eo(K) = e2(K) U EX(K)
and
EL(K) = EL(K) U EL(K).
Fixing j € {0, 1}, we can induce on T? the potential J7 defined by
J(x) = J(x,j), xe€T

Let p € &(K). In view of (4.9), there exists a unique v € E(A) such that u = v x §;.

Then we have,
) = [ It )
= /]I‘d J(x,j)dv(x)

= / JI(x) dv(z).
Td
Hence, &2 (K) can be identified with & ;; o(A).

For notational simplicity, we write
ET(K) ZSJTQ(K), ]LG {<,>,§,Z,:}

and
El(A) = Epp(A), te{<,><,>,=}

1Analogously7 we can define spaces by replacing < with >, <, > or =.

2For simplicity, 1 = J and ¢ = 0 are omitted in the notation. For instance, Ey>0(K) becomes &> (K).
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Note that we can similarly define the set €,..(A) and its variations for >, <, > or =.



CHAPTER 5

Ergodic Basins

In this chapter, we introduce some general terminology and properties. Consider a
diffeomorphism ¢g: M — M defined on the Riemannian manifold M. The basin of a
measure p € M(g) is the set

n—1
1 x
By(p) = {x e M: - E Ogk(z) = My 10— oo}.
k=0

The points in %, (n) are called p-generic. Note that %,(u) is g-invariant.

A point x € M is called p-Birkhoff reqular (or simply p-regular) if it has well-defined
Birkhoff averages for the future and the past and these averages are equal. As a conse-
quence of Birkhoff Theorem, the set of y-regular points is g-invariant, has full y-measure,
and p-almost every point is regular and belongs to %y (i) N By-1(p).

Note that for every x € %(u) it holds W2 (x) C H(u), where W7 (x) is the stable set
of x defined by

Wi(x) = {2’ € M: disty(g"(x), 9" (")) = 0, n — oo}.
Therefore () is an s-saturated set, that is,
B = |J W)
r€XB (1)

Given a reference Borel probability measure m (not necessarily g-invariant), we say
the measure p € M(g) is observable with respect to m (or simply u is m-observable) if
m (A (i) > 0.

Two measures g, 11 € E(K) are m-intermingled if for every open set U C M, it holds
m(U N B(uo)) >0 and m(U N AB(p1)) > 0.

5.1. Graph measures and a natural order

Let K: M — M be a Kan-like map, defined by (1.3). We begin by recalling how
invariant measures disintegrate along the fibers and how ergodic measures of K project
onto ergodic measures for the base dynamics.

30
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For any pu € &(K), we can consider its disintegration {yZ : x € T?} with respect to
the partition Z = {I, = {z} x I : z € T?}. In this case, the partition can be naturally
identified with T? and the quotient measure pZ can be identified with a measure v € &(A).

Hence, the conditional probabilities yZ are supported in {x} x I and (2.6) becomes

(5.1) W(E) = | E(EYiv(a),
T
In the opposite direction, given v € £(A), define the set
ELK)={pel(K): mp=r}.

Then,
EK)= | eux).
ve€(A)

For every v € £(A), the set £,(K) always contains the measures
V= uxd;, jeq0,1}.
We let EM(K) = €,(K) N EM(K).
Let us now introduce a natural order in the set of measures in €,(K). Given u,n €
E,(K), consider the sets

(5.2) {z €T / td,uf(t)</ FanE (D)1,

0 0

(5.3) (e T / L (1) = / LdnE ()},

0

(5.4) {z €T /Oltduf(t) > /ltdnf(t)}.

0
Each of these sets is measurable and A-invariant. By ergodicity of v, just one of them

has full v-measure. We say that u < n if (5.2) has full v-measure, u = n if (5.3) has full
v-measure, and n < p if (5.4) has full v-measure. Analogously, we can define inequalities
with < or >.
Note that u < n if, and only if,
(5.5) / tdu(a,t) < / tdn(z, ).
M M
A measurable function ¢: T¢ — [ is an invariant graph (with respect to K) if for

v-almost every x € T¢

(5.6) K(z,¢(x)) = (A(x), 6(A(x))),
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We will also call the corresponding set of points

(5.7) ['(¢) = {(z,0(x)): z € T},

an inwvariant graph.
Given v € &(A) and some invariant graph ¢: T¢ — I, we can define a K-ergodic Borel
probability measure in €,(K), by

(5.8) pis(E) = v(n(ENT(4))) for every E C M measurable,

where 7 : M — T9 is the natural projection defined by m(z,t) = z. Following the
arguments to prove [2, Theorem 1.8.4 (iv)], one can show that the converse is also true.

More precisely,

LEMMA 5.1. For every p € €,(K), there exists an invariant graph ¢, such that p =
Hey, -

PROOF. Let p € &,(K). For v-almost every x € T, let
(5.9) Gulw) 2 inf{t € 1 ¢ pZ({x} x [0,4]) > 1/2},

and the sets E; = {z} x [0, ¢,(2)], Ef = {2} x [¢u(2),1], and E* =, ra EF.

Since p is K-invariant, K,uZ = p%, for v-almost every z € T¢ as o(z,-) is a non-
decreasing homeomorphism of I, it preserves the median of uZ, so ¢, (Ax) = p(x, ¢, (x))
and hence K(E*) = E3,. Therefore E* are K-invariant, and since p is ergodic, u(E*) €
{0,1}. It follows from (5.1) that

Y

N | —

W(E) = [ ) dvla) >
and therefore u(E~) = 1. Note that from (5.9),
Su(x) =sup{t € I : pz({z} x [t,1]) > 1/2},

and arguing as above, u(E1) = 1. Hence, uZ(EF) = 1, for v-almost every point x € T¢.

Since E; N Ef = {(x, ¢,(x))}, for v-almost every point z € T¢ we have

pa({(@,0u(2))}) = 4z (B NES) = 1.

Therefore, the resulting function T¢ > = +— ¢,(x) € I is measurable, its graph is K-

invariant and pZ = (2,6, (x)), for v-almost every z € T9. Then p = e, - O



5.2. GEOMETRY OF THE BASINS 33
5.2. Geometry of the basins
Let K: M — M be a Kan-like C"-diffeomorphism, r > 1, defined by (1.3). The fiber

map ¢: M — I is a C" map, r > 1, preserving the boundaries. Therefore, for every
z €T o(x,-) : I — I is a nondecreasing C"-diffecomorphism. We denote by I, = {z} x I.
For n > 1, the n-th iterate of K at (x,t) € M is

K"(z,t) = (A"z, ¢"(x,1)),
where
" (x,t) = (A" 1w, " (2, 1)).

The next statement says that for every invariant measure p € M(K), its basin inter-

sects each fiber I, in an interval.

PROPOSITION 5.2. Let i € M(K). Suppose that (z,t),(x,s) € B(u), where v € T?
and 0 < s <t < 1. Then, (z,£) € B(n) for every s < £ < t.

We say that a continuous function ¢): M — R is nondecreasing along the fibers if for
everyxerand0§s§t§1,Wehave

U(x,s) < P(x,1).

The proof of Proposition 5.2 relies on the following lemma.
LEMMA 5.3. Let p € M(K) and ¢: M — R be a C'-function. If (z,s),(z,t) € B(u),
where x € T? and 0 < s <t <1, then
i 25 y(R7(0, ) - [ vdn
n—oo 1L L=
for every s < € <t.

PROOF. Claim: Let v: M — R be a C'-function. Then there exist continuous functions
u,v: M — R, nondecreasing along the fibers, such that ¥ = u — v.

Proor or CraiM. We adapt the proof of the Jordan Decomposition Theorem for
bounded variation functions (see [30, Section 6.3]). For every (z,t) € M, define Vy,: M —
R by

Vy(z,t) _/0 |0(x, s)| ds.
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Note that Vj is C° in the first variable and C' and nondecreasing in the fiber. We define

U(l’,t) def Vl/)(xvt);_w<x7t)’ U(.T,t) def Vw(&?,t) 2— "Lp(l’,t)

Since 0,Vy(z,t) = |0 (z, t)|, we have
|0 (x, )] + Op(w, 1)

0:)(x, )| — O, t)

Owu(z,t) = 5 >0 and OJw(zx,t) = 5 >0,
so u and v are continuous and nondecreasing along the fibers. It is clear that
P(z,t) = u(x,t) —v(x,t), for every (x,t) € M. O

Claim: Let p € M(K) and ¢: M — R be continuous and nondecreasing along the fibers.
If (z,s), (z,t) € B(n), where x € T¢ and 0 < s < ¢ < 1, then

n—1
1 .
1 j _
Jim '§0w<K (2,6)) /wdu,
]:
for every s < ¢ < t.

PROOF OF CrLAIM. Recall that ¢(z,-) is a nondecreasing diffeomorphism of I, hence
for s < ¢ <t

" (x,s) < " (x, &) < " (x,t), foralln>1.
Since 1 is nondecreasing along the fibers, it follows that

V(K" (x,s)) < Pp(K™(z,§)) < (K"(x,t)), forevery n > 1,

and therefore

:‘
—
3‘
—_

1 n—1

=Yl @.9)) <

V(K (x,1)).

S|

Y(K (2,€)) <

S
<
I
(=)
<
I
(=)

Since (z, s), (z,t) € B(u), taking n — oo we conclude that

fim LS w1 e, 6)) = [ v 0
n—oo 1, =

By the first Claim, write 1 = u — v where u and v are continuous and nondecreasing

along the fibers. By the second Claim applied to u and v, for every s < ¢ <t

)_l

n—
o1

lim —
n—oo 1

u(Kj(x,f)):/ud,u and lim 121} K (x,¢)) /vdu.

I
o

J
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Hence

lim S G(I@,8) = m = S u(,€) — lim — Y o(K (@, €)

= /udu /vd,u /wd,u [

We are now in a position to prove Proposition 5

PROOF OF PROPOSITION 5.2. Let (z,s),(x,t) € B(u) with 0 < s <t <1, and fix
s < &<t Lety: M — R be continuous. Then, there exists a sequence ¥p: M — R,
k > 1, of C''-functions such that ¢, — ¢, k — oo, in the C°-topology. That means, for
every € > 0, there exists kg > 1 such that, for every y € M and k > k,

(5.10) [W(y) — ve(y)] <e,

and so

5.11 — x| d

(5.11) /M [ — | dp <Ce,

and then, for every n > 1
n—1

(512) S (R, 6) — (K, €) < €
j=0

Fix k > kg. Then, for every n > 1,

L) - [ v = 23w ) - S )
S @) - [ v
(513) [ vdn— [ wa

It follows from (5.11) and (5.12) that, for every n > 1,

2 i) = [ v

From Lemma 5.3, there exists ng > 1 such that, for every n > ny,

S i 9) - [ o

completing the proof. O

n—1

LY uwiw o) - [ v

j=0

< 2e+

< €,
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Having established that statistical basins are intervals along fibers, we now define the
measurable graphs that capture the boundary of Z(u). Given p € €,(K), we consider
the measurable graphs gb/f T¢ — I defined by

¢y () =sup{t € [0,1]: (z,1) € B(p)},

6y (x) = inf{t € 0.1]: (2.1) € B0)}.
Note that both are invariant graphs as defined in (5.6). Then as in (5.8), we define the

(5.14)

measures p- = Pyt € &,(K). The next lemma follows directly from the definitions.
LEMMA 54. p= < p < u* for every p € €,(K).
The next lemma is a direct consequence of Lemma 5.1 and Proposition 5.2.

LEMMA 5.5. Let p € &,(K). For v-almost every point x € T¢, where gzﬁf are as in
(5.14), one of the following possibilities is satisfied:

(1) If ¢, (x) < ¢u(x) < @ (x), then B(p) NI = {x} x (¢, (2), ¢ (1)),

(2) If ¢, (z) = ¢+( ), then B(p) N L = {(2, ()},

(3) If ¢, () = ¢u(z) < ¢+( ), then B(p) N I = {x} x [¢,(x), & (x)) and
(4) If ¢, (x) < ou(x) = ¢ (2), then B(p) N 1w = {x} x (¢, (x), ¢y ()]

The converse statements are also true.

PROOF. Let us prove the first item. Assume ¢, (z) < ¢.(z) < ¢ (x). It follows from
Proposition 5.2 that {x} x (¢, (z), ¢ (x)) C B(u) N I,. We argue by contradiction. The
set S = {x € T?: (x, ¢ () € B(p)} is A-invariant, because I'(¢}}) is a K-invariant graph
and A(u) is K-invariant; hence, by ergodicity of v, v(S) € {0,1}. Suppose v(S) = 1, that
is, (z, ¢} () € B(n) for v-almost every x € T?. Then, the invariant graph T'(¢}) € A(p).
On the other hand, I'(¢;)) C %(u"). Hence, we get #(u) N H(u™) # ) which implies
p = p*; this contradicts the standing assumption ¢, (r) < ¢ () (equivalently, u < p*).
Therefore v(S) = 0, that is, (z, ¢, (x)) ¢ %(u) for v-almost every z, so the upper endpoint
is excluded and Z(u) N 1, = {r} x (¢, (v), ¢} (x)). The other cases are analogous. O

COROLLARY 5.6. Let p € &,(K). If ¢pu(x) < ¢} (x) for v-almost every z € T¢,
then there is no ' € &,(K) such that py, < p' < pt. A similar conclusion holds if
¢, (x) < ¢u(x) for v-almost every x € T,

These results show that every ergodic measure projecting onto v admits a precise
description in terms of invariant graphs and that the geometry of its basin along the fibers

is completely encoded by the relative position of these graphs. This structure will be
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crucial in the proof of Theorem B and in the analysis of intermingled basins in the next

section.

5.3. Basins of hyperbolic measures

Let p € E(K). By the Multiplicative Ergodic Theorem of Oseledets, for p-almost
every (x,t) € M there exist Lyapunov exponents x; > --- > xj and a DK-invariant

decomposition
_ ol k
TM=Eqn® - & Egy,

such that y; = lim, 100 = log|[DK™(z, t)v|| for every v € Eéx » \ {0} Since p is er-
godic, these exponents are p-almost everywhere constant. Moreover, this decomposition
is compatible with the partially hyperbolic splitting (4.1): there exists 1 < ¢ < k such

that
EqIJ( - E(lx,t) D---D E'(éit1 E;( - Efz,t)? Ef( = E€+1 SERRR Eégx’t)’

z,t)’ (z,t)
with x;7 > -+ > xp-1 > 0 and 0 > xp1 > -+ > Xk Since p is ergodic, the central
exponent , is p-almost everywhere constant and coincides with x(u) = [ o J dp; its sign
is a priori unknown. We say that p is hyperbolic if x¢(u) # 0. In the following, we describe

some geometric aspects of the basin Z(u) when pu is hyperbolic.

LEMMA 5.7. Let v € E(A). If p € E,(K) has negative central Lyapunov exponent,

then for v-almost every x € T¢, the set B(u) N I, contains an open interval.

PROOF. Let pu € E(K) have negative central Lyapunov exponent. Then u-almost every
point (x,t) € M belongs to its basin %(u). Moreover, by Pesin theory [27, Theorem 4.1],
p-almost every point (x,t) € M admits a Pesin stable manifold W§#(x,t), which is an
embedded disk tangent to EY(z,t) & Ej(x,t). Since n(W§(z,t)) = W35(x), the local
Pesin stable manifold W§ (x,t) N I, contains an open interval.

On the other hand, W (z,t) € ZA(u). Indeed, by definition of W§(x,t), we have
d(K™(z,s), K™(z,t)) — 0 as n — oo for every (x,s) € W§(x,t). Since ¢ is uniformly
continuous, |[(K"(x,s)) — Y (K™(x,t))| — 0, and therefore

1
lim —

n—oo N n—oo 1,

S UKz, 5)) = Tim S p(K(,0),

for every continuous map ¢: M — R. Then, for p-almost every (z,t) € M, B(n) N1, D

W (z,t) N I, contains an open interval. O
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Now we deal with ergodic measures p € E(K) that have positive central Lyapunov
exponent. Our goal is to prove that, in this case, the basin is trivial (see Lemma 5.11
below). For this purpose, following [1], we use hyperbolic times provided by the Pliss
lemma [29].

Let o > 1 be fixed. An integer n > 1 is a o-hyperbolic time for the point (z,t) € M if

n—1

(5.15) 0" (K (2, ))| = [ [ |Owe (K7 (w,8))| = 0" 7F,
j=k
forall 0 <k <n-—1.
Since p(z, -) is a diffeomorphism, d,p(x,t) > 0 for all (z,t) € M. By uniform continuity
of the derivative, we choose § > 0 small enough that for every x € T¢ and every a,b € I,

if |p(z,a) — ¢(x,b)| < 0, then
1
(5.16) 75 |0p(@,0)] < |Ovp(z, )| < Vo |Owp(x, b)].

LEMMA 5.8. Ifn > 1 is a o-hyperbolic time for the point (x,t) € M, and s € I is such
that |¢"(z,t) — ¢"(z,s)| <6, then

(517) ‘Spnik(xvt) - (pnik(ly S)| S O-ik/2|(pn<x7t) - gpn(x7 S)|7
foralll <k <n.

ProOOF. We follow [1, Lemma 2.7], adapted to the one-dimensional central fibre.

Assume 0 < s <t < 1; the case t < s is analogous. We prove (5.17) by induction on
k. The case k = 0 is the hypothesis |p™(z,t) — ¢™(z,s)| < J; assume the claim for every
0<j<k-1

By the Fundamental Theorem of Calculus,

(@, t) — o (ays)| = / D"z, €) de
t n—1

= | I oK @.6) 7 0" (. ) d,

S j=n—k

where the second equality uses ;0™ (x, €) = O * (K™ *(x,£)) O™ *(,€) and dyp > 0.
Forn—k < j <n-—1and¢ € [s,t], monotonicity of ¢/™!(z,-) and the inductive
hypothesis give

|Q0j+1<l',§) . ¢]+1($,t)| S |Q0'7+1(I',t) _ SOj+1(l’7 S>| S 0_(n_1_j)/2|g0n(:(:,t) - @n(x; S)| < (5
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Hence (5.16) applies at each factor and, together with (5.15),

n—1
(5.18) H |atcp(Kj(x,f))rl < Uk/2|at¢k(Kn—k(I’t))}fl < Mgk = 5R/2,

j=n—k

Since this holds for every & € [s, ], the identity above gives

t
[o" () — 9" (. 8)| < U_W/ 0" (2, €) d€ = o0 (x,1) — ¢"(z, 5)),
which is (5.17). O

Using the Pliss lemma, it is possible to establish the existence and abundance of
hyperbolic times since the diffeomorphism satisfies a nonuniformly expanding condition

along the center direction.

LEMMA 5.9 ([1, Lemma 3.1]). Given A > co > ¢; > 0, let Oy = (ca — 1) / (A — 7).

Then, for any N > 1 and any real numbers aq, . ..,an_1 such that
N-1
ZajZCQN and a; <A for every 0 < j < N —1,
j=0

there are | > OoN and 1 <n; < --- <n; < N so that

n;—1

Zajzcl(ni—k) for every0 <k <mn; andi=1,...,1.
j=k

LEMMA 5.10. Assume (x,t) € M satisfies

n—1

(5.19) lim > log|dp (K (x,1))| = x > 0.
7=0

n—oo M,

Let 0 & exX/* gnd

A sup logae(r. ).
(zt)eM

Then, given any sufficiently large n > 1, there exist o-hyperbolic times 1 < n; < -+ <
ny < n for (x,t), with | > <ﬁ> n.

Proor. It follows from (5.19), that there is an integer N > 1, such that for every

n > N, we have

n—1
Zlog |0 (K7 (2, 1))| > n%
=0
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Applying Lemma 5.9 with A as above,

a; = log ‘8tcp(Kj(x,t))| , =% =

[

9

Iy

for 0 < 57 < n — 1, we obtain that there are 1 < n; < --- < n; < n so that for every
0<k<mn

n;—1

(5.20) > log |Ohp(K (w,1))] = (ni — k)

Jj=k

<

Note that, as o = eX/* > 1, (5.20) is equivalent to (5.15). Moreover, from Lemma 5.9, it

follows that the frequency of hyperbolic times is at least

Co—C X
Oy = = >0
T A—¢  4A—v ’
which does not depend on the point (x,t) € M. O

We remark that the nonuniform expansion along the center direction condition (5.19)
is a direct consequence of the positivity of the central Lyapunov exponent of K. In fact,
an ergodic measure p € €,(K) has a positive central Lyapunov exponent if for p-almost

every (z,t) € M, we have

1
(5.21) li_)m Hlog 10r™(z, )| = (1) > 0.

Since the central direction is one-dimensional, from the chain rule, (5.21) is equivalent to

(5.22) lim 1 ilog |0 (K7 (2, 1)) = x“(1) > 0.

n—oo 1, “

Moreover, by Birkhoff Theorem, (5.22) is equivalent to

(5.23) | Ity dute.) = 3G > o
where the map J: M — R above is defined by
J(z,t) =log |Owp(z,t)|, (z,t) € M.
LEMMA 5.11. Let p € E(K) with x¢(p) > 0. For u-almost every (x,t) € M,
#(p) N1, ={(z,1)}.

PROOF. Arguing by contradiction, suppose that there exists a set of positive u-measure
of points (z,t) such that Z(u) NI, # {(x,t)}. We may choose (z,t) in this set to be
p-generic. Since AB(u) N I, is an interval by Proposition 5.2, there exists s # ¢ with
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(x,s) € B(un); without loss of generality s < t. These z, s, and ¢t remain fixed throughout
the proof; in particular, [t — s| > 0 is a fixed constant.
Consider H: M — R, defined by H(z,t) ¢ for all (x,t) € M. Since p is ergodic, we

have

(5.24) tim LS H(K ) = i LS B (2, ) = / Hdp.

n—oo 1, 4 n—oo 1, 4
j=0 7=0

Note that H(K7(z,t)) = ¢/ (x,t), and therefore we have

n—1

(5.25) lim 1 Z [ (z,t) — ¢’ (z,5)] = 0.

n—oo 1 4
Jj=0

Since o(x,-) is nondecreasing and s < t, the numbers b; = ¢ (x,t) — ¢/ (x, s) satisfy
0 <b; <1. As every index j with b; > ¢ contributes at least ¢ to the nonnegative sum

> jen by, for every 6 > 0 we have

i
L

(5.26) #{0<j<n: b >0} <

S| =

i
o

where the last equality follows from (5.25). Consequently, for every fixed 6 > 0, the set
{j: b; < 4} has density 1.

Let 0 = eX"®W/4 and let § > 0 be as in Lemma 5.8. By Lemma 5.10, the o-hyperbolic
times of (x,t) occur with positive frequency, whereas by (5.26) the times j with b; > ¢
form a set of density zero. Removing this negligible set from the o-hyperbolic times still
leaves arbitrarily large ones; hence there exist arbitrarily large o-hyperbolic times m with

by < d. For each such m, Lemma 5.8 with £ = m gives

(5.27) it —s| < o7™2 (@™ (z,t) — ™ (z,5)) < o ™2

Letting m — oo yields |t — s| = 0, contradicting s < t. This proves the lemma. O
The previous results provide all the ingredients needed to prove Theorem A.

PROOF OF THEOREM A. Part (1) is established by the disintegration argument at
the beginning of Section 5.1: since m semiconjugates K to A, the pushforward v = 7, is
ergodic, that is, v € E(A). Part (2) follows from Lemma 5.1. For part (3), Proposition 5.2
ensures that %(u) N I, is an interval for v-almost every z. The cases of negative and

positive central Lyapunov exponent follow respectively from Lemmas 5.7 and 5.11. O
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5.4. Observable measures

Throughout this section, fix v € £(A). We study the basin of a measure p € €,(K)

with respect to the reference measure
(528) m, =V Leb[oyl] .

Recall that u is m,-observable if m, (% (u)) > 0.

The following is merely a restatement of Lemma 5.5.

LEMMA 5.12. Let p € &€,(K). Then p is m,-observable if, and only if, ¢\ (v)— ¢, (z) >

%
0 for v-almost every x € T<.

We now discuss the case when p € €,(K) is not observable, meaning that m, (£ (u)) =
0. In such a case, we say that p € €,(K) has a m,-trivial basin (or p is m,-trivial). The

following is an immediate consequence of Lemma 5.7.

LEMMA 5.13. Every p € &,(K) with m,-trivial basin ZB(j) has nonnegative central

Lyapunov exponent.

PROOF. From Proposition 5.2, %(u) N I, is an interval for v-almost every x € T
Therefore p is m,-trivial if and only if (u) N1, = {(x, ¢,(x))}. By Lemma 5.7, if 1 has
negative central Lyapunov exponent, then it is m,-observable. Hence, we conclude that u

has a nonnegative central Lyapunov exponent. 0



CHAPTER 6

Geometric measures

6.1. Basin of attraction of geometric measures

To get further information about the basins of measures, we assume that the measure
v is geometric. Recall that an ergodic invariant measure v of A is called geometric if it
has local product structure, satisfies the uniformly bounded Radon—Nikodym derivatives
(UBD) property, and has full support. We denote by G = G(A) C E(A) the set of geometric
measures of A (see Section 2.3 for more details).

For o’ € W5(x), the stable holonomy of K is the map

S oI, — I, S =t,

z,x’ z,x’

where t' is the unique point such that (2/,t') € Wi (x,t). It is a homeomorphism varying
continuously with z’, and is distinct from the stable holonomy h; ., of A defined in (2.10).
Analogously, for ' € Wi(z), one defines the unstable holonomy of K, denoted HY o L, —
I, using Wi (x,t) in place of Wi (x,t).

For geometric measures, the Avila-Viana Invariance Principle [3, Theorem D] reads as

follows:

LEMMA 6.1 (Invariance Principle). Let v € G and p € EM(K) with disintegration
{pt:x € T, If x(u) = 0, then the measures uZ depend continuously on x and are

mwvariant under the strong stable and unstable holonomies.
The next lemmas are direct consequences of the Invariance Principle.

LEMMA 6.2. Letv € G.
(1) Every u € EX(K) is hyperbolic.
(2) A measure p € EM(K) has trivial basin if, and only if, x°(1) > 0.

PROOF. Let pu € EM(K). To prove that u is hyperbolic we argue by contradiction,
assuming that y°(u) = 0. We will show that this forces supp u € T¢ x {0} or supppu C
T4 x {1}, contradicting 1 € E™(K). By Lemma 6.1, the disintegration {yZ: z € T¢} of
1 is invariant under the strong stable and unstable holonomies, and depends continuously

43
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on x. Let K,: I, — I, be the function defined by K,(t) = K(x,t), t € I,. By invariance

and continuity, this disintegration satisfies

In particular, considering the fixed point p of A given by [KD2|, we have

(Kp), 1y = -

This implies that the support of . is contained in the subset {(p,0), (p, 1)} of {p} x [0, 1].
Since p is ergodic, its fiber conditional ug is a single Dirac mass (Theorem A); therefore
either 17 = d,0) OF ff = 81y

If 1l = 6(p0), then p = b5 0) for every (z,0) € Wit((p,0)), because the conditional
measures are invariant under the strong unstable holonomy. As the Anosov diffeomor-
phism A is transitive, we have pf = §(, ) for every @ € T%. Therefore supp u = T¢ x {0},
contradicting that p € M(K). Similarly, if M,I) = O(p,1), then supp u = T x {1}, contra-
dicting that p € EM*(K). Hence x(u) # 0, proving the first statement.

The second item follows directly from the hyperbolicity of u (first item), Lemma 5.7,

and Lemma 5.11.

In the following, let v € G and p € &,(K), with ¢,: T¢ — [0, 1] the measurable map
such that 1 is characterized by (5.8), ¢ defined in (5.14), and p= the corresponding graph
measures defined by (5.8) taking gbff in place of ¢,,.

LEMMA 6.3. Assume that ¢, < gb:[ Then the basin of u* is trivial, and only one of
the following situations occurs:
(1) either u* ¢ E™(K) and x¢(u) > 0,
(2) or ut € EM(K) with x*(u™) > 0.

PROOF. Since ¢, < ¢ v-a.e., either u* € E™(K) or u* = v', and we treat the two

cases separately.

Case 1: p* € E™(K). Since ¢, < ¢}, items (1) and (3) of Lemma 5.5 show that, for
v-almost every x € T? the fiber %(u) N I, is an interval whose upper endpoint is o (z)
and satisfies (v, ¢} (z)) ¢ A(p). If x°(u™) < 0, then by Lemma 5.7 Z(u™) N I, contains
an open interval around (z, ¢ ()) for v-almost every x, contradicting Z(u) NA(ut) = 0.
Hence x“(1™) > 0. From Lemma 6.2 item (1), u* is then hyperbolic and thus x“(u™) > 0,

and Lemma 5.11 implies that the basin of u™ is trivial.
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1

Case 2: pt = v'. Since ¢, < ¢} forces ¢} = 1 v-a.e., we have p* = v' = v x §;. As

in the first case, Lemma 5.5 gives {z} x (¢, (2),1) € Z(u) N I, for v-almost every .

L=y xdis

By Proposition 5.2, Z(v') N I, is an interval which contains (z, 1), since v
supported on {t = 1}. As it is disjoint from Z(u) because the basins of distinct ergodic
measures are disjoint, we get B(v') NI, = {(z,1)}. Then B(v') must be m,-trivial, and

finally Lemma 5.13 yields x¢(v*) > 0. O

The lemma above is applicable, for instance, when x¢(¢) < 0. To handle the case
X¢(p) > 0, we use that K~! is also a Kan-like diffeomorphism with &(K) = &(K~!) and
Xic (1) = =X (1)

As before, we can define the measurable function ¢;’: T¢ — I, the K~'-analogue of

+ by
j7 Y

(6.1) é:(x) Zsup{t € [0,1]: (z,t) € Br1(p)}.

Hence, by definition, ¢,, < gzvﬁlf Let it € €,(K) be the graph measure defined through
(5.8) with (ﬁj Applying Lemma 6.3 to K ! (which is Kan-like with x5, = —x%) then
yields the following.

LEMMA 6.4. Assume that ¢, < QVS,J[ Then, i is my-observable, and only one of the
following situations occurs:
(1) gt =v' with x°(v*) <0; or
(2) pt € EMY(K) with x¢(1) < 0.

LEMMA 6.5. Letv € G and p € E,(K). If x°(1) > 0, then ¢, (z) < ng(x) for v-almost
every x € TY.

PROOF. By the discussion following Lemma 6.3, K1 is a Kan-like diffeomorphism
with x%-1(p) = —x%(u) < 0. Therefore, Lemma 5.7 applied to K~' implies that
Bic—1(1n) N I, contains an open interval for v-almost every z € T?. Hence ¢,(z) < QBZ (x)

for v-almost every = € T O

As a consequence of the proof above, ZBy-1(u) N I, contains an open interval, for

v-almost every x € T?. Therefore,

COROLLARY 6.6. If i has positive central Lyapunov exponent, then there is no pu' €
EL(K) such that py < p/ < .
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6.2. Lifts of geometric measures

In this section, we characterize £,(K) for v € G. A key feature of the interior measures,
as the construction below reveals, is that their central Lyapunov exponents alternate in
sign when the measures are ordered. We formalize this by saying that a finite or infinite

sequence of graph measures {yu,} is Lyapunov alternating if

X (1) X (ping1) <0

for every n. We distinguish three cases according to whether " (K) is empty, finite, or
countable; the uncountable case does not occur, as Proposition 6.8 below shows. The key

step is Lemma 6.7, which describes how to construct each successive measure.

LEMMA 6.7. Let v € G and pp € EM(K) be a hyperbolic graph measure. Then there
< W,

"

exists (' € &,(K) with u < p/ < v' and no measure p" € &,(K) satisfying pp < u
for which exactly one of the following holds:
(1) if x¢(1) > 0, then u' is my,-observable, and either y' = v' with x°(v') < 0, or
W€ EM(K) with x°(u') < 0;
(2) if x¢(p) < 0, then p/ has trivial basin, and either ' = v' with x*(v') > 0, or
p € EM(K) with x¢(i') > 0.

PRrOOF. For (1): since x“(p) > 0, Lemma 6.5 gives ¢, < é: v-a.e. Applying Lemma 6.4
to ' = pgr € €y (K), defined via (6.1) and (5.8), we conclude that zi’ is m,-observable
and exactly one of the two sub-cases holds. By Corollary 6.6, there is no measure in &, (K)
strictly between p and .

For (2): since x“(u) < 0, p is m,-observable and ¢, < ¢,/ v-a.e. Applying Lemma 6.3
to p = fgr € €,(K), defined via (5.14) and (5.8), we conclude that y' has trivial basin
and exactly one of the two sub-cases holds. By Corollary 5.6, there is no measure in &, (K)

strictly between p and p'. O

PROPOSITION 6.8. Let v € G and assume that 1° is m,-observable. Then ezactly one

of the following cases occurs:

(1) The set EM(K) = (). Moreover, the measure v' has trivial basin and x¢(v*) > 0.
(2) The set E(K) = {u1, pay - - -, fin }, where

O <y < g <o <y <V
with
X (p2k—1) >0,  x(par) <O.
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Moreover, if n is even then v' has trivial basin and x°(v') > 0, and if n is odd

L is my-observable and x¢(v*) < 0.

(3) The set E™(K) = {pn: n € N}, where

then v

O <y <pig <o < vt

with
X“(ok-1) >0 and x“(p2x) <O.

Moreover, p, — v' weak* and x¢(v') = 0.

PROOF. The strategy is to apply Lemma 6.7 iteratively to construct measures in &, (K)
between 1 and v'; the boundary measures always exist, but the existence of interior ones
is what we must determine. Since 1/
(Lemma 5.1 and (5.9)), so ¢, defined by (5.14) satisfies 0 < ¢, v-a.e. Define p; =

Mgt € E,(K) via (5.8); by Lemma 6.3, p; has trivial basin and x¢(p;) > 0. Since the only

is m,-observable, its invariant graph is ¢,0 = 0

boundary measure above v° is v!, either u; = v*, which proves case (1), or u; € E™(K)
with x°(u1) > 0, which initiates the inductive construction below.

Now assume that EM(K) # (). Then u; € EM(K) with x¢(u1) > 0, and by Corol-
lary 5.6 there is no measure in &,(K) strictly between v° and p.

We apply Lemma 6.7 inductively. Given u; € E(K), the lemma yields py, 1 € €, (K)
with pup < ppy1 < v' and no measure in &,(K) strictly between ug and gy i. The
central Lyapunov exponents alternate: x°(por—1) > 0 and x“(uor) < 0. If the induction
terminates at step n, that is, Lemma 6.7 yields p,,1 = v! instead of an interior measure,
then EM(K) = {uy, ..., u,} and the sign conditions on x“(v') from the same lemma yield
case (2).

If iy, € EM(K) for all k > 1, we obtain an infinite increasing sequence 1 < pig < - -+ in
Ent(K). Note that this sequence cannot accumulate at any interior measure p* € E(K),
since the alternating sign conditions force x¢(u*) = 0, contradicting Lemma 6.2 (1). Hence

the sequence can only accumulate at v!

. The corresponding invariant graphs (¢ )x are
increasing and bounded in I, 80 ¢oo = limy_,e0 ¢y exists v-a.e. The limit measure p = 175
satisfies m,pu = v, and py — p in the weak® topology. Since log |0;p| is continuous on the
compact manifold M, the map n — x¢(n) is continuous in the weak* topology; evaluating

along the odd and even indices yields

X() = lim X“(pge—1) > 0 and  x“(p) = lim x*(par) <0,
k—oo k—o0
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so X°(1#) = 0. By Lemma 6.2 (1) this forces p ¢ E™(K), and therefore yu = v'. This

proves case (3). O

REMARK 6.9. We obtain a similar conclusion in the proposition above if we start with

v € G and v! having nontrivial basin. If EM(K) = (), the measure ° has trivial basin and

X)) > 0. If EM(K) # 0, then

EK) =" < - <pp < < g < py <V},

with every u, € (K a hyperbolic graph measure and

X (par-1) >0, X (par) <O,

If the sequence is infinite, it accumulates at v and x¢(v°) = 0.

Note that Proposition 6.8 can be applied starting from any hyperbolic g € EM(K),
independently of the boundary measures. Moreover, if EM(K) # ), applying the con-

struction in both directions yields a Lyapunov alternating sequence

V0<<u1_’n,<<MI_<MO<MT<.</'L:<..<V17

where all measures i € E™(K) are hyperbolic.

THEOREM 6.10. Let v € G. Then, exactly one of the following cases occurs:

(1) The set EM(K) = () and the measures satisfy x°(v°) - x*(v') < 0.

(2) There is an increasing sequence of Lyapunov alternating graph measures

flo < v oo <Y < o < g <ee < g

where 0 < m,n < oo, such that {y,,, ..., uy,pos 1., bt = EM(K).
Moreover,

(a) If n < oo, then x“(u,}) - x¢(v') <0.

(b) If m < oo, then x°(u,,) - x°(+°) < 0.

)

Yas k — oo, and x¢(v') = 0.

(¢) If n = o0, then i — v
(d) If m = oo, then u;, — 1° as k — oo, and x*(v°) = 0.

In addition, if V° (resp. v') is hyperbolic, then m < oo (resp. n < 00).

PROOF. We prove item (1) by contraposition: assume x¢(2°) - x¢(v!) > 0, so that

x¢(¢°) and x¢(v') are nonzero and of the same sign; we show that (K # ().
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Suppose first x¢(1°) < 0 and x¢(v') < 0. By Lemma 5.7, x¢(+°) < 0 gives ¢, 0 =
0 < ¢ v-a.e., so Lemma 6.3 applies to p* “ oty either ™ = v! with x¢(v!) > 0, or
put € EM(K). The former contradicts x¢(v!) < 0; hence pu™ € EM(K).

If instead x¢(v°) > 0 and x¢(v') > 0, then Lemma 6.5 gives ¢,0 = 0 < gzvﬁjo v-a.e., and
Lemma 6.4 applied to gt = M, yields either 1™ = v with x¢(v!) <0, or gt € EM(K);
the former contradicts x¢(v!) > 0, so again ™ € EM(K).

In either case EM(K) # (). Equivalently, the interior measure is the graph measure
supported on the graph of ¢j0 (resp. gﬁjo), i.e. on the closure of the center-unstable Pesin
manifolds emanating from the boundary. This proves item (1).

For item (2), by Lemma 6.2 (1) there exists a hyperbolic po € EM(K); assume x¢(10) <
0, so pg is my-observable. Applying Lemma 6.7 iteratively from po upward yields the

Lyapunov alternating sequence
po < pif <pg <---<vh
Applying Remark 6.9 symmetrically downward from g yields
V0§~~<u2_<,u1_<u0.

Joining both sequences gives the claimed structure. The sign conditions on x¢(¢°) and
x¢(v') and the convergence properties follow from the conclusions of Lemma 6.7 at each
terminal step.

Finally, if ¥ (resp. v!) is hyperbolic, then x¢(2°) # 0 (resp. x¢(v!) # 0), so item (d)
(resp. item (c)) rules out an infinite lower (resp. upper) sequence; hence m < oo (resp.

n < 00). O

PrROOF OF THEOREM B. Theorem 6.10 is a more precise version of Theorem B. Case (1)
of Theorem 6.10 is exactly case (1) of Theorem B. Case (2) yields the sequence of interior
ergodic graph measures of case (2) of Theorem B, with alternating central Lyapunov expo-
nents; when this sequence is infinite in some direction, items (c¢)—(d) give its accumulation

on the corresponding boundary measure, whose central Lyapunov exponent is zero. U



CHAPTER 7

Intermingleness

In this chapter we prove Theorem C. Throughout, K, v, and ¥ = v x d; are as
in the statement of Theorem C. Strongly geometric measures always exist for Kan-like
diffeomorphisms; see Section 7.6 and Corollary 7.11.

Recall that a closed subset R C T? is a rectangle if for all x,y € R the point [z,y] is
well-defined and belongs to R. For every z € R, we let W4(z, R) = W4(x,7) N R (see
Section 2.3 for more details). In the following, we consider only rectangles with non-empty
interiors. Such rectangles have positive v-measure because v is a geometric measure and

therefore has full support.

7.1. Preliminary results

Since ¥ (resp. v') is supported on T? x {0} (resp. T? x {1}), we have ¢, =0 (resp.

+ =
vl —

is m,-observable then ¢, () < 1 for v-a.e. x. Throughout, we abbreviate ¢* = QS:’O and

o = ¢;1

). By Lemma 5.12, if 1% is m,-observable then ¢, (z) > 0 for v-a.e. z, and if v/*

LEMMA 7.1. Assume 1° is m,-observable. For v-a.e. v € T? and every x' € W5(z),

(', 0" (2)) € Wi(z, " (z)).

In particular, ¢ is continuous along W5(x).

PROOF. Since Z(1') is s-saturated and Z(1°)NI, = {x} x[0,¢"(z)) (Lemma 5.5), the
holonomy H ,, maps #(v°) NI, onto A(v°) N1, Taking t / ¢*(x) and using continuity
of H; , gives (z/,¢"(2")) € Wi (z,¢%(x)). Continuity of 2" — ¢*(2') = H; . (¢7(2))

follows from continuity of H; ., in 2. O

LEMMA 7.2. Assume v is m,,-observable for some j € {0,1}. Let R C T¢ be a rectangle
and let € > 0. Then there exist a compact s-saturated subset R C R with v(R\ R) < ¢
and whose points are v-generic for A, and o = «(R,€) > 0, such that ¢* (resp. ¢~ ) is
continuous on R with ¢*(x) > o (resp. ¢~ (x) <1 —a), and (z,¢7(2)) € Wiz, ¢t (z))
(resp. (z,¢~(2)) € Wiz, ¢~ (x))), for every z € R and z € W5(z, R).

50
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Moreover, defining

(z,t):z € R, 0<t<¢t(z)},
(z,t):z€R, ¢ () <t <1},

we have BY(R,¢) C B(v?) and m,(B?(R,¢)) > 0.

PROOF. Assume 1° is m,-observable. By Lemma 7.1, for v-a.e. x € T and every
' € W5(z), we have (2/, ¢"(2')) € Wi (z,¢(x)) and ¢T is continuous along W3 (z).

Since ¢T|r is measurable, Lusin’s Theorem implies that, for every e > 0, there is
a compact subset R C R, with v(R\ R) < ¢, such that ¢ # 1s continuous. We may
further assume that every & € R satisfies (%,0) € Z(°). Since B(1°) is s-saturated and
Wi-(2,0) = W5(%) x {0}, it follows that W5 (&, R) C R, and hence R is s-saturated.

It follows from the construction above that there is & = (R, €) > 0 such that ¢™(z) >
o for every z € R, and as a consequence m, (B°(R, €)) > 0. O

Since v € 8, v has full support and local product structure (see Section 2.3); in
particular, by Lemma 2.1 item (6), v|, ~ v ® v for v-a.e. € R, for every rectangle R
with diam(R) small enough.

As a direct consequence of Lemma 7.2 and the fact that v € 8, we have the following

corollary.

COROLLARY 7.3. Assume 17, j = 0,1, are m,-observable. Let R C T¢ be a rectangle
and let € > 0 be fized. Let R and BI(R, €) be the sets provided by Lemma 7.2. Then, there
1S a constant Bg = BO(R, €) > 0 such that, for v-almost every x € R, we have,

(7.1) Vo (W;{(a:,R) N R) > By > 0.

PROOF. Since v € 8, by Lemma 2.1 item (6), there is a constant Cy > 0 such that

1

V(R < vR) < Cuv(R).

Since v(R \ R) < ¢, we have v(R) > 5 > 0, and so

ve(R )>%>0

0

Moreover, for v-almost every z € R, the stable holonomy

hi.: Wiz, R) — Wi(z, R),
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is well-defined and satisfies (2) in Lemma 2.1. In particular, there is a constant C; > 0
such that (2.15) is satisfied, and then,
_ 1 .

R 2 v
1 ~
. b
- CoCh

We denote [y = Bo/(CoCy) > 0, and conclude v*(R) > 3, > 0.
U

Recall that 7: M — T¢ denotes the natural projection m(x,t) = z. As a direct

consequence of Lemma 7.2, we have the following lemma.

LEMMA 7.4. Assume v° is m,-observable. Let R C T? be a rectangle with diam(R) < §
and v(R) > 0. Let € > 0 be fired, and a > 0, R C R, and B°(R, €) be the sets provided by
Lemma 7.2.

Let v = W4(x, R) and o C M be the graph of a C' function G : v — [0,1] such that
0 < G(y) < «, for every y € v. Then, there is a constant 3 = B(R,€) > 0 such that, for

v-almost every z € R, we have,

2 (1 (w0 1 BWN)) = v (13 0 B) = VAW R) 1 B) > B,
PROOF. Since 0 < G(y) < « for every y € =, dist(o, Wi(z, R) x {0}) < a. By the
construction of BY(R,¢€) in Lemma 7.2, we have that o crosses BY(R, €). Moreover,
cNBR,e)={(y,G(y)) €0 : yeyNRand 0 < G(y) < a}.
Then, 7(c N B°(R,€)) =y NR.
Since R is s-saturated, h%,(y N R) = W¥(z, R) N R. By Corollary 7.3,
(7:2) Vi(YNR) = fy > 0.

It follows from Lemma 2.1 that there is a constant C; > 0 such that (2.15) is satisfied,
and then,
N N 1 N
(7.3) v (Wiz, R) N R) = vy(h;.(yN R)) > =3 (v N R).

Combining (7.2) and (7.3),
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It is enough to take B =B /C1 to complete the proof. 0

An analogous result holds when ! is m,-observable.

LEMMA 7.5. Assume v' is m,-observable. Let R C T be a rectangle with diam(R) < §
and v(R) > 0. Let € > 0 be fired, and o > 0, R C R, and B'(R, €) be the sets provided by
Lemma 7.2.

Let v = W4(x,R) and o C M be the graph of a C' function G : v — [0,1] such that
1—a<G(y) <1, for every y € v. Then, there is a constant § = B(R,€) > 0 such that,

for v-almost every z € R, we have,

V(. (r(o N () = vt (W (y A R)) = v (Wi R) N R) > 5.

PRrROOF. The proof is analogous to that of Lemma 7.4. U

7.2. Density of nontrivial basins
Our first goal is to prove Lemma 7.6: if 17 is m,-observable, then its basin is dense
(7 =0,1). We give the proof for j = 0; the case j = 1 is analogous.

LEMMA 7.6. Let v € G, j € {0,1}, such that v’ is m,-observable. Then, any strong

unstable disk in T¢ x (0,1) contains vI-generic points. In particular, (v7) = T¢ x [0,1].
ProoOF. We prove the case j = 0; the case j = 1 follows by an analogous argument.
Given any (y,t) € T? x (0,1), consider an unstable disk ¢ C W}(y,t) such that

(y,t) € 0. We will prove that o N Z(°) # .

Let v = (o) € T? Then, y € v and v € Wi(y). Since A is a transitive Anosov
diffeomorphism, its unstable foliation is dense (see [10, Theorem 5.10.3]) and therefore,
A"(v) intersects W(p,rz) for every n large enough, where p € T? is the elevator fixed
point of A with a sink at ¢ = 0 (see [KD2|). Hence, K" (o) intersects the stable disk 3,
(see (4.8)).

By the A-Lemma, for n large enough, K"(o) contains disks arbitrarily C'-close to
W (p, 0) = Wi(p) x {0}. ~

Fix e > 0 and R C T¢ arectangle such that v(R) > 0. Let R C Rand B°(R,¢) C T¢x[
satisfy the conclusion of Lemma 7.2. Since W¥%(p) is dense in T¢, for any sufficiently
large m > 1, A"*™(v) intersects R transversally. Since R is s-saturated, A"*™(~) also
intersects R. Hence, since K™(a) is close to W(p,0), K"t™(s) intersects the set

B°(R,¢€). Since B(R,¢) C #(1°) (see Lemma 7.2) such intersection is v°-generic. Recall
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that any preimage of a 1Y-generic point by K is also v°-generic. This implies that o

contains °-generic points. O

7.3. Intermingled basins

Since v has local product structure (see Section 2.3), for every rectangle R C T? and
x € R, there exists p,: R — R integrable with 0 < p,(z) < 1, such that for every
measurable £ C R,

(7.4) v(E) = /W o /W o L) 2(2) 0202),

Let R C T? be a rectangle. For every measurable £ C R x I, the reference measure

satisfies

my(E) = /I/R]IE(z,t)dudt
(7.5) - / / - / o T D) B )

for v-almost every x € R.

PROPOSITION 7.7. Let v € G such that v° and v* are m,-observable. Then, their

basins are intermingled with respect to m,,.

PROOF. Take any unstable disk v C T? and z € ~ such that v%(y) > 0. Fix t € (0,1)
and denote v, = v x {t}. Note that 7, is not necessarily an unstable curve, but we
can choose v small enough so that the tangent vectors of 4, belong to the unstable cone
field and are transverse to the E°-direction. Since K is partially hyperbolic (see [KD3])
with E} uniformly expanding, under iteration by K the size of 7; grows exponentially
and its angle with E° remains bounded away from 0. Then, proceeding as in the proof
of Lemma 7.6, for n > 1 large enough we have that K"(v;) crosses (transversely) the
(d® + 1)-dimensional manifolds ¥, and ¥,, and so the orbit of ; accumulates on both
boundary components of the cylinder T¢ x [0, 1]. Moreover, by the A-Lemma, for n large
enough, K™(v;) contains disks arbitrarily C'-close to W(p,0) = W¥(p) x {0}.

Fix ¢ > 0 and R C T a rectangle such that v(R) > 0. Let R C R and B/(R, ) C T¢x I
satisfy the conclusion of Lemma 7.2 for v/, j = 0,1. With a slight modification to the
argument in the proof of Lemma 7.6, we can assume that, for each j € {0, 1}, some iterate

K™ () crosses B?(R, €) transversally.
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Claim: For v-almost every z € R and j € {0, 1},

(7.6) v (m(y N B())) > (% > 0.

Assuming the Claim, we complete the proof. Let U C M be an open set. Let Ry C T¢
be a rectangle such that v(Ry) > 0, and let Jy C (0,1) be a closed interval such that
Ry x Jo C U. Let x € Ry be such that the characterization of m, in (7.5) holds, and
(x,t) € Ry x Jp for every t € J.

To prove that v and v! are intermingled, it is enough to check that, for j = 0,1 the

following integrals are positive

my, (B(17) N (Ry x Jo)) = / / / L5y (2, 1) pa(2) dvy(2) dvi(z) dt > 0.
Jo j(I,Ro) X(I,Ro)
Now, it follows from (7.6) that for every ¢ € Jy and vi-almost every z € W3(z, R),
“(W4(z, Ro) N B(7)) > B 0
yz( A(Za 0)ﬂ (y))_§> )
and, again by Lemma 2.1 and (2.15), we have

(Wi, Ro) N () > =L > 0.

= 0\C2

Because the reference measure m,, is a product measure and ¢ € Jy was chosen arbi-

trarily, Fubini’s theorem completes the argument.

PrROOF OF CrAIM. Fix j € {0,1} and write n = n(j). From Lemmas 7.4 and 7.5, we

conclude that

Vi (T(K" (7)) N B (V7)) = Vin (7 (K" () N B (R, €))) = v (m(K" (7)) N R) > B > 0.

The measure v has the uniformly bounded (unstable) Jacobian property (see Sec-
tion 2.3); then, for every z € T? and n > 1 it holds A"/* < v%,., and there is Cy > 0
such that the Radon Nikodym derivative satisfies (2.18). Denoting E, = (K™ () N
Bi(R,€)) = m(K"()) N R and applying (2.18) to A™:
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u“(w(K‘”UW%%>mfﬂuae»)> = vs(A%E%{)

= AMWY(E,)
1

I\

2 022 VX”Z(ETL)
s
. > = .
(7.7) e >0

Here, the last inequality uses that v/%._(E,) > (3, which is the estimate for (K™ (y;))NR
obtained above.

Since the basin is an invariant set, we have
(7.8) K™ (K”(’yt) N B’(R, e)) C vy, NBLY,
and hence from (7.8) and (7.7), (7.6) holds.

As a consequence of the proof of Proposition 7.7, we have the following.

COROLLARY 7.8. Let y4 C T be a closed u-disk for A with v%(y4) > 0 for every
x € vya, and let o € M be a closed u-disk for K with m(og) = va. Then there exist
B >0 and € > 0 such that, for every j € {0,1}: if v € T¢ is a closed u-disk that is
e-Cl-close to ya with v*(y) > 0 for z € v, and o C M s the graph of a C* function
G: v — [0,1], which is e-C'-close to ok, then

=

> 0.

v (r(o N B(17))) > C\C2

PrOOF. Fix 74 and ox as in the statement. By the proof of Proposition 7.7, there

exist N > 1 and a rectangle R C T? with v(R) > 0 such that K (ox) crosses B7(R,¢)
for y = 0,1. By the Claim in that proof,

v (m(ogx NBW))) > C% > 0.

By the Unstable Manifold Theorem, there exists ¢ > 0 such that for every wu-disk ~
that is e-C'-close to v4 with v%(y) > 0, and every o as in the statement, KV (o) also
crosses B7(R,¢€). Applying the Claim and Lemma 7.4, we obtain

U i B
(w0 0 B07) > Gz

>0. O
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7.4. The union of the basins has full m,-measure

PROPOSITION 7.9. Let v be a strongly geometric measure on the base T?. Assume that

V3 are my-observable, j = 0,1. Then, the set B(v°) U B(v') has full m,-measure.

PROOF. Assume, by contradiction, that the set Z(v°) U Z(v') does not have full

m,-measure, and hence the set
(7.9) Z= M\ (B0°)UB(LY))

has positive m,-measure. Let Z = 7(Z) C T Note that the set Z is K-invariant and
the set Z is A-invariant. Moreover, since my,(Z) > 0, by Fubini’s theorem, Z has positive
v-measure, and since v is ergodic, ZNR has positive v-measure for every rectangle R C T¢
with v(R) > 0.

For any rectangle R C T? and every t € I, we denote Z, = Z x {t}, Z, < n(Z,),
ZE= Z,0 (R x {t}) and ZF = n(Z}).

Then, there exist a rectangle R C T? and an interval J C I, such that

my(Z N (R x J)) > 0.

Define
Jh={teJ: v(ZF) > 0}.
By Fubini’s Theorem, we have that Leb;(J®) > 0. Fix R as above and t € J®. Since v

has local product structure (Lemma 2.1), for v-almost every € R we have v ~ v} ® 1/5;

fix such an z. Since v(ZF) > 0, for vi-almost every point z € W3 (z, R) we have
VY Wz, R) N ZF) > 0.

Let us denote v = W4%(z, R) and 7 = v x {t}, so that v*(y N ZF) > 0; without loss of
generality, assume that z is a v{-density point of v N ZAtR inside 7.
Claim: Suppose that m,(Z) > 0. Then

(7.10) nhjEO Vi, (ﬂ(af N[B(°) U %(Vl)])) = 0.
Assuming the Claim, we complete the proof as follows. For every n > 1, o = K"(V})
is the graph of a C' function G™: 4™ — [0,1]. The tangent vectors to ¥7 = 9" x {t} lie
in the unstable cone field C}. of K. By partial hyperbolicity (4.4), DK maps C} into
itself, so the tangent vectors to o] = K"(9}) remain in C} for all n > 1. It follows that
|IDG™|| < Cy uniformly; in particular, {G"} is equicontinuous. Since the 4™ are u-disks of

fixed radius ry in the compact space T?, by compactness there is a subsequence such that
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Y™ — Y4 in the Hausdorff metric and A™ 2z — 2., € Yoo. By Arzela-Ascoli, the graphs

s
Oy

converge in the C'-topology to a C'-graph o{° over 7.
Since v is a strongly geometric measure, its unstable conditional measures v} vary
continuously (in the weak topology) along unstable leaves. Thus v%n.,., — v¥_ weakly, so

vy is well-defined. By Corollary 7.8, there exists B = [(c°) > 0 such that

z

v <7r(a§° N[A0°) U @(yl)])) > 3.

Moreover, Corollary 7.8 states that there exists € > 0 such that for every sufficiently large

k> 1, oy is e-close to o in the C'-topology,

Ve (7(o7 N[O LB ) 2

contradicting (7.10).

It remains to prove the Claim.

ProOF OF CLAIM. Since z is a v¥-density point of yN Zﬁ inside v, for every ro > 0, it
follows from Lemma 2.5 that there exists a sequence of unstable balls 4y C A"(y), n > 1,

of radius rg such that

Vin. (7" nA"(yN Zt))
lim m
nreo Van, (,yn)

Recall that by construction (Lemma 2.4-2.5, see (2.20) and (2.24)), for each n > 1
there is a u-disk 9" C v such that A"(¥") = 4". Let 9} = 9" x {t} C v and denote
oy = K"(9}). Note that 7(o}') = 7. With the notation above, we have
_— i Vi (7(07) 0 A7 (000 2)

n—roo Vgn, (’Yn)

= 1.

=1.

Since Z is K-invariant and the projection 7: M — T% is a semiconjugacy between K and
A (see (4.7) and Section 4.2), then for every n > 1, we have

A (r(vwNZy)) =n(K" (7N Zy)) = 7n(K™(v) N Z),
and since o7 C K™(7y;), then
(o) N A (w( N Zy)) = m(o] N Z).

Therefore, by (7.9), the limit (7.11) implies (7.10). O
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7.5. Hyperbolic measures with intermingled basins: lifts of strongly

geometric measures

PROPOSITION 7.10. Let v be a strongly geometric measure, and let v° and v* be m, -
observable. Then, there exists exactly one p € EM(K) such that T = v.

PROOF. Since ° and v! are m,-observable, part (1) of Proposition 6.8 is excluded (it
requires v! to have trivial basin); hence €™ (K) # ). Moreover, since v! is m,-observable,
Proposition 6.8 part (3) cannot occur. Indeed, by Remark 6.9, the construction downward
from 1! yields a measure p, € EM(K) that is the immediate predecessor of v! in &,(K),
with x“(u,) > 0; in particular, there is no measure strictly between p, and v!'. But in
part (3) the sequence pu, increases to v!, so p. < u, < v! for large n — a contradiction.
Then, let us take p = p; in Proposition 6.8 part (2), so that x¢(u) > 0.

Claim: &™(K) = eM(K) = {u}.

PROOF OF CLAIM. Otherwise, if there is i € E™(K), u < ji, by Proposition 6.8 part
(2), there should be a third one i € E2%(K) such that p < i < fi. Since x°(f1) < 0, i
should be m,-observable (Lemma 6.2 part (2)). Therefore m,(%(f1)) > 0, contradicting
the fact that Z(1°) U Z(v') has full m,-measure. O

O

Proor orF THEOREM C. The proof was discussed throughout Chapter 7. Indeed,
the assertions of Theorem C part (1) are treated as follows: the density of the basins
is established in Lemma 7.6, the intermingling in Proposition 7.7, and Proposition 7.9
establishes that the union of the basins has full m,-measure. The assertion that there
is no other m,-observable, K-invariant measure p on M such that m,u = v follows from
Proposition 7.10. Part (2) of Theorem C follows from Proposition 7.10. U

7.6. Existence of geometric measures in the boundaries

We finish this section by establishing that geometric, and even strongly geometric,
measures v € &(A) always exist; moreover, each of the spaces €. (K), &.(K), &L(K),

j € {0, 1}, is nonempty and contains strongly geometric measures.

COROLLARY 7.11. Each of the spaces &.(K), &.(K), EL(K), j € {0,1}, contains a

strongly geometric measure.

ProOF. Under our general hypotheses [KD2], for j € {0, 1}, each of the spaces &L (K),
€/ (K), and &L (K) is nonempty. Indeed, the Dirac measures d, ) and d(, 0 are in €2 (K)
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and €% (K), respectively. Analogously for ¢,y and d(,1). Moreover, since &/(K) is arc-
connected (Lemma 3.2), there are continuous maps 7;: [0,1] — & (K) such that v;(0) =
Sy and 7;(1) = (4,5 and hence 7;(t;) € EL(K) for some t; € (0,1).

The result is now an immediate consequence of Proposition 3.5 and Remark 3.7 taking
Y = J7 together with Lemma 2.3. O
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