
UNIVERSIDAD TÉCNICA FEDERICO SANTA MARÍA
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Abstract

Various phenomenological consequences of seesaw theories for the generation of the fermion mass hierarchy of the
Standard Model have been analyzed, with an emphasis on models in which the light-active neutrino masses are de-
rived from low-scale seesaw mechanisms. In particular, fermion masses and lepton flavor-violating decay processes,
the flavor-changing neutral current, have been studied, and the implications of these theories for the observed dark
matter relic density in the Universe have been determined. From the analysis of these phenomenological aspects,
it was possible to determine the allowed parameter spaces of these theories and to obtain a parameter fit consistent
with the currently measured experimental values. In this way, correlations between the different observables of the
fermionic sector could be obtained, where all values were within the experimental ranges at 3σ. Predictions for
new physics consistent with cosmological limits were also obtained.
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Chapter 1

Introduction

The Standard Model of particle physics (SM) is a quantum field theory that unifies the electromagnetic, weak and
strong interactions under the gauge symmetry group SU(3)C ⊗ SU(2)L ⊗ U(1)Y . The symmetry group SU(3)C
is associated with the strong interaction, i.e. the interaction between the different colors of quarks, where the
mediator particles are the gluons and each quark flavor is a triplet of the color of the group SU(3)C . On the other
hand, the electromagnetic and weak interactions are unified under the electroweak theory associated with the group
SU(2)L⊗U(1)Y , where left-handed fermions are doublets and right-handed fermions are singlets of SU(2)L, and
the mediating particles of this interaction are four gauge bosons (photon, Z, and W±). In addition to having the
representations of each symmetry group, the content of fermionic matter is classified into three families of quarks
and three families of leptons, where asignment under the SM gauge group are show in table. 1.1

SU(3)C ⊗ SU(2)L ⊗ U(1)Y I II III(
3, 2, 16

) (
uL

dL

) (
cL
sL

) (
tL
bL

)
Quarks

(
3, 1, 23

)
uR cR tR(

3, 1,− 1
3

)
dR sR bR(

1, 2,− 1
2

) (
νeL
eL

) (
νµL
µL

) (
ντL
τL

)
Leptones (1, 1,−1) eR µR τR

(1, 1, 0) νeR µµR
ντR

Table 1.1: Multiplets of Standard Model fields.

However, despite the great experimental success of the SM, it does not explain why there are three families of
fermions, it does not naturally explain the hierarchy present in the fermionic sector, which extends over a range
of thirteen orders of magnitude, from the active neutrino mass scale up to the top quark mass. Furthermore, the
SM cannot describe the pattern of fermion masses and mixings, with very small mixing angles for the quarks,
giving us a mixing matrix known as Cabibbo-Kobayashi-Maskawa (CKM), which is close to the identity, but for
the leptonic sector, on the other hand, there are two large and one small mixing angle, giving us the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix, which is far from the identity. This whole puzzle is known as the ”flavor
problem”.

In addition to the points mentioned above, we must also add the mass of the neutrinos, since the SM predicts
massless neutrinos, which we know to be incorrect, because neutrino oscillation has been observed experimen-
tally, starting with the observation of solar neutrinos [8], then with atmospheric neutrinos, and finally with reactor
experiments [9–16]. However, although these experiments show us the mixtures of neutrino eigenstates (νe,µ,τ )
as they propagate as their mass eigenstates, they do not give us a clear answer as to what is the absolute mass
scale of the neutrinos, which is their dynamical origin, or whether they are Dirac or Majorana fermions. data
from neutrino oscillation experiments and from other experiments limit the range of mass values to be between
mν ∼ 0.01− 1 eV [5].

1
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Because of these drawbacks, there is a need to search for new physics beyond the Standard Model, where sev-
eral proposals can be found in the literature, such as theries with enlarged particle spectrum, extended symmetries
ans low scale seesaw mechanisms. In the BSM theories with extended symmetries, the spontaneous breaking of
these symmetries yields the observed pattern of SM fermion masses and mixing parameters.

This thesis is organized as follows. In chapter 2 we will discuss the main features of the SM and look at some
of the problems it cannot explain. Then, in chapter 3, we will analyze neutrino physics and see a brief discussion of
seesaw mechanisms for neutrino mass production. In chapter 4, we will look at the first paper on which this thesis
is based, where we will study the implementation of a radiative inverse seesaw mechanism and the implications for
dark matter candidates and leptonic flavor violating processes. Then, in chapter 5, we will present the analyses of
the second paper on which this thesis is based, where we will study an extension of the theories known as 3HDM
and 4HDM, analyzing the implementation of a radiative seesaw mechanism, analyzing the masses and mixtures of
fermions, the scalar sector and dark matter, in addition, we will see the implication of the model in the oscillation
of mesons and the corrections obtained for the oblique parameters. In chapter 6 we will present the last paper on
which this work is based, where we will analyze the extension of a 331 model with discrete and cyclic symmetries,
studying the masses and mixtures of the fermions, where an inverse seesaw mechanism is implemented for the
neutrino sector and the scalar sector will be analyzed, we will also see an analysis of the oscillation of mesons and
the corrections obtained for the oblique parameters will be studied. Finally, in chapter 7 the conclusions of this
work will be presented.





Chapter 2

Important aspects

2.1 The Standard Model

The Standard Model (SM) is a gauge theory based on the group of local symmetries SU(3)C ⊗ SU(2)L ⊗U(1)Y ,
which describes the strong, weak, and electromagnetic interactions mediated by the corresponding spin-1 fields
(gauge bosons): 8 massless gluons and 1 massless (γ) photon for the strong and electromagnetic interactions,
respectively, and 3 massive bosons (W± and Z) for the weak interaction [?] (Table 1.2). The fermionic matter con-
sists of three families of quarks and three families of leptons. Each family consists of two spin 1/2 particles, f and
f’, with electric charges Qf = Qf ′ + 1 multiples of the charge of the proton (Table 2.1), and their corresponding
antiparticles. Quarks appear in three possible color states (conventionally red, green, and blue).

The fields are grouped into multiplets (irreducible representations) under the group transformations (table 1.1).
Quarks are triplets and leptons are singlets under the color group SU(3)C . Under the SU(2)L group, the levorota-
tory (left) components are transformed differently from the dextrogyro (right) ones: the left fields are doublets, and
the right ones are singlets of weak isospin T . The Y index refers to the hypercharge. The electric charge, isospin
and hypercharge of the fields are related by Q = T3 + Y . The three families of quarks and leptons have the same
properties (gauge interactions), differing only in the masses and flavor quantum numbers of their fields.

The gauge symmetry is spontaneously broken, which requires introducing a scalar field (the Higgs field) and
allows weak bosons and fermions to be massive, as we observe them in nature. In the following, we will construct
the SM Lagrangian of the electromagnetic and weak interactions for a single family of quarks and leptons. We will
ignore the flavor independent interactions.

Bosons
Photon (γ) Electromagnetic interaction

spin 1 W± , Z Weak interaction
8 Gluons (G) Strong interaction

spin 0 Higgs Origin of the masses

Table 2.1: Standard Model Interactions

2.1.1 Abelian gauge symmetry

Consider just one family of free and massless spin 1/2 ψ and ψ fermions (quarks or leptons), described by the fields
ψ(x) and ψ(x), respectively. The Dirac Lagrangian will describe them [17]:

L0 = ψ(x) (iγµ∂µ −m)ψ(x) , (2.1)

4
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Fermions I II II Q
Quarks f uuu ccc ttt 2/3

spin 1
2 f’ ddd sss bbb −1/3

Leptons f νe νµ ντ 0
f’ e µ τ −1

Table 2.2: Standard Model Particles

with ∂µ = ∂
∂xµ and γµ =

(
γ0, γj

)
, are linear operators described by 4 × 4 matrices, known as Dirac matri-

ces [18, 19]:
γ0 = σ3 ⊗ 1 y γj = γ0 (σ3 ⊗ σj) . (2.2)

Now we want to see if L0 remains invariant under local gauge transformations U(1) [4], which is unitary, so:
UUdagger = U†U = 1.

ψ(x) : U(1)−−→ ψ′(x) = exp {iQθ}ψ(x) , (2.3)

where Q is the generator of the Abelian group U(1) [19, 20] and θ = θ(x) is a spacetime dependent parameter. In
such a case, the Lagrangian is not invariant under local transformations,

L′
0 = iψ(x)′γµ∂µψ(x)

′ −mψ(x)′ψ(x)′

= iψ(x)e−iθγµ∂µ
(
eiθψ(x)

)
−mψ(x)e−iθeiθψ(x)

= iψ(x)γµ∂µψ(x)− ψ(x)γµψ(x)∂µθ −mψ(x)ψ(x)

L′
0 = L − ψ(x)γµψ(x)∂µθ. (2.4)

The kinetic term is not invariant due to the partial derivative, so if we want to ensure that the phase invariance
of U(1) is preserved locally, we have to define a new derivative which must have the following transformation,

(Dµψ)
′
= D′

µ (exp{iQθ}ψ) = exp{iQθ} (Dµψ) . (2.5)

Dµ is known as the covariant derivative, which we can define as,

Dµ = ∂µ − iQAµ, (2.6)

where Aµ is a 4-vector, whose transformation we can obtain by replacing (2.6) in (2.5), so,

(Dµψ)
′
=
(
∂µ − iQA′

µ

) (
eiQθψ

)
= eiQθ

(
∂µ + iQ∂µθ − iQA′

µ

)
ψ, (2.7)

but,

(Dµψ)
′
= eiQθ (Dµψ)

eiQθ
(
∂µ + iQ∂µθ − iQA′

µ

)
ψ = eiQθ (∂µ − iQAµ)ψ

A′
µ = Aµ + ∂µθ. (2.8)

Here we can see Aµ as the 4-vector potential of the gauge field. Consequently,

L = iψ(x)γµDµψ(x)−mψ(x)ψ(x) = L0 −Qψ(x)γµψAµ , (2.9)

the Dirac Lagrangian invariant under local U(1) transformations. Thus the gauge principle has generated the inter-
action between the Dirac spinor ψ and the gauge field Aµ.

Now let us define the following tensor [19, 20]:

Fµν = ∂µAν − ∂νAµ , (2.10)
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which, as we can see, is invariant under the gauge transformation described in the equation (2.8). Hence the kinetic
term of the Lagrangian for the gauge field Aµ is

LA = −1

4
FµνF

µν . (2.11)

If we associate the field Aµ with the photon and Q with the charge generator, the equation (2.10) is the elec-
tromagnetic tensor, and the equation (2.9) allows us to fully describe quantum electrodynamics (QED) [4] by the
QED Lagrangian.

LQED = −1

4
FµνF

µν + L0 − Jµ
EMAµ , (2.12)

where Jµ
EM = Qψγµψ is the 4-electromagnetic current.

2.1.2 Non-Abelian gauge symmetry
As in the Abelian case, we want to impose that the Dirac Lagrangian for the free particle is invariant under local G
transformations [4].

ψ(x) G−→ ψ′(x) = Uψ(x) . (2.13)

So UU† = U†U = 1 and det |U | = 1, where G = SU(N) represents a non-abelian Lie group [21], then:

ψ(x) G−→ ψ′(x) = exp {iTaθa(x)}ψ(x) , (2.14)

with Ta = λa/2, where θa(x) is an arbitrary parameter and is also a function of spacetime, while λa(with a =
1, 2, ..., N2 − 1) are the generators of the Lie group representation SU(N), which satisfies the Lie algebra [20][

λa

2
,
λb

2

]
= ifabc

λc

2
, (2.15)

where fabc is the structure constant of the Lie algebra [21]. Again, one must resort to the gauge principle, since the
Lagrangian is not invariant under G gauge transformations. Therefore

(
N2 − 1

)
transforming fields are introduced

as:
Ga

µ : G−→
(
Ga

µ

)′
= Ga

µ − 1

g
(∂µθ

a) + fabcθ
bGc

µ . (2.16)

The covariant derivative is defined as:
Dµ = ∂µ + igTaG

a
µ . (2.17)

A gauge field will be introduced for each group generator associated with the interactions; therefore, we can
associate a symmetry group and a set of gauge fields with each interaction.

In addition, g is an arbitrary coupling constant that characterizes the intensity of the interaction. Then the
Lagrangian is a function of the covariant derivative:

L = ψ(x) (iγµDµ −m)ψ(x) . (2.18)

This Lagrangian is invariant under local gauge transformations G. If a theory is both non-Abelian and locally
invariant, it is called a Yang-Mills [20] theory.

By generalizing the field strenght tensor to a Yang-Mills theory, we obtain

F a
µν = ∂µG

a
ν − ∂νG

a
µ − gfabcG

b
µG

c
ν , (2.19)

whose transformation is:
F a
µν G−→

(
F a
µν

)′
= F a

µν + fabcθ
bF c

µν . (2.20)

Then we can write the kinetic term of Ga
µ as,

LG = −1

4
F a
µνF

µν
a . (2.21)

Thus, the invariant Lagrangian under SU(N) is:

L = −1

4
F a
µνF

µν
a + ψ(x) (iγµDµ −m)ψ(x) . (2.22)
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2.1.3 Gauge symmetry in the Standard Model
Let us take the electroweak sector, i.e., the symmetry group SU(2)L × U(1)Y and for simplicity consider only a
family of free and massless 1/2 spin fermions (quarks or leptons) described by the fields f(x) and f ′(x), respec-
tively. As seen above, one has the following Dirac lagrangian:

L0 = if(x)�∂f(x) + if
′
(x)�∂f

′(x) = i

3∑
j=1

iψj(x)�∂ψj(x) , (2.23)

with �∂ = γµ∂µ and we have grouped the left components into one doublet and the right components into two
singlets for convenience.

ψ1 =

(
fL
f ′L

)
, ψ2 = fR , ψ3 = f ′R . (2.24)

If we want the Lagrangian to be invariant under gauge transformations of the group G = SU(2)L⊗U(1)Y , we
consider abelian and non-abelian gauge transformations simultaneously, so that ψ(x) transforms to,

ψj(x) : G−→ ψ′
j(x) = UY ULψj(x) , (2.25)

where

UL = exp

{
i
σj

2
αj(x)

}
; UY = exp {iYjβ(x)} j = (1, 2, 3) , (2.26)

β = β(x) and αj = θj(x) are arbitrary parameters depending on the space-time coordinates. The parameter Y is
the hypercharge and σj are the Pauli matrices.

The Lagrangian described by the equation (2.22) is invariant under global transformations of the group G, i.e:

ψ1(x) G−→ ψ′
1(x) = exp {iY1β(x)}ULψ1(x) ,

ψ2(x) G−→ ψ′
2(x) = exp {iY2β(x)}ψ2(x) , (2.27)

ψ3(x) G−→ ψ′
3(x) = exp {iY3β(x)}ψ3(x) .

If we want the Lagrangian to be invariant under local transformations of the group G, the covariant derivative
must have the following form [4],

Dµ = ∂µ + ig
σj

2
W j

µ(x) + ig′Y Bµ(x) , (2.28)

where g and g′ are the coupling constants associated with the SU(2)L and U(1)Y groups, respectively. Bµ is
the gauge field required to maintain invariance under the U(1)Y transformation, and W j

µ are the 3 associated gauge
fields (W± and Z) [4] to maintain invariance under the SU(2)L group transformation.

Therefore, since we want Dµψj(x) to transform the same as ψ(x), since the properties of the gauge field
transformations remain fixed, then:

Bµ(x) G−→ B′
µ(x) = Bµ(x)−

1

g′
∂µβ(x) , (2.29)

W j
µ(x) G−→

(
W j

µ(x)
)′

=W j
µ(x)−

1

g

(
∂µα

j
)
+ ϵijkα

kW l
µ . (2.30)

For the introduction of the invariant kinetic terms for the gauge fields, we introduce the corresponding intensity
tensors (abelian and non-abelian).

Bµν = ∂µBν − ∂νBµ , (2.31)

W j
µν = ∂µW

j
ν − ∂νW

j
µ + gϵjikW i

µW
k
ν . (2.32)
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We can observe that Bµν remains invariant under transformations of the group G, while W j
µν transforms co-

variantly according to [4]:

Bµν : G−→ Bµν ; W j
µν G−→ ULW

j
µνU

†
L . (2.33)

Therefore, the kinetic terms for the gauge fields are given by:

LG = −1

4
BµνB

µν − 1

4
W j

µνW
µν
j . (2.34)

2.1.4 Spontaneous symmetry breaking
The gauge symmetry SU(2)L × U(1)Y forbids mass terms for gauge bosons. Mass terms for fermions are also
impossible.

Spontaneous symmetry breaking (SSB) occurs when the vacuum of the system (minimum energy state) is de-
generate. The physical vacuum is one of the possible minimum energy states connected by the symmetries of the
Lagrangian. When nature chooses it, the symmetry of the physical states is broken, although the symmetry of the
Lagrangian is preserved.

The result of the SSB depends on the type of symmetries. If the lagrangian is invariant under a continuous
group of symmetries G, but the vacuum is invariant only under a subgroup H ⊂ G, then as many massless, spin-0
states (Goldstone bosons) appear as G generators that are not those of H , i.e., the number of symmetries that have
been broken (Goldstone theorem [22]). If the symmetries of the Lagrangian are local (gauge), these Goldstone
bosons are absorbed by the gauge bosons associated with the broken symmetries, giving them mass (Higgs-Kibble
mechanism [23]).

Let us illustrate the SSB with the simplest example: a complex scalar field ϕ(x), whose Lagrangian is described
by [19, 24]:

Lϕ = ∂µϕ
†∂µϕ− V (Φ) with V (Φ) = µ2Φ†Φ+ λ(Φ†Φ)2 , (2.35)

with real and positive λ, where ϕ was said before and Φ is represented by a doublet of SU(2)L with hypercharge
Y = 1:

Φ =

(
ϕ±

ϕ0

)
=

(
ϕ1 + iϕ2

σ + iχ

)
. (2.36)

This definition ensures that the scalar Lagrangian is invariant under SU(2)L ⊗ U(1)Y . We can get the vacuum
from the Hamiltonian:

H =
1

2

[
(∂0Φ0)

2
+ (∇Φ)2

]
+ V (Φ†Φ) . (2.37)

The minimum of H is obtained for ⟨Φ⟩0 = constant. Due to the symmetry SU(2)L, it can be chosen without
loss of generality.

⟨Φ⟩0 =
1√
2

(
0

v

)
, (2.38)

so that v corresponds to the minimum of the potential V (Φ†Φ) and thus of the energy. So the equation for this
minimum is

µ2 + λ⟨Φ⟩20 = 0 , (2.39)

where it is obtained:

v =

√
−µ2

λ
. (2.40)

For a minimum energy state (the vacuum) to exist, the parameter λ must satisfy λ > 0. With respect to µ2 there
are two possibilities:

i) If µ2 > 0, the potential has only a trivial minimum. It is then a scalar field with mass µ and quartic coupling
λ [24, 25].
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Figure 2.1: (a) Form of the scalar potential for µ2 > 0 and (b) µ2 < 0. In the second case, there is a continuum of
degenerate vacuums corresponding to different phases, connected by a massless field excitation ϕ2.

ii) If µ2 < 0, we do not have a unique vacuum state, since there is a continuous set of degenerate vacua,
which can be clearly seen in the figure 2.1b of the potential. The minimum corresponds to satisfying field
configurations:

|⟨0|ϕ(x) |0⟩| = |ϕ0(x)| =
√

−µ2

2λ
=

v√
2
> 0 ,

V (ψ0) = −λ
4
v4 . (2.41)

Since the hypercharge of the Φ field is 1, it is obtained for the vacuum state:(
T3 +

Y

2

)
⟨Φ⟩0 = 0 . (2.42)

Then the vacuum is annihilated by the T3 + Y
2 operator, and recalling the relationship between electric charge,

isospin, and hypercharge, we conclude that the U(1) symmetry associated with the charge operator is not broken.
So we have the following symmetry breaking pattern,

SU(2)L ⊗ U(1)Y SSB−−−→ U(1)Q . (2.43)

The photon, the generator of U(1)Q, remains massless. Instead, we will see that the gauge bosons associated
with the generators T1; T2 and

(
T3 +

Y
2

)
acquire mass. If we express ϕ0 in terms of ⟨ϕ⟩0, we get

σ + iχ =
v√
2
+

H√
2
+ iχ , (2.44)

where the H field is called the Higgs boson, we can write the Lagrangian (we consider only the terms associated
with σ as:

Lϕ =

∣∣∣∣(∂µ + igT aW a
µ + i

g′

2
Bµ

)
v +H√

2

(
0

1

)∣∣∣∣2 − µ2 (v +H)2

2
− λ

(v +H)4

4
, (2.45)

where the quadratic terms for the vector fields are:

g2(v +H)2

4
W+

µ W
−µ +

g2(v +H)2

8 cos2 θW
ZµZ

µ . (2.46)

It is important to note that the terms with v2 represent mass terms for the W± and Z bosons. Therefore, the
masses of the W± and Z bosons are given by:

MW =
gv

2
y MZ =

gv

2 cos θW
=

MW

cos θW
. (2.47)

And so, the Higgs mechanism has endowed the W and Z bosons with mass starting from a gauge invariant
Lagrangian, through the spontaneous breaking of the electroweak symmetry SU(2)L ⊗ U(1)Y .
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2.1.5 Yukawa Coupling
The fermion masses are generated by the Yukawa interactions between the Higgs doublet and fermions, represented
through the spontaneous symmetry breaking of SU(2)L × U(1)Y . The most general gauge-invariant Yukawa
Lagrangian for the 3 families of fermions takes the following form: [24]:

−Ly =

3∑
jk=1

[
y
(d)
jk q

0
jLΦd

0
kR + y

(u)
jk q

0
jLΦ̃u

0
kR + y

(l)
jk l

0

jkΦe
0
kR + y

(ν)
jk l

0

jLΦ̃ν
0
kR

]
+ h.c . (2.48)

where the superscript 0 refers to the fact that these fields are weak eigenstates, that is, they have defined gauge
transformation properties, with the element of each doublet transforming into each other under SU(2)L and y(d)jk ,

y
(u)
jk , y(l)jk (j, k = 1, 2, 3) are arbitrary coupling constants. On the other hand, we also have:

Φ =

(
ϕ+

ϕ−

)
; Φ̃ = iτ2Φ† =

(
ϕ0†

−ϕ−
)
, (2.49)

After SSB, and as we know from equation (2.38), in the unitary gauge, the Yukawa Lagrangian can be written
as [25]:

−LY k =

(
1 +

H

v

){
d
0

LMdd
0
R + u0LMuu

0
R + l

0

LMll
0
R + h.c.

}
. (2.50)

Here d0, u0 and l0 denote vectors in the three-dimensional flavour space. The mass matrices are given by(
M

′
d

)
ij
= y

(d)
ij

v√
2

;
(
M

′
u

)
ij
= y

(u)
ij

v√
2

;
(
M

′
l

)
ij
= y

(l)
ij

v√
2
. (i, j = 1, 2, 3) (2.51)

The diagonalization of these matrices determines the mass eigenstates dj , uj , and lj , (with j = 1, 2, 3). The
three matrices Mf can be written as

Mf = HfUf = R†
fMfRfUf , (2.52)

where Hf =
√
MfM

†
f is a positive definite Hermitian matrix, and Uf is a unitary matrix. Each Hf can be

diagonalized by a unitary matrix Rf . The resulting matrix Mf is diagonal and positive-definite. Thus, in terms of
the diagonal matrices, we have:

Md = diag(md,ms,mb) , Mu = diag(mu,mc,mt) , Ml = diag(me,mµ,mτ ) . (2.53)

The Yukawa Lagrangian takes the following form [25]

LY k = −
(
1 +

H

v

){
dMdd+ uMuu+ lMll

}
, (2.54)

where the mass eigenstates are defined by the relations:

dL = Rdd
0
L , uL = Ruu

0
L , lL = Rll

0
L ,

dR = RdUdd
0
R , uR = RuUuu

0
R , lR = RlUll

0
R . (2.55)

2.1.6 Cabibbo-Kobayashi-Maskawa (CKM) Matrix and CP Violating
As mentioned in chapter 1, in the Standard Model, the Cabibbo-Kobayashi-Maskawa (CKM) matrix is a unitary
matrix containing information about the strength of weak interactions that change flavor. That is, it specifies the
difference between the quantum states of quarks when they propagate freely and when they participate in weak
interactions.

However, since uLdL = uLRuS
†
ddL, as in general Ru ̸= Rd. The CKM matrix is defined [26],

V = RuR
†
d ⇒ u

′
Ld

′
L = uLV dL . (2.56)
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The 3× 3 CKM matrix is unitary and appears in the charged current interactions of quarks:

LCC =
g

2
√
2

Q+
µ

 3∑
ij

uiγ
µ(1− γ5)Vijdj +

∑
l=e,µ,τ

νlγ
µ1− γ5)l

+ h.c.

 . (2.57)

The matrix V couples each up type quark to all down type quarks.

We have assumed that neutrinos are massless. In that case, we can always redefine the flavors of neutrinos
so that we eliminate the analogous mixing in the leptonic sector: ν0Ll

0
L = νLSllL = νLlL, and we have flavor

conservation. Note that if the ui or dj had degenerate masses, we could also redefine the fields, and there would
also be flavor conservation in the quark sector. If νR fields are included, Yukawa couplings for neutrinos could be
introduced, leading to a mass matrix (Mν)ij = y

(ν)
ij v/

√
2 and we would obtain leptonic flavor violation through a

mixing matrix analogous to the CKM. The next chapter will cover the phenomenon of neutrino oscillations, which
indicates that neutrinos have masses, albeit very small.

The masses of the fermions and the mixing matrix V of the quarks are determined by the corresponding Yukawa
coupling matrices y(f)ij , which are free parameters. A general n × n unitary matrix is characterized by n2 real pa-
rameters: n(n − 1)/2 moduli and n(n + 1)/2 phases. Several of these phases are irrelevant, as one can redefine
the phases of the fields (they are not physical): ui → eiϕiui and dj → eiθjdj , such that Vij → Vije

i(θj−ϕi).
This means there are 2n− 1 unobservable phases. Therefore, the number of physical free parameters is reduced to
(n− 1)2;n(n− 1)/2 moduli and (n− 1)(n− 2)/2 phases.

Thus, if only two generations are mixed, V is determined by a single parameter, the Cabibbo angle,

V =

(
cos θC sin θC
− sin θC cos θC

)
. (2.58)

If we now consider a mix of 3 generations, the matrix is defined as:

V =

 Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 . (2.59)

It’s important to know how many independent parameters the CKM matrix contains; for three families of quarks,
it is a complex 3× 3 matrix with 2 · 32 = 18 real parameters and from the unitarity condition:

V †V =

 V ∗
ud V ∗

us V ∗
ub

V ∗
cd V ∗

cs V ∗
cb

V ∗
td V ∗

ts V ∗
tb

T  Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 = 1 , (2.60)

we obtain 9 conditions that eliminate 9 of the 18 real parameters. Of the remaining 9 parameters, we can
parameterise the rotation angles with 3 real numbers; the remaining 6 parameters can be associated with the phases
of the quark fields, of which 5 phases are removable [27], and V can be parameterised in terms of 3 real rotation
angles θij and one phase δ13. There are different (but equivalent) representations in the literature. The so-called
standard parameterisation is given by [4, 17]:

VCKM =

 1 0 0
0 c23 s23
0 −s23 c23

 c13 0 s13e
−iδ13

0 1 0
−s13eiδ13 0 c13

 c12 s12 0
−s12 c12 0
0 0 1

 ,

=

 c12c13 s12c13 s13e
−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13
s12s23 − c12c23s13e

iδ13 −c12s23 − s12c23s13e
iδ13 c23c13

 . (2.61)

where cij = cos θij and sij = sin θij (i, j = 1, 2, 3). The angles θ12, θ13, and θ23 can all be made to lie in the
first quadrant, through an appropriate redefinition of the phases of the quark fields. Thus, cij ≥ 0, sij ≥ 0 and
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CKM Value Source
|Vud| 0.97377± 0.00027 Disintegration β nuclear

0.9746± 0.0019 n→ pe−νe
0.9728± 0.0030 π+ → π0e+νe
0.97378± 0.00027 average

|Vus| 0.2234± 0.0024 K → πl+νl
0.2220± 0.0033 decay of τ
0.2226+0.0026

−0.0014 K+/π+ → µ+νµ, Vud
0.226± 0.005 hyperion decay
0.2230± 0.0015 average

|Vcd| 0.213± 0.022 D → πlνl
0.230± 0.011 νd→ cX
0.227± 0.010 average

|Vcs| 0.957± 0.095 D → Klνl
0.94+0.35

−0.29 W+ → cs
0.974± 0.013 W+ →had., Vuj , Vcd, Vcb

|Vcb| 0.0392± 0.0016 B → D∗lνl
0.0417± 0.0007 b→ clνl
0.0413± 0.0006 average

|Vub| 0.0039± 0.0006 B → πlνl
0.0045± 0.0003 b→ ulνl
0.0044± 0.0003 average

|Vtb|/
√∑

q |Vtq|2 > 0.78 t→ bW/qW

|Vtb| > 0.68 ; ≤ 1 pp→ tb+X

Table 2.3: Direct determination of the elements of the CKM matrix Vij . Taken from [4].

0 ≤ δ13 ≤ 2π. It should be noted that δ13 is the only physical phase in the SM Lagrangian. Therefore, it is the only
possible source of CP violation [17].

Experimentally, only the moduli of Vij can be accessed. The table 2.3 shows the values that have been deter-
mined directly.

2.2 Problem of Standard Model
The SM is one of the most successful scientific theories and has proven to be very useful for particle physics as it
explains many known phenomena. However, it has difficulties in explaining several problems, leaving some aspects
unanswered, such as:

• The origin and hierarchy of the fermion mass spectrum.

• The number of generations (flavor) in the theory is arbitrary.

• The origin of CP violation is a mystery.

• The asymmetry between matter and antimatter in the universe.

• It does not predict mass for neutrinos.

• It does not contemplate dark matter.

In this section, we will discuss only some of the SM problems: the hierarchy problem, the flavor problem,
and dark matter. In the case of neutrinos, we will discuss the general aspects since, in chapter 3, we will discuss
neutrinos in more detail.
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2.2.1 Hierarchy problem
In physics, we expect macroscopic behavior to follow from a microscopic theory. The microscopic theory is un-
likely to contain several free parameters that are carefully tuned to give the macroscopic system some special
properties.

What we want is for the theory on a low energy scale µ1 to follow the properties of a much higher energy
scale µ2 without the need to tune the various parameters in the high energy theory to a precision of order µ1/µ2.
However, one parameter is allowed to be very small (of order µ1/µ2), provided that this property is not affected by
higher order effects [28].

As mentioned above, the SM is a very successful description of particle physics, however this is at the weak
scale (∼ 100 GeV). Therefore, if we have TeV-scale physics, we run into the hierarchy problem, where the following
question arises: why is the electroweak scale so much smaller than the Planck scale (∼ 1019 GeV)? The Higgs
vacuum expectation value v ∼ 246 GeV gives the electroweak scale, the only dimensional parameter in the SM
[29]. However, the Higgs VEV is not naturally stable under radiative corrections. Suppose we consider radiative
corrections to the Higgs mass arising from its gauge boson couplings, Yukawa fermion couplings, and scalar self-
couplings. In that case, these corrections exhibit a quadratic sensitivity to the ultraviolet cutoff. Therefore, if the
SM were valid up to the Planck scale, the radiative corrections would push mh and the minimum of the Higgs
potential, v, to the Planck scale. To avoid this, one has to adjust the Higgs vacuum mass into the SM Lagrangian
by one part in 1017 [29], which is quite unnatural and is known as the hierarchy problem.

2.2.2 The flavor problem

Figure 2.2: Schematic of the flavor ”hierarchy” problem and the ”desert” in the SM mass spectrum at an electroweak
scale. From [1].

If we focus on the electroweak sector of the SM, we see that it has thirteen free parameters: three charged
lepton masses, six quark masses, three mixing angles, and one CP violation phase. Since all three neutrinos must
be massive beyond the SM [1], one has to introduce seven more free parameters to describe the flavor properties:
three neutrino masses, three mixing angles, and one CP violation phase if we assume Dirac neutrinos. However, if
the neutrinos were Majorana neutrinos, we would have to introduce nine extra parameters: three neutrino masses,
three mixing angles, three complex phases, the two Majorana phases, and the lepton CP violation phase. Therefore,
at least 18 degrees of freedom are in the low-energy flavor, raising the question: Why is the number of degrees of
freedom so large in the flavor sector?

In addition to this question, other questions arise related to the flavor problem, such as: What is the number
of fermion families? Why are there three fermion families and not another number? Why are the masses of the
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fermions so hierarchical and not of the same order? This can be seen if we express the fermion masses as a function
of the top quark mass and the Cabibbo angle [1, 30, 31].√

|∆m2
13| ∼ λ20mt ;

√
|∆m2

12| ∼ λ21mt ,

me ∼ λ9mt ; mu ∼ md ∼ λ8mt ,

ms ∼ mµ ∼ λ5mt ,

mc ∼ λ4mt ; mb ∼ mτ ∼ λ3mt , (2.62)

sin θ
(q)
12 ∼ λ ; sin θ

(q)
23 ∼ λ2 ; sin θ

(q)
13 ∼ λ4 ,

sin θ
(l)
12 ∼

√
1

3
; sin θ

(l)
23 ∼

√
1

2
; sin θ

(l)
13 ∼ λ√

2
,

where λ = sin θC = 0.225 [1] and mt = 173.8± 5.2 GeV [31].

To better understand the problem of the fermion mass hierarchy, a schematic of the six-quark, six-lepton mass
spectrum on the electroweak scale is shown (see Fig. ??), where a normal ordering in the neutrino mass spectrum
has been assumed. It can be seen that the difference between the neutrino masses mi and the top quark mass mt is
at least twelve orders of magnitude. Moreover, the ”desert” between the heaviest neutral fermion ν3 and the lightest
charged fermion e− spans at least six orders of magnitude.

2.2.3 Neutrino masses
For many years, neutrinos have been considered massless, however, through hard theoretical and experimental
work, it has been confirmed that neutrinos are massive, with a mass of the order of 10−10 GeV. Thus confirming
Bruno Pontecorvo’s hypothesis [32] between 1998 and 2002 with the atmospheric and solar neutrino oscillations
experiments of the Super-Kamioka Neutrino Detection Experiment (Super-Kamiokande) [10], the Sudbury Neu-
trino Observatory (SNO) [33] and the Kamioka Liquid Scintillator Antineutrino Detector (KamLAND) [13]. But
this leads to the question, why are neutrino masses so small compared to those of charged leptons? This suggests
that the origin of neutrino masses should be studied.

However, unlike the origin of the masses of charged leptons, the nature of the neutrinos mass is unknown, since,
being neutral fermions, their masses can be Dirac or Majorana. These two mass terms are phenomenologically very
different because, in the case of Dirac, the lepton number is conserved. In contrast, in the case of Majorana, it is
broken into two units [34].

2.2.4 Dark matter
One of the main evidences that motivated the existence of dark matter was the speed of rotation of galaxies, since
according to the mass present in the galaxy, it will have a defined speed based on the radius according to:

G
Mm

r2
= m

v2

r

v =

√
GM

r
. (2.63)

Where we can see that the speed is proportional to v ∼ 1√
r

, however, in the 70s, Vera Rubin among others [35]
found that the rotation speed of galaxies did not behave in the form 1√

r
, but as the radius increased, the speed

tended to a constant, as can be seen in Fig. 2.3(a), that is, M ∼ r, this means that the mass increases as the radius
increases, even if there is no light, so there is something with gravitational effects that does not emit or absorb
light, that is, dark matter (DM). This DM surrounds our galaxy, forming a dark halo (see Fig.2.3(b)) and containing
approximately 80% of the total mass of the galaxy. The above discussion is made by comparing the rotation of
the solar system according to its mass distribution, so it can be said that the mass distribution of the galaxy does
not have to be like that of the solar system. Therefore, the behavior of the galaxy does not have to be like that of
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(a) (b)

Figure 2.3: a) The relationship between rotation speed and distance is shown, where the red curve is the one
expected by theory and the white curve is the one observed. b) The dark halo surrounding a galaxy is observed,
showing that most of the matter in a galaxy is dark matter.

(a) (b)

Figure 2.4: The figure shows the gravitational lensing effect, in which a) it shows how this effect occurs and b) it
shows when light coming from distant stars passes through several paths and a ring is observed.

the solar system. However, the existence of dark matter can also be inferred by the deflection of light from distant
galaxies, since the light from these galaxies is deflected due to the gravitational field of the dark matter cluster
between the Earth and the galaxy, being able to generate two images of the same galaxy (Fig. 2.4(a)) or even a ring
(Fig. 2.4(b)), this phenomenon is known as gravitational lensing.

Because of these observations and others, the existence of dark matter is accepted today, and particle physics is
trying to find an explanation. However, there are no clues about the nature of dark matter, whether it is fermionic or
bosonic. If we assume that dark matter is stable and only has gravitational interaction, there are several candidates
where we can highlight the weakly interacting massive particle or WIMP, however, they are still candidates since
observational data are needed to confirm or reject the dark matter candidate and among the methods of searching
for dark matter are direct detection, indirect detection and searching in colliders. A diagram of these methods is
shown in Fig. 2.5 however, in general terms, we can say that:

• Direct detection: Looks for a small recoil in atomic nuclei upon colliding with an incident dark matter
particle.

• Indirect detection: It is the detection of particles as a byproduct of the annihilation of dark matter particles.
Some of the byproducts are antiparticles, neutrinos and gamma rays.
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Figure 2.5: Different methods of searching for dark matter.

• Collider: This method is done in particle accelerators, such as the LHC, where it is hoped that colliding
known particles at high energies can produce dark matter particles.





Chapter 3

Neutrino Physics

Neutrinos are fundamental uncharged particles theorized in 1930 by Wolfgang Pauli [36] to explain the apparent
energy loss and momentum of beta decay. However, this particle had to be massless, without strong or electromag-
netic interaction, so its discovery took more than 20 years until 1953 by Reines and Cowan [37]. However, in the
1960s [9], a discrepancy in the flux of solar neutrinos between what was predicted by theory and those detected by
experiments were discovered, leading to the idea that the flavors of the Neutrinos should oscillate and, therefore,
must have masses.

Bruno Pontecorvo was the first to propose neutrino oscillation in 1957 [38, 39], studying neutrino-antineutrino
mixing, similar to the kaon oscillation

(
K0 → K

0
)

, later, in 1962 Maki, Nakagawa and Sakata studied the oscil-
lation of the interaction eigenstates [40] and then Pontecorvo expanded this idea of neutrino oscillation due to the
presence of massive neutrinos. However, it was not until the late 1990s that experimental evidence of the oscillation
of atmospheric neutrino was obtained by the Super-Kamiokande [10] and later, SNO and KamLAND measured the
solar neutrino oscillation [13, 33].

3.1 Neutrino oscillation formalism
Because neutrinos are massive, they oscillate, where we can relate the mass and flavor eigenstates by a unitary
mixing matrix. If we define |να⟩ (with α = e, µ, τ ) as the flavor quantum state and |νk⟩ (with k = 1, 2, 3) as the
mass quantum state, we can write the state |να⟩ in terms of |νi⟩ using the following unitary transformation:

|να⟩ = U∗
αk |νk⟩ (3.1)

where Uαk is the Pontecorvo, Maki, Nakagawa, and Sakata (PMNS) matrix or lepton mixing matrix. For three
neutrino case, the PMNS can be commonly parameterized as the product of three different rotations,

UPMNS =

1 0 0
0 c23 s23
0 −s23 c23

 c13 0 s13e
−iδCP

0 1 0
s13
(
−eiδCP

)
0 c13

 c12 s12 0
−s12 c12 0
0 0 1

1 0 0
0 e−iα1/2 0
0 0 e−iα2/2

 ,

UPMNS =

 c12c13 c13s12 s13e
−iδCP

−c23s12 − c12s13s23e
iδCP c12c23 − s12s13s23e

iδCP c13s23
s12s23 − c12c23s13e

iδCP −c12s23 − c23s12s13e
iδCP c13c23

1 0 0
0 e−iα1/2 0
0 0 e−iα2/2

 ,

(3.2)

where cij and sij are the simplified ways of writing cos θij and sin θij , respectively, δCP is the CP violation phase.
In turn, α1 and α2 are additional Majorana phases, which, for Dirac neutrinos, are equal to zero.

Let us consider the propagation of massive neutrinos in a space-time interval (x, t), where their propagator can
be represented as [41]:

|να(xµ)⟩ = eiP
µ·xµ |να⟩ (3.3)

18
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where Pµ is the energy-momentum operator. If we want to know the probability of a state |να⟩ → |νβ⟩, we must
obtain the transition amplitude,

Aνα→νβ
(xµ) = ⟨νβ |να(xµ)⟩

Aνα→νβ
(xµ) = ⟨νβ | eiP

µ·xµ |να⟩ (3.4)

Massive neutrinos have defined energy and momentum, so in the plane wave approximation, νk is an eigenstate
of the operator Pµ, i.e., Pµ |νk⟩ = pµk |νk⟩, with:

p0k = Ek =

√
|p⃗k|2 +m2

k (3.5)

Therefore, replacing Eqs. (3.1) and (3.5) in (3.3), the transition amplitude is expressed as:

Aνα→νβ
(xµ) = U∗

αke
−iEkt+ip⃗k·x⃗Uβk (3.6)

If we assume neutrinos propagate along the ”x” axis and are ultra-relativistic particles, i.e. pk ≫ mk and x ≃ t,
from Eq. (3.5), we obtain the following approximations:

E2
k = p2k +m2

k

E2
k − p2k = m2

k

Ek − pk =
m2

k

Ek + pk
≃ m2

k

2E
(3.7)

Therefore, from Eq. (3.6),

−Ekt+ pkL = −(Ek − pk)L

−Ekt+ pkL ≃ −
(
m2

k

2E

)
L (3.8)

So, our transition amplitude is expressed as:

Aνα→νβ
(L) = U∗

αkUβke
−i

(
m2

k
2E

)
L

(3.9)

The transition probability will be:

Pνα→νβ
(L) =

∣∣Aνα→νβ
(L)
∣∣2

Pνα→νβ
(L) = U∗

αkUβkUαjU
∗
βje

−i

(
∆m2

kj
2E

)
L

(3.10)

where ∆mkj = m2
k −m2

j is the squared mass differences.

3.1.1 Neutrino mass hierarchy
As we can see from the Eq. (3.10), the neutrino oscillation is sensitive to the squared mass differences and not to
the absolute value of the neutrino mass scale, which gives us two possible orders of hierarchy, known as normal
hierarchy (NH) and inverted hierarchy (IH). In Fig. 3.1 we can see the relationship between the absolute neutrino
masses (m1 < m2 < m3), which we can represent as:

m1 = m0, m2 =
√
m0 +∆m21, m3 =

√
m0 +∆m31, (3.11)

where m0 is the absolute neutrino mass scale. This scale can be restricted according to current experiments, such
as cosmological observations, which put a limit on the sum of neutrino masses, whose value must be [42]∑

i

mi < 0.12 eV. (3.12)
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Figure 3.1: The left side represents the Normal Hierarchy (NH), while the right side represents the Inverted Hier-
archy (IH). The probability that a neutrino mass state contains each of the flavors (νe, νµ, ντ ) is proportional to the
length of the respective color band.

For Majorana neutrinos, we can obtain an effective mass for the neutrinoless double beta decay (0νββ), which
is proportional to:

mee =
∑
k

|mkUek|2, (3.13)

where Eq. (3.13) depends on the masses, mixtures and the CP violating phases. However, since this process has
not yet been observed, the absolute neutrino mass scale can be constrained, the current limit being [43],

mee ≤ 50 meV. (3.14)

3.2 Neutrino mass
In the SM, neutrinos are massless since we only have Left-Handed (LH) neutrinos. However, as discussed above,
they do have mass due to the discovery of neutrino oscillation. Therefore, below, we will briefly review the main
methods to explain neutrino mass.

3.2.1 Dirac Neutrino
One of the options to explain the neutrino mass is to include massless Right-Handed (RH) neutrinos in the SM
and singlet neutrinos under the group SU(2)L. Thus, the neutrino mass can be generated in the same way as for
charged fermions by the Yukawa term:

−LD = Y
(ν)
ij lLi ϕ̃νRj + h.c. , (3.15)

where ϕ̃ = iσ2ϕ
∗. If neutrinos satisfy this solution, they are known as Dirac neutrinos, where the mass will be

proportional to:
mν = Yν

v√
2
. (3.16)

However, this method does not seem natural, since for the neutrino mass to be within the experimental limits,
the coupling Yν must be very small compared to the charged fermion couplings, with about 17 orders of magnitude
between the neutrino coupling and the top quark coupling.
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parameter best fit ±1σ 2σ range 3σ range

∆m2
21[10

−5eV2] 7.50+0.22
−0.20 7.12–7.93 6.94–8.14

|∆m2
31|[10−3eV2] (NO) 2.55+0.02

−0.03 2.49–2.60 2.47–2.63
|∆m2

31|[10−3eV2] (IO) 2.45+0.02
−0.03 2.39–2.50 2.37–2.53

sin2 θ12/10
−1 3.18± 0.16 2.86–3.52 2.71–3.69

θ12/
◦ 34.3± 1.0 32.3–36.4 31.4–37.4

sin2 θ23/10
−1 (NO) 5.74± 0.14 5.41–5.99 4.34–6.10

θ23/
◦ (NO) 49.26± 0.79 47.37–50.71 41.20–51.33

sin2 θ23/10
−1 (IO) 5.78+0.10

−0.17 5.41–5.98 4.33–6.08
θ23/

◦ (IO) 49.46+0.60
−0.97 47.35–50.67 41.16–51.25

sin2 θ13/10
−2 (NO) 2.200+0.069

−0.062 2.069–2.337 2.000–2.405
θ13/

◦ (NO) 8.53+0.13
−0.12 8.27–8.79 8.13–8.92

sin2 θ13/10
−2 (IO) 2.225+0.064

−0.070 2.086–2.356 2.018–2.424
θ13/

◦ (IO) 8.58+0.12
−0.14 8.30–8.83 8.17–8.96

δ/π (NO) 1.08+0.13
−0.12 0.84–1.42 0.71–1.99

δ/◦ (NO) 194+24
−22 152–255 128–359

δ/π (IO) 1.58+0.15
−0.16 1.26–1.85 1.11–1.96

δ/◦ (IO) 284+26
−28 226–332 200–353

Table 3.1: Global fit for neutrino oscillation parameters. It is taken from Ref. [5].

3.2.2 Majorana Neutrino
Ettore Majorana constructed a mass term with only the LH component since the RH component can be written in
terms of the LH [?]:

ψR = Cψ
T

L = ψC
L , (3.17)

where C = iγ0γ2, is the charge conjugation operator, then ψR = ψC
R . This means that Majorana particles are

their antiparticle. Therefore, we can write our field only in terms of ψL:

ψ = ψL + ψR,

ψ = ψL + ψC
L . (3.18)

Therefore, the Majorana mass term is:

−LM =
1

2
m
(
ψLψ

C
L + h.c

)
(3.19)

However, the mass term is obtained through the Weinberg operator [44],

OW =
1

Λ
LLHH, (3.20)

So, the Majorana Lagrangian is:

−LW =
1

Λ

(
lLi
ϕ̃
)
Y

(M)
ij

(
ϕ̃T lCLj

)
+ h.c. (3.21)

Λ is the new physics energy scale and Y (M)
ij is the Yukawa matrix. Therefore, the mass term after spontaneous

symmetry breaking will be:
mν = YM

v

Λ
(3.22)

The Weinberg operator respects the SM symmetry but generates a non-renormalizable theory. Thus, we have
an effective theory at low energy, and hence, ultraviolet completeness is needed.
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3.3 Seesaw Mechanism
The Seesaw mechanism was proposed in the 1970s, which attempts to explain the neutrino masses observed in
neutrino oscillation experiments [45], which, as discussed above, are several orders of magnitude smaller than the
masses of charged quarks and leptons.

The literature describes several seesaw mechanisms, however, this section will discuss the mechanisms known
as Type I Seesaw and Inverse Seesaw.

3.3.1 Type I Seesaw
The type I seesaw mechanism includes right-handed singlet neutrinos under the SM symmetry (NR). With this
extra field, one can create a Majorana mass term in the Yukawa Lagrangian, whose mass generation is given
according to the Feynman diagram in Fig. 3.2. Then, for the single generation case, our Yukawa Lagrangian is:

−LY = Yν lLϕ̃NR +
1

2
N

C

RMRNR + h.c. , (3.23)

where MR is the Majorana mass term for NR. After the symmetry spontaneous break, we find that:

−LY = νLmDNR +
1

2
N

C

RMRNR + h.c. . (3.24)

If we introduce ν =
(
νL NC

R

)
the Eq. (3.24) can be written in terms of matrices as,

−LY =
1

2
νMννC + h.c. , (3.25)

where,

Mν =

(
0 mD

mD MR

)
. (3.26)

The matrix (3.26) can be diagonalized by the following orthogonal matrix:

O =

(
cos θ sin θ
− sin θ cos θ

)
, tan 2θ =

2mD

MR
, cos 2θ =

MR√
M2

R + 4m2
D

. (3.27)

After diagonalizing the matrix (3.26) we obtain the following eigenvalues:

m1,2 =
1

2

(
MR ∓

√
M2

R + 4m2
D

)
. (3.28)

In the limit MR ≫ mD, we obtain a light neutrino (ν) and a very heavy one (N) with opposite CP-parities and
a very small mixing angle.

mν ≃ m1 ≃ m2
D

MR
, (3.29)

mN ≃ m2 ≃MR ≫ mν , (3.30)

θ ≃
√
mν/mN ≪ 1 . (3.31)

We know that there are n = 3 generations of LH neutrinos [νiL (i = 1, 2, 3)] and there can be an arbitrary
number nR of RH fields [νjR (j = 1, . . . , nR]. The mass matrix is then the complex, symmetric and square matrix
(3 + nR)× (3 + nR):

Mν =

(
0 mT

D

mD MR

)
(3.32)

where mD and MR are matrices of nR × n and nR × nR, respectively.
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(a)

(b)

Figure 3.2: Feynman diagrams for a type I seesaw (a) and for an inverse seesaw (b).

Now, if we assume that mD is of the order of the electroweak scale and the scale of MR is very high (of
the order of the grand unification scale, MR ∼ 1016 GeV) we obtain n = 3 light neutrinos (νi) with masses
mν ∼ (10−2−10−1) eV, which is just the correct order of magnitude to explain the tiny neutrino masses compatible
with oscillation experiments, and nR extremely heavy neutrinos (Nj) that would play a crucial role in generating
the baryonic asymmetry of the universe from their non-equilibrium decays (leptogenesis). However, masses for
heavy neutrinos can be obtained on a lower energy scale, on the order of TeV, and for this we must consider smaller
Yukawa couplings (Yν < 1).

3.3.2 Inverse Seesaw

In the simplified case of the type I seesaw, it can explain the neutrino masses. However, this would be very difficult
to test since it would occur almost at the grand unification scale. A possible solution to this problem, different
from the one discussed at the end of the previous section, is the application of what is known as inverse seesaw
model [46]. This model introduces two Majorana fermion pairs to the SM, NRi and SLj (i, j = 1, 2, 3). These
fields transform as singlets under the SM gauge group and carry a lepton number of +1. Then, after electroweak
symmetry breaking the Lagrangian in the neutrino sector is given by

Lν = mDνLNR +MNRSL + µST
LC

−1SL + h.c., (3.33)

where mD and M are Dirac 3× 3 matrices, while µ is a Majorana 3× 3 matrix breaking lepton number explicitly.
The latter can have a dynamical origin [45]. As usual, C denotes the charge conjugation matrix. The neutrino mass
matrix in the (νL, NR, SL) basis turns out to be

Mν =

 0 mD 0
mT

D 0 M
0 MT µ

 . (3.34)
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Taking the limit µij << (mD)ij << Mij (i, j = 1, 2, 3) leads to a 3× 3 matrix for light neutrinos given by

mν ≃ mD
1

M
µ

1

MT
mT

D. (3.35)

Note that the lightness of neutrinos could be associated only with the smallness of µ, which is naturally pro-
tected from large radiative corrections by the U(1)L-symmetry of lepton number conservation, restored in the limit
µ→ 0 in Eq. (3.33). Obviously, neutrinos become massless in this limit.

Since active neutrinos have masses in the sub-eV range, mD is found to be in the electroweak range, M in the
TeV range, and µ in the keV range [46]. In this case, RH neutrinos can develop masses around the TeV range, and
their mixing with standard neutrinos is modulated by the relation mDM

−1.

The complete neutrino mass matrix given in the equation (3.34) can be diagonalized by the following rotation
matrix [47]:

R =


Rν R1R

(1)
M R2R

(2)
M

− (R†
1+R†

2)√
2

Rν
(1−S)√

2
R

(1)
M

(1+S)√
2

R
(2)
M

− (R†
1−R†

2)√
2

Rν
(−1−S)√

2
R

(1)
M

(1−S)√
2

R
(2)
M

 , (3.36)

where:
S = −1

4
M−1µ, R1 ≃ R2 ≃ 1√

2
m∗

DM−1, (3.37)

and Rν , R(1)
M and R

(2)
M are the rotation matrices, which diagonalize the active neutrino matrix and the sterile neu-

trino matrices, respectively.





Chapter 4

Dark Matter from a Radiative Inverse
Seesaw Majoron Model

In the following chapters, we will analyze models in which we extend the symmetry of the SM and use low-scale
seesaw mechanisms to generate light-active neutrino masses. In each model, we will extend the symmetry and
the particle content of the SM, starting with a model with a minimal extension of the SM (this chapter) by adding
a global symmetry, then moving to an extension based on discrete and cyclic symmetry, and finally to a model
with a more complex SM extension, including several additional symmetries and fields. The neutrino masses are
generated in all models by implementing a seesaw mechanism, in two cases radiatively, and then we will analyze
the phenomenological implications in each model.

4.1 Intruduction

As discussed above, the SM does not explain the neutrino mass nor gives any clues about the dark matter content
in the universe. For these reasons, there are several proposals to explain these questions, where we can highlight
the extension of the SM symmetry and the implementation of the seesaw mechanism for the neutrino mass. In this
chapter, we propose a minimal extension to the SM symmetry by assuming a new symmetry U(1)X and the particle
content is extended by adding new scalar and fermionic fields, where we will study the scalar sector and analyze
the existence of a scalar and fermionic dark matter candidate.

In addition, the implication of model in processes that violate the leptonic flavor will be studied, where the
neutrino masses will be generated through a radiative inverse seesaw mechanism since the parameter µ will be
generated in a loop. We will see if the model obtains values for the branching ratio for µ → eγ below the
experimental limits.

4.2 The model

We consider a model that adds to the SM, two complex scalars σ and η and six Majorana fermions νRk
, NRk

and
ΩRk

(k = 1, 2). All these new fields are SU(2) gauge singlets and carry neutral electric charge. In addition, the
existence of a global U(1)X symmetry is assumed. This symmetry breaks down to a Z2 symmetry when the singlet
scalar gets a vacuum expectation value (vev) ⟨σ⟩ = vσ . Table 4.1 shows the charge assignments of scalars and
leptons under the SU (2)L ⊗ U (1)Y ⊗ U (1)X symmetry.

In fact, after electroweak symmetry breaking the unbroken symmetry is SU(3)C ⊗ U(1)EM ⊗ Z2 where Z2

turns out to be the symmetry that stabilizes the dark matter candidate of the theory. Schematically, the symmetry

26
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Φ σ η LLi
lRi

νRk
NRk

ΩRk

SU (2)L 2 1 1 2 1 1 1 1
U (1)Y 1/2 0 0 −1/2 −1 0 0 0
U (1)X 0 −1 1/2 −1 −1 −1 1 −1/2

Table 4.1: Charge assignments of scalar and lepton fields. Here i = 1, 2, 3 and k = 1, 2.

breaking chain goes as follows,

G = SU(3)C ⊗ SU (2)L ⊗ U (1)Y ⊗ U (1)X
⇓ vσ

SU(3)C ⊗ SU (2)L ⊗ U (1)Y ×Z2

⇓ vΦ

SU(3)C ⊗ U (1)Q ⊗Z2 (4.1)

where the Higgs vev is represented by ⟨Φ0⟩ = vΦ.

Given the charge assignments shown in Table 4.1 we have that the singlet’s vev is invariant under the following
transformation, e2πiX̂⟨σ⟩ = ⟨σ⟩, where X̂ is the U(1)X charge operator. This implies the existence of a residual
discrete symmetry (−1)2X̂ ∈ Z2 surviving spontaneous breaking of the global U(1)X group. Therefore, to all
fields are assigned the corresponding Z2-parities (−1)2Q̂X according to their U(1)X charges QX in Table 4.1. The
particles η and ΩRk

(k = 1, 2) have odd Z2-parities and form the dark sector of the model.

4.3 Scalar sector
The scalar potential invariant under the symmetry group G is given by

V (Φ, σ, η) = −µ
2
Φ

2
|Φ|2 + λΦ

2
|Φ|4 − µ2

σ

2
|σ|2 + λσ

2
|σ|4 + µ2

η

2
|η|2 + λη

2
|η|4

+ λ1|Φ|2|σ|2 + λ2|Φ|2|η|2 + λ3|σ|2|η|2 +
µ4√
2
ση2 + h.c., (4.2)

where the quartic couplings λa are dimensionless parameters whereas the µa are dimensionful. In our analysis we
will impose perturbativity (λa <

√
4π) and the boundedness conditions given in section 4.3.1.

The singlet σ and the neutral component of the doublet Φ = (ϕ+, ϕ0)T acquire vacuum expectation values
(vevs). Here the singlet’s vev vσ is responsible for the breaking of the global U(1)X symmetry while the double’s
vev vΦ triggers electroweak symmetry breaking. Therefore we shift the fields as

ϕ0 =
1√
2
(vΦ + ϕR + iϕI), σ =

(
vσ + σR + iσI√

2

)
. (4.3)

Evaluating the second derivatives of the scalar potential at the minimum one finds the CP-even, M2
R, and CP-

odd, M2
I , mass matrices. The CP-even mass matrix M2

R mixes ϕR and σR and its eigenvalues correspond to the
squared masses of the physical scalar states. They are given by

m2
h1,h2

=
1

2

(
λσv

2
σ + λΦv

2
Φ ∓ λσv

2
σ − λΦv

2
Φ

cos 2θ

)
, (4.4)

where we identify h1 with the 125 GeV Higgs boson, vΦ = 246 GeV, and the mixing angle θ fulfilling

tan 2θ =
2λ1vΦvσ

λσv2σ − λΦv2Φ
. (4.5)
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Moreover, the flavor and physical bases are connected through out the following relations,

σR = −h1 sin θ + h2 cos θ,

ϕR = h1 cos θ + h2 sin θ. (4.6)

The CP-odd mass matrix M2
I has two null eigenvalues. One of them corresponds to the would-be Goldstone boson

which becomes the longitudinal component of the Z-boson by virtue of the Higgs mechanism. The other one is
the physical Goldstone boson resulting from spontaneous breaking of the global U(1)X symmetry, similar to the
singlet Majoron model in Ref. [45]. Notice that given that this Goldstone is an SM singlet, it is invisible, and its
phenomenological impact in the model is not dangerous. It includes any cosmological manifestations. Let us also
stress that the mass of this field is non-vanishing, at least due to the well-known quantum gravity effects. It can also
gain mass due to non-perturbative QCD effects in an extended version of our model in which the fields in the quark
sector have non-trivial U(1)X assignments entailing a mixed (SU(3)C)

2U(1)X -anomaly. This is what defines our
Majoron model variant. The masses of Z2-odd scalar components η = ηR + iηI turn out to be

m2
ηR

= µ2
η +

1

2

(
λ2v

2
Φ + λ3v

2
σ

)
+ µ4vσ, (4.7)

m2
ηI

= µ2
η +

1

2

(
λ2v

2
Φ + λ3v

2
σ

)
− µ4vσ, (4.8)

where the mass splitting of these two components can be recasted as µ4 = (m2
ηR

−m2
ηI
)/(2vσ). Note that ηR and

ηI are degenerate when µ4 → 0. Here, the lightest of these two components, ηR and ηI , can be the stable dark
matter.

4.3.1 Boundedness Conditions

The boundedness conditions of the scalar potential in Eq. (4.2) are derived assuming that the quartic terms dominate
over at high energies. In order to do so, we define the following bilinears,

a = |Φ|2 ; b = |σ|2 ; c = |η|2, (4.9)

and rewrite the quartic terms of the scalar potential. Then, using the expressions in Eq. (4.9) one gets

Vq =
1

2
(
√
λΦa−

√
λσb)

2 +
1

2
(
√
λΦa−

√
ληc)

2 +
1

2
(
√
λσb−

√
ληc)

2 + (λ1 +
√
λΦλσ)ab

+(λ2 +
√
λΦλη)ac+ (λ3 +

√
λσλη)bc−

1

2
(λΦa

2 + ληc
2). (4.10)

Following Refs. [48, 49] the boundedness conditions of the model turn out to be,

λΦ ≥ 0 ; λσ ≥ 0 ; λη ≥ 0 (4.11)

λ1 +
√
λΦλσ ≥ 0 ; λ2 +

√
λΦλη ≥ 0 ; λ3 +

√
λσλη ≥ 0 (4.12)

4.4 Neutrino sector

Using Table 4.1, the invariant lepton Yukawa Lagrangian is given by

−L(l)
Y =

3∑
i=1

3∑
j=1

(yl)ij LLi
lRj

Φ+

3∑
i=1

2∑
k=1

(yν)ik LLi
νRk

Φ̃ +

2∑
n=1

2∑
k=1

MnkνRn
N c

Rk

+

2∑
n=1

2∑
k=1

(yN )nkNRn
Ωc

Rk
η +

2∑
n=1

2∑
k=1

(yΩ)nk ΩRn
Ωc

Rk
σ + h.c.,
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where ψc = Cψ
T

and Φ̃ = iσ2Φ
∗. After spontaneous symmetry breaking (SSB), the neutrino mass matrix has the

form,

Mν =

 03×3 mD 03×2

mT
D 02×2 M

02×3 MT µ

 , (4.13)

where mD is the tree-level Dirac mass term

(mD)ik = (yν)ik
vΦ√
2
, (4.14)

with i = 1, 2, 3 and k = 1, 2. The submatrix µ in Eq. (4.13) is generated at one-loop level,

µsp =

2∑
k=1

(yN )sk
(
yTN
)
kp
mΩk

16π2

[
m2

ηR

m2
ηR

−m2
Ωk

ln

(
m2

ηR

m2
Ωk

)
− m2

ηI

m2
ηI

−m2
Ωk

ln

(
m2

ηI

m2
Ωk

)]
, (4.15)

with s, p = 1, 2. The Feynman diagram of µ is depicted in Figure 4.1. One can see from Eq. (4.15) that the µ

R
eη

,Im
η R

eη,Im
η

Ωr Ωs

×
vσ

Nn Nk

×vσ

Figure 4.1: One-loop Feynman diagram contributing to the Majorana neutrino mass in Eq. (4.13).

term vanishes when the scalars ηR and ηI are degenerate. This implies that neutrino masses go to zero in the limit
µ→ 0.

Then one has that active light neutrino masses are generated via an inverse seesaw mechanism at the one-loop
level. Physical neutrino mass matrices are given by1:

M̃ν = mD

(
MT

)−1
µM−1mT

D, (4.16)

M (−)
ν = −1

2

(
M +MT

)
+

1

2
µ, (4.17)

M (+)
ν =

1

2

(
M +MT

)
+

1

2
µ. (4.18)

Now M̃ν is the mass matrix for active light neutrinos (νa), whereas M (−)
ν and M (+)

ν are the mass matrices for
sterile neutrinos. From Eq. (4.16) one can see that active light neutrinos are massless in the limit µ → 0 which
implies that lepton number is a conserved quantity. Eqs. (4.17) and (4.18) tell us that the smallness of the parameter
µ (small mass splitting) induces pseudo-Dirac pairs of sterile neutrinos.

From Eq. (4.16), one can see that a sub-eV neutrino mass scale can be linked to a small lepton number break-
ing parameter µ which depends on the Yukawas y2N , yΩ and the masses of the particles running in the loop
(mηR

,mηI
,mΩ). This parameter is further suppressed by the loop factor, see Eq. (4.15). Figure 4.2 shows the

allowed parameter space regions for fixed Yukawa couplings yN and masses of the Z2-odd Majorana fermions Ωk.
Each plot is generated using Eq. (4.15), varying the masses (mηR

,mηI
), fixing mΩ and yN . Then, from left to
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Figure 4.2: Parameter space fulfilling −10 keV ≤ µ ≤ 10 keV, for the DM masses indicated above each plot.
The color in each plot, from light to dark, represents yN = 0.01, 0.05 and 0.1, respectively. Here we assume that
mΩ2 ≫ mΩ. The discontinuity appears when a degenerate mass spectrum is reached in Eq. (4.15).
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Figure 4.3: Diagrams (a)-(g) are relevant for the freeze-out of Ω. The diagram (h) is relevant for direct detection,
with N representing the nucleons. Here to simplify notation we have used σ to denote either of (h1, h2, χ).

right, Figure 4.2 shows the parameter space that fulfills −10 keV ≤ µ ≤ 10 keV in the (mηR
,mηI

)-plane, consid-
ering mΩ = 100, 500, and 1000 GeV, respectively. In all panels, yN = 0.01, 0.05, and 0.1, the smaller the Yukawa
value, the lighter the region. The discontinuity appears when the mass spectrum in Eq. (4.15) is degenerate.

As we have mentioned, the dark sector is formed by the Z2-odd particles, see Table 4.1. The dark matter
candidate of the model is the lightest component of either the singlet scalar η or the Majorana fermion Ω. The
phenomenological consequences of having the lightest component of the scalar singlet η as dark matter candidate
is similar to what have been discussed in Refs. [?, 50–53]. For this reason, in what follows we discuss only the
constraints and projections of the model for the case in which the DM candidate is the Majorana fermion Ω.

4.5 Fermion Dark Matter

For simplicity, we consider the case in which yΩ in Eq. (4.13) is a diagonal matrix and assume that ΩR1
is the

lightest Z2-odd state. That is, ΩR1 is the fermion DM candidate accounting for the 80% of the matter content of

1The diagonalization of the neutrino mass matrix in Eq. (4.13) can be followed from Ref. [47]
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the universe. According to the Planck collaboration the DM relic abundance is [?]

Ωch
2 = 0.1200± 0.0012 at 68%C.L. (4.19)

In our setup the Lagrangian providing the relevant interactions of ΩR1 is given by

L ⊃ yN1
N̄RΩ

c
R1
η + yΩ1

ΩR1
Ωc

R1
σ + h.c.. (4.20)

After SSB Eq. (4.20) becomes

L ⊃ (yN1N̄RΩ
c
1Rη + h.c.) +mΩ1ΩΩ+ yΩ1ΩΩ(−h1 sin θ + h2 cos θ) + yΩ1iΩγ

5Ωχ, (4.21)

where mΩ1 = yΩ1vσ/
√
2. We have defined Ω ≡ (Ω1R)

c +Ω1R, NR ≡ (−N+
R +N−

R )/
√
2 and χ ≡ σI .

Taking into account the assumptions above, the relic abundance of Ω is determined by the annihilation channels
shown in Figure 4.3. Given that Ω is the DM candidate of the theory then mΩ < (mNR

,mηR
,mηI

). In this case,
the main annihilation channels are those s-channels depicted by diagrams (a), (b) and (c) in Figure 4.3. We further
simplify the analysis by considering that the annihilation channels mediated by the Higgs via the dimensionless
parameters λ2 and λ3 are subleading. That is, we set λ2 = λ3 = 0. Therefore, the independent parameters to be
used in the numerical analysis turn out to be (mΩ,mηR

,mηI
,mh2

,mNR
, yN1

, yΩ1
, θ).

Let us note that in this inverse seesaw model, the Majorana dark matter candidate can interact with the atomic
nucleons at tree-level. For this reason, our model gets restricted by direct detection constraints. As a matter of
fact, these constraints come from the t-channel exchange of h1 and h2 shown by Figure 4.3-(h). Then, here the
spin-independent (SI) tree-level DM-nucleon scattering cross section is, approximately, [54, 55]

σΩ ≈ f2pm
4
Nm

2
Ω

4πv2Φ(mΩ +mN )2

(
1

m2
h1

− 1

m2
h2

)2

(yΩ1
sin 2θ)2, (4.22)

where mN denotes the nucleon mass and the nuclear elements fp ≈ 0.27. The approximation given in Eq. (4.22)
does not take into account the finite width of both Higgs scalars, although the outputs of this expression match the
numerical results from Micromegas code v5.3.35 [56] which do include these finite widths.

4.5.1 Analysis and results
In what follows, we compute the relic abundance of the Majorana fermion Ω assuming freeze-out mechanism, the
direct detection via non-relativistic scattering, and indirect detection prospects today. For our calculation, we make
use of Micromegas code v5.3.35 [56].

As mentioned, here we explore the case where λ1 ̸= 0, λ2 = λ3 = 0. Therefore, the contribution to the relic
abundance coming from the annihilation of Ω into SM particles happens only via the Higgs portal associated to
λ1. The left panel in Figure 4.4 shows the relic abundance of Ω as a function of yΩ, for mΩ = 200 (solid blue)
and 500 GeV (solid greed), assuming mh2

= 120 GeV and θ = 0.12. This benchmark considers yN = 0.1,
mηR

= 2000 GeV, mηI
= 2001 GeV and mN = 300 GeV (these parameters will be fixed to such values from now

on). The limit of the DM relic abundance given in Eq. (4.19) is represented by the red dashed line. One can see from
Figure 4.4 that the relic abundance has a strong dependence on the DM mass and the parameter yΩ. For a small
Yukawa coupling yΩ ≲ 10−2 and mΩ > mN , the process ΩΩ → NN is kinematically allowed and dominates
over the other annihilation channels. In the case of mΩ < mN , the leading contributions to the relic abundance
are those processes which involve the fields (χ, h1, h2) (diagrams b and c in Figure 4.3). In such a case, the relic
abundance turns out to be inversely proportional to y2Ω. For this reason, as shown on the left-panel in Figure 4.4,
the solid blue (green) curve decreases when the value of Yukawa increases. It is evident that, for a given yΩ, the
relic abundance grows as the DM mass decreases. This behaviour is expected since ΩΩh

2 is inversely proportional
to the annihilation cross section which depends on the center-of-mass energy of the colliding non-relativistic DM
particles, i.e. s ≈ 4m2

Ω. Here, we are focusing on the case of small doublet-singlet mixing θ, i.e. ≲ 0.1. For
this reason, the DM relic abundance turns out to be ”blind” to this parameter and is completely determined by the

2Collider searches of additional scalars restrict the doublet-singlet mixing angle to be θ ≲ 0.2 [57]
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Figure 4.4: Left-panel: Relic abundance as a function of yΩ for mΩ = 200 and 500 GeV. Here we have set
mh2

= 120 GeV and θ = 0.1, with the rest of the parameters specified in the text. Right-panel: Direct detection
cross section as a function of mh2

and different combinations of (mΩ[GeV], tan θ). The horizontal red and orange
lines are the current DD upper limits for each value of mΩ, whereas the grey curves are the XENONnT projections.
The solid curves depicted here fulfill the correct relic abundance.

interaction of fields belonging to the dark sector (namely, χ and/or h2). The DM annihilation channel into a pair of
χ is always present unless further assumptions are made to suppress it.

In contrast to the situation previously described, the DM direct detection given by the SI cross section σΩ,
Eq. (4.22), is sensitive to the values of the doublet-singlet mixing θ. This is shown by the plot on the right-hand
side of Figure 4.4 where σΩ is depicted as a function of the mass of second CP-even scalar mh2 (considering
mΩ = 200 and 500 GeV, and each case with θ = 0.1, 0.01). The blue and green curves represent the points in the
parameter space fulfilling the correct relic abundance while the red, yellow and gray dashed horizontal lines cor-
respond to the experimental limits provided by XENON1T [58] and LUX-ZEPLIN (LZ) [59], and the projections
by XENONnT [60], respectively. From Eq. (4.22) one can notice that the cross section rests on the existence of a
mixing between the scalar doublet Φ and the singlet σ. This dependence can be observed from Figure 4.4 which
shows the sensitivity of the cross section to θ variations. Furthermore, we can see that when the CP-even scalars h1
and h2 are (semi)-degenerate, i.e. mh2

≈ mh1
, there is a numerical cancellation that generates the inverted peak

in the SI cross section. This allows to elude the experimental bounds when h1 and h2 are close in mass. Another
possibility to relax the experimental constraints, including the one coming from XENONnT, happens by shrinking
the value of doublet-singlet mixing as depicted in Figure 4.4. This parameter space limit is reached, for instance,
when lepton number gets broken at energies much higher than the electroweak scale.

Let us note that this model is characterized by the presence of the process ΩΩ̄ → χh1,2, with h1,2 decaying into
SM particles [54]. These s-wave processes are velocity independent channels not present in other models [?,51] and
give good prospects for indirect DM detection especially when χ is a pseudo-Goldstone boson, i.e. mχ ̸= 0. For
this reason, we look into regions of the parameter space where the processes ΩΩ̄ → χh1,2 dominate the DM annihi-
lation and provide the limits coming from the Alpha Magnetic Spectrometer (AMS) experiment as well as the future
sensitivities of the Cherenkov Telescope Array (CTA) experiment. For convenience, we assume mχ > mh2/2 so
that the decay h2 → 2χ is kinematically disallowed. In this way, the DM candidate does not annihilate primarily
into invisible channels.

Using Eq. (4.6), one can express the h2 branching fraction into SM particles as [61],

BR(h2 → SM) = sin2 θ

[
Γ(h2 → SM)

Γtot

]
(4.23)

where Γ(h2 → SM) corresponds to the partial decay width of the scalar boson h2 (with mass mh2
) into SM states,
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and the total decay width is given by

Γtot = sin2 θ × ΓSM
tot + Γ(h2 → 2h1) + Γ(h2 → 2Ω) + Γ(h2 → 2χ). (4.24)

Here ΓSM
tot corresponds to the total decay width of h2 into SM states [62]. For simplicity, we focus on the case in

which mh2
< 2mΩ. Furthermore, in order to assure observability, via h2 decaying into SM particles, we assume

mχ ̸= 0 as well as mh2
< 2mχ. Therefore, the third and fourth terms in Eq. (4.24) are not present in our study.

Taking into account the considerations previously stated, we perform a numerical analysis. Figure 4.5 shows
the predictions for indirect detection signals coming from the DM annihilation into a pseudo-Goldstone χ and h2.
The CP-even scalar subsequently decays into SM particles, see Eq. (4.23). Then, the DM annihilation would be
ΩΩ̄ → χh2 → χSM. The assumed thermal value 2×10−26 cm3/s≤ ⟨σv⟩ΩΩ̄→χh2

≤ 3×10−26 cm3/s is depicted
by the red region at the top of each panel in Figure. 4.5. The left-panels consider mΩ = 200 GeV for θ = 0.1
and 0.01, while the panels on the right take mΩ = 500 GeV for the same values of θ. In all panels, the Yukawa
coupling is yN = 0.1, and the dark scalar and pseudoscalar masses are fixed asmηR

= 2000 GeV andmηI
= 2001

GeV, respectively. The solid blue (green) line corresponds to the DM matter annihilation into bb̄ (W+W−). The
dashed blue horizontal line is the upper bound of AMS-02 [63] for DM annihilation into bb̄, whereas the dashed
green horizontal one represents the future sensitivity of CTA [64] in the W+W− channel. We also consider the
bound projected by CTA for DM annihilation searches with W+W− in the final state assuming a gNFW profile
with a slope parameter γ = 1.26 [64]. Figure 4.5 includes direct detection bounds at fixed θ and DM mass. The
dark orange is the exclusion region coming from the LZ results on DD searches. The light orange area represents
the future sensitivity of XENONnT. Therefore, only the light orange and white parts in each panel are allowed by
current DM direct detection constraints. In addition, the dark gray area in the left panels of Figure 4.5 satisfies
mh2

> 2mχ and is then forbidden. This is because we are working under the assumption that mh2
< 2mχ or

mχ = 2mΩ −mh2 > 2/3mΩ, i.e. h2 does not decay into 2χ. This guarantees that the fermion DM candidate Ω
annihilates into observable modes.

Figure 4.5 shows the parameter space fraction that CTA would be able to test in the future by looking for
W+W− products. One can see that the CTA projections do not reach the model predictions if the DM density
distribution follows an Einasto profile. On the other hand, if the DM posses a gNFW profile, CTA searches could
prove masses mh2

≳ 150 GeV. In addition, we have that AMS-02 data impose parameter space restrictions over
the parameter space from DM annihilation into bb̄ searches. Notice that, as expected from Eq. (4.22), the direct
detection constraints get weaker when the singlet-doublet mixing takes smaller values.

4.6 Charged Lepton Flavor Violation
In this section we analyze charged lepton flavor violation (cLFV) processes present due to the mixing between
active and heavy sterile neutrinos. Here we focus in the one-loop decays li → ljγ whose branching ratios are given
by [65–67]

BR (li → ljγ) =
α3
W s2Wm5

li

256π2m4
WΓi

|Gij |2 (4.25)

Gij ≃
3∑

k=1

([(
1−RR†)Uν

]∗)
ik

((
1−RR†)Uν

)
jk
Gγ

(
m2

νk

m2
W

)
+ 2

2∑
l=1

(R∗)il (R)jlGγ

(
m2

NRl

m2
W

)
,(4.26)

Gγ(x) =
10− 43x+ 78x2 − 49x3 + 18x3 lnx+ 4x4

12 (1− x)
4 ,

where Γµ = 3 × 10−19 GeV is the total muon decay width, Uν is the matrix that diagonalizes the light neutrinos
mass matrix which, in our case, is equal to the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix since the
charged lepton mixing matrix is equal to the identity Uℓ = I. In addition, the matrix R is given by

R =
1√
2
m∗

DM
−1, (4.27)
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Figure 4.5: Parameter space restrictions from direct and indirect dark matter. The thermal value of ⟨σv⟩ΩΩ→h2χ
is

given by the red band on top of the plots. It is assumed that h2 decays into either bb̄ (blue solid line) or W+W−

(green solid line). The dashed blue horizontal line represents the latest bound on the DM annihilation cross section
into bb̄ from AMS-02. The green dashed and dotted-dashed are the projected sensitivities of CTA depending on the
DM profile. The dark and light orange areas correspond to the LZ exclusion region and the future sensitivity of
XENONnT, respectively. The dark gray area in the left panels satisfies mh2

> 2mχ and is then forbidden.

where M and mD are the heavy Majorana mass matrix and the Dirac neutrino mass matrix, respectively. We pro-
vide in section 4.6.1 all assumptions made for computingR in Eq. (4.27). Table 4.3 contains the benchmarks points
used to compute µ→ eγ.

Then, feeding Eq. (4.25) with the values of the dimensionless parameters and masses given in Table 4.3, one
gets the following branching fractions,

BR(a)(µ→ eγ) ≃ 2.02× 10−13 and BR(b)(µ→ eγ) ≃ 1.13× 10−13, (4.28)

where (a) is for mΩ = 200 GeV and (b) is for mΩ = 500 GeV.

Figure 4.6 shows the correlation between the branching ratio BR (µ→ eγ) and the mass of the lightest RH
Majorana neutrino NR. One observes that the branching ratio decreases as the mass of NR increases. In both plots,
the red horizontal line and the shaded region represent the latest experimental constraint provided by the MEG [2]
collaboration,

BR (µ→ eγ)
exp

< 4.2× 10−13. (4.29)
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(a) (b)

Figure 4.6: Branching ratio BR (µ→ eγ) as a function of the mass of the lightest RH Majorana neutrino NR. The
shadowed region is excluded excluded by MEG [2]. The black star corresponds to the prediction of the best-fit point
of the model, for mΩ = 200 GeV (left-panel) and mΩ = 500 GeV (right-panel). The green points are compatible
with current neutrino oscillation experimental limits at 3σ. The orange point are out of the 3σ range and, hence,
excluded by neutrino oscillation data.

The black stars in Figure 4.6 correspond to the branching ratio predicted, Eq. (4.28), by the best-fit points
of the model for mΩ = 200 GeV (left-panel) and mΩ = 500 GeV (right-panel). The scatter plots come from
a random variation of the dimensionless parameters up to 30% around the best-fit value. The green points are
compatible with current neutrino oscillation experimental limits at 3σ. One can see that neutrino oscillation data
restrict the lightest RH neutrino mass to be in the range 436.9 GeV ≤ mNR

≤ 996.5 GeV for mΩ = 200 GeV,
and 204.5 GeV ≤ mNR

≤ 649.9 GeV for mΩ = 500 GeV. All orange points are out of the 3σ range and, hence,
excluded by neutrino oscillation data.

4.6.1 Benchmarks for µ → eγ

The cLFV process µ → eγ is computed using Eq. (4.26) and taking as inputs the model outputs that minimize the
χ2 function given by,

χ2 =

[
∆m

2 (exp)
21 −∆m

2 (th)
21

]2
σ2
∆m2

21

+

[
∆m

2 (exp)
31 −∆m

2 (th)
31

]2
σ2
∆m2

31

+
∑
i<j

[
s
(exp)
ij − s

(th)
ij

]2
σ2
sij

+

[
δ
(exp)
CP − δ

(th)
CP

]2
σ2
δCP

, (4.30)

where sij ≡ sin θij (with i, j = 1, 2, 3), δCP is the leptonic CP violating phase, the label (th) are used to identify
the model outputs, while the ones with label (exp) correspond to the experimental values, and σa represent the
experimental errors. Table 4.2 shows best fit values and 1σ − 3σ intervals reported by neutrino oscillation global
fits [5] 3.

Observable ∆m2
21[10

−5 eV] ∆m2
31[10

−3 eV] sin2 θ12/10
−1 sin2 θ23/10

−1 sin2 θ13/10
−2 δCP/

◦

Best fit ±1σ 7.50+0.22
−0.20 2.55+0.02

−0.03 3.18± 0.16 5.74± 0.14 2.200+0.069
−0.062 194+24

−22

3σ range 6.94− 8.14 2.47− 2.63 2.71− 3.69 4.34− 6.10 2.00− 2.405 128− 359

Table 4.2: Neutrino oscillation parameters from global fits [5].

In order to compute all neutrino oscillation parameters we perform a random scan of the free parameters in
the lepton sector and make assumptions about the flavor structure of the Dirac mass matrix mD, and the Majorana
matrices M and µ in Eq. (4.13). Using the Casas–Ibarra parametrization [70], the matrix mD in Eq. (4.14), reads

3Table 4.2 correspond to normal neutrino mass ordering. The inverted mass ordering can be consulted in [5]. For other fits of neutrino
oscillation parameters we refer the reader to Refs. [68, 69].
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as follows [70–75],
mD =

yνvΦ√
2

= UPMNS (m̂ν)
1/2

R̂µ−1/2M , (4.31)

where UPMNS ≡ U†
ℓUν , m̂ν = diag(m1,m2,m3) is the diagonal neutrino mass matrix and R̂ is a rotation matrix

given by,

R̂ =

 0 0
cos θ̂ sin θ̂

− sin θ̂ cos θ̂

 with θ̂ ∈ [0, 2π]. (4.32)

The matrices M and µ are assumed to be diagonal,

M =

(
M1 0
0 M2

)
and µ =

(
µ1 0
0 µ2

)
. (4.33)

For the matrix M in Eq. (4.33) we varied M1 within the range 100 GeV ≤ M1 ≤ 1 TeV and considered
M2 = 10M1, where M1 is the mass of the lightest RH neutrino, M1 = mNR

. In the case of the µ matrix we
used Eq. (4.15) to compute µ1 and assumed µ2 = 10µ1. This matrix depends on yN , mΩ, mηR

and mηI
. Then,

following the study made in section 4.5, we analyze two situations: one with DM mass of mΩ = 200 and the other
with mΩ = 500 GeV. In both cases, the Yukawa yN was varied in the range 10−2 ≤ yN ≤ 1 and the masses of the
Z2-odd scalars were fixed to

mηR
= 2000 GeV, mηI

= 2001 GeV. (4.34)

We also take the charged lepton mass matrix as a diagonal matrix, i.e. Ml = diag(me,mµ,mτ ), which implies
UPMNS = Uν in Eq. (4.31).

Table 4.3 shows the dimensionless parameters that minimize the χ2 function in Eq. (4.30) and that are used to
compute µ → eγ, Eq. (4.26). The best fits of the model, for mΩ = 200 GeV and mΩ = 500 GeV are presented in
Table 4.4.

Dimensionless parameters (a)
yν11

= 0.0109e1.87i yν31
= 0.0124e1.49i

yν12 = 0.0105e−1.31i yν32 = 0.0808e1.77i

yν21 = 0.0270e1.70i yN = 2.04× 10−2

yν22 = 0.0463e1.56i θ̂ = 1.303 rad

Dimensionless parameters (b)
yν11

= 0.00525e−1.51i yν31
= 0.0177e1.572i

yν12 = 0.0151e−1.59i yν32 = 0.00424e1.61i

yν21 = 0.0166e1.57i yN = 1.22× 10−2

yν22 = 0.0354e−1.58i θ̂ = −4.98 rad

Table 4.3: Dimensionless parameters used to compute BR(µ → eγ) compatible with neutrino oscillation data.
Case (a) considers mΩ = 200 GeV and case (b) is for mΩ = 500 GeV.

Observable µ1[keV] mNR
[GeV] ∆m2

21[10−5eV2] ∆m2
31[10−3eV2] sin θ

(l)
12 /10

−1 sin θ
(l)
13 /10

−3 sin θ
(l)
23 /10

−1 δ
(l)
CP (

◦)

Best fit case (a) −0.562 700.5 7.53 2.51 3.53 2.11 5.66 195.3
Best fit case (b) −0.4099 401.3 7.50 2.55 3.25 2.22 5.64 174.8

Table 4.4: Best fit values of the model. Case (a) considers mΩ = 200 GeV and case (b) is for mΩ = 500 GeV.





Chapter 5

Phenomenological of extended multiHiggs
doublet models with S4 family symmetry

In this chapter we propose extended 3HDM and 4HDM models where the SM gauge symmetry is enlarged by the
inclusion of the S4 × Z2 × Z4 discrete group and the scalar and SM fermion sectors are augmented by several
scalar singlets and right-handed Majorana neutrinos, respectively. We employ the S4 family symmetry because it
is the smallest non abelian group having a doublet, triplet and singlet irreducible representations, thus it naturally
accommodates the number of fermion generations of the SM. This non abelian discrete S4 group yields viable lep-
tonic and quark mass matrices that allow to successfully fit the experimental values of the charged lepton masses,
neutrino mass squared splittings, quark and leptonic mixing angles and CP phases. This is due to the fact that
three families of left-handed leptonic doublets can be grouped into a S4 triplet irreducible representation, whereas
two generations of quark doublets are unified in a S4 doublet, and the remaining one is assigned as a S4 singlet.
Given that the quark sector is more restrictive than the lepton sector as the physical observables associated with
the former are measured with much more experimental precision than the ones corresponding to the latter, more
degree of flexibility is needed in the quark sector. Because of this reason, in this work, the two generations of quark
doublets are unified in a S4 doublet and the remaining one is assigned as a S4 singlet, whereas the three generations
of left-handed lepton doublets are grouped in a S4 triplet. This makes the choice of the S4 group in this work more
convenient than S3 or A4. Other non abelian discrete groups will either be larger than S4 or will only have doublets
and singlets in their irreducible representations. The S4 discrete group [76–101] has been shown to provide a nice
description for the observed pattern of SM fermion masses and mixing angles.

In here, the masses of the light active neutrinos are produced by a radiative seesaw mechanism at one loop level
mediated by right-handed Majorana neutrinos and electrically neutral scalars. All gauge singlet scalars will be part
of S4 triplets, excepting one scalar field, which in the extended 3HDM is assigned as trivial S4 singlet. The gauge
singlet S4 triplet scalars are needed to yield a viable texture for the neutrino sector consistent with the experimental
data on neutrino oscillations, whereas the right-handed Majorana neutrinos are the fermionic mediators participating
in the radiative seesaw mechanism that produces the tiny masses of the light active neutrinos. In addition, the S4

and Z4 discrete groups are spontaneously broken, whereas the Z2 symmetry is preserved, thus preventing tree
level masses for light active neutrinos and allow them to appear at one loop level. Furthermore, the preserved Z2

symmetry ensures the stability of fermionic and scalar dark matter candidates as well as the radiative nature of
the seesaw mechanism that produces the tiny active neutrino masses. The Z4 discrete symmetry distinguishes the
different generations of right-handed charged leptonic fields and is needed to yield a nearly diagonal charged lepton
mass matrix, so that the leptonic mixing will mainly arise from the neutrino sector. This reduces the number of
lepton sector model parameters and suppresses the flavor changing neutral scalar interactions in the charged lepton
sector.

38
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5.1 The models

Our proposed models are extensions of the 3HDM and 4HDM theories based on the S4 family symmetry. In
the first model, which corresponds to an extended 3HDM theory, an electrically neutral gauge singlet scalar field
odd under a preserved Z2 discrete symmetry is introduced to generate light active neutrino masses via a radiative
seesaw mechanism at one loop level mediated by two right handed Majorana neutrinos. In the second model,
which corresponds to an extended 4HDM theory, there is no such gauge singlet inert scalar in the particle spectrum,
however one of the scalar doublets is inert and allows a successful implementation of a radiative seesaw mechanism
that produces the tiny active neutrino masses. These two models have the same common feature in both quark and
lepton sectors. Furthermore, we have included the gauge singlet scalars in non trivial representations of the S4

discrete group in order to build the neutrino Yukawa terms invariant under the S4 symmetry, necessary to give rise
to a light active neutrino mass matrix consistent with the neutrino oscillation experimental data.

5.1.1 Model 1

Model 1 is an extended 3HDM theory where the tiny active neutrino masses are generated by a radiative seesaw
mechanism mediated by right handed Majorana neutrinos NkR (k = 1, 2) and a gauge scalar singlet φ, charged
under a preserved Z2 symmetry. The preserved Z2 symmetry ensures the stability of the dark matter candidate and
prevents the appearance of tree-level active neutrino masses. Furthermore, this setup allows to have an one loop
level scotogenic realization of active neutrino masses where the lightest of the seesaw mediators corresponds to
a dark matter candidate, whose stability is guaranteed by the preserved Z2 symmetry. Moreover, a Z4 symmetry
is needed to yield a nearly diagonal charged lepton mass matrix thus allowing to have a predictive pattern of
lepton mixing, which will be mainly governed by the neutrino sector and to suppress flavor changing neutral scalar
interactions associated with the charged scalar sector. In this setup the rates for flavor changing leptonic Higgs
decays, as well as the ones corresponding to charged lepton flavor violating decays, can acquire values smaller than
their experimental upper limits. The particle assignments with respect to the symmetry group are summarized in
Table 5.1, but for clarity of the notation let us write explicitly the field content. Our proposed models are consistent
with the S4 × Z2 × Z4 discrete symmetry, as indicated in Tables I and II. The scalar fields in model 1 have the
following S4 × Z2 × Z4 assignments:

ΞI = (Ξ1,Ξ2) ∼ (2, 0, 0) , Ξ3 ∼ (11, 0, 0) , φ ∼ (11, 1, 0) ,

χ = (χ1, χ2, χ3) ∼ (32, 0, 0) , η = (η1, η2, η3) ∼ (32, 0, 0) , ρ = (ρ1, ρ2, ρ3) ∼ (32, 0, 0) ,

Φe =
(
Φ(1)

e ,Φ(2)
e ,Φ(3)

e

)
∼ (32, 0,−1) , Φµ =

(
Φ(1)

µ ,Φ(2)
µ ,Φ(3)

µ

)
∼ (32, 0,−2) ,

Φτ =
(
Φ(1)

τ ,Φ(2)
τ ,Φ(3)

τ

)
∼ (32, 0, 0) . (5.1)

where Ξi (i = 1, 2, 3) are SU(2) scalar doublets, whereas the remaining scalar fields are SM gauge singlets. The
low energy scalar potential for the active Ξi (i = 1, 2, 3) SU(2) scalar doublets is shown in Appendix 5.7. As it
will be shown below, the charged lepton Yukawa terms in models 1 and 2 are the same and give rise to the same
mass matrix for charged leptons. In this work, motivated by the alignment limit, we consider the scenario where
v3 >> v1 = v2, provided that the quartic scalar coupling values are very similar. Here vi corresponds to the
vacuum expectation value of the neutral component of the Ξi scalar doublet. In the scenario v3 >> v1 = v2, the
charged lepton mass matrix is nearly diagonal and has a negligible impact in the leptonic mixing parameters, thus
implying that the PMNS leptonic mixing matrix mainly arises from the neutrino sector. It is worth mentioning that
three S4 scalar triplets, i.e. χ, η and ρ, which do acquire different VEV patterns (as indicated below) are introduced
in the neutrino sector in order to generate a viable light active neutrino mass matrix that will allow to successfully
reproduce the current the measured neutrino mass squared splittings, leptonic mixing parameters and leptonic Dirac
CP phase. Having only one S4 scalar triplet in the neutrino sector, would imply a VEV pattern, which will not be a
natural solution of the minimization conditions of the scalar potential for a large region of parameter space. On the
other hand, the three families of right handed leptonic fields as well as the three S4 scalar triplets Φe, Φµ and Φτ

will be distinguished by their Z4 assignments, thus resulting in a nearly diagonal mass matrix for charged leptons.
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qL q3L uR u3R dR d3R lL l1R l2R l3R NiR ΞI Ξ3 φ χ η ρ Φe Φµ Φτ

SU(3)C 3 3 3 3 3 3 1 1 1 1 1 1 1 1 1 1 1 1 1 1
SU(2)L 2 2 1 1 1 1 2 1 1 1 1 2 2 1 1 1 1 1 1 1
U(1)Y

1
6

1
6

2
3

2
3 −1

3 −1
3 −1

2 −1 −1 −1 0 1
2

1
2 0 0 0 0 0 0 0

S4 2 11 2 11 2 11 31 11 11 11 11 2 11 11 32 32 32 31 31 31
Z2 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
Z4 0 0 0 0 0 0 0 1 2 0 0 0 0 0 0 0 0 -1 -2 0

Table 5.1: Fermion and scalar assignments under the group S4 × Z2 × Z4 for model 1.

qL q3L uR u3R dR d3R lL l1R l2R l3R NiR ΞI Ξ3 Ξ4 χ η ρ Φe Φµ Φτ

SU(3)C 3 3 3 3 3 3 1 1 1 1 1 1 1 1 1 1 1 1 1 1
SU(2)L 2 2 1 1 1 1 2 1 1 1 1 2 2 2 1 1 1 1 1 1
U(1)Y

1
6

1
6

2
3

2
3 −1

3 −1
3 −1

2 −1 −1 −1 0 1
2

1
2

1
2 0 0 0 0 0 0

S4 2 11 2 11 2 11 31 11 11 11 11 2 11 12 32 32 32 31 31 31
Z2 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
Z4 0 0 0 0 0 0 0 1 2 0 0 0 0 0 0 0 0 -1 -2 0

Table 5.2: Fermion and scalar assignments under the group S4 × Z2 × Z4 for model 2.

The fermionic fields in model 1 have the following assignments under the S4 × Z2 × Z4 discrete group:

qL = (q1L, q2L) ∼ (2, 0, 0) , q3L ∼ (11, 0, 0) , dR = (d1R, d2R) ∼ (2, 0, 0) ,

uR = (u1R, u2R) ∼ (2, 0, 0) , u3R ∼ (11, 0, 0) , d3R ∼ (11, 0, 0) ,

lL ∼ (31, 0, 0) , l1R ∼ (12, 0, 1) , l2R ∼ (12, 0, 2) l3R ∼ (12, 0, 0) ,

N1R ∼ (12, 1, 0) , N2R ∼ (12, 1, 0) . (5.2)

As shown in Appendix 5.8, the following vacuum expectation value (VEV) configurations for the S4 triplets scalars

⟨χ⟩ = vχ (0, 0, 1) , ⟨η⟩ = vη√
2
(1, 1, 0) , ⟨ρ⟩ = vρ√

2
(1,−1, 0) , (5.3)

⟨Φe⟩ = vΦe (1, 0, 0) , ⟨Φµ⟩ = vΦµ (0, 1, 0) , ⟨Φτ ⟩ = vΦτ (0, 0, 1) . (5.4)

are consistent with the scalar potential minimization conditions for a large region of the parameter space. These
VEV patterns given above, similar to the ones considered in [100,102], allows us to obtain a viable pattern of lepton
masses and mixings as it will be shown in the following sections of this article.

With the above specified particle content, the following S4 × Z2 × Z4 invariant Yukawa terms arise:

LY = yd1 [q̄1L (Ξ1d2R + Ξ2d1R) + q̄2L (Ξ1d1R − Ξ2d2R)] + yd2 [q̄1LΞ3d1R + q̄2LΞ3d2R] + yd3 [q̄1LΞ1 + q̄2LΞ2] d3R

+yd4 q̄3L [Ξ1d1R + Ξ2d2R] + yd5 q̄3LΞ3d3R + yu1

[
q̄1L

(
Ξ̃1u2R + Ξ̃2u1R

)
+ q̄2L

(
Ξ̃1u1R − Ξ̃2u2R

)]
+yu2

[
q̄1LΞ̃3u1R + q̄2LΞ̃3u2R

]
+ yu3

[
q̄1LΞ̃1 + q̄2LΞ̃2

]
u3R + yu4 q̄3L

[
Ξ̃1u1R + Ξ̃2u2R

]
+ yu5 q̄3LΞ̃3u3R

+
yl1
Λ
l̄LΞ3l1RΦe +

yl2
Λ
l̄LΞ3l2RΦµ +

yl3
Λ
l̄LΞ3l3RΦτ +

xl1
Λ
l̄LΞI l1RΦe +

xl2
Λ
l̄LΞI l2RΦµ +

xl3
Λ
l̄LΞI l3RΦτ (5.5)

+

2∑
k=1

y
(N)
1k l̄LΞ̃3NkR

ηφ

Λ2
+

2∑
k=1

y
(N)
2k l̄LΞ̃3NkR

ρφ

Λ2
+

2∑
k=1

y
(N)
3k l̄LΞ̃3NkR

χφ

Λ2

+

2∑
k=1

x
(N)
1k l̄LΞ̃INkR

ηφ

Λ2
+

2∑
k=1

x
(N)
2k l̄LΞ̃INkR

χφ

Λ2
+

2∑
k=1

x
(N)
3k l̄LΞ̃INkR

ρφ

Λ2
+mN1N1RNC

1R +mN2N2RNC
2R + h.c.

5.1.2 Model 2
Model 2 is very similar to model 1 (though they differ in the form of the scalar potential as discussed later), the
particle assignments can be seen in Table 5.2. The only difference is the lack of the inert gauge singlet scalar
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field, which is replaced by an inert scalar doublet Ξ4 which triggers a radiative seesaw mechanism at one loop
level to generate the tiny masses of the light active neutrinos. The inclusion of the inert scalar doublet in model 2
allows to have four dark scalar fields which will open the possibility of having co-annihilations during the freezout,
that makes annihilations of the dark sector more effective when the scalar masses are very similar, thus yielding
regions of parameter space consistent with the Planck limit of the dark matter relic abundance as well as with the
experimental constraints on direct detection. This will be shown in detail in section 5.10, where the numerical
analysis indicates that the case of the inert doublet, corresponding to the model 2 is more favoured than the one of
the inert singlet of model 1 since the allowed region of parameter space consistent with the dark matter constraints
is larger in the former than in the latter. This, together with having a radiative mechanism of active neutrino masses
where the lightest of the seesaw mediators is identified with a dark matter candidate, provides a motivation for
considering model 2. The neutrino Yukawa terms in model 2 have the form:

−L(ν)
Y =

2∑
k=1

y
(N)
1k l̄LΞ̃4NkR

η

Λ
+

2∑
k=1

y
(N)
2k l̄LΞ̃4NkR

ρ

Λ2
+

2∑
k=1

y
(N)
3k l̄LΞ̃4NkR

χ

Λ
+mN1

N1RNC
1R+mN2

N2RNC
2R+h.c.

(5.6)

5.2 Lepton masses and mixings

5.2.1 Neutrino sector

The neutrino Yukawa interactions of model 1 are:

−L(ν)
Y (1) =

2∑
k=1

(
Y

(N)
1k + Y

(N)
2k

)
ν1LφNkR +

2∑
k=1

(
Y

(N)
1k − Y

(N)
2k

)
ν2LφNkR

+

2∑
k=1

Y
(N)
3k ν3LφNkR +mN1N1RNC

1R +mN2N2RNC
2R + h.c (5.7)

where:

Y
(N)
1k =

y
(N)
1k vηvΞ3

2Λ2
, Y

(N)
2k =

y
(N)
2k vρvΞ3

2Λ2
, Y

(N)
3k =

y
(N)
3k vχvΞ3√

2Λ2
, k = 1, 2

Then, due the preserved Z2 symmetry the light active neutrino masses are generated from at one loop level
radiative seesaw mechanism. The light active neutrino mass matrix in model 1 has the form:

mν ≃
2∑

k=1

fk


(
Y

(N)
1k + Y

(N)
2k

)2 (
Y

(N)
1k + Y

(N)
2k

)(
Y

(N)
1k − Y

(N)
2k

)
Y

(N)
3k

(
Y

(N)
1k + Y

(N)
2k

)
,(

Y
(N)
1k + Y

(N)
2k

)(
Y

(N)
1k − Y

(N)
2k

) (
Y

(N)
1k − Y

(N)
2k

)2
Y

(N)
3k

(
Y

(N)
1k − Y

(N)
2k

)
Y

(N)
3k

(
Y

(N)
1k + Y

(N)
2k

)
Y

(N)
3k

(
Y

(N)
1k − Y

(N)
2k

) (
Y

(N)
3k

)2


=

 W 2 WX cosφ WY cos (φ− ϱ)
WX cosφ X2 XY cos ϱ

WY cos (φ− ϱ) XY cos ϱ Y 2

 (5.8)

where the loop functions fk (k = 1, 2) are given by:

fk =
mNk

16π2

[
m2

φR

m2
φR

−m2
Nk

ln

(
m2

φR

m2
Nk

)
− m2

φI

m2
φI

−m2
Nk

ln

(
m2

φI

m2
Nk

)]
, k = 1, 2, (5.9)
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and the effective parameters W , X and Y , φ and ϱ fulfill the following relations:

W =
∣∣∣−→W ∣∣∣ =

√√√√ 2∑
k=1

(
Y

(N)
1k + Y

(N)
2k

)2
fk ,

−→
W =

((
Y

(N)
11 + Y

(N)
21

)√
f1,
(
Y

(N)
12 + Y

(N)
22

)√
f2

)
, cosφ =

−→
W · −→X∣∣∣−→W ∣∣∣ ∣∣∣−→X ∣∣∣ ,

X =
∣∣∣−→X ∣∣∣ =

√√√√ 2∑
k=1

(
Y

(N)
1k − Y

(N)
2k

)2
fk ,

−→
X =

((
Y

(N)
11 − Y

(N)
21

)√
f1,
(
Y

(N)
12 − Y

(N)
22

)√
f2

)
, cos (φ− ϱ) =

−→
W · −→Y∣∣∣−→W ∣∣∣ ∣∣∣−→Y ∣∣∣ ,

Y =
∣∣∣−→Y ∣∣∣ =

√√√√ 2∑
k=1

(
Y

(N)
3k

)2
fk ,

−→
Y =

(
Y

(N)
31

√
f1, Y

(N)
32

√
f2

)
, cos ϱ =

−→
X · −→Y∣∣∣−→X ∣∣∣ ∣∣∣−→Y ∣∣∣ . (5.10)

On the other hand, the neutrino Yukawa terms of model 2 can be rewritten as follows:

−L(ν)
Y =

2∑
k=1

z
(N)
1k

(
l̄1L + l̄2L

)
Ξ̃4NkR +

2∑
k=1

z
(N)
2k

(
l̄1L − l̄2L

)
Ξ̃4NkR +

2∑
k=1

z
(N)
3k l̄3LΞ̃4NkR

+mN1
N1RNC

1R +mN2
N2RNC

2R + h.c. (5.11)

where the effective neutrino couplings have the form:

z
(N)
1k =

y
(N)
1k vη√
2Λ

, z
(N)
2k =

y
(N)
2k vρ√
2Λ

, z
(N)
3k =

y
(N)
3k vχ
Λ

, k = 1, 2. (5.12)

Due to the preserved Z2 symmetry, the mass matrix for the light active neutrinos is radiatively generated and is
given by

mν =

2∑
k=1

f̃k


(
z
(N)
1k + z

(N)
2k

)2 (
z
(N)
1k + z

(N)
2k

)(
z
(N)
1k − z

(N)
2k

)
z
(N)
3k

(
z
(N)
1k + z

(N)
2k

)
,(

z
(N)
1k + z

(N)
2k

)(
z
(N)
1k − z

(N)
2k

) (
z
(N)
1k − z

(N)
2k

)2
z
(N)
3k

(
z
(N)
1k − z

(N)
2k

)
z
(N)
3k

(
z
(N)
1k + z

(N)
2k

)
z
(N)
3k

(
z
(N)
1k − z

(N)
2k

) (
z
(N)
3k

)2
 .

=

 W̃ 2 W̃ X̃ cosφ W̃ Ỹ cos (φ− ϱ)

W̃ X̃ cosφ X̃2 X̃Ỹ cos ϱ

W̃ Ỹ cos (φ− ϱ) XỸ cos ϱ Ỹ 2

 (5.13)

where the loop functions f̃k (k = 1, 2) take the form:

f̃k =
mNk

16π2

[
m2

H0
4R

m2
H0

4R
−m2

Nk

ln

(
m2

H0
4R

m2
Nk

)
−

m2
H0

4I

m2
H0

4I
−m2

Nk

ln

(
m2

H0
4I

m2
Nk

)]
, k = 1, 2, (5.14)

and the effective parameters W̃ , X̃ and Ỹ , φ and ϱ fulfill the following relations:

W̃ =

∣∣∣∣−→̃W ∣∣∣∣ =
√√√√ 2∑

k=1

(
z
(N)
1k + z

(N)
2k

)2
f̃k,

−→̃
W =

((
Y

(N)
11 + Y

(N)
21

)√
f̃1,
(
Y

(N)
12 + Y

(N)
22

)√
f̃2

)
, cosφ =

−→̃
W ·

−→̃
X∣∣∣∣−→̃W ∣∣∣∣ ∣∣∣∣−→̃X ∣∣∣∣ ,

X̃ =

∣∣∣∣−→̃X ∣∣∣∣ =
√√√√ 2∑

k=1

(
z
(N)
1k − z

(N)
2k

)2
f̃k,

−→
X =

((
Y

(N)
11 − Y

(N)
21

)√
f̃1,
(
Y

(N)
12 − Y

(N)
22

)√
f̃2

)
, cos (φ− ϱ) =

−→̃
W ·

−→̃
Y∣∣∣∣−→̃W ∣∣∣∣ ∣∣∣∣−→̃Y ∣∣∣∣ ,

Ỹ =

∣∣∣∣−→̃Y ∣∣∣∣ =
√√√√ 2∑

k=1

(
Y

(N)
3k

)2
f̃k,

−→̃
Y =

(
Y

(N)
31

√
f̃1, Y

(N)
32

√
f̃2

)
, cos ϱ =

−→̃
X ·

−→̃
Y∣∣∣∣−→̃X ∣∣∣∣ ∣∣∣∣−→̃Y ∣∣∣∣ . (5.15)
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Observable range ∆m2
21 [10−5eV2] ∆m2

31 [10−3eV2] sin θ
(l)
12 /10

−1 sin θ
(l)
13 /10

−3 sin θ
(l)
23 /10

−1 δ
(l)
CP (

◦)

Experimental 1σ 7.50+0.22
−0.20 2.55+0.02

−0.03 3.18± 0.16 2.200+0.069
−0.062 5.74± 0.14 194+24

−22

Value 3σ 6.94− 8.14 2.47− 2.63 2.71− 3.69 2.000− 2.405 4.34− 6.10 128− 359
Fit 1σ − 2σ 7.53 2.55 3.21 2.19 5.75 180

Table 5.3: Model predictions for the scenario of normal order (NO) neutrino mass. The experimental values are
taken from Ref. [5]

Figure 5.1: Correlation between the solar mixing parameter sin2 θ12 and the effective Majorana neutrino mass
parameter mee (red). The green bands represent the range 1σ in the experimental values and the dotted line (black)
represents the best experimental value.

Models 1 and 2 yield the same light active neutrino mass matrix as shown by Eqs. (5.8) and (5.13), where it
follows that our model yields a neutrino mass matrix texture different than the one corresponding to the cobimax-
imal pattern. The obtained neutrino mass matrix successfully reproduces the neutrino mass squared differences
i.e, ∆m2

21 and ∆m2
31, the mixing angles sin2 θ12, sin2 θ23, sin2 θ13 and the leptonic CP violating phase, whose

obtained values are consistent with the neutrino oscillation experimental data, as indicated in Table 5.3. We suc-
cessfully reproduced the experimental values for these observables through a fit of the free parameters of our model,
finding the “best-fit point” by minimizing the following χ2 function:

χ2
ν =

(
mexp

21 −mth
21

)2
σ2
m21

+

(
mexp

31 −mth
31

)2
σ2
m31

+

(
sexpθ12

− sthθ12
)2

σ2
s12

+

(
sexpθ23

− sthθ23
)2

σ2
s23

+

(
sexpθ13

− sthθ13
)2

σ2
s13

+

(
δexpCP − δthCP

)2
σ2
δ

,

(5.16)
where mi1 is the difference of the square of the neutrino masses (with i = 2, 3), sθjk is the sine function of the
mixing angles (with j, k = 1, 2, 3) and δCP is the CP violation phase. The superscripts represent the experimental
(“exp”) and theoretical (“th”) values and the σ are the experimental errors. Therefore, the minimization of χ2

ν gives
us the following value,

χ2
ν = 0.0531. (5.17)

Where the numerical values of our effective parameters of the mass matrices of Eqs. (5.8) and (5.13) that
minimize Eq. (5.17) are:

W = W̃ = 0.0616 eV ; X = X̃ = 0.174 eV ; Y = Ỹ = 0.158 eV

φ− ϱ = 1.73 rad ; ϱ = 0.670 rad , (5.18)

Since the structure of the matrices (5.8) and (5.13) are the same and we are working with the effective values
and not with the input parameters, we obtain the same values for both parameters as well as for the χ2

ν function.
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Let us note that W , X and Y are effective parameters in the neutrino sector for model 1, whereas W̃ , X̃ and
Ỹ correspond to model 2. The analytical dependence of the effective neutrino sector parameters on the input
parameters is different in both models since the dark scalar sector of models 1 and 2 has an inert scalar singlet
and an inert scalar doublet, respectively. Notice that there are five effective free parameters in the neutrino sector
of both models that allow to successfully accommodate the experimental values of the physical observables of the
neutrino sector: the two neutrino mass squared splittings, the three leptonic mixing angles and the leptonic Dirac
CP violating phase.

Furthermore, in our model, another observable can be obtained. This is the effective Majorana neutrino mass
parameter of the neutrinoless double beta decay, which gives information on the Majorana nature of the neutrinos.
This mass parameter has the form:

mee =

∣∣∣∣∣∑
i

U2
eimνi

∣∣∣∣∣ , (5.19)

where Uei and mνi are the matrix elements of the PMNS leptonic mixing matrix and the light active neutrino
masses, respectively. The neutrinoless double beta (0νββ) decay amplitude is proportional to mee. Fig. 5.1
shows the correlation between the effective Majorana neutrino mass parameter mee and the solar mixing parameter
sin θ12, where the neutrino sector model parameters were randomly generated in a range of values where the
neutrino mass squared splittings and the mixing parameters are inside the 3σ experimentally allowed range. As
seen from Fig. 5.1, our models predict a solar mixing parameter sin θ12 in the range 0.27 ≲ sin2 θ12 ≲ 0.37 and an
effective Majorana neutrino mass parameter in the range 3.2 meV ≲ mee ≲ 4.4 meV for the scenario of normal
neutrino mass hierarchy. The current most stringent experimental upper bound on the effective Majorana neutrino
mass parameter, i.e., mee ≤ 50 meV arises from the KamLAND-Zen limit on the 136Xe 0νββ decay half-life
T 0νββ
1/2 (136Xe) > 2.0× 1026 yr [103].

5.3 Quark masses and mixings.
From the Yukawa interactions of Eq.(5.5), the quark mass term is given by

−Lq = q̄iL (Mq)ij qjR + h.c. (5.20)

where the quark mass matrix is explicitly written as

Mq =

aq + b′q bq cq
bq aq − b′q c′q
fq f ′q gq

 , (5.21)

with the q = u, d. The quark matrix elements are given by

aq = yq2v3, b′q = yq1v2, bq = yq1v1, cq = yq3v1, c′q = yq3v2, fq = yq4v1, f ′q = yq4v2, gq = yq5v3.(5.22)

These free parameters are reduced substantially by imposing an alignment of the vacuum expectation values, in
particular, v1 = v2 which is a solution of the scalar potential with three Higgs doublets with assignment (Ξ1,Ξ2) ∼
2 and Ξ3 ∼ 11 [104, 105]. In consequence, cq = c′q and fq = f ′q . On the other hand, these mass matrices are
complex and can be diagonalized by the unitary matrices Uu(L,R) and Ud(L,R) such that

M̂d = diag. (md,ms,mb) = U†
dLMdUdR, M̂u = diag. (mu,mc,mt) = U†

uLMuUuR. (5.23)

To simplify our analysis we consider a particular benchmark scenario where the matrices Mu and Md are
symmetric. Therefore, we have

Mq =

aq + bq bq cq
bq aq − bq cq
cq cq gq

 . (5.24)

In addition, we make the following rotations Uq = Uπ/4uq(L,R) so that M̂q = diag. (mq1 ,mq2 ,mq3) = u†
qLmquqR.

Then, we obtain

mq = UT
π/4MqUπ/4 =

Aq bq 0
bq Bq Cq

0 Cq gq

 , Uπ/4 =

 1√
2

1√
2

0

− 1√
2

1√
2

0

0 0 1

 , (5.25)
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where Aq = aq − bq , Bq = aq + bq and Cq =
√
2cq . As one can notice, the phases can be factorized as

mq = Pqm̄qPq with

m̄q =

|Aq| |bq| 0
|bq| |Bq| |Cq|
0 |Cq| |gq|

 , Pq =

eiηq1 0 0
0 eiηq2 0
0 0 eiηq3

 , (5.26)

where

ηq1 =
arg.(Aq)

2
, ηq2 =

arg.(Bq)

2
, ηq3 =

arg.(gq)
2

, ηq1 + ηq2 = arg.(bq), ηq2 + ηq3 = arg.(Cq) (5.27)

Then, uqL = PqOq and uqR = P†
qOq , here Oq is an orthogonal matrix that diagonalizes the real symmetric

mass matrix, m̄q . Thus, we get M̂q = OT
q m̄qOq . The real orthogonal matrix is given by 1

Oq =



√
(|gq|−mq1)(mq2−|Aq|)(mq3−|Aq|)

Mq1

√
(|gq|−mq2)(mq3−|Aq|)(|Aq|−mq1)

Mq2

√
(mq3−|gq|)(mq2−|Aq|)(|Aq|−mq1)

Mq3

−
√

(|gq|−|Aq|)(|gq|−mq1)(|Aq|−mq1)
Mq1

√
(|gq|−|Aq|)(|gq|−mq2)(mq2−|Aq|)

Mq2

√
(|gq|−|Aq|)(mq3−|gq|)(mq3−|Aq|)

Mq3√
(|gq|−mq2)(mq3−|gq|)(|Aq|−mq1)

Mq1
−
√

(|gq|−mq1)(mq2−|Aq|)(mq3−|gq|)
Mq2

√
(|gq|−mq1)(|gq|−mq2)(mq3−|Aq|)

Mq3


(5.28)

with

Mq1 = (|gq| − |Aq|) (mq2 −mq1) (mq3 −mq1)

Mq2 = (|gq| − |Aq|) (mq2 −mq1) (mq3 −mq2)

Mq3 = (|gq| − |Aq|) (mq3 −mq1) (mq3 −mq2) . (5.29)

Actually, there is a hierarchy which has to be satisfied, this is, mq3 > |gq| > mq2 > |Aq| > mq1 . Having
obtained the relevant matrices that take place in the CKM matrix, we have that VCKM = U†

uLUdL = OT
u P̄qOd

where P̄q = P†
uPd = diag.

(
eiη̄q1 , eiη̄q2 , eiη̄q3

)
with η̄qi = ηdi − ηui .

In short, we have considered a benchmark where the quark mass matrix is complex and symmetric so that the
free parameters are reduced a little bit. At the end of the day, the CKM mixing matrix has seven free parameter
namely |gq|, |Aq| and three CP-violating phases. Nonetheless, two effective phases are relevant in the CKM matrix
as we can see in the Appendix B. These free parameters must be fixed by a statistical method.

Finally, we compare the theoretical CKM mixing matrix with the standard parametrization one to get the fol-
lowing formulae

sin θ13 = |Vub
CKM |,

sin θ23 =
|Vcb

CKM |√
1− |Vub

CKM |2
,

sin θ12 =
|Vus

CKM |√
1− |Vub

CKM |2
. (5.30)

Therefore, to fit our quark sector parameters, we again minimize the χ2 function (defined in similar way as
Eq. (5.3)). However, this function has now been defined with only the quark mixing angles and the Jarlskog
invariant, as follows,

χ2
q =

(
sexpθ12

− sthθ12
)2

σ2
s12

+

(
sexpθ23

− sthθ23
)2

σ2
s23

+

(
sexpθ13

− sthθ13
)2

σ2
s13

+

(
Jexp
q − J th

q

)2
σ2
Jq

, (5.31)

1See Appendix B for more details about the diagonalization process of the quark mass matrices.
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Observable Model value Experimental value
sin θ12 0.224 0.22452± 0.00044

sin θ23 0.0433 0.04182+0.00085
−0.00074

sin θ13 0.00360 0.00369± 0.00011

Jq 3.32× 10−5
(
3.05+0.15

−0.13

)
× 10−5

Table 5.4: Model and experimental values of the CKM parameters. The experimental values are taken from Ref. [3]

(a) (b)

(c) (d)

Figure 5.2: Scatter plot between the effective model parameters for the quark sector.

where sθjk is the sine function of the mixing angles (with j, k = 1, 2, 3) and Jq is the Jarlskog invariant. The
superscripts represent the experimental (“exp”) and theoretical (“th”) values and the σ are the experimental errors.
So, after minimizing χ2

q , we obtain the following result:

χ2
q = 0.470, (5.32)

while the values of the free parameters of (5.28) that yield the result of the χ2
q of Eq. (5.32) and correspond to

the best-fit point of our benchmark scenario are

|Au| = 0.0190 GeV ; |Ad| = 0.00832 GeV ; |gu| = 113.6 GeV

|gd| = 1.80 GeV ; |ᾱq| = 0.651 rad ; |β̄q| = 6.98 rad , (5.33)

where the best-fit values of the quark mixing angles and the Jarlskog invariant together with their corresponding
experimental values (within the 1σ range) are shown in table 5.4.

Fig. 5.2 shows a scatter plot between the effective parameters of our model for the quark sector, whose de-
pendence can be seen in Appendix B. For all parameter values shown in Fig. 5.2, the mixing angles in the
quark sector can be reproduced within the experimental range, where we obtain the following ranges of val-
ues for each observable: 2.23 × 10−1 ≲ sin θ12 ≲ 2.26 × 10−1, 3.99 × 10−2 ≲ sin θ23 ≲ 4.44 × 10−2,
3.30× 10−3 ≲ sin θ13 ≲ 4.01× 10−3 and 2.73× 10−5 ≲ J ≲ 3.63× 10−1.
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5.4 Meson mixings
In this section we discuss the implications of our model in the Flavour Changing Neutral Current (FCNC) interac-
tions in the down type quark sector. These FCNC down type quark Yukawa interactions produceK0−K̄0,B0

d−B̄0
d

and B0
s − B̄0

s meson oscillations, whose corresponding effective Hamiltonians are:

H(K)
eff=

3∑
j=1

κ
(K)
j (µ)O(K)

j (µ) , (5.34)

H(Bd)
eff =

3∑
j=1

κ
(Bd)
j (µ)O(Bd)

j (µ) , (5.35)

H(Bs)
eff =

3∑
j=1

κ
(Bs)
j (µ)O(Bs)

j (µ) , (5.36)

In our analysis of meson oscillations we follow the approach of [106,107]. The K0 − K̄0, B0
d − B̄0

d and B0
s − B̄0

s

meson oscillations in our model are induced by the tree level exchange of neutral CP even and CP odd scalars, then
yielding the operators:

O(K)
1 = (sRdL) (sRdL) , O(K)

2 = (sLdR) (sLdR) , O(K)
3 = (sRdL) (sLdR) , (5.37)

O(Bd)
1 =

(
dRbL

) (
dRbL

)
, O(Bd)

2 =
(
dLbR

) (
dLbR

)
, O(Bd)

3 =
(
dRbL

) (
dLbR

)
,(5.38)

O(Bs)
1 = (sRbL) (sRbL) , O(Bs)

2 = (sLbR) (sLbR) , O(Bs)
3 = (sRbL) (sLbR) , (5.39)

and the Wilson coefficients take the form:

κ
(K)
1 =

x2
H0

3sRdL

m2
H0

3

+

2∑
n=1

(
x2H0

nsRdL

m2
H0

n

−
x2A0

nsRdL

m2
A0

n

,

)
(5.40)

κ
(K)
2 =

x2
H0

3sLdR

m2
H0

3

+

2∑
n=1

(
x2H0

nsLdR

m2
H0

n

−
x2A0

nsLdR

m2
A0

n

)
, (5.41)

κ
(K)
3 =

xH0
3sRdL

xH0
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3
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− xA0
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xA0
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m2
A0

n

)
, (5.42)

κ
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1 =
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3

+
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(
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ndRbL
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H0
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−
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A0
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, (5.43)
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+
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, (5.44)
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κ
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1 =
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+
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κ
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, (5.47)

κ
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3 =

xH0
3sRbLxH0
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+
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Figure 5.3: a) Correlation between the ∆mBd
mass splitting and the CP even scalar mass mH0

2
, b) between the

∆mBd
mass splitting and the CP even scalar mass mH0

1
, c) Correlation between the ∆mBk

mass splitting and the
CP even scalar mass mH0

2
, d) between the ∆mBk

mass splitting and the CP even scalar mass mH0
1
.

where we have used the notation of section 5.6 for the physical scalars, assuming H0
3 is the lightest of the CP-even

ones and corresponds to the SM Higgs. The K − K̄, B0
d − B̄0

d and B0
s − B̄0

s meson mass splittings read:

∆mK = ∆m
(SM)
K +∆m

(NP )
K , ∆mBd

= ∆m
(SM)
Bd

+∆m
(NP )
Bd

, ∆mBs
= ∆m

(SM)
Bs

+∆m
(NP )
Bs

,
(5.49)

where ∆m
(SM)
K , ∆m(SM)

Bd
and ∆m

(SM)
Bs

correspond to the SM contributions, while ∆m
(NP )
K , ∆m(NP )

Bd
and

∆m
(NP )
Bs

are due to new physics effects. Our model predicts the following new physics contributions for theK−K̄,
B0

d − B̄0
d and B0

s − B̄0
s meson mass differences:

∆m
(NP )
K =

8

3
f2KηKBKmK

[
r
(K)
2 κ

(K)
3 + r

(K)
1

(
κ
(K)
1 + κ

(K)
2

)]
, (5.50)

∆m
(NP )
Bd

=
8

3
f2Bd

ηBd
BBd

mBd

[
r
(Bd)
2 κ

(Bd)
3 + r

(Bd)
1

(
κ
(Bd)
1 + κ

(Bd)
2

)]
, (5.51)

∆m
(NP )
Bs

=
8

3
f2Bs

ηBs
BBs

mBs

[
r
(Bs)
2 κ

(Bs)
3 + r

(Bs)
1

(
κ
(Bs)
1 + κ

(Bs)
2

)]
. (5.52)

Using the following numerical values of the meson parameters [3, 108–114]:

(∆mK)exp = (3.484± 0.006)× 10−12 MeV, (∆mK)SM = 3.483× 10−12 MeV

fK = 155.7MeV, BK = 0.85, ηK = 0.57,

r
(K)
1 = −9.3, r

(K)
2 = 30.6, mK = (497.611± 0.013) MeV, (5.53)

(∆mBd
)exp = (3.334± 0.013)× 10−10 MeV, (∆mBd

)SM = (3.653± 0.037± 0.019)× 10−10 MeV,

fBd
= 188MeV, BBd

= 1.26, ηBd
= 0.55,

r
(Bd)
1 = −0.52, r

(Bd)
2 = 0.88, mBd

= (5279.65± 0.12) MeV, (5.54)
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(∆mBs)exp = (1.1683± 0.0013)× 10−8 MeV, (∆mBs)SM = (1.1577± 0.022± 0.051)× 10−8 MeV,

fBs = 225MeV, BBs = 1.33, ηBs = 0.55,

r
(Bs)
1 = −0.52, r

(Bs)
2 = 0.88, mBs

= (5366.9± 0.12) MeV. (5.55)

where the experimental values of the meson masses are taken from [108–114], whereas those corresponding to the
bag parameters from [3,114]. Furthermore, the values for the r(K)

k , r(Bd)
k and r(Bs)

k (k = 1, 2) parameters are taken
from [106].

Fig. 5.3a and Fig. 5.3b display the correlations between the ∆mBd
mass splitting and the CP even scalar masses

mH0
2

andmH0
1
, respectively. On the other hand, Fig. 6.6c and Fig. 5.3d display the correlations between the ∆mBk

mass splitting and the CP even scalar masses mH0
2

and mH0
1
, respectively. As seen from these figures, the obtained

values for the meson mass splittings feature a small variation of less than 10% in the considered ranges of CP even
and CP odd scalar masses. In our numerical analysis, for the sake of simplicity, we have consider the couplings
of the flavor-changing neutral Yukawa interactions that produce the (B0

d −B
0

d) and (K0 −K
0
) oscillations of the

same order of magnitude and we perform a random scan over the Yukawa couplings and scalar masses. We find
that the couplings of the flavor-changing neutral Yukawa interactions that produce the (B0

d −B
0

d) and (K0 −K
0
)

meson mixings should be of the order of 10−4 and 10−6 respectively, in order to successfully comply with meson
oscillation constraints. Furthermore, we have varied the masses around 30% from their central values obtained in
the scalar sector analysis shown in the plots of Fig. 5.4. As indicated in Fig. 5.3, the experimental constraints
arising from (B0

d −B
0

d) and (K0 −K
0
) meson oscillations are successfully fulfilled for the aforementioned range

of parameter space. We have numerically checked that in the above described range of masses, the obtained values
for the ∆mBs

mass splitting are consistent with the experimental data on meson oscillations for flavor violating
Yukawa couplings equal to 2.5× 10−4.

5.5 Oblique T , S and U parameters
The extra scalars affect the oblique corrections of the SM, and these values are measured in high precision ex-
periments. Consequently, they act as a further constraint on the validity of our model. The oblique corrections
are parametrized in terms of the three well-known quantities T , S and U . In this section we calculate one-loop
contributions to the oblique parameters T , S and U defined as [115–117]

T =
Π33

(
q2
)
−Π11

(
q2
)

αEM (MZ)M2
W

∣∣∣∣
q2=0

, S =
2 sin 2θW
αEM (MZ)

dΠ30

(
q2
)

dq2

∣∣∣∣
q2=0

, (5.56)

U =
4 sin2 θW
αEM (MZ)

(
dΠ33

(
q2
)

dq2
− dΠ11

(
q2
)

dq2

)∣∣∣∣
q2=0

(5.57)

where Π11 (0), Π33 (0), and Π30

(
q2
)

are the vacuum polarization amplitudes with {W 1
µ ,W

1
µ}, {W 3

µ ,W
3
µ} and

{W 3
µ , Bµ} external gauge bosons, respectively, and q is their momentum. We note that in the definitions of the T ,

S and U parameters, the new physics is assumed to be heavy when compared to MW and MZ .
In order to simplify our numerical analysis we restrict to the scenario of the alignment limit where the neutral

CP even part of the SU (2) scalar doublet Ξ3 is identified with the 126 GeV SM like Higgs boson. We further
restrict to the region of parameter space where the neutral CP odd and electrically charged components of Ξ3

correspond to the SM Goldstone bosons. In that simplified benchmark scenario, the non SM physical scalar states
relevant at low energies will arise from the Ξ1 and Ξ2 scalar doublets. We further assume that the gauge singlet
scalars acquire very large vacuum expectation values (VEVs), which implies that the mixing angles of these fields
with the Ξ1 and Ξ2 scalar doublets are very small since they are suppressed by the ratios of their VEVs (assumed
that the quartic scalar couplings are of the same order of magnitude), which is a consequence of the method of
recursive expansion proposed in [118]. Because of this reason, the singlet scalar fields do not have a relevant impact
in the electroweak precision observables since they do not couple with the SM gauge bosons and their mixing
angles with the neutral components of the scalar doublets are very small. Therefore, under the aforementioned
considerations, in the alignment limit scenario where the 126 GeV Higgs boson is identified with the CP even
neutral part of Ξ3, the oblique T , S and U parameters will receive new physics contributions arising from the
electrically neutral and electrically charged scalar fields arising from the SU(2) scalar doublets Ξ1 and Ξ2. The
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oblique T , S and U parameters have been computed in the framework of multiHiggs doublet models in [119–121].
Then, the contributions arising from new physics to the T , S and U parameters in model 1 are:

T ≃ 1

16π2v2αEM (MZ)
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where we introduced the functions [121]
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with the properties
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Here RH , RA and RC are the rotation matrices diagonalizing the squared mass matrices for the non SM CP-
even, CP-odd and electrically charged scalars. It is worth mentioning that, from the properties of the loop functions
appearing in the expressions for the oblique S, T andU parameters given in [119–121], it follows that in multiHiggs
doublet models, the contributions to these parameters arising from new physics will vanish in the limit of degenerate
heavy non SM scalars. Thus, in multiHiggs doublet models, a spectrum of non SM scalars with a moderate mass
splitting will be favoured by electroweak precision tests.

On the other hand, the contributions arising from new physics to the T , S and U parameters in model 2 are:
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S ≃
2∑

i=1

2∑
j=1

2∑
k=1

((RH)ki)
2
(
(RA)kj

)2
12π

K
(
m2

H0
i
,m2

A0
j
,m2

H±
k

)
+

1

12π
K
(
m2

H0
4
,m2

A0
4
,m2

H±
4

)
, (5.65)
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where H0
4 , A0

4 and H±
4 are the physical scalar fields arising from the inert doublet Ξ4.

Besides that, the experimental values of T , S and U are constrained to be in the ranges [122]:

T = −0.01± 0.10, S = 0.03± 0.12, U = 0.02± 0.11 (5.67)

We have numerically checked that both models can successfully reproduce the allowed experimental values for the
oblique T , S and U parameters. Furthermore, we checked the existence of a parameter space consistent with both
scenarios where the W mass anomaly is absent or present. This is consistent with models with Higgs multiplets, as
it has been analyzed in [123].

5.6 Scalar sector
In the present section we address the discussion of the phenomenology of the scalar sector in the low energy regime.
Both models share the same effective low energy scalar potential with respect to the active Z2 even scalar doublets
Ξi, i = 1, 2, 3, but in each model the inert scalar couples differently to these fields. Nevertheless, as a consequence
of the fact that the Z2 odd scalar ϕ is an SU(2) singlet in addition to the CP-even dark scalar H0

4 being (as will
be shown in the next section) restricted by relic abundance and direct detection constraints to have a mass of the
order of several TeV, the low energy phenomenology of the scalars Ξi is, to a good approximation, negligibly
influenced by the presence of each model’s dark sector. Hence, we proceed to analyze the phenomenology of the
scalar potential of an S4-symmetric 3HDM coupled to the matter sector described in Section ??. As noted there,
the quark and charged lepton sectors of both models are identical while the corresponding neutrino sectors bear no
tangible influence on the kind of phenomenological analysis considered here. We mainly focus on collider limits for
the new scalars predicted by the inclusion of the extra Higgs doublets. For the numerical calculations we neglect the
masses of the first and second family of fermions and also off-diagonal entries in the Yukawa matrices. We expect
deviations of the matter sector relative to the SM to be of negligible influence in the phenomenology of the scalar
sector at present accelerator searches. This argument is fully justified, for example, SM Higgs boson branching
ratios are dominated by the bb̄, WW , gg and τ τ̄ channels, with other channels contributing less than ∼ 3× 10−2,
see e.g. figure 9 of reference [124]. In our analysis, we ensure that the lightest of the CP-even scalars satisfies
the alignment limit and hence its couplings and decay rates coincide with those of the SM Higss. For the heavier
scalars, the situation is similar, with the dominating channels being tt̄, bb̄ and τ τ̄ , see e.g. figures 17 and 18 of
reference [125] in the context of the MSSM. In other words, contributions from the first two fermion families to the
decay branching ratios of the physical scalars are completely negligible. Similarly, for the scalar boson production
at the LHC, the gluon fusion mechanism [126] dominates for the scalar mass ranges considered here, with the gluon
coupling to the Higgs bosons mediated most importantly by triangular top- and bottom-quark loops. Notice that we
do not consider the effect of the several active singlet scalar fields as they are assumed to acquire very large vacuum
expectation values, much larger than the electroweak symmetry breaking scale, thus allowing to decouple them in
the low energy effective field theory. As previously mentioned the mixing angles of the singlet scalar fields with the
scalar doublets are very small as they are suppressed by the ratio between the electroweak symmetry breaking scale
and the scale of spontaneous breaking of the S4 × Z4 discrete symmetry. Under these assumptions we see from
Eq. (5.5) that the third generation of quarks couples only to Ξ3. For the charged lepton case we further assume
that xl3 << yl3 so that the same is true for the third generation of charged leptons (note that the cubic and quartic
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vertices involving Φτ are highly suppressed by the high energy scale Λ so that this S4 triplet scalar is decoupled at
the energies considered here).

For the scalar sector we give in Appendix 5.7 the most general renormalizable potential with three Higgs
doublets invariant under the S4 symmetry group, along with the minimization conditions also known as tadpole
equations. Additionally, analytical stability conditions are calculated in Appendix 5.9 but nevertheless during
the numerical calculations we employ the public tool EVADE [127, 128], which features the minimization of the
scalar potential through polynomial homotopy continuation [129], and an estimation of the decay rate of a false
vacuum [130, 131].

5.7 Low energy scalar potential and scalar mass spectrum

In order to simplify our analysis, we restrict to the simplified benchmark scenario where the scalar singlets of the
model do not feature mixings with the three SU (2)L scalar doublets. The low energy scalar potential of the model
then corresponds to the S4 symmetric scalar potential of the three SU (2)L scalar doublets plus a soft-breaking
mass term and has the form:
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Ξ†
I

]
11

Ξ3 + h.c

}
+ λ5

(
Ξ†
3Ξ3

)(
Ξ†
IΞI

)
11

(5.68)

+λ6

[(
Ξ†
3ΞI

)(
Ξ†
IΞ3

)]
11

+ λ7

[(
Ξ†
3ΞI

)(
Ξ†
3ΞI

)
+ h.c

]
+ λ8

(
Ξ†
3Ξ3

)2
where we have included soft breaking mass terms in the scalar potential. They can arise at high energy scale from
the quartic scalar interaction κ (χχ)2

(
Ξ†
IΞI

)
2

. Note that only bilinear soft-breaking mass terms and not trilinear

terms are allowed in the scalar potential, as follows from gauge invariance.2

After the spontaneous breaking of the S4 discrete symmetry, the low energy scalar potential of the model under
consideration takes the form:

V = −µ2
1

(
Ξ†
1Ξ1

)
− µ2

2

(
Ξ†
2Ξ2

)
− µ2

3

(
Ξ†
3Ξ3

)
+ λ1

(
Ξ†
1Ξ1 + Ξ†

2Ξ2

)2
+ λ2

(
Ξ†
2Ξ1 − Ξ†

1Ξ2

)2
+λ3

[(
Ξ†
1Ξ2 + Ξ†

2Ξ1

)2
+
(
Ξ†
1Ξ1 − Ξ†

2Ξ2

)2]
+λ4

[(
Ξ†
1Ξ2 + Ξ†

2Ξ1

)(
Ξ†
1Ξ3 + Ξ†

3Ξ1

)
+
(
Ξ†
1Ξ1 − Ξ†

2Ξ2

)(
Ξ†
2Ξ3 + Ξ2Ξ

†
3

)]
(5.69)

+λ5

(
Ξ†
3Ξ3

)(
Ξ†
1Ξ1 + Ξ†

2Ξ2

)
+ λ6

[(
Ξ†
3Ξ1

)(
Ξ†
1Ξ3

)
+
(
Ξ†
3Ξ2

)(
Ξ†
2Ξ3

)]
+λ7

[(
Ξ†
3Ξ1

)2
+
(
Ξ†
3Ξ2

)2
+
(
Ξ3Ξ

†
1

)2
+
(
Ξ3Ξ

†
2

)2]
+ λ8

(
Ξ†
3Ξ3

)2
.

The minimization conditions of the scalar potential are given by:

µ2
1 =

1

2

(
4λ1v

2
1 + 4λ3v

2
1 + 6λ4v3v1 + λ5v

2
3 + λ6v

2
3 + 2λ7v

2
3

)
, (5.70)

µ2
2 =

4λ1v
3
1 + 4λ3v

3
1 + λ5v

2
3v1 + λ6v

2
3v1 + 2λ7v

2
3v1

2v1
(5.71)

µ2
3 =

−λ4v32 + λ5v3v
2
2 + λ6v3v

2
2 + 2λ7v3v

2
2 + 3λ4v

2
1v2 + λ5v

2
1v3 + λ6v

2
1v3 + 2λ7v

2
1v3 + 2λ8v

3
3

2v3
,(5.72)

and the resulting squared mass matrices for the CP even neutral, CP odd neutral and electrically charged scalar

2Notice that the low energy scalar potential without the soft-breaking mass terms has an underlying S3 discrete symmetry. This is due to the
fact that S3 is a subgroup of S4 as well as to our choice of irreducible representations to accommodate the active SU(2) scalar doublets.
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fields are given by:

M2
CP−even =


2 (λ1 + λ3) v

2
1 2 (λ1 + λ3) v

2
1 + 3λ4v3v1 v1 (3λ4v1 + (λ5 + λ6 + 2λ7) v3)

2 (λ1 + λ3) v
2
1 + 3λ4v3v1 2 (λ1 + λ3) v

2
1 − 3λ4v1v3 (λ5 + λ6 + 2λ7) v1v3

v1 (3λ4v1 + (λ5 + λ6 + 2λ7) v3) (λ5 + λ6 + 2λ7) v1v3 2λ8v
2
3 − λ4v

3
1

v3


(5.73)

M2
CP−odd =


−2 (λ2 + λ3) v

2
1 − 2λ4v3v1 − 2λ7v

2
3 v1 (2 (λ2 + λ3) v1 + λ4v3) v1 (λ4v1 + 2λ7v3)

v1 (2 (λ2 + λ3) v1 + λ4v3) −2 (λ2 + λ3) v
2
1 − λ4v3v1 − 2λ7v

2
3 2λ7v1v3

v1 (λ4v1 + 2λ7v3) 2λ7v1v3 −λ4v
3
1

v3
− 4λ7v

2
1


(5.74)

M2
charged =


−2λ3v

2
1 − 2λ4v3v1 − 1

2 (λ6 + 2λ7) v
2
3 v1 (2λ3v1 + λ4v3)

1
2v1 (2λ4v1 + (λ6 + 2λ7) v3)

v1 (2λ3v1 + λ4v3) −2λ3v
2
1 − λ4v3v1 − 1

2 (λ6 + 2λ7) v
2
3

1
2 (λ6 + 2λ7) v1v3

1
2v1 (2λ4v1 + (λ6 + 2λ7) v3)

1
2 (λ6 + 2λ7) v1v3 −v2

1(λ4v1+(λ6+2λ7)v3)
v3


(5.75)

The last two mass matrices can be diagonilized analytically, we find for the pseudo-scalars and the charged
scalars the mass spectra:

m2
A0

1
= a1 −

v1
2v3

√
a2, m2

A0
2
= a1 +

v1
2v3

√
a2, m2

GZ
= 0, (5.76)

m2
H±

1
= c1 −

v1
2v3

√
c2, m2

H±
2
= c1 +

v1
2v3

√
c2, m2

G±
W

= 0, (5.77)

where:

a1 = −2v21(λ2 + λ3 + λ7)− 2v23λ7 −
1

2
λ4v1

(
3v3 +

v21
v3

)
, (5.78)

a2 = 8v1v3λ4(λ2 + λ3 − λ7)(2v
2
3 − v21) + (v41 + 5v43)λ

2
4 + 2v21v

2
3(8(λ2 + λ3 − λ7)

2 − λ24), (5.79)

c1 = −1

2
v21(4λ3 + λ6 + 2λ7)−

1

2
v23(λ6 + 2λ7)−

1

2
λ4v1

(
3v3 +

v21
v3

)
, (5.80)

c2 = (v41 + 5v43)λ
2
4 + 2v1v3λ4(4λ3 − λ6 − 2λ7)(2v

2
3 − v21) + v21v

2
3 [(4λ3 − λ6 − 2λ7)

2 − 2λ24)]. (5.81)

From the squared scalar mass matrices given above and considering that the quartic scalar couplings can take values
up to 4π, which is the upper bound of these couplings allowed by perturbativity, one can succesfully accomodate
masses of non SM scalars in the subTeV and few TeV range.

From the expression for the potential (5.70) we obtain the square mass matrices for the CP-even scalarsH0
1 ,H0

2 ,
H0

3 , the pseudo-scalars A0
1, A0

2 and the charged scalars H±
1 and H±

2 , where we define H0
3 as the SM-like Higgs

(A0
3 and H±

3 denote the EWSB nonphysical Goldstone bosons). We will continue to assume the vev alignment
v1 = v2 and here we mainly discuss analytical approximations for the CP-even scalars masses, let us denote the
mass matrix by the expression:

M2
CP−even =

 a d f
d b e
f e c

 , (5.82)
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the specific entries in terms of the parameters of the potential can be read off from Eq. (5.73). With the exception
of cases where one or several entries of this matrix are zero or cases where there are degenerate eigenvalues, we
can approximate the masses of these physical scalars by the expressions [132]:

m2
H0

3
=

1

3
(a+ b+ c− 2

√
x1 cos [Ξs/3]) ,

m2
H0

1
=

1

3
(a+ b+ c+ 2

√
x1 cos [(Ξs − π)/3]) , (5.83)

m2
H0

2
=

1

3
(a+ b+ c+ 2

√
x1 cos [(Ξs + π)/3]) ,

where
x1 = a2 + b2 + c2 − ab− ac− bc+ 3(d2 + f2 + e2) (5.84)

and

Ξs =


arctan

(√
4x3

1−x2
2

x2

)
, x2 > 0

π/2 , x2 = 0

arctan

(√
4x3

1−x2
2

x2

)
+ π , x2 < 0

(5.85)

with

x2 = −(2a− b− c)(2b− a− c)(2c− a− b)

+9[(2c− a− b)d2 + (2b− a− c)f2 + (2a− b− c)e2]− 54def . (5.86)

From the above definitions we notice that Ξs ∈ [−π/2, 3π/2] so mH0
1

is always grater than mH0
3
, but mH0

2
can be

smaller than mH0
3
. However, we will explore in detail a region of parameter space where mH0

2
is greater than mH0

3
,

which is then the lightest of the three, and this is the reason for choosing it as the SM-like Higgs.
Due to the nontrivial dependence of Ξs on the parameters, it is not possible to invert the above equations and

trade couplings for squared masses in the general case. This represents a disadvantage at the numerical level since
we have to enforce the constraint that the mass ofH0

3 has to be very close to 125.5 GeV. If we do this, it would result
in very inefficient scans of the parameter space because a large proportion of the test points in parameter space do
not yield such value for the mass of the SM Higgs-like scalar. However, there is one particular slice of parameter
space where we can eliminate some of the couplings in favor of the squared masses, as we describe below.

In an effort to trade generality for the possibility to perform a thorough exploration of a region of parameter
space compatible with the value of the Higgs mass, we enforce the equation

x2 = 0 (5.87)

by suitable choosing one of the quartic couplings (λ5) so that Eq. (5.87) is satisfied. This can always be done
since this equation is quadratic in λ5, and we choose this coupling since it does not appear in the expressions of the
masses of the pseudo-scalars nor the charged scalars. Henceforth we will be presenting a numerical analysis of the
parameter slice Ξs = π/2. In this hyper-region of parameter space the equations for the masses (see Eq.(5.83)) not
only take a simple form, but also allow to eliminate two more quartic couplings (λ1 and λ8) in favor of mH0

2
and

mH0
3
. In this way we gain control over the values of these masses, and from the relation:

∆ ≡
√
x1/3 = m2

H0
1
−m2

H0
2
= m2

H0
2
−m2

H0
3
, (5.88)

which follows from the simplified equations of the masses, we see that in the explored slice of parameter space we
have the hierarchy m2

H0
1
> m2

H0
2
> m2

H0
3

and that these squared masses are separated by the same mass gap ∆.
We shall refer to this slice as the symmetric gap region. Having control over the value of these masses allows us
to perform a scan of parameter space in which we choose the mass of H0

3 to be in a small interval (given by the
current experimental error bars) around 125.5 GeV. We then vary the mass of H0

2 in the interval mH0
3
< mH0

2
< 1

TeV, while that of H0
1 is determined from the value of ∆ and m2

H0
2
.

For the numerical computations we implement the model in SARAH [133–136] from which we generate corre-
sponding model files for some of the other tools using the SARAH-SPheno framework [137–139]. When testing
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Figure 5.4: Composite likelihood as a function of the CP-even scalar masses and tanβ. Contours of 68% and 95%
of CL are drawn and the best fit point is marked with a star.

a given point of parameter space, for positivity and stability of the scalar potential we use EVADE, while exclusion
limits from scalar searches at Tevatron, LEP and the LHC are implemented with the aid of HiggsBounds [140].
We impose hard cuts discarding points not complying with these constraints. For points not filtered by the previous
hard cuts we calculate numerically the model predicted observables that are used to construct a composite likeli-
hood function. We calculate the couplings and decay branching ratios of the 125 GeV SM Higgs-like and the rest of
the scalars with the help of the SARAH generated SPheno code. In particular, we use the decay probabilities of the
heavy scalars and pseudo-scalars into pairs of τ+τ− leptons in order to compare these predictions with the recent
search of the ATLAS collaboration involving these type of resonances decaying into τ -lepton pairs [141]. This
specific ATLAS search was motivated because such decay modes can be enhanced in multi-Higgs models relative
to the SM predictions. A higher cross section for Higgs boson production in association with b quarks (bbH) can
also occur in such scenarios, making this production channel competitive with the main gluon fusion production
(ggF). We calculate bbH and ggF cross section productions for all neutral scalars using SusHi [142, 143]. While
SusHi features these calculations for the Two Higgs Double Model (2HDM) and the Minimal Supersymmetric
Standard Model (MSSM), it uses a strategy of calculation based on the observation that for example, assuming
that the SM Higgs-like is the lightest scalar, it is possible to efficiently estimate the next to leading order (NLO)
production cross section for a given CP-even scalar in the model from the known NLO production cross section for
a SM Higgs of the same mass by rescaling with the LO coupling ratios (see e.g. [144]):

σNLO(X → Y ) ≃ σSM
NLO(X → Y )× σLO(X → Y )

σSM
LO (X → Y )

, (5.89)

the leading order ratio in this equation involves only the tree-level couplings of the scalars in the model relative to
the SM Higgs boson couplings. This is only an estimation because at the loop level it is assumed that only SM
particles run in the loops. It is straightforward to use the capabilities of SusHi for other multi-Higgs models by
simply changing the rescaling factors appropriately. This is also true for pseudo-scalars which only require the
rescaling of the calculation of the production rate of a pseudo-scalar Higgs boson motivated by BSM models such
as the MSSM [145–149].

We use the above predictions of the model to construct the composite likelihood function:

logLscalar = logLHiggs + logLATLAS (5.90)

using public numerical tools. We obtain the likelihood logLHiggs that measures how well the couplings of the
SM Higgs-like H0

3 resemble that of the already discovered SM Higgs using HiggsSignals [150]. Note that
HiggsSignals uses information from the public LHC repository database, specifically concerning the discov-
ered Higgs mass and signal strength from the LHC Run-1 observables, and therefore the reported likelihood is
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basically a measurement of the so called alignment limit. In other words, parameter space points maximizing this
likelihood (or in the neighbouring regions of the maximum) satisfy the conditions of the alignment limit. As dis-
cussed earlier, most analysis in the matter sector have negligible impact in the phenomenology of the scalar and
dark matter sectors considered here. For this reason, we do not consider constraints arising from both FCNC and
CKM fits simultaneously with the ones from the log-likelihood observables defined in Eq. (5.90). Moreover, the
consistency of this analysis of the scalar sector with that of the previous sections is ensured since in the latter case
the alignment limit is explicitly assumed while in the former it is enforced by the likelihood logLHiggs present in
the above same equation. In a similar manner, the observables studied in the previous sections can be regarded as
weakly correlated with the considered observables in the dark sector (see next section), such as the relic abundance
which depends on annihilation cross sections that are dominated by channels involving the heaviest fermion family
or the gauge bosons, or DM-nucleon dispersion cross sections which are not sensitive to details of the quark masses
or mixings, but rather to the values of the measured nucleon masses and nuclear form factors. For the likelihood
logLATLAS which implements the public data from the ATLAS search mentioned before we make use of the ca-
pabilities of HiggsBounds [140, 151]. Finally, we perform the scan of the parameter space and construct the
likelihood profiles using Diver [152, 153] (in standalone mode).

Fig. 5.4 shows the obtained profile likelihoods with respect to Eq. (5.90) for the case of the masses of the CP-
even scalarsH0

1 andH0
2 and its correlation with the value of tanβ ≡

√
2v1/v3. We note that the phenomenological

analysis results in the model’s consistency with observations only for small values of tanβ, in accordance with
the alignment limit implicit in the likelihood logLHiggs. Thus, concretely, tanβ appears to be constrained at a
confidence level (CL) of 95% to take values in between ∼ 0.25 and ∼ 0.45 at the preferred values of the masses at
the best-fit point (BFP). The masses of H0

2 and H0
1 most favored lie in ∼ 263 GeV and ∼ 350 GeV respectively.

The analysis allows to constrain these masses in respective intervals of ∼ 50 GeV and ∼ 75 GeV with a CL of
68%, though the constraining interval worsens considerably at the 95% of CL.

The corresponding likelihood profiles for the pseudo-scalars and the charged scalars is shown in Fig. 5.5. The
constraining interval over the value of tanβ is consistent with the previous figure, however in these cases the values
of the masses are limited very poorly.

5.8 The scalar potential for a S4 triplet
The relevant terms determining the VEV directions of any S4 scalar triplet are:

VT = −g2Ψ (ΨΨ∗)1 + k1 (ΨΨ∗)1 (ΨΨ∗)1 + k2 (ΨΨ∗)31 (ΨΨ∗)31 + k3 (ΨΨ∗)32 (ΨΨ∗)32 (5.91)
+k4 (ΨΨ∗)2 (ΨΨ∗)2 +H.c.

where Ψ = ξ, η, ρ,Φe,Φµ,Φτ . Note that we restrict to a particular simplified benchmark scenario where the
mixings between S4 scalar triplets is neglected. The part of the scalar potential for each S4 scalar triplet has five
free parameters: one bilinear and four quartic couplings. The minimization conditions of the scalar potential for a
S4 triplet yield the following relations:

∂⟨VT ⟩
∂vΨ1

= −2g2ΨvΨ1
+ 8k2vΨ1

(
v2Ψ2

+ v2Ψ3

)
+ 4k1vΨ1

(
v2Ψ1

+ v2Ψ2
+ v2Ψ3

)
− 4

3
k4vΨ1

(
−2v2Ψ1

+ v2Ψ2
+ v2Ψ3

)
= 0

∂⟨VT ⟩
∂vΨ2

= −2g2ΨvΨ2
+ 8k2vΨ2

(
v2Ψ1

+ v2Ψ3

)
+ 4k1vΨ2

(
v2Ψ1

+ v2Ψ2
+ v2Ψ3

)
+ 2k4vΨ2

(
v2Ψ2

− v2Ψ3

)
(5.92)

+
2

3
k4vΨ2

(
−2v2Ψ1

+ v2Ψ2
+ v2Ψ3

)
= 0

∂⟨VT ⟩
∂vΨ3

= −2g2ΨvΨ3 + 8k2vΨ3

(
v2Ψ1

+ v2Ψ2

)
+ 4k1vΨ3

(
v2Ψ1

+ v2Ψ2
+ v2Ψ3

)
− 2k4vΨ3

(
v2Ψ2

− v2Ψ3

)
+
2

3
k4vΨ3

(
−2v2Ψ1

+ v2Ψ2
+ v2Ψ3

)
= 0.
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Figure 5.5: Composite likelihood as a function of the CP-odd scalar masses (first column), the charged scalars
(second column), and tanβ. Contours of 68% and 95% of CL are drawn and the best fit point is marked with a star.
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From the scalar potential minimization equations, for the S4 scalar triplet Φe, we obtain the following relation:

g2Φe
=

2

3 (3k1 + 2k4)
v2Φe

(5.93)

This shows that the VEV configuration of the S4 triplet Φe given in Eqs. (5.3) and (5.4), is in accordance with the
scalar potential minimization condition of Eq. (5.92). The VEV configurations of the other S4 triplets in our model
are also consistent with the scalar potential minimization conditions, which can be demonstrated by using the same
procedure described in this appendix. These results show that the VEV directions for the S4 triplets ξ, η, ρ, Φe,
Φµ, Φτ are consistent with a global minimum of the scalar potential for a large region of parameter space.

5.9 Stability conditions
The stability conditions of the low energy scalar potential will be given by its quartic terms since these will be the
dominant ones for large values of the field components. Therefore, we define the following bilinear conventions of
the scalar fields:

a = Ξ†
1Ξ1 ; b = Ξ†

2Ξ2 ; c = Ξ†
3Ξ3 (5.94)

d = Ξ†
1Ξ2 + Ξ†

2Ξ1 ; e = i(Ξ†
1Ξ2 − Ξ†

2Ξ1) (5.95)

Ξ†
1Ξ3 = f + ig ; Ξ†

2Ξ3 = h+ ik (5.96)

by using this new definition, we can rewrite the quartic terms of the scalar potential as follows:

V4 = (λ1 + λ3)(a
2 + b2) + (λ6 + λ7)(f

2 + g2 + h2) + 2

(
λ1 − λ3 +

λ5
2

)
ab

+
(√

λ3d−
√
λ7f

)2
+
(√

λ3λ7 + λ4

)
df + (

√
λ5b−

√
λ8c)

2 + λ4(ah− bh)

+λ7(h
2 − 3g2 − 2k2) +

√
λ5λ8bc+ λ5(c− b)b− e2λ2 + g2λ6 . (5.97)

By using the method employed in [49, 53], we find the following stability conditions for the low energy scalar
potential:

λ3 ≥ 0 λ7 ≥ 0 λ5 ≥ 0 λ8 ≥ 0, λ2 ≤ 0 (5.98)

λ1 + λ3 ≥ 0 λ6 + λ7 ≥ 0 λ1 − λ3 +
λ5
2

≥ 0
√
λ3λ7 + λ4 ≥ 0 (5.99)

5.10 Dark sectors
We now describe the dark sectors of both models introduced in previous sections. We couple the Z2 charged scalar
fields to the active scalars in a minimalistic way and consistent with their S4 assignments. The scalar potential
for each model is taken as the sum of the active scalars’ potential of the previous section with the respective one
containing the dark scalars. Denoting by Vm1 and Vm2 the model 1 and model 2 total scalar potentials, we take:

Vm1 = V − µ2
ϕϕ

2 + λϕ ϕ
4 + λ9 ϕ

2
(
Ξ†
IΞI

)
11

+ λ10 ϕ
2
(
Ξ†
3Ξ3

)
(5.100)

Vm2 = V − µ2
4

(
Ξ†
4Ξ4

)
+ λ11

(
Ξ†
4Ξ4

)(
Ξ†
IΞI

)
11

+ λ12

[(
Ξ†
4ΞI

)(
Ξ†
IΞ4

)]
11

+λ13

[(
Ξ†
4ΞI

)(
Ξ†
4ΞI

)
+ h.c.

]
+ λ14

(
Ξ†
4Ξ4

)2
+ λ15

(
Ξ†
3Ξ3

)(
Ξ†
4Ξ4

)
, (5.101)

where for simplicity we have assumed ϕ to be real, and V is given by Eq. (5.70). We keep checking the stability
of each potential numerically and maintain the hard cuts described in the previous section. Both models offer the
possibility of a scalar or fermion dark matter candidate, however, the right handed neutrinos do not couple to quarks
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Figure 5.6: Partial composite likelihood (not including the relic density likelihood) as a function of the DM candi-
date mass and its relic density. The Planck measured value is marked by the dashed horizontal line. The left (right)
panel corresponds to model 1 (2).

at tree level and therefore only indirect DM detection observables would be of phenomenological interest when one
of the fermions is the lightest (Z2) odd particle (LOP), a typical example of this would be the scotogenic model,
see e.g. [50, 154, 155]. Nevertheless, in our proposals it is easy to check that for a fermion LOP, annihilation is
only possible to pairs of neutrinos in model 1 and 2, or pairs of charged leptons in model 2. Therefore, in both
models we deem much more interesting the case of a scalar LOP, where thanks to the couplings of the dark scalars
to the active ones it is possible to have tree level scattering amplitudes between a scalar LOP and quarks, allowing
the phenomenological analysis of direct detection (DD) of such candidates, these type of models are commonly
referred to as Higgs portals, see e.g. [156]. Presumably, the DD constraints are currently the most stringent ones
compared to anti-matter signals (fermion LOP) or gamma ray fluxes (scalar LOP) from annihilation of DM in these
models, for a thorough review of these topics see e.g. [157]. In model 1 we take ϕ as the DM candidate and in
model 2 we assume that from the components of the inert doublet Ξ4, which we denote H0

4 , A0
4 and H±

4 , H0
4 is the

lightest.
With this rationale, for both models we construct a log-likelihood function involving the observables in the

(visible) scalar sector of the previous section, and the DD and relic abundance observables:

logL = logLscalar + logLDD + logLΩh2 . (5.102)

For the numerical calculation of the relic density, as well as the DM-nucleon scattering cross sections, we use the
capabilities of Micromegas [158–161]. We construct LΩh2 as a basic Gaussian likelihood with respect to the
PLANCK [42] measured value, while the likelihood LDD involves publicly available data from the direct detection
XENON1T experiment [58]. We use the numerical tool DDCalc to compute the Poisson likelihood given by

LDD =
(b+ s)o exp{{−(b+ s)}}

o!
(5.103)

where o is the number of observed events in the detector and b is the expected background count. From the model’s
predicted DM-nucleon scattering cross sections as input, DDCalc computes the number of expected signal events
s for given DM local halo and velocity distribution models (we take the tool’s default ones, for specific details
on the implementation such as simulation of the detector efficiencies and acceptance rates, possible binning etc.
see [162, 163]).

It is instructive to analyze the slice of parameter space involving the value of the relic abundance taking into
account the partial likelihood without the factor involving the relic density likelihood. To this end we define:

logLS+DD = logLscalar + logLDD. (5.104)
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Figure 5.7: Composite likelihood as a function of the DM candidate mass and SI DM-proton cross section for the
case that the candidate represents 100% of the DM in the Universe. Contours of 68% and 95% of CL are drawn,
and also shown are the 90% CL upper limit from the XENON1T (1t × yr), the XENONnT and the LUX-ZEPLIN
experiments, the XENON experiment multi ton projection to 200t×1yr and the neutrino floor. The best fit point is
marked with a star. The left (right) panel corresponds to model 1 (2).

With respect to this partial likelihood, we show in Fig. 5.6 the likelihood profiles of both models’ relic abundance
predictions as a function of the DM candidate mass. (Note that the corresponding plot with the full log-likelihood
is just a slim horizontal bright band around the Planck measured value). In both cases more than two thirds of the
explored parameter space results in an underabundant prediction for the corresponding DM candidate. The analyses
of the two models yield similar patterns, where DM masses of the order of 1 TeV and lighter predict abundances
(with discernible likelihood ratio value) from close to the Planck measurement, all the way down to around 10−4. It
is possible to discern a tendency that as the DM mass increases the lowest value attained for the relic density raises
(sort of linearly) towards the Planck limit. Above a certain mass no points in parameter space can be found that
yield a likelihood ratio greater than 0.1. The biggest difference between the models is that for the singlet candidate
φ this upper mass bound appears to be a little bit above 10 TeV while for the H0

4 candidate of the second model
the bound raises up to 100 TeV. This characteristic can be understood from the fact that in model 2 there are other
DM particles (A0

4 and H±
4 ) that have influence on the value of the DM abundance by means of the co-annihilation

process. When the mass of these particles is close to the LOP mass their contribution to the annihilation cross
section at the freeze out epoch is non-negligible and enhances it, making the annihilation of DM particles more
efficient and thus diminishing the final DM abundance.

In Fig. 5.7, we present the profile likelihood with respect to the full log-likelihood (see Eq.(5.102)) for each
model normalized to the value of L at the best fit point (signaled by a star) assuming the DM candidate constitutes
100% of the DM in the Universe. The plots show the dependence of the likelihood on the DM mass and the DM-
proton spin independent (SI) cross section; contours of 68% and 95% of confidence level (CL) are drawn. We also
depict the 90% CL upper limit on the SI cross section from the XENON1T (1t × yr) [58], the XENONnT [164] and
the LUX-ZEPLIN (LZ) [59] experiments, alongside with the XENON experiment multi ton-scale time projection
to 200 t × yr of reference [165] (for better comparison with the other curves we extrapolated linearly the data
available from this reference from 1 TeV up to 10 TeV) and an estimation of the neutrino floor [166]. We can see
from the left panel of this figure that the DM candidate of model 1 is strongly constrained by the analysis. There
is only a very small region of parameter space with a likelihood ratio above ∼ 0.8 in the neighborhood of the
best-fit value of Mϕ ∼ 3.98 TeV. Due to the constraints from the XENON1T observations, the allowed region lies
below the respective exclusion curve, but we can see from the comparison with the projected exclusion limits of
the 200 ton upgrade that it will be possible to exclude the BFP and its surroundings in the near future. On the other
hand, the numerical analysis is unable to give us strong arguments concerning the capability to constraint model
2. For this case, a large region of parameter space with good likelihood ratio which includes the BFP with a mass



5.10. Dark sectors 61

of MH0
4
∼ 14.1 TeV lies well below the 200 ton projected limits and the neutrino floor. Nevertheless, the analysis

does show that masses of this DM candidate below ∼ 3.1 TeV are very poorly (or even not at all) consistent with
observations. Thus, we can infer that a DM candidate of these characteristics must be heavy (greater than ∼ 10 TeV)
for consistency of the observables considered in the composite log-likelihood function discussed here (Eq. (5.102)).
DM masses above 10 TeV might have interestingly strong predicted fluxes from gamma ray annihilations (e.g. in
dwarf galaxies), however in these mass ranges non-perturbative effects such as Sommerfeld enhancement of the
annihilation cross section can be important and a proper treatment of indirect DM signals should include such
corrections (see e.g. [167]), but that is outside the scope of the present work.





Chapter 6

Phenomenological aspects of the fermion
and scalar sectors of a S4 flavored 3-3-1
model

The next chapter is based on the second paper of this thesis 2, where we will see an extension see an extension of
the Standard Model, in what is known in the literature as the 331 models, where the SM symmetry is extended to
a SU(3)C × SU(2)L × U(1)X . These models have been widely studied since they provide an explanation for the
number of families in the fermionic sector and there is cancellation of chiral anomalies, which occurs when there are
non-universal gauge assignments under the group U(1)X for the left quark fields and the number of the fermionic
triplet and antitriplet of SU(3)L are equal, however, for this to be fulfilled, the fermion family number must be
a multiple of three. Along with the above, the 331 models also have the characteristics that the Peccei-Quinn
(PQ) symmetry can be obtained naturally, which provides a possible solution to the strong CP problem. In addition,
these models have several sources of CP violation and give an explanation for the quantization of the electric charge.

In this chapter, we propose an extension of the SM through a 331 model with (RH) neutrinos, also adding a
global lepton symmetry U(1)Lg to ensure the conservation of the lepton number, a discrete non-abelian symme-
try S4 to reproduce the masses and mixing of the fermionic sector and three other auxiliary cyclic symmetries
Z4 × Z ′

4 × Z2, where the Z4 symmetry is introduced to obtain a texture with zeros in the entries of the up type
quark mass matrix, in addition, the symmetry Z ′

4 together with the VEV pattern of the scalar triplets associated
with the sector of charged leptons is necessary to get a diagonal charged lepton mass matrix. Finally, the Z2 sym-
metry is necessary to obtain all the complete entries of the third column of the mass matrix of the down quarks and
thus with the values of the VEVs of the scalars that participate in the Yukawa terms of this sector. Given that the
charged lepton mass matrix is predicted to be diagonal, the lepton mixing entirely arises from the neutrino sector,
where we will use an inverse seesaw mechanism [168] mediated by right-handed heavy neutrinos to generate the
tiny active neutrinos masses. The S4 symmetry group is a compelling choice due to its unique properties and its
ability to efficiently describe the observed pattern of fermion masses and mixing angles in the standard model. As
the smallest non-abelian group with irreducible representations of doublet, triplet, and singlet, S4 allows for an
elegant accommodation of the three fermion families. Furthermore, its cyclic structure and spontaneous breaking
provide a suitable framework for generating fermion masses through mechanisms such as the Froggatt-Nielsen
mechanism [169] for charged fermions and the inverse seesaw mechanism [168] for light active neutrinos. The
application of S4 has demonstrated success in describing the observed patterns of SM fermion masses and mix-
ings [77–101, 170].

The non-abelian symmetry S4 provides a solid theoretical framework for constructing scalar fields and under-
standing various phenomenologies. Scalar fields, transforming according to the representations of S4, allow us to
determine the phenomenon of meson oscillations. These oscillations are of great interest as they provide valuable
information about flavor symmetry violations in the Standard Model. In addition, the scalar mass spectrum is ana-
lyzed and discussed in detail. Its analysis allows to study the implications of our model in the decay of the Standard
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Model like Higgs boson into a photon pair as well as in meson oscillations. Finally, besides providing new physics
contribution to meson mixingz and Higgs decay into two photons, the considered model succesfully satisfies the
constraints imposed by the oblique parameters, where the corresponding analysis is performed consideing the low
energy effective field theory below the scale of spontaneous breaking of the SU(3)L×U(1)X ×U(1)Lg

symmetry.
These parameters, derived from precision measurements in electroweak physics, are essential for evaluating the
consistency between the theoretical model and experimental data. The consistency of our model with the oblique
parameters demonstrates its ability to reproduce experimental observations in the context of electroweak physics
for energy scales below 1 TeV.

6.1 The model
The model is based on the SU(3)C×SU(3)L×U(1)X gauge symmetry, supplemented by the S4 family symmetry
and the Z4×Z ′

4×Z2 auxiliary cyclic symmetries, whose spontaneous breaking generates the observed SM fermion
mass and mixing pattern. We also introduce a global U(1)Lg

of the generalized leptonic number Lg [171–173].
That global U(1)Lg

lepton number symmetry will be spontaneously broken down to a residual discrete lepton

number symmetry Z(Lg)
2 by a VEV of the gauge-singlet scalars φ and ξ to be introduced below. The correspoding

massless Goldstone bosons, the Majoron, are phenomenologically harmless since they are gauge singlets. It is worth
mentioning that under the discrete lepton number symmetry Z(Lg)

2 , the leptons are charged and the other particles
are neutral, thus implying that in any interaction leptons can appear only in pair, thus, forbidding proton decay.
The S4 symmetry is the smallest non-Abelian discrete symmetry group having five irreducible representations
(irreps), explicitly, two singlets (trivial and no-trivial), one doublet and two triplets (3 and 3’) [174]. While the
auxiliary cyclic symmetries Z4, Z ′

4 and Z2 select the allowed entries of the SM fermion mass matrices that yield
a viable pattern of SM fermion masses and mixings, and at the same time, the cyclic symmetries also allow a
successful implementation of the inverse seesaw mechanism. The G chosen symmetry exhibits the following three-
step spontaneous breaking:

G = SU(3)C × SU(3)L × U(1)X × U(1)Lg
× S4 × Z4 × Z ′

4 × Z2 (6.1)
⇓ Λint

SU(3)C × SU(3)L × U(1)X × U(1)Lg

⇓ vχ
SU(3)C × SU(2)L × U(1)Y × Z

(Lg)
2

⇓ vη2
, vρ

SU(3)C × U(1)Q × Z
(Lg)
2

where the different symmetry breaking scales satisfy the following hierarchy:

v = 246GeV =
√
v2ρ + v2η2

≪ vχ ∼ O (9.9) TeV ≪ Λint, (6.2)

which corresponds in our model to the VEVs of the scalar fields.

The electric charge operator is defined [92, 175] in terms of the SU(3) generators T3 and T8 and the identity
I3×3 as follows:

Q = T3 + βT8 + I3×3X. (6.3)

where for our model we choose β = −1/
√
3, and X are the charge associated with gauge group U(1)X .

The fermionic content in this model under SU(3)C × SU(3)L × U(1)X [172, 175, 176]. The leptons are in
triplets of flavor, in which the third component is an RH neutrino. The three generations of leptons for anomaly
cancellation are:

LiL =

νili
νci


L

∼ (1, 3,−1/3) , liR ∼ (1, 1,−1) , NiR ∼ (1, 1, 0) , (6.4)
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where i = 1, 2, 3 is the family index. Here νc ≡ νcR is the RH neutrino and νiL are the family of neutral leptons,
while liL (eL, µL, τL) is the family of charged leptons, andNiR are three right handed Majorana neutrinos, singlets
under the 3-3-1 group. Regarding the quark content, the first two generations are antitriplet of flavor, while the third
family is a triplet of flavor; note that the third generation has different gauge content compared with the first two
generations, which is required by the anomaly cancellation.

QnL =

 dn
−un
Jn


L

∼
(
3, 3, 0

)
, Q3L =

u3d3
T


L

∼ (3, 3, 1/3) , n = 1, 2. (6.5)

uiR ∼ (3, 1, 2/3) , diR ∼ (3, 1,−1/3) , JnR ∼ (3, 1,−1/3) , TR ∼ (3, 1, 2/3) .

We can observe that the diR and JiR quarks have the same X quantum number, and so are the uiR and TR quarks.
Here uiL and diL are the LH up and down type quarks fields in the flavor basis, respectively. Furthermore, uiR and
diR are the RH SM quarks, and JnR and TR are the RH exotic quarks. And the scalar sector contains four scalar
triplets of flavor,

ρ =

 ρ+1
1√
2
(vρ + ξρ ± iζρ)

ρ+3

 ∼
(

1, 3,
2

3

)
, χ =

 χ0
1

χ−
2

1√
2
(vχ + ξχ ± iζχ)

 ∼
(

1, 3,−1

3

)
,

(6.6)

η2 =

 1√
2
(vη2

+ ξη2
± iζη2

)

η−22
η032

 ∼
(

1, 3,−1

3

)
, η1 =

 1√
2
(ξη1

± iζη1
)

η−21
η031

 ∼
(

1, 3,−1

3

)
.

where η1 is an inert triplet scalar, on the other hand, the SU(3)L scalars ρ, χ, and η2 acquire the following vacuum
expectation value (VEV) patterns:

⟨χ⟩T =
(
0, 0, vχ/

√
2
)
, ⟨ρ⟩T =

(
0, vρ/

√
2, 0
)
, ⟨η2⟩T =

(
vη2

/
√
2, 0, 0

)
. (6.7)

In addition, some singleton scalars are introduced: {σ,Θn, ζn, φ, Sk,Φ, ξ}, (k = e, µ, τ) where all fields transform
(1, 1, 0) under SU(3)C × SU(3)L × U(1)X .

With respect to the global leptonic symmetry defined as [171]:

L =
4√
3
T8 + I3×3Lg, (6.8)

where Lg is a conserved charge corresponding to the U(1)Lg global symmetry, which commutes with the gauge
symmetry. The difference between the SU(3)L Higgs triplet can be explained using different charges Lg the
generalized lepton number. The lepton and anti-lepton are in the triplet, the leptonic number operator L does not
commute with gauge symmetry.
The choice of the S4 symmetry group containing irreducible triplet, doublet, trivial singlet and non-trivial singlet
representations presented in the Appendix A.3.2, allows us to naturally group the three charged left lepton families,
and the three right-handed majonara neutrinos into S4 triplets; (L1L, L2L, L2L) ∼ 3, NR = (N1R, N2N , N2N ) ∼
3, while the first two families of left SM quarks, and the second and third families of right SM quarks in S4

doublets; QL = (Q1L, Q2L) ∼ 2, UR = (u2R, u3R) ∼ 2 respectively, as well as the following exotic quarks;
JR = (J1R, J2R) ∼ 2, the remaining fermionic fields Q3L, TR, and liR as trivial singlet, u1R and diR non-trivial
singlet of S4. The assignments under S4, the scalar fields Sk, Φ, and ξ are grouped into triplets. In our model, the
Sk fields play a fundamental role in the vacuum configurations for the S4 triplets leading to diagonal mass matrices
for the charged leptons of the standard model. The inert field η1 and η2 in doublet η = (η1, η2) ∼ 2, there are three
nontrivial singlets; {σ,Θ2, ζ2} ∼ 1’ and five trivial singlets {ρ, χ,Θ1, φ, ζ1}.

Using the particle spectrum and symmetries given in Tables 6.1 and 6.2, we can write the Yukawa interactions
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ρ η χ σ Θ1 Θ2 φ ζ1 ζ2 S1 S2 S3 Φ ξ
U(1)Lg

−2/3 −2/3 4/3 0 0 0 2 0 0 0 0 0 0 2
S4 1 2 1 1′ 1 1′ 1 1 1′ 3 3 3 3 3
Z4 0 1 0 −1 0 0 0 0 0 −1 −1 −1 −2 0
Z ′
4 0 0 0 0 0 0 0 0 0 1 1 1 0 0

Z2 −1 0 0 0 0 0 0 −1 −1 0 0 0 1 0

Table 6.1: Scalar assignments under U(1)Lg
× S4 × Z4 × Z ′

4 × Z2.

for the quark and lepton sectors:

−L(q)
Y = y

(T )
1 Q3LχTR + y(J)

(
QLχ

∗JR
)
1
+ y

(u)
3 Q3L (ηUR)1 + y

(u)
2 εabc

(
Q

a

Lη
b
)
2
χcUR

σ

Λ2
(6.9)

+y
(u)
1 εabc

(
Q

a

Lη
b
)
1′
χcu1R

σ2

Λ3
+ y

(d)
13

(
QLη

∗)
1′ d3R

ζ1
Λ

+ y
(d)
12

(
QLη

∗)
1′ d2R

Θ1

Λ

+y
(d)
11

(
QLη

∗)
1′ d1R

σ2

Λ2
+ y

(d)
23

(
QLη

∗)
1
d3R

ζ2
Λ

+ y
(d)
22

(
QLη

∗)
1
d2R

Θ2

Λ
+ y

(d)
33 Q3Lρd3R,

−L(l)
Y = y

(L)
1 LLρl1R

Se

Λ
+ y

(L)
2 LLρl2R

Sµ

Λ
+ y

(L)
3 LLρl3R

Sτ

Λ
+ y(L)

χ

(
LLχNR

)
1

(6.10)

+yνεabc

(
L
a

Lρ
∗c (LC

L

)b)
3

Φ

Λ
+ h1N

(
NRNC

R

)
1
φ
σ2

Λ2
+ h2N

(
NRNC

R

)
3
ξ
σ2

Λ2
+H.c.,

where the y(I) (with I = T, J, u, d, L) represent the Yukawa couplings, which are dimensionless. The superscripts
of these couplings indicate the specific contribution of the particles involved; (T ) and (J), refer to the Yukawa
couplings of the exotic T and J quarks respectively, (u) and (d) refer to the couplings of the quarks that give
rise to the mass matrices of the up and down sectors respectively, and the index (L) indicates the couplings of
the charged leptonic Yukawa interactions. In the quark sector, under the S4 group the couplings determine the
interactions between the quark doublets QL, the quark singlets uiR and diR, the doublet UR, and the scalar fields.
The hnN terms are associated with operators involving heavy neutrinos, hnN refer to the interactions between the
right-handed neutrinos and the scalar fields, crucial for the generation of neutrino masses. And the subscripts 1,
1′, 2 and 3 denote the irreducible representations under the discrete symmetry group S4, whose tensor products are
shown in Appendix A.3.2.

We use the following VEV configurations (see section 6.4.1) for the S4 triplets

⟨Se⟩ = vSe (1, 0, 0) , ⟨Sµ⟩ = vSµ (0, 1, 0) , ⟨Sτ ⟩ = vSτ (0, 0, 1) , (6.11)

⟨Φ⟩ = vΦ
(
1, r1e

iθ, r1e
iθ
)
, ⟨ξ⟩ = vξ (1, 1, r2) (6.12)

where r1, r2 and θ are free parameters. Regarding the S4 scalar doublet, we consider the following VEV pattern:

⟨η⟩ = vη2√
2
(0, 1) , (6.13)

The above given VEV patterns are consistent with the scalar potential minimization conditions for a large region of
parameter space. They allow to get a predictive and viable pattern of SM fermion masses and mixings as it will be
shown in the next sections.

Furthermore, the S4 singlet gauge singlet scalars have VEVs given by:

⟨σ⟩ = vσ, ⟨Θn⟩ = vΘn , ⟨φ⟩ = vφ, ⟨ζn⟩ = vζn , n = 1, 2. (6.14)
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QL Q3L u1R UR d1R d2R d3R TR JR LL l1R l2R l3R NR

U(1)Lg
2/3 −2/3 0 0 0 0 0 −2 2 1/3 1 1 1 −1

S4 2 1 1′ 2 1′ 1′ 1′ 1 2 3 1 1 1 3
Z4 −1 0 0 −1 2 0 0 0 −1 −1 0 0 0 1
Z ′
4 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 0

Z2 0 0 0 0 0 0 1 0 0 0 1 1 1 0

Table 6.2: Fermion assignments under U(1)Lg
× S4 × Z4 × Z ′

4 × Z2.

Observable Model Value Experimental Value
mu (MeV) 2.04 2.16+0.49

−0.26

mc (GeV) 1.26 1.27± 0.02
mt (GeV) 172.50 172.69± 0.30
md (MeV) 4.40 4.67+0.48

−0.17

ms (MeV) 93.7 93.4+8.6
−3.4

mb (GeV) 4.18 4.18+0.03
−0.02

sin θ
(q)
12 0.22530 0.22500± 0.00067

sin θ
(q)
23 0.04332 0.04182+0.00085

−0.00074

sin θ
(q)
13 0.00390 0.00369± 0.00011

Jq 2.93× 10−5
(
3.08+0.15

−0.13

)
× 10−5

Table 6.3: The model and experimental values for observables in the quarks sector. The model value correspond
to the best fit values of the quark sector observables and we use the experimental values of the quark masses at the
On-Shell scale from Ref. [3].

6.2 Quark masses and mixings

After the spontaneous symmetry breaking of the Lagrangian of Eq.(6.9), we obtain the following 3 × 3 low-scale
quark mass matrices:

MU =


vη2vχv

2
σ

Λ3 y
(u)
1 0 − vη2vχvσ

Λ2 y
(u)
2

0 −vη2vχvσ
Λ2 y

(u)
2 0

0 0 vη2y
(u)
3

 =

 C 0 A
0 A 0
0 0 B

 ,

MD =

 −vη2v
2
σ

Λ2 y
(d)
12 − vη2vΘ1

Λ y
(d)
12 −vη2vζ1

Λ y
(d)
13

0
vη2vΘ2

Λ y
(d)
22

vη2vζ2
Λ y

(d)
23

0 0 vρy
(d)
33

 =

 C1 A1 B1

0 A2 B2

0 0 B3

 , (6.15)

The matrices of Eq. (6.15) are non hermitian and we are considering the complex coupling B2. However, the
following matrices are Hermitian,

MUM
T
U =

A2 + C2 0 AB
0 A2 0
AB 0 B2

 ; MDM
†
D =

A2
1 +B2

1 + C2
1 A1A2 +B1B2 B1B3

A1A2 +B1B2 A2
2 +B2

2 B2B3

B1B3 B2B3 B2
3

 (6.16)

Considering the unitary matrices MUM
T
U (we consider the case where all entries of MU are real) and MDM

†
D,

we can fit the quark sector parameters in order to successfully reproduce the experimental values of the physical
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observables of the quark sector. To this end, we proceed to minimize the following χ2 function defined as:

χ2 =

(
mexp

u −mth
u

)2
σ2
mu

+

(
mexp

c −mth
c

)2
σ2
mc

+

(
mexp

t −mth
t

)2
σ2
mt

+

(
mexp

d −mth
d

)2
σ2
md

+

(
mexp

s −mth
s

)2
σ2
ms

+

(
mexp

b −mth
b

)2
σ2
mb

+

(
sin θ

(q) exp
12 − sin θ

(q)th
12

)2
σ2

sin θ
(q)
12

+

(
sin θ

(q) exp
23 − sin θ

(q)th
23

)2
σ2

sin θ
(q)
23

+

(
sin θ

(q) exp
13 − sin θ

(q)th
13

)2
σ2

sin θ
(q)
13

+

(
Jexp
q − J th

q

)2
σ2
Jq

,

(6.17)

where mi are the masses of the quarks (i = u, c, t, d, s, b), sin θ(q)ij is the sine function of the quark mixing
angles (with j, k = 1, 2, 3) and Jq is the quark Jarlskog invariant. The supra indices represent the experimental
(“exp”) and theoretical (“th”) values, and the σ are the experimental errors. The best-fit point of our model is shown
in Table 6.3 together with the current experimental values, while Eq. (6.18) shows the benchmark point of the low
energy quark sector effective parameters that allow to successfully reproduce the measured SM quark masses and
CKM parameters, obtaining the following values for our best-fit point:

C = 2.03± 4.27× 10−2 MeV A = 1.26± 1.10× 10−2 GeV B = 172.47± 0.19 GeV.
C1 = −4.52± 0.10 MeV A1 = 21.0± 0.5 MeV A2 = −91.3± 2.1 MeV. (6.18)

B1 = 14.3± 0.2 MeV B2 = (0.181± 2× 10−3)e2.23i GeV B3 = 4.18± 0.01 GeV.

From Eq (6.15) for the Up quarks, we can see that the eigenvalues are (C,A,B) and from Eq (6.18) we have that
C ≃ mu, A = mc and B ≃ mt, where only the parameter A is equal to the mass of the charm quark, while the
other parameters are similar, but not equal to the values of the masses of the up quark and the top quark, this is
due to the non diagonal structure of the up type quark mass matrix, which features a mixing in the 1-3 plane, as
indicated by Eq (6.16). The same is true for the down quark sector, however, the structure of the matrix MDM

†
D is

more complicated than the one of MUM
T
U making it difficult to work with analytical expressions. For this reason,

the entire analysis and diagonalization of the matrices MUM
T
U and MDM

†
D have been performed numerically,

obtaining the following unitary rotation matrices for our best-fit point,

Ru =

 0.999 0 −0.007
0 −1. 0

−0.007 0 −0.999

 , (6.19)

Rd =

 0.974 0.225 −0.003
0.225 0.973e−3.14i 0.043e−0.910i

0.008e1.24i 0.043−2.24i 0.999e−3.14i

 . (6.20)

Fig. 6.1 we can see the correlation plot between the quark mixing angles sin θ
(q)
13 , sin θ(q)23 and the Jarlskog

invariant. These correlation plots were obtained by varying the best-fit point of the quark sector parameters around
20%, whose values are shown in Eq. (6.18). The dots in Fig. (6.1) represent the correlation between each observable
whereas the color background represents different values for sin θ(q)23 (Fig. 6.1a) and Jq (Fig. 6.1b), the vertical
(green) and horizontal (purple) bars represent the 1σ range in the experimental values, while the dotted line (black)
represents the value for the best-fit point of the model. The Fig. 6.1 a shows the correlation between sin θ

(q)
13 versus

Jq , for different values of the sin θ
(q)
23 , where the model predicts that sin θ(q)13 is found in the range 3.4 × 10−3 ≲

sin θ
(q)
13 ≲ 4.0× 10−3 in the allowed parameter space and, moreover, it increases when the Jarlskog invariant takes

larger values, whose values are in the range 2.63 × 10−5 ≲ Jq ≲ 3.11 × 10−5. The plot, Fig. (6.1b), shows a
correlation between sin θ

(q)
13 versus sin θ

(q)
23 for different values of Jq , in which the first variable takes on a wider

range of values, with a lower limit decreasing while the upper limit remains constant, when the second one acquires
larger values, where we can see that sin θ(q)23 is in the range 3.9× 10−2 ≲ sin θ

(q)
23 ≲ 4.4× 10−2.
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Figure 6.1: Correlation plot between the mixing angles of the quarks and the Jarlskog invariant obtained with our
model. The green and purple bands represent the 1σ range in the experimental values, while the dotted line (black)
represents the best-fit point by our model. The black line in the vertical color bar represents the best-fit point of the
model for sin θ(q)23 and Jq .

6.3 Lepton masses and mixings

6.3.1 Charged lepton sector
The Z ′

4 charge assignments of the model fields shown in the Table 6.1, as well the VEV pattern of the S4 scalar
triplets Se, Sµ and Sτ shown in Eq. (6.11) imply that the charged lepton Yukawa terms of Eq. (6.10), yield a
diagonal charged lepton mass matrix:

Ml =

 me 0 0
0 mµ 0
0 0 mτ

 , (6.21)

where the masses of the SM charged leptons are given by:

me = y
(L)
1

vSe
vρ

Λ
= a1

vρ
Λ
, mµ = y

(L)
2

vSµ
vρ

Λ
= a2

vρ
Λ
, mτ = y

(L)
3

vSτ
vρ

Λ
= a3

vρ
Λ
. (6.22)

6.3.2 Neutrino sector
The neutrino Yukawa interactions of Eq. (6.10) give rise to the following neutrino mass terms:

−L(ν)
mass =

1

2

(
νCL νR NR

)
Mν

 νL
νCR
NC

R

+H.c, (6.23)

where the neutrino mass matrix reads:

Mν =

03×3 mνD
03×3

mT
νD

03×3 M
03×3 MT µ

 , (6.24)

and the submatrices are given by:

mνD
=

yνvρvΦ√
2Λ

 0 r1e
iθ r1e

iθ

−r1eiθ 0 1
−r1eiθ −1 0

 , M = y(L)
χ

vχ√
2

 1 0 0
0 1 0
0 0 1

 ,

µ =

 h1Nvφ h2Nvξr2 h2Nvξ
h2Nvξr2 h1Nvφ h2Nvξ
h2Nvξ h2Nvξ h1Nvφ

 v2σ
Λ2
. (6.25)
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The light active masses arise from an inverse seesaw mechanism and the resulting physical neutrino mass
matrices take the form [168, 177]:

M̃ν = mνD

(
MT

)−1
µM−1mT

νD
, (6.26)

M̃ (1)
ν =

1

2
µ− 1

2

(
M +MT

)
, (6.27)

M̃ (2)
ν =

1

2
µ+

1

2

(
M +MT

)
. (6.28)

Here, M̃ν is the mass matrix for the active neutrino (να), whereas M̃ (1)
ν and M̃ (2)

ν are the sterile neutrinos mass
matrices.
Thus, the light active neutrino mass matrix is given by:

M̃ν =

 2a2 (y2 + z) a (b (y2 + z)− a (y1 + y2)) −a (a (y1 + y2) + b (y2 + z))
a (b (y2 + z)− a (y1 + y2)) z

(
a2 + b2

)
− 2aby2 a2z + ab (y1 − y2)− b2y2

−a (a (y1 + y2) + b (y2 + z)) a2z + ab (y1 − y2)− b2y2 z
(
a2 + b2

)
+ 2aby1

 ,

(6.29)
where the effective parameters are defined as:

a =
yνvρvΦr1

y
(L)
χ vχΛ

eiθ, b =
yνvρvΦ

y
(L)
χ vχΛ

, y1 =
v2σh2Nvξr2

Λ2
,

y2 =
v2σh2Nvξ

Λ2
, z =

v2σh1Nvφ
Λ2

. (6.30)

From Eq. (6.30), we can observe that the effective parameters are not independent, obtaining the following
relation,

a = br1e
iθ ; y1 = y2r2. (6.31)

In order to fit the effective neutrino sector parameters to successfully reproduce the experimental values of
the neutrino mass squared splittings, the leptonic mixing angles and the leptonic Dirac CP phase, we proceed to
minimize the following χ2 function:

χ2 =

(
∆m2 exp

21 −∆m2 th
21

)2
σ2
∆m2

21

+

(
∆m2 exp

31 −∆m2 th
31

)2
σ2
∆m2

31

+

(
sin2 θ

(l) exp
12 − sin2 θ

(l)th
12

)2
σ2

sin2 θ
(l)
12

(6.32)

+

(
sin2 θ

(l) exp
23 − sin2 θ

(l)th
23

)2
σ2

sin2 θ
(l)
23

+

(
sin2 θ

(l) exp
13 − sin2 θ

(l)th
13

)2
σ2

sin2 θ
(l)
13

+

(
δexpCP − δth

CP

)2
σ2
δCP

,

where ∆m2
i1 (with i = 2, 3) are the neutrino mass squared differences, sin θ(l)jk is the sine function of the mixing

angles (with j, k = 1, 2, 3) and δCP is the CP violation phase. The supra indices represent the experimental (“exp”)
and theoretical (“th”) values, and the 1σ are the experimental errors. However, as was done in the quark sector,
the matrix (6.29) is not Hermitian. Even so, due to its structure, the M̃νM̃

†
ν matrix is not simple to work with

analytically, so numerical analysis is also carried out in the neutrino sector. Therefore, after minimizing Eq. (6.32)
using the matrix M̃νM̃

†
ν , we get the following values for the model parameters:

a = (0.521± 0.022)e−3.027i, b = (1.080± 0.041)i, y1 = −0.086± 0.007 eV,
y2 = 2.05± 0.12 eV, z = −2.30± 0.14 eV. (6.33)

The diagonalization of the matrix (6.29) gives us a determinant equal to zero, so we obtain the following
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Observable range ∆m2
21 [10−5eV2] ∆m2

31 [10−3eV2] sin2 θ
(l)
12 /10

−1 sin2 θ
(l)
13 /10

−3 sin2 θ
(l)
23 /10

−1 δ
(l)
CP(

◦)

Experimental 1σ 7.50+0.22
−0.20 2.55+0.02

−0.03 3.18± 0.16 2.200+0.069
−0.062 5.74± 0.14 194+24

−22

Value 3σ 6.94− 8.14 2.47− 2.63 2.71− 3.69 2.000− 2.405 4.34− 6.10 128− 359
Fit 1σ − 3σ 7.498 2.54 3.02 2.191 5.93 246.4

Table 6.4: Model predictions for the scenario of normal order (NO) neutrino mass. The experimental values are
taken from Ref. [5]

eigenvalues:

m2
1 = 0, (6.34)

m2
2 =

∣∣∣∣ (a2 (y2 + 2z) + ab (y1 − y2) + b2z

−
√
2a2y21 (a

2 + b2) + 2ay2y1(a− b) (2a2 + ab+ b2) + y22 (a
2 + b2) (3a2 + 2ab+ b2)

)∣∣∣∣2 ,(6.35)

m2
3 =

∣∣∣∣ (a2 (y2 + 2z) + ab (y1 − y2) + b2z

+
√
2a2y21 (a

2 + b2) + 2ay2y1(a− b) (2a2 + ab+ b2) + y22 (a
2 + b2) (3a2 + 2ab+ b2)

) ∣∣∣∣2.(6.36)

With the values of the parameters of our best-fit point of the Eq. (6.33), we obtain the results of the neutrino
sector that are shown in the Table 6.4, together with the experimental values in the range of 1σ and 3σ, whose
experimental data were taken from [5]. In the Table 6.4, we can see that the difference of the square of the neutrino
masses (∆m2

21, ∆m2
31) and the of solar and reactor mixing neutrinos (sin2 θ(l)12 , sin2 θ(l)13 ) are in the range of 1σ,

while the angle of the atmospheric neutrino (sin2 θ(l)23 ) is in the range of 2σ and the CP violation phase (δCP) is in
the range of 3σ.

Fig. 6.2 shows the correlation between the leptonic Dirac CP violating phase and the neutrino mixing angles as
well as the correlations among the leptonic mixing angles, where the green and purple background fringes represent
the 1σ range of the experimental values and the black bands the dotted lines represent our best-fit point for each
observable. In Fig. 6.2, we see that for the mixing angles, we can get values in the 1σ range, while for the
CP violating phase, we obtain values up to 3σ, where each lepton sector observable is obtained in the following
range of values: 0.290 ≤ sin2 θ

(l)
12 ≤ 0.317, 0.0201 ≤ sin2 θ

(l)
13 ≤ 0.0241, 0.584 ≤ sin2 θ

(l)
23 ≤ 0.603 and

244◦ ≤ δCP ≤ 248◦.

6.4 Scalar potential for the SU(3)L triplets.

In this section we will discuss the low energy scalar potential as well as the resulting scalar mass spectrum. As
previously mentioned, the discrete groups are spontaneously broken at energy scale much larger than the scale of
spontaneoys breaking of the SU(3)C × SU(3)L × U(1)X × U(1)Lg

symmetry, then implying that the mixing
angles between the gauge singlet scalar fields and the SU(3)L scalar triplets are strongly suppressed by the ratios
between their VEVs (in the scenario of quartic scalar couplings of the same order of magnitude), as follows from
the method of method of recursive expansion proposed in [118]. Because of this reason, the singlet scalar fields do
not have a relevant impact in the electroweak precision observables since they do not couple with the SM gauge
bosons and their mixing angles with the neutral components of the SU(3)L scalar triplets are very small. Therefore,
under the aforementioned considerations, we restrict of our analysis of the scalar spectrum to the one resulting from
the scalar potential built from SU(3)L triplets of our model, which are the relevant scalar degrees of freedom at
energies corresponding to the scale were the SU(3)C × SU(3)L × U(1)X × U(1)Lg

symmetry is spontaneously
broken. It is worth mentioning that the most general renormalizable potential invariant under S4 which we can
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(a) (b)

(c) (d)

(e) (f)

Figure 6.2: Correlation between the mixing angles of the neutrino sector and the CP violation phase obtained with
our model. The green and purple bands represent the 1σ range in the experimental values, while the dotted line
(black) represents the best-fit point of our model.



6.4. Scalar potential SU(3)L triplets 73

write with the four triplets of the Eqs. (6.6) is given by

V = −µ2
χ(χ

†χ) + µ2
η1
η†1η1 − µ2

η2
η†2η2 − µ2

ρ(ρ
†ρ) + κ η2ρχ+ λ1(χ

†χ)(χ†χ) + λ2(η
†η)1(η

†η)1

+λ3(η
†η)1′(η†η)1′ + λ4(η

†η)2(η
†η)2 + λ5(η

†η)1(χ
†χ) + λ6

[
(η†χ)(χ†η)

]
1

(6.37)

+λ7(ρ
†ρ)2 + λ8(η

†η)1(ρ
†ρ) + λ9(χ

†χ)(ρ†ρ) + h.c,

where η1 is an inert SU(3)L scalar triplet, the µ’s are mass parameters and κ is the trilinear scalar coupling, has
dimensions of mass, while λ’s are the quartic dimensionless couplings.

In the de Born level analysis of the mass spectrum of the Higgs bosons and the physical basis of scalar particles,
we must construct the scalar mass matrices of the model. Then substituting the equations of constraintst Eq. (6.44),
and Eq. (6.6) into the scalar potential Eq. (6.37), the square mass matrices are determined, calculating the second
derivatives of the potential

(
M2

ϕ±

)
ij
=

∂V

∂ϕ+i ∂ϕ
−
j

∣∣∣∣∣
⟨ϕ±⟩

,
(
M2

ϕ

)
ij
=

∂V

∂ϕi∂ϕj

∣∣∣∣
⟨ϕ⟩

, (6.38)

where ϕ± = χ+
2 , ρ

+
1 , ρ

+
3 , η

+
21, η

+
22, χ

−
2 , ρ

−
1 , ρ

−
3 , η

−
21, η

−
22, for charged fields and ϕ = ξχ, ξρ, ξη1 , ξη2 , ζχ, ζρ, ζη1 ,

ζη2
, χ0

1, η
0
31, η

0
32, for neutral scalar fields. Due to the symmetry of our models, the matrices of the CP odd and CP

even sectors contain two diagonal blocks, a situation similar to that presented in other works on 3-3-1 models [100],
however, our results differ in higher dimension matrices due to the extra intert field. In the charged sector, we can
obtain a mass squared matrix in the basis

(
η±21, η

±
22, ρ

±
1 , ρ

±
3 , χ

±
2

)
of the form.

M2
ϕ± =



µ2
η1

+ (λ− λ4) v
2
η +

λ8

2 v
2
ρ +

λ5

2 v
2
χ 0 0 0 0

0
Avρvχ√
2vη2

Avχ√
2

0 0

0
Avχ√

2

Avχvη2√
2vρ

0 0

0 0 0
Avχvη2√

2vρ

Avη2√
2

0 0 0
Avη2√

2

Avρvη2√
2vχ


(6.39)

In sector CP odd, the square matrices in the pseudoscalar neutral basis (ζη1 , ζη2 , ζρ, ζχ)

M2
ζ =


µ2
η1

+ (λ2 − 2λ3 − λ4) v
2
η2

+ λ8

2 v
2
ρ +

λ5

2 v
2
χ 0 0 0

0
Avρvχ√
2vη2

Avχ√
2

Avρ√
2

0
Avχ√

2

Avχvη2√
2vρ

Avη2√
2

0
Avρ√

2

Avη2√
2

Avρvη2√
2vχ

 (6.40)

and neutral scalar complex at the basis
(
Imη031, Imη

0
32, Imχ

0
1

)

M2
ϕIm

=


2µ2

η1
+ 2 (λ2 − λ4) v

2
η2

+ λ8v
2
ρ + (λ5 − λ6) v

2
χ 0 0

0
√
2Avρvχ
vη2

− λ6v
2
χ λ6vη2vχ −

√
2Avρ

0 λ6vη2vχ −
√
2Avρ

√
2Avη2vρ

vχ
− λ6v

2
η2


(6.41)

In the sector CP even, the square mass matrices in the scalar neutral basis (ξη1
, ξη2

, ξρ, ξχ)

M2
ξ =


µ2
η1

+ (λ2 + λ4) v
2
η2

+ λ8

2 v
2
ρ +

λ5

2 v
2
χ 0 0 0

0
Avρvχ√
2v2

η2

+ 2 (λ2 + λ4) v
2
η2

λ8vη2
vρ − Avχ√

2
λ5vη2

vχ − Avρ√
2

0 λ8vη2
vρ − Avχ√

2

Avη2
vχ√

2vρ
+ 2λ7v

2
ρ λ9vρvχ − Avη2√

2

0 λ5vη2
vχ − Avρ√

2
λ9vρvχ − Avη2√

2

Avη2
vρ√

2vχ
+ 2λ1v

2
χ


(6.42)
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and neutral scalar complex at the basis
(
Reη031,Reη032,Reχ0

1

)
M2

ϕRe
=


2µ2

η1
+ 2 (λ2 − λ4) v

2
η2

+ λ8v
2
ρ + (λ5 + λ6) v

2
χ 0 0

0
√
2Avρvχ
vη2

+ λ6v
2
χ

√
2Avρ + λ6vη2

vχ

0
√
2Avρ + λ6vη2

vχ

√
2Avη2

vρ
vχ

+ λ6v
2
η2


(6.43)

Furthermore, the minimization conditions of the scalar potential yield the following relations

µ2
χ = − κ√

2

vη2
vρ

vχ
+
λ5
2
v2η2

+
λ9
2
v2ρ + λ1v

2
χ,

µ2
η2

= − κ√
2

vρvχ
vη2

+
λ8
2
v2ρ +

λ5
2
v2χ + (λ2 + λ4) v

2
η2
, (6.44)

µ2
ρ = − κ√

2

vη2
vχ
vρ

+
λ8
2
v2η2

+
λ9
2
v2χ + λ7v

2
ρ.

After spontaneous symmetry breaking, the Higgs mass spectrum comes from the diagonalization of the squared
mass matrices. The mixing angles1 for the physical eigenstates are:

tanα =
vη2

vχ
, tanβ =

vρ
vχ
, tan τ =

vη2

vρ
, tan δ =

vχ
vρ sin τ

, tan 2ϑ =
2
√
2λ8

κvχ
v2η2

v2ρ
v2ρ − v2η2

,(6.45)

The Fig. 6.3, presents correlation plots demonstrating the relationships between mixing angles and physical scalar
masses, these correlation plots have been obtained by varying the point of best fit of the potential sector parameters
around 10%. These plots highlight specific correlations, such as the correlation between the τ angle and charged
fields, and the correlation between the δ angle and charged and pseudo-scalar fields. These correlations provide
invaluable insights into the interactions among scalar fields and enhance our understanding of particle properties and
the relationships between their masses and mixing angles. Moreover, similar correlations were observed for other
mixing angles. The correlation analyses of the mixing angles offer valuable information regarding the underlying
theoretical structure and relationships within the model.

We find that the charged sector is composed of two Goldstone bosons and three massive charged scalars.

M2
G±

1
= M2

G±
2
= 0, (6.46)

M2
H±

1
=

κvη2
vρ√

2vχ
+

κvη2
vχ√

2vρ
, (6.47)

M2
H±

2
=

κvη2
vχ√

2vρ
+

κvρvχ√
2vη2

, (6.48)

M2
H±

3
= µ2

η1
+ (λ2 − λ4) v

2
η2

+
λ8v

2
ρ

2
+
λ5v

2
χ

2
. (6.49)

The Goldstone bosons come only from mixing between ρ±3 and η±22, through the angle τ , while χ±
2 is a massive

field charged, the other two bulk fields correspond to the blending of ρ±1 and the charged component of the scalar
inert η±21 by blending angle β, i.e,

G±
1 = cos τ ρ±3 − sin τ η±22, G±

2 = sin τ ρ±3 + cos τ η±22,
H±

1 = cosβ ρ±1 − sinβ η±21, H±
2 = sinβ ρ±1 + cosβ η±21,

H±
3 = χ±

2 .
(6.50)

The physical mass eigenvalues of the CP odd scalars A0
1, A

0
2 and the Goldstone bosons G0

1, G
0
2 can be written

as:

M2
G0

1
= M2

G0
2
= 0, (6.51)

M2
A0

1
=

κvη2
vρ√

2vχ
+

κvη2vχ√
2vρ

+
κvρvχ√
2vη2

, (6.52)

M2
A0

2
= µ2

η1
+ v2η2

(λ2 − 2λ3 − λ4) +
λ8v

2
ρ

2
+
λ5v

2
χ

2
. (6.53)

1The symbol β is used in the scalar potential for the SU(3)L triplets as one of the mixing angles, it is a symbol different from the definition
of the operator electric charge.
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(a) (b)

Figure 6.3: Correlations between mixing angles and the masses of the physical charged scalar, neutral
scalar/pseudoscalar fields.

We have the following relationship between the original physical eigenstates:

G0
1 = cos τ ζρ − cos δ cos τ ζη1 − sin τ ζη2 , G0

2 = cos δ ζρ + sin δ ζη1 ,
A0

1 = sin τ ζρ − cos δ sin τ ζη1
+ cos τ ζη2

, A0
2 = ζχ,

(6.54)

where consider the following limit vχ ≫ vρ, vη2 . The masses of the light and heavy eigenstates for CP even scalars
are given as:

M2
h = κ

(
v2η2

+ v2ρ
)
vχ

2
√
2vη2

vρ
− 1

2
√
2vη2

vρ

√
κ2
(
v2η2

− v2ρ
)2
v2χ + 8λ28v

4
η2
v4ρ, (6.55)

M2
H0

1
= κ

(
v2η2

+ v2ρ
)
vχ

2
√
2vη2

vρ
+

1

2
√
2vη2

vρ

√
κ2
(
v2η2

− v2ρ
)2
v2χ + 8λ28v

4
η2
v4ρ, (6.56)

M2
H0

2
= µ2

η1
+ (λ2 + λ4) v

2
η2

+
λ8
2
v2ρ +

λ5
2
v2χ, (6.57)

M2
H0

3
= 2λ1v

2
χ. (6.58)

The lighter mass eigenstate h is identified as the SM Higgs boson. The two mass eigenstates h and H0
1 are

related with the ξη2
and ξρ fields through the rotation angle ϑ as:

h ≃ ξη2
cosϑ− ξρ sinϑ, (6.59)

H0
1 ≃ ξη2

sinϑ+ ξρ cosϑ, (6.60)

while the heavier fields are related as H0
2 ≃ ξη1

and H0
3 ≃ ξχ.

Finally, for the pseudoscalar and scalar neutral complex fields, we have composed the mixture of the Imaginary
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and Real parts of η031, η
0
32, χ

0
1, respectively,

M2
G0

3
= M2

G0
4
= 0 (6.61)

M2
A0

3
=

√
2κ
(
vη2

vρ
vχ

+
vρvχ
vη2

)
− λ6

(
v2χ + v2η2

)
, (6.62)

M2
A0

4
= 2µ2

η1
+ 2 (λ2 − λ4) v

2
η2

+ λ8v
2
ρ + (λ5 − λ6) v

2
χ, (6.63)

M2
H0

4
=

√
2κ
(
vη2vρ
vχ

+
vρvχ
vη2

)
+ λ6

(
v2χ + v2η2

)
, (6.64)

M2
H0

5
= 2µ2

η1
+ 2 (λ2 − λ4) v

2
η2

+ λ8v
2
ρ + (λ5 + λ6) v

2
χ. (6.65)

In the physical eigenstates, there are two Goldstone bosons and one pseudoscalar massive boson, and a scalar
from the mixture of the complex neutral part of η1 and η2, while,

G0
3 = sinα Imη031 − cosα Imη032, G0

4 = − sinα Reη031 + cosα Reη032,
A0

3 = cosα Imη031 + sinα Imη032, H0
4 = cosα Reη031 + sinα Reη032,

A0
4 = Imχ0

1, H0
5 = Reχ0

1.
(6.66)

In our model, the physical scalar masses can also be expressed in terms of the scalar mixing angles, as shown
in table 6.5, where the light scalar field h, is identified as the SM-like Higgs boson, additionally six charged fields(
H±

1 , H
±
2 , H

±
3

)
, five CP even

(
H0

1 , H
0
2 , H

0
3 , H

0
4 , H

0
5

)
and four CP odd fields

(
A0

1, A
0
2, A

0
3, A

0
4

)
. Fig. 6.4, displays

the correlation between the charged and neutral scalar masses. Fig. 6.4 (a), shows a linear correlation between of
the masses between the charged field and the pseudoscalar neutral field, H±

1 and A0
1 respectively, in Fig. 6.4 (b),

a linear correlation between the masses of the pseudoscalar and scalar neutral field, A0
3 and H0

3 respectively. The
charged Goldstone bosons

(
G±

1 , G
±
2

)
are related to the longitudinal components of theW± andW ′± gauge bosons

respectively; while the neutral Goldstone bosons
(
G0

1, G
0
2, G

0
3, G

0
4

)
are associated to the longitudinal components

of the Z, Z ′, K0 and K ′0 gauge bosons.

Scalar Masses
M2

G±
1

, M2
G±

2

0

M2
H±

1

κ√
2
avη2

csc(β) sec(β)

M2
H±

2

κ√
2
vχ csc(τ) sec(τ)

M2
H±

3

µ2
η1

+ v2χ
(
λ5

2 + (λ2 − λ4) tan
2(α) + λ8

2 tan2(β)
)

M2
G0

1
, M2

G0
2

0

M2
A0

1

κ√
2
csc(τ) (vη2

cot(δ) + vχ sec(τ))

M2
A0

2
µ2
η1

+ v2χ
(
λ5

2 + (λ2 − 2λ3 − λ4) tan
2(α) + λ8

2 tan2(β)
)

M2
h

κ
2
√
2
vχ csc(τ) sec(τ) (1 + sec(2ϑ) cos(2τ))

M2
H0

1

κ
2
√
2
vχ csc(τ) sec(τ) (1− sec(2ϑ) cos(2τ))

M2
H0

2
µ2
η1

+ v2χ
(
λ5

2 + (λ2 + λ4) tan
2(α) + λ8

2 tan2(β)
)

M2
H0

3
2λ1v

2
χ

M2
G0

3
, M2

G0
4

0

M2
A0

3
vη2

csc2(α)
(√

2κ tan(α)− λ6vη2

)
M2

A0
4

2µ2
η1

+ v2χ
(
λ5 − λ6 + 2 (λ2 − λ4) tan

2(α) + λ8 tan
2(β)

)
M2

H0
4

vη2
csc2(α)

(√
2κ tan(α) + λ6vη2

)
M2

H0
5

2µ2
η1

+ v2χ
(
λ5 + λ6 + 2 (λ2 − λ4) tan

2(α) + λ8 tan
2(β)

)
Table 6.5: Physical mass spectrum of the scalars in terms of mixing angles.

In analyzing the scalar sector of the model, it should be noted that in the potential of Eq. (6.37), the quartic
coupling parameters must meet the following constraint |λi| < 4π due to perturbative unitarity. Taking this into
account we can successfully accommodate the 125 GeV mass for the SM like Higgs boson found at the LHC for
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Figure 6.4: Correlation plot between the pseudoscalar neutral, scalar neutral, and scalar charged masses.

Figure 6.5: Correlation color plot between the trilinear scalar parameter κ and the quartic scalar coupling λ8
consistent with the SM-like Higgs mass.

the following VEV values:

vχ ≃ 9.994 TeV, vη2
≃ 244.2 GeV, vρ ≃ 29.54 GeV, (6.67)

which yield a mass mh = 125.387 GeV for the SM like Higgs boson. Note that the Higgs SM boson mass depends
on the trilinear coupling κ and the quartic coupling λ8, which is lower than its upper limit of 4π arising from
perturbativity. Fig. 6.5 displays the correlation between the trilinear scalar parameter κ and the quartic scalar
coupling λ8 consistent with the experimental values of the SM like Higgs boson mass. Here we have used the
numerical values of the VEVs of Eq. (6.67) The new scalar fields introduce corrections to the phenomenological
processes that arise in this model and provide more precise determinations of phenomena such as, for instance K
meson oscillations. In the SM-type two-photon Higgs decay constraints, where extra-charged scalar fields induce
one loop level corrections to the Higgs diphoton decay. These phenomenological processes are studied in more
detail in the following sections.

6.4.1 The scalar potential for a S4 doublet and triplet
The scalar potential for a S4 doublet η is given by

VD = −g2η (ηη∗)1 + k1 (ηη
∗)1 (ηη

∗)1 + k2 (ηη
∗)1′ (ηη

∗)1′ + k3 (ηη
∗)2 (ηη

∗)2 . (6.68)
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The components of this expression are characterized by the presence of four unconstrained parameters: a bilin-
ear coupling and three quartic couplings. From the scalar potential minimization:

∂⟨VD⟩
∂vη2

= − 2g2ηvη2
+ 4k1v

3
η2

+ 4k3v
3
η2

= 0, (6.69)

we obtain the parameter gη as a function of the other three parameters, i.e.

g2η = 2 (k1 + k3) v
2
η2
, (6.70)

with k1, k3 ∈ R. On the other hand, the condition of having a global minimum:

∂2⟨VD⟩
∂v2η2

= − g2η + 6v2η2
(k1 + k3) > 0, (6.71)

gives rise to the followingfollowing inequality:

g2η < 6v2η2
(k1 + k3), (6.72)

.

This result suggests that the VEV pattern of the S4 doublet η as presented in Eq. (6.13), is consistent with a
global minimum of the scalar potential of Eq. (6.68), in a large parameter space region.

The relevant terms determining the VEV directions of any S4 scalar triplet are:

VT = −g2Ω (ΩΩ∗)1 + k1 (ΩΩ
∗)1 (ΩΩ

∗)1 + k2 (ΩΩ
∗)3 (ΩΩ

∗)3 + k3 (ΩΩ
∗)3′ (ΩΩ

∗)3′ (6.73)
+k4 (ΩΩ

∗)2 (ΩΩ
∗)2 +H.c.

where Ω = Se, Sµ, Sτ ,Φ, ξ.

The part of the scalar potential for each S4 scalar triplet has five free parameters: one bilinear and four quartic
couplings. The minimization conditions of the scalar potential for a S4 triplet yield the following relations:

∂⟨VT ⟩
∂vΩ1

= −2g2ΩvΩ1
+ 8k2vΩ1

(
v2Ω2

+ v2Ω3

)
+ 4k1vΩ1

(
v2Ω1

+ v2Ω2
+ v2Ω3

)
− 4

3
k4vΩ1

(
−2v2Ω1

+ v2Ω2
+ v2Ω3

)
= 0,

∂⟨VT ⟩
∂vΩ2

= −2g2ΩvΩ2
+ 8k2vΩ2

(
v2Ω1

+ v2Ω3

)
+ 4k1vΩ2

(
v2Ω1

+ v2Ω2
+ v2Ω3

)
+ 2k4vΩ2

(
v2Ω2

− v2Ω3

)
(6.74)

+
2

3
k4vΩ2

(
−2v2Ω1

+ v2Ω2
+ v2Ω3

)
= 0,

∂⟨VT ⟩
∂vΩ3

= −2g2ΩvΩ3 + 8k2vΩ3

(
v2Ω1

+ v2Ω2

)
+ 4k1vΩ3

(
v2Ω1

+ v2Ω2
+ v2Ω3

)
− 2k4vΩ3

(
v2Ω2

− v2Ω3

)
+
2

3
k4vΩ3

(
−2v2Ω1

+ v2Ω2
+ v2Ω3

)
= 0.
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whereas the condition of having a global minimum gives rise to the following inequalities:

∂2⟨VT ⟩
∂v2Ω1

= − 2g2Ω + 8k2
(
v2Ω2

+ v2Ω3

)
+ 4k1

(
3v2Ω1

+ v2Ω2
+ v2Ω3

)
+

4

3
k4
(
6v2Ω1

− v2Ω2
− v2Ω3

)
> 0,

∂2⟨VT ⟩
∂v2Ω2

=− 2g2Ω + 8k2
(
v2Ω1

+ v2Ω3

)
+ 4k1

(
v2Ω1

+ 3v2Ω2
+ v2Ω3

)
+ 2k4

(
3v2Ω2

− v2Ω3

)
+

− 4

3
k4
(
v2Ω1

− 6v2Ω2
+ v2Ω3

)
> 0,

∂2⟨VT ⟩
∂v2Ω3

=− 2g2Ω + 8k2
(
v2Ω1

+ v2Ω2

)
+ 4k1

(
v2Ω1

+ v2Ω2
+ 3v2Ω3

)
− 2k4

(
v2Ω2

− 3v2Ω3

)
− 4

3
k4
(
v2Ω1

+ v2Ω2
− 6v2Ω3

)
> 0,

(6.75)

From the scalar potential minimization equations. From the first minimization condition we get:

g2Sk
=

(3k1 + 2k4)

3
v2Sk

, (6.76)

g2Φ =
2
(
2e4iθ (6 (k1 + k2) + k4) r

4
1 + 4e2iθ (3k1 + 6k2 − k4) r

2
1 + 3k1 + 2k4

)
3 + 6e2iθr21

v2Φ, (6.77)

g2ξ =
2
(
2k4

(
r22 − 1

)
2 + 3k1

(
r22 + 2

)
2 + 12k2

(
2r22 + 1

))
3 (r22 + 2)

v2ξ , (6.78)

where k = e, µ, τ . This shows that the VEV configuration of the S4 triplet Se given in the equations (6.11) and
(6.12), is in accordance with the scalar potential minimization condition of Eq. (6.74). The other S4 triplets in our
model are also consistent with the scalar potential minimization conditions, which can be demonstrated using the
same procedure described in this section. These results show that the VEV directions for the S4 triplets Se, Sµ, Sτ ,
Φ, ξ are consistent with a global minimum of the scalar potential for a large region of parameter space.

6.5 Meson mixings
In this section we discuss the implications of our model in the Flavour Changing Neutral Current (FCNC) interac-
tions in the down type quark sector. These FCNC down type quark Yukawa interactions produceK0−K̄0,B0

d−B̄0
d

and B0
s − B̄0

s meson oscillations, whose corresponding effective Hamiltonians are:

H(K)
eff=

3∑
j=1

κ
(K)
j (µ)O(K)

j (µ) , (6.79)

H(Bd)
eff =

3∑
j=1

κ
(Bd)
j (µ)O(Bd)

j (µ) , (6.80)

H(Bs)
eff =

3∑
j=1

κ
(Bs)
j (µ)O(Bs)

j (µ) , (6.81)

where:

O(K)
1 = (sRdL) (sRdL) , O(K)

2 = (sLdR) (sLdR) , O(K)
3 = (sRdL) (sLdR) , (6.82)

O(Bd)
1 =

(
dRbL

) (
dRbL

)
, O(Bd)

2 =
(
dLbR

) (
dLbR

)
, O(Bd)

3 =
(
dRbL

) (
dLbR

)
,(6.83)

O(Bs)
1 = (sRbL) (sRbL) , O(Bs)

2 = (sLbR) (sLbR) , O(Bs)
3 = (sRbL) (sLbR) , (6.84)
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and the Wilson coefficients take the form:

κ
(K)
1 =

x2hsRdL

m2
h

+

5∑
m=1

4∑
n=1

(
x2H0

msRdL

m2
H0

m

−
x2A0

nsRdL

m2
A0

n

,

)
(6.85)

κ
(K)
2 =

x2hsLdR

m2
h

+

5∑
m=1

4∑
n=1

(
x2H0

msLdR

m2
H0

m

−
x2A0

nsLdR

m2
A0

n

)
, (6.86)

κ
(K)
3 =

xhsRdL
xhsLdR

m2
h

+

5∑
m=1

4∑
n=1

(
xH0

msRdL
xH0

msLdR

m2
H0

m

− xA0
nsRdL

xA0
nsLdR

m2
A0

n

)
, (6.87)

κ
(Bd)
1 =

x2
hdRbL

m2
h

+

5∑
m=1

4∑
n=1

(
x2
H0

mdRbL

m2
H0

m

−
x2
A0

ndRbL

m2
A0

n

)
, (6.88)

κ
(Bd)
2 =

x2
hdLbR

m2
h

+

5∑
m=1

4∑
n=1

(
x2
H0

mdLbR

m2
H0

m

−
x2
A0

ndLbR

m2
A0

n

)
, (6.89)

κ
(Bd)
3 =

xhdRbL
xhdLbR

m2
h

+
5∑

m=1

4∑
n=1

(
xH0

mdRbL
xH0

mdLbR

m2
H0

m

−
xA0

ndRbL
xA0

ndLbR

m2
A0

n

)
, (6.90)

κ
(Bs)
1 =

x2hsRbL

m2
h

+

5∑
m=1

4∑
n=1

(
x2H0

msRbL

m2
H0

m

−
x2A0

nsRbL

m2
A0

n

)
, (6.91)

κ
(Bs)
2 =

x2hsLbR

m2
h

+

5∑
m=1

4∑
n=1

(
x2H0

msLbR

m2
H0

m

−
x2A0

nsLbR

m2
A0

n

)
, (6.92)

κ
(Bs)
3 =

xhsRbLxhsLbR

m2
h

+

5∑
m=1

4∑
n=1

(
xH0

msRbLxH0
msLbR

m2
H0

m

− xA0
nsRbLxA0

nsLbR

m2
A0

n

)
, (6.93)

where the xhadcLdfR
effective parameters are the couplings of the physical scalar and pseudoscalar fields ha with

the dc,f -type quarks, with ha = h, H0
m, A

0
n and dc,f = d, s, b. Furthermore, we have used the notation of section

6.4 for the physical scalars, assuming h is the lightest of the CP-even ones and corresponds to the SM Higgs. The
K − K̄, B0

d − B̄0
d and B0

s − B̄0
s meson mass splittings read:

∆mK = ∆m
(SM)
K +∆m

(NP )
K , ∆mBd

= ∆m
(SM)
Bd

+∆m
(NP )
Bd

, ∆mBs
= ∆m

(SM)
Bs

+∆m
(NP )
Bs

,
(6.94)

where ∆m
(SM)
K , ∆m(SM)

Bd
and ∆m

(SM)
Bs

correspond to the SM contributions, while ∆m
(NP )
K , ∆m(NP )

Bd
and

∆m
(NP )
Bs

are due to new physics effects. Our model predicts the following new physics contributions for theK−K̄,
B0

d − B̄0
d and B0

s − B̄0
s meson mass differences:

∆m
(NP )
K ≃ 8

3
f2KηKBKmK

[
r
(K)
2 κ

(K)
3 + r

(K)
1

(
κ
(K)
1 + κ

(K)
2

)]
, (6.95)

∆m
(NP )
Bd

≃ 8

3
f2Bd

ηBd
BBd

mBd

[
r
(Bd)
2 κ

(Bd)
3 + r

(Bd)
1

(
κ
(Bd)
1 + κ

(Bd)
2

)]
, (6.96)

∆m
(NP )
Bs

≃ 8

3
f2Bs

ηBsBBsmBs

[
r
(Bs)
2 κ

(Bs)
3 + r

(Bs)
1

(
κ
(Bs)
1 + κ

(Bs)
2

)]
. (6.97)

Since the contribution arising from the flavor changing down type quark interaction involving the Z ′ gauge
boson exchange is very small and subleading, the main contributions to the meson mass differences is due to the
virtual exchange of additional scalar and pseudosalar fields participating in the flavor violating Yukawa interactions
of the model under consideration. Using the following numerical values of the meson parameters [?,106,107,178–
181]:

(∆mK)exp = (3.484± 0.006)× 10−12 MeV, (∆mK)SM = 3.483× 10−12 MeV

fK = 155.7MeV, BK = 0.85, ηK = 0.57,

r
(K)
1 = −9.3, r

(K)
2 = 30.6, mK = (497.611± 0.013) MeV, (6.98)
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(a) (b)

Figure 6.6: Correlation a) between the ∆mK mass splitting and the lightest CP even scalar mass mH0
2
, b) between

the ∆mK mass splitting and the lightest CP odd scalar mass mA0
1
.

(∆mBd
)exp = (3.334± 0.013)× 10−10 MeV, (∆mBd

)SM = (3.653± 0.037± 0.019)× 10−10 MeV,

fBd
= 188MeV, BBd

= 1.26, ηBd
= 0.55,

r
(Bd)
1 = −0.52, r

(Bd)
2 = 0.88, mBd

= (5279.65± 0.12) MeV, (6.99)

(∆mBs)exp = (1.1683± 0.0013)× 10−8 MeV, (∆mBs)SM = (1.1577± 0.022± 0.051)× 10−8 MeV,

fBs = 225MeV, BBs = 1.33, ηBs = 0.55,

r
(Bs)
1 = −0.52, r

(Bs)
2 = 0.88, mBs

= (5366.9± 0.12) MeV, (6.100)

Fig. 6.6 (a) and Fig. 6.6 (b) show the correlations of the mass splitting ∆mK with the mass of the lightest
CP-even and CP-odd scale mH0

2
and mA0

1
, respectively. In our numerical analysis, for the sake of simplicity, we

have set the couplings of flavor-changing Yukawa neutral interactions that produce (K0 −K
0
) mixings to be equal

to 10−6. In addition, we have varied the masses around 20% of their best fit-point values obtained in the analysis of
the scalar sector shown in the plots of Fig. 6.4. As indicated in Fig. 6.6, our model can successfully accommodate
the experimental constraints arising from (K0−K0

) meson oscillations for the above specified range of parameter
space. We have numerically verified that in the range of masses described above, the values obtained for the mass
splittings ∆mBd

and ∆mBs
are consistent with the experimental data on meson oscillations for flavor violating

Yukawa couplings equal to 10−4 and 2.5× 10−4, respectively.

6.6 Higgs di-photon decay rate
In order to study the implications of our model in the decay of the 125 GeV Higgs into a photon pair, one introduces
the Higgs diphoton signal strength Rγγ , which is defined as [182]:

Rγγ =
σ(pp→ h)Γ(h→ γγ)

σ(pp→ h)SMΓ(h→ γγ)SM
≃ a2htt

Γ(h→ γγ)

Γ(h→ γγ)SM
. (6.101)

That Higgs diphoton signal strength, normalizes the γγ signal predicted by our model in relation to the one
given by the SM. Here we have used the fact that in our model, single Higgs production is also dominated by gluon
fusion as in the Standard Model. In the 3-3-1 model σ (pp→ h) = a2httσ (pp→ h)SM, so Rγγ reduces to the ratio
of branching ratios.
The decay rate for the h→ γγ process takes the form [182–184]:

Γ(h→ γγ) =
α2

emm
3
h

256π3v2

∣∣∣∣∣∣
∑
f

ahffNCQ
2
fF1/2 (ϱf ) + ahWWF1 (ϱW ) +

∑
k

ChH±
k H∓

k
v

2m2
H±

k

F0

(
ϱH±

k

)∣∣∣∣∣∣
2

(6.102)
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Figure 6.7: Correlation of the Higgs di-photon signal strength with the charged scalar mass. The red star point
corresponds to the best fit for Rγγ (see Table 6.6).

where αem is the fine structure constant, NC is the color factor (NC = 3 for quarks and NC = 1 for leptons)
and Qf is the electric charge of the fermion in the loop. From the fermion-loop contributions we only consider the
dominant top quark term. The ϱi are the mass ratios ϱi = 4M2

i /m
2
h with Mi = mf ,MW ,MH±

k
with k = 1, 2, 3.

Furthermore, ChH±
k H∓

k
is the trilinear coupling between the SM-like Higgs and a pair of charged Higges, whereas

ahtt and ahWW are the deviation factors from the SM Higgs-top quark coupling and the SM Higgs-W gauge boson
coupling, respectively (in the SM these factors are unity). Such deviation factors are close to unity in our model,
which is a consequence of the numerical analysis of its scalar, Yukawa and gauge sectors.

The form factors for the contributions from spin-0, 1/2 and 1 particles are:

F0(ϱ) = −ϱ(1− ϱf(ϱ)), (6.103)
F1/2(ϱ) = 2ϱ(1 + (1− ϱ)f(ϱ)), (6.104)
F1(ϱ) = − (2 + 3ϱ+ 3ϱ (2− ϱ) f(ϱ)) , (6.105)

with

f(ϱ) =

arcsin2
√
ϱ−1 for ϱ ≥ 1

− 1
4

[
ln
(

1+
√
1−ϱ

1−
√
1−ϱ

)
− iπ

]2
for ϱ < 1

(6.106)

Table 6.6 displays the best-fit values of the Rγγ ratio in comparison to the best-fit signals measured in CMS [7]
and ATLAS [6]. In this analysis, the electrically charged scalar fields play a key role in determining the value of
the ratio, while the other fields have an indirect impact through the parameter space involving the VEV (vacuum
expectation values) and the trilinear scalar coupling A, as well as some λi. From our numerical analysis, it follows
that our model favors a Higgs diphoton decay rate lower than the SM expectation but inside the 3σ experimentally
allowed range. The correlation of the Higgs diphoton signal strength with the charged scalar mass MH±

2
is shown

in Fig. 6.7, which indicates that our model successfully accommodates the current Higgs diphoton decay rate
constraints. Additionally, it should be noted that the correlation with MH±

1
is similar; however, the correlation is

weaker than for MH±
3

.

Model value CMS ATLAS
Rγγ 0.982± 0.08 1.02+0.11

−0.09 1.04+0.10
−0.09

Table 6.6: The best fit for the ratio of Higgs boson diphoton decay obtained from the model indicates a lower
Higgs decay rate into two photons compared to the expectation of the Standard Model in ATLAS [6] and CMS [7]
collaboration. However, this value still falls within the 1σ experimentally allowed range.
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6.7 Oblique T , S and U parameters
The parameters S, T , and U basically quantify the corrections to the two-point functions of gauge bosons through
loop diagrams. In our case, where there are three SU(3)L scalar triplets that introduce new scalar particles, which
lead to new Higgs-mediated contributions to the self-energies of gauge bosons through loop diagrams. Based on
references [115–117], the parameters S, T , and U can be defined as follows:

T =
1

αemMW

[
Π11

(
q2
)
−Π33

(
q2
)]∣∣

q=0
(6.107)

S = − 4cW sW
αem

d

dq2
Π30

(
q2
)∣∣∣∣

q2=0

, (6.108)

U =
4sW
αem

d

dq2
[
Π11

(
q2
)
−Π33

(
q2
)]∣∣∣∣

q2=0

, (6.109)

with sW = sin θW and cW = cos θW , where θW is the electroweak mixing angle, the quantity Πij (q) is defined
in terms of the vacuum-polarization tensors

Πµν
ij

(
q2
)
= gµνΠij

(
q2
)
− iqµqν∆ij

(
q2
)
, (6.110)

where i, j = 0, 1, 3 for the B, W1 and W3 bosons respectively, or possibly i, j =W,Z, γ. If the new physics enters
at the TeV scale, the effect of the theory will be well-described by an expansion up to linear order in q2 for Πij

(
q2
)

as presented in reference [115].
For our 331 model, the scalar fields arising from the SU(3)L triplets ηk (k = 1, 2) and ρ provide the dominant

contributions to the new physics values of the T , S, and U oblique parameters, as they couple with the W and
Z, and then we must take into account the scalar mixing angles. We can calculate the parameters considering that
the low energy effective field theory below the scale of spontaneos breaking of the SU(3)L × U(1)X × U(1)Lg

symmetry corresponds to a three Higgs doublet model (3HDM), where the three Higgs doublets arise from the η1,
η2 and ρ SU(3)L scalar triplets. Then, following these considerations, in the above described low energy limit
scenario, the leading contributions to the oblique T , S and U parameters take the form [119–121, 170, 185–187]:

T ≃ t0

 2∑
a=1

2∑
k=1

[(RC)ak]
2
m2

H±
k

+

2∑
a=1

2∑
i=1

2∑
j=1

[
(RH)ai (RA)aj

]2
F
(
m2

H0
i
,m2

A0
j

)
, (6.111)

−
2∑

a=1

2∑
i=1

2∑
k=1

{
[(RH)ai (RC)ak]

2
F
(
m2

H0
i
,m2

H±
k

)
+ [(RA)ai (RC)ak]

2
F
(
m2

A0
i
,m2

H±
k

)}]

S ≃ 1

12π

2∑
i=1

2∑
j=1

2∑
k=1

[
(RH)ki (RA)kj

]2
K
(
m2

H0
i
,m2

A0
j
,m2

H±
k

)
, (6.112)

U ≃ −S +

2∑
a=1

2∑
i=1

2∑
k=1

{
[(RA)ai (RC)ak]

2
G
(
m2

A0
i
,m2

H±
k

)
+ [(RH)ai (RC)ak]

2
G
(
m2

H0
i
,m2

H±
k

)}
,(6.113)

where t0 =
(
16π2v2αem (MZ)

)−1
and RC , RH , RA are the mixing matrices for the charged scalar fields, neu-

tral scalar and pseudoscalars, respectively presented in the Sec. 6.4. Furthermore, the following loop functions
F
(
m2

1,m
2
2

)
, G
(
m2

1,m
2
2

)
and K

(
m2

1,m
2
2,m

2
3

)
were introduced in [170]:

F
(
m2

1,m
2
2

)
=

m2
1m

2
2

m2
1 −m2

2

ln

(
m2

1

m2
2

)
, (6.114)

G
(
m2

1,m
2
2

)
=

−5m6
1 + 27m4

1m
2
2 − 27m2

1m
4
2 + 6

(
m6

1 − 3m4
1m

2
2

)
ln
(

m2
1

m2
2

)
+ 5m6

2

6 (m2
1 −m2

2)
3 , (6.115)

K
(
m2

1,m
2
2,m

2
3

)
=

1

(m2
2 −m2

1)
3

{
m4

1

(
3m2

2 −m2
1

)
ln

(
m2

1

m2
3

)
−m4

2

(
3m2

1 −m2
2

)
ln

(
m2

2

m2
3

)
(6.116)

−1

6

[
27m2

1m
2
2

(
m2

1 −m2
2

)
+ 5

(
m6

2 −m6
1

)]}
.
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Figure 6.8: Correlation between the oblique parameters, the blue dashed line represents the central value of the
Ref. [3] and the star corresponds to the best fit of this model.

Besides that, the experimental limits for S, T , and U are given in ref [3]:

Texp = 0.03± 0.12 (6.117)
Sexp = −0.02± 0.1 (6.118)
Uexp = 0.01± 0.11 (6.119)

From the numerical analysis, the S4 flavored 331 model has restricted parameters because the determination of
the new physics from S, T , and U is determined by the physical masses of the model, also within the limit indicated
by the oblique parameters present some correlation shown in Fig. 6.8, we see that the evolution of parameter space
is adjusted within the 1σ experimental range. The figures 6.8 (a) and (c) of dispersion involving the U parameter
is produced with values larger than the central one, despite this, the values of U fit within the range of 1σ and the
statistical discrepancy is minimal. In the case of the S value, due to the large uncertainty value, the value fits more
naturally, as shown in the figure 6.8 (b).

Our analysis shows that our model allows a successfull fit for the oblique S, T and U parameters, consistent
with their current experimental limits. The obtained best fit point values for the oblique S, T and U parameters in
our model are:

T = 0.029± 0.009, (6.120)
S = −0.016± 0.006, (6.121)
U = 0.14± 0.04. (6.122)

Our results also suggest that the model favors a larger value for U within statistical uncertainty. While the
values for S and T fit within the relative error 0.2 and 0.1, respectively.





Chapter 7

Conclusions

We proposed three viable low-scale seesaw models in which the SM symmetry and particle content of the fermionic
and scalar sectors were extended. We obtained values for the fermion masses and mixing in agreement with the
experimental data, where the smallest neutrino masses were obtained by implementing a seesaw mechanism in
the three models. We also studied the phenomenological aspects predicted by each model, analyzing from the
fermionic and scalar dark matter candidates, the leptonic flavor-violating processes, flavor-changing neutral current
interactions, and exploring the corrections given to the oblique parameters.

In the first model, we extended the particle content by adding two scalar fields and six neutral leptons, and
supplemented the SM symmetry global U(1)X symmetry, whose spontaneous breaking produces a preserved Z2

symmetry, allowing us to obtain scalar and fermionic dark matter candidates, focusing on the study of the fermionic
dark matter candidate. The six additional neutral leptons allowed the successful implementation of a radiative in-
verse seesaw mechanism to generate active neutrino masses, where the Majorana submatrix corresponding to the
lepton number violating µ parameter arises at one loop level. This radiative inverse seesaw model allowed us to
successfully reproduce the experimental values for the observed relic density and to comply with the constraints
arising from dark matter direct detection. In turn, the implications of the model in lepton flavour violating (LFV)
processes were studied, finding the model successfully complies with the constraints arising from these processes
and predicts charged LFV decays within the reach of forthcoming experiments.

In the second model, extensions to the 3HDM and 4HDM theories were constructed, where in the case of
3HDM, an inert scalar singlet was added, whereas in the case of 4HDM, an inert scalar doublet was included. Be-
sides that, several singlet scalar fields were included in both theories in order to have a predictive pattern of lepton
masses and mixings. Besides that, the SM gauge symmetry was supplemented by the inclusion of the preserved Z2

and spontaneously broken S4 × Z4 symmetry. In these theories, the preserved Z2 symmetry ensures the stabiity of
the dark matter candidate as well as the radiative nature of the one loop level seesaw mechanism that produces the
tiny active neutrino masses, and for the charged fermions, the masses were generated through symmetry breaking
where at first glance, the model seemed to have several parameters, however, due to the symmetry of the model it
was reduced to a few effective parameters, being able to obtain values for the masses and mixing in agreement with
the experimental data in the range of 1σ. The extra scalars in our model provide radiative corrections to the oblique
parameters, where due to the presence of the scalar inert doublet, in the case 4HDM is less restrictive than 3HDM.
Furthermore, flavor-changing neutral current interactions mediated by CP even scalars and CP odd scalars give rise
to (K0 −K

0
) and (B0

d,s − B
0

d,s) meson oscillations, whose experimental constraints are successfully fulfilled for
an appropiate region of parameter space. Also, scalar dark matter candidates were studied in both cases, the inert
singlet in the case of 3HDM and the inert doublet in the case of 4HDM, obtaining values for the relic density in
agreement with the experimental data, where the inert singlet provides strong constraints, while the doublet must
have a mass of at least 10 TeV, to be consistent with the experimental data.

In the third model, we considered a theory based on the SU(3)CxSU(3)LxU(1)X gauge symmetry, which was
supplemented by the U(1)Lg ×S4×Z4×Z ′

4×Z2, where the quark and lepton sectors were analyzed, implementing
an inverse seesaw mechanism to generate the masses of the light active neutrinos, while the masses of the quark
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sector were obtained by spontaneous symmetry breaking, allowing to obtain correlations between the mixing angles
and the Jarlskog invariant for the quark sector. Regarding the lepton sector, our model predicts a diagonal SM
charged lepton mass matrix, thus implying that the leptonic mixing only arises from the neutrino sector, where
correlations between the leptonic mixing angles and the leptonic CP violating phase were obtained. We have
found that the considered model successfully reproduces the experimental values for the physical observables of
both quark and lepton sectors within the 1sigma experimentally allowed range. Furthermore, the consequences of
the model in meson oscillations produced by flavor-changing interactions were analyzed as well, finding that the
resulting experimental constraints were successfully fulfilled for an appropriate region of the parameter space. The
charged scalars of our model provide the new physical contribution to the Higgs diphoton decay rate, where our
proposed model favors aRγγ value lower than the SM expectation, and within the 3σ experimentally allowed range
measured by the CMS and ATLAS collaborations. The extra scalar fields of our model induce radiative corrections
to the oblique S, T , and U parameters, where the numerical analysis yields correlations between these parameters
and, in addition, their obtained values are within the 1σ experimentally allowed range.
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[18] M. Maggiore, A modern introduction to quantum field theory, vol. 12. Oxford university press, 2005.

[19] M. E. Peskin, An introduction to quantum field theory. CRC Press, 2018.

[20] M. D. Schwartz, Quantum field theory and the standard model. Cambridge University Press, 2014.

[21] H. Georgi, Lie algebras in particle physics: from isospin to unified theories. CRC Press, 2018.

[22] J. Goldstone, “Field theories with ≪superconductor≫ solutions,” Il Nuovo Cimento (1955-1965) 19 no. 1,
(1961) 154–164.

[23] F. Englert and R. Brout, “Broken symmetry and the mass of gauge vector mesons,” Physical Review Letters
13 no. 9, (1964) 321.

[24] P. Langacker, The standard model and beyond. CRC press, 2017.

[25] J. I. Illana, “El modelo estándar y su fenomenologı́a,” 2007.
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[172] A. E. Cárcamo Hernández, S. Kovalenko, H. N. Long, and I. Schmidt, “A variant of 3-3-1 model for the
generation of the SM fermion mass and mixing pattern,” JHEP 07 (2018) 144, arXiv:1705.09169
[hep-ph].

http://dx.doi.org/10.1088/1475-7516/2021/08/038
http://arxiv.org/abs/2105.04899
http://dx.doi.org/10.1016/j.physrep.2019.11.003
http://dx.doi.org/10.1016/j.physrep.2019.11.003
http://arxiv.org/abs/1903.03616
http://dx.doi.org/10.1016/j.physrep.2004.08.031
http://dx.doi.org/10.1016/j.physrep.2004.08.031
http://arxiv.org/abs/hep-ph/0404175
http://dx.doi.org/10.1016/j.cpc.2013.10.016
http://arxiv.org/abs/1305.0237
http://dx.doi.org/10.1016/j.cpc.2015.03.003
http://arxiv.org/abs/1407.6129
http://dx.doi.org/10.1016/j.cpc.2017.08.028
http://arxiv.org/abs/1606.03834
http://dx.doi.org/10.1016/j.cpc.2018.04.027
http://arxiv.org/abs/1801.03509
http://dx.doi.org/10.1140/epjc/s10052-017-5155-4
http://arxiv.org/abs/1705.07920
http://dx.doi.org/10.1140/epjc/s10052-018-6513-6
http://arxiv.org/abs/1808.10465
http://dx.doi.org/10.1103/PhysRevLett.131.041003
http://arxiv.org/abs/2303.14729
http://dx.doi.org/10.1088/1475-7516/2015/10/016
http://arxiv.org/abs/1506.08309
http://dx.doi.org/10.1103/PhysRevD.89.023524
http://arxiv.org/abs/1307.5458
http://arxiv.org/abs/2008.11792
http://dx.doi.org/10.1103/PhysRevD.34.1642
http://dx.doi.org/10.1016/0550-3213(79)90316-X
http://dx.doi.org/10.1016/0550-3213(79)90316-X
http://arxiv.org/abs/2212.12000
http://dx.doi.org/10.1103/PhysRevD.73.053006
http://arxiv.org/abs/hep-ph/0603098
http://arxiv.org/abs/hep-ph/0603098
http://dx.doi.org/10.1007/JHEP07(2018)144
http://arxiv.org/abs/1705.09169
http://arxiv.org/abs/1705.09169


Bibliography 97
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Appendix A

Symmetry groups

A.1 Discrete symmetry groups.

Imagine having an object with a specific geometric shape to which we want to apply a transformation that preserves
the original shape. The set of all transformations that can be performed to maintain the original shape is called the
“Symmetry Group”. The smallest group, in which no action is taken, is called the “Identity” and includes the ele-
ment e.

Before examining some examples of symmetry groups, let us first discuss the fundamental axioms of groups:
Group Axioms

• A group is a set of elements a, b, . . . which can be combined together with ab inside the set.

• (ab)c = a(bc).

• The element e satisfies ae = ea = a for all a.

• For each element “a” there is an element a−1 which satisfies aa−1 = a−1a = e.

A.2 Group Zn

The group Zn is an Abelian group that represents the rotation group of a regular N-polygon and is a subgroup of
SO(2). For instance, Z2 represents the permutation of two elements, Z3 corresponds to an equilateral triangle, Z4

to a square, Z5 to a pentagon, and so on. Where the elements of the object are:{
e, a, a2, . . . , an−1

}
, (A.1)

where an = e and e is the identity.

The group Zn can be represented as discrete rotations whose generator corresponds to the rotation [174],

ZN = e2πi/N . (A.2)

A.3 Group SN

The group SN is the group of all possible permutations among the N objects xi (i = 1, . . . , N) of order N !. Next,
we will see the case for N = 4, which corresponds to the full symmetry group of the tetrahedron or the rotation
symmetry of a cube.
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4 fold axis 2 fold axis 3 fold axis

Figure A.1: The figure shows the S4 symmetry of the cube with its different fold axis.

A.3.1 Group S4

S4 are all permutations among the four objects (x1, x2, x3, x4) [174]:

(x1, x2, x3, x4) , → (xi, xj , xk, xl) (A.3)

whose order is 4! = 24, therefore there are 24 possible elements or permutations. In S4, we have three types of
rotations, which can be seen in figure A.1, therefore, we have three generators commonly called S, T and U , where
the generator S is associated with the transposition of the objects 1 and 2 leaving the other two objects fixed, the
generator T is related to the cycle (123), leaving the fourth object fixed and the generator U is associated with the
transposition of the objects 3 and 4, whose matrix representations are:

S =

1 0 0
0 −1 0
0 0 −1

 , T =

0 1 0
0 0 1
1 0 0

 , U =

1 0 0
0 0 1
0 1 0

 . (A.4)

The operators S, T and U comply with the following rules:

S2 = T 3 = U2 = (ST )
3
= (SU)

2
= (TU)

2
= (STU)

4
= e (A.5)

where e is the identity and the Eq. (A.5) is known as “presentation”. Therefore, according to this “presentation”,
we can obtain all the elements of the group by combining the products of the generators.

a1 : e a2 : S a3 : ST a4 : ST 2

b1 : TST 2 b2 : T 2ST b3 : U b4 : T

c1 : T 2 c2 : TUT 2 c3 : T 2UT c4 : TSUT (A.6)

d1 : T 2SUT 2 d2 : TU d3 : T 2U d4 : SUST

e1 : STU e2 : SU e3 : STUT e4 : ST 2UT 2

f1 : TSUS f2 : T 2SUS f3 : SUS−1 f4 : T 2U

Furthermore, we can classify the elements of the group according to their class, where the elements of the same
class must comply with ah = e, so, according to the equation (A.5), we will have five conjugate classes:

C1 : {a1} , h = 1,

C3 : {a2, a3, a4} , h = 2,

C6 : {d1, d2, e1, e4, f1, f3} , h = 2, (A.7)
C8 : {b1, b2, b3, b4, c1, c2, c3, c4} , h = 3,

C6′ : {d3, d4, e2, e3, f2, f4} , h = 4.

Since we have five conjugate classes, we have five irreducibles in the group S4, described as: 11,12,2,31,32.

A.3.2 The product rules of the S4 discrete group
The S4 is the smallest non abelian group having doublet, triplet and singlet irreducible representations. As men-
tioned above, S4 is the group of permutations of four objects, which includes five irreducible representations, i.e.,
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11,12,2,31,32 fulfilling the following tensor product rules [174]:(
a1
a2

)
2

⊗
(
b1
b2

)
2

= (a1b1 + a2b2)11
⊕ (−a1b2 + a2b1)12

⊕
(
a1b2 + a2b1
a1b1 − a2b2

)
2 ,

(A.8)

(
a1
a2

)
2

⊗

b1b2
b3


31

=

 a2b1
− 1

2 (
√
3a1b2 + a2b2)

1
2 (
√
3a1b3 − a2b3)


31

⊕

 a1b1
1
2 (
√
3a2b2 − a1b2)

− 1
2 (
√
3a2b3 + a1b3)


32 ,

(A.9)

(
a1
a2

)
2

⊗

b1b2
b3


32

=

 a1b1
1
2 (
√
3a2b2 − a1b2)

− 1
2 (
√
3a2b3 + a1b3)


31

⊕

 a2b1
− 1

2 (
√
3a1b2 + a2b2)

1
2 (
√
3a1b3 − a2b3)


32 ,

(A.10)

a1a2
a3


31

⊗

b1b2
b3


31

= (a1b1 + a2b2 + a3b3)11
⊕
(

1√
2
(a2b2 − a3b3)

1√
6
(−2a1b1 + a2b2 + a3b3)

)
2

⊕

a2b3 + a3b2
a1b3 + a3b1
a1b2 + a2b1


31

⊕

a3b2 − a2b3
a1b3 − a3b1
a2b1 − a1b2


32 ,

(A.11)

a1a2
a3


32

⊗

b1b2
b3


32

= (a1b1 + a2b2 + a3b3)11
⊕
(

1√
2
(a2b2 − a3b3)

1√
6
(−2a1b1 + a2b2 + a3b3)

)
2

⊕

a2b3 + a3b2
a1b3 + a3b1
a1b2 + a2b1


31

⊕

a3b2 − a2b3
a1b3 − a3b1
a2b1 − a1b2


32 ,

(A.12)

a1a2
a3


31

⊗

b1b2
b3


32

= (a1b1 + a2b2 + a3b3)12 ⊕
(

1√
6
(2a1b1 − a2b2 − a3b3)

1√
2
(a2b2 − a3b3)

)
2

⊕

a3b2 − a2b3
a1b3 − a3b1
a2b1 − a1b2


31

⊕

a2b3 + a3b2
a1b3 + a3b1
a1b2 + a2b1


32 .

(A.13)



Appendix B

Quark sector 3HDMS4 model

We would like to give more details about the method to diagonalize the quark mass matrix which has been assumed
to be complex. Then, let us start from the M̂q = OT

q m̄qOq where the m̄q mass matrix is written in the following
way

m̄q = |gq|13×3 +

m̃q︷ ︸︸ ︷|Aq| − |gq| |bq| 0
|bq| |Bq| − |gq| |Cq|
0 |Cq| 0

 . (B.1)

To diagonalize m̄q , we just focus in m̃q . This means, once the latter is diagonalized, the former one will be

too. Given the above decomposition, one obtains ˜̂
Mq = OT

q m̃qOq = diag.(µq1 , µq2 , µq3) where µqi = mqi − |gq|
with i = 1, 2, 3. Then, Oq is built by means of the eigenvectors Xqi , which are given by

Xqi =
1

Nqi

 |bq||Cq|
[µqi − (|Aq| − |gq|)] |Cq|

[µqi − (|Aq| − |gq|)] [µqi − (|Bq| − |gq|)]− |bq|2

 . (B.2)

with Nqi being the normalization factors. Due to the orthogonality condition OT
q Oq = 1 = OqO

T
q , then one can

obtain the normalization factors.
In addition, some parameters can be fixed by using the following invariants

tr
(
˜̂
Mq

)
,

1

2

[
tr
(
˜̂
Mq

˜̂
Mq

)
−
{

tr
(
˜̂
Mq

)}2
]
, det

(
˜̂
Mq

)
. (B.3)

where tr and det stand for the trace and determinant respectively. As a result, one gets

bq =

√
(|Aq| −mq1) (mq2 − |Aq|) (mq3 − |Aq|)

|gq| − |Aq|
;

|Cq| =

√
(|gq| −mq1) (|gq| −mq2) (mq3 − |gq|)

|gq| − |Aq|
;

Bq = mq3 −mq2 +mq1 − |gq| − |Aq| , (B.4)

As notices, there is is a hierarchy among the free parameters, this is, mq3 > |gq| > mq2 > |Aq| > mq1 in order to
have real parameters. Finally, Oq = (Xq1 , Xq2 , Xq3), this is written explicitly as

Oq =



√
(|gq|−mq1)(mq2

−|Aq|)(mq3
−|Aq|)

Mq1

√
(|gq|−mq2)(mq3

−|Aq|)(|Aq|−mq1)
Mq2

√
(mq3

−|gq|)(mq2
−|Aq|)(|Aq|−mq1)

Mq3

−
√

(|gq|−|Aq|)(|gq|−mq1)(|Aq|−mq1)
Mq1

√
(|gq|−|Aq|)(|gq|−mq2)(mq2

−|Aq|)
Mq2

√
(|gq|−|Aq|)(mq3

−|gq|)(mq3
−|Aq|)

Mq3√
(|gq|−mq2)(mq3

−|gq|)(|Aq|−mq1)
Mq1

−
√

(|gq|−mq1)(mq2
−|Aq|)(mq3

−|gq|)
Mq2

√
(|gq|−mq1)(|gq|−mq2)(mq3

−|Aq|)
Mq3


(B.5)
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with

Mq1 = (|gq| − |Aq|) (mq2 −mq1) (mq3 −mq1)

Mq2 = (|gq| − |Aq|) (mq2 −mq1) (mq3 −mq2)

Mq3 = (|gq| − |Aq|) (mq3 −mq1) (mq3 −mq2) . (B.6)

Therefore, the mixing matrix that takes places in the CKM mixing matrix is given by Uq = Uπ/4PqOq with
q = u, d, then VCKM = U†

uUd = OT
u P̄qOd where P̄q = P†

uPd = diag.
(
eiη̄q1 , eiη̄q2 , eiη̄q3

)
with η̄qi =

ηdi
− ηui

.
For the up and down quark sector, the orthogonal real matrices are

Ou =


√

(|gu|−mu)(mc−|Au|)(mt−|Au|)
Mu

√
(|gu|−mc)(mt−|Au|)(|Aq|−mu)

Mc

√
(mt−|gu|)(mc−|Au|)(|Au|−mu)

Mt

−
√

(|gu|−|Au|)(|gu|−mu)(|Au|−mu)
Mu

√
(|gu|−|Au|)(|gu|−mc)(mc−|Au|)

Mc

√
(|gu|−|Au|)(mt−|gu|)(mt−|Au|)

Mt√
(|gu|−mc)(mt−|gu|)(|Au|−mu)

Mu
−
√

(|gu|−mu)(mc−|Au|)(mt−|gu|)
Mc

√
(|gu|−mu)(|gu|−mc)(mt−|Au|)

Mt

 ;

Od =


√

(|gd|−md)(ms−|Ad|)(mb−|Ad|)
Md

√
(|gd|−ms)(mb−|Ad|)(|Ad|−md)

Ms

√
(mb−|gd|)(ms−|Ad|)(|Ad|−md)

Mb

−
√

(|gd|−|Ad|)(|gd|−md)(|Ad|−md)
Md

√
(|gd|−|Ad|)(|gd|−ms)(ms−|Ad|)

Ms

√
(|gd|−|Ad|)(mb−|gd|)(mb−|Ad|)

Mb√
(|gd|−ms)(mb−|gd|)(|Ad|−md)

Md
−
√

(|gd|−md)(ms−|Ad|)(mb−|gd|)
Ms

√
(|gd|−md)(|gd|−ms)(mb−|Ad|)

Mb

 ,(B.7)

Mu = (|gu| − |Au|) (mc −mu) (mt −mu) , Mc = (|gu| − |Au|) (mc −mu) (mt −mc) ;

Mt = (|gu| − |Au|) (mt −mu) (mt −mc) , Md = (|gd| − |Ad|) (ms −md) (mb −md) ;

Ms = (|gd| − |Ad|) (ms −md) (mb −ms) , Mb = (|gd| − |Ad|) (mb −md) (mb −ms) .

Having written the above expressions, we calculate the CKM matrix elements which are given as∣∣Vud
CKM

∣∣ =
∣∣ (Ou)11 (Od)11 + (Ou)21 (Od)21 e

iᾱq + (Ou)31 (Od)31 e
iβ̄q
∣∣;∣∣Vus

CKM

∣∣ =
∣∣ (Ou)11 (Od)12 + (Ou)21 (Od)22 e

iᾱq + (Ou)31 (Od)32 e
iβ̄q
∣∣;∣∣Vub

CKM

∣∣ =
∣∣ (Ou)11 (Od)13 + (Ou)21 (Od)23 e

iᾱq + (Ou)31 (Od)33 e
iβ̄q
∣∣;∣∣Vcd

CKM

∣∣ =
∣∣ (Ou)12 (Od)11 + (Ou)22 (Od)21 e

iᾱq + (Ou)32 (Od)31 e
iβ̄q
∣∣;∣∣Vcs

CKM

∣∣ =
∣∣ (Ou)12 (Od)12 + (Ou)22 (Od)22 e

iᾱq + (Ou)32 (Od)32 e
iβ̄q
∣∣;∣∣Vcb

CKM

∣∣ =
∣∣ (Ou)12 (Od)13 + (Ou)22 (Od)23 e

iᾱq + (Ou)32 (Od)33 e
iβ̄q
∣∣;∣∣Vtd

CKM

∣∣ =
∣∣ (Ou)13 (Od)11 + (Ou)23 (Od)21 e

iᾱq + (Ou)33 (Od)31 e
iβ̄q
∣∣;∣∣Vts

CKM

∣∣ =
∣∣ (Ou)13 (Od)12 + (Ou)23 (Od)22 e

iᾱq + (Ou)33 (Od)32 e
iβ̄q
∣∣;∣∣Vtb

CKM

∣∣ =
∣∣ (Ou)13 (Od)13 + (Ou)23 (Od)23 e

iᾱq + (Ou)33 (Od)33 e
iβ̄q
∣∣, (B.8)

where ᾱq = η̄q2 − η̄q1 and β̄q = η̄q3 − η̄q1 . As we already commented, there are two effective phases that are
relevant in the CKM matrix.

Now, let us show that the well known Gatto-Sartori-Tonin relations can be obtained in this model. To do this,
we make some approximations on the orthogonal matrix, Oq . As can be noticed, the |gq| and |Aq| free parameters
could take two limiting values, this is, |gq| = mq3 and |Aq| = mq2 or |gq| = mq2 and |Aq| = mq1 . Actually, some
combination between those limiting cases could be considered, but the CKM mixings can not be reproduced as one
can check. Nonetheless, there is a region in the parameters space where the quark mixing angles are fitted quite
well. With the following values |gq| = mq3 −mq2 and |Aq| = 2mq1 , one obtains

Oq ≈


1− 1

2

mq1

mq2

√
mq1

mq2

√
mq1

mq3

mq2

mq3

mq2

mq3

−
√

mq1

mq2
1− mq1

mq2

√
mq2

mq3√
mq2

mq3

mq1

mq2
−
√

mq2

mq3
1− mq2

mq3

 . (B.9)
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One has to keep in mind that q = u, d. As a result, the following relations are obtained

∣∣Vus
CKM

∣∣ ≈
∣∣∣∣√md

ms
−
√
mu

mc
eiᾱq

∣∣∣∣∣∣Vub
CKM

∣∣ ≈
∣∣∣∣ms

mb

√
md

mb
+

√
mu

mc

(√
mc

mt
eiβ̄q −

√
ms

mb
eiᾱq

) ∣∣∣∣∣∣Vcb
CKM

∣∣ ≈
∣∣∣∣√ms

mb
eiᾱq −

√
mc

mt
eiβ̄q

∣∣∣∣∣∣Vtd
CKM

∣∣ ≈
∣∣∣∣mc

mt

√
mu

mt
+

√
md

ms

(√
ms

mb
eiβ̄q −

√
mc

mt
eiᾱq

) ∣∣∣∣. (B.10)
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