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Abstract: Fluid-structure interaction models are of special interest for studying the energy
transfer between the moving fluid and the mechanical structure in contact. The vocal folds are
an example of a fluid-structure system, where the mechanical structure is usually modeled as a
mass-spring-damper system. In particular, the estimation of the collision forces of the vocal folds
is of high interest in the diagnosis of phonotraumatic voice pathologies. In this context, the port-
Hamiltonian modeling framework focuses on the energy flux in the model and the interacting
forces. In this paper, we develop a port-Hamiltonian fluid-structure interaction model based on
the interconnection methodology proposed by Lopes and Hélie (2016).
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1. INTRODUCTION

Fluid-structure interaction (FSI) appears in different fields
of engineering. Such as, the modeling of flexible wings
(Hamamoto et al., 2005) and liquid sloshing in moving
containers (Cardoso-Ribeiro et al., 2017) to cite some
examples. An accurate modeling of these systems involving
FSI is of particular interest when simulation or control
of energy flows between the fluid and the mechanical
structure in contact are considered.

In Lopes and Hélie (2016) an energy model of a jet inter-
acting with a brass player lip is proposed. The behavior of
the lip is represented by one contact mass with a spring-
damper system. For the jet a two-dimensional airflow is
used, whose behavior is given by the solution of the conti-
nuity equation (Bird et al., 2014) constrained to boundary
conditions. The interconnection between the fluid and the
structure is given by the definition of a vertical pseudo-
momentum. This pseudo-momentum considers the mass
and vertical airflow momenta, assuming that the vertical
air velocity in the contact surface and mass velocity are
the same.

The human vocal folds can be studied as a particular
case of a FSI system. The vocal folds behavior has been
modeled as interconnected mass-spring-damper systems,
for example, in Story and Titze (1995). In this model the
movement of the vocal folds is linked to displacements of
each mass, where the system inputs are the forces applied
to each mass. These forces are induced by the sub-glottal
and supra-glottal pressures. In Encina et al. (2015) a port-
Hamiltonian (PH) version of the Story and Titze (1995)
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Fig. 1. Hemi-larynx glottis model

model was proposed, however, considering the mechanical
part only.

In this paper, we propose a PH model for the interaction
between the vocal folds and the glottis airflow. We assume
a symmetric behavior of the vocal folds.Then only a hemi-
larynx is considered, as shown in Figure 1. The vocal
fold is represented by the mass-spring-damper system.
As consequence, the transverse air velocity is assumed to
vanish on midsagittal plane and the glottal closure arises
when the contact masses reach this plane. We use the
procedure proposed by Lopes and Hélie (2016) to obtain
an analytical description of the air velocities in the glottal
channel and the interconnection between the fluid and
structure PH models. In the fluid model we consider the
boundary conditions given by the different configurations
of the contact masses, obtaining the air velocity solution
that converges to the particular solution corresponding to
each glottis configuration.
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Table 1. Variables used for the fluid model

Label Definition  Description
Ay 2LLo Area of the contact surface S7 of mass mj
Ao 2L¢, Area of the contact surface S2 of mass mo
T, my,0; Longitudinal momentum of airflow on Q;
T, M, Vi Transverse momentum of airflow on 2;
Cy, 1/my, Inverse of axial effective mass on ;
Co, 1/my, Inverse of transverse effective mass on €;
[ six
{(fx Average of f over X
[ dx
" A1 (p) 51 Force applied over mass m1
I As (p) 5o Force applied over mass mo
iz (Vi) g Mean axial velocity in surface Sy

T

2. AIRFLOW MODEL

To model the airflow we consider four possible cases that
change the fluid dynamics in the glottal tract (Figure 2). In
Cases 1 and 2 the airflow channel is closed by the collision
of one mass. In Cases 3 and 4, the airflow interacts with
the two masses.

Assumption 1. To obtain the airflow dynamics in the
glottis, we consider an incompressible and irrotational
flow, i.e, the continuity equation of the fluid is reduced
to

V~vi:0 (1)

where v; = [9; ;] is the air velocity vector below mass
ms,i € {1,2}, ¥; and ; are the axial and transverse air
velocities in €; respectively!, Q; is the volume of the
channel section below mass m,; and L is the length of mass
m; in the sagittal axis.

In the next sections, we develop the PH model for each
case. We define four zones of the glottal channel, as
shown in Figure 2. Sj represent the transversal surfaces
of each zones in corresponding points a, b and c. Finally,
the variables and operators used in the fluid model are
summarized in Table 1.

2.1 Model for Case 1 and Case 2

In Case 1 the right hand side of the channel is closed, as
shown in Figure 2. Following the methodology of Lopes
and Hélie (2016), we consider the point z = 0 as the
axial midpoint in 1, the boundary conditions are given
by V1|z=e, =0, ©1|y=h, = h1 =11 and ¢1|y—o = 0, where
11 is the vertical velocity of mass m;. The solution of (1)
with these boundary conditions, is given by

B =D, awn=2y @
hl hl
The kinetic energy in €2y is given by
1
& = / B\V1|2d91 = §mw1¢% 3)
91
A, B2 +4e

where mg,, = p3t =5 is the effective mass of ¢1. Using
Ty, €1 and its time derivative are given by

& C’ 2 (4)

P11

1 As a consequence of irrotational assumption, the air velocity in
the sagittal axis is neglected.

— o (52 + 0. )

9E1 _ —
where oo = Co T, = 1.

Considering Assumption 1 and neglecting the gravitational
force and turbulence, the power balance for a fluid is given

by
Vo (Opitvi) + Vv = -5 (BP) (6)

where p is the static pressure on §2;. Integrating on ; and
using the Gauss divergence theorem and Leibniz integral
rule (Bird et al., 2014) we obtain

£ = / (p+ Elvil?) 91dSea - / perdSy  (7)
SG_Q Sl

Considering the static pressure in a as P, = (p)g,,,
Aq (V1)g,, <§|v1|2>3a2 ~ —D, represents the power dis-
sipation through S,2 (neglecting the transverse velocity),
and using F; and A, = Lh; we can rewrite (7) as

é;1 - Aa’lgla2Pa - Da - ¢1F1 (8)

As a consequence of Assumption 1, the dissipation is due to
jet flow mixing with downstream air and turbulence when
the gas expends through the transversal surfaces in points
a and c. According to Hager (2010), the energy losses
are closely linked to the dynamic pressure. In general, we
define the power dissipation through a surface Sy by

Dy = sign ((9:)s,) rade i)s, (502) s (9)

where Ay is the area of Sk, kg is a dissipation factor and
sk is equal to 1 when the airflow flows out of the studied
volume through the surface S, and 0 in otherwise.

Given that 9 is constant in S,2, the dissipation D, in

Case 1 is given by
D, = —/fdAaBﬁ:{’aQsag (10)

where s,2 = 1 when 1,2 < 0 and s,2 = 0 otherwise. Using

d‘?f: W1 le=—ty, Aa and Ay, we can rewrite (10) as
0&,
Da == ’l9 a a_ “a 11
1a291 87@015 2 (11)

where g1 = —kgA1 50142

Using (11) and ¥1|z——¢, we can rewrite (8) as

20y 0&
AP, — - F 12
%( 1 Iy 9187%1 1> (12)
Matching (12) and (5), and defining z; = [h1 7@,JT we
obtain the following PH model
0 1
. 0 0| |F
1= [—1 —2?918(1 Vgl + |:—1 A1:| |:Pa:| (13)
0
Y1 = {0 _A } V& (14)

where y1 = [t Qa]T and @, is the volumetric flow

through Syo.

The analysis for Case 2 is similar to Case 1. Considering
the effective mass of o as my,, = p?f h +24£ then the air

velicities and kinetic energy in 29 are given by
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Transversal
Y

<

S T
G2ty ) Aﬂli

Vg = _ (bo + ) P2 = @y (15)
hg h2
1
& = ECWniz (16)

Following the same procedure presented for Case 1, the
energy balance in 29 is given by

&= —ApaV¥202P. — De — Yo By
200 0o
= AoP, — ——= gy =—"5.9 — F
P2 < 2L7¢ hy g2 877902 Sc2 2>
where P, = (p)Sa , g2 = 5A202, and sco is equal to 1
when J9.0 > 0 and 0 otherwise.

From (17) and the time derivative of (16) the PH model
for Case 2 is given by

(17)

0 1
o 0 0] [F
g = [1 oy Ve [1 AQ] [Pc] (18)
ha
0 -1
vy = {0 AJ Ve, (19)

where x5 = [he sz]T, ya = [¢2 —QC]T and Q. is the
volumetric flow through So.

2.2 Model for Case 3 and Case 4

For Case 3 the boundary conditions for the airflow in

Q1 are given by 191|y>hb = 07 <P1|y:h1 = ¢1’ %01|y:hb =
1hp/h1 and ¢1]y=0 = 0 where hy = min(hq, he). Then
solving (1) we obtain

by — x
1/’10T1a y > hy
T
91_1/11}77 y < hy
1

where 6; is the average axial velocity in Zone 2 (see Figure
2). The total kinetic energy in 24 is given by

U1 = , P = 1/)1% (20)
1

1 1
& :/ P lvi a0y = Smy, 63 + ST Y1 (21)
0, 2 2 2
3 2
where m,,, = %w and my, = pAihe.

1

Remark 1. Note that (20)-(21) correspond to the velocities
and kinetic energy in €2y for Case 3 when hy = hs, and for
Case 4 when hy = hy, i.e, the model can be used for both
cases.

Transversal
Yy
\!
revs
gugm 2

AZ'Z‘Q 74 -

Remark 2. Moreover, when h; = ho and hs tends to 0,
the velocities and kinetic energy in (20)-(21) reduce to the
velocities and energy obtaining for Case 1 in (2) and (4).

The energy balance in €2 for case 3, is given by
&1 = Aa1102Pa + Ag29102Ps — D,
— 1y — Ayd1p Py (22)
where we have considered that the pressure P, in S,

and S, is uniform and where A,y = Ay, = Lhy and
Agz = L(hy — hy).

The analysis for Case 4 is similar to Case 3. The air
velocities and kinetic energy in €2y are given by

lo+x

—o o Y > hy y
Vg = Qx ; P2 = ?/12]7 (23)
Oy — ¢2}T7 y < hy 2
2
1 9 1 2
& = 5m19292 + §m$02w2 (24)

where 05 is the average axial velocity in Zone 3 (see Figure
_ pAg h5+EG(4ha—3hy) _
2), My, = T20h73 and my, = pAth.

Remark 3. As notice in Remark 1 for ©; in Case 3, (23)-
(24) describe the velocities and energy in 25 for both Case
3 and Case 4.

Remark 4. Additionally, when hy, = hy and hy tends to 0,
the velocities and energy of Case 2 are obtained.

The energy balance for 25 is given by

52 = _Ac17-9251Pc + A02792c2pc - Dc
— o Fy + Aoy Py (25)
Rewriting (21) and (24) as a function of the corresponding
momenta and considering ﬁb = 1 8p + Y28, where s, = 1
for hy < hs and s, = 0 otherwise, and s, = (1 — s3), then
the total energy of fluid in 2 = {1,$2}, is given by

Er = ZKfi = ZCﬂiﬂ%i + C“"’?W?"i (26)
. o . . ' 65F agF
Er = 0179, + 027y, + Y1 (Wl T on " on, Sb)
) 0Er 0Er _
+ ,(/J2 <7TL/72 =+ 87h2 + ahbsb> (27)
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where Ky; is the kinetic energy of the airflow in €, €
{1,2}.

On the other hand, the power dissipation through the
transversal surfaces in points a and ¢ are given by

Da = —KdAalgﬁi’alSal — KdAaggﬁi’azSag (28)
Dc - deAclgﬂgclscl + HdACQgﬁgCQSCQ (29)

The forces associated to the dynamic pressure are given
by kqAa159% = —01%1a2, KdAa2593.0 = —920142,
kaAa 5935, = g3z and kqAp593.5 = —galaco, with
g1 = —ki5AuV1a2, g2 = —KapAa2ia2, 93 = Ka5Ac1V201
and g4 = KgpAca¥aco.

Remark 5. Note that when s,1, 842, Sc1 and sco, are active
(i-e., equal to 1), the energy dissipation factors g1, g2, g3
and g4 are positive.

To model the power transfer between 2, and 5 through
the point b, we consider that the power balance on S is
Xs, =0 ,i.e, there is no loss of energy in Sy, and by mass
conservation law, 91, = ¥9,. Then Xg, can be written as

p p
Xs, = Ko Ap (519?17 519317)
T (ﬂlbgﬂgb - ﬂngﬁ%b) =0

where £, is an exchange energy factor (k4 and &, in (9)
and (30) respectively, are adjusted such that the model
satisfies the mass conservation law). Additionally, the
dynamic pressures in S, can be rewritten as HIAbgﬁ%b =
191 and K, 4,503, = fida, where fi = K 5A0, =
Ha:gAnggb. Then the energy balance for Case 3 and Case
4 is given by

(30)

Ep=) &—) Di—Xs, (31)

i k

where ¢ = {1,2} and k = {a, c}.
Finally, substituting (22), (25) and (28)-(30) in (31), and

equating to (27), we obtain the following PH model of the
fluid (MF)

033 Jo

:I.:F = —JT *Rl Jl ng + |:08X4:| up (32)
2 \-J! —Ry !
yr = [O4x3 G| | VEp (33)
where xp = [h1 ha hy my, T, Ty, 7r¢2]T are state vari-
ables, up = [Py Pe Py P, yr = [Qu —Qc %1 ¥2]" and
r l
—f1 —h*0f1 0100
B= Jo=10001
= 0 0 s, 0 5
_h1f1 hthfl 10 sp 0 sp
i Ly i 0
91Sa1 ag18a1 g3Sc1 —h*g&scl
sl a8
_hlgl al h%gS i h293 cl h%gﬁ
Ay 0 0 0
A1 20 =y 0 -1 0
G, = 2 hi
0 —Ap 0 0
Ay 2hy — hy
e el L
2 ho

where g5 = g15a1 + 292842 and ge = g3Sc1 + 2gaSc2. Note
that from Remarks 1-4, this model is valid for the four
cases represented in Figure 2.

3. MASS-SPRING-DAMPER MODEL

In this section, we expand the PH model of Encina et al.
(2015) to obtain a full description of the dynamics of
the body-cover model (Story and Titze, 1995). We use
the auxiliary position variables h;. to model the elastic
collision of each mass. The state variables of this model
are given by zg = [h1 hic ha haoe hy m 2 7r3]T, where
ho, hy and hgs are the displacement of upper, lower and
body masses respectively, h;-s and ;s are the collision
displacement and momenta of the each mass (see Figure
1).

Defining Ah; = h; — h;g, where h;y is the equilibrium
position of the mass m;, the total energy of the mass-
spring-damper system, is given by

Es=Y Ui+ Y Ky (34)
where j = {1, 10,2,20,3,2}, k= {f 2,3} and
Uy = %(Ahl — Ahg)? + k”“ (Ahy — Ahg)*
Uy = @(Ahz — Ahg)? + ’“2”2 T2 (Apy — Ahg)?
Uy = k?’ F(Bhy)’ + k?’”B (Ah )

are the stored energy functlons for the lateral springs of
each mass, where k; and 7; are the linear and nonlinear
coefficients for the corresponding springs. Similarly

Ul klch /ﬁJhch
U, = k’2ch k2c772ch
k‘
Ue = 5 (Aha = Al

are the stored energy functions for the collision and cou-
pling springs, and

2

Kl = 17.[-717 )

2 mi 2 mo 2 ms
are the stored (kinetic) energy functions for the masses. As
a result, the mass-spring-damper differential equations of
(Story and Titze, 1995) can be rewritten as the following
PH model (Mg)

2 2
173 173
2= 5— 3= 55—

0 0
{ P ] VEs + [ (5;22] ug (35)
[02><5 GQ} VEs (36)
where yg = [¢1 o], us = [F1 F3] and
1 00
S1 00 d1 0 7d1 01
J3=10 10 R3=1| 0 do —d2‘| Go = [1 O]
0 S9 0 —d1 —dg Ts1 00
001

and the switch signals s; and ss change from 0 (free
movement mode) to 1 (collision mode) when m; and mq
collide, respectively, d; are the dampers coefficients and
rs1 = d1 +d2 +d3



66 LuisA. Mora et al. / IFAC PapersOnLine 51-3 (2018) 62-67

4. INTERCONNECTION

In this section, we interconnect the fluid and structure
PH models, Mr and Mg. We use the interconnection
approach presented in Lopes and Hélie (2016). Considering
that h; € Mp are equal to the corresponding h; € Mg,

asF _ 9Es
then 5= = o 1€,

-
C‘Piﬂ-@i = Elz (37)
However, the boundary conditions used in Section 2 to
solve (1), produce that ¢ — 0 when h; — 0, ie, a
non-elastic collision. For a more realistic modeling of the
vocal folds behavior, elastic collisions are required. For this
purpose, we define a threshold value ¢, such that, in §;,
we disconnect the fluid dynamics from the structure when
h; < e, leading to a switching port-Hamiltonian model
(Gerritsen et al., 2002; Van der Schaft and Camlibel, 2009;
Van der Schaft and Jeltsema, 2014). Considering that the
switching variables s, are equal to 1 when h; > € and 0
otherwise, we construct the total energy function of the
fluid-structure system as 2

H = 5S+SF S6 ZU +ZKk+ZS€KfZ (38)

Now defining the total vertical momentum in §; as?®
(39)

we can write the kinetic energy

Tyi = Ti + Se; My,

from (37) and (39),
associated to my; as

Kyi=K;+ 5, Ky

171 Se, s 1
== - —"—— )7 + 55,C0,7,
2 <mi mi(1+mic<m)> Tyi T %GO,

Then we can rewrite the total energy as

H=YUj+> Ky,+Ks (40)
j i
From the models Mg and Mg, we obtain that
yi = i+ ey, (41)

Using (37), (39), and s? = s.,, we can rewrite the dynam-
ics in (41) as a function of VH. Finally, defining the state
variables © = [hl hlc hg hQC hg hb Y9, Tyl Ty TTy2 71'3} y the
following port-Hamiltonian Fluid-Structure model (Mpg)
is obtained

Osxs T2 O6x2
= VH 42
[—JQT Jl—RJ % g | W
y=[02x6 G| VH (43)
where u = [P, PC]T, y=[Qa —Qc] and
0 0 —l —1y 0 01 0 0O
0 s1 0 0 O
0 0 ls la 0 00010
Ji=|h-ls 0 00 &=
0 0 0 s O
0O 0 0 00
0 8¢, 0 8¢y, O

2 Recall that Ky; is the fluid kinetic energy in €;
3 Recall that 7y, is the fluid vertical momentum in Q;

Subglottal
Section

Epiglottal Lower Vocal

Trachea Section Tract

Fig. 3. Glottis structure considered to analyze the pressure

behavior
rn 12 0 0 O
T2 Ty 0 0 _dl
Rl = 0 0 rs T4 0
0 0 T4 Tg —dg
0 —d1 0 —dg Ts1
Ay 2hy — hy r
Ap Seg———— 0 0 0
G= 2 A 2hs — h
2 2hg — hy
0 0 —Ap S¢,——+—— 0
29 ho
l ‘
where I} = S¢S, /1, l2 = 8613622—?, I3 = 8¢, 8, 211‘17
l Zofl — — 5 —
4 = 5615€2h hz Se1p = Se1Sby Seg, = SeaSbhy 1 = SalSe; 91,
tog log
T2 = SalSe; fb, T3 = Sc1Se,03, T4 = Sc1Sey b, 15 = di +
2 2
Se, ;’LZE’ and rg = dg + s, ;’ée

5. SIMULATIONS

For the simulations we use Matlab/Simulink with ODE15s
solver. We use the parameters in Table II, case C in Story
and Titze (1995) . For the fluid, we use the air density p =
1.43x 10 %gr/cm?, € = 1.8 x 107 3cm, kg = 10.5, K, = 2.5.
To obtain P, and P., we analyze the pressure behavior in
the glottis, including the subglottal and epiglottal sections,
as shown in Figure 3. We use the pressure description in
Ishizaka and Flanagan (1972) and Story and Titze (1995)
for subglottal and epiglottal sections respectively, i.e.,

pa:ps_in(ks_1>

VeRRE (44)

P.=P — Q (45)

(,AQ
where ks = 1+ A, Ay = 0.36 is a loss factor and k. is
the epiglottal pressure recovery coefficient. The pressure
solution in £2; and €2 is obtained from the motion equation
of fluids (Bird et al., 2014).

Equating the pressures in P, from €2; and s, solving for
Q%, and substituting in (44) and (45) (considering that
Qo = Qp+ A1y and Q. = Qp — Astbs), we obtain (Mora,

2017)
P, =P, + <P P+ (2QaA1w1 Ayt) (46)
pC:p,;fwfb(RfPi) ”“’4<2QCA2¢2+A ¥3)  (47)
where wy = (1 —ke) A, 2~ A72—(1—ks) A, = (A 2
ks A2, wy = (A72 — kA2 (1 —ke) A2, w :keA; and

wy = ke AZ2 (1= ko) (AZ2 + Ay %) — AT2 — (1 — k) A72).
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Fig. 4. Displacement of each mass using (46)
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Fig. 5. Momenta associated to the vertical movements

7@@

0.11
time (sec)

0.1 0.105

Fig. 6. Outputs of the port-Hamiltonian model

Considering a subglottal and supraglottal areas of 5cm?,
the movement of each mass, using (46)-(47), is shown
in Figure 4. It can be noticed that the masses exhibit
oscillations with a fundamental frequency of 140 Hz.
Additionally, the transition instants (dotted lines) between
the four cases studied in Section 2 can be observed.

Figure 5 shows the momenta associated to vertical move-
ments Finally, the volumetric flows in points a and ¢ are
shown in Figure 6. Note that, compared to the Story and
Titze (1995) model, the M g model allows to distinguish
the airflows in the lower and upper parts of the glottis
(Qq and Q. respectively) and, also, to obtain negative flow
values.

6. CONCLUSION

In this paper we presented a port-Hamiltonian model
of the vocal folds as an example of a fluid-structure
interconnection system. We extended the model by Encina
et al. (2015) including a port-Hamiltonian representation
of the fluid dynamics based on the approach proposed
by Lopes and Hélie (2016). The simulations obtained are
in corresponding with the movement of the vocal folds.
The structure model and the fluid model were used to
obtain a port-Hamiltonian model for the whole system,

based on the signals in common.An interconnection of
both subsystems based on ports requires an alternative
way to describe the fluid model and is currently under
development.
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