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Abstract

Backbone, the set of variables that are fixed across all optimal solutions, captures key
structural properties of combinatorial optimization problems. The backbone provides
interpretable indicators of problem hardness and, as demonstrated by recent research
in SAT, valuable supervision targets for learning-based methods. Yet, the Pseudo-
Boolean Optimization (PBO) domain has lacked dedicated tools for its extraction.
Here we introduce three new backbone extractors for Pseudo-Boolean Optimization
(PBO): ROUNDINGBACK, a PBO-native extractor built on top of RoundingSAT;
GUROBACK, an extractor built on top of the MILP solver Gurobi; and NAPBACK, a
pipeline that converts PBO instances into SAT using NaPS and delegates the back-
bone extraction to CadiBack, a backbone extractor for SAT. Additionally, we propose
two heuristic variants of ROUNDINGBACK: RB-WP (weighted-propagation order-
ing) and RB-PG (diversity-driven phase guidance). Each extractor demonstrates
distinct strengths tailored to different domain applications. On the PBO Compe-
tition 2024 OPT-Lin benchmark, RB-PG achieves the highest extraction coverage
(223 of 335 instances, 67%), outperforming GUROBACK and NAPBACK. Our exper-
imental evaluation also shows that ROUNDINGBACK, GUROBACK and NAPBACK
are complementary, and it is often the case that when an extractor fails, another
is fit. Beyond algorithmic performance, a large-scale analysis over more than eight
thousand instances shows a bimodal distribution distinguishing flexible and rigid
problem classes. We also show that the correlation between backbone density and
problem hardness is domain-specific. All extracted backbones are publicly released
to foster future research in learning-based PBO and structural instance analysis.

Keywords: Backbone, Pseudo-Boolean Optimization, Combinatorial Optimiza-
tion.
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Chapter 1

Introduction

Combinatorial optimization problems appear throughout science and engineering,
from cryptanalysis [37] and software testing [4] to chemical process design [51] and
autonomous navigation [3]. These problems share a common structure: selecting
discrete configurations from exponentially large solution spaces to optimize some
objective function while satisfying given constraints. Their computational difficulty,
often NP-hard, has motivated decades of research into both exact and approximate
solving techniques [58, [5].

Pseudo-Boolean Optimization (PBO) sits between Boolean Satisfiability (SAT)
and Mixed-Integer Linear Programming (MILP). PBO extends SAT’s propositional
logic with linear objective functions and pseudo-Boolean constraints—linear inequal-
ities over Boolean variables—allowing natural expression of optimization problems in
circuit verification [57], resource allocation [47], and covering problems [15][34]. PBO
inherits efficient conflict-driven clause learning (CDCL) techniques from SAT [36], 39]
while also using cutting planes and branch-and-bound methods from integer pro-
gramming [33] [43].

Modern PBO solvers such as RoundingSAT [20, 17] and SCIP [2, 8] show that
native handling of pseudo-Boolean constraints can outperform both pure SAT ap-
proaches (which require expensive encodings [19]) and generic MILP solvers on many
problem classes. Recent advances in pseudo-Boolean propagation [42] and core-
guided optimization [I7] have strengthened the case for dedicated PBO techniques.
The Pseudo-Boolean Competition continues to drive progress in this area; its 2024
edition provides the benchmark suite used in this work.

Beyond efficient solving algorithms, the structural properties of optimization
problems help explain computational difficulty. An important structural concept
is the backbone: the set of variables that take the same value across all optimal
solutions. Schneider et al. [50] introduced backbones for the Traveling Salesman
Problem, capturing a notion of structural rigidity or “frozen core” within a prob-
lem instance. Backbone variables represent decisions determined by the problem
structure rather than incidental choices among equivalent alternatives.

Backbones have several uses. In SAT, backbone variables correlate with problem
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hardness, especially near phase transitions 38|, [44]. Large backbones indicate that
many variable assignments are tightly constrained, often making instances harder to
solve. Conversely, small backbones mean more flexibility in the solution space. This
hardness correlation holds empirically across various SAT benchmark families [32].
For solver enhancement, Slaney and Walsh [52] showed that backbone information
can guide search heuristics, while Wang et al. [56] trained neural networks to predict
backbone variables and use these predictions to accelerate CDCL solving.

For optimization problems, backbones take on added importance. Slaney and
Walsh [52] extended backbones from satisfiability to optimization, defining them
as variables fixed across all optimal solutions. This requires first finding the opti-
mal objective value, then identifying variables invariant within that optimal solution
space. The resulting backbone provides a domain-independent characterization of
problem structure that complements domain-specific features used for algorithm se-
lection [53, [54] and instance space analysis.

Combining backbones with machine learning for combinatorial optimization is a
promising direction. Learning-based methods for MILP—including learn-to-branch [31]
22), predict-and-search [26] 28], and contrastive learning approaches [27, T1]—show
that structural features can guide optimization algorithms. Backbones are a natu-
ral target for such learning: they represent the “essential” part of optimal solutions
that must be identified, while non-backbone variables offer flexibility for heuristics.
This motivates the need for efficient backbone extraction methods that can generate
training data at scale.

Despite the utility of backbones in SAT and their extension to optimization,
a gap exists in the literature: no dedicated backbone extraction methods have been
developed for Pseudo-Boolean Optimization or Mixed-Integer Linear Programming.
Backbone extraction is fundamentally a SAT /CSP concept, and existing extractors
such as CadiBack [6] target pure SAT instances. Applying them to PBO requires
converting the PBO instance to SAT through potentially expensive encodings [19],
which introduces overheads that may limit extraction coverage or efficiency.

We address this gap by developing native PBO backbone extraction methods. We
introduce ROUNDINGBACK, a backbone extractor built on the RoundingSAT PBO
solver, along with two heuristic variants: RB-WP (weighted-propagation ordering)
and RB-PG (diversity-driven phase guidance). For comparison, we also implement
GUROBACK—a novel MILP-based backbone extractor using Gurobi, which is itself
a contribution since no native MILP backbone extractors previously existed—and
NAPBACK (a SAT-conversion pipeline using NaPS and CadiBack).

Our experimental evaluation on 8,351 instances from the PBO Competition 2024
OPT-Lin benchmark shows that the RB-PG variant achieves 67% overall extraction
coverage, outperforming both baseline approaches. We also find complementarity
patterns among extractors: different methods succeed on different instance families,
suggesting that portfolio approaches may further improve coverage. We release the
complete dataset of extracted backbones to support future research in PBO solving,
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algorithm selection, and machine learning for combinatorial optimization.

1.1 Hypothesis

Implementing a native backbone extractor for PBO reduces extraction time com-
pared to methods that require prior conversion of the problem to SAT. Additionally,
variable ordering heuristics reduce computation time compared to the original algo-
rithm without specific ordering.

1.2 Objectives

The general objective of this work is to develop and implement a backbone extraction
mechanism for Pseudo-Boolean Optimization (PBO) instances, integrating it into the
RoundingSAT solver, to generate representative and structurally informative data
for training machine learning models and analyzing instance structure.

The specific objectives associated with this work are the following;:

1. Design and implement the backbone extraction algorithm for PBO instances,
adapting CadiBack’s method to optimization problems with binary variables.

2. Extend the mechanism to support both optimization (with objective function)
and decision problems (without objective function).

3. Develop and explore heuristics that speed up extraction, based on internal
extractor modifications.

4. Implement a pipeline that converts PBO to SAT), extracts the SAT backbone,
and converts back to PBO.

5. Evaluate heuristic effectiveness in reducing extraction time, comparing with
the original PBO-adapted algorithm and the SAT conversion pipeline.

6. Report the contribution through a conference paper.

A preliminary version of this work was published at the 18th International Con-
ference on Agents and Artificial Intelligence (ICAART 2026) [21]. The present thesis
extends the conference paper with a broader background study and a more detailed
literature review.
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1.3 Structure

Chapter [2| provides background on Boolean Satisfiability, Conflict-Driven Clause
Learning, Pseudo-Boolean Optimization, and backbones. Chapter [3| reviews related
work on backbone extraction and PBO solving. Chapter [4] describes our proposed
backbone extraction methods. Chapter [b| presents the experimental evaluation.
Chapter [ summarizes conclusions and discusses future research directions.



Chapter 2

Background

This chapter covers Boolean Satisfiability (Section, Conflict-Driven Clause Learn-
ing (Section2.2)), Pseudo-Boolean Optimization (Section[2.3), backbones (Section[2.4)),
backbone extraction algorithms (Section [2.5)), and PBO solver paradigms (Section [2.6)).

2.1 Boolean Satisfiability

Boolean Satisfiability (SAT) is the canonical NP-complete problem [7]. We present
the propositional logic basics needed to formulate SAT.

2.1.1 Propositional Logic Fundamentals

Definition 2.1.1 (Propositional Variable). A propositional variable (or Boolean
variable) is a variable = that takes values from the Boolean domain B = {0, 1},
where 0 represents false and 1 represents true. We denote a finite set of propositional
variables as X = {x1,x2,...,2,}.

Definition 2.1.2 (Literal). A literal is either a propositional variable x (called a
positive literal) or its negation —x (called a negative literal). We use £ to denote a
literal and ¢ to denote its complement, i.e., if £ = x then ¢ = -z, and if £ = —x then
(=uz.

Example 2.1.1. Consider variables x; and x5. The set of literals over these variables
is {x1, 21, 29, 7o }. Here, zy and -z are complements of each other.

2.1.2 Clauses and Conjunctive Normal Form

Definition 2.1.3 (Clause). A clause C' is a disjunction (logical OR) of literals:
C= VNV VL) (2.1)

where ¢; denotes the i-th literal in the clause. The number of literals £ in a clause is

called its width. A clause with exactly k literals is called a k-clause.

5
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Definition 2.1.4 (Conjunctive Normal Form). A propositional formula ¢ is in Con-
Junctive Normal Form (CNF) if it is a conjunction (logical AND) of clauses:

p=CiACoA-— ANCp= \C; (2.2)

where each Cj is a clause. A CNF formula over n variables with m clauses is often
characterized by its clause-to-variable ratio m/n.

Any propositional formula, including those with implications (—) and bicondi-
tionals (<), can be transformed to an equisatisfiable CNF formula using the Tseitin
transformation [55]. The transformation introduces auxiliary variables to avoid ex-
ponential blow-up, producing a formula whose size is linear in the original.

Example 2.1.2. Consider the formula ¢ = (z1V—z)A(—x1VaaVas)A(—xs). Thisis
a CNF formula with three clauses: Cy = (z1V —z3) is a 2-clause, Cy = (—x1 Vs Vs)
is a 3-clause, and C3 = (—x3) is a 1-clause (also called a unit clause).

2.1.3 The SAT Decision Problem

Definition 2.1.5 (Assignment). A (truth) assignment o : X — B is a mapping
from propositional variables to Boolean values. An assignment ¢ naturally extends
to literals by defining o(—z) = 1 — o(z).

Definition 2.1.6 (Satisfying Assignment). An assignment o satisfies a clause C' =
(64V-- V) if at least one literal in C' evaluates to true under o, i.e., 3i € {1,...,k} :
o(¢;) = 1. An assignment o satisfies a CNF formula ¢ = Cy A - A O, if it satisfies
all clauses simultaneously, i.e., Vj € {1,...,m} : o satisfies C;. Such an assignment
is called a satisfying assignment or a model of .

Definition 2.1.7 (Boolean Satisfiability Problem (SAT')). The Boolean Satisfiability
problem (SAT) is defined as follows:

e Instance: A propositional formula ¢ in CNF.
e Question: Does there exist an assignment o that satisfies 7
If such an assignment exists, ¢ is called satisfiable; otherwise, it is unsatisfiable.

Example 2.1.3. Consider the formula ¢ = (1 V 22) A (mx; V 22) A () over
variables {1, z2}. The assignment o(z1) = 0,0(z2) = 1 satisfies the first two clauses
but falsifies the third clause (—z3). In fact, no assignment satisfies all three clauses
simultaneously, hence ¢ is unsatisfiable.

Example 2.1.4. For the formula ¢y = (x; V =x2) A (mx1 V 23), the assignment
o(x1) = 1,0(x9) = 1 satisfies both clauses: o(x1) = 1 makes the first clause true,
and o(xy) = 1 makes the second clause true. Thus, 1) is satisfiable with model o.

6
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2.1.4 NP-Completeness of SAT
SAT was the first problem proven NP-complete.

Theorem 2.1.1 (Cook’s Theorem [13]). The Boolean Satisfiability problem (SAT)
is NP-complete.

Cook’s theorem established that SAT is intractable assuming P # NP:

1. SAT € NP: Given a candidate assignment o, one can verify in polynomial
time whether o satisfies the CNF formula ¢ by evaluating each clause.

2. SAT is NP-hard: Any problem in NP can be reduced to SAT in polynomial
time. Cook’s proof shows that any nondeterministic Turing machine computa-
tion can be encoded as a SAT instance such that the machine accepts its input
if and only if the corresponding formula is satisfiable.

Unless P = NP, no polynomial-time algorithm exists for SAT in the worst case.
Nevertheless, modern CDCL-based SAT solvers can solve many practical instances
with millions of variables [7].

2.2 Conflict-Driven Clause Learning

Conflict-Driven Clause Learning (CDCL) is the algorithmic paradigm underlying
modern SAT solvers [7,36]. When a solver encounters a contradiction, it analyzes the
conflict cause and learns a new clause that prevents similar contradictions. Under-
standing CDCL is necessary for pseudo-Boolean solvers that extend these techniques
to linear inequalities.

Algorithm presents the high-level structure of CDCL. The solver alternates
between propagation (deriving forced assignments), decision (choosing variable val-
ues), and conflict handling (learning from contradictions and backtracking).

2.2.1 Unit Propagation

CDCL solvers use unit propagation (also called Boolean Constraint Propagation or
BCP) as their main inference mechanism. In a clause where all but one literal are
assigned false, the remaining literal must be true for the clause to be satisfied.

Definition 2.2.1 (Unit Clause under Partial Assignment [7]). Let C' = (¢, V o V
.-+ V {;) be a clause and ¢ be a partial assignment. The clause C' is unit under o if
exactly one literal ¢; is unassigned and all other literals ¢; (j # i) are falsified by o.
The unassigned literal ¢; is called the unit literal or implied literal.
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Algorithm 2.1 CDCL SAT Solving [7]

1: procedure CDCL(y)
2 d+0 > Decision level
3 loop
4: UNITPROPAGATE(p) > Derive forced assignments
5 if conflict detected then
6 if d =0 then return UNSAT > Conflict without decisions:

unsatisfiable

: end if
8: (Cp,d') <~ CONFLICTANALYSIS © Learn clause, find backtrack level
9: Add learned clause C', to ¢ > Prevent same conflict
10: BACKTRACK(d') > Undo assignments above level d’
11: d<+d > Continue; C', will propagate
12: else if all variables assigned then return SAT
13: else
14: d+—d+1 > New decision level
15: (x,v) <~ PICKBRANCHING VARIABLE > Select variable and value
16: Assign x < v > Make decision
17: end if

18: end loop
19: end procedure

Definition 2.2.2 (Unit Propagation). Unit propagation is the process of repeatedly
identifying unit clauses and extending the partial assignment by setting each unit
literal to true. Given a CNF formula ¢ and partial assignment o, unit propagation
computes the unique fixed point where no unit clauses remain.

Example 2.2.1. Consider the formula ¢ = (21 V 23 V x3) A (021 V 24) A (024 V
x5) A (—z2) with partial assignment o = {z; — 1,23 — 0}. The clause (—x; V x4)
becomes unit since -z is false, implying x4 = 1. This assignment makes (—xy V x5)
unit, implying x5 = 1. Unit propagation thus extends o to {x1 — 1,23 — 0,24 —
1,25 — ]_}

Unit propagation is computationally inexpensive—modern solvers use the two-
watched-literal scheme to achieve amortized constant time per propagation [39]. A
variable’s propagation activity measures how frequently its assignment triggers prop-
agations of other variables; this metric is used by some solver heuristics to identify
influential variables.

2.2.2 Decision Variables and the Search Tree

When unit propagation reaches a fixed point without finding a conflict or a complete
assignment, the solver must make a decision: it selects an unassigned variable and

8
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assigns it a truth value.

Definition 2.2.3 (Decision Level). Each decision variable is associated with a deci-
sion level d > 1, indicating the depth in the search tree. Variables assigned through
unit propagation inherit the decision level of the decision that triggered them. De-
cision level 0 is reserved for literals that can be derived from the original formula
without any decisions (initial unit propagation).

Definition 2.2.4 (Decision Variable). A decision variable is a variable whose value
is chosen by the solver’s branching heuristic rather than being implied through unit
propagation. The sequence of decisions forms a search tree, where each path from
the root represents a partial assignment.

Decision ordering affects solver performance. After each decision, unit propaga-
tion extends the assignment until either: (1) all clauses are satisfied (solution found),
(2) some clause becomes falsified (conflict detected), or (3) no more propagations are
possible (another decision is needed).

2.2.3 Conflict Analysis

A conflict occurs when a clause has all its literals falsified under the current partial
assignment. Rather than simply backtracking to the most recent decision, CDCL
solvers perform conflict analysis to understand which decisions caused the conflict
[36].

Definition 2.2.5 (Conflict Clause). A clause C' is a conflict clause (or falsified
clause) under assignment o if every literal in C' is assigned false by o.

Definition 2.2.6 (Implication Graph [36]). The implication graph is a directed
acyclic graph that records the causal relationships between variable assignments.
Each node represents a literal and its decision level. An edge from ¢; to ¢ indicates
that ¢; was one of the antecedent literals that implied ¢, through unit propagation.
Decision literals have no incoming edges.

Example 2.2.2. Consider clauses C} = (—z1 V x3), Cy = (mx1 V a3), C3 = (—a3 V
-3V xy), and Cy = (—xy V —x5). Suppose x1 = 1 at decision level 1 and z5 = 1 at
decision level 2. From Cy: 2o =1 (level 1). From Cy: xz3 = 1 (level 1). From Cj:
xqy = 1 (level 1). From Cy: conflict, since both x4 and x5 are true. The implication
graph shows that x; and x5 together lead to this conflict through the propagation
chain.

Conflict analysis traverses the implication graph backwards from the conflict,
identifying a cut that separates the decision variables from the conflict. The most
common strategy identifies the first Unique Implication Point (UIP)—the first node
on the path from the most recent decision to the conflict that appears on every such
path.
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2.2.4 Clause Learning

CDCL learns a new clause from each conflict, preventing the same conflict pattern
from recurring [36].

Definition 2.2.7 (Learned Clause). Given a conflict and its implication graph, a
learned clause Cy, is a clause that:

1. Is logically implied by the original formula (i.e., adding C} does not change
satisfiability),

2. Is falsified by the current assignment (i.e., represents the conflict),
3. Contains at most one literal from the current decision level (the UIP scheme).

The learned clause is constructed by resolution: starting from the conflict clause,
repeatedly resolve with the antecedent clause of each literal until reaching the UIP.
Resolution of clauses C; = (AVz) and Cy = (BV—x), where A and B are disjunctions
of literals and x is a variable appearing positively in C'; and negatively in C5, produces
the resolvent C'= (A V B).

Example 2.2.3. Continuing the previous example, the conflict involves Cy = (—z4V
—x5) with both literals false (since 24 = x5 = 1). Resolving with the antecedent of
x4, which is C5 = (—xe V —x3 V 1y), yields (mzy V —x3 V —x5). Further resolution
eventually produces the learned clause (—z; V —x5), which states that z; and xj
cannot both be true.

Learned clauses accumulate during search, pruning the search space by preventing
the solver from revisiting equivalent conflict situations. Modern solvers periodically
delete less useful learned clauses to manage memory.

2.2.5 Non-chronological Backtracking

Traditional backtracking undoes the most recent decision when a conflict occurs.
CDCL employs non-chronological backtracking (also called backjumping), which can
skip multiple decision levels [36].

Definition 2.2.8 (Backtrack Level). Given a learned clause Cp with literals at
various decision levels, the backtrack level is the second-highest decision level among
literals in C'p. After backtracking to this level, exactly one literal in C7 remains
unassigned (the one from the highest level) while all other literals are falsified by the
remaining assignment. This makes C unit under the current partial assignment—
also called an asserting clause—forcing propagation of the single unassigned literal.

Example 2.2.4. If the learned clause is (—x; V —x5) where 27 was decided at level
1 and x5 at level 2, the backtrack level is 1. The solver undoes all assignments at

10



UTFSM

levels 2 and above. At level 1, z; = 1 still holds, so =z is false; thus Cf has one
falsified literal and one unassigned literal (—z5), making it unit under the current
assignment. This immediately implies x5 = 0, preventing the conflict from recurring.

Non-chronological backtracking improves efficiency by jumping directly to the
decision level where the conflict can be resolved, skipping irrelevant decisions.

2.2.6 Variable Selection Heuristics: VSIDS

Decision variable choice affects solver performance. The Variable State Independent
Decaying Sum (VSIDS) heuristic, introduced in Chaff [39], focuses on recently active
variables.

Definition 2.2.9 (VSIDS Heuristic). The VSIDS (Variable State Independent De-
caying Sum) heuristic maintains an activity score for each variable. When a conflict
occurs, scores of variables appearing in the learned clause are incremented. Period-
ically, all scores are decayed (multiplied by a constant < 1). The decision heuristic
selects the unassigned variable with the highest score.

VSIDS is conflict-driven (variables in recent conflicts receive higher priority, fo-
cusing search on the “hard” part of the formula), uses exponential decay (recent
conflicts matter more than older ones, allowing the heuristic to adapt as search pro-
gresses), and is efficient (scores are simple floating-point values, making updates and
lookups fast).

Modern variants refine VSIDS; for example, some solvers also track propagation
activity—how often a variable’s assignment causes other variables to be propagated—
as an additional signal for variable importance.

2.2.7 Relevance to Pseudo-Boolean Solving

CDCL extends to pseudo-Boolean optimization. Solvers like RoundingSAT integrate
conflict-driven search with cutting planes reasoning, learning linear inequalities in-
stead of clauses [20]:

Propagation generalizes: instead of unit propagation on clauses, pseudo-Boolean
solvers propagate on linear constraints, and when a constraint’s slack becomes zero
(all unfixed terms are required to satisfy the bound), variable assignments are im-
plied. Conflict analysis also generalizes: when a constraint becomes infeasible, the
solver learns a new linear inequality derived through cutting planes operations (such
as saturation and division), analogous to resolution for clauses. Heuristics adapt as
well—variable selection can incorporate propagation activity, measuring how often a
variable’s assignment triggers propagations of other variables, to identify influential
variables in the constraint system.

The extension preserves CDCL structure while using the additional reasoning
power of linear constraints.

11
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2.3 Pseudo-Boolean Optimization

Linear Pseudo-Boolean Optimization (Linear PBO) lies between propositional sat-
isfiability and Mixed Integer Programming. Linear PBO involves integer linear pro-
gramming restricted to binary variables, using notation and solving techniques from
the SAT community. More general PBO allows nonlinear terms (products of Boolean
variables), but this thesis focuses on the linear case.

2.3.1 Pseudo-Boolean Constraints

Definition 2.3.1 (Pseudo-Boolean Function [9]). A pseudo-Boolean function is a
function f : B"™ — R mapping Boolean vectors to real numbers. Any pseudo-Boolean
function can be uniquely represented as a multilinear polynomial over Boolean vari-
ables.

Definition 2.3.2 (Linear Pseudo-Boolean Constraint). A linear pseudo-Boolean
(PB) constraint is a linear inequality of the form

n

> ali = (2.3)

i=1
where:

e /; are Boolean literals, i.e., either a propositional variable x; or its negation

&y,
e ¢; € N are non-negative integer coefficients, and
e b € N is the bound (or threshold).

For evaluation purposes, a literal ¢ under assignment o takes value o(¢) = o(z)
if ¢t =z, and o(f) =1 —o(z) if £ = —-x. A PB constraint is satisfied by assignment
o when the weighted sum of its literals meets or exceeds the bound.

More generally, pseudo-Boolean constraints can include nonlinear terms—products
of literals with integer coefficients. Such constraints arise in quadratic pseudo-
Boolean optimization and can be linearized through auxiliary variable introduction,
though this may increase problem size.

Linear PB constraints are linear inequalities where variables are restricted to
{0, 1} rather than continuous values. Nonlinear PB constraints, involving products
of Boolean variables, also exist and can be handled through linearization or direct
nonlinear methods [9]. While LP is solvable in polynomial time, PB decision prob-
lems are NP-complete.

12
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Example 2.3.1. Consider the PB constraint 2z, + 3z + x3 > 4. This constraint
is satisfied when the weighted combination of true variables reaches at least 4. For
instance, 0 = {z1 — 1,29 — 1,23 — 0} yields 2(1) + 3(1) + 1(0) = 5 > 4, satisfying
the constraint. However, o/ = {x1 +— 1,29 — 0,23 — 1} yields 2(1) + 3(0) + 1(1) =
3 < 4, violating it.

2.3.2 Relationship to Propositional Satisfiability

PB constraints strictly generalize propositional clauses. Any clause can be encoded
as a PB constraint with unit coefficients and threshold one.

Example 2.3.2. The clause (z1VzyV—x3) is logically equivalent to the PB constraint

which simplifies to x1 + x9 + T3 > 1 using the notation z for the negated literal. The
constraint requires at least one of the three literals to be true, exactly capturing the
clause semantics.

However, PB constraints offer strictly greater expressiveness. Cardinality con-
straints (“at least k of n variables must be true”) and weighted threshold constraints
have compact PB representations but require exponentially many clauses in CNF [9].

Example 2.3.3. The constraint “at least 2 of {x1, z2, z3} must be true” is directly
expressed as
X1 —|— i) —|— T3 Z 2 (25)

Converting this to CNF requires enumerating all pairs: (z1 Vo) A(z1Vas)A(zaVxs).
For general constraints ) ., ¢;z; > b with arbitrary coefficients, the CNF encoding
can grow exponentially in the number of variables.

The expressiveness gap has proof-theoretic implications. Resolution (underlying
CDCL SAT solvers) can require exponentially many steps to derive unsatisfiability
for certain PB constraints, whereas cutting planes admits polynomial-length proofs
for the same instances [25]. PB solvers are thus preferable when the problem involves
cardinality or weighted constraints.

2.3.3 Decision and Optimization Problems

Definition 2.3.3 (PB Decision Problem). Given a set C of PB constraints over
Boolean variables X', the PB decision problem asks whether there exists an assign-
ment o : X — B satisfying all constraints in C.

Definition 2.3.4 (Pseudo-Boolean Optimization). Given a set C of PB constraints
over Boolean variables X and a linear objective function

f(x) = Z w;T; (2.6)

13
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with integer weights w; € Z, the Pseudo-Boolean Optimization (PBO) problem seeks
an assignment ¢* that minimizes f while satisfying all constraints:

0" = argmin,_; f(o) (2.7)

The PB decision problem is NP-complete since it generalizes SAT. Consequently,
PBO is NP-hard.

Optimization reduces to a sequence of decision problems. Given an optimal solu-
tion o* with objective value f(0*) = S*, adding the constraint f(x) = S* transforms
the optimization instance into a decision problem. This reduction is useful when
enumerating all optimal solutions or proving properties about the optimal solution
set.

Example 2.3.4. Consider minimizing f(xi,zs,x3) = 227 + 2 + 3x3 subject to
x1 + x9 + x3 > 2. The optimal solution ¢* = {x; — 1,29 — 1,23 — 0} achieves
f(o*) = 3. To enumerate all optimal solutions, we add constraint 2z + x5 + 33 = 3
and solve the resulting decision problem.

2.3.4 Connection to Integer Linear Programming

Linear PBO is equivalent to 0-1 Integer Linear Programming (0-1 ILP), differing in
notation and solving methodology. ILP solvers typically use branch-and-bound with
LP relaxations, while PB solvers adapt conflict-driven techniques from SAT solving.
The SAT-based approach can be advantageous for highly combinatorial instances
where LP relaxation provides weak bounds.

The choice between PBO and 0-1 ILP formulations depends on problem structure:
PBO solvers excel when constraints encode logical relationships expressed through
Boolean combinations, while ILP solvers may perform better when LP relaxation
closely approximates the integer optimum [9].

2.4 Backbones

A backbone characterizes constraint satisfaction and optimization problems struc-
turally. Originally studied in SAT, backbones capture variables that are “frozen”
across all solutions, offering insight into problem structure and computational hard-
ness.

2.4.1 Backbones in Boolean Satisfiability

Consider a Boolean formula ¢ in conjunctive normal form (CNF) over a set of
Boolean variables X = {xy,2z9,...,2,}. A literal is either a variable x; or its nega-
tion —z;. A model (or satisfying assignment) of ¢ is an assignment of truth values
to all variables in X that makes ¢ evaluate to true. We denote the set of all models

of p as M(yp).
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Definition 2.4.1 (Backbone of a SAT instance [29]). Let ¢ be a satisfiable Boolean
formula. The backbone of ¢, denoted B(yp), is the set of literals that are true in every
model of ¢:

B(p) ={l|Vne M(p): pk= L} (2.8)
where 1 |= ¢ denotes that the assignment p satisfies literal .

Equivalently, a literal ¢ belongs to the backbone if and only if ¢ A —¢ is unsatis-
fiable. To test whether ¢ is in the backbone, check whether augmenting the formula
with —¢ makes it unsatisfiable.

Example 2.4.1. Consider the formula ¢ = (21 V x2) A (z1 V —23) A (m21 V 23). The
models of ¢ are:

® [ : x1 = true, xzy = true, x3 = true
® [i5 . x1 = true, xo = false, x3 = true
In both models, x; and x5 are true, while x5 varies. Therefore, B(p) = {1, x3}.

The backbone can also be understood in terms of variable-value pairs. For de-
cisional problems such as SAT, the backbone comprises pairs (variable, value) that
appear in every satisfying assignment [32]. A variable x; is called a backbone variable
if either x; € B(yp) or —x; € B(yp).

2.4.2 Extension to Optimization Problems

The backbone concept extends to combinatorial optimization problems, where it
consists of variable-value pairs present in all optimal solutions [52].

Definition 2.4.2 (Backbone of an optimization problem). Let P be a combinatorial
optimization problem with objective function f to be minimized (or maximized), and
let $* denote the set of all optimal solutions. The backbone of P is:

B(P) = {(zi,v) | Vs € " : s(x;) = v} (2.9)
where s(x;) denotes the value of variable x; in solution s.

For optimization variants of SAT, such as Maximum Satisfiability (MaxSAT), the
backbone comprises literals that must hold in every optimal solution. Similarly, for
constraint optimization problems, the backbone identifies variable assignments that
are invariant across all optima.
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2.4.3 Feasibility Backbones versus Optimality Backbones

When moving from decision problems to optimization problems, the backbone con-
cept splits into two related but distinct notions. Consider a PBO instance with a set
of constraints ¢ over Boolean variables x = (z1,...,x,) and an objective function
f(x) to be minimized.

The feasibility backbone considers all solutions that satisfy the constraints, re-
gardless of their objective value. It is the set of literals true in every satisfying
assignment—precisely Definition [2.4.1}

Bfeas(gp) = {g ‘ % }: f}

The optimality backbone is more restrictive: it considers only the optimal solutions,
i.e., those that both satisfy ¢ and minimize f. This corresponds to Definition [2.4.2]
where &* denotes the set of all optimal solutions.

Since optimal solutions are a subset of all feasible solutions, any literal that is
forced across all feasible solutions must also be forced across the (smaller) set of
optimal ones. Therefore, Breas(¢) € Bopt(g, f). The converse does not hold: a
variable might take different values across feasible solutions in general, yet always
take the same value whenever the objective is optimal.

This relationship enables a practical reduction. Suppose the optimal objective
value z* is known (e.g., from a prior optimization phase). Adding the constraint
f(x) < z* to ¢ yields a new formula ¢’ whose feasible solutions are exactly the
optimal solutions of the original problem. Computing the feasibility backbone of
¢'—a standard backbone computation on a decision problem—therefore yields the
optimality backbone of the original instance:

Bfeas(SO/) - BOpt<§07 f)

This is the OPT-to-DEC transformation that the extraction algorithms in this thesis
rely on (Section : first solve to optimality to obtain 2*, then extract the backbone
of the resulting decision problem. In this way, any backbone extractor designed for
satisfiability problems can be applied to optimization problems, provided the optimal
value is available.

The inclusion Bieas(¢) C Bopt(g, f) also suggests a potential strategy: literals
identified as feasibility backbone members—without requiring knowledge of z*—are
guaranteed to belong to the optimality backbone, potentially reducing the number
of candidates that need to be tested after the optimization phase. In practice, how-
ever, this is unlikely to yield significant savings: computing the feasibility backbone
still requires multiple solver calls on the full constraint set, the optimization phase
cannot be skipped since z* is needed for the remaining candidates, and the feasibility
backbone tends to be small relative to the optimality backbone, since most fixed-
variable structure arises from the optimization constraint rather than the feasibility
constraints alone.
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A related observation appears in the study of backdoors—sets of variables whose
instantiation simplifies a problem to a tractable form. Dilkina et al. [I8] showed
that in mixed-integer programming, the backdoor sets needed for proving optimality
can differ substantially in size from those needed for finding a feasible solution,
highlighting that the feasibility-optimality distinction is a recurring theme in the
structural analysis of combinatorial problems.

2.4.4 Computational Complexity

The computational complexity of backbone-related decision problems has been ex-
tensively studied [29].

Theorem 2.4.1 (Complexity of backbone detection [29]). Given a satisfiable Boolean
formula ¢ and a literal £, determining whether ¢ € B(y) is coNP-complete.

Computing the complete backbone requires determining membership for each
literal, yielding a problem at least as hard as solving multiple SAT instances.

2.5 Backbone Extraction Algorithms

We now present algorithmic techniques for computing backbones, which form the
foundation for our proposed methods.

2.5.1 Iterative Literal Testing

The most direct approach follows from the definition: a literal ¢ belongs to the
backbone if and only if ¢ A =/ is unsatisfiable. This yields the iterative literal testing
algorithm [29].

The algorithm maintains a candidate set initialized with all literals. For each
candidate /, it tests whether ¢ A =/ is satisfiable. If unsatisfiable, ¢ is added to the
backbone. While correct, this approach requires O(n) SAT calls in the worst case—
one for each variable polarity that could potentially be in the backbone. For formulas
with large backbones or difficult satisfiability checks, this becomes computationally
prohibitive. Nevertheless, iterative testing establishes the foundation upon which all
subsequent refinements build.

2.5.2 Model-Based Filtering

If a literal takes different values in two satisfying assignments, it cannot be a back-
bone literal. This observation underlies model-based filtering [29).

Definition 2.5.1 (Model-Based Filtering). Given two models py, 2 € M(yp) and a
candidate set C, the filtered candidate set is:

C={{eC|mE"land uy =t}
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The algorithm maintains a set of candidate backbone literals, initially populated
from an arbitrary satisfying assignment. Whenever the solver returns a new model—
either from a satisfiability check or as a byproduct of other operations—the candidate
set is filtered to retain only those literals satisfied by all observed models. This
filtering is computationally inexpensive (linear in the number of variables) yet can
eliminate large portions of the candidate set with each new model.

Model-based filtering effectiveness depends on the diversity of models encoun-
tered. Formulas with many differing satisfying assignments benefit most from this
technique.

2.5.3 Chunk-Based Probing

Rather than testing literals individually, chunk-based probing tests multiple candi-
dates simultaneously [29]. Given a chunk I' C C of k candidate literals, we ask
whether at least one can be negated while maintaining satisfiability.

Definition 2.5.2 (Chunk Constraint). For a chunk I" = {{y,...,¢;} of candidate
literals, the chunk constraint is:

\/ﬂé = ZEZl

el Ler

If ¢ conjoined with this constraint is unsatisfiable, then negating any literal in
I' renders the formula unsatisfiable—hence all literals in I are backbone members.
This identifies k& backbone literals with a single SAT call, a substantial improvement
when backbones are large.

Conversely, if the constrained formula is satisfiable, the resulting model provides
filtering information: any candidate literal falsified in this model is definitively not
in the backbone. The algorithm then continues with the remaining candidates.

Adaptive chunking dynamically adjusts the chunk size based on solver responses.
After successfully identifying backbone literals (UNSAT response), the chunk size
doubles, exploiting the apparent density of backbone literals in that region. After
a SAT response, the chunk size resets to one, reflecting that the current chunk
contained non-backbone literals.

2.5.4 The CadiBack Algorithm

CadiBack [0] is a standalone backbone extractor that leverages the CaDiCal. SAT
solver. It is the state-of-the-art backbone extractor for SAT, combining iterative
testing, model-based filtering, and adaptive chunking with optimizations that exploit
solver internals.

CadiBack’s main contribution is improved model rotation via watched literals.
When testing whether a literal can be flipped, CadiBack uses the solver’s watched
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literal data structures to determine which clauses would become unsatisfied. This
allows rapid local search for alternative models without full SAT calls.

CadiBack also employs incremental SAT solving, maintaining learned clauses and
solver state across the many queries required for backbone extraction. This amortizes
the cost of preprocessing and early inference across all tests.

2.5.5 Phase Selection for Diverse Solutions

Model-based filtering works best with diverse satisfying assignments. The pguide
heuristic [40] biases search toward unexplored regions of the solution space.

During CDCL search, when selecting a value for a decision variable, the solver
must choose a polarity (true or false). Standard heuristics often use cached polarities
or fixed defaults. Pguide instead tracks the polarity assigned to each variable across
all previously found solutions.

Definition 2.5.3 (Polarity Potential). For a variable u, let p, denote the number of
solutions where © = 1 and n, where u = 0. The polarity potential is I, = p, — n,,.

When selecting the polarity for variable u, pguide chooses v = 0 if II, > 0
and u = 1 otherwise—biasing against the majority polarity observed so far. This
encourages the solver to explore different regions of the solution space, increasing
the likelihood of finding counterexamples that demonstrate a literal is not in the
backbone.

In the context of backbone extraction, diverse solutions accelerate candidate fil-
tering. If most solutions assign variable x to true, pguide will bias toward trying
x = 0, potentially discovering a model that eliminates x from the candidate set.

2.6 PBO Solver Paradigms

PBO is NP-hard, and no single solver outperforms all others across all instance
types. Performance depends on instance characteristics such as constraint density,
coefficient magnitudes, and problem structure. Different solving paradigms have
emerged with distinct strengths. We present three approaches used in our experi-
ments: RoundingSAT (native PBO with cutting planes), Gurobi (commercial MIP
solver), and NaPS (PBO-to-SAT translation).

2.6.1 RoundingSAT: Native PBO with Cutting Planes

RoundingSAT [20] integrates conflict-driven search with cutting planes reasoning.
Unlike CDCL solvers that learn clauses, RoundingSAT learns linear inequalities over
Boolean variables. Linear inequalities are more expressive than clauses, capturing
relationships that would require exponentially many clauses to express.
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The algorithm extends CDCL to operate on pseudo-Boolean constraints. On
conflict, RoundingSAT performs conflict analysis using cutting planes derivations
rather than resolution. The two operations are:

e Addition: Combining two linear inequalities by adding them coefficient-wise.

e Division: Dividing all coefficients by a constant and rounding up (saturation),
which corresponds to applying a cutting plane.

These operations define the cutting planes proof system, which is exponentially
stronger than resolution. RoundingSAT can derive contradictions in polynomial
steps for certain problem classes where resolution requires exponential time.

RoundingSAT uses exact arithmetic over arbitrary-precision integers. This in-
curs computational overhead compared to floating-point arithmetic but eliminates
numerical instability with large coefficients—common in PBO instances from com-
binatorial problems.

RoundingSAT also incorporates LP relaxations through integration with the So-
Plex LP solver. At certain points during search, the solver can compute the LP
relaxation of the current subproblem, using the fractional solution to guide branch-
ing decisions or derive additional cutting planes.

Propagation in RoundingSAT operates natively on pseudo-Boolean constraints
without converting them to clausal form. When a constraint’s slack (the difference
between the maximum achievable sum and the threshold) becomes insufficient to
allow any unassigned literal to be falsified, the solver propagates the implied assign-
ments directly. This preserves the structure of the original problem and avoids the
variable explosion that can occur with CNF encodings.

2.6.2 Gurobi: Commercial MIP Solver

Gurobi [24] is a commercial solver that handles PBO as 0-1 Integer Linear Program-
ming. Its algorithmic foundation differs from CDCL-based approaches, building on
Branch-and-Bound from linear programming.

Branch-and-Bound maintains a search tree where each node is a subproblem with
additional variable bounds. At each node, Gurobi solves the LP relaxation (allowing
variables to take fractional values in [0, 1]). If the relaxation is infeasible, the node
is pruned. If it yields an integer solution, the incumbent is updated. Otherwise, the
solver branches on a fractional variable, creating child nodes that fix it to 0 or 1.

Gurobi uses cutting plane techniques to tighten the LP relaxation:

e Gomory cuts [23]: Derived from the simplex tableau, these cuts separate
fractional LP solutions from the integer hull.

e Mixed Integer Rounding (MIR) cuts [35]: Generalize Gomory cuts using
rounding arguments applicable to mixed-integer problems.
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These cuts strengthen the LP relaxation, providing tighter bounds and reducing
search tree size. The interplay between cutting planes and branching—Branch-and-
Cut—is central to modern MIP solving.

Unlike RoundingSAT, Gurobi does not perform conflict-driven learning in the
CDCL sense. Pruning relies on bound comparisons: a node is pruned when its LP
relaxation value cannot improve upon the best known solution.

Gurobi uses floating-point arithmetic for computational efficiency. Modern floating-
point implementations achieve remarkable speed, but they can introduce numerical
issues when constraint coefficients span many orders of magnitude.

Gurobi’s advantages include extensive engineering optimization, parallel process-
ing to explore multiple branches simultaneously, and aggressive presolve routines for
problem simplification.

2.6.3 NaPS: PBO-to-SAT Translation

NaPS [49] translates PBO constraints into CNF and delegates solving to a SAT
solver, leveraging decades of engineering investment in solvers like MiniSat.

The translation uses Reduced Ordered Binary Decision Diagrams (ROBDDs) [10]
to encode pseudo-Boolean constraints as CNF. An ROBDD is a compressed repre-
sentation of a Boolean function as a DAG. For a pseudo-Boolean constraint, the
ROBDD encodes all satisfying assignments, and CNF is derived by introducing aux-
iliary variables for internal ROBDD nodes.

The ROBDD-based encoding maintains arc consistency: unit propagation on
the CNF achieves the same pruning as propagation on the original PB constraint.
This is stronger than many alternative encodings that lose propagation strength in
translation.

The approach has limitations. ROBDD construction can be expensive for con-
straints with many variables or large coefficients—ROBDD size depends on variable
ordering. The translation also introduces auxiliary variables that obscure the original
problem structure.

Once translated, NaPS solves the resulting CNF using standard CDCL tech-
niques: unit propagation, conflict analysis with resolution, and clause learning. The
learned clauses are disjunctions of literals over both original and auxiliary variables.
This allows NaPS to benefit from CDCL’s pruning, but learned clauses cannot ex-
press general linear relationships—they remain within resolution’s expressive power.

2.6.4 Comparison of Paradigms

Each paradigm brings a fundamentally different perspective to PBO. RoundingSAT
stands out for its ability to learn linear inequalities rather than clauses, placing it
in the cutting planes proof system which is exponentially stronger than resolution.
This theoretical advantage comes with practical trade-offs: exact arithmetic ensures
correctness with arbitrary coefficients but runs slower than floating-point. Gurobi
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approaches the problem from the operations research tradition, treating PBO as 0-1
ILP and exploiting LP relaxations to compute tight bounds that guide branch-and-
bound search. Its strength lies in decades of engineering optimization and the power
of continuous relaxations to prune the search space, though floating-point arithmetic
can introduce numerical issues when coefficients vary widely. NaPS takes yet another
route by translating constraints into CNF and delegating to highly optimized SAT
solvers, benefiting from their mature propagation and learning mechanisms while
remaining limited to resolution’s expressive power.

These differences shape when each solver excels. RoundingSAT tends to perform
well on instances where cutting planes reasoning provides significant advantages over
resolution—problems with cardinality or weighted constraints that would require
exponential clausal encodings. Gurobi dominates when LP relaxations are tight
approximations of the integer optimum, as the bounds enable aggressive pruning.
NaPS§ shines on instances where the CNF encoding remains compact and the prob-
lem structure aligns well with CDCL’s conflict-driven search. No single paradigm
dominates across all instance types, which motivates studying solver behavior across
diverse benchmarks.
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Related Work

We survey backbone computation techniques for SAT, PBO solving approaches, and
backbone applications in combinatorial optimization. Chapter [2] covers the technical
foundations; here we focus on the evolution of ideas and research gaps.

3.1 Backbone Extraction in SAT

Backbone research began with investigations into random SAT hardness. Parkes [44]
first observed that backbone variables correlate with solution space clustering near
the phase transition. Monasson et al. [38] formalized this, showing that backbones
emerge in the hard region of random 3-SAT where instances transition from al-
most surely satisfiable to almost surely unsatisfiable. Achlioptas et al. [I] connected
backbone size to solution landscape fragmentation: large backbones correspond to
isolated solution clusters with large Hamming distances between them.

Kilby et al. [32] proved that determining backbone membership is coNP-complete,
so no polynomial-time algorithm exists unless P = NP. Despite this, practical algo-
rithms perform well on structured instances from real-world applications.

Janota et al. [29] categorized extraction techniques into four strategies: iterative
literal testing, which checks if each candidate’s negation is satisfiable; chunk-based
probing, which tests multiple candidates with cardinality constraints; model-based
filtering, which eliminates candidates that vary across satisfying assignments; and
core-based identification, which extracts backbone information from unsatisfiability
proofs. These techniques are orthogonal and can be combined; effective extractors
interleave them based on solver feedback. Chapter [2| presents these algorithms in
detail.

CadiBack [6] leverages CaDiCal and is the current state-of-the-art SAT back-
bone extractor. It introduces adaptive chunk sizing based on backbone density,
improved model rotation using watched literal data structures, and tight integra-
tion with incremental SAT solving to amortize preprocessing costs. CadiBack shows
that efficient extraction requires exploiting solver internals—particularly search data
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structures—rather than treating the solver as a black box.

NeuroBack [56] uses graph neural networks to predict backbone variables in SAT,
guiding CDCL variable selection. It trains on solved instances to predict likely back-
bone members, then biases branching toward these variables. Results show improved
solving times on structured benchmarks—even imperfect predictions help. These
learning-based approaches need training data from a specific problem distribution;
generating this data is expensive since computing exact backbones requires solving
instances multiple times.

3.2 PBO Solving Approaches

PBO solving is methodologically diverse. Unlike SAT where CDCL dominates, PBO
admits different paradigms with complementary strengths across instance classes.
This affects backbone extraction: algorithms effective for one solver type may not
work for another.

Three main paradigms exist. Native PBO solvers like RoundingSAT [20] extend
CDCL to operate directly on pseudo-Boolean constraints, learning linear inequalities
through cutting planes. MIP solvers like Gurobi [24] use branch-and-bound with LP
relaxations and cutting plane techniques. Translation-based solvers like NaPS [49]
encode PBO constraints into CNF using structures like ROBDDs and leverage opti-
mized SAT solvers.

Recent work on automatic algorithm selection for PBO [45] shows that no single
solver dominates across all instance types. Constraint density, coefficient magni-
tudes, and structural properties determine which paradigm performs best. This
suggests that backbone extraction for PBO must either target specific solver families
or be solver-agnostic.

Section [2.6) covers the technical details. The key point is that PBO solver diversity
presents both a challenge and opportunity: different solver internals expose different
information that could accelerate extraction.

3.3 Backbones in Combinatorial Optimization

Backbones have applications beyond SAT. In optimization problems, the backbone
comprises variable assignments present in all optimal solutions (Definition .

Slaney and Walsh [52] investigated backbones in optimization and found that
the relationship between backbone size and hardness is domain-dependent. Some
problem classes show positive correlation (large backbones indicate hard instances),
others show inverse relationships.

Schneider et al. [50] used backbones for the Traveling Salesman Problem, identify-
ing edges in all optimal tours to decompose instances into smaller subproblems. Fix-
ing backbone edges and solving the reduced problem gave computational speedups,
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illustrating how backbones enable divide-and-conquer in optimization.

Beyond TSP, backbones have been studied across combinatorial optimization.
Zhang and Zhang [60] proposed backbone-guided local search for MAX-SAT, using
approximate backbone information to bias search toward promising regions. In inte-
ger programming, a related concept is reduced cost fizing: when the reduced cost of a
variable exceeds the optimality gap, the variable can be fixed to its LP bound value
in all optimal solutions [58|. This technique, standard in MIP solvers, identifies a
subset of backbone variables without explicitly computing the full backbone.

3.4 Backbone Extraction Beyond SAT

While backbone extraction algorithms have been extensively developed for SAT [29,
0], the situation is different for optimization problems, where exact backbone com-
putation has received far less attention.

In Maximum Satisfiability (MaxSAT), backbone information has been used to
guide local search rather than extracted exactly. Zhang et al. [59] proposed Back-
bone Guided Local Search (BGLS), which runs multiple short WalkSAT execu-
tions and records how often each literal appears in the resulting local minima.
These frequencies—called pseudo-backbone frequencies—serve as heuristic estimates
of backbone membership: a literal that consistently appears across many local optima
is likely to be a backbone variable. BGLS then biases subsequent search decisions to-
ward these high-frequency literals, improving solution quality on SATLIB instances.
Crucially, this is an estimation heuristic, not an exact extraction method—there are
no formal guarantees that the identified variables are true backbone members. Jiang
et al. [30] provided a theoretical justification for why exact extraction has not been
pursued in this setting: they proved that retrieving the full backbone in weighted
MAX-SAT is NP-hard, and that even retrieving a fixed fraction of the backbone
remains NP-hard, establishing a fundamental barrier for exact extraction.

Beyond propositional domains, Previti et al. [40] generalized backbone compu-
tation to Satisfiability Modulo Theories (SMT), proposing algorithms for theories
such as Linear Integer Arithmetic and Bitvectors. Their work extends the concept
of backbone variables to non-Boolean domains with potentially infinite value sets,
but targets the satisfiability (decision) variant rather than optimization objectives.

To the best of our knowledge, no prior work has proposed general-purpose algo-
rithms for exact backbone extraction in Pseudo-Boolean Optimization. The meth-
ods presented in this thesis are the first to address this gap, operating directly on
arbitrary PBO instances without restrictions on constraint structure or objective
function form.
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3.5 Partial Backbones and Their Utility

A partial backbone is the subset of backbone literals identified within a given com-
putational budget, without necessarily determining the status of all variables. All
iterative backbone extraction algorithms—including CadiBack [6] and the methods
proposed in this thesis—are inherently anytime: they can be interrupted at any
point, returning the backbone literals confirmed so far. This property is particularly
relevant for large-scale PBO instances where complete extraction may exceed time
limits.

Partial backbone information has proven useful across multiple settings. De Haan
et al. [16] introduced local backbones (k-backbones): backbone literals that can be
determined from subsets of at most k clauses. Their empirical results show that
a large fraction of backbones in structured SAT instances are local, in contrast to
random instances—meaning they are computationally inexpensive to identify. Chen
and Whitley [12] demonstrated that pseudo backbones—approximate backbone vari-
ables estimated via local search—can vastly simplify SAT instances, decomposing
them into thousands of independent connected components and enabling divide-
and-conquer solving.

From a machine learning perspective, the utility of partial backbone information
is supported by the broader literature on learning from imperfect data. Rolnick et
al. [48] demonstrated that deep neural networks maintain over 90% test accuracy
on MNIST even when each clean training example is diluted with 100 randomly-
labeled examples, suggesting that partial or noisy structural signals can be effectively
leveraged given sufficient data. Natarajan et al. [41] provided theoretical guarantees
for empirical risk minimization under random label noise, establishing that learning
is provably possible even with substantial label corruption. These results suggest that
partial backbone labels—even when incomplete or approximate—can serve as useful
training signals for machine learning models applied to combinatorial optimization,
as proposed for the dataset released with this thesis.

The algorithms proposed in this thesis naturally support partial backbone ex-
traction. Since the extraction process iterates over candidate variables, testing each
for membership in the backbone, any intermediate state constitutes a valid partial
backbone. This anytime property, combined with the evidence that partial structural
information is sufficient for both solver guidance and machine learning applications,
makes the proposed methods practical even when complete extraction is infeasible.

Gap: PBO-Specific Backbone Tools. Despite backbone utility in SAT and
other domains, backbone extraction for PBO remains unexplored. CadiBack and
related SAT tools do not apply directly: PBO constraints are not clauses, PBO
solvers have different architectures, and the optimization objective adds structure
absent in decision problems. This gap motivates our work on backbone extraction
methods for pseudo-Boolean optimization.
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Chapter 4

Proposed Methods

We develop three backbone extractors for Pseudo-Boolean Optimization: Rounding-
Back, a native PBO extractor built on RoundingSAT (Section [4.2); GuroBack, using
MILP solving; and NapBack, using SAT-based extraction (Section. All three use
the same general algorithm based on adaptive chunking (Section , with Round-
ingBack having two heuristic variants for candidate ordering and solution diversity

(Section [4.3)).

4.1 General Backbone Extraction Algorithm

Our backbone extraction algorithm extends SAT techniques (Chapter 2 Section
to PBO. The main challenge is that PBO backbones are defined over optimal solu-
tions only—a literal belongs to the backbone if and only if it holds in every optimal
solution. We must first establish optimality before extraction can proceed.

4.1.1 Optimization to Decision Transformation

The first step transforms the optimization problem into a decision problem that
captures exactly the set of optimal solutions. Let P be a PBO instance with objective
function f(x) = >, w;r; to minimize, subject to constraints C.

Definition 4.1.1 (OPT-to-DEC Transformation). Given a PBO instance P with
optimal objective value S*, the decision transformation D(P,S*) is the decision
problem consisting of constraints C augmented with:

f(x) =5 (4.1)
Equivalently: f(x) < S* and f(x) > S*.

The satisfying assignments of D(P,S*) are exactly the optimal solutions of P.
This reduces PBO backbone extraction to decision-problem backbone extraction, so
we can apply iterative testing, model-based filtering, and chunk-based probing.
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Example 4.1.1. Consider minimizing f(z1,x2,23) = 2x7 + 22 + 33 subject to
1 + To + x3 > 2. If the optimal value is S* = 3, the decision transformation adds
constraint 2z + x93 + 3x3 = 3. The optimal solutions {x; = 1,29 = 1,23 = 0} and
potentially others now form the solution space for backbone extraction.

4.1.2 Notation and Flippability

We adopt the following notation throughout this chapter. A literal ¢ is either a
variable x or its negation —x. We write ¢ for the complement: if ¢ = z then ¢ = -z,
and vice versa. An assignment o maps variables to {0, 1}.

Definition 4.1.2 (Flippable Literal). A literal ¢ is flippable with respect to a satis-
fiable formula ¢ if there exists a satisfying assignment o € M(yp) such that o = (.
Equivalently, ¢ is flippable if p A ¢ is satisfiable.

A literal belongs to the backbone if and only if it is not flippable. The extraction
algorithm tests flippability of candidate literals to determine backbone membership.

4.1.3 Adaptive Chunking Strategy

Our adaptive chunking strategy balances batch testing efficiency against wasted
solver calls. Rather than testing literals individually (expensive when backbones
are large) or in fixed-size chunks (inefficient when mismatched to backbone density),
chunk size adjusts dynamically based on solver feedback.

Definition 4.1.3 (Chunk Constraint for PBO). For a chunk I' = {¢y,...,¢;} of
candidate literals, the chunk constraint requires at least one literal to be flipped:

d =1 (4.2)

This is a pseudo-Boolean constraint requiring the sum of complemented literals to
be at least one.

When the solver returns UNSAT for the formula augmented with this constraint,
all literals in I' are backbone members—mnone can be flipped while maintaining satis-
fiability. When the solver returns SAT, the new model provides filtering information
and demonstrates that at least one literal in the chunk is not in the backbone.

After each UNSAT result, chunk size doubles (exploiting backbone density); af-
ter SAT results, it resets to one (avoiding wasted tests on non-backbone regions).
This achieves logarithmic behavior in regions with contiguous backbone literals while
staying correct when backbone density varies.
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Algorithm 4.1 PBO Backbone Extraction with Adaptive Chunking

Require: PBO instance P with constraints C and objective f
Ensure: Backbone B(P)

1: S* <~ SOLVETOOPTIMALITY(P) > Get optimal value
2: 0 < optimal model from solver

3: ('« CU{f(x)= 5"} > OPT-to-DEC transformation
4: N {l|o 1} > Initialize candidates from model
5: B+

6: k<1 > Initial chunk size
7: while A # () do

8 I’ « first min(k, |A|) literals from A

9 e+ C' AN (Xyerl>1)
10: if SOLVE(y) = UNSAT then
11: B+ BUTl > All in chunk are backbone
12: A~ A\T
13: k + 2k > Double chunk size
14: else
15: o' < model from solver
16: A—={leA|d =1} > Filter by new model
17: k+1 > Reset chunk size

18: end if
19: end while
20: return B

4.1.4 Complete Algorithm

Algorithm presents the complete backbone extraction procedure for PBO.

The algorithm has two phases: first solve the PBO instance to optimality, ob-
taining both S* and an optimal model o; then perform iterative backbone extraction
on D(P, S*).

The candidate set A is initialized with all literals satisfied by the first solution ob-
tained after adding the optimality constraint—these are the only possible backbone
members, since any literal falsified by this model has a counterexample. The main
loop selects chunks of candidates, tests their flippability via the chunk constraint,
and updates both the backbone and candidate sets based on solver responses.

Theorem 4.1.1 (Correctness). Algorithm correctly computes the backbone of a
PBO instance.

Proof. Consider a literal ¢ € T" for some chunk I". The literal ¢ is added to B only
when the chunk constraint >, . ¢" > 1 is unsatisfiable. This means no satisfying
assignment can flip any literal in the chunk, so in particular ¢ is not flippable and
belongs to the backbone.
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Conversely, if £ is in the true backbone, it can never be filtered from A: filtering
removes only literals falsified by some model, but no model can falsify a backbone
literal. Eventually ¢ will be tested in some chunk I', and the UNSAT result will add
it to B. O

4.1.5 Complexity Analysis

The number of solver calls depends on backbone size and the effectiveness of filtering.
In the worst case (empty backbone, no filtering), each candidate requires one SAT
call, yielding O(n) calls. In the best case (all variables are backbone, no filtering
needed), adaptive chunking achieves O(logn) calls—this logarithmic bound holds
specifically when using only the basic chunk constraint (a single negated literal per
test) without additional filtering strategies.

In practice, performance depends on backbone density (denser backbones benefit
more from chunk doubling), model diversity (more diverse models eliminate more
candidates per filtering step), and candidate ordering (testing backbone literals first
reduces wasted SAT calls). These last two factors present an explore-vs-exploit
trade-off: ordering candidates to test likely backbone members first reduces solver
calls (exploitation), while pursuing model diversity improves filtering effectiveness
(exploration). Better instance-specific strategies could potentially improve this bal-
ance.

The heuristic variants in Section address candidate ordering and model di-
versity.

4.2 RoundingBack: Native PBO Extractor

RoundingBack extracts backbones directly from pseudo-Boolean constraints, with-
out CNF translation or external solvers. It implements Algorithm [4.1] within Round-
ingSAT, using the solver’s native PB reasoning.

4.2.1 RoundingSAT Foundation

As described in Section 2.6, RoundingSAT combines CDCL-style search with cutting
planes reasoning and LP relaxations. For backbone extraction, the relevant inherited
properties are native PB propagation (avoiding CNF translation overhead), cutting
planes learning (enabling the solver to reason natively about chunk constraints and
the optimality constraint as linear inequalities), and exact integer arithmetic (ensur-
ing numerical stability with large coefficients).

4.2.2 Implementation Details
RoundingBack extends RoundingSAT with backbone-specific functionality:
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Incremental solving. Chunk-based extraction requires many related solver
calls on formulas differing only in the chunk constraint. RoundingBack maintains
learned constraints and solver state across calls. The chunk constraint is added as a
retractable assumption, avoiding re-processing the base formula.

Model access. On SAT results, RoundingBack extracts the satisfying assign-
ment for candidate filtering. The model maps original problem variables to Boolean
values, excluding auxiliary variables introduced during solving.

Optimality constraint integration. The OPT-to-DEC transformation adds
an equality f(x) = S*. This constraint is added permanently after the optimization
phase completes, so all subsequent queries consider only optimal solutions.

The implementation is available as open-source software at https://github.
com/matiasfrancia/roundingback.

4.2.3 Advantages of Native PBO Extraction

Working directly with pseudo-Boolean constraints avoids the overhead of CNF trans-
lation, which can introduce many auxiliary variables and clauses for constraints with
large coefficients. More importantly, the original constraint structure remains vis-
ible to the solver, allowing it to exploit problem-specific patterns that would be
obscured after encoding. Since both optimization and extraction happen within the
same solver instance, learned constraints from optimization carry over to extraction
queries, and there is no interface overhead between components.

4.2.4 Relationship to CadiBack

The general extraction strategy in Algorithm shares its high-level structure with
CadiBack [0], the state-of-the-art SAT backbone extractor. Both employ iterative
literal testing with model-based candidate filtering, and both use chunking to test
multiple candidates simultaneously. However, the two approaches differ in several
fundamental ways that reflect the underlying solver paradigms.

Proof system. CadiBack relies on resolution-based clause learning within CaD-
iCal, while RoundingBack uses the cutting planes proof system of RoundingSAT.
Cutting planes can produce exponentially shorter proofs than resolution for certain
constraint families [14], which is particularly relevant for PBO instances with large
coefficients.

Constraint representation. CadiBack operates on clauses (CNF), requiring
any non-clausal input to be encoded into SAT. RoundingBack operates natively on
pseudo-Boolean constraints, avoiding the potentially exponential blowup of CNF
encodings [19].

Model rotation. Both CadiBack and RoundingBack implement model rotation
to filter non-backbone candidates without additional solver calls. In CadiBack, flip-
pable literals are identified efficiently using watched literal data structures, traversing
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only clauses watched by backbone candidates. In RoundingBack, flippability is deter-
mined by checking the slack of each constraint: a variable can be flipped in the cur-
rent model if no constraint’s slack prevents the value change. While both approaches
achieve the same goal—identifying variables that can be safely flipped—CadiBack’s
watched-literal scheme avoids traversing all clauses, providing an algorithmic advan-
tage. Adapting watched-literal techniques to pseudo-Boolean constraints, where flip-
ping a variable affects constraints through weighted sums rather than simple clause
satisfaction, remains an open direction for improving RoundingBack’s efficiency.

Arithmetic. CadiBack works with Boolean values; RoundingBack operates with
exact integer arithmetic over arbitrary-precision coefficients, preserving the numeri-
cal properties of PBO instances without floating-point rounding errors.

4.3 Heuristic Variants

The base algorithm leaves two aspects unspecified: the order in which candidates
are tested, and how to find diverse models during filtering. We present two heuristic
variants addressing these.

4.3.1 RoundingBack-WP: Weighted Propagation Ordering

Candidate ordering affects the number of solver calls. Testing backbone literals first
yields UNSAT results that identify multiple backbone members and trigger chunk
doubling. Testing non-backbone literals first wastes calls that yield only filtering
information.

RoundingBack-WP (Weighted Propagation) orders candidates by their propaga-
tion activity during initial optimization. Variables causing many propagations are
central to the constraint structure and more likely constrained to fixed values in
optimal solutions.

Definition 4.3.1 (Propagation Score). During solving, when a constraint C' implies
variable v through propagation, the propagation score of v is updated as:

coefficient (v, C)
max, (coefficient(u, C'))

score(v) += (4.3)

where coefficient(v, C') is the coefficient of v in constraint C.

Normalizing by maximum coefficient prevents propagations from large-coefficient
constraints from dominating small-coefficient ones. A score increment of 1 means
the variable was dominant in its propagating constraint; near 0 means a minor
contribution.

After optimization, candidates are sorted by propagation score in descending or-
der. Variables with high scores—frequently involved in propagations with significant
coefficients—are tested first.
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Algorithm 4.2 RoundingBack-WP: Weighted Propagation Ordering

Require: PBO instance (¢, f), optimal value z*
Ensure: Backbone B
1: Initialize score(u) <— 0 for all variables u
2: 0 < solve (¢, f) to optimality, where on each propagation by constraint C"

3: for each variable u in C' (excluding the propagated variable) do > During
solving

4: score(u) += coefficient(u, C') / max,ec coefficient(w, C)

5. end for

6: A < sort candidates by score in descending order

7: B + EXTRACTBACKBONE(¢ A (f(x) < 2*),0,A) > Algorithm

8: return B

Example 4.3.1. Consider constraints 3x; + o + 3 > 4 and z; + x4 > 1. If
propagation from the first constraint implies z;, the score increment is 3/3 = 1. If
the second constraint later propagates x4, its increment is 1/1 = 1. Despite differ-
ent coefficient magnitudes, both propagations contribute equally to their respective
variables’ scores.

This heuristic is lightweight—scores are computed during normal solving with
minimal overhead—and gives a principled ordering based on constraint structure
rather than arbitrary variable numbering.

4.3.2 RoundingBack-PG: Diversity-Driven Phase Selection

Model-based filtering eliminates candidates falsified by some optimal solution. Fil-
tering works better when models are diverse—if all models found are similar, few
candidates get eliminated.

RoundingBack-PG uses the pguide heuristic from Nadel [40] to encourage diver-
sity. The idea is to bias decision polarities against the majority polarity observed in
previous solutions.

Definition 4.3.2 (Polarity Potential). For each variable u, maintain counters p,
(solutions with u = 1) and n, (solutions with u = 0). The polarity potential is:

IT, = py — N (4.4)

During CDCL search, when the solver must choose a polarity for decision variable

e If IT, > 0, choose u = 0 (bias against majority positive).

e If IT, < 0, choose u = 1 (bias against majority negative).
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Algorithm 4.3 RoundingBack-PG: Diversity-Driven Phase Selection

Require: PBO instance (¢, f), optimal value z*
Ensure: Backbone B
Initialize polarity counters: p, < 0, n, < 0 for all variables u
o < solve (i, f) to optimality
Update counters from o: p, += [o(u) = 1], n, += [o(u) = 0]
for each decision on variable u during search do > PGUIDE polarity selection
Hu S Pu— Ny
if I, > 0 then
choose u =0 > Bias against majority
else if 11, < 0 then
choose u =1
else
use default polarity
end if
: end for
: On each new model ¢’: update p,, n, from o’
: B + EXTRACTBACKBONE(p A (f(x) < 2*),0,A) > Algorithm
: return B

e e e e e
S Ut W~ O

e If IT, = 0, use the default polarity heuristic.

This biasing pushes the solver toward different solution regions. If most solutions
so far set © = 1, the solver will try = = 0, potentially finding a counterexample that
eliminates x from candidates.

Polarity counters update each time the solver returns a satisfying assignment
(from optimization or SAT chunk queries). Over extraction, pguide steers search
toward increasingly diverse solutions.

Example 4.3.2. After finding three solutions where x; = 1 and one where x; = 0,
we have II,, = 3 —1 =2 > 0. The next decision on x; will bias toward z; = 0,
increasing the chance of finding a fourth solution that also has x; = 0—potentially
eliminating x; from candidates if it was only tentatively included.

RoundingBack-PG combines naturally with RoundingBack-WP. The heuristics
address orthogonal aspects: WP determines which candidates to test first; PG influ-
ences how the solver searches for counterexamples. Both can be enabled simultane-
ously.

4.4 Baseline Extractors

We implemented two baseline extractors for comparison: one MILP-based, one SAT-
based. Both use the same general algorithm (Algorithm but with different
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underlying solvers.

4.4.1 GuroBack: MILP-Based Extraction

GuroBack uses Gurobi for backbone extraction, treating PBO as 0-1 ILP. As de-
scribed in Section [2.6] Gurobi combines Branch-and-Bound with LP relaxations and
cutting planes.

PBO to MIP Transformation

PBO to MIP transformation is straightforward: pseudo-Boolean constraints become
linear constraints over binary variables. For a PBO constraint ), c;¢; > b where
literals may be negated, substitute £ = 1 — 2 and rearrange:

ihi=x; il =—x;

The objective transforms similarly. Gurobi variables are declared binary (z; €
{0,1}), and constraints are added through the Gurobi C++ APIL.

Chunk Constraint Implementation

For a chunk I', the constraint dep ¢ > 1 requires at least one literal to differ from
the current model. GuroBack adds a temporary linear constraint:

do(l—z)+ > wm>1 (4.6)

LeTio=L el

where x, is the variable underlying literal . The constraint is removed after each
query for incremental solving.

Characteristics

For backbone extraction specifically, Gurobi’s LP relaxations help quickly establish
infeasibility of chunk constraints when literals are backbone members. However,
Gurobi does not learn from conflicts in a way that persists across search, and its
floating-point arithmetic can cause numerical issues with extreme coefficient ratios.

The implementation is available at https://github.com/bryan-alvarado-ulloa/
guroback.

4.4.2 NapBack: SAT-Based Extraction

NapBack reduces PBO backbone extraction to SAT backbone extraction through
a pipeline: a PBO solver for optimization, NaPS for PB-to-CNF translation, and
CadiBack for SAT backbone extraction. As described in Section SAT solvers use
CDCL with resolution-based learning, which differs fundamentally from the cutting
planes reasoning in native PBO solvers.
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Pipeline Architecture

The pipeline first solves the PBO instance to get S* (NapBack accepts the opti-
mal value as input, allowing flexibility in solver choice), then adds the optimal-
ity constraint f(x) = S* to obtain the decision problem over optimal solutions.
NaPS converts all pseudo-Boolean constraints to CNF using ROBDD-based encod-
ing, CadiBack computes the backbone, and results are mapped back to original PBO
variables.

NaPS Translation

NaPS$ [49] translates PB constraints to CNF using Reduced Ordered Binary Decision
Diagrams (ROBDDs). For each PB constraint, NaPS builds an ROBDD representing
all satisfying assignments, then encodes it as CNF clauses with auxiliary variables
for internal nodes.

ROBDD-based encoding ensures unit propagation on the CNF achieves the same
inferences as propagation on the original PB constraint (arc consistency). This is
stronger than many alternative encodings that lose propagation strength.

However, ROBDD construction can be expensive: diagram size depends on vari-
able ordering and can grow exponentially for constraints with many variables or large
coefficients. NaP§S includes ordering heuristics but cannot guarantee polynomial-size
diagrams.

CadiBack Integration

CadiBack [6] is the state-of-the-art SAT backbone extractor, integrated into CaDi-
CalL. It provides model rotation via watched literals, incremental solving with persis-
tent learned clauses, and adaptive chunking with refined size selection. Delegating to
CadiBack gives NapBack the benefit of years of SAT backbone engineering, though
at the cost of CNF translation overhead and restriction to clause-based reasoning.

Characteristics

The modular pipeline allows components to be replaced independently. However,
ROBDD translation can be expensive for constraints with many variables or large
coefficients, and the original PBO structure becomes obscured in the resulting CNF.

The implementation is available at https://github.com/bryan-alvarado-ulloa/
napback.

4.4.3 Comparison of Approaches

Table summarizes the key differences between our backbone extractors.
Chapter [5| compares these approaches across diverse PBO benchmarks, showing
how these trade-offs manifest in practice.
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Table 4.1: Comparison of backbone extraction approaches.

Property RoundingBack  GuroBack NapBack
Underlying solver RoundingSAT Gurobi CaDiCalL
Constraint representation Native PB Linear (MIP) CNF
Learning Cutting planes None Resolution
Arithmetic Exact integers  Floating-point Exact (Boolean)
LP relaxations Yes (SoPlex) Yes (native) No
Translation required No Minimal ROBDD-based
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Chapter 5

Experimental Evaluation

This chapter evaluates the backbone extraction methods from Chapter 4] on instances
from the Pseudo-Boolean Competition 2024. We ask three questions: (1) How many
benchmark instances can we extract backbones for? (2) How does backbone density
relate to problem hardness? (3) How do our five extractors compare in coverage and
per-domain performance?

Section describes the experimental setup. Section presents the extraction
effort that produced a public dataset of over 8,000 PBO backbones. Section
analyzes backbone density versus solving difficulty. Section compares the five
extraction methods on the official evaluation benchmark.

5.1 Experimental Setup

5.1.1 Hardware Infrastructure

We ran all experiments on compute nodes from the Savio computational cluster
at UC Berkeley, Department of Industrial Engineering and Operations Research
(IEOR), with Intel Xeon E5-2670 v3 processors (12 cores at 2.30 GHz base, 3.10
GHz turbo). Each node has two processors (24 physical cores) and 64 GB of DDR4
RAM.

5.1.2 Software Environment

We used RoundingSAT commit d34b6be, which includes the RoundingBack exten-
sion implementing the three variants (RB-Base, RB-WP, RB-PG) described in Chap-
ter @l Gurobi 10.0.0rc2 was configured with default parameters except for thread
count, set to match available cores. NaPS 1.02b5 performed ROBDD-based transla-
tion from PBO to CNF. CadiBack 0.2.1, built against CaDiCal. 2.0.0, provides the
SAT backbone extraction capability used by NapBack.
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For the GuroBack and NapBack baseline extractors, we used the implementations
described in Chapter [d] available at the repositories listed there.

5.1.3 Benchmark Selection

Our experiments use instances from the Pseudo-Boolean Competition 2024 (PB24),
specifically the OPT-LIN track. This track comprises optimization instances with
only linear pseudo-Boolean constraints—no nonlinear terms such as products of vari-
ables appear in the objective or constraints. The restriction to linear instances
matches the scope of our extraction methods, which assume linear PBO as input.

The complete OPT-LIN dataset contains 14,849 instances spanning diverse ap-
plication domains. These instances range from small (tens of variables) to very large
(millions of variables and constraints). Problem domains include combinatorial op-
timization problems, constraint satisfaction reductions, hardware verification, and
various academic benchmarks.

For the detailed extractor comparison, we use 335 instances from the official PB24
evaluation benchmark. The full evaluation set was used by competition organizers
to rank participants; the 335 instances are the subset for which we could compute
optimal objective values using our extractors (RoundingBack, GuroBack, NapBack).
This allows us to isolate backbone extraction performance from optimization perfor-
mance.

5.1.4 Time Limits and Resource Constraints

We used a 10-minute limit (600 seconds wall-clock time) for the optimization phase,
which determines whether an instance can be solved to optimality within this time
limit. The extraction phase received a 1-hour limit (3,600 seconds), as backbone
extraction often requires many solver calls.

Memory was limited to 15 GB per instance, running 4 instances in parallel per
machine. Instances exceeding either the time or memory limit were marked as un-
solved for that experimental phase.

5.2 Backbone Extraction Coverage

We extracted backbones from as many OPT-LIN instances as possible to create a
public dataset. This section describes the three-phase methodology and resulting
statistics.

5.2.1 Phase 1: Solving to Optimality

The first phase identifies instances that can be solved to proven optimality within
practical time limits. Backbone extraction requires knowledge of the optimal objec-
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tive value; without it, we cannot constrain the search to optimal solutions only.

We evaluated three solvers—Gurobi, NaPS, and RoundingSAT—on all 14,849
OPT-LIN instances. Each solver was given a 10-minute time limit per instance. An
instance was marked as “solved” if at least one solver returned a proven optimal
solution within the limit.

This phase identified 10,224 instances (69% of the dataset) as solvable to opti-
mality. The remaining 4,625 instances either timed out on all three solvers, ran out
of memory, or encountered solver errors.

5.2.2 Phase 2: Backbone Extraction

For each of the 10,224 solved instances, we assigned the fastest solver to perform
backbone extraction using its corresponding extractor: GuroBack for instances where
Gurobi was fastest, NapBack for NaPS, and RB-Base for RoundingSAT. The intu-
ition behind this assignment is that the fastest solver likely has internal state (learned
clauses, preprocessed constraints, heuristic scores) that will benefit extraction.

Each extractor was given a one-hour time limit per instance. The extraction phase
starts from the known optimal value, so the reported times reflect pure backbone
extraction without re-solving for optimality.

Of the 10,224 instances attempted, extraction completed within the time limit
for 8,351 instances. This represents an 82% success rate on solved instances, or 56%
of the original dataset. The remaining 1,873 instances timed out during extraction,
typically because the number of backbone candidates was large and many solver calls
were required or because each of them took too much time to complete.

5.2.3 Phase 3: Dataset Publication

The resulting backbone dataset is publicly available at:
https://github.com/matiasfrancia/dataset-pbo-backbones

For each of the 8,351 instances with extracted backbones, the dataset includes
the backbone itself (represented as a set of literals, i.e., variable-polarity pairs), the
optimal objective value used for extraction, and metadata including extraction time,
extractor used, and instance path within the competition folder structure.

To our knowledge, this is the first large-scale public dataset of PBO backbones.
Previous backbone research has focused on SAT instances, and the extension to op-
timization problems with linear objectives opens new research directions in problem
structure analysis and solver engineering.
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5.3 Backbone Density Analysis

Backbone density—the proportion of variables in the backbone—reflects problem
structure. This section analyzes how backbone density relates to solving difficulty
across problem domains.

5.3.1 Methodology

We computed Spearman correlation coefficients between backbone density and solv-
ing time for each domain. Spearman correlation is appropriate because solving times
have heavy-tailed distributions (robust to outliers) and we care about monotonic re-
lationships rather than linear ones.

For each domain, we selected the best solver among RoundingSAT, Gurobi, and
NaPS§S based on average solving time. This yielded over 8,000 data points with both
backbone and runtime information. When the best solver failed on a particular
instance but another succeeded, we included the available data.

We used two-tailed tests with o = 0.05. Domains with fewer than 10 instances
were excluded, leaving 31 domains for analysis.

5.3.2 Results Overview

Of the 31 domains examined, 13 show statistically significant correlations (p < 0.05)
between backbone density and solving time. These divide into 7 positive correla-
tions (higher density corresponds to longer solving times) and 6 negative correlations
(higher density corresponds to shorter solving times).

Figure presents these results as a forest plot. Each row represents one domain,
with the point estimate showing the Spearman correlation coefficient p and error bars
indicating 95% confidence intervals. Domains are sorted by correlation strength, with
positive correlations at the top and negative at the bottom. Solid markers indicate
statistically significant correlations; hollow markers indicate non-significant results.

5.3.3 Domains with Positive Correlation

Several domains show strong positive correlations (denser backbones = longer solving
times):

Haplotype Inference (p = 0.51, p < 0.001): Instances with more constrained
solution spaces (larger backbones) are harder. When most variables must take fixed
values, the solver navigates a narrow feasible region with little flexibility.

Network Routing (p = 0.49, p < 0.001): Routing instances with larger back-
bones have tightly constrained optimal solutions, possibly corresponding to topolo-
gies with few viable routing options.

In these domains, backbone density serves as a proxy for how “tight” the opti-
mization landscape is.
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Figure 5.1: Forest plot of Spearman correlations between backbone density and
solving time across 31 problem domains. Positive correlations indicate that denser
backbones correspond to longer solving times; negative correlations indicate faster
solving. Solid markers denote statistically significant correlations (p < 0.05). Confi-
dence intervals reflect uncertainty due to finite sample sizes.

5.3.4 Domains with Negative Correlation

Several domains show strong negative correlations (denser backbones = faster solv-
ing):

Latin Square Optimization (p = —0.72, p < 0.001): The strongest negative
correlation. Latin squares are highly structured, and instances with larger backbones
have more redundant constraints that help the solver prune the search space. The
solver propagates these implications to derive additional constraints, accelerating
convergence.

In these domains, large backbones reflect “easy” structure. The solver exploits
constraints through unit propagation and cutting planes, quickly eliminating infea-
sible regions.
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5.3.5 Domains without Significant Correlation

Most domains (18 of 31) show no significant correlation between backbone density
and solving time. This does not mean backbone structure is irrelevant—the rela-
tionship may be more complex than a monotonic trend.

Some domains appear as non-significant for a trivial reason: constant backbone
density. If all instances in a domain have density 0 or density 1, there is no dis-
tribution to correlate with solving time. In Figure [5.1, we distinguish these cases
visually: light green markers indicate domains where all instances have empty back-
bones (density = 0), while dark green markers indicate domains where all instances
have complete backbones (density = 1). These constant-density domains are “no
correlation” by construction, not because the backbone-difficulty relationship is ab-
sent.

For domains with varying backbone densities, possible explanations include con-
founding variables (instance size, constraint density, or coefficient magnitudes may
dominate the difficulty relationship, masking any backbone effect), non-monotonic
relationships (the true relationship may be U-shaped, with both very sparse and
very dense backbones being easy while intermediate densities are hard), or insuffi-
cient variation (some domains may have instances with similar backbone densities,
providing insufficient variation to detect a correlation).

5.3.6 Bimodal Distribution of Backbone Density

The dataset shows a bimodal distribution of backbone densities. About 11% of
instances have empty backbones (density = 0.0), while 14% are fully constrained
(density = 1.0). The remaining 75% have intermediate densities, but these cluster
toward the extremes rather than around 0.5.

This bimodality suggests two problem classes. Under-constrained problems (empty
or near-empty backbones) have many optimal solutions with high flexibility in vari-
able assignments. Any of many variable configurations can achieve optimality, and
the backbone captures only those assignments that happen to be shared by all op-
tima. Such instances may arise from loosely specified optimization problems or from
encodings where the objective has many global optima. Fully-constrained problems
(complete or near-complete backbones) have unique or nearly unique optimal solu-
tions. Every variable (or nearly every variable) is forced to a specific value in any
optimal solution. Such instances may arise from tightly specified problems or from
encodings where the constraints uniquely determine the optimum.

This bimodality affects extraction algorithm design. Methods optimized for dense
backbones (e.g., aggressive chunk doubling) may perform poorly on sparse instances.
The adaptive chunking strategy in Chapter 4 addresses this by adjusting to observed
backbone density.
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Figure 5.2: Cactus plot comparing backbone extraction performance across five
methods. The x-axis shows cumulative instances solved; the y-axis shows cumulative
extraction time on a logarithmic scale. RoundingBack variants (RB-PG, RB-WP,
RB-Base) achieve the highest coverage, followed by GuroBack and NapBack.

5.4 Extractor Comparison

We tested all five extractors on the 335 PB24 evaluation instances with known op-
timal values. This benchmark is used to rank competition participants.

We compared RB-Base, RB-WP, RB-PG, GuroBack, and NapBack. Each extrac-
tor received the known optimal value at initialization, so timing differences reflect
extraction algorithms rather than solver optimization strength.

5.4.1 Overall Coverage Results

Figure presents a cactus plot summarizing extraction performance. The x-axis
shows the number of instances solved (extraction completed within the one-hour
limit), and the y-axis shows cumulative time on a logarithmic scale. Each curve
represents one extractor, with steeper curves indicating faster extraction.

The RoundingBack variants achieve the highest coverage: RB-PG leads with 223
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instances completed (67% of the benchmark), followed by RB-WP with 221 instances
(66%) and RB-Base with 218 instances (65%). The baseline extractors show lower
coverage: GuroBack completes 207 instances (62%) and NapBack completes 176
instances (53%).

Gurobi is the fastest solver on this benchmark, but RB-PG (built on Round-
ingSAT) achieves better extraction coverage. Extraction performance is not just a
function of solver strength—the extraction algorithm matters.

The improvements from RB-Base to RB-WP to RB-PG validate the heuristics in
Chapter . Weighted propagation ordering (WP) and diversity-driven phase selection
(PG) each add a few solved instances. While modest, these represent instances at
the margin of tractability.

5.4.2 Per-Domain Analysis

Figure [5.3| shows domain-specific performance. Each row is a domain; the x-axis
shows the success rate (percentage of instances with completed extraction). Different
extractors are distinguished by color in the pie chart markers; marker size indicates
instances completed.
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Figure 5.3: Per-domain extraction performance across five methods. Each row is a
domain; each column an extractor. Marker size indicates the number of instances
completed. The plot reveals domain-specific strengths: RoundingBack variants excel
in Upgradability and Latin Square, while GuroBack shows unique strength in Max-
Cut and Vertex Cover.

RoundingBack variants perform best in several domains. In Upgradability, all
RoundingBack variants complete more instances than GuroBack or NapBack, likely
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because the constraint structure aligns well with native PB propagation. In Latin
Square Optimization, RoundingBack achieves the highest extraction coverage among
all extractors; this success is likely attributable to cutting planes reasoning, which
exploits the highly structured constraints to derive implications that prune the back-
bone search space. This is consistent with the strong negative correlation (p = —0.72)
observed in Section[5.3] In Planning, CDCL-style search with linear constraint learn-
ing appears well-suited to planning instance structure.

The baseline extractors win in specific domains. In Max-Cut and Vertex Cover,
GuroBack completes instances that no RoundingBack variant can handle; these
graph optimization problems may benefit from Gurobi’s LP relaxations, which can
expose backbone implications that SAT-style propagation misses. In Haplotype In-
ference, NapBack shows strength, consistent with the SAT-friendly structure of these
biological inference problems.

5.4.3 Complementarity Analysis

The performance differences show complementarity among extractors. When one
method fails, another often succeeds. A portfolio combining RB-PG with GuroBack
would cover nearly all observed strengths.

The three RoundingBack variants show marginal differences across domains. All
use the same solver and extraction algorithm, differing only in candidate ordering and
phase selection. The similar performance suggests these heuristics provide consistent
small improvements rather than dramatic domain-specific gains.

5.4.4 High-Variance Domains

Several domains show high variance in extractor performance. Stable Marriage ex-
hibits large performance gaps between RoundingBack and baseline extractors, with
neither consistently dominating. Feature Selection shows highly variable extraction
times across methods, suggesting instance-specific interactions with algorithm char-
acteristics.

These domains present opportunities for research into why certain approaches
succeed or fail, potentially informing specialized extractors or algorithm selection
strategies.

5.4.5 Challenging Domains

Some domains remain challenging for all methods, including University of Bologna
(MIP) instances, proof complexity constructions (Pebbling + Pigeonhole), and graph
benchmarks from BHOSLIB.

These domains represent opportunities for new extraction strategies. The diffi-
culty may stem from inherent hardness, mismatches between instance structure and
solver capabilities, or large instance sizes that exhaust the time limit.
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5.4.6 Summary of Findings

RoundingBack variants achieve best overall coverage, with RB-PG completing 67%
of evaluation instances despite building on a solver that is not the optimization
leader. Heuristic improvements provide consistent marginal gains: the progression
from RB-Base to RB-WP to RB-PG shows incremental improvements from weighted
propagation ordering and diversity-driven phase selection. Extractors exhibit com-
plementary strengths—GuroBack and NapBack complete instances that Rounding-
Back cannot, particularly in domains where LP relaxations or SAT-based reasoning
provide structural advantages. A portfolio combining RB-PG with GuroBack would
cover nearly all observed strengths. Some domains remain uniformly challenging,
representing opportunities for future algorithmic development.

These findings validate the design choices in Chapter No single approach
dominates across all problem types, motivating research into both individual method
improvements and portfolio strategies.
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Chapter 6

Conclusions and Future Work

This chapter recaps what we did, what we could not do, and what comes next.

6.1 Summary of Contributions

Before this work, no dedicated backbone extractors existed for Pseudo-Boolean Opti-
mization. While backbones have been studied in Boolean Satisfiability, with extrac-
tors like CadiBack [6] achieving high coverage on SAT benchmarks, no prior work
had developed native PBO extraction techniques. We developed several methods
and ran the first large-scale study of backbone properties across PBO domains.

The main contribution is RoundingBack, a backbone extractor built directly on
the RoundingSAT PBO solver (Chapter , Section . Unlike approaches that
translate PBO to SAT or reformulate as MILP, RoundingBack operates natively on
pseudo-Boolean constraints, preserving problem structure, avoiding encoding over-
head, and using RoundingSAT’s cutting planes reasoning—a proof system exponen-
tially stronger than resolution-based learning in SAT solvers. The implementation
uses incremental solving to process the many queries required for backbone extrac-
tion, keeping learned constraints across solver calls.

We also developed two heuristic variants that improve extraction efficiency (Sec-
tion [4.3). RoundingBack-WP orders candidate literals by their propagation activity
during optimization, prioritizing variables that frequently participate in constraint
propagation with large coefficients; this ordering tends to test backbone literals ear-
lier, enabling more aggressive chunk doubling. RoundingBack-PG uses the pguide
heuristic to encourage solution diversity by biasing decision polarities against major-
ity assignments from previous solutions, generating more varied models that speed
up candidate filtering. In our experiments, RB-PG achieved the highest extraction
coverage among all methods.

To contextualize RoundingBack’s performance, we implemented two baseline ex-
tractors representing alternative paradigms (Section . GuroBack uses the com-
mercial Gurobi MILP solver with branch-and-bound and LP relaxations, while Nap-
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Back implements a pipeline approach that translates PBO constraints to CNF using
NaPS and delegates backbone extraction to CadiBack. These baselines enable com-
parison across native PBO, MILP, and SAT-based solving paradigms.

We ran experiments on 8,351 instances from the PBO Competition 2024 OPT-Lin
benchmark (Chapter [5)), conducting the first systematic study of backbone extrac-
tion across PBO domains. RB-PG achieved 67% extraction coverage, outperforming
both GuroBack and NapBack. The analysis revealed domain-specific complemen-
tarity: different extractors succeed on different instance families, with each method
performing best on some domains, suggesting that no single extraction paradigm
dominates universally.

Beyond extraction performance, we analyzed the relationship between backbone
density and problem characteristics (Section[5.3)). Backbone density shows Spearman
correlation with solving time for some domains, supporting the theoretical connection
between backbone size and problem hardness observed in SAT [38]. We also found
a bimodal distribution in backbone densities, with instances clustering into under-
constrained and over-constrained regimes.

Finally, we release the backbone dataset for all 8,351 competition instances along-
side our implementations. This dataset can support future research in learning-based
optimization, algorithm selection, and structural analysis of PBO instances. To our
knowledge, this is the largest publicly available collection of PBO backbones.

A preliminary version of this work was published at ICAART 2026 [21]. This
thesis extends the conference paper with a broader background study and a more
detailed literature review.

6.2 Hypothesis Verification

We now revisit the hypothesis stated in Section [I.1}

Implementing a native backbone extractor for PBO reduces extraction
time compared to methods that require prior conversion of the problem to
SAT. Additionally, variable ordering heuristics reduce computation time
compared to the original algorithm without specific ordering.

The experimental results support both parts of this hypothesis.

Regarding the first claim, RoundingBack operates natively on pseudo-Boolean
constraints and avoids the overhead of converting PBO instances to SAT. NapBack,
which implements the conversion pipeline using NaPS and CadiBack, requires en-
coding pseudo-Boolean constraints into CNF—a process that can produce exponen-
tially larger representations [19]. Our experiments show that RoundingBack achieves
higher extraction coverage than NapBack on the OPT-Lin benchmark, confirming
that native PBO extraction is more effective than the SAT-conversion approach. The
advantage is particularly pronounced on instances with large coefficients or complex
constraint structures, where SAT encodings become expensive.
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Regarding the second claim, both heuristic variants—RB-WP (weighted-propagation
ordering) and RB-PG (diversity-driven phase guidance)—outperform the base Round-
ingBack configuration. RB-PG achieved 67% extraction coverage, the highest among
all evaluated methods, by generating more diverse solutions that accelerate candi-
date filtering through the adaptive chunking mechanism. RB-WP also improves over
the baseline by prioritizing high-activity variables, enabling faster backbone identifi-
cation through more aggressive chunk doubling. These results confirm that variable
ordering heuristics meaningfully reduce computation time relative to the unguided
algorithm.

In summary, both parts of the hypothesis are verified by the experimental evi-
dence presented in Chapter

6.3 Limitations

We acknowledge several limitations of this work.

Backbone extraction is inherently expensive, requiring multiple solver calls be-
yond what is needed to find a single optimal solution. Even with adaptive chunking
and model-based filtering, extraction can timeout on instances where optimization
alone succeeds quickly, limiting practical use as preprocessing in time-critical appli-
cations. The 67% coverage achieved by RB-PG, while the highest among evaluated
methods, leaves room for improvement on difficult instances.

Our evaluation focuses exclusively on the OPT-Lin track of the PBO Compe-
tition 2024, which contains instances with linear pseudo-Boolean constraints and
linear objectives. The competition also includes tracks with non-linear constraints
and satisfiability variants; backbone behavior on these alternative formulations may
differ, and our findings may not generalize to instances with non-linear structure or
those drawn from other sources.

The strong domain-specific performance patterns we observed indicate that con-
clusions about method superiority may not transfer across application areas—an
extractor that excels on scheduling instances may perform poorly on circuit ver-
ification problems. Finally, all experiments were conducted on a single hardware
configuration with fixed timeout parameters; performance rankings could shift on
different hardware, and we did not evaluate parallel implementations that might
alter relative performance (Gurobi, in particular, supports parallel solving).

6.4 Future Work

Several research directions follow from this work.

The complementarity among extractors suggests portfolio methods that combine
multiple approaches, either running extractors in parallel and terminating when any
succeeds, or using instance features to select the most promising extractor. Given
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that each method performs best on different domain subsets, even simple portfolio
strategies may improve overall coverage, while more sophisticated approaches could
allocate time budgets dynamically based on early solver feedback.

Machine learning offers several promising directions. The domain-specific perfor-
mance patterns suggest that instance features (constraint density, coefficient statis-
tics, objective structure) could predict which extractor will succeed, enabling efficient
selection without running all methods. Going further, neural models could predict
backbone membership directly from instance structure, as has been demonstrated for
SAT [56]; extending such approaches to PBO would require handling the richer con-
straint structure and objective function, but predicted backbones could guide solver
search or provide approximate structural indicators even if imperfect. Our density
analysis showing correlations between backbone properties and problem difficulty
could also support backbone-based hardness classifiers for solver configuration.

Integrating backbone information into solver pipelines could improve optimiza-
tion performance. If backbone literals can be identified early through prediction
or partial extraction, fixing these variables reduces the effective problem size, and
backbone-guided branching could prioritize decisions on likely backbone variables.
The challenge is achieving speedup without extraction overhead that exceeds the
savings. For applications where complete backbones are unnecessary, approximate
methods that quickly identify a subset of backbone literals, or incremental extraction
that returns partial results as they become available, might sacrifice completeness
for practical utility in time-constrained settings.

Expanding experiments to additional PBO tracks (non-linear constraints, deci-
sion problems) and other benchmark sources like MIPLIB would test the generality
of our methods and might reveal different backbone patterns or identify universal
extraction strategies.

The methods and datasets from this thesis provide a starting point for these
investigations.
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Appendix A

Reproducibility and Code
Availability

A.1 Hardware Specifications

All experiments were conducted on compute nodes with Intel Xeon E5-2670 v3 pro-
cessors (24 cores per node) and 64 GB RAM.

A.2 Software Versions

RoundingSAT: commit hash d34b6be
Gurobi: v10.0.0rc2

NaPS: 1.02b5

CadiBack: 0.2.1 (CaDiCaL version 2.0.0)

A.3 Code Repositories

The source code for all extractors is publicly available:

ROUNDINGBACK: https://github.com/matiasfrancia/roundingback
GUROBACK: https://github.com/bryan-alvarado-ulloa/guroback
NAPBACK: https://github.com/bryan-alvarado-ulloa/napback

Backbone dataset: https://github.com/matiasfrancia/dataset-pbo-backbones
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