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1

Introduction

1.1 Quantum Dots, Coulomb Blockade, Kondo and
Dicke effect

A quantum dot (QD) is an artificially fabricated device in which a few electrons are
confined in a small three-dimensional region whose dimensions are smaller than the co-
herence length of the electrons in the material (on the order of 100 nm). Because of
their reduced size, QDs exhibiting interesting effects due to quantum confinement such
as discrete energy levels and charging effect. For this reason, quantum dots are called
”artificial atoms”. There are many ways to construct a quantum dot. One of these meth-
ods is the formation of nanosized semiconductor particles through colloidal suspensions
of semiconductor nanoparticles. Due to their tunable optical properties, based on their
size, shape, and composition, this type of Quantum dots allows a variety of research and
commercial applications including bioimaging, solar cells, LEDs, diode lasers, and tran-
sistors. Just this year’s Nobel Prize in Chemistry recognizes the discovery and synthesis
of nanometre-sized semiconductor crystals by Moungi G. Bawendi, Louis E. Brus, and
Aleksey Yekimov. Another method is the epitaxial growth and/or nanoscale pattern-
ing, i.e. employing lithography-based technology. By means of these methods, different
types of quantum dots can be manufactured, among them: lateral quantum dots, vertical
semiconductor dots, and carbon nanotube quantum dots. For example, a lateral QD is
defined by imposing metal "gate" electrodes on top of a semiconductor heterostructure
(e.g. GaAs/AlGaAs) as shown in Fig. 1.1, so that the electrons are confined to move
only in the x-y plane, at the interface between GaAs and AlGaAs, while a potential in
the z-direction confines them. The quantum dot is embedded between two extended sec-
tions named source and drain. The side gates allow for control of the tunneling with the
leads, which act as electron reservoirs and are tunnel-coupled to the quantum dot. The
device can be driven out of equilibrium by applying a bias voltage VSD between the two
leads. The bias voltage VSD = (µD − µS)/e defines a transport window, a span of dot
energies for which electronic transport is in principle, possible. Whether the quantum dot
is conducting depends on whether one of the discrete dot levels is within the transport
window. Electronic transport is possible when one of the discrete dot levels of the QD is
within the transport window. Thus, whenever there is no dot level within the transport
window, no electron transport between the source and the drain reservoir is possible.
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Figure 1.1: Schematic representation of the electrostatically defined quantum dots coupled in
parallel(Kondo physics in side coupled quantum dots. 12-2010) [1].

QDs allow for the adjustment of several parameters, including the coupling strength,
voltage bias, and impurity energy level. The coupling strength between the dot and the
source (and drain) determines the probability of tunneling from one to another and is
established by applying a potential to the gold-colored electrical contacts in (Fig. 1.1).
This forms quantum point contacts (QP). A bias voltage can be set by connecting external
leads to the 2DEG using ohmic contacts, as shown in Fig. 1.1, which enables conductance
measurements of the QD itself. The plunger gate regulates the energy level, a gold
electrical contact that uses an applied negative potential (of varying magnitude) to control
the number of electrons in the QD. The number of electrons in the dot can be varied from
0 to the order of 50 and is fixed when the system is at a low enough temperature due to
the Coulomb blockade. The Coulomb blockade describes a situation in which the highest
occupied energy state of the quantum dot lies significantly below the Fermi energy of the
system, while the next energy level corresponding to adding another electron to the dot
lies significantly above the Fermi energy. Adding or removing an electron has an energy
cost U = 2e2/C (charge effect). As shown in Fig.2.2, no electron transport between
the source and the drain reservoir is possible whenever there is no dot level within the
transport window. Then, the number of electrons on the QD is stable, and the system is
Coulomb-blocked. On the contrary, when one of the energy levels of the quantum dot is
aligned with the chemical potential of the leads, it is straightforward for an electron to
tunnel in or out of the dot without any energy cost. Consequently, the linear conductance
through the dot shows a succession of peaks associated with the Coulomb peaks, separated
by regions of low conductance.

A false-colored SEM image of QD showing the 2DEG in blue, the gates responsible
for establishing the QPCs to the dot in gold, and the gates that only confine the dot in
light grey.

An interesting phenomenon that QDs allow us to study is the Kondo effect. The Kondo
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Figure 1.2: (a) Linear (zero-bias) conductance as a function of the gate voltage in the Coulomb
blockade regime [2]. (b) Cartoon explaining single-particle tunneling processes through a dot
with degenerate energy levels εd and a Coulomb repulsion between electrons U. Transport is
possible only when the effective dot energy level is aligned with the chemical potential of the
leads (right). This is responsible for the conductance peaks in (a). In the other regimes (left),
the occupation number of the dot is fixed, and transport through the quantum dot is blocked.

effect is a quantum mechanical phenomenon that occurs in certain materials, particularly
metals and alloys, at very low temperatures and is primarily associated with the behavior
of magnetic impurities in a non-magnetic host material. For temperatures lower than the
Debye temperature, the resistivity of a metal is essentially determined by electron-phonon
scattering and decreases with T as ρ(T ) ∼ T 5. At even lower temperatures, it eventually
saturates to a minimum resistivity, which was found to be related to the scattering by the
defects of the crystal lattice. Copper and gold remain conductive, with a constant and
finite resistance even at the lowest temperatures reachable (for instance, lead, niobium,
and aluminum can suddenly lose all their resistance to electrical current and become
superconducting). However, an experiment revealed a distinct behavior in 1934 (Fig. 2.3).
In this year, at the Kamerlingh Onnes Laboratory in the Netherlands, W. J. de Haas,
J. de Boer and G.J. van dën Berg discovered that the resistance curve of impure gold
wires has a minimum at low temperatures [7]. This remained a mystery until 1964, when
an experiment showed evidence of a relationship between this behavior and the presence
of dilute magnetic impurities [8] motivated the Japanese theorist Jun Kondo to consider
a model involving an alternative electron scattering process that includes a temporary
exchange of spin state between the conduction electron and magnetic impurity [9]. Using
perturbation theory to model the scattering from a magnetic impurity interacting with the
spins of conducting electrons, he observed that the next-to-leading order terms involve
logarithmic corrections responsible for increasing resistivity at low temperatures. As
Kondo’s theory describes, the metal’s resistance increases logarithmically as temperature
decreases. However, it also makes an unphysical prediction that the resistance will be
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Figure 1.3: Results showing resistivity minimum from original 1934 experiement on gold [3].

infinite at lower temperatures. It turns out that Kondo’s result is correct only above a
specific temperature, which became known as the Kondo temperature, TK .

These QDs are effective models of a single magnetic impurity in a bulk metal system
while providing the ability to tune (in situ) the voltage bias, magnetic field, temperature,
energy level of the impurity, and the coupling strength between the impurity and the
source of the conduction electrons [10]. The mechanism for controlling the overall spin
of the system is as follows: the electrons fill the energy bands below the Fermi level
with pairs of spin-up and spin-down electrons. At low temperatures, an even number of
electrons results in no net spin on the dot. On the other hand, an odd number of electrons
results in the highest accessible energy level being occupied by only one electron, giving
a net spin of ±1/2 (depending on the spin of that single electron). With a net spin and
controllably connected to the 2DEG, the quantum dot effectively replicates a magnetic
impurity caused by ions in a metal such as the classic dilute copper-cobalt alloy system.
While the Kondo effect in bulk systems induces an additional scattering process that
increases the resistivity, it strongly enhances the transport in quantum dots because the
QD creates a 1D channel for the electrons to pass through and increases interaction
between the spins of the electrons in the leads and dot creates a Kondo resonance which
allows electrons to tunnel through. In other words, the Kondo effect produces the opposite
behavior in a quantum dot to that of a bulk metal.

The first experiments showing evidence for the Kondo effect in quantum dots were
realized about ten years ago. Fig. 1.4 shows the crossover from the Coulomb blockade
regime to the Kondo regime measured by lowering the temperature. At high tempera-
tures, we recover a succession of Coulomb peaks and valleys in which the conductance is
blocked. When the temperature is lowered, the conductance is enhanced in one valley in
the two. It can be interpreted by associating an odd number of electrons to these valleys,
which implies that they carry a nonzero spin responsible for the enhanced conductance
by the Kondo effect at low temperatures. The conductance eventually reaches the unitary
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Figure 1.4: Linear conductance as a function of the gate voltage for different temperatures [4].
At high temperature (T � TK , red curve), the conductance is blocked when the occupation
number of the dot is fixed, while it shows peaks in the regions of degeneracy. At lower tem-
peratures (T � TK , black curve), the conductance is enhanced in the odd occupancy regions
because of the emergence of the Kondo effect.

Figure 1.5: Differential conductance dI/dV as a function of the bias voltage V [4]. The narrow
peak at low bias is due to the Kondo effect, whereas the high-voltage peaks are related to
single-particle transport.

quantum limit 2e2/h at zero temperature. On the contrary, the regions of even occupancy,
where no Kondo effect is possible, show a conductance that decreases with temperature
because of the reinforcement of the Coulomb blockade.
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Another characteristic of the Kondo effect in quantum dots can be found in the bias-
voltage dependence of the differential conductance dI/dV , which shows a narrow peak at
low bias voltage V 1.5. As noted previously, the height of the peak reaches the unitary
limit of 2e2/h at zero bias and zero temperature. When either the temperature or the
bias voltage is increased, the spin-flip scattering processes become incoherent, destroying
the coherent Kondo effect, and the conductance decreases. The increase in differential
conductance at very high voltage occurs when the chemical potential of one lead aligns
with a dot level. In that case, the electrons can easily tunnel into or out of the dot through
single-particle processes. From a theoretical point of view, the nonequilibrium transport
for the Anderson model in the presence of a bias voltage has not been solved exactly so
far.

Another interesting phenomenon originating in quantum optics and which has also
been predicted in electronic transport in quantum systems is the Dicke effect. This effect,
predicted by Dicke in 1954 (Fig. 1.6), in quantum optics means the presence of a strong
and narrow spontaneous emission line in addition to much broader lines of a collection
of atoms, which are separated by a distance smaller than the wavelength of the emitted
light [11]. The narrow line (called a sub-rradiant) is associated with a state which is
weakly coupled to the electromagnetic field and, therefore, is a long-lived state. On the
contrary, the broad line (called a superradiant) is associated with a state that is strongly
coupled to the electromagnetic field and, therefore, is a short-lived state. The Dicke effect
in the mesoscopic system was first predicted in two-channel resonant tunneling [12], since
then the analogies to the Dicke effect have been found in some other mesoscopic systems
where the behavior of the spectral function resembles the transition from subradiant to
superradiant mode (or vice versa) in the usual Dicke effect. In a coupled DQD system,
the Dicke effect in the conductance can be controlled by the magnetic flux [13]. More
recently, the Dicke effect has been predicted in a QD coupled to a two-sided QD structure
in the Coulomb blockade regime and the Kondo regime [14, 15], in which the effective
coupling between localized levels and a conduction channel gives rise to effectively fast
super-tunneling and slow sub-tunneling modes. Since the local density of states (LDOS)
can exhibit an almost δ-like shape for appropriate parameters due to the Dicke effect,
significant enhancement of thermal efficiency is expected. In nanostructures, where the
central quantum dot (QD0) with two side-attached dots (QD ± 1) are arranged in a
crossed bar configuration, the sub- and superradiant contributions can be achieved either
upon increasing the interdot coupling or tuning the quantum dot energy levels.
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Figure 1.6: Line narrowing due to collisions of a Doppler–broadened spectral line in the original
1953 Dicke paper [5]. The radiating gas is modeled within a one–dimensional box of width a; λ
is the light wavelength.

1.2 Andreev Reflection and proximity effect
Superconductivity is a phenomenon that occurs when electrons pair up due to an effective
attractive interaction and condense into a state that can carry dissipationless currents,
also known as supercurrents. This state is characterized by a macroscopic phase. It was
observed and understood for a long time that in hybrid structures where superconduc-
tors are put in contact with non-superconducting materials, for example, a normal metal,
electronic pairs propagating from the superconductor ’leak’ the non-superconducting ma-
terial inducing pairing correlations, conferring it superconducting-like properties close to
the interface, among which notably the ability to transmit supercurrent and a supercon-
ducting gap [16]. This "leak" is known as the proximity effect. The main mechanism
responsible for the proximity effect is known as the Andreev reflection [17]. The Andreev
tunneling occurs in the normal metal-insulator-superconductor (NIS) interface, in which
an incident electron from the normal side is reflected as a hole(of opposite spin) and si-
multaneously by creating a Cooper pair in the superconductor. While electron excitation
is a filled state at energy ε above Fermi energy Ef , hole excitation is an empty state at
energy ε below Ef . This process is possible for ε < ∆, with ∆ being the energy gap of
the superconductor. Due to this feature, Andreev reflections provide a mechanism for
current flow through the normal metal-superconductor interface. The proximity effect is
also expected when the N conductor is reduced to a small QD with a discrete electronic
spectrum. In that confined geometry, this process can create a pair of discrete Andreev
energy levels in the superconducting gap. When a normal metal electrode is additionally
coupled to the system, the discrete Andreev energy levels can broaden to form the so-
called Andreev bound states (ABSs) with excitation energies within the superconducting
energy gap. They are hybrids of quantum dot energy levels and many-body Bogoliubov
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Figure 1.7: Density of states of the superconductor with a gap of 2∆. An NIS interface with
the normal state on the left and the superconductor to the right. An electron with energy
E < ∆ can be Andreev reflected as a hole, resulting in the injection of a Cooper pair into the
superconductor. Outside the gap quasiparticle excitations are possible. [6]

quasiparticles. Cooper-pair tunneling can take place through it because the coherence
length of Cooper pairs is significantly larger compared to the size of the QD. These ABSs
dominate low-bias subgap electronic transport at low temperatures. Single-particle or
quasiparticle tunneling becomes essential when the thermal energy is comparable to the
superconducting energy gap or when the dot energy level lies outside the superconducting
energy gap. Additionally, different Andreev processes are distinguished in a three-terminal
device, such as a couple of two normal leads and one superconducting lead. In the direct
Andreev reflection (DAR) two electrons enter the superconductor, and the backscattered
hole is from the same lead, while in the crossed Andreev reflection (CAR), electrons stem
from different normal leads. These nonlocal processes (CAR) are a potential source of
entangled particles as they result from a singlet state of the Cooper pair. The processes
competing with CAR are single electron transfers (ETs) between normal electrodes.

It is interesting to note that the superconducting proximity effect competes with the
Coulomb blockade phenomenon, which follows from the electrostatic repulsion among the
electrons of the QD. While superconductivity privileges the tunneling of electron pairs
with opposite spin, thereby favoring QD states with even numbers of electrons and zero
total spin (i.e. spin singlets), the local Coulomb repulsion enforces a one-by-one filling of
the QD, thereby stabilizing not only even but also odd electron numbers.
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2

Dicke and Fano-Andreev reflections
in a triple quantum-dot system.

Electron transport through multiple quantum dots systems exhibits exciting interference
effects such as Fano [6,18–23] and Aharonov-Bohm [24–28]. The interference phenomenon,
which resembles the well-known Dicke resonance in atomic physics, appears to be of par-
ticular importance [5]. It manifests itself by a narrow (subradiant) and a broad (su-
perradiant) line shape, spontaneously emitted by closely linked atoms, separated by a
distance smaller than the wavelength of the emitted light [11]. In the electronic case,
the decay rates (level broadening) are produced by the couplings between localized levels
and the conduction channel, and the proximity and effective couplings give rise to fast
(super-tunneling) and slow (sub-tunneling) modes [29].

The presence of the Dicke effect has been predicted theoretically and experimentally in
different nanoscopic systems [12–15,30–34]. On the other hand, the Fano effect is another
quantum interference phenomenon that has been studied in quantum transport for some
time. This effect is due to quantum interference from localized states and continuum
states. It produces characteristic asymmetric Fano lineshape, characterized by the Fano
factor q, which is a measure of the coupling strength between the continuum and the
localized state.

Electronic transport through quantum dots (QDs), double quantum dots (DQDs),
and triple quantum dots (TQDs) coupled to normal / ferro-ferromagnetic and super-
conductor leads has been studied recently [35–40]. The Cooper pairs [41] transport, along
with interference effects among electrons and holes, give rise to novel and interesting
phenomena [42, 43]. Within this context, several features of the Dicke effect have been
considered in the presence of superconductor correlations. In particular, it has been
found that the Dicke effect occurs in the Andreev conductance spectrum by modulating
interdot coupling and side-dot levels [44,45]. A description of the relationship between the
induced electron pairing and the Dicke effect has been studied [46] by focusing specifically
on how electron pairing and correlation effects are affected by side-attached quantum dots,
ranging from the interferometric to the molecular limits. However, a detailed description
of the interplay between the Dicke effects and the charging effect induced by the Coulomb
intra-dot correlations is still missing.

In this paper, we present an investigation of the influence of the Dicke and Fano
effects on electronic transport through a coupled triple quantum dot system coupled to
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normal and superconducting leads in a linear and nonlinear regime. In particular, we
study the interplay between the proximity effect due to the superconducting lead and the
conjunction of two phenomena: Dicke and Fano-Andreev reflections. We shall focus on the
electronic properties of TQDs within the regime of low temperatures and sub-gap energies
(eV � ∆), where electronic transport is carried mainly by Andreev reflection (AR). We
consider Coulomb correlations in all the quantum dots and study their influence on the
electronic conductance. The interdot Coulomb interaction is assumed to be much smaller
than the corresponding intradot interaction, and, in consequence, is omitted. Transport
characteristics, such as the Andreev conductance and the electrical current of the system
at the low-temperature limit, are derived using the nonequilibrium Green function method
in the linear and nonlinear response regime. We use the Hubbard I approximation [47] to
obtain the relevant Green functions from the equations of motion. Our results show that
the Andreev reflection spectra, both in the presence and absence of Coulomb interaction,
reveal Dicke and Fano-like resonances in analogy to their counterpart effects in atomic
physics. As one of the main effects, we see that the charge shows abrupt changes due to
the Dicke effect, which has not been shown in previous reports.

The paper is organized as follows. Section II introduces the model and describes
the general background of the transport properties in the TQD system. Next, Sect.
III presents the corresponding numerical results in the equilibrium and non-equilibrium
regime for both non-interacting and interacting cases. Finally, Sect. IV closes with a
summary and general conclusions.

QD1

QD2

QD3

N S
�N �S

t12

t32

Figure 2.1: A sketch of triple-QD system coupled to normal metal and superconducting leads.
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2.1 Model
The system under consideration consists of a single-level central quantum dot (QD2)
attached to a normal metallic and one superconducting lead and two side quantum dots
(QD1 and QD3), as shown schematically in Fig. 2.1. The following Hamiltonian models
the system:

H = HN +HS +HTQD +HT . (2.1)
The first term is the Hamiltonian for the normal electrode and it is given by:

HN =
∑
k

∑
σ

εkNσc
†
kNσckNσ, (2.2)

where c†kNσ (ckNσ) is the electron creation (annihilation) operator of an electron with spin
σ and energy εkNσ in the normal electrode.

The second term stands for the BCS Hamiltonian [41] of the superconducting (right)
lead and reads:

HS =
∑
k

∑
σ

εkSc
†
kSσckSσ +

∑
k

(∆∗ckS↓c−kS↑ + ∆c†−kS↑c
†
kS↓) (2.3)

where c†kSσ (ckSσ) is the electron creation (annihilation) operator of an electron with spin
σ and energy εkS in the superconducting electrode, and ∆ denotes the superconducting
energy gap.

The third term is the Hamiltonian of three coupled QDs, given by

HTQD =
∑
m,σ

εdm,σd
†
m,σdm,σ +

∑
σ

∑
j=1,3

[
tj2d

†
2σdjσ +H.c

]
+
∑
m

Umnmσnmσ̄ (2.4)

where d†mσ (dmσ) is the electron creation (annihilation) operator of an electron with spin σ
and energy εdm in the m-th quantum dot with m = 1, 2, 3. We assume that each quantum
dot has only a single-electron spin-degenerate level, with εdm↑ = εdm↓; Um is the strength
of the Coulomb interaction in the m-th quantum dot while tj2 with j = 1, 3 stands for
the interdot coupling parameter.

The last term in Eq.(1) describes tunneling of electrons between the leads (N,S) and
the central quantum dot (QD2) :

HT =
∑
kσ

∑
β=N,S

(Vkβσc†kβσd2σ +H.c), (2.5)

where Vkβσ(β = N,S) is the tunneling matrix element between the central QD2 and the
electrode β. In the wide-band limit approximation, the coupling constants with the leads
can be introduced: Γβ = 2π∑k |Vkβ|2δ(ω − εβk).

The retarded Green’s function Gr
σ in the generalized 6 × 6 Nambu representation is

obtained from the Dyson equation:

Gr = gr + grΣrGr (2.6)

where gr denotes the retarded Green’s function of the triple quantum dot isolated from
the leads being written as:
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gr =

[gr1]−1 t 0
t∗ [gr2]−1 t
0 t∗ [gr3]−1


−1

(2.7)

where grm matrices are defined as:

grm =


1− nm
ω − εdm

+ nm
ω − εdm − Um

0

0 1− nm
ω + εdm

+ nm
ω + εdm + Um

 , (2.8)

with m = 1, 2, 3. The interdot coupling matrix t is given by:

t =
[
−t 0
0 t

]
. (2.9)

The retarded self-energy of the leads, in the wide-band approximation, acquires the
following form:

Σr =

0 0 0
0 Σr

N + Σr
S 0

0 0 0

 (2.10)

where

Σr
N = − i2ΓN

[
1 0
0 1

]
(2.11)

and

Σr
S = − i2ρs(ω)ΓS

[
1 −∆

ω

−∆
ω

1

]
(2.12)

where ρs denotes the dimensionless modified BCS density of states in the superconductor
given by:

ρs(ω) = |ω|θ(|ω| −∆)√
ω2 −∆2

− iωθ(∆− |ω|)√
∆2 − ω2

. (2.13)

We have adopted the equation of motion method and the Hubbard-I decoupling scheme
to find Green’s functions. The general expression for the charge current through a barrier
from the normal lead can be calculated in terms of non-equilibrium Green’s function Gr,a.
The charge current I flowing in a biased system from left to right can be calculated from
the following expression.

I = −e
〈
dN

dt

〉
(2.14)

with N = ∑
kσ c

†
kσckσ.

Using the equation of motion (EOM), we can obtain the following.

I = 2e
~
∑∫

dω [Gr
2(ω)Σ<

N(ω) + G<
2 (ω)Σa

N(ω) +H.c.](11) (2.15)
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where Gr,<(ω) is the Fourier transform of retarded and lesser Green’s function of the
system, and Σ<,a

N is the Fourier transform of lesser, advanced self-energy of the normal
lead.

In order to obtain the lesser Green’s function G<
σ (ω), we use the Keldysh equation

G< = Gr(ω)Σ<Ga(ω) (2.16)

where the lesser self-energy is given by

Σ<(ω) = Σ<
N + Σ<

S =

0 0 0
0 fN(ω)ΓN + fS(ω)ΓS 0
0 0 0

 (2.17)

while fi is the Fermi matrix, given by

fi =
[
fi 0
0 f̄i

]
. (2.18)

with the Fermi functions for electrons and holes defined as fi = f(ω − Vi) and f̄i =
f(ω + Vi), respectively. For i = N and fi = f̄i = f(ω) for i = S. Also,

ΓN =
[
ΓN 0
0 ΓN

]
(2.19)

and

ΓS = ρ̄s(ω)ΓS
[

1 −∆
ω

−∆
ω

1

]
(2.20)

denotes the coupling constants in the matrix form of the leads, while ρ̄s denotes the
density of states in the superconductor given by

ρ̄s(ω) = |ω|θ(|ω| −∆)√
ω2 −∆2

(2.21)

Finally, by substituting the matrix elements previously calculated, the current in the
subgap regime (e|V | < ∆), i.e. the Andreev current in the limit of low temperature, can
be written as

IA = 2e
h

∫ e V

−e V
dω TA(ω) (2.22)

where V is the bias voltage, and TA is the Andreev transmittance, given by:

TA = Γ2
N |Gr

2,12(ω)|2. (2.23)

It is important to note that the Coulomb correlations make TA dependent on the
average occupations of the QDs. For the non-magnetic case, the averaged occupation
number does not depend on the spin, which allows us to set for each QD: 〈ni,σ〉 = 〈ni〉,
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i = 1, 2, 3. These occupation numbers are obtained by solving the following system of
equations:

〈n1〉 = −i
∫ dω

2π G
<
1,11[ω, 〈n1〉, 〈n2〉, 〈n3〉], (2.24a)

〈n2〉 = −i
∫ dω

2π G
<
2,11[ω, 〈n1〉, 〈n2〉, 〈n3〉], (2.24b)

〈n3〉 = −i
∫ dω

2π G
<
3,11[ω, 〈n1〉, 〈n2〉, 〈n3〉]. (2.24c)

As one may notice by inspecting Eqs. (2.24a), (2.24b) and (2.24c), they form a system
of equations for 〈n1〉, 〈n2〉 and 〈n3〉 that must be solved in a self-consistent way.

The LDOS of the quantum dots come from matrix elements of the retarded Green’s
function matrix (electron components in Nambu space). The LDOS for the dots 1, 2, and
3 are, respectively:

ρ1(ω) = − 1
π
Im(Gr

1,11[ω, 〈n1〉, 〈n2〉, 〈n3〉]), (2.25a)

ρ2(ω) = − 1
π
Im(Gr

2,11[ω, 〈n1〉, 〈n2〉, 〈n3〉]), (2.25b)

ρ3(ω) = − 1
π
Im(Gr

3,11[ω, 〈n1〉, 〈n2〉, 〈n3〉]). (2.25c)

Then, the total DOS of the triple quantum dot is given by the addition of the LDOS
of each QD:

ρ(ω) = ρ1(ω) + ρ2(ω) + ρ3(ω) (2.26)

2.2 Beyond Coulomb Blockade: Kondo correlations
From a physical point of view, the Coulomb repulsion U is responsible for the charging
effect and, at lower temperatures, for the Kondo effect, i.e., the formation of the singlet
resonant state between the spin localized on a QD and spins of itinerant electrons from the
normal leads [48]. These effects manifest themselves spectroscopically by the appearance
of the peaks around E = ε0 and E = ε0 +U and the Kondo resonance (or Abrikosov-Suhl)
in the density of states at the Fermi energy of normal lead [49, 50]. The width of the
resonance is a characteristic scale, which is the Kondo temperature TK . To estimate its
value for a given set of parameters, we use the formula

kBT =
√
UΓNexp

[
π

2
ε0(ε0 + U)
UΓN

]
(2.27)

In non-equilibrium transport via a quantum dot attached to two external electrodes,
two such resonances appear at the positions corresponding to the chemical potentials in the
biased system [51]. If the quantum dot is also coupled to the superconducting electrode,
competition is observed [52] between the mentioned features and proximity-induced on-
dot pairing. To analyze competition between currents beyond the Coulomb blockade
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limit, we treat electron interactions using the EOM procedure [53]. This technique has
previously been used to study interacting quantum dots in different settings [54].

The equation of motion approach [55], is probably one of the simplest methods, qual-
itatively capturing the physics of the non-equilibrium Kondo correlations at arbitrary
U .

To capture Kondo physics we use the Dyson equation with the non-interacting Green
function (Ec. (2.6) )and impose the self-energy matrix Σr,U(E) in the following diagonal
form.

Σr,U =
[
ΣN(E) 0

0 − [ΣN(−E)]∗
]

(2.28)

and Within EOM approach the self-energy ΣN(E)( [54])

ΣN = E − ε0 −
[E − ε0 − Σ0] [E − ε0 − Σ0 − U − Σ3] + UΣ1

E − ε0 − Σ0 − [Σ3 + U(1− 〈n↓〉]
(2.29)

where Σ0 = −iΓN

2 and Σ1,3 are given by

Σν =
∑

k
|VkN|2

[
1

E − ξk,N
+ 1
E − U − 2ε0 + ξk,N

]
[f(ξk,N)](3−ν)/2 (2.30)

with ξk,N = εk,N − eV
This approach [56] qualitatively captures the following important aspects of Coulomb

interactions: 1) the charging effect and 2) the appearance of the Kondo resonance at
ε = 0 for low temperatures, smaller than TK . Under non-equilibrium conditions the
Kondo resonance shifts to µN and this behavior differs from the N-QD-N setup where
there are two Kondo peaks at both chemical potentials µβ.

2.3 Results
We now discuss the transport properties within the Andreev regime. Within this regime,
the range of Fermi energy and QD levels is restricted in the range of the superconductor
gap, ∆. We denote r as the coupling ratio of the leads ΓS/ΓN and assume that the
levels of the quantum dots are spin-degenerate εdi,σ = εdi (for i = 1, 2, 3). In addition,
we have introduced the parameter η, which describes the separation of levels εd1 and εd3
from levels εd2 = εd. We have assumed that the energy levels of the side dots (QD1 and
QD3) are symmetrically placed in relation to the energy level of the middle dot (QD2),
that is, εd1 = εd + η and εd3 = εd − η. Furthermore, unless stated otherwise, we set the
coupling between the two side dots and the central dot to be symmetric ( t12 = t32 = t )
and consider two regimes: the interferometric regime (when t is very small regarding Γ)
and the molecular regime (when t is very close to the value of Γ ). In the linear response
regime, the chemical potentials of the leads are set to zero, µN = µS = 0. On the other
hand, in the non-linear regime, we set the chemical potential of the leads as µN = eV and
µS = 0, therefore, µN −µS = eV , where V is the applied voltage. In addition, we assume
in all our calculations that kBτ = 0, where τ is the temperature. Finally, we assume
that the intradot Coulomb interaction is equal at all quantum dots, that is, Um = U , for
m = 1, 2, 3. In what follows, we rename ΓN = Γ.
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2.3.1 Noninteracting case
Let us first consider the limit where the Coulomb interaction is neglected, Ui = 0 for
i = 1, 2, 3.

In Fig. 2.2 we show the differential conductance as a function of the bias voltage
for different values of r = ΓS/ΓN , choosing a small t (interferometric regime) and an
even smaller value of η to investigate Dicke resonances. We can observe that when r
does not exceed a certain critical value, the differential conductance exhibits one very
narrow central peak and two broader and smaller side peaks symmetrically located at
zero energy. However, for higher values of r, we observe that dI/dV has six peaks in this
energy interval. In other words, these peaks split as r increases from a specific critical
value (see inset in Fig. 2.2). Also, we note from Fig. 2.3 that the spacing of these peaks
increases with the value of r when eV is very near zero, and conversely, they move closer
when the range of eV increases. To better understand Fig. 2.2, we will analyze the effect
of r and η on the differential conductance. For that purpose, we will study the expression
for TA given by Eq. (2.23), in the limit of ∆→∞ with ω̃ = ω − εd, for which we obtain

TA = r2Γ4(ω̃2 − η2)2

S
(2.31)

with

S = 4Γ2ω̃2
(
ω̃2 − η2 − 2t2

)2
+

(
4ω̃2 (ω̃2 − η2 − 2t2)2 − (1 + r2) Γ2 (ω̃2 − η2)2)2

4(ω̃2 − η2)2

From Eq. (2.31) we can deduce that the roots of TA are ω̃ = ±η. In the case of
symmetric coupling with the leads (ΓS = Γ), the Andreev transmittance is given by the
expression:

TA = Γ4(ω̃2 − η2)4

Γ4 [ω̃2 − η2]4 + 4ω̃4 [ω̃2 − η2 − 2t2]4
(2.32)

Equation (2.32) shows that in the transmittance function resonant peaks appear at
ω̃ = ±

√
η2 + 2t2, ω̃ = 0, and two Fano antiresonances located at ω̃ = ±η. The narrow

central peak in the transmittance may be considered as one long-lived (subradiant) state,
while the other two peaks correspond to short-lived (superradiant) states. Since the
central peak is located at zero, the width of the central peak is defined by the value of
η. For small values of η, the width of the central peak becomes much narrower. With
η increasing, the width of the central line also increases, while the two satellite peaks
become broader with η. This effect resembles the Dicke effect in atomic physics, where
a strong narrow emission line appears when the distance between atoms is smaller than
the Fermi wavelength of the corresponding radiation. In the present case, the difference
of energy between the levels, η, plays the role of the distance between atoms.

On the other hand, when we consider an asymmetric coupling to the leads, for instance,
r = 2, the Andreev transmittance function is given by Eq. (2.33) :
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Figure 2.2: Differential conductance in the noninteracting case, calculated as a function of the
bias voltage when εd = 0 and indicated values of r: r = 0.5(red), r = 1.0(blue), r = 1.5(green),
r = 2.0(magenta). Fixed parameters: η = 0.001Γ, t = 0.1Γ. b) Close-up of central peak
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Figure 2.3: Density plot of differential conductance vs r and eV in the noninteracting case,
when εd = 0 in the applied bias range between a) −0.1Γ and 0.1Γ b) Closeup of the central peak
in the figure a), in the applied bias range between −0.001Γ and 0.001Γ.

27



TA = α4Γ4[
ω̃ −

√
3Γ
2 α

]2 [
ω̃ +

√
3Γ
2 α

]2
+ α4Γ4

(2.33)

where α = (ω̃2−η2)
(ω̃2−η2−2t2)

This function presents two Fano antiresonances when α = 0, that is to say at ω̃ = ±η,
and six peaks are symmetrically located on either side of the zero-energy at ω = ±

√
3

2 α

and ω = ±
√

3
2 α. To gain a more clear physical insight into the dependence of TA on η,

we analyze the limit η = 0. The Hamiltonian HTQD can be diagonalized leading to three
effective levels ω1 = εd +

√
2t2 , and ω2 = εd and ω3 = εd −

√
2t2 . Since the system

of three one-level QDs has three molecular-like states (denoted by index 1, 2, and 3 for
increasing energy), one could also expect three peaks in the conductance. However, the
matrix elements of the coupling between the molecular state |2〉 and the left and right
leads vanish, that is, the molecular state |2〉 decouples from the leads when η = 0 and
the central peak disappears. The Andreev transmittance shows only two peaks at the
positions ω̃ = ±

√
2t2 and it is zero at ω̃ = 0. On the other side, when η 6= 0, the

molecular-like levels ω1 and ω3 located symmetrically on both sides of µR and the AR
conductance reveals a well-defined central peak due to two-level Andreev reflection, where
the conventional resonant tunneling is forbidden due to ωi(i = 1, 3) in the gap. On the
other hand, when ωi(i = 1, 3) aligns with the chemical potential of the superconducting
lead, µR = 0, i.e., ωi(i = 1, 3) = 0 two side-peaks appear in ω̃ = ±

√
η2 + 2t2 due to the

Andreev reflection (AR) through a single level. When this happens, an electron coming
from the left lead with the energy εd can tunnel into the i-state of the QD, leaving a hole
propagating back to the i-state in the QD and the creation of a Cooper pair in the right
superconducting lead.

2.3.2 Interacting case
Andreev conductance vs gate voltage

In this section, we study the impact of the electronic charging induced by intradot
Coulomb interaction on the transport properties of the TQD system in the linear regime.
Figures 2.4 and 2.5 show occupation and linear conductance versus the QD energy level
εd for the interferometric regime ( t, η � Γ). We can observe that the Coulomb inter-
action splits the Dicke spectrum into two sets symmetric to the electron-hole symmetry
point εd = U/2, and their centers are located approximately at εd = 0 and −U . The
DOS graph in Fig. 2.5 confirms this behavior. In addition, four Fano antiresonances in
the conductance appear at the electron-hole symmetry because of the destructive quan-
tum interference. Additionally, we can observe the features of the occupation numbers to
determine the corresponding linear conductance behavior. Interestingly, the occupation
number presents a staircase-like form, with abrupt changes around εd = 0 and εd = −U .
This behavior of the charge is due to the Dicke-like spectrum, as we can see in the DOS
(Fig. 2.6), in which a structure of levels with supertunneling (broad states) and subtun-
neling states (sharp states) develops around ω = 0 and ω = U . As εd or εd+U fall slightly
below the Fermi energy, the sharp sub-tunneling state completely enters the Fermi sea,
and consequently the charge changes abruptly.
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Figure 2.4: Electronic occupation and linear conductance of a TQD system calculated as a
function of the dot’s level energy for a) r = 1 and b) r = 2. Fixed parameters: U = 1 Γ, t = 0.1Γ,
and η = 0.001Γ
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Figure 2.5: Electronic occupation and linear conductance of a TQD system calculated as a
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U = 1 Γ, t = 0.1Γ, and η = 0.001Γ
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The DOS in Fig. 2.7 may be written roughly as:

ρ(ω) ≈ 1
π

∑
α

( Γ+

(ω − eα)2 + Γ2
+

+ Γ−
(ω − eα)2 + Γ2

−

)
. (2.34)

In the limit where η → 0, the second term in the sum tends to a Diracδ function. Then,
by integrating the above equation at Fermi energy and zero temperature, we obtain:

ndi(εd) ≈
1
2θ(µ− εd) + 1

2θ(µ− εd − U). (2.35)

From Eq. (2.35), we can understand the charging behavior as a function of the energy
level εd. As εd decreases and falls below the Fermi energy µ, the charge jumps abruptly
in steps of 1/2. Furthermore, since each of these steps in the occupation graph reveals
electronic tunneling, three more peaks in the linear conductance plot appear. Each step in
electron occupation represents an electron filling from the left normal lead, which occurs
when εdi or εdi + U lines up with µN = µS. From Eq.(2.8) one can understand that the
interlevel interaction results in an energy level splitting, in the simpler case with only one
central QD (t = 0) : from the original one single-electron spin-degenerate level εd splitting
into two spin-degenerate levels, εd with probability 1− 〈n〉 and (εd + U) with probability
〈n〉. Of particular interest are the sharp peaks seen in both εd = 0 and εd = −U . At
εd = 0, εd aligns with the Fermi surface µ (here we have set µN = µS = µ = 0), so 〈n〉
jumps from 0 to 0.5, describing the first electron filling; then each of both levels, εd and
εd + U , has a probability of being occupied 50%. At εd = −Γ, εd + U lines up with the
Fermi surface µ, and 〈n〉 jumps from 0.5 to 1, describing the second electron filling; then
level εd + U has 100% probability of being occupied while level εd has 0% probability.

Additionally, Fig. 2.5 displays a zoom-in of the Andreev conductance vs. the energy
level for r = 1 and r = 2 around εd = 0. We can see that as r increases, the height
of the peaks decreases, and, on the contrary, their width increases in the same way as
in the noninteracting case. Also, as we can see in this figure, for small values of η, the
width of the central peak becomes sharper. Moreover, the insets in the above figure show
the details of the sharp resonances. This structure of resonances resembles the Dicke
resonance in the optical emission spectra of atoms.

Differential Andreev conductance vs bias voltage

Next, we investigate the effect of the electronic charging induced by the intradot Coulomb
interaction on the AR process within the non-equilibrium regime. Figure 2.8 shows the
differential conductance as a function of the bias voltage. The central peak, appearing near
eV = 0, is split due to the proximity effect to the superconductor (Andreev reflection).
When r = 2 in this figure, one again observes the splitting of the central peak, but now
the separation of each of these peaks from the eV = 0 is no longer symmetrical as in the
noninteracting case. In addition, if we choose εd = 0 the height of the peaks decreases as
r increases, similarly to the noninteracting case (cf. Fig. 2.2(b)), but in Fig. 2.8 we chose
to plot dI/dV the value of εd in which the differential conductance is maximum, so that
effect is not observable.

The shape of the differential conductance may be understood by noticing the quan-
tum interference among the electron trajectories entering and leaving the side-attached
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Figure 2.8: a) The differential conductance (black line) as a function of the bias voltage of
a TQD system and the fitting (red line) by the sum of the Fano and BW functions when
εd = 0.000075Γ r = 2 b) Differential conductance (solid line) calculated as a function of the bias
voltage of a TQD system and the proposed fitting (dashed line) when εd = −1.000075Γ and
r = 2. The zoom of both figures shows the differential conductance and the fitting proposed by
the function BW in the low energy limit. Fixed parameters: U = 1 Γ, t = 0.1Γ, η = 0.001Γ.

quantum dots. These interferences give rise to the so-called Fano-Andreev antireso-
nances [6, 23, 57]. On the other hand, the states of two side-attached quantum dots
interfere with each other, giving rise to a Dicke-like effect.

The equation for dI/dV may be written as a superposition of two Fano- and Breit-
Wigner-like line-shapes:

dI

dV
≈ 1

1 + q2
+

(ξ+ + q+)2

ξ2
+ + 1 + 1

1 + q2
−

(ξ− + q−)2

ξ2
− + 1 + 4r2

|ε2 − r2|2
(2.36)

where ξ± = (V ±q±ΓS±)/ΓS± , ε = (V +iΓ−)/Γ−, and Γ− = η2/ΓN . It is worth noting that
the last term in the above equation does not contain adjustable parameters. The above
equation is explained in Fig. 2.9, where the first terms take into account the destructive
interference given by the Fano-Andreev effect. The last term represents a process equiv-
alent to the transmission through a double quantum dot in a series configuration with a
coupling given by rη. The fitting of the above equation is shown in Fig. 2.8 (red line). A
similar behavior of the differential conductance can be found in the quantum dot coupled
to a topological superconductor nanowire. In this case, tuning the nonlocal gate produces
hybridization of the two topological states in the superconductor, producing a split of the
zero bias peak in the differential conductance. [58]
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2.4 Kondo effect in Equilibrium
Fig. 2.10 shows the the spectral function ρ(ω) of the correlated QD U = 10Γ in the equi-
librium situation(V = 0),for several values of interdot tunneling t. When t = O appears a
Kondo resonance at ω = 0 for low temperatures, smaller than Kondo temperature (TK ).
We can observe the appearance of a Fano antiresonance in the spectral function at ε = εd
when t 6= 0, due to the destructive interference of electron wavefunctions going through
different paths in a laterally coupled triple-quantum dot. It can also be seen in the same
figure that as t increases, the antiresonance in ε = εd becomes broader.

Fig. 2.11 shows the spectral function measured for various couplings to the super-
conducting electrode r = ΓS/ΓN when t = 0Γ, i.e., when the lateral quantum dots are
decoupled from the central quantum dot. For r = 0 the spectral function present peaks
at ε = εd and ε = εd +U due to the charging effect and the appearance of the Kondo res-
onance at ε = 0 for low temperatures, smaller than TK . By increasing the rate coupling
r to the superconducting lead we observe a progressive emergence of the particle-hole
features accompanied by a suppression of the Kondo resonance.

By considering the coupling of the two side quantum dots, i.e., when t = 0.2, Fig.
2.12 shows the spectral function measured for various couplings to the superconducting
electrode r = ΓS/Γ we the spectral function present two deep symmetrically located on
either side of ε = εd and a gradual suppression of the Kondo resonance. Finally, Fig. 2.13
shows the spectral function for different values of shift energy η. When η 6= 0 can two
observe two sharp deeps located at ε ≈ εd±η, and two slight deeps located at ε ≈ −εd±η.

2.5 Kondo effect in non-quilibrium
Outside the linear voltage regime we calculate currents and differential conductances
taking full voltage dependence of the Fermi functions in the current formulas. Fig. 2.14
present the differential conductance as a function of the bias VL for different values
of inter-dot tunneling t. In this figure we can observe the enhancement of zero-bias
Andreev conductance. Besides this low-temperature we notice also the quasiparticle peak
at eV = εd and another weaker one at eV = U coming from the upper Coulomb satellite
in the spectral function. With increase of the ratio ΓS/ΓN the particle-hole splitting forces
the QD into the mixed-valence regime and thereby the zero-bias enhancement gradually
vanishes. Additionaly in this figure we can observe the appearance of a Fano antiresonance
in the differential conductance at V = εd when t 6= 0 , which appear just where the peaks
were when t = 0. On other hand, we can observe that as t grows, zero-bias conductance
peak suppression occurs.
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Figure 2.10: Spectral function ρ(ω) of the correlated QD in the equilibrium situation V = 0
obtained for εd = −1.5ΓN , r = ΓS/Γ = 5, U = 10ΓN , kBT = 0.001Γ, and indicated values of
the interdot tunneling t: t = 0(black), t = 0.2(red) and t = 0.5(blue).
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Figure 2.11: Spectral function ρ(ω) of the correlated QD in the equilibrium situation V = 0
obtained for t = 0ΓN , η = 0ΓN ,εd = −1.5Γ, U = 10Γ, kBT = 0.001Γ, and indicated values of
the ratio r = ΓS/Γ: r = 0(black), r = 2(red), r = 4(blue) and r = 6(green).
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Figure 2.12: Spectral function ρ(ω) of the correlated QD in the equilibrium situation V = 0
obtained for t = 0.2ΓN , η = 0ΓN ,εd = −1.5ΓN , U = 10ΓN , kBT = 0.001ΓN , and indicated
values of the ratio r = ΓS/ΓN : r = 0(black), r = 2(red), r = 4(blue) and r = 6(green).
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Figure 2.13: Spectral function ρ(ω) of the correlated QD in the equilibrium situation V = 0
obtained for t = 0.2ΓN ,r = ΓS/ΓN = 1, εd = −1.5ΓN , U = 10ΓN , kBT = 0.001ΓN , and
indicated values of the shift energy η: η = 0(black), η = 0.3(red) and η = 0.5(blue).
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Figure 2.14: The differential conductance dI/dV of the correlated QD in the non-equilibrium
situation V 6= 0 obtained for r = ΓS/ΓN = 5, εd = −1.5ΓN , U = 10ΓN , kBT = 0.001ΓN ,
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t = 2(green).

41



3

Fano-Andreev effect in a T-shaped
double quantum dot in the
Coulomb-blockade regime

3.1 Introduction
The investigation of hybrid structures where normal conductors are connected to su-
perconductors has attracted much attention because these structures exhibit interesting
phenomena with potential applications in electronic, spintronics, and quantum informa-
tion processing [59]. When a normal metal is coupled to a superconductor lead, the
superconducting order can leak into the normal metal, inducing pairing correlations and
a superconducting gap due to the so-called proximity effect [16]. The mechanism re-
sponsible for the proximity effect is known as Andreev reflection [17]. In this process,
an electron is reflected as a hole at the interface between the leads. The missing charge
in the normal lead appears as a Cooper pair within the superconductor. Since the elec-
trons in the superconductor side and the hole in the normal lead are correlated, these
are represented by bound states. In effect, the two charges coming from the normal lead
cannot penetrate deep into the superconductor side being absorbed into the supercon-
ductor condensate. In hybrid systems composed of quantum dots (QDs), these bound
states, called Andreev bound states (ABS), appear as resonances in the QD transmission
spectrum, with energies within the superconductor gap. The presence of ABSs is the key
ingredient to many different features exhibited by QD-based systems [23, 35, 36, 60–69].
The ABSs modify the so-called Fano effect [70, 71], a well-known phenomenon resulting
from quantum interference between discrete and continuum states. In QDs-based systems,
the Fano effect signature is an asymmetric resonance pattern arising in the transmission
spectrum of the QD or double quantum dots (DQDs). Several authors studying the effect
of quantum decoherence on the Fano lineshapes have introduced a normal floating lead
directly coupled to the DQD, finding that the floating lead coupled to the lateral QD
plays a crucial role in destroying the Fano lineshape. [20,72]. Other authors have studied
T-shaped QDs structure coupled to two normal or ferromagnetic leads left and right and
a superconducting lead [73–78]. In particular, A. M. Calle et al. [22] have shown that, in
a non-interacting T-shaped double quantum dot coupled to two normal metals, the trans-
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mission between the normal leads (ET) exhibits Fano resonances due to the appearance
of ABSs in the non-interacting DQD, due to the presence of the superconducting lead.
By using a mean-field treatment of Coulomb correlations, E. C. Siqueira et al.. [79] have
shown complementary patterns of resonances between AR and ET transmittance when
a superconductor lead is coupled to a QD, which itself is coupled to two ferromagnetic
leads. The effect was shown to be a result of the interplay between the ABSs and the
spin polarization provided by the ferromagnets. At low enough temperatures (when the
charging energy is sufficiently large compared to the thermal energy of the charge carriers)
and under weak coupling of the QD to the leads, the influence of Coulomb correlations
becomes increasingly significant. In this regime, called the Coulomb blockade regime, the
dot occupation number is fixed, the transport through the quantum dot is blocked (the
sequential tunneling is suppressed), and the transport is only favored in the transition
regions where the energy of the state |Ni > | is aligned with the chemical potential of
the leads. As a consequence, the linear conductance through the dot shows a succession
of peaks associated with the degeneracy regions (Coulomb peaks), separated by regions
of low conductance. However, by lowering the temperature, the coupling of the electron
within the QD to the electrons of the leads gives rise to virtual quantum states within
the QD, which allows for an additional transport channel through the QD. This manifests
as a narrow resonance peak in the transmission spectrum of the QD, called Kondo reso-
nance. On the other hand, when one of the leads is a superconductor in a three-terminal
system, it is possible to probe the interplay between the Fano effect, ET transmission,
and ABS states. The interplay between ABS and Kondo effect in hybrid superconductor
nanostructures has been extensively studied [80–82]. For the T-shape DQDs structure,
A. M. Calle et al.. [6] found that the Kondo resonance modifies the ABS resonances. For
systems composed of DQDs, the interplay among these effects has not been studied in
depth in the literature despite the potential for original effects that may be obtained in
these systems.

In this work, we investigate the electronic transport properties of a T-shaped DQD
system. As shown in Fig. 2.1, the central QD, QDa, is connected to the normal leads
while the other QD, QDb, is coupled to a superconductor lead (S). We focus our analysis
on the Coulomb blockade regime, with the same values for the onsite Coulomb interaction
parameters in both QDs (Ua = Ub). The equation-of-motion (EOM) method is used, and
our results are obtained using the Hubbard-I approximation by which the relevant Green’s
functions are obtained. We study the influence of the inter-dot coupling, the coupling
between QD and leads, and the Coulomb interaction on the quantum interferometric and
molecular features of ET and AR transmission. We address these effects by using the
non-equilibrium Green’s function formalism.

This paper is organized as follows: in Sec. II, we present the model and formulation
for the system displayed in Fig. 1, in Sec. III, the numerical results are presented and
discussed. Finally, a summary and the main conclusions are presented in Sec. IV.

3.2 Model and Formulation
In Fig. 3.1, the T-shape double quantum-dot system is illustrated. It consists of a
central quantum dot, QDa, coupled to the two normal leads, L1 and L2, and a side QDb,
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Figure 3.1: The T-shape double QD system studied in this work. It is composed of two quantum
dots in which the QDa is coupled to two normal metals L1 and L2, with the coupling strength
being determined by the parameters Γ1 and Γ2. The second quantum dot, QDb is coupled to
the superconductor S, with the coupling strength being modeled by the parameter ΓS . The
coupling between the QDs is modeled by the t12 parameter.

connected to a superconductor S. The Hamiltonian of the system is given by:

H = H1 +H2 +HS +HDQD +HT . (3.1)

The first and the second terms are the Hamiltonians for the normal leads at the left
(1) and right (2) sides of QDa. These are modeled by Eqs. (3.2) and (3.3):

H1 =
∑
k

∑
σ

ε1kσc
†
1kσc1kσ (3.2)

and

H2 =
∑
k

∑
σ

ε2kσc
†
2kσc2kσ (3.3)

where c†αkσ (cαkσ) is the electron creation (annihilation) operator of an electron with spin
σ and energy εkσ in the α electrode.

The second term stands for the BCS Hamiltonian [41] of the superconducting (S) lead
and reads:

HS =
∑
k

∑
σ

εkSc
†
kSσckSσ +

∑
k

(∆∗ckS↓c−kS↑ + ∆c†−kS↑c
†
kS↓), (3.4)
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where c†kSσ (ckSσ) is the electron creation (annihilation) operator of an electron with spin
σ and energy εkS in the superconducting electrode, and ∆ denotes pair potential, whose
absolute value gives the superconducting energy gap.

The HDQD term is given by Eq. (3.5), and takes into account the coupling between
the QDs, modeled by the variable t12 = t, and the Coulomb interaction at each QD,
whose strength is modeled by Um, m = a, b. The QDs are assumed to have a single spin
degenerated level, whose value is determined by εdm,σ, m = a, b.

HDQD =
∑

m=a,b,σ
εdm,σd

†
m,σdm,σ

+
∑
σ

t
[
d†aσdbσ + d†aσdbσ

]
+

∑
m=a,b

Umnmσnmσ̄

(3.5)

3.2.1 Green’s functions
To obtain the transport properties for the system modeled by Eq. (3.1), we have used the
well-known non-equilibrium Green’s function approach [83,84] along with the equation-of-
motion method. This formalism has been extensively applied to nanostructured systems.
The presence of the superconductor has been taken into account by expressing Green’s
functions within the Nambu space. In this way, Green’s functions are represented by 4×4
matrices resulting from the tensor product between spin and electron-hole subspaces. By
using this formalism, we have obtained a system of coupled Dyson equations for the
retarded Green’s functions matrices Gr

aa and Gr
bb, for QDa and QDb, respectively:

Gr
aa = Gro

aa + Gr
aat
†
abGro

bbtabGro
aa, (3.6)

and
Gr
bb = Gro

bb + Gr
bbt
†
abGro

aatabGro
bb , (3.7)

with
Gro
aa = graa(1−Σr

Lgraa)−1, (3.8)
and

Gro
bb = grbb(1−Σr

Sgrbb)−1. (3.9)
In Eqs. (3.6) to (3.9), graa and grbb are the QDa and QDb Green’s functions, respec-

tively, when the QDs are isolated from the leads; tab describes the tunneling between
QDa and QDb. The coupling to the normal and superconducting leads are modeled by
retarded/advanced self-energies Σr

L = Σr
1 + Σr

2 and Σr
S, respectively.

The self-energy for the coupling to the normal leads (L1 and L2) is given by Eq. (3.10):

Σr,a
L = ∓ i2(Γ1 + Γ2)


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , (3.10)
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where Γi = Γi↑ + Γi↓ and Γiσ = 2π|ti|2Ni, (i = 1, 2) being the coupling strength, with ti
being amplitude for an electron with spin σ of QDa to be transferred to the lead Li; Ni is
the density of states at Fermi level for the normal lead, Li. Since we have assumed both
normal leads as non-magnetic, the density of states is the same for both spins.

The retarded/advanced self-energy of the superconductor is given by Eq. (3.11):

Σr,a
S = ∓ i2ρS(ε)ΓS



1 −∆
ε

0 0

−∆
ε

1 0 0

0 0 1 ∆
ε

0 0 ∆
ε

1


. (3.11)

In Eq. (3.11), ΓS = 2π|ts|2Ns is the coupling strength between the superconductor
lead and QDb, defined in terms of the amplitude of tunneling |ts| and the normal density
of states of Ns. The ∆ appearing in some of the matrix elements stands for the energy gap
of the superconductor and accounts for the electron-hole coupling. The energy gap plays a
central role in this model and also modifies the self-energy through ρS, the dimensionless
modified BCS density of states, whose expression is given by:

ρS(ε) = |ε|θ(|ε| −∆)√
ε2 −∆2

− iεθ(∆− |ε|)√
∆2 − ε2

, (3.12)

with the imaginary part accounting for the Andreev bound states (ABS), within the
superconductor gap.

The presence of electronic correlations associates the QDs energy levels with the elec-
tronic occupations, which, in turn, depend on external parameters like gate and bias
voltages. As a result, Eqs. (3.6) and (3.7) must be solved in a self-consistent way, to-
gether with the occupations of the QDs. Such occupations are obtained from the diagonal
matrix elements of the “lesser” Green’s function matrix, which is obtained through the
Keldysh equation. For the QDa, the expression reads:

G<
aa = Gr

aa(ω)Σ<
TaGa

aa(ω), (3.13)

with
Σ<
Ta = Σ<

L(ε) + t†abGro
bbΣ<

S (ε)Gao
bb tab. (3.14)

The expression for QDb can be obtained by exchanging the indices a and b. In Eq.
(3.13), Σ<

Ta represents the “lesser” self-energy, which is expressed in terms of the self-
energies of the leads: Σ<

L = Σ<
1 +Σ<

2 and Σ<
S . Assuming that the leads are in equilibrium

with well-defined chemical potential and temperature, the self-energies of the leads can be
obtained using the fluctuation-dissipation theorem: Σ<

i = Fi [Σa
i −Σr

i ], where the Fermi
matrix Fi is given by

Fi = i


fi 0 0 0
0 f̄i 0 0
0 0 fi 0
0 0 0 f̄i

 , (3.15)
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with fi = f(ε−eVi) and f̄i = f(ε+eVi) (i = 1, 2, S) being the Fermi functions for electrons
and holes, respectively. Since the superconductor is assumed to be grounded, fi = f(ε)
for i = s.

3.2.2 Transmittance and current
The presence of Coulomb correlations leads to a self-consistent problem when solving Eqs.
(3.6) and (3.7), since the dependency on the occupations wraps the Green’s functions to
the occupancies of the QDs. Within the equation-of-motion approach used in this work,
this results in an infinite set of equations with Green’s functions of increasing order of
complexity. To obtain a closed set of equations, one needs to resort to some approxima-
tion on the Coulomb correlations. In this work, we have used the so-called Hubbard-I
approximation [85], which allows us to derive a simple expression for the electrical current
in terms of the different transmission amplitudes that contribute to the electronic trans-
port for this system. In fact, the current Ij, flowing in the lead Lj (j = 1, 2), is given by
the following expression:

Ij = e

~

∫
dε [Gr

aa(ε)Σ<
j (ε) + G<

aa(ε)Σa
j (ε)

+ H.c.](11+33), j = 1, 2.
(3.16)

where 11 + 33 stands for the sum of the 11 and 33 matrix elements of the current matrix.
By substituting the Green’s functions and self-energies into Eq. (3.16), one obtains the
main expression for the electric current in lead L1, written in terms of the transmittances:

I1 = e

h

∫
[TDAR11 (f1 − f̄1) + TET12 (f1 − f2) + TCAR12 (f1 − f̄2)

+ TQP1S (f1 − fS)]dε, (3.17)

The first term in Eqs. (3.17) , TDAR11 , corresponds to direct Andreev reflection trans-
mittances through the paths (L1−QDa−QDb−S), i.e., an electron of L1 is reflected by
S into a hole of L1. The second term, TET12 , represents electron tunneling (ET) between
the normal leads via (L1−QDa−QDb−L2) path. The next term, TCAR11 , accounts for the
transmittances of crossed Andreev reflection through the path ((L1, L2)−QDa−QDb−S),
i.e., an electron of L1 is reflected by S into a hole of L2. Finally, the last term, TQP11 , cor-
responds to quasiparticles tunneling through the (L1 −QDa −QDb − S) path.
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The expressions of the amplitudes in terms of Green’s functions are given by:

TDAR11 = Γ2
1(|Gr

aa,14|2 + |Gr
aa,12|2 + |Gr

aa,34|2 + |Gr
aa,32|2)

TCAR12 = Γ1Γ2(|Gr
aa,14|2 + |Gr

aa,12|2 + |Gr
aa,34|2 + |Gr

aa,32|2)
TET12 = Γ1Γ2(|Gr

aa,33|2 + |Gr
aa,31|2 + |Gr

aa,13|2 + |Gr
aa,11|2)

TQP1S = ρ̄Γ1ΓS{Y −21 |Gr
aa,12|2 +X+

34|Gr
aa,13|2 + Y +

43 |Gr
aa,14|2

+X−12|Gr
aa,11|2 − Z+

34G
r
aa,13[Gr

aa,14]∗ − [Z+
34]∗[Gr

aa,13]∗Gr
aa,14

− Z−12G
r
aa,11[Gr

aa,12]∗ − [Z−12]∗[Gr
aa,11]∗Gr

aa,12

+ Y −21 |Gr
aa,32|2 +X+

34|Gr
aa,33|2 + Y +

43 |Gr
aa,34|2

+X−32|Gr
aa,31|2 − Z+

34G
r
aa,33[Gr

aa,34]∗

− [Z+
34]∗[Gr

aa,33]∗Gr
aa,34 − Z−12G

r
aa,31[Gr

aa,32]∗

− [Z−12]∗[Gr
aa,31]∗Gr

aa,32}

(3.18)

where

X±ij ≡ t2[|Gro
bb,ii|2 + |Gro

bb,ij|2 ±
∆
ε

(Gro
bb,ii[Gro

bb,ij]∗ +Gro
bb,ij[Gro

bb,ii]∗),

Y ±ij ≡ t2[|Gro
bb,ii|2 + |Gro

bb,ji|2 ±
∆
ε

(Gro
bb,ii[Gro

bb,ji]∗ +Gro
bb,ji[Gro

bb,ii]∗)],

Z±ij ≡ t2[Gro
bb,ij[Gro

bb,jj]∗ + [Gro
bb,ij]∗Gro

bb,ii

± ∆
ε

(|Gro
bb,ij|2 + [Gro

bb,jj]∗Gro
bb,ii)].

(3.19)

(The current flowing and transmittances in L2 can be obtained by interchanging the
indexes 1 and 2 in the above equation).

3.2.3 Self-consistent calculations
Regarding the occupations of the QDs, they are determined by the “lesser” Green’s func-
tion. In the case of normal leads with no polarization, the average occupation number
remains independent of spin. This allows us to set, for each QD, 〈ni,σ〉 = 〈ni〉 where
i = a, b. These occupation numbers are obtained by solving the following self-consistent
system of integral equations:

〈na↑〉 = −i
∫ dε

2π G
<
aa,11[ε, 〈na↑〉, 〈na↓〉, 〈nb↑〉, 〈nb↓〉], (3.20a)

〈na↓〉 = −i
∫ dε

2π G
<
aa,33[ε, 〈na↑〉, 〈na↓〉, 〈nb↑〉, 〈nb↓〉], (3.20b)

〈nb↑〉 = −i
∫ dε

2π G
<
bb,11[ε, 〈na↑〉, 〈na↓〉, 〈nb↑〉, 〈nb↓〉], (3.20c)

〈nb↓〉 = −i
∫ dε

2π G
<
bb,33[ε, 〈na↑〉, 〈na↓〉, 〈nb↑〉, 〈nb↓〉]. (3.20d)

In the electron-hole symmetry point, i.e., when εd = −U/2, the occupation is inde-
pendent of bias voltage and equal to 1/2 (na,σ = nb,σ = 0.5, with σ =↑, ↓). In this way,
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the exact expression for (dI/dV )ET and (dI/dV )AR in the function of bias voltage can be
calculated analytically, and is equal to:

dIET

dV
= 2

(4GA− 2F BΓ2
S + 1

4CΓ4
S)

(K) (3.21)

and
dIAR

dV
= 4t

4 Γ2
S

(K) (3.22)

where

K = 4DA − 2(−t4Γ2
L + GF B − F (t2 − Γ2

L)B)Γ2
S + 1

4E CΓ4
S (3.23)

with

A =
[
(ḡr1,12)2 − t2

]2
+ (ḡr1,12)2ΓL

B = (ḡr1,12)2 − t2 + Γ2
L

C = (ḡr1,12)2 + Γ2
L

D = [(ḡr1,11)2 − t2]2 + (ḡr1,11)2 Γ2
L

E = (ḡr1,11)2 + Γ2
L

F = ḡr1,11ḡ
r
1,12

G = (ḡr1,11)2

(3.24)

while ḡr1,11 and ḡr1,12 are the components 11 and 12 of the inverse Green function of QD1
isolated in the Hubbard-I approximation, evaluated in the bias voltage V , i.e.:

ḡri,11 = ((V − εd − U)(V − εd))
(V − εd + U(n1 − 1)) (3.25)

ḡri,12 = ((V + εd + U)(V + εd))
(V + εd − U(n1 − 1)) (3.26)

(3.27)

The analysis of these curves is complemented by the local density of states of the QDs,
ρa and ρb, defined according to:

ρ(ε)i = − 1
π
Im(Gr

ii,11 + Gr
ii,33), i = a, b. (3.28)

3.3 Results and Discussion
In what follows, we consider Γ1 as the energy unit. We assume that the QDs levels are
spin degenerate and that the intradot Coulomb interaction is the same in both QDs, i.e.,
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Figure 3.2: Left panel: Contour plot of (dI/dV )ET and (dI/dV )AR in terms of t and V , figures
a) and c), respectively ; Right panel:(dI/dV )ET and (dI/dV )AR in terms of the energy when
t = 0.05 (black solid line) or t = 0.5(red dashed line), figures b) and d), respectively. Their
location at the contour plot is indicated by the horizontal lines labeled by A1 and A2 for t = 0.05
and by B1 and B2 for t = 0.5, respectively. Other parameters are chosen as U = 0, kBT = 0Γ1,
Γ1 = Γ2 = ΓS and εa = εb = −U/2

Ua = Ub = U . We denoted r as the ratio of leads coupling ΓS/Γ1 through which we control
the efficiency of the proximity effect, as well as, the interdot tunneling as t. Also, we set
the gate voltage for each QD in the electron-hole symmetry point, i.e., εa = εb = −U/2.
In our work, we focus on the non-equilibrium regime, and the analysis of the results is
split into two parts: interferometric regime (when t < Γ1 ) and molecular regime (when
t ≥ Γ1 ). In our analysis, we present the results for the differential conductance ET (
(dI/dV )ET12 ) and the differential conductance AR (dI/dV )DAR12 in terms of the bias voltage
applied to the leads, which we will refer to for simplicity as (dI/dV )ET and (dI/dV )DAR,
respectively. The chemical potential of the normal leads are set with opposite bias voltage,
i.e. µ1 = −µ2 = eV , while the superconductor is kept grounded, µS = 0. With the normal
leads with opposite bias voltage, (dI/dV )CAR12 (or ICAR12 ) and (dI/dV )CAR21 (or ICAR21 ) are
zero since they are proportional to the factor (f1 − f̄2) and (f2 − f̄1), respectively, which
are identically zero. It is worth saying that we are assuming that |eV | < ∆, and therefore
the contribution of the quasiparticle current IQP and transmittance TQP is zero within
the energy range we are considering. Finally, it is important to note that our calculations
were obtained out of the Kondo regime.

3.3.1 Interferometric regime
We begin the analysis of the linear regime by focusing on the interdot tunneling effects on
(dI/dV )ET and (dI/dV )AR, within the interferometric regime (t ≤ Γ1). For clarity’s sake,
we start by focusing on the noninteracting regime (U = 0). In this case, the behavior
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Figure 3.3: Left panel: Contour plot of ρa and ρb in terms of t and ε, figures a) and c),
respectively ; Right panel:ρa and ρb in terms of the energy when t = 0.05(black solid line) or
t = 0.5(red dashed line), figures b) and d), respectively. Their location at the contour plot
is indicated by the horizontal lines labeled by A1 and A2 for t = 0.05 and by B1 and B2 for
t = 0.5, respectively. Other parameters are chosen as U = 0, kBT = 0Γ1, Γ1 = Γ2 = ΓS and
εa = εb = −U/2

of (dI/dV )ET and (dI/dV )AR as functions of t and V , are shown in the contour plots of
Figs. 3.2(a) and 3.2(c), respectively. For t = 0, the QDa is decoupled from QDb− S part
of the system and, as a result,(dI/dV )ET exhibits a well-known Lorentzian shape, while
the (dI/dV )AR remains equal to zero. As t increases, the superconducting correlations
start to leak into QDa and the Andreev bound states (ABSs) emerge as two resonances
equidistant from V = 0. At the same bias voltage values, two equidistant deeps appear in
the (dI/dV )AR curves. The correspondence between these two lineshapes can be better
observed in Figs. 3.2(b) and 3.2(d) where cuts of the contour plots for t = 0.05 (A1 and
A2 lines) and and t = 0.5 (B1 and B2 lines) are shown. It is also worth noting that the
central peak at V = 0 is preserved in (dI/dV )ET curves, as a manifestation of electron-
hole symmetry of the ABSs on the QDs spectra. As t increases, the hybridization between
the discrete ABSs with the continuum states, stemming from the normal leads, causes
the lineshapes to broaden. This interpretation is based on the fact that the differential
conductance curves follow the behavior of the local density of states of the QDs for zero
bias voltage, as shown in Fig. 3.3. The very same behavior can be observed from the
contour plots for ρa and ρb, at zero bias voltage, as shown in Figs. 3.3(a) and 3.3(c),
respectively.

A more detailed line shape can be seen in the cuts for t = 0.05 (A1 and A2 lines)
and t = 0.5 (B1 and B2 lines), which readily show the same behavior observed in the
transmission curves.

In Fig. 3.4, the differential conductance (dI/dV )ET and (dI/dV )AR are shown for
U = 2. The other parameters remain the same as those used in Figs. 3.2 and 3.3. The
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Figure 3.4: Left panel: Contour plot of (dI/dV )ET and (dI/dV )AR in terms of t and V , figures
a) and c), respectively ; Right panel:(dI/dV )ET and (dI/dV )AR in terms of the bias voltage V,
when t = 0.05 (solid line) or t = 0.5(dashed line), figures b) and d), respectively. Their location
at the contour plot is indicated by the horizontal lines labeled by A1 and A2 for t = 0.05 and
by B1 and B2 for t = 0.5, respectively. Other parameters are chosen as U = 2, kBT = 0Γ1,
Γ1 = Γ2 = ΓS and εa = εb = −U/2

main difference, in this case, is the splitting of the peaks due to the Coulomb correlation.
In fact, for t = 0.05, two Lorentzian peaks are observed, as is evident from the cut A1,
shown in Fig. 3.4(b). The ABSs are also evident at this small value of t as antiresonances
superimposed on the peaks despite the presence of Coulomb correlations. As t increases,
the broadening of peaks increases, as is evident from the contour plots of Figs. 3.4(a) and
3.4(c) and the corresponding cuts shown in Figs. 3.4 (b) and 3.4 (d). In contrast to the
broadening of the peaks, their location is fixed by the Coulomb interaction with the two
Lorentzian peaks located at ±U/2, which is also the center of symmetry of the ABSs. A
similar behavior is observed for the local density of states for zero bias voltage, as shown
in Fig. 3.5. This figure shows in the left panel the contour plot of ρa and ρb as a function
of ε and t [Figs 5 (a) and 5(c), respectively] and shows in the right panel the curves of
ρa(ε) and ρb(ε) in terms of energy [Figs. 5 (b) and 5 (d), respectively], when t = 0.05
(solid line) or t = 0.5 (dashed line). Their location in the contour plot is indicated by the
horizontal lines labeled A1 and A2 for t = 0.05 and B1 and B2 for t = 0.5. As we can see
in figures 5 a) and 5 c), ρa takes the form of two Lorentzian curves centered at ε = ±U/2
when t = 0, while ρb equals zero. However, when t = 0.05, we observe the appearance of
two pairs of narrow deeps in ρa [see lines A1, in Figs. 5 (a) and 5 (b)] revealing the leakage
of ABS in the density of states of QDa , expressed in the two pairs of sharp resonances in
ρb [see lines A2 , in Figs. 5(c) and 5(d)]. However, as the value of t increases, for example,
when t = 0.5 the deeps in the ρa [see lines B1, in Figs. 5 (a) and 5 (b)], and the resonances
in ρb [see lines B2, in Figs. 5 (c) and 5 (d))] become progressively wider.

In Fig. (3.6) we study the role of the superconductor in (dI/dV )ET by varying the
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Figure 3.5: Left panel: Contour plot of ρa and ρb, at zero bias voltage, in terms of t and
ε, figures a) and c), respectively ; Right panel:ρa(ε) and ρb(ε) in terms of the energy when
t = 0.05(solid line) or t = 0.5(dashed line), figures b) and d), respectively.Their location at the
contour plot is indicated by the horizontal lines labeled by A1 and A2 for t = 0.05 and by B1 and
B2 for t = 0.5, respectively. Other parameters are chosen as U = 2, kBT = 0Γ1, Γ1 = Γ2 = ΓS
and εa = εb = −U/2
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Figure 3.6: The differential conductance (dI/dV )ET (solid black line) and (dI/dV )AR (dashed
red line) as a function of the bias voltage V for a) r = 0.02, b) r = 0.50 and c) r = 1. The
dashed line in the left panel corresponds to the (dI/dV )ET for ∆ = 0, i.e. for a system with three
normal contacts. Other parameters are chosen as: ∆ = 5Γ1, U = 2Γ1, t = 0.2Γ1, kBT = 0Γ1,
Γ1 = Γ2 and εa = εb = −U/2
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Figure 3.7: In the Left panel, the differential conductance (dI/dV )ET (black solid line ) as a
function of the bias voltage V and in the right panel (dI/dV )DAR (red solid line ) as a function
of the bias voltage V when U = 0 for a) and b), U = 2 for c) and d), and U = 4 for e) and f).
The dashed line on the left panel corresponds to (dI/dV )ET for ∆ = 0, that is, for a system
with three normal contacts. Other parameters are chosen as t = 0.2Γ1 , ∆ = 5Γ1 , kBT = 0Γ1,
Γ1 = Γ2 = ΓS and εa = εb = −U/2.
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Figure 3.8: a) The differential conductance (dI/dV )ET (black solid line ) and the fitting (red
dashed line) as a function of the bias voltage V when t = 0.2. b) The differential conductance
(dI/dV )AR (solid black line) and the fitting (red dashed line) as a function of the bias voltage
V when t = 0.2. Other parameters are chosen as ∆ = 5Γ1 , kBT = 0Γ1, Γ1 = Γ2 = ΓS and
εa = εb = −U/2.
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Figure 3.9: Left panel: Contour plot of (dI/dV )ET and (dI/dV )AR in terms of t and V , figures
a) and c), respectively ; Right panel:(dI/dV )ET and (dI/dV )AR in terms of bias voltage when
t = 0.7 (solid line) or t = 2(dashed line), figures b) and d), respectively. Their location in the
contour plot is indicated by the horizontal lines labeled by A1 and A2 for t = 0.7 and by B1 and
B2 for t = 2.0, respectively. Other parameters are chosen as U = 2, kBT = 0Γ1, Γ1 = Γ2 = ΓS
and εa = εb = −U/2

coupling ratio, r = ΓS/Γ1, and ∆, the superconductor gap. While r measures the coupling
strength between QDb and S, ∆ carries information on superconductor correlations. The
differential conductance (dI/dV )ET and (dI/dV )AR, as a function of bias voltage, are
shown in the left and right panels of the Fig. (3.6), respectively, for r changing from
0 to 2.0. For ∆ = 0, the blue dotted lines represent (dI/dV )ET . First, we can note
when r = 0.02, i.e., when the DQD can be considered decoupled from the third lead,
the difference conductance ET shows two deep Fano antiresonances, which reveals the
existence of quantum interference due to the effect of the additional channel opened by
the second QD coupled to the system. As the value of r increases, Fano antiresonances
in the differential conductance ET disappear when the third lead is normal (∆ = 0), due
to hybridization of the discrete state of QDb with the continuum spectrum of S in its
normal state. In contrast, when ∆ 6= 0 and r 6= 0, the lead S becomes a superconductor
and the energy gap is revealed at the Fermi level with the presence of ABSs, and two
pairs of Fano antiresonances appear in the differential conductance ET, corresponding to
the Fano resonances appearing in the differential conductance AR for the same value of
V , which is a clear manifestation of quantum interference. For example, when r = 0.02,
the coupling to S is too small, and (dI/dV )ET exhibits the Fano antiresonance pattern.
In contrast, for r ≥ 0.50, the ABSs become pronounced enough to change the shape
of (dI/dV )ET ; this can be seen from the (dI/dV )AR shown by the red curves in Fig.
3.6. As in the non-interacting case, the resonances of (dI/dV )AR correspond to two anti-
resonances in (dI/dV )ET curves, equidistant from ±U/2 with a central peak located at
±U/2. In contrast to the normal state, this effect is robust with respect to the increase of
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r, being preserved for all values of r. The main effect of r, in this case, is to displace the
ABSs on the bias axis. Despite similar effects pointed out in the literature [6, 20], here
it is clear that this interference pattern is robust against Coulomb correlations, which, in
general, have a detrimental effect on Andreev interference.

Finally, Fig. 3.7 displays in the left panel the electron-tunneling differential
conductance((dI/dV )ET ) (black solid line) and in the right panel the Andreev differ-
ential conductance ((dI/dV )AR) (red solid line) for different values of intra-dot Coulomb
interaction U . The dashed line on the left panel also corresponds to the (dI/dV )ET for
∆ = 0, that is, for a system with three normal contacts. We can see in Fig. 3.7 that when
t = 0.2, U = 0 and ∆ = 0, the differential conductance ET has the form of a Lorentzian
centered on the zero bias voltage and does not present antiresonances. On the contrary,
when U = 0 and ∆ 6= 0 the differential conductance ET shows two Fano antiresonances,
which coincide with the two resonances in the differential conductance AR. Conversely,
when U 6= 0 and ∆ 6= 0, the two antiresonances in the differential conductance ET and
the two resonances in the differential conductance AR are subdivided on either side of
the zero bias with the symmetry point located at ±U/2, by the effect of the Coulomb
interaction. The separation between the resonances in the differential conductance ET
and AR increases as U increases.

One way to better comprehend the tunneling mechanism in different transmission
processes is to analyze the differential conductance (dI/dV )ET . It can be expressed as a
convolution of two Breit-Wigner and two Fano line shapes, as shown in Fig. 3.12 a).

dIET

dV
≈ |Ṽ1 + q|2

|Ṽ1|2 + 1

(
1

ε21 + 1 + 1
ε22 + 1

)
|Ṽ2|2

|Ṽ2|2 + 1
, (3.29)

where Ṽ1 = (||V | −U/2| −ΓS/4)/η with η = t2/(ΓS), Ṽ2 = |V |/(ΓL1/2) , ε1 = |V |−εd
(ΓL1/2) ,ε2 =

|V |−(εd+U)
(ΓL1/2) and q = qr + i qi. The complex Fano parameter, q, and the coupling value,

ΓL1, are relevant to understand the differential conductance. On the basis of the above
equation, the conductance has two resonances at V = εd and V = εd+U . Each resonance
has two dips at V = εd ± ΓS/4 and V = (εd + U)± ΓS/4, with εd = −U/2. Additionally,
a single antiresonance appears at V = 0. The interference of electrons through different
tunneling paths, including Andreev bound-states, explains the Fano effect observed in our
results. Due to the presence of Andreev bound states, the electron suffers a change in its
phase, and this is reflected in a complex q-parameter as we see in Eq.(3.29). Furthermore,
the Andreev differential conductance, (dI/dV )AR, can be expressed as two Breit-Wigner
line shapes (shown in Fig. 3.12 b)).

dIAR

dV
≈
(

1
ε23 + 1 + 1

ε24 + 1

)
, (3.30)

where ε3 = |V−εd|−ΓS/4
(t2/ΓS) and ε4 = |V−(εd+U)|−ΓS/4

(t2/ΓS) . The above equation shows that the
Andreev differential conductance has four resonances at V = εd ± ΓS/4 and V = (εd +
U) ± ΓS/4, with εd = −U/2, which coincide exactly with the dips of the differential
conductance ET mentioned above. From the fits, we can conclude that the Fano-Andreev
effect is robust in the presence of Coulomb interaction. Additionally, in the interferometric
regime, Andreev transmission is a resonant tunneling process through Andreev-bound
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Figure 3.10: In Left panel, the differential conductance (dI/dV )ET (black solid line) as a
function of the bias voltage V and in the right panel (dI/dV )AR (red solid line ) as a function
of the bias voltage V when r = 1 for a) and b), r = 2 for c) and d), and r = 4 for e) and f).
The blue dashed line in the left panel corresponds to (dI/dV )ET for ∆ = 0, that is, for a system
with three normal contacts. Other parameters are chosen as t = 2Γ1 , ∆ = 5Γ1 , U = 2Γ1,
kBT = 0Γ1, Γ1 = Γ2 and εa = εb = −U/2.

states, which causes the Fano effect in normal transmission.

3.3.2 Molecular regime
In Fig. 3.9,the behavior of (dI/dV )ET and (dI/dV )AR as functions of t and V , when
0.5Γ1 <= t <= 2.5Γ1, are shown in the contour plots of Figs. 3.9(a) and 3.9(c), respec-
tively. The other parameters remain the same as those used in Figs. 3.4 and 3.5. This
figure shows the progressive vanishing of antiresonances in the differential conductance
ET as t increases from 0.5 to 2.5. This figure shows the progressive disappearance of the
antiresonances in the differential conductance ET as t increases from 0.5 to 2.5. As seen
in the black solid line in Fig. 9 (a) or line A1 in 9 (b), when t = 0.7 the antiresonances
in the differential conductance ET have almost disappeared. Therefore, we can consider
that the value of t is the threshold value that separates the interferometric regime from
the molecular one. On the other hand, when t > 0.7, specifically at t = 2 (see line B1
in Fig. 9 a), or red dashed line in Fig. 9 b) ), the differential conductance ET becomes
zero at ±U/2, with two asymmetrically located resonances around this point: two lateral
resonances moving away from eV = 0, and two central resonances approaching each other
toward the point of zero bias voltage. On the other hand, similar behavior is shown by
the differential conductance AR. When t = 0.7 (see black solid line in Fig. 9 d) or line
A2 in Fig. 9 c) ), the double structure of the peaks has almost disappeared, to reappear
again, for t > 0.7(see red dashed line in Fig. 9 d) or line B2 in Fig. 9 c) ). However,
now the resonances in the differential Andreev conductance approximately coincide with
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Figure 3.11: In the left panel the differential conductance (dI/dV )ET (black solid line ) as a
function of the bias voltage V and in the right panel (dI/dV )DAR (red solid line ) as a function
of the bias voltage V when U = 0 for a) and b), U = 2 for c) and d), and U = 4 for e) and f).
The blue dashed line on the left panel corresponds to (dI/dV )ET for ∆ = 0, that is, for a system
with three normal contacts. Other parameters are chosen as t = 2Γ1, ∆ = 5Γ1, kBT = 0Γ1,
Γ1 = Γ2 = ΓS , and εa = εb = −U/2.
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Figure 3.12: a) The differential conductance (dI/dV )ET (black solid line ) and the fitting (red
dashed line) as a function of the bias voltage V when t = 2. b) The differential conductance
(dI/dV )AR (black solid line ) and the fitting (red dashed line) as a function of the bias voltage
V when t = 0.2. Other parameters are chosen as ∆ = 5Γ1 , kBT = 0Γ1, Γ1 = Γ2 = ΓS and
εa = εb = −U/2.
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those in the differential ET conductance (see line B2 in Fig. 9 c) ).
Now, we study the effect of the coupling ratio, r, on the differential conductance ET

and AR in the molecular regime (t ≥ Γ1). Fig. 3.10 shows in the left panel the electron-
tunneling differential conductance((dI/dV )ET ) (black solid line), and in the right panel
the Andreev differential conductance ((dI/dV )) (red solid line), for different values of rate
coupling r when ∆ = 5. The blue dashed line in the left panel also corresponds to the
(dI/dV )ET for ∆ = 0, that is, for a system with three normal contacts. First, we can
note that, by changing r from 0.05 to 1, the shape of the differential conductance curve
ET does not change significantly when the lead S is in its normal state (∆ = 0) or when
it is in its superconducting state (∆ 6= 0). The only noticeable effect on the differential
conductance of the presence of lead S in its superconducting state is the decrease in the
height of the resonances and the progressive splitting of the lateral peaks. On the other
hand, the differential conductance AR presents two resonances on each side of the zero bias
voltage, asymmetrically located around ±U/2, which are located approximately around
the same bias voltage values as the resonances in the differential conductance ET, and
these resonances turn out to be visible even for small values of r. However, it is possible
to appreciate a remarkable reduction in the height of the AR differential conductance
resonances when we are in the molecular regime for the interferometric regime (see Figs.
10 b, d), and f) ).

Fig. 3.11 shows in the left panel the electron-tunneling differential conductance ET
(black solid line) and in the right panel the Andreev differential conductance (red solid
line), in the molecular regime, for different values of the Coulomb interaction between dots
U . The blue dashed line in the left panel also corresponds to the (dI/dV )ET for ∆ = 0,
that is, for a system with three normal contacts. We can see in Fig. 3.11 that when
t = 2, U = 0, in contrast to the interferometric regime, the differential conductance ET
and AR have the form of two Lorentzian curves, localized close to ±t with the center of
symmetry located at zero bias voltage, irrespective of whether the lead S is in its normal
state (∆ = 0) or its superconducting state (∆ 6= 0), and unlike in the interferometric
case, there are no antiresonances present in (dI/dV )ET when (∆ 6= 0). On the other
hand, when U is nonzero, whether ∆ = 0 or ∆ 6= 0, the resonances in (dI/dV )ET and
(dI/dV )AR are doubled, and are located approximately around the bias voltage εd and
εd + U , by the effect of the Coulomb interaction. The separation between the resonances
in the differential conductance ET and AR increases as U increases.

The differential conductance (dI/dV )ET can be represented by combining two Breit-
Wigner and two Fano line shapes, in the range 0.7 ≤ t ≤ 2 and r ≤ 1, as shown in Figure
12a.

dIET

dV
≈ ε21
ε21 + 1

( 1
ω2

1 + 1 + 1
ω2

2 + 1

)
ε22

ε22 + 1 (3.31)

where ω1 = ||V | − γ1|/η1, ω2 = (||V | − γ2|)/η2, ε1 = ||V | − U/2|/(Γ1/2), ε2 = |V |/Γ1.
Where γi = (−εd ∓ t/2 − U/2 + (1/2)

√
t2 + U2) with i = 1, 2 ( in the molecular limit

((t/ΓL1) > 1) and at the electron-hole symmetry point) and on the other hand,η1 and η2
are fitting parameters. Note that from the above expression the differential conductance
vanishes at V = ±U/2 and V = 0. The q-parameter in molecular regimes is real, unlike
in interferometric regimes. Also, the differential conductance shows resonances at V ≈
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±γ1 and V ≈ ±(γ2). Furthermore, it is interesting to note that by making a Taylor
approximation concerning t/U , the values of γ1 and γ2 become γ1 = U2/(4t) and γ2 =
t+U2/(4t), respectively. That is, when t >> U the central peaks tend to approach V = 0,
and the lateral peaks tend to lie at V = t.

In addition, the equation for (dI/dV )AR may be written as the superposition of two
Breit-Wigner and one Fano line shapes. [Fig. 3.12(b)]:

dIAR

dV
≈ ξ2

ξ2 + 1( 1
ν2

1 + 1 + 1
ν2

2 + 1) (3.32)

where ν1 = ||V | − γ1|/(ξ̄1) , ν2 = (||V | − γ2|)/(ξ̄2), and ξ = |V |/(ξ̄3). Here, as before,γi =
(−εd∓ t/2−U/2+(1/2)

√
t2 + U2) with i = 1, 2 ( in the molecular limit ((t/ΓL1) > 1) and

at the electron-hole symmetry point) and on other hand,ξ̄1,ξ̄2 and ξ̄3 are fitting parameters.
The fitting presented above offers a reasonable understanding of the shape of the

Andreev differential conductance shown in Figure 11. The Andreev states undergo a split
caused by t and as a result of this tunneling coupling, the Andreev bound states acquire
widths that manifest themselves in the Andreev differential conductance.
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4

Thermoelectric transport properties
of a T-shaped double quantum dot
system in the Coulomb blockade
regime

Introduction
The need to manufacture thermoelectric devices that convert heat into electricity (and
vice versa) with high thermoelectric efficiency, based on thermoelectric phenomena such
as Seebeck and Peltier effects, has pushed the search for materials with new properties.
The usual way to measure efficiency is through the merit figure (Z), which is defined
as Z = S2GT/(κ), where S, G, T, κ are the Seebeck coefficient, electronic conductance,
absolute temperature, and thermal conductance (which is equal to the sum of electron
thermal conductance (κe) and phonon thermal conductance κp). For technological ap-
plications, it is required that the value of Z be as large as possible, and therefore it is
clear that if you want to increase the value of Z, you must increase the Seebeck coefficient
and the electrical conductance, and reduce both the thermal conductance. Additionally,
the thermal and electronic conductances for most bulk materials at very low or room
temperature obey Wiedemann–Franz law [86] κ/GT = L0, where L0 is a constant known
as Lorentz number given by L0 = k2

Bπ
3/3e2 with kB the Boltzmann constant and e the

electron charge. Consequently, an increase in electrical conductance will cause an increase
in thermal conductance. In turn, due to Mott’s law [87] (S ∼ T∂lnG/∂E an increase in
the electronic conductance will cause a decrease in the Seebeck coefficient. Consequently,
in conventional solids, the merit figure rarely exceeds the value 1 ZT ≤ 1. This difficulty
of bulk materials can be overcome in mesoscopic systems (such as a QD) as suggested by
Hicks and Dresselhaus [88, 89]. Due to its low dimensionality, the physics properties of
these systems are strongly affected by quantum confinement (level quantization) as well
as by Coulomb blockade effects, which can lead to violation of the Wiedemann-Franz law
and failure of the Mott relation [90–96]. Moreover, in these low dimensional systems,
the thermal conductance is rather small [97] due to the increase of the phonon scattering
which allows according to the Wiedemann–Franz law to reach high values of ZT. On the
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other hand, Mahan and Sofo [98] show that the sharp features of the electronic density
of states ( δ-like DOS) resulting from the quantum size effect can improve the thermo-
electric efficiency, i.e., maximization of ZT. For this reason, quantum dots (QD) systems
are promising candidates for high-efficiency thermoelectric devices. Consequently, many
experimental and theoretical groups have devoted themselves to the thermoelectric prop-
erties of QD systems, as a result, some interesting phenomena were reported [99–106].

On the other hand, some researchers, in recent years, have focused their attention on
the thermoelectric phenomena in a QD system modulated by Fano and Kondo effects.
Specifically, single quantum dot systems are subject to the Kondo effect when the spin
of the electron on the localized levels of the quantum dot is screened by the conduction
electrons in the normal lead below a characteristic temperature (the Kondo temperature).
Also, electron transport in single quantum dot systems is characterized by Fano-like reso-
nances attributed to the interference between the quantum amplitudes for the two possible
electron channels in the system: a direct conduction pathway through the leads and an
indirect conduction pathway that involves the localized levels in the quantum dot. These
two phenomena are characterized by the peaked configuration of the DOS or electrical
conductance.

Electric transport through multiple-quantum dots coupled to normal and supercon-
ducting leads has already been widely studied [107–125]. These studies have confirmed
that the thermoelectric properties of hybrid QD systems coupled with one conventional
lead (metallic or ferromagnetic lead) and one superconducting lead are remarkably better
than those coupled with two conventional leads [123,126–129]. It has been found that the
thermoelectric efficiency of the former can even reach several times or even tens of times of
the latter by comprehensively regulating the superconducting gap, interdot coupling, and
asymmetric parameters, which can also be additionally enhanced by the interference effect
and intradot Coulomb interaction. This is mainly attributed to unique tunneling mecha-
nisms and a high density of state distributions near the edges of the superconducting gap.
The Andreev tunneling of Cooper pairs is allowed only inside the superconducting gap,
while the tunneling of single electrons is allowed outside the superconducting gap, both of
which have a significant impact on the thermoelectric properties. The very high density
of states near superconducting gap edges changes rapidly with energy, which is mainly
responsible for the high thermopower and low thermal conductivity near superconducting
gap edges.

In particular, in this work, we study the subgap thermoelectric properties, such as
conductance and Seebeck coefficient, and the influence exerted on these properties by
the different parameters that define this system, such as intradot correlation (U), interdot
tunneling (t) between the central and lateral QD, rate of coupling with the superconductor
lead and the temperature. Because the usual definition of the Seebeck coefficient for two
leads, is not directly applicable to the multiterminal system due to other currents flowing
in adjacent branches, we use definitions of the local and nonlocal Seebeck coefficients
valid for the three-terminal normal and hybrid device given by G. Michałek et al [130].
In particular, we are interested in the influence of the superconducting electrode on the
subgap thermoelectric properties of this system, because the superconducting electrode is
responsible for strong nonlocal effects, and it may also cause the negative conductance re-
sulting from a competition between the crossed Andreev reflections and the direct electron
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tunneling involving normal electrodes.

QDa

QDb

L1 L2

t12

Γ1 Γ2

ΓS

S

εa

εb

Figure 4.1: The T-shape double QD system studied in this work. It is composed of two quantum
dots in which the QDa is coupled to two normal metals L1 and L2, with the coupling strength
being determined by the parameters Γ1 and Γ2. The second quantum dot, QDb is coupled to
the superconductor S, with the coupling strength being modeled by the parameter ΓS . The
coupling between the QDs is modeled by the t12 parameter.

4.1 Model and Formulation
In Fig. 4.1, the T-shape double quantum-dot system is illustrated. It consists of a
central quantum dot, QDa, coupled to the two normal leads, L1 and L2, and a side QDb,
connected to a superconductor S. The Hamiltonian of the system is given by:

H = H1 +H2 +HS +HDQD +HT . (4.1)

The first and the second terms are the Hamiltonians for the normal leads at the left
(1) and right (2) sides of QDa. These are modeled by Eqs. (4.2) and (4.3):

H1 =
∑
k

∑
σ

ε1kσc
†
1kσc1kσ, (4.2)

and

H2 =
∑
k

∑
σ

ε2kσc
†
2kσc2kσ, (4.3)
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where c†αkσ (cαkσ) is the electron creation (annihilation) operator of an electron with spin
σ and energy εkσ in the α electrode.

The second term stands for the BCS Hamiltonian [41] of the superconducting (S) lead
and reads:

HS =
∑
k

∑
σ

εkSc
†
kSσckSσ +

∑
k

(∆∗ckS↓c−kS↑ + ∆c†−kS↑c
†
kS↓), (4.4)

where c†kSσ (ckSσ) is the electron creation (annihilation) operator of an electron with spin
σ and energy εkS in the superconducting electrode, and ∆ denotes pair potential, whose
absolute value gives the superconducting energy gap.

The HDQD term is given by Eq. (4.5), and takes into account the coupling between
the QDs, modeled by the variable t12 = t, and the Coulomb interaction at each QD,
whose strength is modeled by Um, m = a, b. The QDs are assumed to have a single spin
degenerated level, whose value is determined by εdm,σ, m = a, b.

HDQD =
∑

m=a,b,σ
εdm,σd

†
m,σdm,σ

+
∑
σ

t
[
d†aσdbσ + d†aσdbσ

]
+

∑
m=a,b

Umnmσnmσ̄

(4.5)

4.1.1 Green’s functions
To obtain the transport properties for the system modeled by Eq. (4.1), we have used the
well-known non-equilibrium Green’s function approach [83,84] along with the equation-of-
motion method. This formalism has been extensively applied to nanostructured systems.
The presence of the superconductor has been taken into account by expressing Green’s
functions within the Nambu space. In this way, Green’s functions are represented by 4×4
matrices resulting from the tensor product between spin and electron-hole subspaces. By
using this formalism, we have obtained a system of coupled Dyson equations for the
retarded Green’s functions matrices Gr

aa and Gr
bb, for QDa and QDb, respectively:

Gr
aa = Gro

aa + Gr
aat
†
abGro

bbtabGro
aa, (4.6)

and
Gr
bb = Gro

bb + Gr
bbt
†
abGro

aatabGro
aa, (4.7)

with
Gro
aa = graa(1−Σr

Lgraa)−1, (4.8)
and

Gro
bb = grbb(1−Σr

Sgrbb)−1. (4.9)
In Eqs. (4.6) to (4.9), graa and grbb are the QDa and QDb Green’s functions, respec-

tively, when the QDs are isolated from the leads; tab describes the tunneling between
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QDa and QDb. The coupling to the normal and superconducting leads are modeled by
retarded/advanced self-energies Σr

L = Σr
1 + Σr

2 and Σr
S, respectively.

The self-energy for the coupling to the normal leads (L1 and L2) is given by Eq. (4.10):

Σr,a
L = ∓ i2(Γ1 + Γ2)


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , (4.10)

where Γi = Γi↑ + Γi↓ and Γiσ = 2π|ti|2Ni, (i = 1, 2) being the coupling strength, with ti
being amplitude for an electron with spin σ of QDa to be transferred to the lead Li; Ni is
the density of states at Fermi level for the normal lead, Li. Since we have assumed both
normal leads as non-magnetic, the density of states is the same for both spins.

The retarded/advanced self-energy of the superconductor is given by Eq. (4.11):

Σr,a
S = ∓ i2ρS(ε)ΓS



1 −∆
ε

0 0

−∆
ε

1 0 0

0 0 1 ∆
ε

0 0 ∆
ε

1


. (4.11)

In Eq. (4.11), ΓS = 2π|ts|2Ns is the coupling strength between the superconductor
lead and QDb, defined in terms of the amplitude of tunneling |ts| and the normal density
of states of Ns. The ∆ appearing in some of the matrix elements stands for the energy gap
of the superconductor and accounts for the electron-hole coupling. The energy gap plays a
central role in this model and also modifies the self-energy through ρS, the dimensionless
modified BCS density of states, whose expression is given by:

ρS(ε) = |ε|θ(|ε| −∆)√
ε2 −∆2

− iεθ(∆− |ε|)√
∆2 − ε2

, (4.12)

with the imaginary part accounting for the Andreev bound states (ABS), within the
superconductor gap.

The presence of electronic correlations associates the QDs energy levels with the elec-
tronic occupations, which, in turn, depend on external parameters like gate and bias
voltages. As a result, Eqs. (4.6) and (4.7) must be solved in a self-consistent way, to-
gether with the occupations of the QDs. Such occupations are obtained from the diagonal
matrix elements of the “lesser” Green’s function matrix, which is obtained through the
Keldysh equation. For the QDa, the expression reads:

G<
aa = Gr

aa(ω)Σ<
TaGa

aa(ω), (4.13)

with
Σ<
Ta = Σ<

L(ε) + t†abGro
bbΣ<

S (ε)Gao
bb tab. (4.14)

The expression for QDb can be obtained by exchanging the indices a and b. In Eq.
(4.13), Σ<

Ta represents the “lesser” self-energy, which is expressed in terms of the self-
energies of the leads: Σ<

L = Σ<
1 +Σ<

2 and Σ<
S . Assuming that the leads are in equilibrium
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with well-defined chemical potential and temperature, the self-energies of the leads can be
obtained using the fluctuation-dissipation theorem: Σ<

i = Fi [Σa
i −Σr

i ], where the Fermi
matrix Fi is given by

Fi = i


fi 0 0 0
0 f̄i 0 0
0 0 fi 0
0 0 0 f̄i

 , (4.15)

with fi = f(ε−eVi) and f̄i = f(ε+eVi) (i = 1, 2, S) being the Fermi functions for electrons
and holes, respectively. Since the superconductor is assumed to be grounded, fi = f(ε)
for i = s.

4.1.2 Transmittance and current
The presence of Coulomb correlations leads to a self-consistent problem when solving
equations (4.6) and (4.7), since the dependency on the occupations wraps the Green’s
functions to the occupancies of the QDs. Within the equation-of-motion approach used
in this work, this results in an infinite set of equations with Green’s functions of in-
creasing order of complexity. To obtain a closed set of equations, one needs to resort
to some approximation on the Coulomb correlations. In this work, we have used the
so-called Hubbard-I approximation [85], which allows us to derive a simple expression for
the electrical current in terms of the different transmission amplitudes that contribute to
the electronic transport for this system. In fact, the current Ij, flowing in the lead Lj
(j = 1, 2), is given by the following expression:

Ij = e

~

∫
dε [Gr

aa(ε)Σ<
j (ε) + G<

aa(ε)Σa
j (ε)

+ H.c.](11+33), j = 1, 2.
(4.16)

where 11 + 33 stands for the sum of the 11 and 33 matrix elements of the current matrix.
By substituting the Green’s functions and self-energies into Eq. (4.16), one obtains the
main expression for the electric current, written in terms of the transmittances:

I1 = e

h

∫
[TDAR11 (f1 − f̄1) + TET12 (f1 − f2) + TCAR12 (f1 − f̄2)

+ TQP1S (f1 − fS)]dε, (4.17)

for the current flowing in lead L1, and

I2 = e

h

∫
[TDAR22 (f2 − f̄2) + TET21 (f2 − f1) + TCAR21 (f2 − f̄1)

+ TQP2S (f2 − fS)]dε, (4.18)

for the current flowing in L2.
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The first terms appearing in Eqs. (4.17) and (4.18), TDAR11 and TDAR22 , correspond to
direct Andreev reflection transmittances through the paths (L1 − QDa − S) and (L2 −
QDa−S), respectively. The second terms TET12 and TET21 are due to electron tunneling (ET)
between the normal leads, i.e., through the path (L1−QDa−L2) and (L1−QDa−L2S),
respectively. Notice that these fluxes cancel each other when performing the sum of the
currents I = I1 + I2, which is the current entering into the superconductor. The next
two terms, TCAR11 and TCAR22 , account for the crossed Andreev reflection transmittances
through ((L1, L2)−QDa−S) and ((L2, L1)−QDa−S) paths, respectively. Finally, the last
terms, TQP11 and TQP22 , correspond to the quasiparticles tunneling through (L1−QDa−S)
and (L2 −QDa − S) paths, respectively.

The expressions of the amplitudes in terms of Green’s functions are given by:

TDAR11 = Γ2
1(|Gr

aa,14|2 + |Gr
aa,12|2 + |Gr

aa,34|2 + |Gr
aa,32|2)

TCAR12 = Γ1Γ2(|Gr
aa,14|2 + |Gr

aa,12|2 + |Gr
aa,34|2 + |Gr

aa,32|2)
TET12 = Γ1Γ2(|Gr

aa,33|2 + |Gr
aa,31|2 + |Gr

aa,13|2 + |Gr
aa,11|2)

TQP1S = ρ̄Γ1ΓS{Y −21 |Gr
aa,12|2 +X+

34|Gr
aa,13|2 + Y +

43 |Gr
aa,14|2

+X−12|Gr
aa,11|2 − Z+

34G
r
aa,13[Gr

aa,14]∗ − [Z+
34]∗[Gr

aa,13]∗Gr
aa,14

− Z−12G
r
aa,11[Gr

aa,12]∗ − [Z−12]∗[Gr
aa,11]∗Gr

aa,12

+ Y −21 |Gr
aa,32|2 +X+

34|Gr
aa,33|2 + Y +

43 |Gr
aa,34|2

+X−32|Gr
aa,31|2 − Z+

34G
r
aa,33[Gr

aa,34]∗

− [Z+
34]∗[Gr

aa,33]∗Gr
aa,34 − Z−12G

r
aa,31[Gr

aa,32]∗

− [Z−12]∗[Gr
aa,31]∗Gr

aa,32}
TDAR22 = Γ2

2(|Gr
aa,14|2 + |Gr

aa,12|2 + |Gr
aa,34|2 + |Gr

aa,32|2)
TCAR21 = Γ1Γ2(|Gr

aa,14|2 + |Gr
aa,12|2 + |Gr

aa,34|2 + |Gr
aa,32|2)

TET21 = Γ1Γ2(|Gr
aa,33|2 + |Gr

aa,31|2 + |Gr
aa,13|2 + |Gr

aa,11|2)
TQP2S = ρ̄Γ2ΓS{Y −21 |Gr

aa,12|2 +X+
34|Gr

aa,13|2 + Y +
43 |Gr

aa,14|2

+X−12|Gr
aa,11|2 − Z+

34G
r
aa,13[Gr

aa,14]∗ − [Z+
34]∗[Gr

aa,13]∗Gr
aa,14

− Z−12G
r
aa,11[Gr

aa,12]∗ − [Z−12]∗[Gr
aa,11]∗Gr

aa,12

+ Y −21 |Gr
aa,32|2 +X+

34|Gr
aa,33|2 + Y +

43 |Gr
aa,34|2

+X−32|Gr
aa,31|2 − Z+

34G
r
aa,33[Gr

aa,34]∗

− [Z+
34]∗[Gr

aa,33]∗Gr
aa,34 − Z−12G

r
aa,31[Gr

aa,32]∗

− [Z−12]∗[Gr
aa,31]∗Gr

aa,32}

(4.19)

where

X±ij ≡ t2[|Gro
bb,ii|2 + |Gro

bb,ij|2 ±
∆
ε

(Gro
bb,ii[Gro

bb,ij]∗ +Gro
bb,ij[Gro

bb,ii]∗),

Y ±ij ≡ t2[|Gro
bb,ii|2 + |Gro

bb,ji|2 ±
∆
ε

(Gro
bb,ii[Gro

bb,ji]∗ +Gro
bb,ij[Gro

bb,ii]∗),

Z±ij ≡ t2[Gro
bb,ij[Gro

bb,jj]∗ + [Gro
bb,ij]∗Gro

bb,ii

± ∆
ε

(|Gro
bb,ij|2 + [Gro

bb,jj]∗Gro
bb,ii)].

(4.20)
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4.1.3 Self-consistent calculations
Regarding the occupations of QDs, they are determined by the “lesser” Green’s function.
In the case of normal leads with no polarization, the average occupation number remains
independent of spin. This allows us to set, for each QD, 〈ni,σ〉 = 〈ni〉 where i = a, b.
These occupation numbers are obtained by solving the following self-consistent system of
integral equations:

〈na↑〉 = −i
∫ dε

2π G
<
aa,11[ε, 〈na↑〉, 〈na↓〉, 〈nb↑〉, 〈nb↓〉], (4.21a)

〈na↓〉 = −i
∫ dε

2π G
<
aa,33[ε, 〈na↑〉, 〈na↓〉, 〈nb↑〉, 〈nb↓〉], (4.21b)

〈nb↑〉 = −i
∫ dε

2π G
<
bb,11[ε, 〈na↑〉, 〈na↓〉, 〈nb↑〉, 〈nb↓〉], (4.21c)

〈nb↓〉 = −i
∫ dε

2π G
<
bb,33[ε, 〈na↑〉, 〈na↓〉, 〈nb↑〉, 〈nb↓〉]. (4.21d)

4.2 Thermoelectric Properties in linear regime
Measurement of voltage ∆µ induced by the temperature difference ∆T gives the Seebeck
coefficient. Let us recall that the standard definition of the Seebeck coefficients, in the
two- terminal system is the vanishing of the current.

By definition, the thermopower, or Seebeck-coefficient, S is given by the difference in
chemical potential ∆µ which arises due to a small temperature difference ∆T under open
circuit conditions (I → 0) between two voltage probes, divided by ∆T :

S = − ∆µ
e∆T

∣∣∣∣∣
I=0

(4.22)

In multiterminal devices, there exist a large number of various possibilities. In this
paper, we will follow the proposal made by G. Michałek et al. [130], that is, we measure
open-circuit conditions(imposing Ji = 0 for all electrodes). Note that this assumption
makes our condition similar to that of Mazza et al. [131].

Once the local and non-local resistances of the hybrid system are determined under
isothermal conditions, we can express the local and nonlocal thermopowers as

SRL = − ∆µRL
e∆TRL

∣∣∣∣∣
TLS=0

= RRL,RL(LETLR,T + LCARLR,T ) + LQPRS,T (4.23)

with

Lκαβ,µ = 2e
h

∫
dE T κ(E)

(
−∂f0

∂E

)
, (4.24)

Lκαβ,T = 2e
h

∫
dE

(E − µ)
T

T κ(E)
(
−∂f0

∂E

)
, (4.25)

with α, β = {L,R, S} and κ = {QP,ET,CAR,DAR}. whereas
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RRL,RL =
2LCARLR,µ + LDARLL,µ + LDARRR,µ + 1

2(LQPLS,µ + LQPRS,µ)
eD

= 1
GRL

(4.26)

with

D =LETLR,µ(LDARLL,µ + 2LCARLR,µ + LDARRR,µ) + LCARLR,µ(LDARLL,µ + LDARRR,µ) + 2LDARLL,µLDARRR,µ

+ 1
2(LQPLS,µ + LQPRS,µ)(LETLR,µ + LCARLR,µ)

+ (LDARLL,µL
QP
RS,µ + LDARRR,µL

QP
LS,µ)

+ 1
2L

QP
LS,µL

QP
RS,µ

(4.27)

in the subgap regime, it can be shown that the equations for GRL,RL and SRL are given
by:

GRL,RL = 1
RRL,RL

= e(LETLR,µ + LCARLR,µ) (4.28)

SRL = RRL,RL(LETLR,T + LCARLR,T ) (4.29)
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4.3 Results and Discussion

4.3.1 Effect of superconducting energy gap ∆
The corresponding Thermopower as a function of QD level εd is plotted in Fig. 4.2.
When t 6= 0 the electrical conductance GRL, as shown in Fig. 4.2(a), exhibits two sharp
side peaks in εd ≈ −t − U + δ(Σr) and εd ≈ t + δ(Σr) where δ(Σr)is a small self-energy
correction that is due to the coupling between the QDs and electrodes, while the central
peak appears in the middle between them at εd = −U/2 (which coincides with one of
the zeros of S ). which become two peaks as the value of U increases. Separation of the
side peaks is approximately equal to 2t. However, the height of the side peaks of the
conductance GRL increases as the energy gap of the superconductor increases. In turn,
the height of the central peak at εd = −U/2 decreases with increasing ∆ while the value of
SRL remains equal to zero. The explanation of this behavior for the central peaks can be
obtained from Fig.4.3 which shows the plots of the different transmissions as a function
of ε for the value of εd = −U/2 in the case where ∆ = 0 and in the case where ∆ = 1. As
can be seen in Fig. 4.3(a), in the case where ∆ is zero, there is an important contribution
made by the transmission TETRS to the integral LETRS,µ present in the equation for GRL when
the energy is close to zero and εd = −U/2 (see Eq. (5.28). On the other hand, when the
delta is nonzero, an energy gap is opened in which transmission TQPRS is forbidden and only
TETRL contributes to the value of GRL near zero energy so that its value is smaller than
when ∆ = 0 (see Fig.4.3). However, when εd = −U/2 the symmetric distribution of TETRL
and TCARRL around zero causes the integrals LETRL,T and LCARRL,T to become identically zero in
both cases( because the integrand is the product of an even function by εdf/dε), which
explains the zero value of the thermopower for εd = −U/2 when ∆ = 0 or ∆ 6= 0. The
thermopower SRL as a function of εd for different values of ∆ is shown in Fig. 4.2(b). The
two zeros of SLR coincide with the side maxima of GRL (resonances). Furthermore, the
maximum value of |SRL| is reached on both sides of εd = −U/2 ( near εd = 0 or εd = −U
when GRL is close to its minimum value (see Fig. 4.3 (b). Furthermore, SRL increases
rapidly when the superconductor energy gap increases and reaches its maximum value
when the delta is close to ∆ = 1ΓL. The explanation for this behavior is based on the
fact that when ∆ = 1ΓL the conductance GRL is reduced to zero at εd = 0 or −U and
LETRL,T decreases more smoothly than when ∆ = 0 for these values of εd, which explains
the significant increase in SRL when ∆ = 1.
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Figure 4.2: The electronic conductance GRL (a) and the Seebeck coefficient SRL (b) in units
kB/e as a function of the QD level position εd for differents values of the superconducting energy
gap ∆. Other parameters are chosen as ΓL = ΓR = ΓS , t = 2ΓL, KBT = 0.1ΓL,and U = 1ΓL.
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Figure 4.3: The transmittance TETLR and other thermolectric parameters as function of the
energy ε, when ∆ = 0 (a) or ∆ = 1(b). Other parameters are chosen as εd = −U/2, t = 5,
U = 1ΓL, kBT = 0.1ΓL and ΓL = ΓR = ΓS .
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Influence of intradot Coulomb interactions

The electronic conductance GRL as a function of εd for different values of U is shown in Fig.
4.4 a). We can observe that the Coulomb interaction splits the electronic conductance
spectrum into two sets symmetric to the electron-hole symmetry point εd = −U/2, and
their centers are located approximately at εd = 0 and εd = −U . The height of the two
lateral peaks of the conductance GRL does not change appreciably with the change of U .
In turn, the height of the two central peaks increases as U increases.

The thermopower SRL as a function of εd for different values of U is shown in Fig.
4.4 b). The thermopower is antisymmetric to the thermopower zeros that coincide, as
mentioned above, with the electronic conductance peaks, where S has a maximum and
a minimum on each side of these. The height of the thermopower peaks SRL does not
change appreciably with the change of U .

The Coulomb interaction strongly affects the thermopower in a valley between the
conductance peaks. In particular, an additional sharp structure appears close to the
electron/hole symmetry point εd = −U/2. This effect is related to the Fano resonance
and is a signature of the destructive interference between the activated QD levels. It leads
to a reduction of total transmission to zero and, as a consequence, to a reduction of GRL

and LETRL,T . Since the reduction of GRL is stronger than LETRL,T , the reduction of SRL is
increased.
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Figure 4.4: The electronic conductance GLR (a) and the Seebeck coefficient SRL (b) in units
kB/e as a function of the QD level position εd for differents values of the coulomb interaction
U . Other parameters are chosen as ∆ = 1ΓL ΓL = ΓR = ΓS , t = 2ΓL, KBT = 0.1ΓL,and
U = 1ΓL.
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Effect of Temperature

The corresponding behavior of the electronic conductance GRL and thermopower SRL
with temperature and gate voltage is shown in Fig. 4.5. As the temperature increases,
the height of the lateral peaks of the electronic conductance GRL decreases while the cen-
tral peaks gradually disappear. The explanation for this behavior lies in the flattening of
the derivative of the fermi function as the temperature increases which reduces the contri-
bution of TETRL to the integral LETLR,µ, and consequently reduces the electronic conductance
GRL(See Fig.8). On the other hand, when the temperature is higher, due to the flattening
of the fermi derivative function, the variation of the LETRL,µ integral is less abrupt in the
vicinity of εd = −U/2 which explains the disappearance of the central peak of GRL. (See
Fig. 4.5 a)). On the other hand, the height of the |S| peaks decreases with increasing
temperature. This is because at higher temperatures the peak of the derivative of the
Fermi function is broadened, which allows for a greater overlap with the transmission
TETRL,µ which allows the integral LETRL,µ to reach a larger value than at low temperatures,
and therefore GRL never becomes very small, at the same time the integral LETRL,T is re-
duced. Additionally, as the temperature increases, an increase in the contribution of the
LQPRS,T integral to the Thermopower can be observed, because the broadening of the peak
of the derivative of the Fermi function allows a greater overlap of the Fermi function with
the TQPRS transmission outside the energy gap of the superconductor (See Fig. 4.5 b)).
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Figure 4.5: The electronic conductance GRL and Seebeck coefficient SRL in unit kB/e as func-
tion of the QD level position ε for different values of the temperature KBT . Other parameters
are chosen as t = 5ΓL, U = 1ΓL, ∆ = 1ΓL and ΓS = ΓL = ΓR.

Effect interdot tunneling

The electronic conductance GRL and the thermopower SRL as a function of εd for different
values of interdot tunneling t are shown in Fig. 4.6. Fig. 4.6 (a) shows that the lateral
peaks of GRL move away from each other as the value of t increases. When t = 0 there
are only 2 peaks of GRL. When t 6= 0 a narrow peak appears, whose height decreases as t
increases. The reduction of the height of the central peak is due to the progressive decrease
of the overlap between the fermi function and the transmission TETRL as t increases.

On the other hand, in Fig.4.6(b) one can observe the increase of the maximum of |S| as
t increases. This is mainly due to the decrease of GRL near the Fermi energy as t increases
due to the progressive reduction of the overlap between the Fermi derivative function and
the two narrow central peaks of TETRL located within the superconductor energy gap and
the increase of the quotient LETRL,T/GRL as t increases.
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Figure 4.6: The electronic conductance GRL (a))and The Seebeck coefficient SRL (b)) in unit
kB/e as function of the QD level position ε for different values of the interdot tunneling. Other
parameters are chosen as ∆ = 1ΓL, U = 1ΓL, kBT = 0.1ΓL and ΓL = ΓR = ΓS .
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Effect of r = ΓS/ΓN
Electronic conductance GRL and thermopower SRL as a function of εd for different values
of interdot tunneling t are shown in Fig. 4.7. It can be seen in Fig. 4.7 a) that the height of
the lateral peaks of GRL decreases as the coupling rate ΓS/ΓL increases. On the contrary,
the maximum height of GRL in εd = −U/2 grows slightly as ΓS/ΓL grows. Interestingly,
GRL rapidly decreases to zero in the neighborhood of εd = −U/2 when ΓS/ΓL ≤ 1,
however, when ΓS/ΓL > 1, the conductance GRL does not become zero at any point
within the Coulomb blockade region. However, the maximum value of thermopower as a
function of εd decreases as r increases (see Fig. 4.7b).

10 5 0 5 10
d

0.0

0.5

1.0

1.5

2.0

G
R

L(
e
2
/
h
)

a)
r = 0
r = 1
r = 8

10 5 0 5 10
d

5

4

3

2

1

0

1

2

3

4

5

S
R

L(
k
B
/
e
)

b)

r = 0
r = 1
r = 8

Figure 4.7: The electronic conductance GRL (a))and The Seebeck coefficient SRL (b)) in unit
kB/e as function of the QD level position ε for different values of the coupling ratio ΓS/ΓL .
Other parameters are chosen as t = 5ΓL, ∆ = 1ΓL, U = 1ΓL, kBT = 0.1ΓL, and ΓL = ΓR.
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5

Summary

In summary in this work, we have investigated the electronic transport through a hy-
brid nanostructures such as a parallel triple quantum-dot system coupled to normal and
superconducting leads or T-shaped double quantum dot (DQD) system . In the first
place we study the the electronic transport through a parallel triple quantum-dot system
coupled to normal and superconducting leads. The main focus was to study the An-
dreev features appearing in both the differential conductance and QD occupations under
Coulomb correlations in the QDs. Within the interferometric regime (small t), we have
studied the impact on the sub-gap transport properties by varying the coupling ratio with
the leads, r, when the level spacing between two side-QDs and the central QD is small
η � 1. We found that the conductance, both in the interacting and in the non-interacting
case, shows the presence Fano-Andreev reflactions and a sharp central peak resembling
the Dicke resonance in the optical emission spectra of atoms, in which the role of the
distance between atoms is played by the space in energy levels η. In particular, in the
interacting case we show a splitting due to the Andreev reflection of the subradiant and
superradiant quasiparticles states whenever the coupling ratio exceeds the certain critical
value. On other hand, we explain the shape of the differential conductance near of zero-
bias voltage as a result of the two equivalent quantum interference processes: the first,
among the electron trajectories entering and leaving the side-attached quantum dots, the
one that giving rise, to the so-called Fano-Andreev antiresonances, and the second, the
interference between the states of two side-attached quantum dots, the one that giving
rise to a Dicke-like effect. Additionaly,we have studied the electronic transport properties
in function of different parameters of this system such as inter-dot tunneling, Coulomb
interaction, coupling ratio with the superconductor lead and the temperature, when the
temperature is lower than the Kondo temperature, which allowed us to capture two im-
portant effects of the Coulomb interaction, such as the charge effect and appearance of
the Kondo resonance at ω = 0. To complement this, we have also analyzed the case of the
the non-equilibrium regime, where we were able to observe the enhancement of zero-bias
Andreev conductance driven by the Kondo effect for low temperatures, smaller than TK
. Subsequently, we study a T-shaped double quantum dot (DQD) system under non-
equilibrium conditions in the Coulomb blockade regime. We utilized a non-equilibrium
Green’s function calculation and the equation of motion method using the Hubbard-I
approximation to do this. Our findings indicate superconducting interference effects on
transport between normal leads, which can be detected as Fano-like anti-resonances in
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the QD transmission spectrum. We identified two different regimes, called interferometric
and molecular. In both cases, the differential conductance (ET) can be expressed as a
convolution of Fano and Breit Wigner lines shape. However, in the interferometric case,
the Fano lines shapes are centered on the energies of the Andreev bound states with finite
complex q-parameter, while in the molecular case, it vanishes. On the other hand, the
Andreev reflection shows maxima corresponding to the Andreev bound states. Therefore,
we conclude that the interference effect is robust against Coulomb correlations and can be
probed experimentally under non-equilibrium conditions. Finally, we study the subgap
thermoelectric properties, such as conductance and Seebeck coefficient,and the influence
exerted on these properties by the different parameters that define this system, such as
intradot correlation (U), interdot tunneling (t) between the central and lateral QD, rate
of coupling with the superconductor lead and the temperature. The Coulomb interaction
strongly affects the thermopower in a valley between the conductance peaks. In partic-
ular, it can be observed that the Seebeck coefficient increases rapidly when the energy
gap of the superconductor increases and reaches its maximum value when delta is close
to ∆ = 1ΓL. Moreover, an additional sharp structure appears close to the electron-hole
symmetry point. This effect is related to the Fano resonance and is a signature of the
destructive interference between the activated QD levels. On other hand, the height of the
|S| peaks decreases with increasing temperature. And finally as the inter-dot tunneling
t increases one can observe the increase of the maximum of |S| due to the progressive
reduction of the overlap between the fermi derivative function and the two narrow central
peaks of TETRL that are located inside the superconductor energy gap.
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Appendix

6.1 TA in the limit ∆� ε

Here we present the Andreev transmittance for a TQD between normal and supercon-
ducting leads in the limit ∆� ε and zero inter-dot tunneling (t = 0).

T (ω) = 2TA(ω) + TQ(ω) (6.1)

TA(ω) = Γ2
N(|Gr

12|2) (6.2)

TQ = ΓNΓS ρ̄
(
|Gr

11|2 + |Gr
12|2 −

2∆
|ε|
Re [Gr

11(Gr
12)∗]

)
(6.3)

with

ρ̄(ω) = |ω|θ(|ω| −∆)√
ω2 −∆2

. (6.4)

On other side
G12(ω) = iΓS∆ρ(ω)

2ωD (6.5)

where

ρ(ω) = |ω|θ(|ω| −∆)√
ω2 −∆2

− iωθ(∆− |ω|)√
∆2 − ω2

and

D =
(
g−1

11 − ΣNS

) (
g−1

22 − ΣNS

)
+ Γ2∆2ρ2

4ω2 ,

where ΣNS = −1
2i (ΓN + ΓSρ) is the self-energy of the leads, and

g−1
11 = ω − εd −

t2

ω − ε1
− t2

ω − ε3
(6.6)

g−1
22 = ω − εd −

t2

ω + ε1
− t2

ω + ε3
(6.7)
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with ε1 = εd + η and ε3 = εd − η
If the real part of ρ(ω) is named "a" and its imaginary part "b", we can write the above

equation as:

Gr
12(ω) = (a− b i)ΓS∆/2ω

[c+ d i] (6.8)

where

c = Γ2
S∆2

4ω2 (a2 − b2)− 1
4 (ΓN + ΓSa)2

+ (g11 − bΓS/2)
(
g−1

22 − bΓS/2
)

d = (ΓN + aΓS)
2

(
g−1

11 + g−1
22 − bΓS

)
+ Γ2

S∆2a b

2ω2

(6.9)

Consequently, we have

|G12|2 = ΓS∆
2ω

(a2 + b2)
[c2 + d2] (6.10)

6.2 Symmetric Coupling ΓN = ΓS
Substituting these expressions into the equation into G12 and considering t 6= 0, and
ΓN = ΓS = Γ at the limit of ∆� ω we have:

TA = Γ2
N |Gσ

12|2 (6.11)

= Γ2
N |Gσ

12|2 = Γ4(ω2 − η2)4

Γ4 [ω2 − η2]4 + 4ω4 [(ω2 − η2 − 2t2]4

Then, the first maximum occurs when ω = 0 and the two other maxima values of T (ε)
occur when ω = ±

√
η2 + 2t2.

6.3 Asymmetric Coupling ΓS = 2Γ
Substituting these expressions into the equation into G12, considering t 6= 0, and ΓS = 2Γ
at the limit of ∆� ω, we have:

TA = Γ2
N |Gσ

12|2 (6.12)

= Γ4[
ωΓ(ω2−η2−2t2)

(ω2−η2)

]2
+
[
ω2 (ω2−η2−2t2)2

(ω2−η2)2 − 5Γ2

4

]2
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In this case, because of this functional structure, TA presents six peaks located sym-
metrically on each side of ω = 0. As before, when the coupling to the leads was symmetric,
the zeros of T (ω) occur when ω = ±η. In the particular case t = 0 and η = 0, we have:

TA(ω) = Γ4

[Γ2ε2 + (ω2 − 5Γ2/4)2] (6.13)

Then, the maximum value of T (ω) occurs close to ω = ±Γ:

TA(±Γ) = Γ4

[Γ2Γ2 + (Γ2 − 5Γ2/4)2]

= Γ4

[Γ4 + (Γ2/4)2]

= 16Γ4

17Γ4

≈ 1

6.4 Linear and differential conductance in the limit
of low temperature

Linear conductance G in the subgap limit (eV � ∆) is written as:

G = 4e2

h

∫ ∂f

∂ω
TA(ω)dω (6.14)

If kBτ → 0, then ∂f
∂ω
→ δ(ω − µ), so that

G = 4e2

h

∫
δ(ω − µ)TA(ω)dω = 4e2

h
TA(µ) (6.15)

Consequently, the peaks of TA as a function of the energy ε for a fixed value of εd are
the same for G as a function of µ for a fixed value of εd. For this reason, as expected, the
graph of G as a function of the Fermi energy µ, in the case of a quantum dot asymmetric
coupling with the leads, presents two peaks as the case of TA as a function of the energy.

6.4.1 dI/dV vs TA
The general form for the electronic current in the sub-gap limit (eV � ∆) is

I = 2e
h

∫
dω TA [fL(ω − eV )− fL(ω + eV )] (6.16)

In the limit of low temperature kBτ → 0

I = 2e
h

∫
dω TA [Θ(eV − ω)−Θ(−ω − eV )] (6.17)

I = 2e
h

∫
dω TA [1−Θ(ω − eV )− 1 + Θ(ω + eV )] (6.18)
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I = 2e
h

∫
dω TA [Θ(ω + eV )−Θ(ω − eV )] (6.19)

I = 2e
h

∫ eV

−eV
dω TA(ω) (6.20)

Then
dI

dV
= 2e

h

∫
dω TA

∂

∂V
[Θ(ω + eV )−Θ(ω − eV )] (6.21)

dI

dV
= 2e

h

∫
dω TA [δ(ω + eV ) + δ(ω − eV )] (6.22)

dI

dV
= 2e2

h
[TA(−eV ) + TA(eV )] = 4e2

h
TA(eV ) (6.23)

Consequently, for a fixed value of εd, the peaks of TA as a function of eV are the same
as ∂I/∂V as a function of eV .
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Dicke and Fano‑Andreev reflections 
in a triple quantum‑dot system
A. González I.1*, M. Pacheco1,3, A. M. Calle1,3, E. C. Siqueira2,3 & P. A. Orellana1*

This article studies quantum interference effects and their influence on the electronic transport 
through a parallel triple quantum-dot system coupled to normal and superconducting leads in the 
linear response and non-equilibrium regime. We model the system by a triple impurity Anderson 
Hamiltonian including the Coulomb intra-dot correlations in all quantum-dots. Using the non-
equilibrium Green’s function formalism, we calculate the Andreev conductance and the transmittance 
for energies within the superconductor gap. Our results show that the Andreev reflection spectra, both 
in the presence and absence of Coulomb interaction, reveal Fano and Dicke-like resonances in analogy 
to the Fano and Dicke effects in atomic physics. As one of the main results, we obtain that the charge 
shows abrupt changes due to the Dicke effect.

Electron transport through multiple quantum dots systems exhibits exciting interference effects such as Fano1–7 
and Aharonov-Bohm8–12. The interference phenomenon, which resembles the well-known Dicke resonance in 
atomic physics, appears to be of particular importance13. It manifests itself by a narrow (subradiant) and a broad 
(superradiant) line-shape, spontaneously emitted by closely linked atoms, separated by a distance smaller than 
the wavelength of the emitted light14. In the electronic case, the decay rates (level broadening) are produced by 
the couplings between localized levels and the conduction channel, and the proximity and effective couplings 
give rise to fast (super-tunneling) and slow (sub-tunneling) modes15.

The presence of the Dicke effect has been predicted theoretically and experimentally in different nanoscopic 
systems16–24. On the other hand, Fano effect is another quantum interference phenomena that has been studied 
in quantum transport for some time. This effect is due to the quantum interference from localized states and 
continuum states. It yields characteristic asymmetric Fano lineshape, characterized by the Fano factor q, which 
is a measure of the coupling strength between the continuum and the localized state.

The electronic transport through quantum dots (QDs), double quantum dots (DQDs) and triple quantum 
dots (TQDs) coupled to normal/ferromagnetic and superconductor leads, has been studied recently25–30. The 
Cooper pairs31 transport, along with interference effects among electrons and holes, gives rise to novel and 
interesting phenomena32,33. Within this context, several features of the Dicke effect have been considered under 
the presence of superconductor correlations. In particular, it has been found that the Dicke effect occurs in the 
Andreev conductance spectrum by modulating the interdot coupling and the side-dot levels34,35. A description 
of the relationship between the induced electron pairing and the Dicke effect has been studied36 by focusing 
specifically on how the electron pairing and correlation effects are affected by the side-attached quantum dots, 
ranging from the interferometric to the molecular limits. However, a detailed description of the interplay between 
Dicke effects and the charging effect induced by the Coulomb intra-dot correlations, is still missing.

In this paper, we present an investigation of the influence of the Dicke and Fano effects on electronic trans-
port through a coupled triple quantum dot system coupled to normal and superconducting leads in a linear and 
non-linear regime.

In particular, we study the interplay between the proximity effect due to the superconducting lead and the 
conjunction of two phenomena: Dicke and Fano-Andreev reflections. We shall focus on the electronic properties 
of TQDs within the regime of low temperatures and sub-gap energies (eV ≪ �) , where the electronic transport is 
mainly carried by Andreev reflection (AR). We consider Coulomb correlations in all the quantum-dots and study 
their influence on the electronic conductance. The inter-dot Coulomb interaction is assumed to be much smaller 
than the corresponding intra-dot interaction and, in consequence, is omitted. Transport characteristics, such as 
the Andreev conductance and the electrical current of the system at the low-temperature limit, are derived using 
the non-equilibrium Green function method, in the linear and non-linear response regime. We use the Hubbard 
I approximation37 to obtain the relevant Green’s functions from the equations of motion. Our results show that 
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the Andreev reflection spectra, both in the presence and absence of Coulomb interaction, reveal Dicke and Fano-
like resonances in analogy to their counterpart effects in atomic physics. As one of the main effects, we obtain 
that the charge shows abrupt changes due to the Dicke effect, which has not been shown in previous reports.

The paper is organized as follows. “Results” introduces the model and describes the general background of 
the transport properties in the TQD system. Next, “Summary” presents the corresponding numerical results in 
the equilibrium and non-equilibrium regime for both non-interacting and interacting cases. Finally, “Appendix” 
closes with a summary and general conclusions.

Results
Model
The system under consideration consists of a single-level central quantum dot (QD2) attached to one normal 
metallic and one superconducting lead and two side quantum dots (QD1 and QD3) as shown schematically in 
Fig. 1. The following Hamiltonian models the system (N-TQD-S):

The first term is the Hamiltonian for the normal electrode and it is given by:

where c†kNσ ( ckNσ ) is the electron creation (annihilation) operator of an electron with spin σ and energy ǫkNσ in 
the normal electrode.

The second term stands for the BCS Hamiltonian31 of the superconducting (right) lead and reads:

where c†kSσ ( ckSσ ) is the electron creation (annihilation) operator of an electron with spin σ and energy ǫkS in the 
superconducting electrode, and � denotes the superconducting energy gap.

The third term is the Hamiltonian of three coupled QDs, given by

where d†mσ ( dmσ ) is the electron creation (annihilation) operator of an electron with spin σ and energy ǫdm in the 
m-th quantum dot with m = 1, 2, 3 . We assume that each quantum dot has only a single-electron spin-degenerate 
level, with ǫdm↑ = ǫdm↓ ; Um is the strength of the Coulomb interaction in the m-th quantum dot while tj2(j = 1, 3) 
stands for the interdot coupling parameter.

The last term in Eq. (1) describes tunneling of electrons between the leads (N, S) and the central quantum 
dot (QD2) :

where Vkβσ (β = N , S) is the tunneling matrix element between the central QD2 and the electrode β . In the wide-
band limit approximation, one can introduce the coupling constants with the leads: Ŵβ = 2π

∑
k |Vkβ |2δ(ω − ǫ

β

k ).
The retarded Green’s function Gr

σ in the generalized 6× 6 Nambu representation is obtained from the Dyson 
equation:

(1)H = HN +HS +HTQD +HT .

(2)HN =
∑

k

∑

σ

ǫkNσ c
†
kNσ ckNσ ,

(3)HS =
∑

k

∑

σ

ǫkSc
†
kSσ ckSσ +

∑

k

(�∗ckS↓c−kS↑ +�c†−kS↑c
†
kS↓),

(4)HTQD =
∑

m,σ

ǫdm,σ d
†
m,σ dm,σ +

∑

σ

∑

j=1,3

[

tj2d
†
2σ djσ +H .c

]

+
∑

m

Umnmσnmσ̄ ,

(5)HT =
∑

kσ

∑

β=N ,S

(Vkβσ c
†
kβσ d2σ +H .c),

Figure 1.   A sketch of triple-QD system coupled to normal metal and superconducting leads.
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where gr denotes the retarded Green’s function of the triple quantum dot isolated from the leads being written as:

where grm matrices are defined as:

with m = 1, 2, 3 . The interdot coupling matrix t is given by:

The retarded self-energy of the leads, in the wide-band approximation, acquires the following form:

where

and

where ρs denotes the dimensionless modified BCS density of states in the superconductor given by:

We have adopted the equation of motion method and the Hubbard-I decoupling scheme to find the Green’s 
functions. The general expression for the charge current through a barrier from the normal lead to the QDs can 
be calculated in terms of non-equilibrium Green’s function Gr,a . The charge current I flowing in a biased system 
from left to right can be calculated from the following expression:

with N =
∑

kσ c†kσ ckσ.
By using the equation of motion (EOM), we can obtain

where Gr,<(ω) is the Fourier transform of retarded and lesser Green’s function of the system, and �<,a
N  is the 

Fourier transform of lesser, advanced self-energy of the normal lead.
In order to obtain the lesser Green’s function G<

σ (ω) , we use the Keldysh equation

where the lesser self-energy is given by

while fi is the Fermi matrix, given by

(6)Gr = gr + gr�rGr ,

(7)gr =







�

gr1
�−1

t 0

t∗
�

gr2
�−1

t

0 t∗
�

gr3
�−1







−1

,

(8)grm =







1− nm

ω − ǫdm
+

nm

ω − ǫdm − Um
0

0
1− nm

ω + ǫdm
+

nm

ω + ǫdm + Um






,

(9)t =
[

−t 0

0 t

]

.

(10)�
r =

[

0 0 0
0 �

r
N +�

r
S 0

0 0 0,

]

(11)�
r
N = −

i

2
ŴN

[

1 0

0 1

]

(12)�
r
S = −

i

2
ρs(ω)ŴS

[

1 − �
ω

−�
ω

1

]

,

(13)ρs(ω) =
|ω|θ(|ω| −�)√

ω2 −�2
− i

ωθ(�− |ω|)√
�2 − ω2

.

(14)I = −e

〈

dN

dt

〉

(15)I =
2e

�
∑

∫

dω [Gr
2(ω)�

<
N (ω)+ G<

2 (ω)�
a
N (ω)+H .c.](11),

(16)G< = G
r(ω)�<Ga(ω),

(17)�
<(ω) = �

<
N +�

<
S =

[

0 0 0
0 fN (ω)ŴN + fS(ω)ŴS 0
0 0 0,

]

(18)fi =
[

fi 0

0 f̄i

]
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with the Fermi functions for electrons and holes defined as fi = f (ω − Vi) and f̄i = f (ω + Vi) , respectively. For 
i = N and fi = f̄i = f (ω) for i = S . Also,

and

denotes the couplings constants in the matrix form of the leads, while ρ̄s denotes the density of states in the 
superconductor given by

Finally, by substituting the matrix elements previously calculated, the current in the sub-gap regime ( e|V | < � ), 
i.e., the Andreev current in the limit of low temperature, can be written as

where V is the bias voltage, and TA is the Andreev transmittance, given by:

It is important to note that the Coulomb correlations make TA dependent on the average occupations of the 
QDs. For the non-magnetic case, the averaged occupation number does not depend on spin, which allows us 
to set for each QD: �ni,σ � = �ni� , i = 1, 2, 3 . These occupation numbers are obtained by solving the following 
system of equations: 

As one may notice by inspecting Eqs. (24a), (24b) and (24c), they form a system of equations for 〈n1〉 , 〈n2〉 
and 〈n3〉 which must be solved in a self-consistent way.

The LDOS of the quantum dots come from of matrix elements of the retarded Green’s function matrix (elec-
tron components in Nambu space). The LDOS for dots 1, 2 and 3 are, respectively: 

Then, the total DOS of the triple quantum-dot is given by the addition of LDOS of each QD:

Results
We now discuss the transport properties within the Andreev regime. Within this regime, the range for the Fermi 
energy and QD levels is restricted in the range of the superconductor gap, � . We denoted r as the ratio of leads 
coupling ŴS/ŴN and assumed that the quantum-dot levels are spin degenerate, ǫdi,σ = ǫdi (for i = 1, 2, 3 ). In 
addition, we have introduced the parameter η , which describes the separation of the levels ǫd1 and ǫd3 from the 
level ǫd2 = ǫd . We have supposed that the energy levels of the side dots (QD1 and QD3) are located symmetrically 
with respect to the energy level of the central dot (QD2), i.e. ǫd1 = ǫd + η and ǫd3 = ǫd − η . Furthermore, unless 
stated otherwise, we set the coupling between the two side dots to the central dot to be symmetric ( t12 = t32 = t 
), and we consider two regimes: interferometric regime (when t is very small in respect to Ŵ ) and the molecular 
regime (when t is very near to the value of Ŵ ). In the linear response regime, the chemical potentials of the leads 

(19)ŴN =
[

ŴN 0

0 ŴN

]

(20)ŴS = ρ̄s(ω)ŴS

[

1 − �
ω

−�
ω

1

]

(21)ρ̄s(ω) =
|ω|θ(|ω| −�)√

ω2 −�2
.

(22)IA =
2e

h

∫ e V

−e V
dω TA(ω),

(23)TA = Ŵ2
N |Gr

2,12(ω)|2.

(24a)�n1� = − i

∫

dω

2π
G<
1,11[ω, �n1�, �n2�, �n3�],

(24b)�n2� = − i

∫

dω

2π
G<
2,11[ω, �n1�, �n2�, �n3�],

(24c)�n3� = − i

∫

dω

2π
G<
3,11[ω, �n1�, �n2�, �n3�].

(25a)ρ1(ω) =−
1

π
Im(Gr

1,11[ω, �n1�, �n2�, �n3�]),

(25b)ρ2(ω) =−
1

π
Im(Gr

2,11[ω, �n1�, �n2�, �n3�]),

(25c)ρ3(ω) =−
1

π
Im(Gr

3,11[ω, �n1�, �n2�, �n3�]).

(26)ρ(ω) = ρ1(ω)+ ρ2(ω)+ ρ3(ω).
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are set to zero, µN = µS = 0 . On the other side, in the non-linear regime we set the chemical potential of the 
leads as µN = eV  and µS = 0 , therefore, µN − µS = eV  , where V is the applied voltage. In addition, we assume 
in all our calculations that kBτ = 0 , where τ is the temperature. Finally, we assume that the intradot Coulomb 
interaction is equal at all quantum dots, i.e., Um = U  , for m = 1, 2, 3 . In what follows, we rename ŴN = Ŵ.

Noninteracting case.  Let us first consider the limit where the Coulomb interaction is neglected, Ui = 0 
for i = 1, 2, 3.

In Fig. 2 we show the differential conductance as a function of the bias voltage for different values of 
r = ŴS/ŴN , by choosing a small t (interferometric regime) and an even smaller value of η in order to investigate 
the Dicke resonances. We can observe that when r does not exceed a certain critical value, the differential con-
ductance exhibits one very narrow central peak and two broader and smaller side peaks symmetrically located 
with respect to the zero energy. However, for higher values of r, we observe that dI/dV presents six peaks in 
this interval of energy. In other words, these peaks split as r increases from a specific critical value (see inset in 
Fig. 2). Also, we note from Fig. 3 that the spacing of these peaks increases with the value of r when eV is very near 
zero and conversely, they move closer when the range of eV increases. In order to have a better understanding 
of Fig. 2, we will analyze the effect of r and η on the differential conductance. For that purpose we will study the 
expression for TA given by Eq. (23), in the limit of � → ∞ with ω̃ = ω − ǫd , for which we obtain,

with

From Eq. (27) we can deduce that the roots of TA are ω̃ = ±η . In the case of symmetric coupling with the leads 
( ŴS = Ŵ ), the Andreev transmittance is given by the expression:

(27)TA =
r2Ŵ4(ω̃2 − η2)2

S

S = 4Ŵ2ω̃2
(

ω̃2 − η2 − 2t2
)2 +

(

4ω̃2
(

ω̃2 − η2 − 2t2
)2 −

(

1+ r2
)

Ŵ2
(

ω̃2 − η2
)2
)2

4(ω̃2 − η2)2
.

Figure 2.   Differential conductance in the noninteracting case, calculated as a function of the bias voltage 
when ǫd = 0 and indicated values of r: r = 0.5(red) , r = 1.0(blue) , r = 1.5(green) , r = 2.0(magenta) . Fixed 
parameters: η = 0.001Ŵ , t = 0.1Ŵ . (b) Closeup of central peak presented in panel (a). (c) Closeup of central 
peak presented in panel (b).



6

Vol:.(1234567890)

Scientific Reports |         (2021) 11:3941  | https://doi.org/10.1038/s41598-021-83407-6

www.nature.com/scientificreports/

Equation (28) shows that in the transmittance function there are resonant peaks appearing at 
ω̃ = ±

√

η2 + 2t2  , ω̃ = 0 , and two Fano antiresonances located at ω̃ = ±η . The narrow central peak in the 
transmittance may be considered as a long-lived (subradiant) state, while the other two peaks correspond to 
short-lived (superradiant) states. Since the central peak is located at zero, the width of the central peak is defined 
by the value of η . For small values of η , the width of the central peak becomes much narrower. With η increas-
ing, the width of the central line also increases, while the two satellite peaks become broader with η . This effect 
resembles the Dicke effect in atomic physics, where a strong narrow emission line appears when the distance 
between atoms is smaller than the Fermi wavelength of the corresponding radiation. In the present case, the 
difference of energy between the levels, η , plays the role of the distance between atoms.

On the other hand, when we consider an asymmetric coupling to the leads, for instance, r = 2 , the Andreev 
transmittance function is given by Eq. (29) :

where α = (ω̃2−η2)

(ω̃2−η2−2t2)
This function presents two Fano antiresonances when α = 0 , that is to say at ω̃ = ±η , and six peaks are sym-

metrically located on either side of the zero-energy at ω = ±
√
3
2
α and ω = ±

√
3
2
α . To gain a more clear physical 

insight into the dependence of TA on η , we analyze the limit η = 0 . The Hamiltonian HTQD can be diagonalized 
leading to three effective levels ω1 = ǫd +

√
2t2 , and ω2 = ǫd and ω3 = −

√
2t2 . Since the system of three one-

level QDs has three molecular-like states (denoted by index 1, 2, and 3 for increasing energy), one could also 
expect three peaks in the conductance. However, the matrix elements of the coupling between the molecular 
state |2� and the left and right leads vanish, that is, the molecular state |2� decouples from the leads when η = 0 
and the central peak disappears. The Andreev transmittance shows only two peaks at the positions ω̃ = ±

√
2t2 

and it is zero at ω̃ = 0 . On the other side, when η  = 0 , the molecular-like levels ω1 and ω3 locate symmetrically 
on both sides of µR and the AR conductance reveals a well-defined central peak due to two-level Andreev reflec-
tion, where the conventional resonant tunneling is forbidden due to ωi(i = 1, 3) in the gap. On other hand, when 
ωi(i = 1, 3) aligns with the chemical potential of the superconducting lead, µR = 0 , i.e., ωi(i = 1, 3) = 0 two 
side-peaks appear in ω̃ = ±

√

η2 + 2t2 due to the Andreev reflection (AR) through a single level. When this 
happens, an electron coming from the left lead with the energy ǫd can tunnel into the i-state of the QD, leaving a 
hole propagating back to the i-state in the QD and the creation of a Cooper pair in the right superconducting lead.

Interacting case.  Andreev conductance vs gate voltage.  In this section, we study the impact of the elec-
tronic charging induced by intradot Coulomb interaction on the transport properties of the TQD system in the 

(28)TA =
Ŵ4(ω̃2 − η2)4

Ŵ4
[

ω̃2 − η2
]4 + 4ω̃4

[

(ω̃2 − η2 − 2t2
]4
.

(29)TA =
α4Ŵ4

[

ω̃ −
√
3Ŵ
2

α

]2[

ω̃ +
√
3Ŵ
2

α

]2

+ α4Ŵ4

,

Figure 3.   Density plot of differential conductance vs r and eV in the noninteracting case, when ǫd = 0Ŵ in the 
applied bias range between (a) −0.1Ŵ and 0.1Ŵ (b) Closeup of the central peak in the figure (a), in the applied 
bias range between −0.001Ŵ and 0.001Ŵ.
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linear regime. Figures 4 and 5 display the occupation and linear conductance versus the QD energy level ǫd for 
the interferometric regime ( t, η ≪ Ŵ ). We can observe that the Coulomb interaction splits the Dicke spectrum 
into two sets symmetric with respect to the electron-hole symmetry point ǫd = U/2 , and their centers are lo-
cated approximately at ǫd = 0 and −U . The graph of DOS in Fig. 5 confirms this behavior. Besides, four Fano 
antiresonances in the conductance appear at the electron-hole symmetry due to the destructive quantum inter-
ference. Additionally, we can observe the occupation numbers’ features to determine the corresponding linear 
conductance behavior. It is remarkable that the occupation number presents a staircase-like form, with abrupt 
changes around ǫd = 0 and ǫd = −U . This behavior of the charge is due to the Dicke-like spectrum, as we can 
see in the DOS (Fig. 6), in which a structure of levels with super-tunneling (broad states) and sub-tunneling 
states (sharp states) develops around ω = 0 and ω = U . As εd or εd + U fall slightly below the Fermi energy, 
the sharp sub-tunneling state completely enters the Fermi sea, and consequently, the charge changes abruptly.

The DOS in Fig. 7 may be written roughly as:

(30)ρ(ω) ≈
1

π

∑

α

( Ŵ+
(ω − eα)2 + Ŵ2

+
+

Ŵ−
(ω − eα)2 + Ŵ2

−

)

.

Figure 4.   Electronic occupation and linear conductance of a TQD system calculated as a function of the dot’s 
level energy for (a) r = 1 and (b) r = 2. Fixed parameters: U = 1Ŵ , t = 0.1Ŵ , and η = 0.001Ŵ.

Figure 5.   Electronic occupation and linear conductance of a TQD system calculated as a function of the dot’s 
level energy around ω = 0Ŵ , for (a) r = 1 and (b) r = 2. Fixed parameters: U = 1Ŵ , t = 0.1Ŵ , and η = 0.001Ŵ.
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In the limit when η → 0 , the second term in the sum tends to a Dirac-δ function. Then, by integrating the above 
equation at Fermi energy and zero temperature, we obtain:

From Eq. (31), we can understand the charge behavior as a function of the energy level εd . As εd decreases and 
falls below the Fermi energy µ , the charge jumps abruptly in steps of 1/2. Besides, since each of these steps in 
the occupation graph reveals electronic tunneling, three more peaks in the linear conductance plot appear. Each 
step in electron occupation represents an electron filling from the left normal lead, which occurs when ǫdi or 

(31)ndi(εd) ≈
1

2
θ(µ− εd)+

1

2
θ(µ− εd − U).

Figure 6.   Total DOS in the interacting case, calculated as a function of the energy and r for indicated values 
of rate of coupling: r = 0 (black), r = 0.5 (red), r = 1.0 (blue), r = 1.5 (green), r = 2.0 (magenta). Fixed 
parameters: U = 1Ŵ , ǫd = 0 , η = 0.001Ŵ , t = 0.1Ŵ.

Figure 7.   Total DOS calculated as a function of the energy in the interacting case ( U = 1Ŵ ), when ǫd = 0 is 
in a range of energy very near (a) ω = 0Ŵ and (b) ω = 1Ŵ , and the indicated values of the rate of coupling: 
r = 0 (black), r = 0.5 (red), r = 1.0 (blue), r = 1.5 (green), r = 2.0 (magenta). Fixed parameters: η = 0.001Ŵ , 
t = 0.1Ŵ.
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ǫdi + U  lines up with µN = µS . From Eq. (8) one can understand that the intra-level interaction results in an 
energy level splitting, in the simpler case with only one central QD ( t = 0 ) : from the original one single-electron 
spin-degenerate level ǫd splitting into two spin-degenerate levels, ǫd with the probability 1− �n� and (ǫd + U) 
with the probability 〈n〉 . Of particular interest are the sharp peaks seen at both ǫd = 0 and ǫd = −U  . At ǫd = 0 , 
ǫd lines up with the Fermi surface µ (here we have set µN = µS = µ = 0 ), so 〈n〉 jumps from 0 to 0.5, describ-
ing the first electron filling; then each of both levels, ǫd and ǫd + U  , has 50% probability of being occupied. At 
ǫd = −Ŵ , ǫd + U  lines up with the Fermi surface µ , and 〈n〉 jumps from 0.5 to 1, describing the second electron 
filling; then level ǫd + U  has 100% probability of being occupied while level ǫd has 0% probability.

Additionally, Fig. 5 displays a zoom of the Andreev conductance vs the energy level for r = 1 and r = 2 
around ǫd = 0 . We can see that as r increases, the height of the peaks decreases and, on the contrary, their width 
increases, in the same way as in the non-interacting case. Besides, as we can see in this figure, for small values of 
η , the central peak’s width becomes sharper. Moreover, the insets in the above figure show the details of the sharp 
resonances. This structure of resonances resembles the Dicke resonance in the optical emission spectra of atoms.

Differential Andreev conductance vs bias voltage.  Next, we investigate the effect of the electronic charging 
induced by intra-dot Coulomb interaction on the AR process within the non-equilibrium regime. Figure 8 dis-
plays the differential conductance as a function of the bias voltage. The central peak, appearing near eV = 0 , 
is split due to the proximity effect to the superconductor (Andreev reflection). When r = 2 in this figure, one 
again observes the splitting of the central peak, but now the separation of each of these peaks from the eV = 0 
is no longer symmetrical as in the non-interacting case. In addition, if we choose ǫd = 0 the height of the peaks 
decreases as r increases, similarly to the non-interacting case (c.f. Fig. 2b), but in Fig. 8 we chose to plot dI/dV 
the value of ǫd in which the differential conductance is maximum, so that effect is not observable.

The shape of the differential conductance may be understood by noticing the quantum interference among 
the electron trajectories entering and leaving the side-attached quantum dots. These interferences give rise to 
the so-called Fano-Andreev antiresonances5–7. On the other hand, the states of two side-attached quantum dots 
interfere with each other, giving rise to a Dicke-like effect.

The equation for dI/dV may be written as a superposition of two Fano and Breit–Wigner like line-shapes:

where ξ± = (V ± q±ŴS±)/ŴS± , ε = (V + iŴ−)/Ŵ− , and Ŵ− = η2/ŴN . It is worth noting that the last term 
in the above equation does not contain adjustable parameters. The above equation is explained in Fig. 9, where 
the first terms take into account the destructive interference given by the Fano-Andreev effect. The last term 
represents a process equivalent to the transmission through a double quantum-dot in a series configuration with 
a coupling given by rη . The fitting of the above equation is shown in Fig. 8 (red line). Similar behavior of the dif-
ferential conductance can be found in the a quantum dot coupled to a topological superconductor nanowire. In 
this case, tuning the non-local gate produce the hybridization of the two topological states in the superconductor 
producing a split of the zero bias peak in the differential conductance38.

(32)
dI

dV
≈

1

1+ q2+

(ξ+ + q+)2

ξ 2+ + 1
+

1

1+ q2−

(ξ− + q−)2

ξ 2− + 1
+

4r2

|ε2 − r2|2
,

Figure 8.   (a) The differential conductance (black line) as a function of the bias voltage of a TQD system and 
the fitting (red line) by the sum of the Fano and BW functions when ǫd = 0.000075Ŵ r = 2 . (b) Differential 
conductance (solid line) calculated as a function of the bias voltage of a TQD system and the proposed fitting 
(dashed line) when ǫd = −1.000075Ŵ and r = 2 . The zoom of both figures shows the differential conductance 
and the fitting proposed by the function BW in the low energy limit. Fixed parameters: U = 1Ŵ , t = 0.1Ŵ , 
η = 0.001Ŵ.
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Summary
In summary, we have investigated the electronic transport through a triple quantum-dot device coupled to 
normal and superconductor leads. The main focus was to study the Andreev features appearing in both the dif-
ferential conductance and QD occupations under Coulomb correlations in the QDs. Within the interferometric 
regime (small t), we have studied the impact on the sub-gap transport properties by varying the coupling ratio 
with the leads, r, when the level spacing between two side-QDs and the central QD is small η ≪ 1 . We found 
that the conductance, both in the interacting and in the non-interacting case, shows the presence Fano-Andreev 
reflactions and a sharp central peak resembling the Dicke resonance in the optical emission spectra of atoms, 
in which the role of the distance between atoms is played by the space in energy levels η . In particular, in the 
interacting case we show a splitting due to the Andreev reflection of the subradiant and superradiant quasipar-
ticles states whenever the coupling ratio exceeds the certain critical value. On other hand, we explain the shape 
of the differential conductance near of zero-bias voltage as a result of the two equivalent quantum interference 
processes: the first, among the electron trajectories entering and leaving the side-attached quantum dots, the 
one that giving rise, to the so-called Fano-Andreev antiresonances, and the second, the interference between the 
states of two side-attached quantum dots, the one that giving rise to a Dicke-like effect.

Additionally, we found that when we consider the intradot interaction, the Dicke spectrum split into two 
symmetric sets equidistant to the electron-hole symmetry point. On the other hand, dramatic changes in the 
charge are produced when a subradiant state falls below the Fermi energy. This property could be used to store 
charge in quantum dots.

Appendix
T
A

 in the limit � ≫ ǫ.  Here we present the Andreev transmittance for a TQD between normal and super-
conducting leads in the limit � ≫ ǫ and zero inter-dot tunneling ( t = 0).

with

On other side

where

and

(33)T(ω) =2TA(ω)+ TQ(ω)

(34)TA(ω) =Ŵ2
N (|Gr

12|2)

(35)TQ =ŴNŴS ρ̄

(

|Gr
11|2 + |Gr

12|2 −
2�

|ǫ|
Re

[

Gr
11(G

r
12)

∗]
)

(36)ρ̄(ω) =
|ω|θ(|ω| −�)√

ω2 −�2
.

(37)G12(ω) =
iŴS�ρ(ω)

2ωD
,

ρ(ω) =
|ω|θ(|ω| −�)√

ω2 −�2
− i

ωθ(�− |ω|)√
�2 − ω2

Figure 9.   Scheme of the Andreev processes: equivalent path for the Fano-Andreev and Dicke-Andreev 
transmission. The complete process can be divided in two Fano effects and a transmission through equivalent 
quantum-dots in series.



11

Vol.:(0123456789)

Scientific Reports |         (2021) 11:3941  | https://doi.org/10.1038/s41598-021-83407-6

www.nature.com/scientificreports/

where �NS = − 1
2
i(ŴN + ŴSρ) is the self-energy of the leads, and

with ǫ1 = ǫd + η and ǫ3 = ǫd − η

If the real part of ρ(ω) is named “a” and his imaginary part “b”, we can write the above equation as:

where

Consequently, we have

Symmetric Coupling ŴN = ŴS.  Substituting these expressions in the equation to G12 and considering t  = 0 , 
and ŴN = ŴS = Ŵ at the limit of � ≫ ω we have:

Then, the first maximum occurs when ω = 0 and the two other maxima values of T(ǫ) occur when 
ω = ±

√

η2 + 2t2.

Asymmetric Coupling ŴS = 2Ŵ.  Substituting these expressions in the equation to G12 , considering t  = 0 , and 
ŴS = 2Ŵ at the limit of � ≫ ω we have:

In this case because of this functional structure, TA presents six peaks located symmetrically each side of ω = 0 . 
As before when the coupling to the leads was symmetric, the zeros of T(ω) occur when ω = ±η . At the particular 
case t = 0 and η = 0 , we have:

Then, the maximum value of T(ω) occurs close to ω = ±Ŵ:
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Linear and differential conductance in the limit of low temperature.  Linear conductance G in the 
sub-gap limit (eV ≪ �) is written as:

If kBτ → 0 then ∂f
∂ω

→ δ(ω − µ) , so that

Consequently, the peaks of TA as a function of the energy ǫ for a fixed value of ǫd are the same for G as a function 
of µ for a fixed value of ǫd . For this reason, as expected, the graph of G in function of the Fermi energy µ , in the 
case of a quantum dot asymmetric coupling with the leads, presents two peaks as the case of TA as a function 
of the energy.

dI/dV vs T
A

.  The general form for the electronic current in the sub-gap limit (eV ≪ �) is

In the limit of low temperature kBτ → 0

Then

Consequently, for a fixed value of ǫd , the peaks of TA as a function of eV are the same as ∂I/∂V  in function of eV.
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A. González I.,1 A. M. Calle,2 M. Pacheco,1 E. C. Siqueira,3 and Pedro A. Orellana1
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We studied the effects of superconducting quantum correlations in a system consisting of two
quantum dots, two normal leads, and a superconductor. Using the non-equilibrium Green’s functions
method, we analyzed the transmission, density of states, and differential conductance of electrons
between the normal leads. We found that the superconducting correlations resulted in Fano-Andreev
interference, which is characterized by two anti-resonance line shapes in all of these quantities. This
behavior was observed in both equilibrium and non-equilibrium regimes and persisted even when
Coulomb correlations were taken into account using the Hubbard-I approximation. It is worth
noting that the robustness of this behavior against these conditions has not been studied previously
in the literature.

I. INTRODUCTION

The investigation of hybrid structures, where normal
conductors are connected to superconductors, has gar-
nered significant interest due to their potential for appli-
cations in electronics, spintronics, and quantum informa-
tion processing [1]. When a normal metal is connected
to a superconductor lead, the superconducting order can
leak into the normal metal. This causes pairing corre-
lations and a superconducting gap due to the proximity
effect[2]. The mechanism responsible for the proximity
effect is known as Andreev reflection[3]. In this process,
an electron is reflected as a hole at the interface between
the leads. The missing charge in the normal lead ap-
pears as a Cooper pair within the superconductor. Since
the electrons in the superconductor side and the hole in
the normal lead are correlated, these are represented by
bound states. In effect, the two charges coming from
the normal lead cannot penetrate deep into the super-
conductor side, being absorbed into the superconductor
condensate. In hybrid systems composed of quantum
dots (QDs), these bound states, called Andreev bound
states (ABS), appear as resonances in the QD transmis-
sion spectrum, with energies within the superconductor
gap. The presence of ABSs is the key ingredient to many
different features exhibited by QD-based systems[4–16].
The ABSs modify the so-called Fano effect[17, 18], a well-
known phenomenon resulting from quantum interference
between discrete and continuum states. In QDs-based
systems, the Fano effect signature is an asymmetric res-
onance pattern arising in the transmission spectrum of
the QDs or double quantum dots (DQDs). Several au-
thors have studied the effect of quantum decoherence on
Fano lineshapes. To this end, they introduced a normal
floating lead directly coupled to the double quantum dot
(DQD). Their findings show that the floating lead cou-
pled to the lateral QD plays a crucial role in destroying
the Fano lineshape. [19, 20]. Other authors have studied
the structure of T-shaped QDs coupled to two normal or
ferromagnetic leads left and right and a superconducting

lead [21–26]. In particular, A. M. Calle et al. [27] have
shown that, in a noninteracting T-shaped double quan-
tum dot coupled to two normal metals, the transmission
between the normal leads (ET) exhibits Fano resonances
due to the appearance of ABSs in the non-interacting
DQD, due to the presence of the superconducting lead
(Fano-Andreev effect). Using a mean-field treatment of
Coulomb correlations, E. C. Siqueira et al.. [28] have
shown complementary resonance patterns between AR
and ET transmittance when a superconductor lead is
coupled to a QD, which itself is coupled to two ferro-
magnetic leads. The effect was shown to be a result of
the interplay between the ABSs and the spin polarization
provided by the ferromagnets. When the charging energy
is much larger than the thermal energy of the charge car-
riers and the QD is only weakly coupled to the leads,
Coulomb correlations become increasingly significant at
low temperatures. This is known as the Coulomb block-
ade regime, where the number of electrons in the dot is
fixed. Sequential tunneling is suppressed and transport
is only possible when the energy of the state |Ni > | is
aligned with the chemical potential of the leads. As a
result, the linear conductance through the quantum dot
shows a series of peaks that correspond to the degener-
acy regions (Coulomb peaks). These peaks are separated
by regions of low conductance. However, when the tem-
perature is lowered, the coupling of the electron within
the QD to the electrons of the leads gives rise to virtual
quantum states within the QD, which allows for an addi-
tional transport channel through the QD. This manifests
itself as a narrow resonance peak in the QD transmission
spectrum, called the Kondo resonance. However, when
one of the leads is a superconductor in a three-terminal
system, it is possible to probe the interaction between
the Fano effect, ET transmission, and ABS states. The
interaction between ABS and the Kondo effect in hy-
brid superconductor nanostructures has been extensively
studied[14, 29, 30]. For the structure of DQDs of T shape,
A. M. Calle et al..[31] found that the Kondo resonance
modifies ABS resonances. However, in systems composed
of DQDs, the interplay among the Coulomb correlation
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within an intermediate range of values, Fano effect, and
ABS states, has not been studied in depth in the liter-
ature, despite the potential for original effects that may
be obtained in these systems.

In this work, we investigate the electronic transport
properties of a T-shaped DQD system. Fig. 1 shows
the scheme, where the central QD, QDa, is connected
to normal leads, while the other QD, QDb, is coupled
to a superconductor lead (S).In our analysis, we focus
on the Coulomb blockade regime, with identical values
for the onsite Coulomb interaction parameters in both
quantum dots (QD), namely Ua = Ub. To obtain our
results, we use the equation-of-motion (EOM) method
to calculate the relevant Green’s functions. The intradot
Coulomb correlation is considered in the Hubbard-I ap-
proximation, which provides a reliable description of the
Coulomb blockade regime. We investigate in the non-
equilibrium regime and at zero temperature the impact
of the Coulomb interaction (U), inter-dot coupling, and
coupling between QD and leads on the Fano-Andreev ef-
fect in both molecular and interferometric regimes. To
study these effects, we employ the nonequilibrium Green
function formalism.

This paper is organized as follows: in Sec. II, we
present the model and formulation for the system dis-
played in Fig. 1, in Sec. III, the numerical results are
presented and discussed. Finally, a summary and the
main conclusions are presented in Sec. IV.

II. MODEL AND FORMULATION

In Fig. 1, the T-shape double quantum-dot system is
illustrated. It consists of a central quantum dot, QDa,
coupled to the two normal leads, L1 and L2, and a side
QDb, connected to a superconductor S. The Hamiltonian
of the system is given by:

H = H1 +H2 +HS +HDQD +HT . (1)

The first and the second terms are the Hamiltonians
for the normal leads at the left (1) and right (2) sides of
QDa. These are modeled by Eqs. (2) and (3):

H1 =
∑

k

∑

σ

ϵ1kσc
†
1kσc1kσ, (2)

and

H2 =
∑

k

∑

σ

ϵ2kσc
†
2kσc2kσ, (3)

where c†αkσ (cαkσ) is the electron creation (annihilation)
operator of an electron with spin σ and energy ϵkσ in the
α electrode.

The second term stands for the BCS Hamiltonian[32]
of the superconducting (S) lead and reads:

QDa

QDb

L1 L2

t12

Γ1 Γ2

ΓS

S

εa

εb

FIG. 1. The T-shape double QD system studied in this work.
It is composed of two quantum dots in which the QDa is
coupled to two normal metals L1 and L2, with the coupling
strength being determined by the parameters Γ1 and Γ2. The
second quantum dot, QDb, is coupled to the superconductor
S, with the coupling strength being modeled by the parameter
ΓS . The coupling between the QDs is modeled by the t12
parameter.

HS =
∑

k

∑

σ

ϵkSc
†
kSσckSσ+

∑

k

(∆∗ckS↓c−kS↑+∆c†−kS↑c
†
kS↓),

(4)

where c†kSσ (ckSσ) is the electron creation (annihilation)
operator of an electron with spin σ and energy ϵkS in the
superconducting electrode, and ∆ denotes pair potential,
whose absolute value gives the superconducting energy
gap.

The HDQD term is given by Eq. (5) and takes into
account the coupling between the QDs, modeled by the
variable t12 = t, and the Coulomb interaction at each
QD, whose strength is modeled by Um, m = a, b. The
QDs are assumed to have a single spin degenerated level,
whose value is determined by ϵdm,σ, m = a, b.
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HDQD =
∑

m=a,b,σ

ϵdm,σd
†
m,σdm,σ

+
∑

σ

t
[
d†aσdbσ + d†aσdbσ

]

+
∑

m=a,b

Umnmσnmσ̄

(5)

A. Green’s functions

In order to obtain the transport properties for the sys-
tem modeled by Eq. (1), we have used the well-known
non-equilibrium Green’s function approach[33, 34] along
with the equation-of-motion method. This formalism has
been extensively applied to nanostructured systems. The
presence of the superconductor has been taken into ac-
count by expressing Green’s functions within the Nambu
space. In this way, Green’s functions are represented by
4×4 matrices resulting from the tensor product between
spin and electron-hole subspaces. By using this formal-
ism, we have obtained a system of coupled Dyson equa-
tions for the retarded Green’s functions matricesGr

aa and
Gr

bb, for QDa and QDb, respectively:

Gr
aa = Gro

aa +Gr
aat

†
abG

ro
bb tabG

ro
aa, (6)

and

Gr
bb = Gro

bb +Gr
bbt

†
abG

ro
aatabG

ro
bb , (7)

with

Gro
aa = gr

aa(1−Σr
Lg

r
aa)

−1, (8)

and

Gro
bb = gr

bb(1−Σr
Sg

r
bb)

−1. (9)

In Eqs. (6) to (9), gr
aa and gr

bb are the QDa and QDb

Green’s functions, respectively, when the QDs are iso-
lated from the leads; tab describes the tunneling between
QDa and QDb. The coupling to the normal and super-
conducting leads are modeled by retarded/advanced self-
energies Σr

L = Σr
1 +Σr

2 and Σr
S , respectively.

The self-energy for the coupling to the normal leads
(L1 and L2) is given by Eq. (10):

Σr,a
L = ∓ i

2
(Γ1 + Γ2)



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 , (10)

where Γi = Γi↑ + Γi↓ and Γiσ = 2π|ti|2Ni, (i = 1, 2)
being the coupling strength, with ti being amplitude for
an electron with spin σ of QDa to be transferred to the
lead Li; Ni is the density of states at Fermi level for the

normal lead, Li. Since we have assumed both normal
leads as non-magnetic, the density of states is the same
for both spins.
The retarded/advanced self-energy of the supercon-

ductor is given by Eq. (11):

Σr,a
S = ∓ i

2
ρS(ϵ)ΓS




1 −∆

ϵ
0 0

−∆

ϵ
1 0 0

0 0 1
∆

ϵ

0 0
∆

ϵ
1



. (11)

In Eq. (11), ΓS = 2π|ts|2Ns is the coupling strength
between the superconductor lead and QDb, defined in
terms of the amplitude of tunneling |ts| and the normal
density of states of Ns. The ∆ appearing in some of the
matrix elements stands for the energy gap of the super-
conductor and accounts for the electron-hole coupling.
The energy gap plays a central role in this model and
also modifies the self-energy through ρS , the dimension-
less modified BCS density of states, whose expression is
given by:

ρS(ϵ) =
|ϵ|θ(|ϵ| −∆)√

ϵ2 −∆2
− i

ϵθ(∆− |ϵ|)√
∆2 − ϵ2

, (12)

with the imaginary part accounting for the Andreev
bound states (ABS), within the superconductor gap.
The presence of electronic correlations associates the

QD energy levels with the electronic occupations, which,
in turn, depend on external parameters like gate and bias
voltages. As a result, Eqs. (6) and (7) must be solved in a
self-consistent way, together with the occupations of the
QDs. Such occupations are obtained from the diagonal
matrix elements of the “lesser” Green’s function matrix,
which is obtained through the Keldysh equation. For the
QDa, the expression reads:

G<
aa = Gr

aa(ω)Σ
<
TaG

a
aa(ω), (13)

with

Σ<
Ta = Σ<

L (ϵ) + t†abG
ro
bbΣ

<
S (ϵ)G

ao
bb tab. (14)

The expression for QDb can be obtained by exchang-
ing the indices a and b. In Eq. (13), Σ<

Ta repre-
sents the “lesser” self-energy, which is expressed in terms
of the self-energies of the leads: Σ<

L = Σ<
1 + Σ<

2

and Σ<
S . Assuming that the leads are in equilibrium

with well-defined chemical potential and temperature,
the self-energies of the leads can be obtained using the
fluctuation-dissipation theorem: Σ<

i = Fi [Σ
a
i −Σr

i ],
where the Fermi matrix Fi is given by

Fi = i



fi 0 0 0
0 f̄i 0 0
0 0 fi 0
0 0 0 f̄i


 , (15)
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with fi = f(ϵ − eVi) and f̄i = f(ϵ + eVi) (i = 1, 2, S)
being the Fermi functions for electrons and holes, re-
spectively. Since the superconductor is assumed to be
grounded, fi = f(ϵ) for i = s.

B. Transmittance and current

The presence of Coulomb correlations leads to a self-
consistent problem when solving Eqs. (6) and (7), since
the dependency on the occupations wraps the Green’s
functions to the occupancies of the QDs. Within the
equation-of-motion approach used in this work, this re-
sults in an infinite set of equations with Green’s functions
of increasing order of complexity. To obtain a closed set
of equations, one needs to resort to some approximation
on the Coulomb correlations. In this work, we have used
the so-called Hubbard-I approximation[35], which allows
us to derive a simple expression for the electrical current
in terms of the different transmission amplitudes that
contribute to the electronic transport for this system. In
fact, the current Ij , flowing in the lead Lj (j = 1, 2), is
given by the following expression:

Ij =
e

ℏ

∫
dϵ [Gr

aa(ϵ)Σ
<
j (ϵ) +G<

aa(ϵ)Σ
a
j (ϵ)

+ H.c.](11+33), j = 1, 2.

(16)

where 11 + 33 stands for the sum of the 11 and 33 ma-
trix elements of the current matrix. By substituting the
Green’s functions and self-energies into Eq. (16), one ob-
tains the main expression for the electric current flowing
in the lead L1, written in terms of the transmittances:

I1 =
e

h

∫
[TDAR

11 (f1−f̄1)+TET
12 (f1−f2)+TCAR

12 (f1−f̄2)

+ TQP
1S (f1 − fS)]dϵ, (17)

The first term in Eqs. (17) , TDAR
11 , corresponds to di-

rect Andreev reflection transmittances through the paths
(L1−QDa−QDb−S), i.e., an electron of L1 is reflected
by S into a hole of L1. The second term, TET

12 , repre-
sents electron tunneling (ET) between the normal leads
via (L1−QDa−QDb−L2) path. The next term, TCAR

11 ,
accounts for the transmittances of crossed Andreev re-
flection through the path ((L1, L2) − QDa − QDb − S),
i.e., an electron of L1 is reflected by S into a hole of L2.

Finally, the last term, TQP
11 , corresponds to quasiparticles

tunneling through the (L1 −QDa −QDb − S) path.

The amplitudes can be expressed in terms of Green’s

functions, which are given as follows:

TDAR
11 = Γ2

1(|Gr
aa,14|2 + |Gr

aa,12|2 + |Gr
aa,34|2 + |Gr

aa,32|2)
TCAR
12 = Γ1Γ2(|Gr

aa,14|2 + |Gr
aa,12|2 + |Gr

aa,34|2 + |Gr
aa,32|2)

TET
12 = Γ1Γ2(|Gr

aa,33|2 + |Gr
aa,31|2 + |Gr

aa,13|2 + |Gr
aa,11|2)

TQP
1S = ρ̄Γ1ΓS{Y −

21 |Gr
aa,12|2 +X+

34|Gr
aa,13|2 + Y +

43 |Gr
aa,14|2

+X−
12|Gr

aa,11|2 − Z+
34G

r
aa,13[G

r
aa,14]

∗ − [Z+
34]

∗[Gr
aa,13]

∗Gr
aa,14

− Z−
12G

r
aa,11[G

r
aa,12]

∗ − [Z−
12]

∗[Gr
aa,11]

∗Gr
aa,12

+ Y −
21 |Gr

aa,32|2 +X+
34|Gr

aa,33|2 + Y +
43 |Gr

aa,34|2

+X−
32|Gr

aa,31|2 − Z+
34G

r
aa,33[G

r
aa,34]

∗

− [Z+
34]

∗[Gr
aa,33]

∗Gr
aa,34 − Z−

12G
r
aa,31[G

r
aa,32]

∗

− [Z−
12]

∗[Gr
aa,31]

∗Gr
aa,32}

(18)

where

X±
ij ≡ t2[|Gro

bb,ii|2 + |Gro
bb,ij |2 ±

∆

ϵ
(Gro

bb,ii[G
ro
bb,ij ]

∗ +Gro
bb,ij [G

ro
bb,ii]

∗),

Y ±
ij ≡ t2[|Gro

bb,ii|2 + |Gro
bb,ji|2 ±

∆

ϵ
(Gro

bb,ii[G
ro
bb,ji]

∗ +Gro
bb,ji[G

ro
bb,ii]

∗)],

Z±
ij ≡ t2[Gro

bb,ij [G
ro
bb,jj ]

∗ + [Gro
bb,ij ]

∗Gro
bb,ii

± ∆

ϵ
(|Gro

bb,ij |2 + [Gro
bb,jj ]

∗Gro
bb,ii)],

(19)

(The current flowing and transmittances in L2 can be
obtained by interchanging the indexes 1 and 2 in the
above equation).

C. Self-consistent calculations

Regarding the occupations of QDs, they are deter-
mined by the “lesser” Green function. In the case of
normal leads with no polarization, the average occupa-
tion number remains independent of spin. This allows us
to set, for each QD, ⟨ni,σ⟩ = ⟨ni⟩ where i = a, b. These
occupation numbers are obtained by solving the following
self-consistent system of integral equations:

⟨na↑⟩ = −i

∫
dϵ

2π
G<

aa,11[ϵ, ⟨na↑⟩, ⟨na↓⟩, ⟨nb↑⟩, ⟨nb↓⟩],

(20a)

⟨na↓⟩ = −i

∫
dϵ

2π
G<

aa,33[ϵ, ⟨na↑⟩, ⟨na↓⟩, ⟨nb↑⟩, ⟨nb↓⟩],
(20b)

⟨nb↑⟩ = −i

∫
dϵ

2π
G<

bb,11[ϵ, ⟨na↑⟩, ⟨na↓⟩, ⟨nb↑⟩, ⟨nb↓⟩],
(20c)

⟨nb↓⟩ = −i

∫
dϵ

2π
G<

bb,33[ϵ, ⟨na↑⟩, ⟨na↓⟩, ⟨nb↑⟩, ⟨nb↓⟩].
(20d)
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At the electron hole symmetry point, that is, when
ϵd = −U/2, the occupation is independent of the bias
voltage and equal to 1/2 (na,σ = nb,σ = 0.5, with σ =↑
, ↓). In this way, the exact expression for (dI/dV )ET

and (dI/dV )AR as a function of the bias voltage can be
calculated analytically and is equal to:

dIET

dV
= 2

(4GA− 2F BΓ2
S + 1

4CΓ4
S)

(K)
(21)

and

dIAR

dV
= 4

t4 Γ2
S

(K)
(22)

where

K = 4DA− 2(−t4Γ2
L +GF B

− F (t2 − Γ2
L)B)Γ2

S +
1

4
E CΓ4

S (23)

with

A =
[
(ḡr1,12)

2 − t2
]2

+ (ḡr1,12)
2ΓL

B = (ḡr1,12)
2 − t2 + Γ2

L

C = (ḡr1,12)
2 + Γ2

L

D = [(ḡr1,11)
2 − t2]2 + (ḡr1,11)

2 Γ2
L

E = (ḡr1,11)
2 + Γ2

L

F = ḡr1,11ḡ
r
1,12

G = (ḡr1,11)
2

(24)

while ḡr1,11 and ḡr1,12 are the components 11 and 12 of the
inverse Green function of QD1 isolated in the Hubbard-I
approximation, evaluated in the bias voltage V , i.e.:

ḡri,11 =
((V − ϵd − U)(V − ϵd))

(V − ϵd + U(n1 − 1))
(25)

ḡri,12 =
((V + ϵd + U)(V + ϵd))

(V + ϵd − U(n1 − 1))
(26)

(27)

The analysis of these curves is complemented by the
local density of states of the QDs, ρa and ρb, defined
according to:

ρ(ϵ)i = − 1

π
Im(Gr

ii,11 +Gr
ii,33), i = a, b. (28)

III. RESULTS AND DISCUSSION

In what follows, we consider Γ1 as the energy unit.
We assume that the QDs levels are spin degenerate and

that the intradot Coulomb interaction is the same in both
QDs, that is, Ua = Ub = U . We denote r as the ratio
of leads coupling ΓS/Γ1 through which we control the
efficiency of the proximity effect, as well as the tunneling
between dots as t. In addition, we set the gate voltage
for each QD in the electron-hole symmetry point, that is,
ϵa = ϵb = −U/2. In our work, we focus on the nonequi-
librium regime, and the analysis of the results is split
into two parts: the interferometric regime (when t < Γ1

) and the molecular regime (when t ≥ Γ1 ). In our analy-
sis, we present the results for the differential conductance
ET ( (dI/dV )ET

12 ) and the differential conductance AR
(dI/dV )DAR

12 in terms of the bias voltage applied to the
leads, which we will refer to for simplicity as (dI/dV )ET

and (dI/dV )DAR, respectively. The chemical potentials
of the normal leads are set with opposite bias voltage,
i.e. µ1 = −µ2 = eV , while the superconductor is kept
grounded, µS = 0. With normal leads with opposite
bias voltage, (dI/dV )CAR

12 (or ICAR
12 ) and (dI/dV )CAR

21

(or ICAR
21 ) are zero since they are proportional to the

factors (f1 − f̄2) and (f2 − f̄1), respectively, which are
identically zero. It is worth saying that we assume that
|eV | < ∆, and therefore the contribution of the quasipar-
ticle current IQP and transmittance TQP is zero within
the energy range that we are considering. Finally, it is
important to note that our calculations were obtained
out of the Kondo regime.

A. Interferometric regime

We begin the analysis of the non-equilibrium regime
by focusing on the effects of interdot tunneling on
(dI/dV )ET and (dI/dV )AR, within the interferometric
regime (t ≤ Γ1). For clarity’s sake, we start by fo-
cusing on the noninteracting regime (U = 0). In this
case, the behaviors of (dI/dV )ET and (dI/dV )AR as
functions of t and V , are shown in the contour plots of
Figs. 2(a) and 2(c), respectively. For t = 0, the QDa

is decoupled from the QDb − S part of the system and,
as a result,(dI/dV )ET exhibits a well-known Lorentzian
shape, while (dI/dV )AR remains equal to zero. As t in-
creases, the superconducting correlations start to leak
into QDa, and the Andreev bound states (ABSs) emerge
as two resonances equidistant from V = 0. At the same
bias voltage values, two equidistant depths appear in the
(dI/dV )AR curves. The correspondence between these
two lineshapes can be better observed in Figs. 2(b) and
2(d) where cuts of the contour plots for t = 0.05 (A1 and
A2 lines) and t = 0.5 (B1 and B2 lines) are shown. It is
also worth noting that the central peak at V = 0 is pre-
served in the (dI/dV )ET curves, as a manifestation of the
electron-hole symmetry of the ABSs in the QD spectra.
As t increases, hybridization between discrete ABSs and
continuum states, originating from normal leads, causes
the lineshapes to broaden. This interpretation is based
on the fact that the differential conductance curves fol-
low the behavior of the local density of states of the QDs
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FIG. 2. Left panel: Contour plot of (dI/dV )ET and (dI/dV )AR in terms of t and V , figures a) and c), respectively; Right
panel:(dI/dV )ET and (dI/dV )AR in terms of the energy when t = 0.05 (solid black line) or t = 0.5 (red dashed line), figures b)
and d), respectively. Their location in the contour plot is indicated by the horizontal lines marked by A1 and A2 for t = 0.05 and
by B1 and B2 for t = 0.5, respectively. Other parameters are chosen as U = 0, kBT = 0Γ1, Γ1 = Γ2 = ΓS and ϵa = ϵb = −U/2

FIG. 3. Left panel: Contour plot of ρa and ρb in terms of t and ϵ, figures a) and c), respectively; Right panel:ρa and ρb in
terms of energy when t = 0.05 (solid black line) or t = 0.5 (red dashed line), figures b) and d), respectively. Their location in
the contour plot is indicated by the horizontal lines labeled A1 and A2 for t = 0.05 and by B1 and B2 for t = 0.5, respectively.
Other parameters are chosen as U = 0, kBT = 0Γ1, Γ1 = Γ2 = ΓS and ϵa = ϵb = −U/2

for zero bias voltage, as shown in Fig. 3. The very same
behavior can be observed from the contour plots for ρa
and ρb, at zero bias voltage, as shown in Figs. 3(a) and
3(c), respectively.

A more detailed line shape can be seen in the cuts for
t = 0.05 (A1 and A2 lines) and t = 0.5 (B1 and B2 lines),
which readily show the same behavior observed in the

transmission curves.

In Fig. 4, the differential conductance (dI/dV )ET and
(dI/dV )AR are shown for U = 2. The other parameters
remain the same as those used in Figs. 2 and 3. The
main difference, in this case, is the splitting of the peaks
due to the Coulomb correlation. In fact, for t = 0.05, two
Lorentzian peaks are observed, as is evident from the cut
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FIG. 4. Left panel: Contour plot of (dI/dV )ET and (dI/dV )AR in terms of t and V , figures a) and c), respectively ; Right
panel:(dI/dV )ET and (dI/dV )AR in terms of bias voltage V, when t = 0.05 (solid line) or t = 0.5(dashed line), figures b) and
d), respectively. Their location in the contour plot is indicated by the horizontal lines marked by A1 and A2 for t = 0.05 and
by B1 and B2 for t = 0.5, respectively. Other parameters are chosen as U = 2, kBT = 0Γ1, Γ1 = Γ2 = ΓS and ϵa = ϵb = −U/2

FIG. 5. Left panel: Contour plot of ρa and ρb, at zero bias voltage, in terms of t and ϵ, figures a) and c), respectively ; Right
panel:ρa(ϵ) and ρb(ϵ) in terms of the energy when t = 0.05(solid line) or t = 0.5(dashed line), figures b) and d), respectively.
Their location on the contour plot is indicated by the horizontal lines labeled by A1 and A2 for t = 0.05 and by B1 and B2 for
t = 0.5, respectively. Other parameters are chosen as U = 2, kBT = 0Γ1, Γ1 = Γ2 = ΓS and ϵa = ϵb = −U/2

A1, shown in Fig. 4(b). The ABSs are also evident at
this small value of t as antiresonances superimposed on
the peaks despite the presence of Coulomb correlations.
As t increases, the broadening of peaks increases, as is
evident from the contour plots of Figs. 4(a) and 4(c) and
the corresponding cuts shown in Figs. 4 (b) and 4 (d). In
contrast to the broadening of the peaks, their location is

fixed by the Coulomb interaction with the two Lorentzian
peaks located at ±U/2, which is also the center of sym-
metry of the ABSs. A similar behavior is observed for
the local density of states for zero bias voltage, as shown
in Fig. 5. This figure shows in the left panel the con-
tour plot of ρa and ρb as a function of ϵ and t [Figs 5
(a) and 5(c), respectively] and shows in the right panel
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FIG. 6. The differential conductance (dI/dV )ET (solid black line) and (dI/dV )AR (dashed red line) as a function of the bias
voltage V for a) r = 0.02, b) r = 0.50 and c) r = 1. The dashed line in the left panel corresponds to the (dI/dV )ET for ∆ = 0,
i.e., for a system with three normal contacts. Other parameters are chosen as: ∆ = 5Γ1, U = 2Γ1, t = 0.2Γ1, kBT = 0Γ1,
Γ1 = Γ2 and ϵa = ϵb = −U/2
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FIG. 7. In the left panel, the differential conductance (dI/dV )ET (black solid line ) as a function of the bias voltage V and in
the right panel (dI/dV )DAR (red solid line ) as a function of the bias voltage V when U = 0 for a) and b), U = 2 for c) and
d), and U = 4 for e) and f). The dashed line on the left panel corresponds to (dI/dV )ET for ∆ = 0, that is, for a system with
three normal contacts. Other parameters are chosen as t = 0.2Γ1, ∆ = 5Γ1, kBT = 0Γ1, Γ1 = Γ2 = ΓS , and ϵa = ϵb = −U/2.

the curves of ρa(ϵ) and ρb(ϵ) in terms of energy [Figs. 5
(b) and 5 (d), respectively], when t = 0.05 (solid line) or
t = 0.5 (dashed line). Their location in the contour plot
is indicated by the horizontal lines labeled A1 and A2 for
t = 0.05 and B1 and B2 for t = 0.5. As we can see in
figures 5 a) and 5 c), ρa takes the form of two Lorentzian
curves centered at ϵ = ±U/2 when t = 0, while ρb equals

zero. However, when t = 0.05, we observe the appear-
ance of two pairs of narrow deeps in ρa [see lines A1, in
Figs. 5 (a) and 5 (b)] revealing the leakage of ABS in the
density of states of QDa , expressed in the two pairs of
sharp resonances in ρb [see lines A2 , in Figs. 5(c) and
5(d)]. However, as the value of t increases, for example,
when t = 0.5 the deeps in the ρa [see lines B1, in Figs. 5
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(a) and 5 (b)], and the resonances in ρb [see lines B2, in
Figs. 5 (c) and 5 (d))] become progressively wider.

In Fig. (6) we study the role of the superconductor
in (dI/dV )ET by varying the coupling ratio, r = ΓS/Γ1,
and ∆, the superconductor gap. While r measures the
coupling strength between QDb and S, ∆ carries the in-
formation on the superconductor correlations. The dif-
ferential conductance (dI/dV )ET and (dI/dV )AR, as a
function of bias voltage, are shown in the left and right
panels of the Fig. (6), respectively, for r changing from
0.02 to 1.0. For ∆ = 0, the blue dotted lines represent
(dI/dV )ET . In the first place, we can note that when
r = 0.02, i.e. when the DQD can be considered decou-
pled from the third lead, the difference conductance ET
shows two deep Fano antiresonances, which reveals the
existence of quantum interference due to the effect of
the additional channel opened by the second QD cou-
pled to the system. As the value of r increases, Fano
antiresonances in the differential conductance ET disap-
pear when the third lead is normal (∆ = 0), due to hy-
bridization of the discrete state of QDb with the contin-
uum spectrum of S in its normal state. On the contrary,
when ∆ ̸= 0 and r ̸= 0, the lead S becomes a supercon-
ductor, and the energy gap is revealed at the Fermi level
with the presence of the ABS, and two pairs of Fano an-
tiresonances appear in the differential conductance ET,
corresponding to the Fano resonances appearing in the
differential conductance AR for the same value of V ,
which is a clear manifestation of quantum interference.
For example, when r = 0.02, the coupling to S is too
small, and (dI/dV )ET exhibits the Fano antiresonance
pattern. In contrast, for r ≥ 0.50, the ABSs become
pronounced enough to change the shape of (dI/dV )ET ;
this can be seen from the (dI/dV )AR shown by the red
curves in Fig. 6. As in the non-interacting case, the res-
onances of (dI/dV )AR correspond to two antiresonances
in the (dI/dV )ET curves, equidistant from ±U/2 with a
central peak located at ±U/2. In contrast to the normal
state, this effect is robust with respect to the increase
of r, being preserved for all values of r. Actually, the
main effect of r, in this case, is to displace ABSs on
the bias axis. Despite similar effects pointed out in the
literature[20, 27, 31], here it is clear that such an inter-
ference pattern is robust against Coulomb correlations,
which, in general, have a detrimental effect on Andreev
interference.

Finally, Fig. 7 shows in the left panel the electron tun-
neling differential conductance ((dI/dV )ET ) (black solid
line) and in the right panel the Andreev differential con-
ductance ((dI/dV )AR) (red solid line) for different val-
ues of the intradot Coulomb interaction U . The dashed
line on the left panel also corresponds to (dI/dV )ET for
∆ = 0, that is, for a system with three normal contacts.
We can see in Fig. 7 that when t = 0.2, U = 0 and
∆ = 0, the differential conductance ET has the form of
a Lorentzian centered on the zero bias voltage and does
not present antiresonances. In contrast, when U = 0 and
∆ ̸= 0, the differential conductance ET shows two Fano

antiresonances, which coincide with the two resonances in
the differential conductance AR. On the contrary, when
U ̸= 0 and ∆ ̸= 0, the two antiresonances in differential
conductance ET and the two resonances in the differen-
tial conductance AR are subdivided on either side of the
zero bias with the symmetry point located at ±U/2, by
the effect of the Coulomb interaction. The separation be-
tween the resonances in the differential conductance ET
and AR increases as U increases.
One way to better understand the tunneling mecha-

nism in different transmission processes is to analyze the
differential conductance (dI/dV )ET . It can be expressed
as a convolution of two Breit-Wigner and two Fano line
shapes, as shown in Figure 8a.

dIET

dV
≈ |Ṽ1 + q|2

|Ṽ1|2 + 1

(
1

ϵ21 + 1
+

1

ϵ22 + 1

) |Ṽ2|2
|Ṽ2|2 + 1

, (29)

where Ṽ1 = (||V | − U/2| − ΓS/4)/η with η = t2/(ΓS),

Ṽ2 = |V |/(ΓL1/2) , ϵ1 = |V |−ϵd
(ΓL1/2)

,ϵ2 = |V |−(ϵd+U)
(ΓL1/2)

and

q = qr + i qi. The complex Fano parameter, q, and
the coupling value, ΓL1, are relevant to understanding
the differential conductance. Based on the above equa-
tion, the conductance has two resonances at V = ϵd
and V = ϵd + U . Each resonance has two dips at
V = ϵd±ΓS/4 and V = (ϵd+U)±ΓS/4, with ϵd = −U/2.
Additionally, a single antiresonance appears at V = 0.
The interference of electrons through different tunnel-
ing paths, including Andreev bound-states, explains the
Fano effect observed in our results. Due to the presence
of Andreev bound states, the electron suffers a change in
its phase, and this is reflected in a complex q-parameter
as we see in Eq.(29). In addition, the Andreev differen-
tial conductance, (dI/dV )AR, can be expressed as two
Breit-Wigner line shapes (shown in Figure 8b).

dIAR

dV
≈

(
1

ϵ23 + 1
+

1

ϵ24 + 1

)
, (30)

where ϵ3 = |V−ϵd|−ΓS/4
(t2/ΓS) and ϵ4 = |V−(ϵd+U)|−ΓS/4

(t2/ΓS) . The

above equation shows that the Andreev differential con-
ductance has four resonances at V = ϵd ± ΓS/4 and
V = (ϵd + U) ± ΓS/4, with ϵd = −U/2, which coin-
cide exactly with the dips of the differential conductance
ET mentioned above. From the fits, we can conclude
that the Fano-Andreev effect is robust in the presence of
Coulomb interaction. Additionally, in the interferomet-
ric regime, Andreev transmission is a resonant tunneling
process through Andreev-bound states, which causes the
Fano effect in normal transmission.

B. Molecular regime

In this subsection, we analyze the molecular regime.
The contour plots in Fig. 9 a-c display the behavior of
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FIG. 8. a) The differential conductance (dI/dV )ET (black solid line ) and the fitting (red dashed line) as a function of the
bias voltage V when t = 0.2. b) The differential conductance (dI/dV )AR (black solid line ) and the fitting (red dashed line)
as a function of the bias voltage V when t = 0.2. Other parameters are chosen as ∆ = 5Γ1 , kBT = 0Γ1, Γ1 = Γ2 = ΓS and
ϵa = ϵb = −U/2.

FIG. 9. Left panel: Contour plot of (dI/dV )ET and (dI/dV )AR in terms of t and V , figures a) and c), respectively ; Right
panel:(dI/dV )ET and (dI/dV )AR in terms of bias voltage when t = 0.7 (solid line) or t = 2(dashed line), figures b) and d),
respectively. Their location in the contour plot is indicated by the horizontal lines labeled A1 and A2 for t = 0.7 and by B1

and B2 for t = 2.0, respectively. Other parameters are chosen as U = 2, kBT = 0Γ1, Γ1 = Γ2 = ΓS and ϵa = ϵb = −U/2

(dI/dV )ET and (dI/dV )AR as functions of t and V , in
the range 0.5Γ1 ≤ t ≤ 2.5Γ1, are shown in the contour
plots of Figs. 9(a) and 9(c), respectively. The other pa-
rameters remain the same as the ones used in Figs. 4
and 5. This figure displays the progressive vanishing of
the antiresonances in the differential conductance ET as
t increases. As seen in the black solid line in Fig. 9

a or line A1 in 9 b, when t = 0.7, the antiresonances
in the differential conductance ET have almost disap-
peared. Therefore, we can consider that this value of t
is the threshold value that defines the transition between
the interferometric and molecular regimes. On the other
hand, when t > 0.7, specifically at t = 2 (see line B1 in
Fig. 9 a, or red dashed line in Fig. 9 b), the differential
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FIG. 10. In the left panel, the differential conductance (dI/dV )ET (black solid line) as a function of the bias voltage V and in
the right panel (dI/dV )AR (red solid line ) as a function of the bias voltage V when r = 1 for a) and b), r = 2 for c) and d), and
r = 4 for e) and f). The blue dashed line on the left panel corresponds to (dI/dV )ET for ∆ = 0, that is, for a system with three
normal contacts. Other parameters are chosen as t = 2Γ1 , ∆ = 5Γ1 , U = 2Γ1, kBT = 0Γ1, Γ1 = Γ2 and ϵa = ϵb = −U/2.
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FIG. 11. In the Left panel, the differential conductance (dI/dV )ET (black solid line ) as a function of the bias voltage V and in
the right panel (dI/dV )DAR (red solid line ) as a function of the bias voltage V when U = 0 for a) and b), U = 2 for c) and d),
and U = 4 for e) and f). The blue dashed line on the left panel corresponds to (dI/dV )ET for ∆ = 0, that is, for a system with
three normal contacts. Other parameters are chosen as t = 2Γ1 , ∆ = 5Γ1 , kBT = 0Γ1, Γ1 = Γ2 = ΓS and ϵa = ϵb = −U/2.

conductance ET becomes zero at ±U/2, with two asym-
metrically located resonances around this point: two lat-
eral resonances moving away from the eV = 0, and two
central resonances approaching each other towards the
point of zero bias voltage. On the other hand, the dif-
ferential conductance AR exhibits similar behavior. At
t = 0.7 (indicated by the black solid line in Fig. 9d or

line A2 in Fig. 9c), the double peak structure has almost
vanished only to reappear again for t > 1 (as shown by
the red dashed line in Fig. 9d or line B2 in Fig. 9c).
However, now the resonances in the differential Andreev
conductance align closely with those in the differential
ET conductance (as seen in line B2 in Fig. 9c).

Now, we study the effect of the coupling ratio, r, on
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FIG. 12. a) The differential conductance (dI/dV )ET (black solid line ) and the fitting (red dashed line) as a function of the
bias voltage V when t = 2. b) The differential conductance (dI/dV )AR (black solid line ) and the fitting (red dashed line) as
a function of the bias voltage V when t = 0.2. Other parameters are chosen as ∆ = 5Γ1 , kBT = 0Γ1, Γ1 = Γ2 = ΓS and
ϵa = ϵb = −U/2.

the differential conductance ET and AR in the molecular
regime (t ≥ Γ1). Fig. 10 displays in the left panel the
electron-tunneling differential conductance((dI/dV )ET )
(black solid line), and in the right panel, the Andreev
differential conductance ((dI/dV )) (red solid line), for
different values of rate coupling r for ∆ = 5. The blue
dashed line in the left panel also corresponds to the
(dI/dV )ET for ∆ = 0, i.e., for a system with three nor-
mal contacts. In the first place, we can note that by
changing r from 0.05 to 1, the shape of the differential
conductance curve ET does not change significantly when
the lead S is in its normal state (∆ = 0) or when it is in
its superconducting state (∆ ̸= 0). The only noticeable
effect on the differential conductance of the presence of
lead S in its superconducting state is the decrease in the
height of the resonances and the progressive splitting of
the lateral peaks. On the other hand, the differential con-
ductance AR presents two resonances on each side of the
zero bias voltage, asymmetrically located around ±U/2,
which are located approximately around the same bias
voltage values as the resonances in the differential con-
ductance ET, and these resonances turn out to be visible
even for small values of r. However, it is possible to ap-
preciate a remarkable reduction in the height of the AR
differential conductance resonances when we are in the
molecular regime for the interferometric regime (see Fig.
10 b, d, and f).

Fig. 11 displays in the left panel the electron-tunneling
differential conductance ET (black solid line) and in the
right panel the Andreev differential conductance (red
solid line), in the molecular regime, for different values of
intra-dot Coulomb interaction U . The blue dashed line
in the left panel also corresponds to the (dI/dV )ET for

∆ = 0, i.e., for a system with three normal contacts. We
can see in Fig. 11 that when t = 2, U = 0, in contrast to
the interferometric regime, the differential conductance
ET and AR have the form of two Lorenzian curves, lo-
calized close to ±t with the center of symmetry located
at zero bias voltage, irrespective of whether the lead S is
in its normal state (∆ = 0) or its superconducting state
(∆ ̸= 0), and unlike in the interferometric case, there are
no antiresonances present in (dI/dV )ET when (∆ ̸= 0).
On the other hand, when U is non-zero, whether ∆ = 0
or ∆ ̸= 0, the resonances in (dI/dV )ET and (dI/dV )AR

are doubled, and are located approximately around the
bias voltage ϵd and ϵd + U , by the effect of the Coulomb
interaction. The separation between the resonances in
the differential conductance ET and AR grows as U in-
creases.
The differential conductance (dI/dV )ET can be repre-

sented by combining two Breit-Wigner and two Fano line
shapes, in the range 0.7 ≤ t ≤ 2 and r ≤ 1, as shown in
Figure 12a.

dIET

dV
≈ ϵ21

ϵ21 + 1

( 1

ω2
1 + 1

+
1

ω2
2 + 1

) ϵ22
ϵ22 + 1

(31)

where ω1 = ||V | − γ1|/η1, ω2 = (||V | − γ2|)/η2, ϵ1 =
||V | − U/2|/(Γ1/2), ϵ2 = |V |/Γ1. Where γi = (−ϵd ∓
t/2−U/2+(1/2)

√
t2 + U2) with i = 1, 2 ( in the molecu-

lar limit ((t/ΓL1) > 1) and at the electron-hole symmetry
point) and on other hand,η1 and η2 are fitting parame-
ters. Note that from the above expression, the differen-
tial conductance vanishes at V = ±U/2 and V = 0. The
q-parameter in molecular regimes is real, unlike in inter-
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ferometric regimes. Furthermore, the differential conduc-
tance shows resonances at V ≈ ±γ1 and V ≈ ±(γ2). It is
interesting to note that by making a Taylor approxima-
tion to t/U , the values of γ1 and γ2 become γ1 = U2/(4t)
and γ2 = t+U2/(4t), respectively. That is, when t >> U
the central peaks tend to approach V = 0, and the lateral
peaks tend to lie at V = t.

In addition, the equation for (dI/dV )AR may be writ-
ten as the superposition of two Breit-Wigner and one
Fano line shapes. [Fig. 12(b)]:

dIAR

dV
≈ ξ2

ξ2 + 1
(

1

ν21 + 1
+

1

ν22 + 1
) (32)

where ν1 = ||V | − γ1|/(ξ̄1) , ν2 = (||V | − γ2|)/(ξ̄2), and
ξ = |V |/(ξ̄3). Here, as before,γi = (−ϵd ∓ t/2 − U/2 +

(1/2)
√
t2 + U2) with i = 1, 2 ( in the molecular limit

((t/ΓL1) > 1) and at the electron-hole symmetry point)
and on other hand,ξ̄1,ξ̄2 and ξ̄3 are fitting parameters.

The fitting presented above offers a reasonable under-
standing of the shape of the Andreev differential conduc-
tance shown in Figure 11. The Andreev states undergo a
split caused by t and as a result of this tunneling coupling,
the Andreev bound states acquire widths that manifest
themselves in the Andreev differential conductance.

IV. SUMMARY

We have investigated the electronic transport proper-
ties of a T-shaped double quantum dot (DQD) system in
the Coulomb blockade regime under nonequilibrium con-
ditions. We employed a non-equilibrium Green’s func-
tion calculation method and the equation of motion ap-
proach using the Hubbard-I approximation to do this.
Our results suggest superconducting interference effects
on transport between normal leads, which can be identi-
fied as Fano-like antiresonances in the QD transmission
spectrum.
We have identified two distinct regimes, the interfero-

metric and molecular regimes. In both regimes, the dif-
ferential conductance (ET) can be expressed as a con-
volution of the Fano and Breit Wigner lines. However,
in the interferometric regime, the Fano line shapes are
centered on the energies of the Andreev bound states
with a finite complex q parameter, while in the molec-
ular regime, the q parameter takes real values. On the
other hand, the Andreev reflection exhibits maxima that
correspond to the Andreev bound states. Therefore, we
can conclude that the interference effect is robust against
Coulomb correlations and can be experimentally probed
under nonequilibrium conditions.
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tween direct and crossed andreev reflections in hybrid
nanostructures. Phys. Rev. B, 88:155425, Oct 2013.

[30] Sachin Verma and Ajay Singh. Non-equilibrium
thermoelectric transport across normal metal–quantum
dot–superconductor hybrid system within the coulomb
blockade regime. Journal of Physics: Condensed Matter,
34(15):155601, feb 2022.

[31] A M Calle, M Pacheco, G B Martins, V M Apel, G A
Lara, and P A Orellana. Fano–andreev effect in a t-
shape double quantum dot in the kondo regime. Journal
of Physics: Condensed Matter, 29(13):135301, feb 2017.

[32] J. Bardeen, L. N. Cooper, and J. R. Schrieffer. Micro-
scopic theory of superconductivity. Phys. Rev., 106:162–
164, Apr 1957.

[33] Hartmut Haug and A. P. Jauho. Quantum kinetics in
transport and optics of semiconductors. 2004.

[34] J. Rammer and H. Smith. Quantum field-theoretical
methods in transport theory of metals. Rev. Mod. Phys.,
58:323–359, Apr 1986.

[35] J Hubbard. Electron correlations in narrow energy bands.
Proc. Roy. Soc. (London), Ser. A.



Thermoelectric transport properties of a T-shaped
double quantum dot system in the Coulomb
blockade regime
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ABSTRACT

We investigate the thermoelectric properties of a T-shaped double quantum dot system described by a generalized Anderson
Hamiltonian. The system’s electrical conduction (G) and the fundamental thermoelectric parameters such as the Seebeck
coefficient (S) and the thermal conductivity (κ), along with the system’s thermoelectric figure of merit (ZT ) are numerically
estimated based on a Green’s function formalism that includes contributions up to the Hartree-Fock level. Our results account
for finite onsite Coulomb interaction terms in both component quantum dots and discuss various ways leading to an enhanced
thermoelectric figure of merit for the system. We demonstrate that the presence of Fano resonances in the Coulomb blockade
regime is responsible for a strong violation of the Wiedemann-Franz law and a considerable enhancement of the system’s
figure of merit (ZT ).

Introduction
The need for manufacturing thermoelectric devices which can convert heat into electricity (and vice versa) with high thermoelec-
tric efficiency, based on thermoelectric phenomena such as Seebeck and Peltier effects, has pushed the search of materials with
new properties. The usual way to measure the efficiency is through the figure of merit (Z), which is defined as Z = S2GT/(κ),
where S, G, T, κ are Seebeck coefficient, electronic conductance, absolute temperature and thermal conductance (which is
equal to the sum of electron thermal conductance (κe) and the phonon thermal conductance κp). For technological applications,
it is required that the value of Z be as large as possible, and therefore it is clear that if you want to increase the value of Z you
must increase the Seebeck coefficient and the electrical conductance, and reduce both the thermal conductance. Additionaly,
the thermal and electronic conductances for most bulk materials at very low or room temperature obey Wiedemann–Franz
law1 κ/GT = L0, where L0 is a constant known as Lorentz number given by L0 = k2

Bπ3/3e2 with kB the Boltzmann constant
and e the electron charge. Consequently, an increase in electrical conductance will cause an increase in thermal conductance.
In turn, due to Mott’s law2 (S ∼ T ∂ lnG/∂E an increase in the electronic conductance will cause a decrease in the Seebeck
coefficient. Consequently, in conventional solids the figure of merit rarely exceeds the value 1 ZT ≤ 1. This difficulty of bulk
materials can be overcome in mesoscopic systems (such as a QD) as suggested by Hicks and Dresselhaus3, 4. Due to its low
dimensionality , the physics properties of these systems are strongly affected by quantum confinement (level quantization)
as well as by Coulomb blockade effects, which can lead to violation of the Wiedemann-Franz law and failure of the Mott
relation5–11. Moreover, in this low dimensional systems the thermal conductance is rather small12 due to the increase of the
phonon scattering which allows according the Wiedemann–Franz law to reach high values of ZT. On other hand, Mahan and
Sofo13 show that the sharp features of the electronic density of states ( δ -like DOS) resulted from the quantum size effect can
improve the thermoelectri efficiency, i.e., a maximization of ZT. For this reason, quantum dot (QD) systems are promising
candidates for high efficiency thermoelectric devices. Consequently, many experimental and theoretical groups have devoted
themselves to the thermoelectric properties of QD systems, as a result, some interesting phenomena were reported14–21.

On other hand, some researchers, in recent years, have focused their attention on the thermoelectric phenomena in a QD
systems modulated by the Fano and Kondo effects. Especifically, single quantum dot system’s are subject to the Kondo effect
when the spin of the electron on the localized levels of the quantum dot gets screened by the conduction electrons in the normal
lead below a characteristic temperature (the Kondo temperature). Also, electron transport in single quantum dot systems is
characterized by Fano-like resonances attributed to the interference between the quantum amplitudes for the two possible



electron channels in the system: a direct conduction pathway through the leads and an indirect conduction pathway that involves
the localized levels in the quantum dot. These two phenomena are characterized by the peaked configuration of the DOS or the
electrical conductance.

The electric transport through multiple-quantum-dot systems coupled to normal and superconducting leads has already
been widely studied22–40. These studies have confirmed that the thermoelectric properties of QDs hybrid systems coupled to
one conventional lead(metallic or ferromagnetic lead) and one superconducting lead is remarkably better than these coupled to
two conventional leads38, 41–44. It has been found that the thermoelectric efficiency of the former can even reach several times
or even tens of times of the latter by comprehensively regulating the superconducting gap, interdot coupling and asymmetric
parameters, which also can be additionally enhanced by the interference effect and intredot Coulomb interaction. It mainly
attributes to unique tunneling mechanisms and high denstity of state distributions near superconducting gap edges. The Andreev
tunneling of Cooper pairs is only allowed inside the superconducting gap, while the tunneling of single electrons is allowed
outside the superconducting gap, both of them have significant impact on the thermoelectric properties. The very high density
of states near superconducting gap edges changes rapidly with energy, which is mainly responsible for the high thermopower
and low thermal conductivity near superconducting gap edges

In particular, in this work we study the subgap thermoelectric properties, such as conductance and Seebeck coefficient,and
the influence exerted on these properties by the different parameters that define this system, such as intradot correlation (U),
interdot tunneling (t) between the central and lateral QD, rate of coupling with the superconductor lead and the temperature.
Because the usual definition of Seebeck coefficient for two lead, is not directly applicable to the multiterminal system due
to other currents flowing in adjacent branches, we use definitions of the local and nonlocal Seebeck coefficients valid for the
three-terminal normal and hybrid device given by G. Michałek et al45. In particular, we are interested in the influence of the
superconducting electrode on the subgap thermoelectric properties of this system, because the superconducting electrode is
responsible for strong nonlocal effects, and it may also cause the negative conductance resulting from a competition between
the crossed Andreev reflections and the direct electron tunneling involving normal electrodes.

QDa

QDb

L1 L2

t12

Γ1 Γ2

ΓS

S

εa

εb

Figure 1. The T-shape double QD system studied in this work. It is composed of two quantum dots in which the QDa is coupled to two
normal metals L1 and L2, with the coupling strength being determined by the parameters Γ1 and Γ2. The second quantum dot, QDb is
coupled to the superconductor S, with the coupling strength being modeled by the parameter ΓS. The coupling between the QDs is modeled
by the t12 parameter.
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1 Model and Formulation
In Fig. 1, the T-shape double quantum-dot system is illustrated. It consists of a central quantum dot, QDa, coupled to the two
normal leads, L1 and L2, and a side QDb, connected to a superconductor S. The Hamiltonian of the system is given by:

H = H1 +H2 +HS +HDQD +HT . (1)

The first and the second terms are the Hamiltonians for the normal leads at the left (1) and right (2) sides of QDa. These are
modeled by Eqs. (2) and (3):

H1 = ∑
k

∑
σ

ε1kσ c†
1kσ c1kσ , (2)

and

H2 = ∑
k

∑
σ

ε2kσ c†
2kσ c2kσ , (3)

where c†
αkσ (cαkσ ) is the electron creation (annihilation) operator of an electron with spin σ and energy εkσ in the α electrode.

The second term stands for the BCS Hamiltonian? of the superconducting (S) lead and reads:

HS = ∑
k

∑
σ

εkSc†
kSσ ckSσ +∑

k
(∆∗ckS↓c−kS↑+∆c†

−kS↑c
†
kS↓), (4)

where c†
kSσ (ckSσ ) is the electron creation (annihilation) operator of an electron with spin σ and energy εkS in the superconducting

electrode, and ∆ denotes pair potential, whose absolute value gives the superconducting energy gap.
The HDQD term is given by Eq. (5), and takes into account the coupling between the QDs, modeled by the variable t12 = t,

and the Coulomb interaction at each QD, whose strength is modeled by Um, m = a,b. The QDs are assumed to have a single
spin degenerated level, whose value is determined by εdm,σ , m = a,b.

HDQD = ∑
m=a,b,σ

εdm,σ d†
m,σ dm,σ

+∑
σ

t
[
d†

aσ dbσ +d†
aσ dbσ

]

+ ∑
m=a,b

Umnmσ nmσ̄

(5)

1.1 Green’s functions
In order to obtain the transport properties for the system modeled by Eq. (1), we have used the well-known non-equilibrium
Green’s function approach?, ? along with the equation-of-motion method. This formalism has been extensively applied to
nanostructured systems. The presence of the superconductor has been taken into account by expressing Green’s functions
within the Nambu space. In this way, Green’s functions are represented by 4×4 matrices resulting from the tensor product
between spin and electron-hole subspaces. By using this formalism, we have obtained a system of coupled Dyson equations for
the retarded Green’s functions matrices Gr

aa and Gr
bb, for QDa and QDb, respectively:

Gr
aa = Gro

aa +Gr
aat†

abGro
bbtabGro

aa, (6)

and

Gr
bb = Gro

bb +Gr
bbt†

abGro
aatabGro

bb, (7)

with

Gro
aa = gr

aa(1−ΣΣΣr
Lgr

aa)
−1, (8)
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and

Gro
bb = gr

bb(1−ΣΣΣr
Sgr

bb)
−1. (9)

In Eqs. (6) to (9), gr
aa and gr

bb are the QDa and QDb Green’s functions, respectively, when the QDs are isolated from the
leads; tab describes the tunneling between QDa and QDb. The coupling to the normal and superconducting leads are modeled
by retarded/advanced self-energies ΣΣΣr

L = ΣΣΣr
1 +ΣΣΣr

2 and ΣΣΣr
S, respectively.

The self-energy for the coupling to the normal leads (L1 and L2) is given by Eq. (10):

ΣΣΣr,a
L =∓ i

2
(Γ1 +Γ2)




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 , (10)

where Γi = Γi↑+Γi↓ and Γiσ = 2π|ti|2Ni, (i = 1,2) being the coupling strength, with ti being amplitude for an electron with
spin σ of QDa to be transferred to the lead Li; Ni is the density of states at Fermi level for the normal lead, Li. Since we have
assumed both normal leads as non-magnetic, the density of states is the same for both spins.

The retarded/advanced self-energy of the superconductor is given by Eq. (11):

ΣΣΣr,a
S =∓ i

2
ρS(ε)ΓS




1 −∆
ε

0 0

−∆
ε

1 0 0

0 0 1
∆
ε

0 0
∆
ε

1



. (11)

In Eq. (11), ΓS = 2π|ts|2Ns is the coupling strength between the superconductor lead and QDb, defined in terms of the
amplitude of tunneling |ts| and the normal density of states of Ns. The ∆ appearing in some of the matrix elements stands for the
energy gap of the superconductor and accounts for the electron-hole coupling. The energy gap plays a central role in this model
and also modifies the self-energy through ρS, the dimensionless modified BCS density of states, whose expression is given by:

ρS(ε) =
|ε|θ(|ε|−∆)√

ε2−∆2
− i

εθ(∆−|ε|)√
∆2− ε2

, (12)

with the imaginary part accounting for the Andreev bound states (ABS), within the superconductor gap.
The presence of electronic correlations associates the QDs energy levels with the electronic occupations, which, in turn,

depend on external parameters like gate and bias voltages. As a result, Eqs. (6) and (7) must be solved in a self-consistent way,
together with the occupations of the QDs. Such occupations are obtained from the diagonal matrix elements of the “lesser”
Green’s function matrix, which is obtained through the Keldysh equation. For the QDa, the expression reads:

G<
aa = Gr

aa(ω)ΣΣΣ<
TaGa

aa(ω), (13)

with

ΣΣΣ<
Ta = ΣΣΣ<

L (ε)+ t†
abGro

bbΣΣΣ<
S (ε)G

ao
bbtab. (14)

The expression for QDb can be obtained by exchanging the indices a and b. In Eq. (13), ΣΣΣ<
Ta represents the “lesser”

self-energy, which is expressed in terms of the self-energies of the leads: ΣΣΣ<
L = ΣΣΣ<

1 +ΣΣΣ<
2 and ΣΣΣ<

S . Assuming that the leads are
in equilibrium with well-defined chemical potential and temperature, the self-energies of the leads can be obtained using the
fluctuation-dissipation theorem: ΣΣΣ<

i = Fi [ΣΣΣa
i −ΣΣΣr

i ], where the Fermi matrix Fi is given by

Fi = i




fi 0 0 0
0 f̄i 0 0
0 0 fi 0
0 0 0 f̄i


 , (15)

with fi = f (ε− eVi) and f̄i = f (ε + eVi) (i = 1,2,S) being the Fermi functions for electrons and holes, respectively. Since the
superconductor is assumed to be grounded, fi = f (ε) for i = s.
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1.2 Transmittance and current
The presence of Coulomb correlations leads to a self-consistent problem when solving Eqs. (6) and (7), since the dependency
on the occupations wraps the Green’s functions to the occupancies of the QDs. Within the equation-of-motion approach used in
this work, this results in an infinite set of equations with Green’s functions of increasing order of complexity. In order to obtain
a closed set of equations, one needs to resort to some approximation on the Coulomb correlations. In this work, we have used
the so-called Hubbard-I approximation?, which allows us to derive a simple expression for the electrical current in terms of the
different transmission amplitudes that contribute to the electronic transport for this system. In fact, the current I j, flowing in the
lead L j ( j = 1,2), is given by the following expression:

I j =
e
h̄

∫
dε [Gr

aa(ε)ΣΣΣ
<
j (ε)+G<

aa(ε)ΣΣΣ
a
j(ε)

+H.c.](11+33), j = 1,2.

(16)

where 11+33 stands for the sum of the 11 and 33 matrix elements of the current matrix. By substituting the Green’s functions
and self-energies into Eq. (16), one obtains the main expression for the electric current flowing in the lead L1, written in terms
of the transmittances:

I1 =
e
h

∫
[T DAR

11 ( f1− f̄1)+T ET
12 ( f1− f2)+TCAR

12 ( f1− f̄2)

+T QP
1S ( f1− fS)]dε, (17)

The first term appearing in Eqs. (17) , T DAR
11 , correspond to direct Andreev reflection transmittances through the paths

(L1−QDa−QDb−S) and (L2−QDa−S), respectively. The second term T ET
12 is due to electron tunneling (ET) between the

normal leads, i.e., through the path (L1−QDa−QDb−L2), respectively. The next two term, TCAR
11 account for the crossed

Andreev reflection transmittances through ((L1,L2)−QDa−QDb−S) path, respectively. Finally, the last term, T QP
11 , correspond

to the quasiparticles tunneling through (L1−QDa−QDb−S) path, respectively.
The expressions of the amplitudes in terms of Green’s functions are given by:

T DAR
11 = Γ2

1(|Gr
aa,14|2 + |Gr

aa,12|2 + |Gr
aa,34|2 + |Gr

aa,32|2)
TCAR

12 = Γ1Γ2(|Gr
aa,14|2 + |Gr

aa,12|2 + |Gr
aa,34|2 + |Gr

aa,32|2)
T ET

12 = Γ1Γ2(|Gr
aa,33|2 + |Gr

aa,31|2 + |Gr
aa,13|2 + |Gr

aa,11|2)
T QP

1S = ρ̄Γ1ΓS{Y−21|Gr
aa,12|2 +X+

34|Gr
aa,13|2 +Y+

43|Gr
aa,14|2

+X−12|Gr
aa,11|2−Z+

34Gr
aa,13[G

r
aa,14]

∗− [Z+
34]
∗[Gr

aa,13]
∗Gr

aa,14

−Z−12Gr
aa,11[G

r
aa,12]

∗− [Z−12]
∗[Gr

aa,11]
∗Gr

aa,12

+Y−21|Gr
aa,32|2 +X+

34|Gr
aa,33|2 +Y+

43|Gr
aa,34|2

+X−32|Gr
aa,31|2−Z+

34Gr
aa,33[G

r
aa,34]

∗

− [Z+
34]
∗[Gr

aa,33]
∗Gr

aa,34−Z−12Gr
aa,31[G

r
aa,32]

∗

− [Z−12]
∗[Gr

aa,31]
∗Gr

aa,32}

(18)

where

X±i j ≡ t2[|Gro
bb,ii|2 + |Gro

bb,i j|2±
∆
ε
(Gro

bb,ii[G
ro
bb,i j]

∗+Gro
bb,i j[G

ro
bb,ii]

∗),

Y±i j ≡ t2[|Gro
bb,ii|2 + |Gro

bb, ji|2±
∆
ε
(Gro

bb,ii[G
ro
bb, ji]

∗+Gro
bb, ji[G

ro
bb,ii]

∗)],

Z±i j ≡ t2[Gro
bb,i j[G

ro
bb, j j]

∗+[Gro
bb,i j]

∗Gro
bb,ii

± ∆
ε
(|Gro

bb,i j|2 +[Gro
bb, j j]

∗Gro
bb,ii)].

(19)

(The current flowing and transmittances in L2 can be obtained by interchanging the indexes 1 and 2 in the above equation).
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1.3 Self-consistent calculations
Regarding the occupations of the QDs, they are determined by the “lesser” Green’s function. In the case of normal leads with
no polarization, the average occupation number remains independent of spin. This allows us to set, for each QD, 〈ni,σ 〉= 〈ni〉
where i = a,b. These occupation numbers are obtained by solving the following self-consistent system of integral equations:

〈na↑〉=−i
∫ dε

2π
G<

aa,11[ε,〈na↑〉,〈na↓〉,〈nb↑〉,〈nb↓〉], (20a)

〈na↓〉=−i
∫ dε

2π
G<

aa,33[ε,〈na↑〉,〈na↓〉,〈nb↑〉,〈nb↓〉], (20b)

〈nb↑〉=−i
∫ dε

2π
G<

bb,11[ε,〈na↑〉,〈na↓〉,〈nb↑〉,〈nb↓〉], (20c)

〈nb↓〉=−i
∫ dε

2π
G<

bb,33[ε,〈na↑〉,〈na↓〉,〈nb↑〉,〈nb↓〉]. (20d)

2 Thermoelectric Properties in linear regime
The measurement of the voltage ∆µ induced by the temperature difference ∆T gives the Seebeck coefficient. Let us recall that
the standard definition of the Seebeck coefficients,in the two- terminal system is the vanishing of the current.

By definition, the thermopower, or Seebeck-coefficient, S is given by the difference in chemical potential ∆µ which arises
due to a small temperature difference ∆T under open circuit conditions (I→ 0) between two voltage probes, divided by ∆T :

S =− ∆µ
e∆T

∣∣∣∣
I=0

(21)

In multiterminal devices, there exist a large number of various possibilities.In this paper we will follow the proposal made
by G. Michałek et al.45, i.e. we perform the measurement under open-circuit conditions(imposing Ji = 0 for all electrodes).
Note that this assumption makes our condition similar to that of Mazza et al.46.

Once the local and nonlocal resistances of the hybrid system are determined under isothermal conditions, we can express
the local and nonlocal thermopowers as

SRL =− ∆µRL

e∆TRL

∣∣∣∣
TLS=0

= RRL,RL(L
ET

LR,T +L CAR
LR,T )+L QP

RS,T (22)

with

L κ
αβ ,µ =

2e
h

∫
dE T κ(E)

(
−∂ f0

∂E

)
, (23)

L κ
αβ ,T =

2e
h

∫
dE

(E−µ)
T

T κ(E)
(
−∂ f0

∂E

)
, (24)

with α,β = {L,R,S} and κ = {QP,ET,CAR,DAR}.
whereas

RRL,RL =
2L CAR

LR,µ +L DAR
LL,µ +L DAR

RR,µ + 1
2 (L

QP
LS,µ +L QP

RS,µ)

eD
=

1
GRL

(25)

with

D =L ET
LR,µ(L

DAR
LL,µ +2L CAR

LR,µ +L DAR
RR,µ)+L CAR

LR,µ(L
DAR

LL,µ +L DAR
RR,µ)+2L DAR

LL,µ L DAR
RR,µ

+
1
2
(L QP

LS,µ +L QP
RS,µ)(L

ET
LR,µ +L CAR

LR,µ)

+(L DAR
LL,µ L QP

RS,µ +L DAR
RR,µL QP

LS,µ)

+
1
2
L QP

LS,µL QP
RS,µ

(26)
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in the subgap regime it can be shown that the equations for GRL,RL and SRL are given by :

GRL,RL =
1

RRL,RL
= e(L ET

LR,µ +L CAR
LR,µ) (27)

SRL = RRL,RL(L
ET

LR,T +L CAR
LR,T ) (28)
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3 Results and Discussion
3.1 Effect of superconducting energy gap ∆
The corresponding Thermopower as a function of QD level εd is plotted in Fig. 2. When t 6= 0 the electrical conductance
GRL, as shown in Fig. 2(a), exhibits two sharp side peaks in εd ≈−t−U +δ (Σr) and εd ≈ t +δ (Σr) where δ (Σr)is a small
self-energy correction that is due to the coupling between the QDs and electrodes, while the central peak appears in the middle
between them at εd =−U/2 (which coincides with one of the zeros of S ). which become two peaks as the value of U increases.
Separation of the side peaks is approximately equal to 2t. However, the height of the side peaks of the conductance GRL
increases as the energy gap of the superconductor increases. In turn, the height of the central peak at εd =−U/2 decreases
with increasing ∆ while the value of SRL remains equal to zero. The explanation of this behavior for the central peaks can
be obtained from Fig.3 which shows the plots of the different transmissions as a function of ε for the value of εd = −U/2
in the case where ∆ = 0 and in the case where ∆ = 1. As can be seen in Fig. 3(a), in the case where ∆ is zero, there is an
important contribution made by the transmission T ET

RS to the integral LET
RS,µ present in the equation for GRL when the energy

is close to zero and εd = −U/2 (see Eq. (5.28). On the other hand, when the delta is nonzero, an energy gap is opened in
which transmission T QP

RS is forbidden and only T ET
RL contributes to the value of GRL near zero energy so that its value is smaller

than when ∆ = 0 (see Fig.3). However, when εd =−U/2 the symmetric distribution of T ET
RL and TCAR

RL around zero causes the
integrals LET

RL,T and LCAR
RL,T to become identically zero in both cases( because the integrand is the product of an even function by

εd f/dε), which explains the zero value of the thermopower for εd =−U/2 when ∆ = 0 or ∆ 6= 0. The thermopower SRL as
a function of εd for different values of ∆ is shown in Fig. 2(b). The two zeros of SLR coincide with the side maxima of GRL
(resonances). Furthermore, the maximum value of |SRL| is reached on both sides of εd =−U/2 ( near εd = 0 or εd =−U when
GRL is close to its minimum value (see Fig. 3 (b). Furthermore, SRL increases rapidly when the superconductor energy gap
increases and reaches its maximum value when the delta is close to ∆ = 1ΓL. The explanation for this behavior is based on the
fact that when ∆ = 1ΓL the conductance GRL is reduced to zero at εd = 0 or −U and LET

RL,T decreases more smoothly than when
∆ = 0 for these values of εd , which explains the significant increase in SRL when ∆ = 1.
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Figure 2. The electronic conductance GRL (a) and the Seebeck coefficient SRL (b) in units kB/e as a function of the QD level position εd for
differents values of the superconducting energy gap ∆. Other parameters are chosen as ΓL = ΓR = ΓS , t = 2ΓL, KBT = 0.1ΓL,and U = 1ΓL.
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Figure 3. The transmittance T ET
LR and other thermolectric parameters as function of the energy ε , when ∆ = 0 (a) or ∆ = 1(b). Other

parameters are chosen as εd =−U/2, t = 5, U = 1ΓL, kBT = 0.1ΓL and ΓL = ΓR = ΓS.
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3.1.1 Influence of intradot Coulomb interactions
The electronic conductance GRL as a function of εd for different values of U is shown in Fig. 4 a). We can observe that the
Coulomb interaction splits the electronic conductance spectrum into two sets symmetric to the electron-hole symmetry point
εd = −U/2, and their centers are located approximately at εd = 0 and εd = −U . The height of the two lateral peaks of the
conductance GRL does not change appreciably with the change of U . In turn, the height of the two central peaks increases as U
increases.

The thermopower SRL as a function of εd for different values of U is shown in Fig. 4 b). The thermopower is antisymmetric
to the thermopower zeros that coincide, as mentioned above, with the electronic conductance peaks, where S has a maximum
and a minimum on each side of these. The height of the thermopower peaks SRL does not change appreciably with the change
of U .

The Coulomb interaction strongly affects the thermopower in a valley between the conductance peaks. In particular, an
additional sharp structure appears close to the electron/hole symmetry point εd = −U/2. This effect is related to the Fano
resonance and is a signature of the destructive interference between the activated QD levels. It leads to a reduction of total
transmission to zero and, as a consequence, to a reduction of GRL and LET

RL,T . Since the reduction of GRL is stronger than LET
RL,T ,

the reduction of SRL is increased.
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Figure 4. The electronic conductance GLR (a) and the Seebeck coefficient SRL (b) in units kB/e as a function of the QD level position εd
for differents values of the coulomb interaction U . Other parameters are chosen as ∆ = 1ΓL ΓL = ΓR = ΓS , t = 2ΓL, KBT = 0.1ΓL,and
U = 1ΓL.
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3.1.2 Effect of Temperature
The corresponding behavior of the electronic conductance GRL and thermopower SRL with temperature and gate voltage is
shown in Fig. 5. As the temperature increases, the height of the lateral peaks of the electronic conductance GRL decreases
while the central peaks gradually disappear. The explanation for this behavior lies in the flattening of the derivative of the
fermi function as the temperature increases which reduces the contribution of T ET

RL to the integral LET
LR,µ , and consequently

reduces the electronic conductance GRL(See Fig.8). On the other hand, when the temperature is higher, due to the flattening
of the fermi derivative function, the variation of the LET

RL,µ integral is less abrupt in the vicinity of εd =−U/2 which explains
the disappearance of the central peak of GRL. (See Fig. 5 a)). On the other hand, the height of the |S| peaks decreases with
increasing temperature. This is because at higher temperatures the peak of the derivative of the Fermi function is broadened,
which allows for a greater overlap with the transmission T ET

RL,µ which allows the integral LET
RL,µ to reach a larger value than at

low temperatures, and therefore GRL never becomes very small, at the same time the integral LET
RL,T is reduced. Additionally, as

the temperature increases, an increase in the contribution of the LQP
RS,T integral to the Thermopower can be observed, because

the broadening of the peak of the derivative of the Fermi function allows a greater overlap of the Fermi function with the T QP
RS

transmission outside the energy gap of the superconductor (See Fig. 5 b)).
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Figure 5. The electronic conductance GRL and Seebeck coefficient SRL in unit kB/e as function of the QD level position ε for different
values of the temperature KBT . Other parameters are chosen as t = 5ΓL, U = 1ΓL, ∆ = 1ΓL and ΓS = ΓL = ΓR.

12/17



3.1.3 Effect interdot tunneling
The electronic conductance GRL and the thermopower SRL as a function of εd for different values of interdot tunneling t are
shown in Fig. 6. Fig. 6 (a) shows that the lateral peaks of GRL move away from each other as the value of t increases. When
t = 0 there are only 2 peaks of GRL. When t 6= 0 a narrow peak appears, whose height decreases as t increases. The reduction of
the height of the central peak is due to the progressive decrease of the overlap between the fermi function and the transmission
T ET

RL as t increases.
On the other hand, in Fig.6(b) one can observe the increase of the maximum of |S| as t increases. This is mainly due to

the decrease of GRL near the Fermi energy as t increases due to the progressive reduction of the overlap between the Fermi
derivative function and the two narrow central peaks of T ET

RL located within the superconductor energy gap and the increase of
the quotient LET

RL,T/GRL as t increases.
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Figure 6. The electronic conductance GRL (a))and The Seebeck coefficient SRL (b)) in unit kB/e as function of the QD level position ε for
different values of the interdot tunneling. Other parameters are chosen as ∆ = 1ΓL, U = 1ΓL, kBT = 0.1ΓL and ΓL = ΓR = ΓS.
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3.1.4 Effect of r = ΓS/ΓN

Electronic conductance GRL and thermopower SRL as a function of εd for different values of coupling rate r = ΓS/ΓL are
shown in Fig. 7. It can be seen in Fig. 7 a) that the height of the lateral peaks of GRL decreases as the coupling rate ΓS/ΓL
increases. On the contrary, the maximum height of GRL in εd = −U/2 grows slightly as ΓS/ΓL grows. Interestingly, GRL
rapidly decreases to zero in the neighborhood of εd =−U/2 when ΓS/ΓL ≤ 1, however, when ΓS/ΓL > 1, the conductance
GRL does not become zero at any point within the Coulomb blockade region. However, the maximum value of thermopower as
a function of εd decreases as r increases (see Fig. 7b).
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Figure 7. The electronic conductance GRL (a))and The Seebeck coefficient SRL (b)) in unit kB/e as function of the QD level position ε for
different values of the coupling ratio ΓS/ΓL . Other parameters are chosen as t = 5ΓL, ∆ = 1ΓL, U = 1ΓL, kBT = 0.1ΓL, and ΓL = ΓR.
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