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Abstract

In this paper, we study a single objective extension of
support vector machines for multicategory classification.
Extending the dual formulation of binary SVMs, the algo-
rithm looks for minimizing the sum of all the pairwise dis-
tances among a set of prototypes, each one constrained to
one of the convex-hulls enclosing a class of examples. The
final discriminant system is built looking for an appropriate
reference point in the feature space. The obtained method
preserves the form and complexity of the binary case, opti-
mizing just one convex objective function with m variables
and 2m~+ K constraints, where m is the number of examples
and K the number of classes. Non-linear extensions are
straightforward using kernels while “soft margin versions”
can be obtained by using reduced convex hulls. Experimen-
tal results in well-known UCI benchmarks are presented,
comparing the accuracy and efficiency of the proposed ap-
proach with other state-of-the-art methods.

1 Introduction

Support Vector Machines (SVMs) constitute one of the
standard tools for machine learning and data mining, suc-
cessfully applied to a variety of real-world problems from
different fields. SVMs were originally formulated for bi-
nary classification [8]. In many problems however, obser-
vations can belong to more than two classes, which makes
the extension of SVMs to multicategory classification an is-
sue of primary interest in practice.

As it can be seen in [4], there are two types of formulations
for multicategory SVMs. One corresponds to using several
binary classifiers, separately trained and joined into a mul-

ticategory decision function. Other type of formulation for
multiclass SVMs consists in reformulating the large margin
problem to directly address the multicategory case in just
one optimization function. In [4], the study concluded that
single objective methods are less suitable for practical use
due to the greater number of variables they have to consider
simultaneously: an order of K - m (primal or dual) vari-
ables where K is the number of classes and m the number
of examples.

In this paper we propose a single objective method to ex-
tend binary SVMs to the multicategory case. The classi-
fier is obtained by looking for a set of prototypes, each one
associated to one of the available classes, and a reference
point in the feature space from which a discriminant system
will be built in order to distinguish new patterns. Extend-
ing the dual formulation of binary SVMs developed in [1],
the algorithm looks for minimizing the sum of all the pair-
wise distances among the set of prototypes which are ex-
plicitly constrained to the convex-hulls enclosing each class
of examples. The main appeal of the resulting algorithm is
that the optimization problem has m variables and 2m + K
constraints and is hence considerably lighter than other sin-
gle objective implementations in which the number of con-
straints or variables is proportional to K - m. The idea of
minimizing the sum of all pairwise distances between pro-
totypes has been already exploited in [3]. In our approach
however, instead of an explicit error minimization, we re-
strict the prototypes to the convex-hulls enclosing the class
they represent and look for an appropriate reference point
to define the discriminant system.

The rest of this paper is organized as follows. In the next
section, a brief overview of the dual perspective of SVMs
[1] is presented. In section 3 we present and analyze our
method to extend this formulation to the multicategory case.
Non-linear and “soft margin” versions of the classifier are
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then provided. Finally we present a set of experiments
in well-known UCI benchmarks, comparing our technique
with other state-of-the-art methods, discussing the conclu-
sions of this work.

2 Binary Support Vector Machines

Suppose we are given with a finite set of examples
{x1,%2,...,X;,} in a feature space X C R", some of
which belong to a class C; and the others to a class Co,
and we are asked to learn a decision function f(x) : X —
{1,2} to distinguish patterns of class C; from patterns of
the other class. A way to accomplish this task is by mod-
eling the boundary between C; and Cy using a separating
hyperplane H = {x € X : w/'x — b = 0} with parameters
w € X (# 0)and b € R. When the problem is linearly
separable [8], an infinite number of such separating hyper-
planes can be found. From the set of possible solutions,
SVMs choose the one maximizing the so called margin, de-
fined as the distance to the closest point from either class.
If we label examples x; € C; with y; = +1 and examples
x; € Cy with —1, the hyperplane maximizing the margin
can be found by solving

e 1 2
minimize ., ;) 3 [lw|
st.  y(wix—b)>1iel (1)
where I = {1,2,...,m}. As shown in [1], an equivalent

geometric formulation of the maximum margin problem (1)
can be obtained by defining the convex hulls Hy, Hy en-
closing each class and looking for the points v; € H; and
vy € Hy minimizing 3 ||vi — v2||*. The maximum margin
hyperplane is the one which orthogonally bisects the line
vy — Vo, that is, the solution (w,b) of (1) corresponds to
choose w = vi —voand b = (vi + vo)T(vy — v2)/2.
Since any point x € H,; can be written as a convex combi-
nation of the examples of class C;, this geometric formula-
tion leads to the following optimization problem in terms of
a parameter vector u € R™

1
sl Do wxi— D wx|® (@)

i:x; €Cy i:x; ECo

i€l i€ly

where I = {i : x; € C1}, [o = {i : x; € C3}. Since
class C; is identified with a label +1 and Cy with a label
—1, classification of new patterns x can be carried out using
the decision function f(x) = sign (w'x — b). Note that
the latter criterion is equivalent to classify x as C; if (x —
e)T(vi—e) > (x—c)T(va —c) and as C otherwise, where
¢ = (v1 + v3)/2 is the center of the configuration defined
by v; and va.

minimize .,

s.t.
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The extension of SVMs to the case of non-linearly separable
classes usually proceeds by introducing slack variables on
problem (1). In terms of the dual formulation, however, the
problem with inseparable classes is that the convex hulls of
both will intersect. A way to deal with this case consists
in bounding the potential influence of each example in the
convex combination, which has the effect of comprising or
reducing the original convex hulls until we get a separable
configuration. Using these reduced convex-hulls, the soft-
margin version of (2) is hence obtained by replacing the
constraint u; > 0 in problem (2) by n > u; > 0, where
parameter 71 has a regularization effect.

Extension of the above formulation to non-linear decision
functions proceeds by replacing dot products xiij in the
original space X by a Mercer kernel k : X x X — R which
corresponds to a dot product in a higher dimensional space
®(X). Let us note that the objective function of (2) can be
written explicitly in terms of dot products between patterns

1 2 T

5” Z Ui X5 — Z uixiH = Z ’U,i’U,in Xj (3)
i€l i€ly %,

Analogously, the components w”'x and b in the decision

function can be analogously re-written using dot products

between training examples

wlix = E uixiTx — E uixiTX @
i€l i€l
_ T — L5
b= E U U X5 X g U U; X5 X 5)
1,J€12 i,J€I11

3 Minimizing the Distances Among Convex-
Hull Prototypes

Let X be a subset of R™ and ) be a set of K possible
labels representing different classes C1,Cs,...,Cx. Let
S = {z1,29,...,%,} be a set of labeled examples z; =
(xi,y:) € X x ). The objective in multicategory classifica-
tion consists in learning a decision function f(x) : X — Y
capable to predict the classes corresponding to new patterns
x € X. A simple way to approach this problem consists
in finding a set of prototypes v, va,..., vk € X each one
associated to one of the possible classes, to implement a
decision function of the form

f(x)

(6)

= argmax s(vi, x)
where s : X x X — R measures the similarity between
patterns in X'. This is actually the form of the classifier
developed in [3], where s(v;,x) is implemented using dot
products vI'x. The existence of a set of prototypes capa-
ble to correctly classify the training data according to this
criterion cannot in general be guaranteed. For example, if
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we have two collinear classes of points at the same side of
the origin, there does not exist a set of prototypes which can
correctly distinguish the classes. A separability criterion
needs hence to be introduced, which can then be relaxed,
incorporating slack variables and non-linear kernels.

In this paper we work with a slightly different decision func-
tion of the form

fx)

)

= argmax(v; — )’ (x — c)
1

where ¢ is a reference point in & from which we build the
discriminant system, used to classify new patterns. Note
that this is actually the form of the binary SVM as formu-
lated in the previous section, in which the maximum mar-
gin classifier is built by selecting two prototypes from the
convex-hulls enclosing each class of examples. Extend-
ing this construction we propose to restrict the selection of
the prototypes vi, va, . .., Vi to the convex-hulls enclosing
each one of the available classes. Such convex-hulls cor-
respond to the minimal convex regions containing all the
examples of a given category. By simplicity of notation,
examples corresponding to a class Cj can be arranged as
the rows of a matrix Xy € M (my X n), where my, is the
number of examples labeled as Cx. The convex hull Hy,
associated to the class k € {1, ..., K} is hence defined as

Hy {x :x = X} ufor some u € R™* with

1Tu=1andu > 0} (8)
In the binary case, v; and v, were selected as the points
minimizing the distance between H; and Hs, which corre-
sponds to solve

. e . 1
minimize,, ..} p(vy,va) = §Hv1 — V2H2 9)

s.t. vy € Hi vy € Hy

A natural extension of this criterion corresponds to choose
Vi,Va,...,VE as close as possible according to some op-
erator p : Xfil X — R acting on K feature vectors si-
multaneously. We propose to consider the sum of all the
pairwise distances among the convex-hull prototypes, that
is the norms ||v,,, — v;||? considering the K - (K — 1) dif-
ferent pairs v,,, v;. The prototypes selected according to
this criterion are expected to characterize the configuration
of the classes in the region where they confuse more, that
is the boundary between the classes. Note that when we
focus on a pair v,,, v; we are actually implementing a bi-
nary SVM criterion to find the prototypes which allows to
define the boundary between the classes m and [. Simi-
larly, a one-versus-one approach to implement multicate-
gory SVMs builds K - (K — 1) binary SVMs for each pair
of classes m, [ and then join the resulting classifiers. Hence,
if we had a different prototype v, for each pair of classes
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m,l we would have a single-objective implementation of
the one-versus-one scheme. This would require a set of
K - (K — 1) prototypes and then the optimization problem
would have at least m - (K — 1) variables. In the proposed
approach however we are using just one convex-hull proto-
type for each class which is optimized with respect to all
the other classes simultaneously. This allows us to obtain
the following optimization problem

D v —will* 10y

1
3
I m<l

vieHii=1,... K

minimize, ,r

s.t.

To correctly classify the training data, the set of proto-
types vi, Vo, . .., Vi must satisfy that (v, —c¢)T (x —c) >
(v; — ¢)T(x — c) for all x belonging to the class i. We
would like to note that in contrast to other multicategory
SVMs implementations, we don’t incorporate any explicit
constraint to avoid or minimize the training error, which
allows us to obtain a smaller optimization problem. Sim-
ilarly, the dual construction of the binary SVM presented in
the previous section does not include such constraints since
the linear separability assumption and the restriction of the
prototypes to the convex-hulls guarantee correct classifica-
tion of the training data. A (sufficient but not necessary)
separability condition for the multicategory case, is that for
each class k the minimum inner product between any two
examples x,y of this class, both measured with respect to
the reference point c, be greater than the inner product with
any point z of other class j # k, also measured with respect
to c. Let I, be the set of examples of class Cy, us,, the r-th
component of u, and X, , the r-th example of the class s.
Since v, = X{uk we have for all x; such that y; = C,

—¢) (11)

(vip — c)T(xi —c)= Zuk’s(xk,s — c)T(xi

> arg mip (x0. — )7 (xi — )

>arg max  (xs —c)T(x;

— C)
Jj#s,s€1;

mj

>3 (x5 — )T (xi =€) = (v; — ) (x; — )

as desired. The latter separability condition seems difficult
to achieve in the original feature space X. However, in
the next section we introduce non-linear kernels and con-
sider reduced convex-hulls instead of the raw convex-hulls
which can make the configurations associated with each
class compact enough to be separable from the rest of the
classes using our classifier. Note now that a key component
of our decision function is the reference point ¢ from which
we define the discriminant system. This has not been yet
defined. We exploit this additional degree of freedom look-
ing for a c such that the dot products between two different

Authorized licensed use limited to: Universidad Tecnica Federico Santa Maria. Downloaded on November 08,2024 at 15:35:51 UTC from IEEE Xplore. Restrictions apply.



discriminant vectors (v; — c) and (v; — c) be as negative
as possible in order to avoid classification error. The point
c is then obtained minimizing

D= Z Z(vl —c)(vip — )

I m#i

12)

Taking first and second derivatives in ¢

0D

= —2(K —1) (El vl> +2K(K-1)c  (13)
oD
e = 2K(K —1)>0

which shows that the minimum is achieved with ¢
>k Vi/K, that is the geometric center of the configuration
given by the prototype vectors. It is interesting to note how-
ever that the selection of the prototypes is independent of
the center defined by them and thus other criteria could be
considered.

A theoretical motivation for objective function (10) can
be obtained from Theorem 1 of [7], which bounds the
generalization error of DDAG (Decision Directed Acyclic
Graph) classifiers. The bound depends of the radius R of
the smallest ball containing the training data. To use this
result, let us note that decision criterion (7) can be im-
plemented using pairwise boolean classifiers f;;(x)(x)
I((vi—c)f(x—c) > (v; —c)T(x —c)) organized in a
DDAG. Note now that the decision function only depends
on the training data involved in the definition of the proto-
types vi. Other points could be removed from the training
set, leaving the same classifier. Choosing the prototypes as
close as possible works hence by reducing the radius of the
ball containing the minimal equivalent training set.

An algorithm employing criterion (10) to build a multicate-
gory classifier is presented in [3]. In this case, however, the
prototypes are not confined to the convex hull correspond-
ing to the class they represent and the decision function is
defined as in (7), without considering a “convenient” refer-
ence point c. Moreover this algorithm explicitly imposes
constraints to deal with classification error and has hence
m - K constraints which become variables in the dual opti-
mization problem.

4 The Algorithm and its Extensions

Since each prototype vector vy, is a point in the convex hull
Hj, it can be expanded in terms of the examples Xy as
Vi = X{uk, where the vector of parameters uy, satisfies
the convexity constraints. The optimization problem (10)
hence becomes

1

22

17w, =1, w,>0i=1,2,...,K

D IX = X u

m<l

minimize,} (14)

S.t.
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Calculating on the objective function

X W — X u,, 2
= (XlTul - Xgum)T(XlTul - Xﬁum)

= wK'"w — 2u)Kp,u,, + ), Koy, (15)

where KN = X;XT is the matrix of dot products among
the examples of class 7 and class j. We have then that the
objective function is

Yo X w - X

I m#l
(K —1) ZuEK”ul - QZ Z wKi,u,,
l I m<l

(16)

Now, we can write the products u} K u; component by

component to obtain
(K-1) Z Z Z UL i (X;‘I:Z-Xz,i) U4
1 d€l jen

- Z Z Z Z i (X[ Xm,5) U,

I mzliel; je€ln

A7)

where u, . is the r-th component of u, and x; ;- is the 7-th
example of the class s. Note that in the last expression all
the different dot products among training examples x. x;
appear exactly once, with an scalar «;; which depends of
the classes of x; and x;. If the classes coincide (y; = y;)
we have a;; = (K — 1) and if the classes do not match
(yi # y;) az;j = —1. We can hence write the objective
function (17) more compactly by taking all the dot prod-
ucts among training examples, and using just one parameter
vector u = (uf ul ..., u%)T € R™ composed of all the
class-dependent parameter vectors u;,

Z Z U; (OzinlTXj) Uj

i€l jelI

(18)

The latter expression actually corresponds to the (pseudo-
ynorm of u induced by the matrix K = (k;;) where

ki; = a;j(xF'x;). Our optimization problem takes finally
the same form as the binary SVM:

AD-SVM:
minimize .} |ullg = u"Ku (19)
st > u;=1Vj, 0<u; <1Vi

iel;

In order to show that K is positive semidefinite, note that K
corresponds to the Hadamard product K o A, where K =
(ki;) is the gram matrix induced by the training patterns
ki; = xI'xj and A = (o) is the gram matrix induced by
a set of vector-valued codes associated to these patterns. To

Authorized licensed use limited to: Universidad Tecnica Federico Santa Maria. Downloaded on November 08,2024 at 15:35:51 UTC from IEEE Xplore. Restrictions apply.



encode the class associated with a pattern x;, we define the
K-dimensional vector t; with K — 1/+/K in the coordinate
corresponding to the class of x; and —1/ VK elsewhere,
thatist;,, = K —1/VK and t;; = —1/VK Vj # y;.
We then have that o;; = t7't; which shows that not only
K but also A is a gram matrix. From here, it follows that
K = K o A is positive semidefinite. This also probes that
u”Ku in (19) is actually a pseudo-norm. Interestingly, the
vector-valued codes t; are equivalent, up to a scaling by
VK /K — 1, to the codes employed in [6] to implement
multicategory classifiers.

In order to build non-linear extensions of the classifier by
using kernels, not only the optimization function but also
the decision function (7) should be written in terms of dot
products among training patterns. Let us note that since the
component ¢’ (x —c) of this function is constant among the
different classes, the decision criteria can be reduced to

fx)

(20)

argmax vy (x — c)
?

Now, we can write each prototype v; in terms of the ex-
amples of its class, vy = Xfuk. On the other hand,
c=1/K 3", v; and hence we have

T

Vi

vIx —vlxc

(x—c) = 1)

1
uy Xpx — Ve Z u} X, X uy

Z ukxgx - % Z Z Z ukxfxlul

kel; kel; j l€l;
1
= E uk)XfX* ? E E ukxfxlul
kel; kel; lel

which only depends on dot products among training exam-
ples. Now we consider two extensions of the proposed clas-
sifier. The first is by introducing the idea of reduced con-
vex hulls. Reduced convex hulls are used in binary SVMs
to relax the linear separability assumption and are built by
bounding by a constant 0 < 7 < 1 the influence that
each example can have in the expansion defining the points
vy € Hy and vy € Hs. This has the effect of contracting
the original convex hulls. Parameter 1 has hence the same
role as in the standard soft margin version of binary SVMs.
Considering the reduced versions of the convex hulls en-
closing each class, our classifier has the ability to reduce the
influence of some outlying observations. The soft-margin
version of our classifier is hence,

Soft AD-SVM:

minimize () |ullg = u"Ku (22)
st Y w=1Vj, 0<u; < Vi
iGIj
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Algorithm 1 AD-SVM (Extended Version)
1: Let S = {(x4,4:);7 = 1,...,m} be the set of exam-
ples where x; € R and y; € {C1,Cs,...,Cx}. Let I
be the complete set of indexes {1,2,...,m}and [; C I
the set of indices corresponding to examples of class <.
2: Build the kernel matrix of dot products K = (k;;)
i,j € I as kij = k(x;,%;), where k is a Mercer kernel

3: Define K = (kij), with k;j = (K — Dk if yi = y;
and k;; = —k;; otherwise.
4: Solve
minimize ) u'Ku = Z uil_cijuj 23)
ijel
st Y wy=1Vj, 0<u; <pVi

i€l

where parameter 1 defines the degree of convex hull

reduction.
5: Build the decision function as
fx) = argmax Y wik(xi,x) —b; (24)
Jj
lGIJ‘
1
’LEI]' kel

6: Classify new instances x as C; if f(x) = j.

The final extension consists in building a non-linear classi-
fier by using Mercer kernels. This is straightforward since
our objective and decision function both depend explicitly
on dot products which can be replaced by more general ker-
nels £k : X x X — R implicitly mapping X to a higher
dimensional space ®(X’) in which we build our linear clas-
sifier. Algorithm (1) summarizes our method for multicat-
egory classification considering the two extensions of the
basic linear classifier. It should be noted that this also pre-
serves the form of the binary SVM.

5 Experiments and Conclusions

We present experimental results in several UCI classifica-
tion benchmarks [2], comparing the proposed technique
(called ad-svm) with two widely used extensions of sup-
port vector machines for multicategory classification: the
one-versus-the-rest (called ova) [8] and the one-versus-one
(called ovo) [5] schemes, already compared with other sin-
gle objective extensions for example in [4]. The experimen-
tal setup is as follows. A randomly selected 20% of the ex-
amples of each dataset were reserved to build the testing set.
On the resting 80%, 10-fold cross-validation was used for
parameter selection. Performance is finally evaluated as the
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Dataset Alg. TA CV-T
hard | soft hard | soft
Iris ad-svm | 0.950 | 0.950 | 0.66 0.65
ova 0.933 | 0933 | 1.74 1.74
ovo 0.933 | 0.933 | 0.55 0.55
Wine ad-svm | 0.994 | 0.994 | 0.60 0.59
ova 0.994 | 0.994 | 25.63 | 25.62
ovo 0.994 | 0.994 | 0.93 0.95
Soybean ad-svm | 1.000 | 1.000 | 0.06 0.06
ova 1.000 | 1.000 | 0.31 0.32
ovo 1.000 | 1.000 | 0.43 0.44
Waveform | ad-svm | 0.838 | 0.843 | 24.63 | 31.90
ova 0.818 | 0.843 | 40.07 | 62.07
ovo 0.815 | 0.843 | 15.15 | 21.59
Ecoli ad-svm | 0.737 | 0.793 | 3.56 1.25
ova 0.763 | 0.848 | 54.24 | 16.28
ovo 0.785 | 0.844 | 9.69 9.26

Table 1. Performance of the different algo-
rithms: TA corresponds to the testing ac-
curacy and CV-T to the time in seconds in-
curred in the cross-validation process, that is
it corresponds to 10 training rounds.

fraction of the testing examples correctly classified. Before
training, each data set was normalized to have zero mean
and unitary covariance matrix. Table (1) shows the results
for the algorithms ad-svm, ova and ovo. For all the algo-
rithms, a RBF kernel k(x,y) = exp(—||z — y||*/0?) was
employed. To determine the value of o, a grid search be-
tween 10~# and 107* was performed. Column hard corre-
sponds to the results obtained without convex hull reduction
(n = 1) both for the ad-svm objective function and the bi-
nary SVMs implemented by the decomposition approaches.
Column soft corresponds to the results obtained with con-
vex hull reduction ( < 1). Convex hull relaxation parame-
ter n was determined using the kernel bandwidth parameter
found in the experiments without convex-hull reduction. A
grid search between 10~ and 10° was carried out.

From table (1) we can see that the proposed algorithm is
considerably faster than the one-versus-the-rest approach.
This result is in fact predictable from the definition of the
classifier: this solves just one problem with m variables
and 2m + K constraints while one-versus-the-rest solves
K problems of m variables and m constraints. With re-
spect to the the one-versus-one scheme, the pattern is not
so clear: ad-svm is faster three times. Since one-versus-
one solves a set of problems of smaller size, dealing with
two classes each time, the advantage or disadvantage of the
method depends on the complexity of the solver. Suppos-
ing that the problem is class-balanced, and the solver has
time-complexity O(m?) in the number of examples m, we
would have that one-versus-one has a complexity propor-
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tional to (22)4- K% = K2~%m?, while the complexity of our
method is around m2. If d > 2, one-versus-one is superior.
When d = 2, time complexity is the same. When d < 2, in
contrast, our method begins to obtain advantages. For our
experiments we used the quadprog solver of MatLab. It is
clear however that an SMO-like training algorithm or other
decomposition approach would allow us to obtain greater
and more systematic improvements. Research in this direc-
tion is being carried out.

In terms of prediction accuracy we can see that the algo-
rithms obtain comparable results, with two wins, two ties
and one loss for our algorithm in the experiments without
convex-hull reduction. Allowing n < 1 we can observe
systematic improvements for all the algorithms.

As a final remark, we would like to note that in contrast
to ad-svm, decomposition approaches like ova an ovo are
combining independently trained binary SVMs and, hence,
they are actually selecting more than one prototype to model
boundaries between classes. One-versus-one, for example,
selects different prototypes for each one of the (g) pairwise
boundaries. Experiments in this work shows that similar
prediction error can be obtained by using just one convex-
hull prototype selected and combined appropriately in a de-
cision function which has the binary SVM as a special case.
New research is being carried out to refine this base proce-
dure.
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