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Resumen

La regla de suma DHG relaciona la resta de las secciones eficaces paralela y antiparalela para un
proceso del tipo ay — be, (donde a, by ¢ pueden ser cualquier particula no escalar, por ejemplo:
leptones, quarks, fotones, gluones, bosones vectoriales, etc.) con el momento magnético anémalo
de la particula a, entonces esta regla no solo sirve para calcular momentos magnéticos sino que
también como una verificacion de consistencia entre el resultado clasico y el cuantico de esta regla,
como se vio en [I]. Si aplicamos esta regla de suma al proceso e~y — e~ el resultado clésico
seria cero, y con correcciones de loop obtendriamos el momento magnético anémalo del electrén.
En esta investigacion aplicamos la regla de suma DHG al proceso e”g — e~ ¢ en el contexto de

gravedad linealizada, y vemos que el proceso no es unitario aun a nivel de arbol.

il



Abstract

The DHG sum rule relates the difference between the parallel and antiparallel cross sections of a
process of the type ay — be, (where a, b and ¢ can be any non-scalar particles i.e. leptons, quarks,
photons, gluons, vector bosons, etc.), with the anomalous magnetic moment of a, so we can use
this rule not only to calculate anomalous magnetic moments but also serves as a consistency check
between the classical and quantum results of this rule as seen in [1]. If we apply this rule to the
process e~y — e~ the classical result would be zero and with loop corrections we would get the
anomalous magnetic moment of the electron. In this investigation we apply the DHG rule to the
process €~ g — e~ ¢ in the context of linearized gravity, without loop corrections, and we see that

the process violates unitarity even at tree level.
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Glossary

Symbol | Meaning

My Minkowski metric with signature (+,-,-,-)
G Full metric
Logu The identity for symmetric rank 2 tensors i.e. % (NapnBy + NguNaw)

Poguw % (na;ﬂ?ﬁu + Npuay — 77;w77aﬁ)
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Chapter 1

Introduction

1.1 Electron’s anomalous magnetic moment

The anomalous magnetic moment is the contribution to the magnetic moment of a particle due to
loop corrections of the QED vertex. For the case of the electron, it has been measured to incredible
precision [3], making it the most accurate prediction in the history of physics. One way to measure
it is through the Compton scattering and the DHG sum rule as we will discuss in the following

sections.

1.2 Compton Scattering

Compton scattering refers to the process e”v — e~ and has the following diagrams,

Figure 1.1: Feynman diagrams for Compton scattering

To construct the amplitudes we need the fermion propagator and the QED vertex,

_i(k+m)

D(k) = 25—

Ty = 1QVu



From these diagrams we can construct both of the amplitudes involved in this process,

iM, = u(ps)e) 1, D(k)T esu(p)

)" (ie3) ) ey, esu(pa) L

iu(p )¢4(1¢ +}62—|—m)

—m?2

¢2u(p1)

iMy = u(ps)est, D(k)T.el " u(pr)

= a(p)es(—ien) ) iy, ek u(p) w9

(p, — k4 + m)

u?

:—iﬂ(p3)¢2 %4 u(p1)

Now we need to know the kinematics of the process to calculate the cross section. We have a

collision of a massive particle and a massless one, in the centre-of-mass frame we have

( 0.0 2"\1[ ?)
_8 (\/; _ 2%25) sin (Bong), 0, (ﬁ e ) cos (HCM)) ,

FREI T P

We can see that all the components of the total tri-momentum are zero and the total energy is
v/s. In the lab frame we have,

e

(m67 07 Oa O) )
k:“ = (1,0,0,v),
= (Ee, |p3| sin (), 0, |p3] cos ()
(

kff == I/I, V/ sin (9Lab)7 O? V/ COos (eLab)) .

(1.4)

Were ¢ and 0, are the scattering angles of the electron and the graviton respectively. With this
and the conservation of momentum we can obtain the relation between v and ¢/, a relation that

we will need for later,



Py + Ky = 5 + kY,
(P — ph)* = (K — K5)?,
2mZ — 2p; - p3 = —2ks - ky,
2m?2 — 2m.E, = —2vV/(1 — cos (0)),
me(me — Ee) = v/ (cos (6) — 1).

Using the conservation of energy we have m, — E, =1 — v,

me(v' —v) = v/ (cos (0) — 1),

vV —v 1
= — 0) —1
L e (0) - 1),
1 1 1
- = 0) —1
= e () - 1), N
1 1 1 .
- (1= 9 il
L= (- cos(0) +
1 me+v(l—cos(h))
v MV ’
, meV
VvV =

me + v(1 —cos ()

1.3 DHG sum rule

The DHG sum rule [4] [5] is an expression that relates the parallel and antiparallel polarized cross

section of processes of the type ay — bc with the anomalous magnetic moment a,

o AralS
Ha =

S [ dv
m2 (9-2)7°= ;/ 7(019 —04), (1.6)
Vth

where a, p2, S and v are the fine structure constant, the anomalous magnetic moment of a, the
spin of a, and the energy of the photon in the lab frame, respectively. This gives a way of measuring
e, and calculate it to an arbitrary level of precision using loop corrections on the amplitudes of
the Compton scattering, but also as explained in [I] it gives a way to check the consistency of the
theory because at tree level [1.6{ has to be zero. This was done for the electroweak theory in [6] and
extended to the standard model in [I].

Also, it is worth mentioning what the parallel and antiparallel polarizations mean. The parallel
configuration means that the starting helicities of the particles have the same sign (in this case +2
and —i—% or -2 and —%) In the antiparallel case the starting polarizations have opposite signs (+2

and -3 or -2 and +3).



1.4 Graviton Compton scattering

In the graviton Compton scattering is the same as the normal Compton scattering, but instead of

photons we use gravitons, so the diagrams for this scattering are [7],

ha[)’

Q‘z

k%

Figure 1.2: Feynman diagrams for graviton Compton scattering

We see that the process with gravitons shares two diagrams with its photon counterpart plus
two new diagrams due to the existence of a vertex with two and three gravitons. The motivation
for considering this process is to use it in analogy to the normal Compton scattering in the DHG
sum rule to obtain an ”anomalous gravitational moment” that could tell us about the interaction

of matter and gravity at the subatomic scale.



Chapter 2

Theoretical Framework

2.1 CM and Lab frame cross section

When calculating a differential cross section, it is easier to do so in the centre-of-mass frame, and
that is what we did for our calculations, but the DHG sum rule works in the lab frame so we need
a relation between a differential cross section in the CM frame and one in the lab frame.

We start from the fact that the number of scattered particles passing through an infinitesimal
cross section do is the same in both frames [§] i.e. do(Ocar, ponr) = do(Orap, ©rap) but the solid

angle d€) does change between frames. From this we can say,

do do
dQ—LabdQLab = om dQon,
do do  dQcus
dQa,  dQrr dQpap’
do  do dcos(Ocn) poum

dQrap B dQcnr dcos (9Lab) SOLab‘

Since we have cylindrical symmetry around the beam, ¢cn = @ra, so we need to find what

% is. For that we will use the fact that the Mandelstam variables are invariant under frame

transformations. Using (1.3, (L.4)) and (1.5) we have,

tev = trap,

2 <§ — 277\1/%) (cos (Bcnr) — 1) = 2vv/(cos (Orap) — 1),

(s —m?)
4s

mer?(cos (Opa) — 1)
me + (1 — cos (Orap))’
4s1* me(cos (Opay) — 1)
(s = m?2)2me + v(1 — cos (Ora))

(cos (Ocnr) — 1) =

cos (Ocnr) = + 1.



Now we calculate the derivative,

dcos (Ocar) 4sv? m?

dcos (Oray) (s —m2)2 (me + v(1 — cos (Ora))?’

and using spq = m? + 2mev,

4(m? + 2m.v)v? m?

(o)

(Orap) Am2p2 (me + v(1 — cos (Ora))?’
dcos (Ocn) 2v m?

iy = ()

(me +v(1 — cos (Orap))?

2.2 Graviton formalism.

Before we start with the gravity-matter formalism, it would be appropriate to justify why we know
that the gravity force carrier has the properties that it has i.e. massless and spin 2.

First the easy one: masslessness, we know that the influence of gravity is infinite, and that can
only happen with a massless particle.

Now for spin 2, we have a couple of constraints: first we know that we can’t have a consistent
and interactive quantum field theory with a massless particle with spin greater that 2 [9], and we
also know that gravity is always attractive and that can only happen with a force carrier with even
spin [10]. That leaves us with two candidates spin 0 and spin 2.

Let us explore the spin 0 case, because a scalar field doesn’t have indices, the only way to couple
it with the stress-energy tensor would be through its trace, but the electromagnetic stress-energy
tensor is traceless, so photons wouldn’t feel the gravitational force, but we know they do, so the
only option is for gravitons to have spin 2.

In the linearized gravity formalism, the graviton field A, is defined as a first order perturbation

over the background metric,

G = N + /{h;u/y

and we can write the inverse metric up to first order as ¢g"* = n* — kh*”. Knowing the graviton
field we would like to know its gauge transformation structure.

General relativity is invariant under coordinate transformations, from this we will obtain the
gauge transformation for h,,,.

Consider the following transformation,
" =zt + 0*(x), (2.2)

where 6* is a small parameter. Under this transformation, we know that the metric transforms as,

, Oz 0P
Iuw = Ggnt v 2%



and from (2.2)) we can see that,

dz® 50 00«
dxi — H T Ypnl
Since A" is small we have,
00> 00«
~ — = 0,0

ozt Oz

so the metric transforms (up to first order) as,

,  Ox* 9a”
G = Gamt o 9ob

00~ 068
_ a _ B _
= ((5’“ 8xu’) ((51, axlu) Gap,

= Guv — (620,0” + 650,0%) gas,
= g — 0,0, — 0,0,

from this we read
h;w =hy — 0,0, —0,0,.

Now that we have found that 5, is a gauge field, we introduce a gauge condition, the de Donder
gauge [L1],
T, =0

or, written in terms of A,

PP by = O,k — %8% =0.

Before we start with the field equations for h,,,, it would be adequate to discuss the degrees
of freedom of the field. We start with the 10 degrees of freedom that a symmetric, rank 2 tensor
in 4D has, but we have 4 restrictions due to the de Donder gauge. It turns out that the gauge
transformation still leaves some freedom, because we can have two fields satisfying the de Donder
gauge, and still differ by a vector ¢, as long as [0, = 0, so that’s 4 more restrictions, that leaves
us with 2 degrees of freedom for the graviton, and therefore, two helicity configurations (£ 2).

Now let us find the field equations for h,, using Einstein’s field equations

1
R#V — ng,R = HT”V. (23)

We calculate the connection and the Ricci tensor in the first order approximation,

1
Fiu = igup (akg,uu + aug)\,u - 8#91/)\) ) (24)

RW = aprupv - 8urppv + Fpparuav - Fuparpaw



For the connection we have

—_

F’iu = _(U“p - ’%hup)’% (a)\h,uu + auh)\,u - 8,uhz//\) 5

\V)

— g (Onh2, + DBy — 0Phyy) + O(K2).

For the Ricci tensor we immediately see that the last two terms will be of higher order, with this

in mind the Ricci tensor, up to first order in &, is

Ry = ga,, (O h? s + Ouhy® — 0Ph) — gaﬂ (D,h°,, + Dyh, — b)) + O(K2),

K
=3 (0,0,h*, + 0,0,h,” — Ohyy — 0,0,h) + O(k?),
and the Ricci scalar is,

R=g"Ry, = (1" — ﬁhﬂ")g (0,0,h°,, + 0,0, — Ohyy — 3,0,h) + O(K2),
— k(9,0,h" — Oh) + O(x?).

Before constructing the field equations for h,, we will demonstrate that R,, and R are gauge

invariant, starting with the former,

/ K / !/ / /
R, = 3 (8,)8,,}1 P+ 0,0.h,0 —Ohy, — @L&,h) ,
= g (0,0,h*, — 0,0,0°,, — 0,0,0,0° + 0,,0,h,” — 0,0,0°8, — 0,0,,0,6°
—0Oh,w + 0,00, + 0,86, — 0,0,h + 20,,0,0°0,,) ,
= g (0,01 + 0,01 — Oy — 0,0,1)
=R,
Now for the Ricci scalar,
R' = k(0,0,h"" —ON),
=k (0,0,h*" — 0,0,0,0° — 0,0,0,0" — Oh + 2000,6") ,

% (9,0,h™ — OIh),
~R.



With this we ,construct the LHS of (2.3)) and apply the harmonic gauge,

1
Rw—gwﬁzSQMM%+@%M“%MW—%@M—ng+MWM@&W”4M%

K " K
= _E(Dh/w + M (0,007 — Dh)) + 9 (0,0,h" . + 0,0,h," — 0,0,h)

auge /{ 1
g:g_E <h/w — énuvh> :

The field equations for h,,, are,

1
[](hm_—§mwh):=—2zw. (2.5)

2.2.1 Dirac Lagrangian in curved space time

Before we can write the Dirac Lagrangian we need to talk about the objects called vierbein, they
are a set of basis vectors for the tangent space defined locally on a manifold, and serve to translate
objects defined in the general coordinates to this local coordinates i.e. V¢(z) = e®,V*#(z) and vice

versa. The vierbein satisfy the following properties

a b _ a —
€ 1€ vlab = Guv, € n€av = Guv,

(2.6)

a a a v 14
ey, =0y, eel” = g,

It is worth mentioning that the Latin indices correspond to the local coordinates and are raised
and lowered by 7., and the Greek indices correspond to the general coordinates and are raised and
lowered by g,

To have a covariant derivative for the objects in the local coordinates we define the following,
D,V* =08,V +w, V",

where w,, is the spin connection.
To remain consistent with the covariant derivative of V' in the global coordinates we impose
that the derivative also transforms in the manner seen above i.e. D, V¢ = ¢e®,D,V¥. For this to

be the case, it is easy so see that D, e?, = 0 must hold. Expanding this we have,
D,e%, = 0,e%, — F;\Wea,\ + wuabeby =0, (2.7)

with this equation and (2.4) we can get an expression for the spin connection in terms of the

vierbein.



First we write (2.4]) using the properties in ([2.6)),

1
Pﬁ” - 59)\,) (a“(ecpec”) - al’(edﬂedu) - 8p(€fu€fu)) ;
1
= ég)‘p (ecp(?uec,, + eq,0,e°, + edpa,,edu + edﬂayedp — efuapefl, — ef,,(?pefu) ,
1
- ig)\p (ecp(ﬁuew +yecu) + €'y (Dueap — Ipean) + €l (Dveg, — apefu>) :

Using this in ([2.7)) we have,

1
0= w,%e’, + 0,e’, — e“,\ég’\” (ecp(aﬂecy + Oyeen) + €4 (Oueqy — Opean) + €l W(Oves, — 8pef,,)) ,

1
w,pe’y = =" (€ (Opea + Oveey) + €% (Opeap — Opean) + € u(Ovesy, — Dpery)) — Oy,

2
Wuabebvegy - 56%69” (ecp((()“ew + Oveen) + edV(auedp — Opeau) + efu(auefp - 8p€f1/)) — 5" 0ucy,
a 1 v a a 1 a 1 a 12
Wng = 56 (—0uey + 0e) + 2¢ ?(Ouegp — Opegu) + 2¢ Pey el (Dvesp — Dpesi)-

Rearranging this we have,
1 v 1 14 1 g C
Wab = 5Ca (Opery — Opepy) — 6 (Opear — Oveqy) + éea”eb (Oveep — Opeeo) €,°- (2.8)

We can couple spinors with our gauge field, following the standard procedure in any gauge theory
[12], ,
i
D;ﬂﬁ = a,u¢ + Zaabwuabwa

where 0% = % [7“, yb].
We now define the gamma matrices in the local coordinates and use the vierbein to have it in

the global coordinates, so the Dirac operator is,
D ="D, =", Dy.
Finally starting with the Dirac Lagrangian in flat space time,
Lo = 50700 — 5 (0,) 7" — miy,
we get the Dirac Lagrangian in curved space time,
Vel = Ve (it Dab = 5 (Dab) ertv ~ i), (2.9

with e = det (e*,)

10



2.3 Feynman rules and propagator

In the first part of this section we will calculate the one graviton and two graviton vertices ex-
panding the Dirac Lagrangian to first and second order respectively, and in the second part we

will deduce a propagator for the graviton.

2.3.1 Vertices

In the previous section we argued that the Dirac Lagrangian in curved spacetime is,
(A l - " _
\/E»Cm = \/E (§¢’7 eaﬂDlﬂvZ} - 5 (DHL/)) ea' v — m¢¢) .

To obtain the vertices we need to expand the vierbein and their related quantities in powers of k

as seen in [13],

2

e“M:(S“MJrghau—%hw\hm+@(/{3),
2.10
H p_Fyow 3k° HA 3 ( )
€q :6(1 _§ha —f—?h h)\a—'—O(li).
a K o ’%Q wny v vy W@ 3
e::det(eu)zl—l—ihu +§(hu h,' —2h, h,!) + O (K°)
Ry w K? By v vy oW 3
\/5:1+th +3—2(hu hy' —4h, ) + O (7). (2.11)

Using this we see that at order x° in the expansion e,* = 0¥, meaning w,u. = 0 so we have
D,y = 9,4. The lagrangian at this order, £ is,

Vel = %W@w - % (8,0) Y — mapy,

which is the Dirac Lagrangian in flat spacetime, as expected.

Now, for order k! in the expansion, we will calculate w,q;, as seen in term by term,

1
A= §ea” (Opery — Oveny) ,

1 K K K

= 507 = Zh2) (9400 + Sh) = DB+ i) o1
1., K, , (K K '

= 50 = 5h0) (28#h,,b - 28,,hub) ,
K

- Z ((%hab - 8ah#b) .

11



1
B = 56[,” (aueay — al,eau) s

1,., kK, K K
= (0 = Shy) (au@y + Shua) = 0(0u + 5hua)) ,

- %(55 - ghg) (g&uhm - gath) ,
— % (Ouhta — Dha)
C = %ea”eb” (Ovecp — Opecs) €,°,

= S~ SHOGT — ) (50uhpe — Sdhc) (5 + SH) (2.14)
- g (Ohay — Duhiy)

using (2:12), @I3) and (2:14) in (28) we have,

Whab = A— B+ C,
K K
(Ophab — Oahyp) — 1 (Ophba — Ophyua) + 1 (Ovhay — Oahuy)

(2.13)

(2.15)

(au(hab - hba) + 8b(hua + hau) - aa<hub + hbu)) )

MIR»&IR%IR

(Ovhya — Oahys) -

We will leave this result to the side for a moment, and continue with the covariant derivative,

1
D;ﬂb = 8u77b + _Oabwuabwa

(2.16)
= O — [7 V] Waabt.
Now using and remembering that ¥ = 4%, we have D,ﬂﬁ,
n T a a
Dutp = (D" = 0 = <" (4791 = 4"1"") 1,
=0 — §¢T (P°*7*7°7°7*° = Y°7*1°71°9*7°) YPwan, .
2.1
_ K —
= 0w — g (V7" = 7*7*) Wyiabs
_ K -
= uqu) + §¢ [’7(17 Vb} Wp,ab‘

Now we will calculate v“e.# D, and Dlﬂﬂec‘t’yc,

Ve Db = (8 = St ( 0 - 3 ] wuabw)

K 1
= F}/Mauw - ’yllghyualﬂvzj - g,}/ﬂ [’yav ’yb} wuabwv

12



_ _ 1- K
D,et = (@ﬂ/} +3¢ [7*,7"] Wpab (52‘ -l ) ot

& 7, °] ¥ pab-

ool —

_ K _
= Qb — Sh Dby, +

With the help of the notation zﬂy“?uw = "9, — (0,0)y"1), the Lagrangian at first order in

is,
VeLl) = /e (%%%JDW - % (Du¥) ea v — m@ﬁz/)) )

- (50 [ (s

S h O — gv“ [, "] wuab)

(0, — S+ S ) )= miw)
= (1 50) (507 F o = md = 059,90 = i (o [’] + 101] ) 0).

K

We can rewrite the expression proportional to {¢, in the previous expression using the identity

VYA = P Pt =y — ey We get:

YA+ [7 AP A = et + St — ey — Gy B — Ay — Py panb 4 ey AP,
P 4 Py — ab — ey — Pt — AP Pyt e 0,

— _4,L'60'uab,yo_,yfy.

ouba

This is antisymmetric in all its indices, but in (2.15)) we see that its first term is symmetric in p
and a and its second term in p and b, due to the fact that h,, is a symmetric tensor. Because of

this the last term is zero, so the lagrangian is,

VeLl) = (1+5h) (gw‘?m — mapy - ff"hwwvﬁw) ,
= 507 o =m0, T4 (559 = )
=~ w + S (gw‘?uw - mw) ,

where in the last step we got rid of the terms of order k°. With this we can calculate the vertex,
replacing the fields with entering plane waves i.e. ¥ = ¢oe 1%, b = dpe~#2% and h,,, = €,,e~**

I

but before doing that, we will calculate the expression 1571,? w0,
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@E%?M@ = 77[_)7# /ﬂvb - (a,uqu_})/yud))
= (—ip1, P00 + ip2, DoY) €~ P eT P, (2.18)
= igo (2,7 — D1, W) Poe” P HTe P2

Using this, the Lagrangian is,

Vet = =i, G+ 5 (5099 0 mie),

K n —tkx K v n 1 —ip1x —ip2x —ikx
= ZGW% (P20 — P w) doe P1TeT PRI 4 ZGM Muw Po (5 (h — 1) — m) poe e 2t e ke
K

- |1 1 1 . . .
= —§eMV¢0 |:§ (plﬂ%’ _ p2uf>/y) — 577/“/ (5 (H/l — ]72) — m)} ¢Oeflp1$e*lp216*lkx.

For the vertex, we multiply by ¢ and derivate with respect to the amplitudes of the fields,

83Z\/E£$7,1L) /LIL{(; o 6 B a 1 v 1 —ipl;r —ip2x _ka

—8%58%3@0__?(6“5 55)[ (p1"v” —p27)—§77 <§(1—g2)—m)}e e e,
ik |1 1 1 . . .

Y [Z (’Ya(plﬁ - p2’8) + 75(p1a - pza)) - 57}(16 (5 (]71 —g’g) — m)] e i1z ip2E ik

where we have utilized g:—“; = %((53(55 + (55(53). With this, we have the vertex with two fermions

and a graviton,

Tap(D1,D2) = —%H E (Va(Prs — p25) + 18(Pra — P2a)) — 1%5 ( (i — ) — m)} . (2.19)

Now for order x?, we will calculate w4 term by term,

1
A= 5 v (8Meb,, — 8,,61)#) y

1 - K K? K K2

=3 ((5a = ha"+ —h *hm) (au (5,,,, + 5 ho = gh”h&) —0, (% + 5 ho — ghwh*b)) :
1 - K? K?

= Z (éa - §ha + ?h )\h)\a) (8u (lihby - Zhl,,\h)\b) - 8,, (/ihbu — Zhu)\h)\b)) s
K K2 y K2 A\ N
= 5 Ouhay = Ouhy) = -l Ol — Duhyi) — 7 (8 (harh™s) — Balhyn™y)) .

(2.20)
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1
=56 " (Opear — Oveay),
= o = B B0 ) (00 (6004 o — st ) = 0 (60 + by —
9 b 9 b 8 b w av 9 av 3 VAt a v ap 9 ap ] pAlt a )
1 wy , K2 K?
Z ( - 5 ‘|‘ —h )‘h)\b) (8u (I{ha,, - Zh,,)\hAa> - 0,, (/fhau — Zhu,\h)\a)) s
K K? K2 N
Z (8 hap — (3bh,w) — ghb (8th,a — &,hua) 6 (8 (hw\h ) 3b(hu,\h a)) .
(2.21)
1 p, c
C = 56,1 e” (Opecp — Opecr) €,,°,
1 o o 3K oA 3k oA K2 A\
4 5 — —h + ?h h)\a (5}, — —hb + ?h h)\b (9(, Iihcp — th)\h c
/{:2 (& K C /{:2 C

4%Qmw—zmﬂm0)<§M+§hu—§wwm>,

K K? K K
= 1 (3bhau — 8ahbu) — ghg (&,hpu — 8phbu) — ghb (&,h(w — 8ahw) + ghﬂ (Ophae — Ouhipe)

2

K

16 (ab(haAhAu) - 8a(hb)\h>\u)) :
(2.22)
Using ([2.20)), and in (2.8) we have,
Whab = A—B + C,

K K2 y K2 A\ A\
- Z (auhab - aahub) - gh(z (auhl/b - avhub) - E (au(ha/\h b) - aa<hu>\h b))

K K2 Y K2 A\ N
—Zﬁww—&%0+g%QMM @mg+ﬁgmmm@—&wwhm

K K2 K2 - K2 .
+ 1 (Ovhay — Oahiop) — gha (Ophpy — Ophy) — ghb (Ovhap — Ouhoy) + ghu (Ophaec — Ouhipe)

2

K

— E (ab(haAhAu> - aa(hbkh)\u)) )

2

- g (Oohap — Dahi) + HZ (R20, by — BE O, ha) + % (B (Buhya + Ouhi) — hY (Duhun + Ophoy))
ghz (e — i) — "= Oanl) — Db,
O Q)+ " (L WD) 5 (6 O+ O — Oy + )
;h,i (Ophac — Oahie) — %2 (ha/\abh)\y + h)\,uabha)\ — hb/\aah)\,u - h)\uaahb)\) )
= e e+ 0, — P ) + "% (6 O+ D) — B (0 + D)
—%UM&MWJWQMQ.
(2.23)
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We will leave this result to the side for a moment, and continue calculating v“e.** D, and

wec“’y Using ([2.16) and (2.17)),

K 3k2
fycecuD;ﬂﬁ = P)/C <5g - §hlcl + ?hghg) ( pﬂﬁ - [7 Y ] w,uabw>

3/@ 1
_ ’Y“a;ﬂﬂ T 2h1/,uauw + —= chuhdauw - _7 [7 b} w,uabw =+ 1671/hl/“ [7 Y :| w,uabw

T HAC n 1_ a b ;L_E,u 3_/{2ud c
D;ﬂﬁ@cV - a,uﬂ/}—i_ 81/} [777}%@ 50 2h0+ ) hdhc o

_ K., - 3/12 T e 1- a Ko7 Toa
= M¢’7u - §h “au¢7u + ?hghgaﬂﬁV + g@b [’7 a'yb] ’Yuwuab - Eh “¢ [7 7’7b] YvWuab-

Now the lagrangian is,

Vet = Ve (gite Db - 5 (Dub) eyt~ mi ).
— V& |50 (00— w510, 4 S0, — o 0 s

+16%h”“ 7] Wuabw> ' ( At — —h”“amy 3; hiyhld,y° + éw (7% 7] 7 Wpsa

—1—6h”"@ [v*,7"] %%m) W —mnp]

=e (%%“Vﬂw —myp — ’fhﬂ%ﬁuw + %hﬁh”%%?m

126Wpab¢( (v, 4"] + [ 2] ) ¥+ 5 ® e (7 [ + [14 4] 1) 1/1) :

Now we use ([2.23) to analyse the last two terms, we will focus on the last term first. We know
that only the first term in ([2.23)) is order !, so if we multiply by & the rest of the terms will be of

order O(r3). We are left with the following expression,

hpw,uabw ( [7a7 P)/b} + [7a7 ’yb] PYp) ¢ = 6hp (8bha,u - 8ahb,u) & ( Upab707 ) ¢
2

o _
_ _1_66abpah5 (8bhau — aahbu) w”ya’75¢>

32

Now, for the second to last term we have,
i a b 1 - ouab 5 /432 v v
16w,uab77b ( [’7 7Y } + [’7 Y ] ) lb - 11/} VoY ¢ (ab ap aahbu) + Z (haal/hp,b - hbayhua>
0 @b+ )~ O+ )
2

—% (hardph®, — hb@ah*u)} .
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Due to the symmetry of h,,, the first and second term are zero. Also, the expressions d,,h,q+ 0N,
and 0,h,p + Ophy, in the third term are symmetric in ¢ and a, and g and b respectively, so we are
left with,

1

2 —
16w,uab¢ ( [,ya7 /yb} + [7a7 ’yb] ’7#) ¢ = _%¢€Uuab’70/y5¢ (ha)\abhA;L - hb)xaahAp,) )

2
K _
- §¢€Uuab7a’75whz (abhzv\ - aahb)\> y

/{2

— _ﬁeabﬂohﬁ (abha)\ - aahb)\) 1;7075w‘

With this, the lagrangian is,
(2

Vet = (14 S o s = ) ) (359 = miw = i, ¥ 0

3 1‘12 2 _
16 huhl/dw'}/u?uw + ab/w'h)\ (abha)\ -0 hb/\) 1?%7 ¢ abpahp, (abha,u aahb,u) ¢7075¢) )
12

) (h"h,” — 4h,"h,") ( z/yw? Y — mz/np> - Eh“h“”wvyvm

32/{ Ii

e ?Hw = 23R (phar — Bubin) V76770,

where in the last step we got rid of the terms of order k° and k'. Before we calculate the vertex

we will rewrite the last term,
ey (Ophax — Dahir) = € B Opha — € Ol
== Gabuahliabha,\ — Ebuaahéabhu)\,
= Eab’w (hﬁ@bhw - hﬁ@bhw) .

Now we will calculate the vertex, by replacing the fields with entering plane waves i.e. 1) = ¢pe P17,
U = goe P2, B = el(}y)e—’kﬂ and hy, = e,(fy)e ka7 Using 1} we have,

2
\/_ ¢0 Y ( ,uﬂ?w f,a)np" 46( e ) ( (9’1 172) - m) 16 ,(037)77 7 Dm (pQu% —plu%)
SK 12 leiQaa Z:E —ip2x  —tki1x  —tkax
16 ¢ Gd e @ (pQ;fVV _pl,u%) + 3_26 k <€/(Ll))\k4b€¢(z2>\) )\k GW\) YooY ] ¢oe” P2t gkt o mikat,

Before calculating the derivative with respect to the amplitudes we will calculate the following

expression,

D*€epy 1
DeaBIerd = 1 [(na/ﬂlﬁv + ﬁﬂ/ﬂlay) (MyoMos + 77707750) + (nwﬂku + 775u77w) (Napnpo + naanﬁp)] )

= Iocﬂ,ul/]q/&fp + ]Wéuylocﬁopa
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which is symmetric under the changes a <+ 3, v <> § and af <> 6, as it must be. Therefore,

OYiv/eLy LI i } 1
aeaﬁaeyaaq%a% = ir’ [3_2 (2101/3#“[750 - 81&/)’“ I’YJW) (5 (9’1 - 17/2) - m>

1

3
+ 1_6 (Iaﬁuyjyéoa + I'yduylozﬁoa) (pZM'YV - plu’)/u) - E (]aﬁd'u[yédy + I»ygdulaﬁdy> Yv (pQM — pl,u)

¢ —ip1x ,—ip2x —ikiz  ,—ikox
+3_2€ab'up(loé/3u)\]’y5a)\+]’y(5u)\lo¢ﬁa/\) (k4b _ ka) ,yp,y5:| e 1T, —IP2T k1 e ko ’

1/1

=[5 (o = h) (5 =) =)

1
+ — (M6 (0a"05" + 04"05") + Nag (0,105” + 05"05")) (P20 — P W)

32
3 y v
16 ([aﬁduj'wd + [7561“[0456[ ) Tv (p2ﬂ - pl#)
+3—2eab”p([aﬁux[vaaA + Lisurlapo™) (kap — kap) ’Vp’ﬂ S
, 1/1 1
= iKr? [—Z (Z—lnaﬁw + Paﬁvé) (5 (171 - ?72) o m)
1
_ @ <77’Y5 <’7a (pl — p2),3 + Y8 (pl — pg)a) + Taps (77 (pl - p2)5 + Vs (pl - p2)'y>)
3

+1_6 (Ia,@du['yédy 4 Lyzid'ulaﬁdy) Y (plu o p2“):| efiplxefipgxefiklxefikgz.
In the last step we notice that the term IngxIsa” + Lsualape” is symmetric in g and a and it is
contracted with €?®*# so the whole term is zero. The vertex with two fermions and two gravitons

is,

. 1/1 1
Tagys(P1, p2) = 0K {_Z (Zﬁaﬁﬁva + Paﬁvé) (5 (171 - 172) - m)
1
T 39 <7776 (% (p1 — p2)5 + 75 (p1 — p2)a) + Nap (% (p1 — p2)5 + 795 ()1 — p2)7>)
3 v v
+1_6 (Iaﬂdulvéd + I’yﬁd'ulaﬂd ) T (plu - p%)] .

(2.24)
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2.3.2 Propagator

For the propagator we start with equation and rewrite it as,
PP 0hgg = —2TH
The Green function for this equation is A,g.s, the solution of
PPN ygs (1 — 2') = —id™W (z — 2!) T 5,
Writing this in the momentum space we have,
PPN g5 (K) = i1 5. (2.25)

We propose an Ansatz using symmetric structures constructed with 7,4, i.e. 1ay1gs + Nas7s, and

Napys. Note that both are symmetric in af <+ vd. The Ansatz is,

1
Aaﬁ% = ﬁ(A(ncwWé + 770467767) + Bnaﬁn%)'

Replacing this in (2.25)) we have,

PP (A(Naynss + NasTlsy) + Bllagiing) = i1" s,
%(n“an”ﬁ + 07" — 0P ) (A(Nayns + Nassy) + Bllagtins) = 1" s,
A(B0F + 6508 — 0" nys) — B nys = il s,

A(010F 4 050Y) — (A + B)y"'n,s = %(55% + 856Y).

We see that for the equation to be satisfied A = —B = 7, so the propagator is,

1 [/ 7
Aopys = 72 5(%77/35 + NasTpy) — 3MadThe |
7

Bapys = 75 Lasys:
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Chapter 3

Results

In this chapter we will calculate the four amplitudes involved in the process e“g — e~¢g. From

this, we calculate the parallel and antiparallel cross sections to obtain the classical DHG sum rule

for this process.

3.1 Amplitudes

As seen in the previous section, the vertices are,

Figure 3.1: vertices for one, two and three gravitons
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whose Feynman rules are,

—ik |1

Too (0,7) = =~ L_l (’Vp P+p), +7 (P +p’)p> - %npa (% p+y) - m)} : (3.1)

L[ 11 1
Tapys (P p) = it [—1 (Znaﬁw + Pozﬁw?) (5 p+y) - m)

1
3 (ma (% (P+1)s+7s(p+ p’)a) + Tl (% (p 495+ (p + p’)v)) (3:2)
3 v vV
+E (Iaﬂd'u]'yéd + I’yédu[cxﬁd )71/ (p,u +p;L):| )
ZH 12 1% v 3 v
Togs(ks @) = 5 {Paﬁmi [k‘“k + (k= a)'(k—a)" +¢"¢" = on" Cf}

+ 20740 [I/\U’aﬁluy7—y(5 + 17 I g — I 05175 — IUV?&B[AM’WS]

+ 00" (MasI™ 25 + M6 1 ap) + 000" (MasI ™5 + 191 0p)

- q2 (UaB[W’sz + 77’Y5Ilw701,3) UWQAQ (7701,6’[76,)\0 + 77761045,/\0>

+ 2q)\ (Iay’aﬁl'yzs,)\a<k - Q) + Igﬂyaﬂf'y&)\cf(k’ — Q)V - IUV"y(FIaB,)\UkM - [U%'yélozﬁ,)\okl/)
q2 (Iomaﬁlfy&,oy + Iaﬁ,crylo‘u"yé) + n“quQU (Iaﬂ,)\p]pg’yé + ]')/6,)\;)][)0’04[3)

1
+ (K> + (k—q)?) (Iau’aﬁlvd,ay + 1705l — 577 "Pug, ws)
— (061" g + (k — a)*1apI""5) }
respectively. The triple graviton vertex is given in [7], and the graviton propagator is,

1

Duu,pU(Q) = ?Pp,u,po- (34)

This is all we need to calculate the amplitudes.
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3.1.1 Amplitudes M, and M,

These amplitudes are composed of the vertex but in different arrangements, as seen in the

diagrams,
Q?“ kh/-
Yhé’” km?
—
e, e” e
P1 p3 /pl
(a) (b)

Figure 3.2: Amplitudes M, y M,
The amplitudes are,
iMy = 0(ps)h] 75k, p3) D(k)Tas(pr, k)5 ulpy),
iMy = w(ps)hs 7ap(k, ps) D (k)75 (p1, k)BY ulp:).
We will begin calculating M,, so we need 7,5(p1, —k)hg‘ﬁ and hzé*ﬂﬂ;(k, —p3),

—ik |1

Tag(pr, k)RS” = SN b (% (2p1 + ka)g + 75 (201 + kz)a> ~ 5llas <§ <2$7)1 + kz) - m)] €5€s,
—1iK
= e (%2 (2p1 + ko) - €2 + ¢2 (2p1 + ko) - 62) )

—1K
= T¢2p1 " €2.

Tys(k,p3)h] = 5 {Z <% (2p3 + ka)s + 75 (2ps + k4)7) — 5 (5 (21”3 + %4) - m)} el
—IK * * * *
B 8 (¢4 (2p3 + ky) - € + [ (2p3 + ka) - 54) )
—iK .
=
With this we have,

c 2 *
1R™P1 '62]93'647

Mo = = ) (4309, Ko+ m)g,) ).
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Now for M,,

—iKk |1

Tag(k, p3)hs” = N L_l (’Ya (2ps — k2)g + 75 (2p3 — kz)a) - %7701,8 (% (2}% - %2) - m)} €5e,
= —?m (o (2ps — ko) -2+ ¢, 201 — k2) - €2)

= T¢2p3 " €2.

k|1

Tos(p1, k)R> = — L_l (’Yv (2p1 — ka)s + 75 (2p1 — k4)7) —5he <§ (2?1 - %4> - m)} ey,
—IK * * * *
= 8 (%4 (2p1_k4>'64+¢4 (2])1—]{74)'64),
—UK .
= fa

With this we have

. z'/<¢2p3 “ €Dy v €y _ *
My = = () (¢2(p1 et m)¢4) u(pr). (3.5)

Now we have M, and M, but the former will always be zero because, as we know, €, must
be perpendicular to ko, but ky will always be coplanar with p;(a plane can always be defined with
just two vectors), so €; also will be perpendicular to p; i.e. €5 - p; = 0. A similar analysis shows

that eff - pg = 0. Therefore M, is always zero, but M, isn’t.

3.1.2 Amplitude M,

This amplitude is composed of one vertex, [3.1D] as seen in the diagram,

Figure 3.3: Amplitude M,

From here, the amplitude is,

iM, = w(ps)h]® Tagshs u(py).
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First we see that any term in that is proportional to 744 or 7,5 will be zero when contracted
with the polarizations of the gravitons because naghio‘ﬁ = €€ = 0. With this in mind we see that
the second line is zero.

Now we will do the calculations line by line, starting with the last line because the first one is

just,

5* 1

« (1 1
) (0% * (e}
hy (Znaﬂnyé + Paﬂ,w) h? = 561 €4 (%Wﬁa + NasTpy — 5%5%5) €9 e,

S (P )

2
= (e; - e2)”.
For the last line,
enEp 70" ¢ ¢ B ¢ Eez*ei* ¢ ¢
(p1 + p3) Y hy [Ifaaﬂle,yé + fw,vafe,a,g] hy™ = (p1 +ps)° = [(nsa%ﬁ + NepMga) (577765 + 0y 7767)
+ (Mermgs + NesNer) (5337743 + 52776@)} €5€s,
TS

€
. 44 [2 (7750477767766 + 776/3%@7755)

= (p1 + pa)7SS
+ 2 (NeyTasTles + NesTsaTea )] €565,
= (p1 +ps)* [625671 F €265, T 1€y 62625] ;
= they - €26y - P1 + Gy€) - €262 - D3,

=€) € [9&62']71"‘6/;162']93}7

where we used €5 - p; = € - p; = 0. Putting all this together we get

* o ik [ (¢ e)? 1 3€; - € .
hf Taﬂ,thB:?{% (m_§ <ZZ§1+}’53>) + 48 - (9’564'1714‘%62'1)3)}'
Finally, using the relations u3(ps)(p + p5 — 2m)ui(p1) = 0, allows us to write

iM,. = a(pg)hzé*mgm;hgﬁul(pl),

Sin? ) (3.6)
BT exti(ps) (¢l - pr + dhea - ps) u(pr).
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3.1.3 Amplitude M,
This amplitude is composed of the vertices and [3.1d, so the Feynman diagram is,

heP

Figure 3.4: Amplitude M,

then the amplitude is,
Z.Md = a(pB)TpgDpa ,ul/h ByéhQ ( )

«

let us calculate this in parts, starting with 7]° 7" 5, 75h§“6 , but before doing that we notice that any
term proportional to 7,4 or 7,5 in will be zero when contracted with the graviton polarizations,
as seen in the previous section. Then the third, forth and last line will be zero, and for the first
line we will use the previous result h)° P.s.5hS” = (€} - €5). For the second line we will focus on
the first and third term,

6*

v*
20451} [P as "5 — Ioasl™ 5] h5° =qua€4 L [(6205 + 6307) (10% + 540
(88 1 5 (5055 T 850)] e,

q/\% A o‘ /,L* A M _ox v
[4 — 4ejeq€] € } ,
2
* vk * [ _U*
|:q 62 64 €4 — (- €2(q - €465€, :|

For the remaining terms we see that they are similar to the other ones, in the second line but with

the exchange af8 <+ vd, and that results in € < €}, so the full second line is,

o* 2
200001} [T ap " 05 — IoapT™ s + T a5 — 17 g 15 15 = 2 [(q - €2)" € ef* — q - €2 - €jehe”

+(q-€)ehes —q-exq- esenel’] .
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For the fifth line, starting with the first two terms, we have

* «a 67*66* o SV oSV
20° " (17 apLsao(k = @) + 17" aploirg (k= ) 13" = "= (0205 + 050%) (anise + mhanisn) (k2 — )"

+ (670% + 0501) (maniso + Mhomsn) (ks — @)"] €3¢,
A
=3 [4€} - eaeseny (ko — @) + 4€) - eaeheny (ko — q)"],

=)

= 2€; - €2 - € €5 (ko — @) + €5 (ko — ¢)"],
now the other two,
Apy* rrov m ou v] 1, af GZ Ej o o u
203" (17 slap pok” + I 5 lap aok” 5" = @ =2 [(8705 + 0507) (aanse + Naonisn) K
+ (5 5“ + 43 5“) (7704)\77,30 + 77aa77,8)\) k;} 6(21657
A
= % [462‘1 - €x€oney Ky + 4€) - 6262/\65*/{55] ,
=2€; - €2q - € [€] Ky + €, KY]
With this, the fifth line is,

QQ)‘hZ(S* [10%04,6’]76,/\0(]{: - Q)” + ]Umoaﬁ[y(s,/\a(k: - Q)V
—IUV’,W;[OC@)\U/{,’M — IUM’,Y(;[aﬂ7)\U/€V] hgﬁ = ZEZ-EQ(C]'EZ [6;(/{52 — q)“ + Gg(k‘g — q) ] q-€o [64 kM + E kQ})

The term proportional to ¢? in the sixth line,

v 5*

h] 17 a5 T50" + Lago"T7 5 BS® = 2554 T 10205 + 630%) (o5 + 1507

+

~

070} + 0561) (11000} + 0300%)] €5¢5,
2

Q

[4€] - exehel™ + de} - exebel”]

I
N r-l>|

(=

* K _v* v ¥
€y €2 [6264 + €564 ] ,
and the remaining term in the sixth line,

Fed* ) )
E 4 - [(na)\nﬁﬂ + napnﬁ)\) (5P55 + 6§6’Y)
+ (MyATlsp + My pTor) (5§5g + 5255)} 63657

11759
ma4q * o* * * o
= [dey - €a€ane]” + 4€) - €2€5,€9]

v o* lod log « v
77” q)\QUh'y [Iaﬂ)\plp ’75 + IyéApIP ’aﬁ] hQﬂ - 77” q)\q

vV _* *
=2n"ey - €2q - €,q - €.
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And lastly for the seventh line we focus on the first two terms, as we already know the result
for the third,

v _§*

ky — )Q% [(528% + 6308 (0005 + n5od”)

(K + (k= )*) WY (I apLyso” + 17 apls o] 15" = (

+ (0205 + 0502) (mo0% + ns00%)] €53,
(
(

q
21 * n vk * v _*
q)*~ [4€] - exebel™ + de} - exelel”]

ko 1

2 [ _x W vk * v _*
ko — q)? [€} - exehel™ + €) - eaehey”] .

combining all this we have,

"l shs” = 5 {(62 ;) {k“k‘ + (k=g (k=) +4"¢" = 50" qﬂ
+2[(q-€)’ ebes + (- €2)" € " — q- eaq - €i(ebe” + esel™)]
+ 26, - €2(q - €5 [e5(ky — @) + ey (ka — )] — q - €2 [€f "k + €7 k5])

2 _x o v* v ¥ v _* *
+ q’e; - €0 [ehel + ebel™] + 20V e) - eaq - €4q - €2

* * v _p* 1 v *
bl =0 6 ader + 6 ade’ - g ap| ).

Due to momentum conservation ¢ = ki — k¥, then

*_pv a ik * v v v v
Ty shs” = D) {(e2- €1)? [kh RS + (2ka — k)" (2ka — ka)” + (ka — ko)* (ks — ka)” + 30/"ks - k]
+ 2 [ (ks - ) ey 4 (ky-€)? € el + ky - €2k - €5(ehe)™ + eheh™)]
— 2€; - €2k - € [€5(2ka — k)" + €5 (2ko — ka)"] + ka - €3 [€ KL + €, 7kY])

*
— 2k - kuey - €0 [ehel* + bl — 20"V e] - eaks - €1k - €0

1
* W vk * vk v *\2
— ko - ky €] - ex€h e + € - eaeney” — =t (ey - €)) :

2
To simplify things we define 2A* = hzé*ngﬁéhg’B ., which is symmetric. Now we calculate
%Dpa,,uVija
D g A = L (Map oo A" + Do Mup A" — Myutpe A
o Do Sk - Jog " wellvo poTlvp v Tpo ,
K
= A o AO’ - O’A s
8k2 . k4 ( P + P np )

K 1
- Ay — =g A ) -
4k2~k4< S )
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Lastly, we calculate 5”777 (Ape — 21,0 A)

5o (A= Eiad) = [ 0 00 07 145 (A — S
4ko - ky po 2779‘7 _8]{32~k’4 4 Y \P1 T P3 Y \P1TDP3 po — Moo

7 (1= 31e) (3 ) -0)

—ik? [1 1 1 1
= —_A~P 7 S _ _ _
T [QV (p1 + ps) (Apa anaA> + 54 (2 (9, +7,) m)}
—iK? 1 1
= P 7 - = .
T [v (p1+P3)" Apo = (p1+p3)A+A(2 (9, +7,) m)}
o 1+ )" A — Al

We also need A,

A= (62 . 62)2 [—4/{72 . ]{?4 — 2]{32 . ]{?4 + 12]{32 . ]{?4] + 4k’4 . 62/{72 . EZEQ . EZ -0
— 4ky - ky(€} - €2)? — 86 - €2ky - €1ky - €3 — 0,

= 2ky - ky (&3 62)2 — 4ey - €aks - €4ky - €9,

and * (p1 + p3)” Ao, expression that can be simplified using €5 -p1 = €5 -p3 = 0, 6 *p3 = —€5 - ky,
€5 -p1=—€; - ky and (ky — ka) - (p1 +ps) = 0
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Y (pr+p3)" Apo = (€2 €5)” [Koka - (p1 + p3) + (2 — K1) (2k2 — k) - (p1 + ps)
(K — ) (s = ko) - (1 + ps) + 3(p, + P, -
+2[(ka- €1)* doea - ps + (ka - €2)7 s - 1 + k- eaka - €5(¢oeh - p1 + fre2- p1)]
—2¢; - €3(ky - € [¢5(2ka — Ka) - (p1 + p3) + (2K — Fy)ez - ps]
+ ks e [Eika - (1 + p3) + ko€l - p1])
— 2ky - ka€) - €9 (o€ - 1+ fiea - ps) = 2(p, + Po)ei - €oka - ik - €
by |6 alfa ok fiee ) — 50+ g 6.

= (e €)” |(3ky — KaDka - (1 + ps) + 5(p, + P,k -

—2[(ka - €3)" foer - kia+ (ka - €2)” 1€ - ho + ka - €2k - €5(¢oh - b + o2 - K]
—2€; - e3(ka - € [foka - (D1 + p3) — (2 — Fy)ez - ku

ke [ﬁkQ - (p1 + ps) — ko€l - kﬂ)

+ By - a€y - €9 [¢5€4 - ko + dhea - k] — 2(p, + Pyl - €aka - €1ka - e,

= (&2 €})° [(3%2 — Fa)ka - (p1+ p3) +5(p, + P,k - k4}

— 4k - €2ky - €(¢o€) - ko + f€0 - k)

—2€; - ea(ka - (p1 + p3)(foho - €5 + fika - €2) — (3K, — Koo - €lez - a)

+ Gky - ke - €2 [f5€5 - ko + fhea - ka] = 2(p, + p)ei - €aka - €1ky - €,

= (es-€5)° [(3%2 — Ko)ka - (p1+p3) +5(p, + P,k - ka

— 2(¢y€y - ko + g€ - ka)(2ky - eaky - €] — 3k - kuey - €2+ €] - €2ka - (p1 + p3))
+ 2¢€) - eaka - €46 - ku(3fy — Ky — P, — P)-
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Combining the last two results,

K v _1 Al = —ir? [V (p1 + p3)° Ay — mA]
4]{32 . k4 po 277;)0 - 16]€2 . ]{Z4 7 \P1 Y2 po 9
—iKk?

- m [(62 ‘ EZ)Q [(3%2 — ka)ka - (p1 +p3) + 5(@1 +p3)k2 - ky

- 2(¢2€Z . k’g + %ZEQ . k’4)(2]€4 . 62]{?2 . EZ - 3]{52 . k‘4€:‘i < €9+ EZ . 62]{?2 . (pl —|—p3))
+2€) - €k - €jea - ka(3fy — Fy — Py — ) — 2mba - ky (e - e;)’

+4me; - exky - €5ky - €3],
—iK? o
= 16ky - ks [(62 €1) [(3%2 — Fy)ka - (p1+p3) + (5(p, +p,) — 2m)ks - Ky

— 2(¢y€e1 - ko + g€ - ka)(2ka - €2k - €] — ko - k€l - €2 + €] - €aka - (p1 + p3))
+2€Z - €9ky - 6162 . k4(3%2 — %4 — ?1 — p?) + 2m)] .

Finally we have that M, is,

2

iMg = m%(m) [(62 ;) [(3%2 — K)ka - (p1r+p3) + (5(p, +p,) — 2m)ks - ku

— 2(¢2€Z : k’Q + %:‘;62 : k4)(2]€4 : 62]{?2 : GZ - 3]€2 : k462 - €2 + EZ . 62]{32 : (p1 +p3))
+2¢€; - €xkn - €5€a - ky(3fy — Ky — PPyt 2m)| uy(p1).

To simplify the expression we use u3(ps)(p, + p, — 2m)ui(p1) = 0 and u3(ps)(fy — Ky)ui(p1) = 0.
With this we have,

2
7 *\2
= mug(p3) [(62 - €)) [zkgkz “(p1 +p3) + 4(32)1 —|—p3)k2 . ]{;4}
— 945k + fhen  ka) (2hs - ek - € — 3k - K€l - €2+ € €k - (1 + p3))

+4¢€) - €2ky - €169 - k4kg] u1(p1),
iK% .
= E%(p:s) [(62 ;) [%ka (P14 ps) +2(p, + Pk k4}
— (#261 . ]CQ + ¢Z€2 . k4)(2]€4 . 62/{?2 . EZ — 3]€2 . k4€z ) + EZ . 62]{72 . (p1 +p3))

+2€Z . 62]{72 . EZEQ . k‘4k2] ul(p1)~

iMy

(3.7)

All of this result were corroborated with FeynCalc
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3.2 Classical Compton DHG sum rule

To calculate the sum rule, we first calculate each of the sixteen possible helicity configuration in
Mathematica using ([1.1)) and (1.2)), and the result are,

M (4,4, +,4) = M?(—, =, —, =) = ’
( ) ( ) (m2 8)4 (m2 u)Q
4 4 4t2 4
M2(+,+,+,—) = MQ(_7_7_,+) — MQ(—,—l—,—, _) _ M2<+,—,—|—,—|—) _ e'm 4(m su)Q’
(m? —s)" (m? — u)
4 4 Qt 4 2
M2(+’+’_7+):Mz(_7_7+7_):MQ(_a+7+7+):M2(+7_7_7_):_ ¢ (Zn S'U,) 27
(m? —s)" (m? — u)
det*m?s?t3
M2 +’+’_7_ :M2 _7_7+7+ = - )
( ) ( ) (2 — 5) (2 — )
4etmSt3

MQ(_a+7+7 _) = M2(+7 ) _7+) = -

(m? — )" (m? —u)*’
et (m* — su)((s —m?)? + tm?)?

(m? — 5)4 (m? — u)2

NOw we separate them in parallel and anti-parallel contributions, and calculate d?)UcPM and d?{ZAM'

With this, and (2.1) we can calculate what we need for the sum rule,

™ ( dop doy \ dcos(Ocnr) .
[— e 2 — 0 al d0 ao
op 74 7T/0 (dQCM dQCM) d cos (GLab) Sln( L b) Lab

T/ dop do 4 2v m?2sin (Orqp)
- 2 - 1 - < d@ abs
7T/O (dQCM dQCM) ( + me) (me +v(1 — cos (Ora))? Lab
Ta? m 2m V2
T ™Y (1) o — )
m2v {( +y> n( + y) ( +(m+21/)2>}

Now integrating this we have,

DHG :/ or =94,
0

14
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3.3 Classical graviton DHG sum rule

Now, as we did before we calculate each of the sixteen possible helicity configuration in Mathe-

matica using (3.5)), (3.6) and (3.7)) (for the result see . Then we separate them in parallel and
anti-parallel, and calculate -222- and dé‘a{ (for the result also see. with this and 1) we can

dQom
calculate what we need for the sum rule,

T d d d 0
Op — 04 = 27r/ ( or 74 ) cos (eur) sin (0rap)d0Lab,
0

dQCM B dQCM d cos (eLab)
™ dop do v m?2sin (Opqp)
=2 — 14+ — ; dOrap,
7r/0 (dQCM dQCM) ( me) (me +v(1 — cos (Ora))? Lab
= 0.

We see that the difference of polarized cross sections diverges. We can pin point the problem if we

calculate the total cross section in the CM frame,

T dop do 4 )
or =27 + dOc v,
! /o (dQCM Qe )M (3.8)

= Q.

We see that it also diverges, we will discuss the reason behind this result and a possible solution

for it in the next section.

3.4 Possible unitarity violation

A quick inspection of (3.8]) shows that the divergence happens at ¢, = 0, but even if we regularize

the integral with a minimal angle, op = 27 [° <d?{% + déUCAM> dfcn the resulting cross section

still grows with the energy (or ~ s), which is a violation of unitarity.
We can try to save unitarity taking inspiration form [I4] and calculate op — o4 without the

triple graviton vertex (for the amplitudes and cross sections see [5.2)) and the result is,

T/ d d d 0
Op — 04 = 27r/ < or oA ) cos (fon) sin (0 zap)d0Lab,
0

dQCM B dQCM d cos (QLab)
™ dop do 4 ) ( v ) m?2 sin (0rqp)
= 2 — 1 + — - d@ aoy
7T/0 <dQCM dQCM Me (me + 7/(1 — COS (‘gLab))2 Fab
mk*

—15m° + 195m°v + 1540m™*v® + 3450m>v® + 2752mv* + 376mv® — 1000°)

a 307207 v3(m + 2v)3 (v

15 2
+7m2(m + 20)* (m® — 18mv — 200v*) In (1 + —U)) :
m
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We see that it is finite, a good sign, but if we try to calculate the sum rule it diverges.

We can see that the process still breaks unitarity if we calculate the total cross section,

T dop do 4 )
or =2 + dbcr,
g /0 (onM dQcn )M

Ii4

61440 (m? — s)® s3

+120m*s® (11m* + 12m?s — s?) log [iQ]) 7
m

((m® = s) (15m'" — 108m™s + 503m®s” + 1888m°s® + 493m*s* — 172m*s” + 215°)

we see that the cross section still grows to fast o7 ~ s, so we find that this process breaks unitarity.
We can more clearly see the behaviour of the sum rule by graphing its integrand (@ Vs. y)

and compare the different results for the graviton Compton scattering and its photonic counterpart.

0.01

0.00 |-
-0.01F
-0.02
-0.03F

oos K’

-0.05}F

-0.06

v

Figure 3.5: Graph ##=%4 vs. v for graviton Compton scattering with triple graviton vertex.

0.00000
-0.00002
al> -0.00004
~0.00006 -
~0.00008 ” 20 0 80 100

v

Figure 3.6: Graph Z2=24 vs. v for graviton Compton scattering without triple graviton vertex.
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Figure 3.7: Graph *#~%4 vs. v for normal Compton scattering.

We see that one critical difference between 3.5 and [3.6) with [3.7)is that the positive and negative
areas can cancel out in the photonic version of the scattering but with gravitons this doesn’t
happen, meaning that one polarization configuration (parallel or anti-parallel) far dominates the

other one for all energies.

3.5 DHG sum rule for spin 1 particle scattering

As a bonus we can wonder about the sum rule for massive spin 1 particles, whose vertices with

photons are,

V+ kz, 65 Vi Ef Vie}:
\ ks, €2
4
V™ k€ Y €5 y el
(a) (b)
Figure 3.8: Vertices for photon and a spin 1 particle.
The corresponding Feynman rules and propagator are,
T (b ko k) = i€ g (kr = k) + gin (kz = k), + g (ks — k), | (3.9)
Tuvaf = _i€2 [ZQaﬁgm} — Japdpv — gocl/gﬁu] (310>
o —1 qu4v
Dyw(q) = pEp— (9;w - W) (3.11)

We can construct the amplitudes M,, M, and M. for the diagrams in [3.9
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u v
+ P1 € Ps3, €3

BN
7 Ny,

a i
ka, €3 kg, ei

Figure 3.9: Amplitudes for Vy — VEy

They are

M, = €§*Two—,8(—p37p1 + ko, _k4)€f*DUp(k)€l1LTpua(_pl — ko, p1, kz)Ega

iMb = €g*T’yaa<_p3ap1 - k47 k?)egDUp(k>€llLTPMﬁ(_pl + k4,p17 _k4)€§*7

iMy = €5 ) T apeles.
To calculate the amplitudes we use FeynCalc, and the result are,

- 2
e
- 2
IM, = € -€xen-(u—t—m
a s —m?2 3 4( )7

ie?
m2

My, =

— 61 €565 - ea(m® +t — 5) + dp1 - €5(p3 - €162 - €5 — P3 - €261 - €3)
+4p1 - €3(p1 - €161 - €2+ p3 - €261 - €4) +4Aps - 1(ps - €263 - € — p1 - €362 - €)]

iM, =ie*(e; - €heq - €5+ €1 - €265 - €4 — 261 - €562 - €5).

As we did before, we calculate each of the possible helicity configurations, which are,

4etsitt
M2+, 4+, 4+ H) = M2 (=, — — —) = ’
( ) ( ) (m2 - S)ﬁ (m2 —'U,>2
4 4 4t2 4 2
M2(+7+7+7_) = M2(_7_7_a+) - MQ( >+7 a_) - M2<+> 7"‘,"‘) = ¢ gm SU)Q’
(m? — 5)” (m? — u)
Aetm 2 (m? — su)?
M2, 4, = +) = M=, =4, =) = M2(— 4, 4) = M2+, =, —, =) = gm SU)Z’
(m? —s)” (m? — u)




4etmBt
(m2 —5)° (m? —u)*’
and then, separating them in parallel and anti-parallel, we calculate as before op — o4

5 /“( dop do 4 > d cos (QCM)de
Op —0p =21 — abs
P A 0 dQCM dQCM dCOS (QLab) Lab

5 /”( dop do 4 > (1+ 21/) m? 50
— T J— _— a0y
o \dQcy  dQoun me ) (me + v(1 —cos (Ora))? Lab

2ma? v (12m° 4 69m*v + 163m3v? + 252m?v3 + 292my* + 15219)
3m2yt (m+ 2v)3

M (=4, —,+) = M*(+,—,+,—-) =

(3.12)

+

DO W

2
(4m3 + 3m?v + 10mv?* + 4y3) In (1 + _v)) .
m
Integrating this we have,

DHG:/ gr — 94,
0 1%
=0.

As expected.
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Chapter 4
Conclusions

In the search for information about the gravitational properties of quantum objects we took inspi-
ration from the Compton scattering and the DHG sum rule that can be used for calculating the
anomalous magnetic moment of the electron via the difference between the parallel and antiparallel
polarized scattering.

We used the graviton Compton scattering in the context of the linearized gravity formalism
to see if the sum rule would give us useful information. At first we used all the amplitudes for
the process, but we found that the difference of polarized cross sections as well as the total cross
section diverges. Then we took out the amplitude with the triple graviton vertex and this time the
total cross section was finite but it grew linearly with s breaking unitarity, leading to a divergent
result in the sum rule.

This may be problematic because the classical result of the sum rule speaks to the consistency
of the theory as seen in [I] so there are two possible solutions for this; either the DHG sum rule
is not supposed to work for gravitons (could be that the necessary assumptions that the sum rule
needs in order to work are not fulfilled by gravitons in the same way that photons do) or the DHG

sum rule does work for gravitons but it does so in other better behaved formalisms for gravity.
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Chapter 5

Appendix

5.1 Amplitudes and cross sections with the triple graviton

vertex

The polarized amplitudes for the process e~ g — e~ ¢ including the triple graviton vertex are,

M2 (4,4, +,4) = MP (=, —, =, =) = M (+, —,+,—) = M*(—,+,—, +) = w8 (o) (12m"" — 9s%u(s + u)
P o T R 256(m? — s)10(m?2 — u)?

— 2m®(17s + 4u) + 5m®s(3s + 5u)
2

+m?s? (952 + 23su — 4u2) —mis (1882 — su + 3u2)) ,
K (m4 — su)5
64 (m2 — )"0 (m? — u)* 12

+m? (—1352 — 12su + 5u2))2,

M4, 4,4, =) = M2 (=, —, — +) = (4m® + m* (155 — 11u) + s(2s + u)(s + 3u)

kAm2s2t3
64(m2 — 5)0 (m2 — u)?

+4m®(4s + u) + m?s (—552 — 16su + u2))2 ,

M (4,4, —+) = MP(—,— +,—) = (—6m® +m*s(3s — 11u) + 7s?u(s + u)

x*(m* — su)4
64 (m2 — s)'% (m2 —u)*¢

+m? (—1752 — 28su + u2) + ms (252 + 11su + 7u2))2 ,

(—4m” +m®(27s + u)

_ kt(m* — su)3
64 (m2 — )"0 (m2 — u)? 2

—m?2s(s — u) (1552 + 22su + u2) + 5* (283 + 35%u — Tsu® — 6u3)

(3m8(138 — 5u) — 2mS (3052 + 9su — 7u2)

M2(+> ) +7 +) = M2(_a +, ] _)
+m* (4233 +13s%u — 4su® — 3u3))2 ,

38



4t3
M+, — = =) = M2(—,+,+,+) = — R 5 5 (—2m11 +mSs%(5s — 17u) + 2m"s(5s + 3u) + ms>u(5s + Tu)
64 (m? —s)" (m? —u)

+m3s? (—552 — 10su + uz))2 .

Grouping these amplitudes into parallel and antiparallel we have that the differential cross
sections are,

dop
dQcn

R4 4

5 6 4 2 2 2\)2
5276872 (m? — 3) 05 (i — w2 2 [4 (m* — su)” (4m® + m*(15s — 11u) + s(2s + u)(s + 3u) — m* (13s* + 12su — 5u”))

— 4m2s*° (—6m® + m*s(3s — 11u) + 7s%u(s + u) + 4m°(4s + u) + m?s (—5s* — 16su + u2))2
— 4t (m4 — su)4 (—4m7 +m®(27s + u) — m® (1782 + 28su — u2) +ms (232 + 11su + 7u2))2

+t (m4 — su) (12m10 —953u(s + u) — 2m3(17s + 4u) + 5m°s(3s + 5u) + m?s> (982 + 23su — 4u2) —mls (18.5’2 — su+ 3u2))2} .

do 4
dQconm

I€4 4

4 2
5276872 (m? — ) (m? — w2 2 [—4t (m* — su)” (m®(27s + u) — 4m” — m? (175% + 28su — u?®) + ms (25 + 11su + Tu?))

— 4% (=2m™ + mPs?(5s — 17u) + 2m"s(5s + 3u) + ms®u(5s + Tu) — m*s* (5s* + 10su — u2))2
+ ¢4 (m* — su) (12m'% — 9s®u(s + u) — 2m®(17s + 4u) + 5mP°s(3s + 5u) + m>s® (9s® + 23su — 4u®) — m*s (185 — su + 3u2))2
+4 (m4 - su)3 (3m8(135 — 5u) — 2m°® (3052 + 9su — 7u2) —m?2s(s —u) (1582 + 22su + u2) + 5* (253 + 3s5%u — Tsu® — 6u3)
+m* (4233 + 135%u — 4su? — 3u3))2} .

5.2 Amplitudes and cross sections without the triple gravi-

ton vertex

The polarized amplitudes for the process e~g — e~ g, not including the triple graviton vertex are,

K4 (m?d — su) (4mS — 3mis + m2s(3s — u) — 352u)>
M2+, 4,4+, +) = M (=, —, —, =) = ( ) S ( 5 ) ) :
256 (m? — s)” (m? — u)
K42 (m* — su)®
M2+a+a+7_ :M2 _a_7_7+ - )
( ) ( ) 16 (m2 — 5)® (m?2 — u)?
4y2 6245 4 2
M2(+,+,—,—|—) _ ./\/lz(—,—,—i-, )= K*m*s*t® (m* — su)

16 (m2? — s)* (m2 — u)*’
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Im23 (m* — su)4
16 (m? — 5)° (m2 — u)*’
k42 (m* — su)® (5m* + 5(2s — u) — m2(5s + u))”
64 (m2 — 5)° (m? —u)? 7

M2(+7 +7 R _) = MQ(_a R +a +) = -

M2(+7 ) +7 +) = M2(_7 +7 ) _) =

k4E (m* — su) (4m® — 3mts + m2s(3s — u) — 3s%u)’

256 (m2 — s)° (m2 — u)” ’

M2(+7 ) +7 _) = M2(_7 +7 ) +) =

423 (m? — su)*
16 (m2 — 5)°® (m2 — u)*
Grouping these amplitudes into parallel and antiparallel we have that the differential cross sections

are,

M2(+7 B _7+) = M2(+7 T T _) = MQ(_7+7+7 _) = MQ(_7+7+7+) - =

dop k42 (m* — su)
dQcnr 3276872 (m? — 5)° s (m2 — u)?
+t* (4m® — 3m*s + m®s(3s — u) — 352u)2> .

(—16m252t3 (m4 — su) — 16m?2t (m4 — 5u)3 + 16 (m4 — 3u)4

doa k42 (m* — su)
dQcnr 3276872 (m? — 5)° s (m? — )

+4 (m* — su)2 (5m* + s(2s — u) — m*(5s + u))2) .

5 (—32m2 (m* — su)3 + 1 (4m°® — 3m*s + m®s(3s — u) — 352u)2
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