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Chapter 1

Introduction

The Dirac crystals featuring Dirac quasiparticles as their low-energy excitations
exhibiting a linear dispersion opened up a new paradigm in the modern condensed
matter physics [1–3]. They also bridge the gap between the seemingly unrelated
phenomena in the realms of high-energy and condensed-matter physics through the
emergence of the Dirac and Weyl quasiparticles, being the prime examples in this
respect. Such Dirac materials feature an emergent relativistic-like Lorentz symmetry
because of the Dirac quasiparticles’ linear energy-momentum dispersion, E(k) = vFk,
with the Fermi velocity, vF , typically a few hundred times smaller than the speed
of light, playing the role of an effective velocity of light in their crystalline universe.
Such a relativistic-like Lorentz symmetry turns out to be quite a robust feature
of the Dirac materials even when the electron-electron interactions that explicitly
break it are taken into account. For instance, the Lorentz symmetry emerges in the
deep infrared regime for the two-dimensional (2D) Dirac fermions coupled via the
long-range Coulomb interaction, where the speed of light takes over as the common
velocity for both the Dirac fermions and the photons [4]. Furthermore, for Yukawa
(short-range) interacting Dirac fermions, the quantum-critical point (QCP) separating
a semimetallic and a strongly-coupled gapped (insulating or superconducting) phase
is Lorentz symmetric [5–9]. This issue has been also recently addressed beyond the
realm of the usual Hermitian Dirac materials, by taking into account the effects of
the non-Hermiticity, that may arise, e.g. from the coupling with an environment,
resulting in the Lorentz symmetry emerging at low energies [10, 11]. These results
point towards a ubiquitous emergence of the Lorentz symmetry at low energy in the
Dirac materials, even though such a symmetry is absent at the lattice (UV) energy
scale.

3



To obtain further insights into the ubiquity of such an emergent Lorentz
symmetry, in this thesis we will consider tilted Dirac materials, featuring low-energy
quasiparticles with tilted Dirac dispersion, explicitly breaking this symmetry at the
lattice scale already at the noninteracting level. Such an explicit symmetry breaking is
realized by the direction of the tilt term in the dispersion of the tilted Dirac fermions
(TDFs), which is dictated by the underlying crystalline lattice, and is represented
by a single term ∼ α, with α as the tilt parameter, in a Dirac Hamiltonian, as
shown in Eqs. (3.3) and (3.4). Introduction of such a tilt term may be considered
as possibly the simplest Lorentz-symmetry-breaking deformation of an otherwise
Lorentz-symmetric noninteracting Dirac Hamiltonian. Its effects have been studied in
various contexts, for instance, it was argued that TDFs may represent a platform for
the simulation of the curved space-time in condensed-matter systems [12–21], while
the quantum transport [22–28], the effects of the long- and short-range components
of the Coulomb interaction [29–32], charged impurities [33–36], and the magnetic
field [37–39] have also been addressed. We emphasize that the tilted Dirac dispersion
has been theoretically investigated in the materials using first-principle techniques [40–
42]. In fact, the TDFs have been realized in a plethora of quantum materials [43–50],
both with the subcritical tilt (type-I), featuring the point-like Fermi surfaces, and in
overtilted materials (type-II), with the electron- and hole-like Fermi surfaces, putting
the tilted Dirac crystals within the landscape of the quantum materials.

Through this thesis, we explore the effects of the s−wave superconducting
instability in the type-I tilted Dirac materials. Our main result is that at the strong-
coupling QCP separating the tilted Dirac semimetal and the s−wave SC phase, the
tilt operator becomes irrelevant and therefore the Lorentz symmetry gets restored.
To address this problem, we employ the Gross-Neveu-Yukawa (GNY) theory [51–58],
since this instability necessarily occurs at strong coupling, as can be seen already
at the mean-field level [Eq. (3.9)], due to a vanishing density of states (DOS) at
zero energy [Eq. (3.10)]. To account for the effects of both fermionic and order-
parameter (OP) fluctuations in the vicinity of such a QCP, since both the Yukawa
and Φ4−couplings [Eq. (3.19)] are marginal in three spatial dimensions (D = 3),
we use the renormalization group (RG) analysis within the ϵ = (3−D)-expansion.
We demonstrate that the tilt parameter in the mirror-symmetric [Eq. (3.3)] and
mirror-symmetry-breaking [Eq. (3.4)] tilted Dirac semimetals are irrelevant at the
superconducting QCP, with the corresponding RG β−function given by Eq. (3.56)
[see also Fig. 3.4.1], and the flow shown in Fig. 3.4.2, therefore implying the restoration
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of the Lorentz symmetry at such a QCP. To further corroborate the ubiquity of this
scenario, we show that the transition into a CDW phase also features the emergent
Lorentz symmetry at low energy, albeit with a slower rate of the restoration, as
shown in Eq. (3.65), see also Fig. 3.4.3 and Fig. 3.4.1. We argue that such an
emergence of the Lorentz symmetry is generic for the TDFs interacting via a short-
range Coulomb interaction, with the rate that depends on whether the OP commutes
or anticommutes with the tilt term. Finally, the anticommutation makes the rate
of the restoration faster, as can be seen explicitly in the case of the SC and CDW
instabilities.

This thesis is organized as follows. In Chapter 1 we introduce some of the key
concepts that will allow the reader to understand the context of the work we have
developed. In Chapter 2, we present the theoretical tools that we use in order to solve
the problem. In Chapter 3, which contains new results posted on the preprint server
arXiv [59], we address the superconducting phase transition for TDFs, presenting
our results and arguing the irrelevance of the tilt parameter. Finally, our conclusions
and the outlook are presented in Chapter 4.

1.1 Quantum Phase Transitions

The main focus of this thesis will be the semimetal-superconductor phase
transition at zero temperature. This transition falls into the category of continuous
quantum phase transitions, which will be the principal subject of this section. We
will adhere to the simpler modern classification in which phase transitions may be
either continuous (second order) or discontinuous (first order). A continuous phase
transition is change of phase of a macroscopic system in equilibrium that does not
involve latent heat. Phase transitions that do involve latent heat, such as the freezing
of water, are called first order or discontinuous [60].

There are several ways to approach the concept of quantum phase transitions.
Lets first consider a Hamiltonian H(g), whose degrees of freedom reside on the sites
of a lattice, and which varies as a function of a dimensionless coupling, g. Following
the evolution of the ground state energy of H(g) as a function of g, we can start the
discussion on the idea of phase transitions. For the finite volume case, the ground
state energy will be a smooth, analytic function of g. There is a main possibility for
an exception, if g couples only to a conserved quantity (i.e. H(g) = H0 + gH1, where
H0 and H1 commute) [61]. Thus, H0 and H1 can be simultaneously diagonalized
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implying that the eigenfunctions are independent of g even when the eigenvalues
change with g. Here comes the idea of nonanalyticity, in the last case, there can be
a level-crossing where an excited level becomes the ground state at the critical value
of the coupling g = gc, creating a point of nonanalyticity in the ground state energy.

Another way to approach quantum phase transitions is by developing an order
parameter (OP) which lowers or break the symmetry. In general one speaks of a
spontaneous symmetry breakdown if the symmetry group in field space reduces to
a subgroup when transitioning from the disordered high-temperature phase to the
ordered low-temperature phase. This concept plays a central role in the following
work and will be explicitly used in Section 2.1.

Lev Landau introduced the concept of order parameter in 1937 [62] in order to
quantify the transformation of a phase of matter at a transition where the change of
phase takes place - the phase transition. In Landau’s theory, each phase transition is
associated with an order parameter ψ that, once the temperature drops below the
transition temperature Tc, acquires nonzero value

|ψ| =

0, (T > Tc)

|ψ0| > 0, (T < Tc).
(1.1)

The order parameter can be either a real or complex number (scalar), a vector
or a tensor and microscopically is directly related to the expectation value of a
certain quantum operator. For example, in a superconductor or superfluid, the order
parameter is a complex number related to the expectation value of a bosonic field
characterizing the condensate, whose moduo is proportional to the density of the
superfluid density.

In general, the order parameter description is good on length scales larger than
the a characteristic length. Second order phase transitions invariably have a diverging
coherence length ξ. This could be the length scale determining the exponential decay
of equal-time correlations in the ground state or the length scale at which some
characteristic crossover occurs to the correlations at the longest distances.

The idea that phase transitions are defined as points in the parameter space where
some thermodynamic quantity (usually some thermodynamic potential) becomes non-
analytic, carries with it an important philosophical discussion. The aforementioned
nonanalyticity can arise only in the thermodynamic limit, when the size of the system
is assumed to be infinite. This paradoxical statement has been addressed by many
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people over the years [63].

1.1.1 Universality Classes and Critical Exponents

Although most of phase transitions in nature are in fact discontinuous, we are
interested in continuous phase transitions because of a very curious phenomena.
Near the critical point, some properties of completely different physical systems
appear to be the same, this phenomenon is called the universality. Thus, some
macroscopic properties of a system near a continuous phase transition appear to be
rather independent of the microscopic interactions between particles. We will see
that some general features of the system, like dimensionality, symmetry and presence
or absence of sufficiently long-ranged interactions. This phenomenon of completely
different systems exhibiting the same critical behavior is called the universality.

Returning to the idea of divergent correlation length. ξ diverges as

ξ−1 ∼ Λ|g − gc|ν , (1.2)

where ν is a critical exponent, and Λ is a momentum cutoff (an inverse length
scale of the order the inverse lattice spacing). Another characteristic of second order
phase transitions is that there exists the characteristic energy scale of fluctuations
above the ground state which vanishes as g approach to gc. We call this energy ∆

and could be the energy of the lowest excitation above the ground state for example.
In the majority of cases, we will find that, as g approaches gc, ∆ vanishes as

∆ ∼ J |g − gc|zν (1.3)

The characteristic energy scale vanishes as the zth power of the inverse correlation
length

∆ ∼ ξ−z. (1.4)

The value of z and ν are usually universal or independent of the microscopic
properties of the system. Critical exponents are not the only universal quantities.
There are others, like scaling functions and universal amplitude ratios. However, the
exponents are often the most directly measurable quantities, and their non-trivial
and nearly universal experimental values have provided the motivation for the theory
of critical phenomena.

Universality in recent numerical work. To better illustrate the concept
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(a) (b)

Figure 1.1.1: The ground-state phase diagrams for (a) the honeycomb lattice model
and (b) the π−flux model. Open triangles and open circles represent the AF order
parameter ms and the quasiparticle weight Z, respectively. The critical Uc estimated
is indicated in the figures along with the critical exponent β. from ms, assuming a
form of ms ∼ (U − Uc)

β (red dashed lines) [64].

of universality, take for example the metal-insulator transition of interacting Dirac
electrons in the honeycomb lattice model and in the π−flux model, studied in 2016 by
Otsuka et al. [64]. Focusing in the semimetal (SM) and the antiferromagnetic (AF)
insulator continuous quantum phase transition, two quantities can be calculated using
Quantum Monte Carlo techniques, the staggered magnetization and the quasiparticle
weight. The first quantity reveals the magnetic transition to the AF state, and the
latter one directly captures the metal-insulator transition. These transitions are
expected to occur at the different critical values of the Hubbard interaction, Uc. This
is so because the critical value of tuning parameter for the transition is non-universal,
i.e. it does explicitly depend on the model. In the discussed example, the Hubbard
model is implemented on two different lattices thereby yielding different values for
Uc.

The results of the calculation show that the antiferromagnetic order parameter
ms, for both the honeycomb lattice and the π−flux model, is finite above the critical
point at Uc, while the value of Uc differs in the cases of the honeycomb and the
square π flux lattices. Near the critical point, ms behaves as the power-law

ms ∼ (U − Uc)
β (1.5)

Then, for the quasiparticle weight Z in the thermodynamic limit U/t, where t is
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the hopping parameter, the following form is proposed

Z ∼ (UMI
c − U)ηZ (1.6)

where UMI
c is the metal-insulator transition. In this research, the results show

that the critical values for UMI
c are thus consistent with those Uc determined from

the AF order parameter ms within the statistical errors. Fig. 1.1.1 shows the results
for Z in both models. It is easy to see that even though they are completely different
physical systems, the critical behavior is the same, e.g., the critical exponents take
the same values (within the numerical accuracy).

1.2 Dirac/Weyl Materials

The main system that we are going to be working on is Dirac/Weyl materials.
The birth of these concepts came from the development of theories, that have their
origin in High Energy Physics, applied to condensed matter systems. In 1928, P.A.M
Dirac published his famous paper “The Quantum Theory for the Electron" in which
he proposed his milestone equation. As the name of the article suggests, the Dirac
equation was first conceived as a relativistic quantum mechanical description of the
electron that involved a 4-component wave function. In the equation are encoded
the concepts of particle/antiparticle, is the start of quantum field theory and, to this
day, we know that it describes any fermion with mass and spin-1/2.

Of course, a lot of variations of the Dirac equation came after. In 1929, the
mathematician Hermann Weyl proposed a simplified version. He showed that the
use of a 2-component field was sufficient to describe massless fermions with definite
chirality. In 1937, Ettore Majorana found a variation with real solutions that
described a neutral particle that was its own antiparticle. All these variations have
found vast applications in modern particle physics and, to this day, they continue to
be of great importance.

But given that this is a thesis within the area of condensed matter, we are
interested in the low-energy regime. The propagation of slow electrons modes
trough the periodic potential of a crystal leads to electronic states with peculiar
characteristics. In some instances, we can describe these phenomena by means of
effective low-energy theories, these theories have the form of the Dirac equation.
There are many examples of this type of materials, the most famous being graphene,
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whose low energy description is given by a two-dimensional Dirac equation [65]. This
low energy description is performed near the so-called Weyl/Dirac points. In this
context, when two (four) electronic bands cross, Weyl (Dirac) cones are realized. In
the following, we will call such band touching points Dirac points while the number
of the crossing bands will be clear from the context, i.e. whether there are two, four
or even more bands crossing at such a point in the Brillouin zone.

1.2.1 Dirac and Weyl Fermions

In condensed matter, the lattice breaks the Lorentz symmetry of the vacuum,
but in certain systems, such as the honeycomb lattice of graphene, the Lorentz
symmetry emerges in a lower energy scale and with a velocity scale vF , which is
much smaller than the speed of light. These systems are described by effective low
energy Hamiltonian of the form

H = vFγ
0γµpµ +mv2Fγ

0, (1.7)

where µ = 0, 1..., d label the time (µ = 0 denotes “time”) and space dimensions,
and γµ are the Dirac matrices. We hereafter employ the Einstein notation. The
d + 1 gamma matrices are chosen Hermitian, 2k+1 × 2k+1-dimensional in both
spatial dimensions d = 2k + 1 and d = 2k + 2, and satisfy the anticommutation
relation {γµ, γν} = 0 for µ ̸= ν (see App. A1 for details of the Clifford algebra).
Equivalently, the description of spin-1

2
particles is given by the Dirac equation in d

spatial dimensions
(iγµ∂µ −m)ψ = 0. (1.8)

In this thesis we consider ℏ = c = kB = 1, unless explicitly stated otherwise. Then,
the analysis made by Weyl consists of a simplification in odd spatial dimensions [66].
The description of massless fermions allows to circumvent the problem that helicity
depends on the observer. Thus, let’s consider d = 3 and define chiral components
γ5ψ± = ±ψ±, where γ5 = ikγ0...γ3, then, we have for the massless Dirac equation

i∂tψ± = H±ψ±, (1.9)

H± = ∓p · σ. (1.10)

The Weyl representation implies that fermions propagate parallel (or antiparallel)
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to their spin, which defines chirality. This chiral fermions must appear in opposite
pairs, as dictated by the Nielsen-Ninomiya theorem [67, 68].

Field theoretical approach. The core calculations of this thesis are performed
on the field-theoretical methods, which are based on the formalism of functional
integrals. In this context, the fermion fields ψ̄, ψ (ψ̄ = ψ†γ0 as usual) are generators
of a Grassmann algebra (see App. A2). We will take a look at the action for free
fermions in real time (Minkowski metric), although the analytical continuation to
imaginary time is what we will use in the rest of the work. In real time, the free
action for massive Dirac fields reads

S[ψ̄, ψ] =

∫
dt

∫
ddxψ̄(t,x) {iγµ∂µ −m}ψ(t,x). (1.11)

Such action is of course Lorentz invariant but it will help to study the Lorentz
symmetry in this case. Let S be an element of the fundamental representation of the
spin group Spin(1, d− 1) and the d× d matrix Λ(S) be its image in the SO(1, d− 1)

space-time pseudo-orthogonal transformations. Lorentz transformations acting on
4−vectors satisfy

ΛgΛT = g (1.12)

where gµν the Minkowski metric. The change of a vector in different frames is
defined by xµ → Λµνx

ν . Since our intention is not to go into detail with the Lorentz
group, we will limit ourselves to simply use some properties of the Lorentz group to
show the Lorentz invariance of the Dirac Lagrangian:

L = ψ̄(x)(iγµ∂µ −m)ψ(x)

= ψ̄(Λ−1x′)(iγµΛνµ∂
′
ν −m)ψ(Λ−1x′)

= ψ̄(Λ−1x′)(iS−1γνS∂′ν −m)ψ(Λ−1x′)

= ψ̄(Λ−1x′)S−1(iγν∂′ν − SmS−1)Sψ(Λ−1x′)

= ψ̄′(x′)(iγν∂′µ −m)ψ′(x′). (1.13)

Free Euclidian Dirac fermions. In order to make possible the renormalization
group and perturbative calculations we will carry out analytic continuation to
imaginary time τ [69]. The free action for Euclidian Dirac fermions can be written as

S[ψ̄, ψ] =

∫ β

0

dτ

∫
ddxψ̄(∂τ −H(p → −i∇x))ψ. (1.14)
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with β being the inverse of temperature. As we will see later, all the calculations
involving the renormalization group came from quantities derived from the partition
function in the functional integral representation. Thus partition function for the
Dirac fermions is given as the functional integral over the Grassmann fields

Z =

∫
[dψ, dψ̄] exp

[
−S[ψ̄, ψ] + µ

∫ β

0

dτ

∫
ddxψ̄(τ,x)γ0ψ(τ,x)

]
, (1.15)

where [dψdψ̄] =
∏n dψdψ̄ is standard notation, and we introduce the chemical

potential µ for illustration. Fermions must satisfy anti-periodic boundary conditions
in the time direction:

ψ(τ = 0,x) = −ψ(β,x), ψ̄(0,x) = −ψ̄(β,x). (1.16)

Since we will deal with quantum phase transitions we consider only zero
temperature. Thus, in this case, the boundary condition plays no role. The time
direction closes in on itself and we can no longer distinguish between space and time.

1.2.2 Tilted Dirac/Weyl Materials

As we discussed earlier, the relativistic nature of low-energy quasiparticle (electron
and hole) excitations in graphene like systems is directly connected to Lorentz
symmetry, this is not the case for many condensed matter systems. A considerable
amount of condensed matter systems that have linear dispersion and resemble the
Dirac/Weyl equation break the Lorentz symmetry. This is also the case for high-
energy physics systems [70–73]. One way, among several interesting ways, to break
Lorentz symmetry is to tilt the Dirac/Weyl cone. This can be done by adding a term
ℏvFαipi to the Hamiltonian. Thus, the generalized low-energy Hamiltonian for the
tilted Dirac/Weyl fermions is given by

H = vFγ
0γµpµ +mv2Fγ

0 + vFα
ipi, (1.17)

where αi are the “tilt parameters” and i = 1, ..., d. Setting the Fermi velocity to 1
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we can quickly see the implication of the αipi term in Lorentz symmetry:

L = ψ̄(iγµ∂µ −m+ γ0αi∂i)ψ

= ψ̄(Λ−1x′)(iγµΛνµ∂
′
ν −m+ γ0αiΛji∂

′
j)ψ(Λ

−1x′)

= ψ̄(Λ−1x′)(iS−1γνS∂′ν −m+ γ0αiΛji∂
′
j)ψ(Λ

−1x′)

= ψ̄(Λ−1x′)S−1(iγν∂′ν − SmS−1 + Sγ0αiΛji∂
′
jS

−1)Sψ(Λ−1x′)

= ψ̄′(x′)(iγν∂′µ −m+ Sγ0αiΛji∂
′
jS

−1)ψ′(x′). (1.18)

This way, the term αipi explicitly breaks the Lorentz symmetry. There have been
many theoretical efforts to understand tilted Dirac fermion (TDF). Kawarabayashi et
al. find a generalized chiral symmetry that protects the tilted Dirac node [74]. For the
honeycomb lattice, a generalized hopping model supporting TDC was developed by
Kishigi et al. [75]. Volovik proposed tilted Dirac/Weyl materials as a new spacetime
structure in solid state physics[12, 13].

Materials hosting tilted Dirac/Weyl cones. These tilted Dirac fermions
and corresponding tilted Dirac cone materials (TDCMs) can exist in three (3D), two
(2D) and one (1D) space dimensions. The first realization of a tilted Dirac cone
was the layered organic compound α-(BEDT-TTF)2I3 [76], which was discovered in
Japan [77]. Nuclear Magnetic Resonance spectroscopy measurements suggest that
this material is a strongly correlated system [78] and the change in the Dirac cone is
caused by strong Coulomb interactions [79].

A breakthrough came by substituting the iodine with halogens (I→F) in the
last organic compound. This way it was discovered that the Dirac cone can be
overtilted [80]. This is important because it corresponds to the transition from type-I
to type-II Dirac fermions. Strictly speaking, for |α| < 1 the Dirac cone is denoted
as type-I. For large tilts |α| > 1, the Dirac cone is overtilted and called type-II [40],
see Fig. 1.2.1 for an illustration, and feature electron- and hole-like Fermi surfaces.
For other layered systems, like LaAlO3/LaNiO3/LaNiO3, it is possible to shift the
Dirac node by varying the number of LaNiO3 layers. TDFs are also predicted in the
surface of topological insulators [81] and in the antiferromagnetic phase of Iron-based
superconductors as excitations emerging from a spin density wave [82]

2D TDFs are also expected in purely 2D materials, i.e., one atom-thick materials.
First principle calculations suggest that partially hydrogenated graphene compound,
C6H2 has a tilted Dirac cone (TDC) in its band structure [84]. Boron in 8Pmmn
lattice structure is also predicted to host TDFs [85, 86]. In 3D systems, experiments
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Figure 1.2.1: Illustration of a generic Dirac cone for an isotropic Dirac semimetal
(a), type-I Weyl semimetal (b), and type-II Weyl semimetal (c) [83].

confirmed the existence type-II Weyl fermions on WTe2 [87–89]. Latter, MoTe2 was
predicted [90] and confirmed [46] to be a tilted Weyl material. Last but not least, it
has been proposed that 1D TDFs can rise in the sodium termination of zigzag edges
in graphene nano-ribbons [91].

1.2.3 Mean-Field Analysis for Dirac fermions

A first approach to study the critical behaviour of Dirac fermions is a mean-field
analysis of the action for the massless Dirac fermions. This simple analysis is useful
because it gives us clues to the behavior of the interacting Dirac fermions, as we
will see in the following. When Fermi energy is pinned at these Dirac points in the
Brillouin zone, the density of states vanishes as the system approached the Fermi
level and the ground state of the system is a semimetal.

The action for noninteracting massless Dirac fermions in d-dimensional Euclidean
space (imaginary time) has the form

S[ψ̄, ψ] =

∫
dτ

∫
ddxψ̄(τ,x)��∂ψ(τ,x)

≡
∫
dτ

∫
ddxψ̄(τ,x)(γ0∂0 + vFγ

α∂α)ψ(τ,x), (1.19)

where ��∂ = γµ∂µ and α = 1, ..., d. The representation of the Dirac field, and the
matrices acting on them, depends on the physical system and its symmetries. Setting
vF = 1, the action in the momentum space reads

S[ψ̄, ψ] =

∫
dω

2π

∫
ddp

(2π)d
ψ̄(ω,p)(−iγµpµ)ψ(ω,p). (1.20)
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where pµ = (ω,p). We consider now a local density-density interaction in 2
spatial dimensions of the form

Sint[ψ̄, ψ] = g

∫
dτ

∫
d2x(ψ̄(τ,x)ψ(τ,x))2 (1.21)

The general form of the local density-density fermion interaction is given by
Sint[ψ̄, ψ] = g

∫
dτ
∫
d2x(ψ̄(τ,x)M̂ψ(τ,x))2, with M̂ as an 4 × 4 hermitian matrix.

Now, in order to formulate the mean-field theory for the transition into an insulating
state induced by short-range interaction in two spatial dimensions, d = 2, we define
the action S = S + Sint (Eqs. (1.19) and (1.22)). We then perform a Hubbard-
Stratonovich transformation in order to decouple the interaction by introducing a
new field m =

〈
ψ̄ψ
〉
. We do this in the channel where, in the case of graphene, it

corresponds with the charge-density wave instability with the sublattice symmetry
broken by the difference of the chemical potentials on the two sublattices. Thus, the
action reads

S[ψ̄, ψ] =

∫
dτ

∫
d2x

{
ψ̄(τ,x)(��∂ +m)ψ(τ,x)− 1

2g
m2

}
. (1.22)

We then obtain the corresponding energy of the ground state at half filling (µ = 0)

in the form

E [m] = − 1

2g
m2 +

∫
d2q

(2π)2

√
q2 +m2. (1.23)

Minimizing above free energy with respect to the order parameter m, we obtain

−1

g
+

∫
d2q

(2π)2
1√

q2 +m2
= 0, (1.24)

and therefore the order parameter m acquires a non-zero expectation value for
g > gc = 2π/Λ, with Λ as the momentum cutoff. The value of the critical interaction
involves the momentum cutoff and is therefore non-universal, as expected on general
grounds. Thus

1

g
− 1

gc
=

∫
d2q

(2π)2

(
1√

q2 +m2
− 1

q

)
. (1.25)
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Performing the integral and keeping the leading term in m/Λ yields

1

gc
− 1

g
=
m

2π
. (1.26)

From the last equation we can obtain an important conclusion

m ∼ (g − gc), (1.27)

implying that the correlation-length exponent ν = 1 for the phase transition
of the Dirac fermions in the mean-field analysis. m ∼ ξ−z ∼ (g − gc)

zν , with ξ as
the correlation-length, and z = 1 for the dynamical exponent.The transition from
the semimetallic ground state to the insulating one takes place at the quantum
critical point at a finite interaction strength. Since the system is two-dimensional
and the Dirac fermions are already gapless in the semimetallic phase, we expect the
fluctuations at the transition to play an important role for the ensuing quantum
phase transition, which is, indeed, the case, as will be discussed later in this thesis.

1.3 Superconductivity and the BCS Theory

Superconductivity is one of the most important and challenging problems in
quantum statistics and condensed matter physics. In 1911, Heike Kamerlingh-Onnes
found that the electric resistance of mercury suddenly vanished at temperatures
near 4 K, the same is true to other materials close to absolute zero. Many brilliant
physicists worked to develop a theory of the mechanism underlying superconductivity,
however, it took 46 years to give a microscopic description of the phenomena.

In 1957, John Bardeen, Leon Cooper, and Robert Schrieffer published their
complete theory of superconductivity. The description is based on the fact that
the interaction between electrons, resulting from virtual exchange of phonons, is
attractive when the energy difference between the electrons states involved is less
than the phonon energy [92]. The introduction of the Cooper pairs as charge carriers
and the accurate prediction of the superconducting energy gap ∆, are two of the key
features of this microscopic theory

Although many works followed the line of BCS theory, there was another direction
that produced key breakthroughs. The Ginzburg-Landau theory of superconductivity,
proposed 7 years before BCS theory, establishes a complex order parameter ψ in the
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context of Landau’s theory for second order phase transitions.
Since then, both theories have opened a door to a plethora of results and

understanding of this phenomena. In the rest of this section we will take a brief look
at some key concepts in superconductivity that will help the reader to understand
the main subject of this work.

1.3.1 Phenomenology of Superconductivity

A key concept to start the understanding of superconductivity is that it is a
definite macroscopic state of matter, it is a macroscopic phenomenon. In this section
we explore the most important feature of a superconductor, namely, how it responds
to external magnetic fields. For many practical uses a phenomenological description
is enough thus, an electrodynamic treatment is worth to be presented.

Perfect Diamagnets. When an external field H is applied to a superconductor,
all the flux lines are expelled from it is interior, so B is zero inside the material.
This is what is know as perfect diamagnetism. This property can be explained by
supposing superconductors to be solids in which electrons accelerate in the presence
of electric fields, therefore, we start form the standard Drude model for electrical
conductivity

mv̇ = eE− mv

τ
, (1.28)

here v is the drift velocity and τ is a phenomenological parameter describing the
scattering time. Since the conductivity is σ = e2τn/m and in a superconductor is
expected that σ → ∞, we are left with mv = eE and using J = −env, we write

∂J

∂t
=
ne2

m
E. (1.29)

Taking the curl on both sides and making use of the Ampère law in Gaussian
units (∇×H = 1

c
(4πJ+ ∂D

∂t
))

0 =
∂

∂t

(
∇× J+

ne2

m
B

)
=
∂

∂t

(
4π

c
∇×∇× B

µ
−∇× ∂D

∂t
+
ne2

m
B

)
. (1.30)

We take into account only slowly varying currents so that ∂D
∂t

= 0. Integrating in
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time we obtain
−λ2L∇2(B−B0) + (B−B0) = 0. (1.31)

This equation tell us that the magnetic field inside the material decays
exponentially from B to B0. In the Meissner and Ochsenfelds observation [93]
it was concluded that, in the superconductor state, the magnetic field is totally
expelled from the material, this is know as Meissner effect. The above equation and
the experimental observation allows us to set B0 to zero. This way we obtain the
London equation

B− λ2L∇2B = 0, (1.32)

where the London penetration depth is

λL =

√
mc2

4πµne2
. (1.33)

Zero resistance. Under the critical temperature Tc of a material, the DC
electrical resistivity ρ drops to zero. This possibly leads to a effect know as persistent
currents. If a current is set up in a superconductor, it will flow forever without
any driving voltage. It is important to mention that zero resistivity and perfect
diamagnetism are two independent properties of a superconductor.

Critical magnetic field. The application of a sufficiently strong magnetic field
destroys the superconducting state and returns the material to its normal state.
We denote the critical value of the magnetic field as Hc(T ), which is a function of
temperature T . Usually, the temperature dependence of Hc is approximated by

Hc(T ) = Hc(0)

(
1− T 2

T 2
c

)
. (1.34)

In the presence of an applied magnetic field, superconductors can behave in two
ways. Type-I superconductors have only one critical magnetic field Hc(T ); fields
below are excluded from the bulk material due to Meissner effect. On the other hand,
type-II superconductor has two critical magnetic fields. For fields between the two
critical fields Hc1(T ) < H < Hc2(T ), there is a partial penetration by the magnetic
flux, therefore, the material contains both normal and superconducting regions. Out
side of that regime, the material behaves as a Type-I superconductor.

18



Figure 1.3.1: Electron-electron interaction by exchange of a virtual phonon.

1.3.2 The Cooper Pair and the Energy Gap

The physical mechanism responsible for the BCS interaction is the effective
electron-phonon interaction, realized through the exchange of phonons by electrons.
The corresponding physical process is schematized in Fig. 1.3.1. On the other
hand, the process can be thought of as an effective electron-electron interaction.
Namely, after we integrate out the phonon degrees of freedom, we obtain the Fourier
component of the effective interaction of the form [94]

Ukq =
2|Mq|2ℏωq

[E(k+ q)− E(k)]2 − (ℏωq)2
, (1.35)

where Mq is the matrix element for phonon-electron interaction, ωq is the phonon
frequency and, E(k) is the electron’s energy measured relative to the Fermi energy.
The corresponding effective Hamiltonian is

H =
∑
k,σ

E(k)c†k,σck,σ +
∑

k,k′,q,σ,σ′

|Mq|2ℏωq

[E(k+ q)− E(k)]2 − (ℏωq)2

× c†k+q,σc
†
−k′−q,−σck′,−σ′ck,σ. (1.36)

Here c†k,σ (ck,σ) are the fermionic creation (annihilation) operator in the
momentum space and σ is a spin index. We construct the wave function for the
Cooper pair by creating two electrons above the Fermi surface |FS⟩ with no net
momentum. This is because we are interested in calculating the interaction energy
of the pair ∆E, which is maximized when k1 + k2 = K = 0. We also assume that
both electron spins are antiparallel. Thus, the wave function reads

ψ =
∑
k

a(k)c†k↑c
†
−k↓ |FS⟩ , (1.37)

where a(k) is the Fourier transform of the spatial pair wave function and the pair
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creation operator
∑

k a(k)c
†
k↑c

†
−k↓ is written as a sum over pairs in the momentum

space and |FS⟩ =
∏

k<kF
c†k↑c

†
−k↓ |0⟩ defines the Fermi sea. As seen in Eq. (1.35),

if Ukq is positive the interaction is repulsive, while it is attractive when negative.
Cooper noticed that the interaction is not strongly momentum-dependent, being
attractive only within a finite energy range, defined by the energy ℏωq, the latter
referred to as the Debye energy. Therefore, we take Ukq to be

Ukq =

−U |E(k+ q)− E(k)| ≤ ℏωq

0 otherwise,
(1.38)

hence the Hamiltonian is

H =
∑
k,σ

E(k)c†k,σck,σ −
U

2

∑
k,q,σ

c†k+q,σc
†
−k−q,−σc−k,−σck,σ. (1.39)

From here, we can obtain one of the main predictions of the BCS theory. We
then find for the energy

E = ⟨Ψ|H |Ψ⟩ = 2
∑
k

E(k)|a(k)|2 − U
∑
kq

a∗(k+ q)a(k). (1.40)

To determine a(k) we vary E subject to the condition
∑

k |a(k)|2 = 1. Thus we
obtain the following equation

(2E(k)− λ)a(k) = U
∑
k′

a(k′). (1.41)

To satisfy the restriction we remember that V takes only nonzero value for
energies in the range EF to EF + ℏωq. The same is also true for a(k), and the sum
in the last equation run for infinite values of k′, therefore

a(k) =
U
∑

k a(k)

2E(k)− λ
,
∑
k

a(k) =
∑

EF<E(k)<ℏωq

U
∑

k a(k)

2E(k)− λ
(1.42)

Finally, we take the complex conjugate of the last equation, multiply by a(k),
and sum over k. Now we can fix the Lagrange parameter to λ = E in order to agree
with equation (1.40). Thus,

1 = U
∑
E(k)

1

2E(k)− E
= U

∫ EF+ℏωq

EF

dϵ
g(ϵ)

2ϵ− E
(1.43)
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where we replace the summation by an integral over energy,
∑

E(k) →
∫ EF+ℏωq

EF
g(ϵ)

and introduce the density of states g(ϵ). We can approximate g(ϵ) ≈ g(EF ) because
of the narrow range of interaction. Evaluating the integral we get

E = 2EF − 2ℏωqe
−2/g(EF )U

1− e−2/g(EF )U
(1.44)

In the weak coupling limit (Ug(EF ) ≪ 1)

E ≈ 2EF − 2ℏωqe
−2/g(EF )U (1.45)

From the last equation we conclude that not matter how weak the attractive
interaction is, the bound state formed by two electrons known as Cooper pair, is
always lower in energy than 2EF . One can show that all other solutions of (1.40)
lead to energies > 2EF . The energy E of the bound state is not analytical function
of U as U → 0, therefore, E cannot be expanded in powers of U implying that the
result for E cannot be obtained by a perturbation theory approach in powers of U .

Furthermore, the energy in Eq. (1.45) coincides with the energy gap of the
superconducting ground state [94]

∆ = 2ℏωqe
−2/g(EF )U . (1.46)

Mean-field theory for superconductivity: It is useful to take a brief look at
the mean field analysis of the BCS theory. The mean-field theory introduces the gap
parameter as

∆ = |∆|eiϕ = −
∑
k′

Uk′k ⟨c−k′↓ck′↑⟩ , (1.47)

which is an intensive quantity and the order parameter of the theory. Here we
consider σ = {↑, ↓}, this way we have an s-wave or zero total spin state. It is also a
macroscopic property of superconductors that has both an amplitude and a phase
ϕ. An additional advantage of mean-field analysis is that it allows us to understand
the nature of the excited states. The order parameter sets the size of the gap in the
excitation spectrum.

Decoupling the interaction with the order parameter we obtain the mean-field
Hamiltonian for the BCS theory
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HMF =
∑
k,σ

E(k)c†k,σck,σ −
∑
k

∆∗c−k↓ck↑ −
∑
k

∆c†k↑c
†
−k↓ +

∑
k

∆
〈
c†k↑c

†
−k↓

〉
. (1.48)

The order parameter ∆ is an emergent many-body property whose fluctuations
become negligible in the thermodynamic limit. This statement can be made more
rigorous by a path integral approach, in this way the quantum variable is fully taken
into account.

1.3.3 Field Theoretical Approach to BCS Theory

Lets first consider the Hamiltonian (1.39) in a simpler form,

H =
∑
k,σ

E(k)c†k,σck,σ − UA†A, (1.49)

where A† =
∑

k,k′ c
†
k↑c

†
−k↓ and A =

∑
k,k′ c−k′↓ck′↑ are pairing operators. The

BCS theory can be physically interpreted as the Bose-Einstein condensation of
Cooper pairs, this is due to the fact that the order order parameter for the BCS
transition is proportional to the expectation value of the pairing operators. Next, we
proceed by writing the problem as a path integral

Z =

∫
[dc†, dc] exp

{
−
∫
dτ

[∑
k,σ

c†k,σ(∂τ + E(k))ck,σ − UA†A

]}
. (1.50)

To deal with the interaction term, the condensate of Cooper pairs may be
conveniently treated by performing Hubbard-Stratonovich transformation

eU
∫
dτA†A =

∫
[d∆∗, d∆]e

∫
dτ[∆∗A+A†∆+ 1

U
∆∗∆], (1.51)

where ∆∗(τ) and ∆(τ) are complex fluctuating fields. Then, the action takes the
form

S =

∫
dτ

[∑
k,σ

c†k,σ(∂τ + E(k))ck,σ +∆∗A+ A†∆− 1

U
∆∗∆

]
. (1.52)

Nambu spinor representation. Now it is convenient to introduce the Nambu’s
spinor representation proposed by Yoichiro Nambu [95]. Nambu introduced an
isospin construct that describes the (electron-hole) space. Therefore, the spinors
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describe electrons and holes and not up and down electron spins.

ψk =

(
ck↑

c†−k↓

)
, ψ†

k =
(
c†k↑, c−k↓

)
. (1.53)

Nambu spinors behave like convectional fermionic fields, with the following
anticommutaion relation

{ψk,α, ψ
†
k,β} = δαβδkk′ . (1.54)

The Nambu’s formalism allow to express the action in a very convenient way.

hk =

(
E(k) ∆

∆∗ −E(k).

)
(1.55)

It is worth noticing that we can express the ψ†
khkψk = ψ†

khk · τψk by taking
∆ = ∆1+ i∆2 and hk = (∆1,∆2, E(k)). The vector hk plays the role of a field acting
in isospin space . Here we used the Pauli isospin matrices

τ = (τ1, τ2, τ3) =

((
0 1

1 0

)
,

(
0 −i
i 0

)
,

(
1 0

0 −1

))
. (1.56)

Therefore, the partition function in the Nambu’s representation takes the form

Z =

∫
[dψ†, dψ, d∆∗, d∆]e−

∫
dτ[

∑
k ψ

†
k(δτ+hk)ψk+

1
U
∆†∆]. (1.57)

In the next chapters we will explore the physics that emerges from all of the
phenomena that were presented in this introduction. The main goal is to develop
the theory of the superconducting quantum phase transition in a tilted Dirac
fermion system, an aim that we hopefully made well motivated after revisiting
some fundamental concepts of Dirac materials, superconductivity and quantum
criticality.
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Chapter 2

Theoretical Framework

In the development of a quantum field theory for tilted Dirac superconductor
transition we will make use of several well established mathematical tools and field
theories. In this chapter we introduce the Ginzburg-Landau theory, the Gross-Neveu-
Yukawa theory, and the renormalization group (RG). These tools are fundamental
for our analysis and are useful to the physical interpretation of the phenomena that
we will investigate.

2.1 Ginzburg-Landau-Wilson Theory

The basis of the Ginzburg-Landau-Wilson (GLW) theory is its application to
the description of the behavior of complex systems undergoing continuous phase
transitions, such as the transition between different states of matter, for instance,
liquid and gas or ferromagnetic and paramagnetic phases. In our case, we will use
the theory to describe the fluctuations of the order parameter, which behaves as a
boson, and its role in the superconducting transition.

We construct the Ginzburg-Landau-Wilson theory using an N -component
fluctuating field ϕ ≡ (ϕ1(r), ..., ϕN(r)) in D euclidean dimensions. For this section,
we define the GLW action as follows

S[ϕ] =

∫
dτdDr

[
ϕ(−∂2τ −∇2 +m2)ϕ+

λ

2
ϕ4

]
, (2.1)

In quantum field theory, a mathematical structure like the above Ginzburg-Landau
functional is called a ϕ4 theory. Equipped with different symmetries, these ϕ4 theories
have become a very useful tool to study the critical behaviour in many physical
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systems. Their relevance for understanding these phenomena was emphasized by
Wilson, and Fisher [96–98].

The GLW partition function with a general number of real components N serves as
a sort of meta-model. For N = 1, such action would be symmetric only with respect
to an change of sign of the fields, ϕ(r) −→ −ϕ(r). This is the same Z2 symmetry as
the Ising model. The N = 2 theory describes the superfluid transition and the XY
model. For N = 3 real components the action is invariant under an arbitrary global
rotation of the fields ϕi(r) → Mijϕj(r), with the real matrix MTM = 1, implying
that the action is invariant under the group SO(3). GLW theory with N = 3 thus
has the same symmetry as the Heisenberg model and therefore is expected to describe
the magnetic system of Heisenberg spins near the critical point.

All calculations to obtain observables involve the theory propagator

G(iω,p) =
1

ω2 + p2 +m2
B

. (2.2)

Feynman diagrams and correlation functions. The n-point correlation
function in the ϕ4-theory is given by the integral of the form

⟨ϕ(r1)...ϕ(r1)⟩ = Z−1

∫
[dϕ]ϕ(r1)...ϕ(rn)e

−S[ϕ] (2.3)

where Z =
∫
[dϕ]e−S[ϕ] is the partition function. In order to calculate the field

integral we can do a perturbative approach, keeping the free action and expanding
the partition function in powers of VI(ϕ) (VI(ϕ) = λ

2
ϕ4 in our case). The n-correlation

function can be evaluated using Wick’s theorem in terms of the Gaussian (VI(ϕ) = 0)
two-point correlation function. Such contributions turn out to be proportional to
the 2-point correlation function calculated at the same (space-time) point, and are
thus of the form 〈

ϕ2(r)
〉
0
=

∫
[dω]

∫
[dDp]

1

ω2 + p2 +m2
B

(2.4)

which are infinite for D ≥ 2. This is called UV divergence, because they follow
from the large momentum behaviour of the perturbative contributions. Actually,
expectation values of product of fields at coinciding points (local monomials) are
always divergent. In conclusion, we need a method to address these divergences.
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2.1.1 Spontaneous Symmetry Breaking

Landau’s mean-field theory. To study the critical phenomena, it is very useful
to employ a saddle point approximation of the GWL theory. First, only for this case,
let us consider T ≠ 0 and that the fields are independent of imaginary time. This
way we can integrate over the time and redefine the action as follows

S =
1

kBT

∫
dDr

[
ϕ(−∇2 + µ)ϕ+

λ

2
ϕ4

]
, (2.5)

where µ is a chemical potential. In this approach, we approximate the partition
function with the value of the integral at its maximum. In this context, the free energy
of the system is simply F = kBTS[ϕ0], where ϕ0 minimizes the action, determined
by

δS

δϕ
|ϕ0 = 0. (2.6)

The solution ϕ0 is assumed to be static i.e. it is independent of the coordinates,
and therefore takes either trivial value (ϕ0 = 0) or it is equal to

|ϕ0|2 =
m2

λ
. (2.7)

Taking the m2 to be the tuning parameter, the system is in the normal phase for
m2 < 0, ϕ0 = 0. When m2 > 0, we obtain that ϕ0 is finite

S = −(m2)2

2λ

µ

kBT
< 0. (2.8)

In the saddle point approximation, the transition occurs at the critical temperature
Tc where the function µ(T ) change sign. For µ > 0, ϕ0 becomes a maximum of
the action, as shown in Fig. 2.1.1. For N = 2, since the value of ϕ0 determines
the ordered phase, it can be taken as the order parameter of the superfluid phase
transition.

It is important to notice that the absolute value of ϕ0 is fixed by the condition
Eq. (2.7), while leaving its phase arbitrary. Any choice of phase breaks the U(1)
invariance of the action (2.5) under the transformation

ϕ(r) → eiθϕ(r). (2.9)

This mechanism is know as spontaneous symmetry breaking.
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Figure 2.1.1: The action S as a function of the constant complex field ϕ. For
µ < 0 there is a unique minimum at ϕ0 = 0. On the other hand, at µ > 0, the action
resembles a “Mexican hat” and have a minima at fine ϕ0 [60].

2.1.2 Upper Critical Dimension

Landau’s mean-field theory, at least in the normal phase, may be understood
as the zeroth order approximation in the coupling λ. It is expected that better
approximations would be obtained by performing a perturbation theory in coupling
λ but, in order for the perturbation approach to succeed, the coupling parameter
needs to be small. Near the critical point, the critical behaviour depends of the
dimensionality of the system, so we get two types of behaviours: for d > 4, as m2 → 0,
λ → 0, and the critical behaviour is well described by the mean-field theory; for
d < 4, on the other hand, m2 → 0, λ→ ∞ , and perturbation theory does not apply
in the critical region [60]. Moreover, due to the locality of quantum field theories,
perturbative calculations are full of short distance singularities, or in the Fourier
space, full of divergences at large momenta (UV divergences), with the form shown
in Eq. (2.4).

At the critical point, a system of fluctuating fields with a quartic self-interaction
(as the ϕ4-theory) therefore has the important scaling properties described correctly
by the mean-field theory when d > 4, while otherwise this is not the case. Therefore,
there is a dimension separating the regimes where the critical behavior is determined
exactly by the mean-field theory from where the critical behavior is non-trivial. Such
a special dimensionality is called the upper critical dimension. For a theory with
an arbitrary power r of the field in the interaction term ϕr, there exists the upper
critical dimension

Dc =
r

r
2
− 1

. (2.10)
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A way to identify the upper critical dimension is by means of a dimensional
analysis. Dimensionless coupling constants are the technical seal for the upper critical
dimension. Thus, in the ϕ4-theory, the upper critical dimension is Dc = 4.

We can now proceed with the dimensional analysis of the following action, which
is dimensionless,

S =

∫
ddr
[
ϕ(−∂2τ −∇2 +m2)ϕ+ VI(ϕ)

]
. (2.11)

We first define the dimension of the length to be dim[x] = −1, and thus dim[∇] = 1,
implying that dim[ϕ] = 1

2
(d− 2). In general, we assume that the perturbation VI is

a linear combination of local monomials of degree r in the ϕ field of the form (for
our case, we do not consider monomials with derivative in the fields)

V (ϕ) =

∫
ddrVr(ϕ, r). (2.12)

Then, we can define the dimension of V by

dim[V ] = dim[ϕ]r − d, (2.13)

as developed in [99].

2.2 The Renormalization Group

We already know that a direct perturbative approach breaks down under the
upper critical dimension. In four dimensions, the integrals of two- and four-point
functions diverge. With the help of so-called regularization procedures they can be
made finite by modifying its short-distance or large-energy–momentum structure. A
regularization parameter is introduced, so that all divergences of the integrals appear
as singularities in this parameter. Changing the properties of the action generates an
effective field theory, which only valid at an energy scale during the renormalization.

In dimensional regularization, the measure of momentum integration is changed
by allowing the continuous dimension D. The idea is to calculate a Feynman integral
for a continuous dimension D = 4− ϵ and expand them in powers of ϵ, which is also
known as ϵ-expansion, introduced by ’t Hooft and Veltman [100]. This regularization
has the following advantages: first, it preserves all symmetries of the theory. Second,
it allows an easy identification of the divergences. Third, it regularizes at the same
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time IR-divergences in massless theories.
Our renormalization procedure is mainly formulated in terms of vertex (one-

particle irreducible or 1PI) functions,

Γn(x1, ..., xn) = ⟨ϕ(x1)...ϕ(xn)⟩1PI . (2.14)

which have simpler properties than correlation functions.
Renormalizability. We check renormalizability classifying the vertices by means

of dimensional analysis.
If at least one vertex has positive dimension, dim[V ] > 0, the theory is called

non-renormalizable.
When all vertices of the theory have strictly negative dimensions, only a finite

number of Feynman diagrams are superficially divergent. The corresponding field
theory is called super-renormalizable.

Renormalizable theories are characterized by the property that at least one
vertex has dimension 0, and no vertex has a positive dimension. For the case of
ϕ4-theory we have

dim[ϕ4] = 4−D (2.15)

Implying that the vertex is renormalizable in D = 4 [99].

2.2.1 Renormalization of the ϕ4 Theory

In this section we present our algorithm of renormalization using the ϕ4-theory
as an example. We employ the minimal subtraction (MS) scheme, which consists in
performing simultaneous expansions of all Feynman integrals in powers of ϵ, followed
by a subtraction of terms containing ϵ−poles . Especially for a study of the critical
region in D < 4 dimensions, this procedure has an important advantage. It can be
used to remove divergences in D = 4, but also at small finite values of ϵ at zero mass,
so that we can access the physics under D = 4.

Within the MS scheme, observables can be obtained by multiplying in each
correlation function, the fields, the mass, and the coupling constant by compensating
factors, the renormalization constants Zϕ, Zm2 and Zλ, which are to be called field
or wave function, mass, and coupling renormalization constant, respectively.

We introduce the renormalization constants Zϕ, Zm2 and Zλ to obtain the
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(a) (b)

Figure 2.2.1: Diagrams contributing to the ϕ4 renormalization at one-loop order.
The Bosonic self-energy (a) only renormalizes the mass m and diagram (b) contributes
to the renormalization of the coupling λ.

renormalized action, from which we calculate the correlation functions

SR =

∫
dτ

∫
dDr

[
Zϕϕ(−∂2τ −∇2)ϕ+ Zm2m2ϕ2 + Zλ

λµϵ

2
ϕ4

]
. (2.16)

Here, we introduce µ as the RG (momentum) scale, so that the couplings are
dimensionless. Together with condition ϕ0 = Z

1/2
ϕ ϕ, the following renormalization

conditions allow us to recover the bare action (2.1)

m2
0 ≡

Zm2

Zϕ
m2µ2 (2.17)

λ0 ≡
Zλ
Z2
ϕ

µϵλ. (2.18)

From now on, the objects with (without) the subscript are the bare (renormalized)
ones. All of the physics that describes the critical phenomena is contained in the
renormalization constants.

The Feynman diagrams contributing to renormalization are shown in Fig. 2.2.1.
We are going to be making use of the vertex functional Γ(n), which is the Legendre
transform of the generator of connected correlation functions. This functional contains
only one-particle irreducible (1PI) Feynman diagrams. At the one-loop order, the
counterterms which are necessary to make the two-point vertex function Γ

(2)
R (k,Ω)

finite is given by the contribution of the bosonic self-energy (see Fig. 2.2.1a)

Γ
(2)
R (0, 0) = Zm2m2 +

λ

2
(2NB + 2)

∫
[dω]

∫
[dDq]

1

ω2 + q2 +m2
. (2.19)

The correction to the four-point vertex function (depicted in Fig. 2.2.1b) yields
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the renormalization for the coupling λ

Γ
(4)
R (k,Ω) = Zλ

λµϵ

2
−
(
λ

2

)2
1

2
(4NB+1)

∫ ∫
[dω][dDq]

ω2 + q2 +m2

1

(ω + Ω)2 + (q+ k)2 +m2
,

(2.20)
where k and Ω are external momentum and frequency, respectively. We solved the
integrals using dimensional regularization with D = 4− ϵ dimensions in the critical
plane m = 0, and setting the external momentum and frequency to zero. This allows
us to isolate the divergences in order to obtain the renormalization constants

Zm2 = 1 + (NB + 1)
λ

8π2

1

ϵ
, (2.21)

Zλ = 1 + (4NB + 1)
λ

8π2

1

ϵ
. (2.22)

Since there is no counterterm proportional to k the renormalization constant for
the field is Zϕ = 1 at one-loop order. Using the above renormalization conditions we
can obtain the RG β functions to the leading order in the ϵ-expansion. We define
the β function for X = {m2, λ} as βX ≡ −dX/d ln (µ)|{X0}, with ({X0 = {m2

0, λ0}})
fixed. Thus, the β functions for the ϕ4-theory are

βm2 = 2m2 − (NB + 1)m2λ+O(Two-loops), (2.23)

βλ = ϵλ− (4NB + 1)λ2 +O(Two-loops), (2.24)

where we rescaled λ2/8π2 → λ2. These functions reflect how the couplings change
as a function of the scale of the theory. The RG procedure may be understood as a
flow in the space of coupling constants generated by the above differential equations.
Three different scenarios are presented in Fig. 2.2.2.

The easiest way to understand qualitatively the flow in the m2-λ plane is to
look for the fixed points at which βm2 = βλ = 0 and analyze their stability. The
differential recursion relations in Eqs. (2.23) and (2.24) have two fixed points: the
Gaussian in m2 = 0, and λ = 0, and the Wilson-Fisher at

(m2
⋆, λ⋆) =

(
0,

ϵ

(4NB + 1)

)
. (2.25)

Classification of fixed points. The behaviour of the couplings in the RG flow
allows us to classify them in at least in three different types. First, if a coupling

31



-0.4 0 0.4
-0.4

0

0.4

λ

m
2

(a)

-0.4 0 0.4
-0.4

0

0.4

λ
m
2

(b)

-0.4 0 0.4
-0.4

0

0.4

λ

m
2

(c)

Figure 2.2.2: RG flow of the renormalized interaction λ and the mass m2 with
NB = 1. (a) above 4 dimensions (ϵ = −1 < 0). (b) at 4 dimensions (ϵ = 0). (c)
Below four dimensions (ϵ = 1 > 0). The blue dot correspond to the Wilson-Fisher
fixed point and the black one to the Gaussian fixed point. The Wilson–Fisher fixed
point moves from the unphysical region for ϵ < 0 to the physical region for ϵ > 0.
We work with the vertex functional, so we don’t consider the external lines of the
diagrams

grows, i.e. βX > 0, then its is called relevant. Second, if a coupling shrinks, i.e.
βX < 0, then its is called irrelevant. Finally, if a coupling neither grows nor shrinks,
i.e. βX = 0, it is called a marginal coupling.

Below four dimensions, the Wilson-Fisher point moves to the physical region and
it is stable in the λ direction and unstable in the m2 direction. A fixed point with
exactly one unstable direction is called critical point. Thus, the critical behaviour
for ϵ > 0 is governed by the Wilson-Fisher critical point. As we approach D = 4

from below, the Wilson-Fisher point moves to Gaussian point until they coincide at
D = 4.

In dimensions higher than four, the Wilson–Fisher fixed point is at a negative
interaction and therefore unphysical. It is also unstable in both directions of the
m2 − λ plane, therefore, it has two relevant couplings. An important commentary
needs to be made here: above four dimensions, i.e. for ϵ < 0, the mean-field
approximation, which neglects interactions, is exact in the critical region because
the critical point is the non-interacting Gaussian fixed point, with a stable in the
λ direction, and an unstable direction in the m2 direction. This implies that small
interactions are irrelevant and flow to zero.

The flow near the fixed points can be described by means of the stability matrix
M defined by

Mij =
∂βXi

∂Xj

|Xi=X⋆i
. (2.26)
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The eigenvectors of M with positive values determines the relevant (unstable)
direction at the given fixed point, and those with negative eigenvalues the irrelevant
(stable) directions. There is only one such relevant direction in the case of a critical
point, with the eigenvalue y. This allow us to calculate the correlation length
exponent given by ν = 1/y. The stability matrix take the form

M =

(
−ϵ 0

0 2− (NB+1)ϵ
4NB+1

)
. (2.27)

The correlation length exponent is therefore

ν =
1

2
+

(NB + 1)ϵ

4(4NB + 1)
+O(ϵ2). (2.28)

For ϵ = 1 and NB = 1 we obtain ν ≈ 0.6, relatively close to the experimental value
ν = 0.66± 0.02 in 4He [101].

2.3 Gross-Neveu-Yukawa Model

The Gross-Neveu-Yukawa (GNY) model is obtained by performing a Hubbard-
Stratonovich transformation in the Gross-Neveu model [102]. This procedure
introduces a scalar field and a Yukawa interaction. Therefore, our model that
can be defined in continuous dimensions, involves N Dirac fermions and one scalar
field. Furthermore, its possesses a continuous U(N) symmetry, and a discrete chiral
symmetry that prevents the addition of a fermion mass term to the action. Similar
to the ϕ4-theory, the model undergoes spontaneous symmetry breaking of the Z2

symmetry, which leads to spontaneous fermion mass generation.
In order to address the quantum criticality of Dirac fermions in the RG framework,

we will promote the order parameter field to a dynamical variable described by the
action (2.1) of the ϕ4-theory. In addition, massless Dirac fermions are coupled to the
bosonic order-parameter fluctuations through the Yukawa term

SY [ψ̄, ψ, ϕ] =

∫
dτ

∫
ddrgϕψ̄ψ. (2.29)

Therefore, the total action takes the form
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S[ψ̄, ψ, ϕ] =

∫
dτ

∫
ddr

[
ψ̄γµ∂µψ + gϕψ̄ψ − (∂µϕ)

2 +m2ϕ2 +
λ

2
ϕ4

]
(2.30)

We work in a d-dimensional euclidean spacetime. The field ψ = ψi with i ∈
{1, ..., Nf} denotes a N = dγNf component spinor. Nf is the number of fermion flavor
and dγ = 4 is the dimension of the Clifford algebra of a single flavor of four-component
Dirac fermions. Standard notation is used ��∂ = γµ∂µ with µ ∈ {1, ..., d − 1} and,
because of the properties of the action under the spin group, the conjugate of the
Dirac field is given by ψ̄ = ψ†γ0.

As mention before, the action has a U(N) fermion symmetry corresponding to
the transformations,

ψ(r) 7→ Uψ(r), ψ̄(r) 7→ ψ̄(r)U †, with UU † = 1, (2.31)

and a discrete symmetry which forbids a fermion mass term and odd powers of ϕ.
In even dimensions the symmetry correspond to a chiral Z2 symmetry (fermion mass
breaks space reflection symmetry in odd dimensions)

ψ(r) 7→ γSψ(r), ψ̄(r) 7→ −ψ̄(r)γs, ϕ(r) 7→ −ϕ(r), (2.32)

where γS is defined by (A.2) (for d=4, γS ≡ γ5). The set of matrices γ together
with matrix γS form a representation of the generators of the Clifford algebra.

2.3.1 Renormalization Group Near Four Dimensions

First we perform dimensional analysis of the GNY theory. Since the engineering
dimensions of the fermion and boson fields are dim[ψ] = d/2 and dim[ϕ] = (d+z−2)/2.
The dimension of the Yukawa coupling is dim[g] = (2− d+ z)/2 and the dimension
of the ϕ4-coupling is dim[λ] = −d− z + 4. Previously, from Eq. (3.9) we find that
the dynamical exponent z = 1, this implies that dim[g] = dim[λ] = 0 for d = 3, and
then dc = 3 is the upper critical dimension. The theory is renormalizable and to
proceed, we will therefore use an ϵ-expansion about three spatial or equivalently four
space-time dimensions D.

We introduce Grassmann sources η̄(r) ≡ η̄, η(r) ≡ η and a real scalar source
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(a) (b) (c)

(d)

Figure 2.3.1: Feynman diagrams in the GNY theory. The dashed lines are the
propagator for bosons and the solid lines are the propagator for fermions. (a) One-
loop fermionic self-energy diagram. (b) One-loop bosonic self-energy diagram. (c)
One-loop vertex correction of Yukawa coupling. (d) One-loop vertex correction of
ϕ4-coupling.

J(r) ≡ J to make the generator for both ψ and ϕ correlation functions of the theory

Z[η̄, η, J ] =

∫
[dψdψ̄dϕ]exp

{
−S[ψ̄, ψ, ϕ]

+

∫
dDr

[
η̄ψ + ψ̄η + Jϕ

]}
. (2.33)

Since we calculate only the RG functions, we restrict the calculations to the
critical (massless) theory m2 = m2

c = 0. The renormalized action reads (ϵ = 4−D)

SR =

∫
dτ

∫
ddr

[
Zψψ̄γ

µ∂µψ + Zggµ
ϵ/2ϕψ̄ψ − Zϕ(∂µϕ)

2 + Zλ
λµϵ

2
ϕ4

]
(2.34)

where µ defines the energy scale which parameterizes the RG flow of the couplings.
The explicit dependence of the action on the renormalization energy scale µ reflects
that the coupling constants g and λ are dimensionless. The renormalization constants
Zψ, Zϕ, Zg and Zλ yield the relations between bare and renormalized coupling
constants, which read

g0 = gµϵ/2Zg/(ZψZ
1/2
ϕ ), λ0 = λµϵZλ/Z

2
ϕ. (2.35)

Together with the diagrams in Fig. 2.2.1, the Feynman diagrams at one-loop
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order contributing to renormalization are depicted in Fig. 2.3.1. The correction to
the correlation functions Γ

(f,b)
R , where f and b correspond to a number of fermion

and scalar fields in the correlator, respectively, are given by

Γ2,0
R (p) = iZψ�p+ g2µϵ

∫
[dDq]

1

(p− q)2
i�q

q2
, (2.36)

Γ2,1
R (p1, p2, k) = gZgµ

ϵ/2 − g3µ3ϵ/2

∫
[dDq]

1

(q + p2)2
�q(�q −��k)

q2(q − k)2
, (2.37)

Γ0,2
R (p)

∣∣
λ=0

= p2Zϕ − g2µϵ
∫
[dDq]Tr �q(�q − �p)

q2(p+ q)2
, (2.38)

Γ0,4
R (p1, p2, p3, p4)

∣∣
λ=0

= g4µ2ϵ

∫
[dDq]

Tr [�q(�q + �p1)(�q + �p1 + �p2)(�q − �q4)]

q2(q + p1)2(q + p1 + p2)2(q − p4)2
, (2.39)

with k ≡ (ω,k) the frequency and the momentum, whether internal or external, and
we integrate in D = 4− ϵ space-time dimensions. Again, we solve the integrals using
dimensional regularization with D = 4 − ϵ dimensions in the critical hyperplane
m = 0, and setting the external momentum and frequency to zero. Thus, from the
above equations we obtain the renormalization constant for the g and λ coupling

ZΨ = 1− g2

(4π)2
1

ϵ
, (2.40)

ZΦ = 1− g2

4π2
NF

1

ϵ
, (2.41)

Zg = 1 +
g2

8π2

1

ϵ
. (2.42)

For the Zλ renormalization constant, we use the following renormalization
condition

λZλ = λ+

(
(NB + 4)

λ2

8π2

1

ϵ
−Nf

g4

2π2

1

ϵ

)
. (2.43)

Having found all the renormalization constants, a short calculation yields

βg2 = ϵg2 − (2NF + 3)g4, (2.44)

βλ = ϵλ− (4 +NB)λ
2 + 4NFg

2(g2 − λ), (2.45)

where we rescaled g2/8π2 → g2 and λ/8π2 → λ. The RG flow is presented in
Fig. 2.3.2. For the Gaussian fixed point both directions are relevant, while for the
Wilson-Fisher one can see that it becomes unstable in the direction of the Yukawa

36



0 0.5
0

0.5

g2

λ

Figure 2.3.2: Flow diagram of the Yukawa and ϕ4 coupling in the critical plane
m2 = 0. The blue dot is the WF fixed point, and the black one is the Gaussian
trivial point. The only stable fixed point is the GNY fixed point (red dot), located
at a finite positive value of both Yukawa and ϕ4 coupling and controls the critical
behavior at the transition between the semimetal and the interaction driven insulator.
The plot is for NB = 4 and NF = 1, this is done just to make clearer the difference
between the WF point and the GNY point in the λ direction.

coupling. The GNY fixed point is

(g2⋆, λ⋆) =

 ϵ

3 + 2NF

,
−
√(

ϵ− 4NF ϵ
2NF+3

)2
− 16(−NB−4)NF ϵ2

(2NF+3)2
+ 4NF ϵ

2NF+3
− ϵ

2(−NB − 4)

 . (2.46)

The above β functions yield other fixed points: The Wilson-Fisher point is located
at (g2⋆, λ⋆) = (0, ϵ/(4 +NB)); Obviously, the trivial Gaussian point (g2⋆, λ⋆) = (0, 0);
The non-physical GNY fixed point, which is unphysical because λ⋆ < 0, located at

(g2⋆, λ⋆) =

 ϵ

3 + 2NF

,

√(
ϵ− 4NF ϵ

2NF+3

)2
− 16(−NB−4)NF ϵ2

(2NF+3)2
+ 4NF ϵ

2NF+3
− ϵ

2(−NB − 4)

 . (2.47)

Anomalous dimensions for the fermionic and the bosonic fields are obtained from
the field-strength renormalization constants after restoring the external momentum k

and setting it to be equal to the renormalization scale µ. This yields an extra factor
of µ−ϵ multiplying g2 in the field strength renormalization for both fermion and boson
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fields, which vanishes in their final expressions. Nevertheless, this piece is needed for
obtaining the anomalous dimension of the fields. The anomalous dimensions ηϕ and
ηψ for the bosonic ϕ and fermionic field ψ are obtained by evaluating the logarithmic
derivatives of the renormalization constants ηi = −∂Zi/∂ lnµ, with i = ϕ, ψ, at a
given fixed point

ηϕ = 2NFg
2
⋆, (2.48)

ηψ =
1

2
g2⋆. (2.49)

The anomalous dimension simply measures how much the scaling dimension
deviates from its free-field value.
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Chapter 3

Superconductivity in tilted Dirac

materials

Now that we have seen the context and the mathematical tools, we are in a
position to address the quantum-critical behavior of the tilted Dirac superconductor.
First, we will build a low-energy effective theory that takes into account all the
symmetries of graphene as a starting point. Then, as in the previous chapter, we
make us of the renormalization group to access the physics beyond the mean field
theory. Throughout this chapter we explore the behavior of the Lorentz symmetry
as we renormalize the corresponding quantum-critical theory, and, in particular we
study the effects of the Dirac cone’s tilt. This chapter is based on Ref. [59].

3.1 The low-energy theory

We consider a low-energy effective theory for the Dirac fermion quasiparticles
around the two inequivalent valleys, as for instance, two Dirac points at the two
inequivalent corners of the Brillouin zone in graphene. To construct the Nambu-
doubled basis for the Dirac superconductor, we first write an eight-component Dirac
spinor given by [103]

Ψω,k =
(
c
(+)
↑ c

(−)
↑ c

(+)
↓ c

(−)
↓

)T
, cvs =

(
avs , bvs

)
, (3.1)

where avs and bvs are the fermionic fields corresponding to two different (A and
B) sublattices with valley index v = (±), and spin projection s =↑, ↓. Then, we
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introduce a particle-hole degree of freedom and write a doubled, sixteen-component
Dirac-Nambu spinor as

Ψω,k → ΨNam =

(
Ψω,k

Γ210Ψ
∗
−ω,−k

)
. (3.2)

We conveniently write matrices acting on the sixteen-dimensional Dirac-Nambu
spinors as Γµνλρ = ηµ ⊗ σν ⊗ τλ ⊗ αρ. Here, {α}, {τ}, {σ} and {η} are sets of
Pauli matrices operating on the sublattice, valley, spin and particle-hole degrees
of freedom, respectively, with µ, ν, λ, ρ = 0, 1, 2, 3, and the index 0 corresponding
to the 2 × 2 unity matrix. Notice that the lower component of the Dirac-Nambu
spinor in Eq. (3.2) is a time-reversal partner of the upper one, since the matrix
Γ210 = σ2⊗ τ1⊗α0 is the unitary part of the time reversal operator in the undoubled
basis. Furthermore, the form of the Γ−matrices dictates that any two of them
either commute or anticommute. To simplify notation, we suppress subscript “Nam"
hereafter, Ψ ≡ ΨNam and Ψ† ≡ Ψ†

Nam.
Given this Dirac-Nambu representation, we can write the noninteracting low

energy effective Hamiltonian for the tilted Dirac fermions in the form Ĥ =∑
kΨ

†(Ĥ(k)− µtotΓ3000)Ψ, with µtot as the chemical potential, and

Ĥ(k) = vΓ3031kx + vΓ3002ky + αvΓ3030kx, (3.3)

where v is the Fermi velocity and α represents the (dimensionless) tilt parameter. We
here consider only case with |α| < 1 (type-1) featuring the point-like Fermi surfaces
with the TDF quasiparticle excitations, while the overtilted (type-2) system with
|α| > 1 hosts a particle- and a hole-like Fermi surfaces. Notice that the tilt term can
be thought of as a momentum-dependent chiral chemical potential, and it commutes
with the (total) chemical potential represented by the matrix Γ3000. We hereafter set
v = 1 and consider the system at half filling, µtot = 0, unless otherwise stated.

The form of the single-particle Hamiltonian implies its invariance under time
reversal, generated by T = Γ0210K, with K as the complex conjugation, SU(2) spin
rotations generated by Γ0s00, with s = {1, 2, 3}, as well as the valley (sublattice)
exchange, represented by V = Γ0010, kx → −kx (S = Γ0001, ky → −ky) [104]. Finally,
the unitary particle-hole symmetry is represented by C = Γ1000, so that {C, Ĥ(k)} = 0,
implying that its anti-unitary counterpart is represented by the operator CT . Notice
that C̃ = Γ2000 can also be taken as a unitary particle-hole operator, which is a
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consequence of the U(1) symmetry of the noninteracting Hamiltonian generated
by the matrix Γ3000 representing the electric charge operator in the Dirac-Nambu
representation employed here. Finally, we emphasize that the choice of the tilt term
(∼ α) in Eq. (3.3) ensures its invariance under all the mentioned symmetries.

We point out that the mirror-symmetry breaking tilted Dirac Hamiltonian, with
the sign of the tilt equal for all the valleys (or other fermion flavors) is obtained by
breaking the valley exchange or mirror symmetry discussed above, and we refer to it
as asymmetric tilt. The corresponding Hamiltonian then takes the form

ĤAS(k) = vΓ3031kx + vΓ3002ky + αvΓ3000kx, (3.4)

with the tilt term proportional to the matrix representing the chemical potential.
Therefore, the asymmetric tilt term effectively represents a momentum-dependent
chemical potential. As we show in the following, our conclusions regarding the
restoration of the Lorentz symmetry in the case of the interacting fully symmetric
tilted Dirac Hamiltonian in Eq. (3.3) equally apply to the asymmetrically tilted
Hamiltonian in Eq. (3.4).

3.2 Mean-field analysis

As in section 1.2.3, to motivate the analysis of the strong-coupling superconducting
instability of the tilted Dirac semimetal, we first discuss mean-field (MF) theory for a
transition from the semimetallic to a fully gapped ordered state, which is independent
of the nature of the state, i.e. whether the state is an insulator or a superconductor.
For concreteness, we here subscribe to the s−wave superconducting order parameter,
which reads

ϕ(r, τ) =
〈
Ψ†(r, τ)(Γ1000 cosφ+ iΓ2000 sinφ)Ψ(r, τ)

〉
, (3.5)

where φ is the U(1) phase of the superconducting order parameter (OP). This OP
anticommutes with the particle number operator N = Γ3000, and commutes with
all the three generators of spin rotations, Γ0s00, as dictated by its s-wave nature.
Notice that both matrices in the s-wave OP anticommute with the tilted Dirac
Hamiltonian in Eq. (3.3) which ensures that the underlying ordered state is fully
gapped. In the MF analysis, we set the OP to be a constant, ϕ(r, τ) ≡ m, and fix
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the SC phase φ = 0. We assume that such a condensation is propelled by an effective
local density-density interaction of the form

Hint = g̃

∫
d2r
[
Ψ†(r, τ) Γ1000Ψ(r, τ)

]2
. (3.6)

Then, we formulate the MF theory for the transition into such a state by taking the
Hamiltonian

HMF =

∫
d2rΨ†(r)

{
Ĥ(k → −i∇r) +Hint

}
Ψ(r), (3.7)

with the first term representing the free tilted Dirac Hamiltonian in Eq. (3.3), together
with the short-range interaction part, given by Eq. (3.6). We then perform a Hubbard-
Stratonovich transformation in the s−wave channel to obtain the corresponding
energy of the ground state at half filling (µ = 0) in the form,

E [m] = − 1

2g̃
m2 + 2

∑
w=±

∫
d2k

(2π)2

{
wαkx +

√
k2 +m2

}
= − 1

2g̃
m2 + 4

∫
d2k

(2π)2

√
k2 +m2. (3.8)

Therefore, the MF ground state energy is tilt-independent, yielding the same form of
the gap equation as in the untilted case, after minimization with respect to m, and
implies that

m ∼ (g̃ − g̃c), (3.9)

with the tilt-indenpendent critical coupling g̃c ∼ Λ scaling with the ultraviolet cutoff,
defining the energy scale up to which the Dirac dispersion holds. Therefore, the
transition into the s−wave (and, more generally, any gapped) phase takes place at a
strong coupling, which is a consequence of the vanishing density of states (DOS) for
the tilted Dirac fermions

ρ(E,α) = − 1

π
lim
δ→0

Im{TrGF (iω → ω + iδ,k)} =
4

π

|E|
(1− α2)3/2

, (3.10)

for a single 16-component Dirac flavor. It is therefore expected that at any finite-tilt
fixed point of the RG, the critical value of the interaction decreases with respect to
the untilted (α = 0) value. Latter we will explicitly show this phenomena by means
of the β functions for the Yukawa coupling although for a point that turns out to be
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unstable.

3.3 Gross-Neveu-Yukawa quantum-critical field

theory

We now address the behavior of the (2 + 1)−dimensional tilted s−wave Dirac
superconductor at the quantum-critical point within the framework of the Gross-
Neveu-Yukawa (GNY) field theory. Unlike in the section 2.3, this time we introduce
a new base to represent the symmetries of the new system we are dealing with.

3.3.1 S−wave superconducting instability

First, since both noninteracting Hamiltonian and the OP are spin singlets, we
discard the spin subspace hereafter. We therefore consider eight-component massless
Dirac fermions endowed with NF copies, which interact with a complex bosonic order
parameter field via Yukawa interaction (g). The s−wave superconducting OP is in
the form given by Eq. (3.9), which after discarding the spin subspace, reads

ϕ(r, τ) =
〈
Ψ†(r, τ)(Γ100 cosφ+ iΓ200 sinφ)Ψ(r, τ)

〉
, (3.11)

Hereafter, Ψ ≡ Ψ(r, τ), Ψ† ≡ Ψ†(r, τ) and ϕ ≡ ϕ(r, τ). The dynamics of the system
is then described by an imaginary time (Euclidean) action

S = SF + SY + SB, (3.12)

with the noninteracting fermionic part of the form

SF =

∫
dτdDr Ψ†

[
∂τ + Ĥ(k → −i∇r)

]
Ψ, (3.13)

where τ is the imaginary time and Ĥ(k) represents the Hamiltonian for noninteracting
massless TDFs in Eq. (3.3). This time, we rewrite the coupling of the massless Dirac
fermions to the OP fluctuations making use of the imaginary and real parts of the
OP. The Yukawa interaction thus take the form

SY = g

∫
dτdDr[(Reϕ)Ψ†Γ100Ψ+ (Imϕ)Ψ†iΓ200Ψ]. (3.14)
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Lastly, the dynamics of the OP is described again by the standard Ginzburg-
Landau action

SB =

∫
dτdDr

[
ϕ(−∂2τ −∇2 +m2

B)ϕ+
λ

2
ϕ4

]
, (3.15)

where m2
B is the tuning parameter for the continuous phase transition with m2

B > 0

(m2
B < 0) in the U(1) symmetric (symmetry broken) phase. We furthermore set the

bosonic and fermionic velocities to be equal to unity in the critical region [7], see
also the consequences of Eq. (3.38).

The fermionic and the bosonic propagators read, respectively,

GF (iω,k) =
{
iωA− +B(kxΓ001 + kyΓ032) + A−(αkxΓ330 + Γ331kx + Γ302ky)

+ 2αkx[Γ330k
2 + αkx(kxΓ331 + kyΓ302)]

} 1

A2
+ −B2

, (3.16)

and
GB(iω,k) =

1

ω2 + k2 +m2
B

. (3.17)

where A± ≡ A±(iω,k) = −ω2 ± α2k2x − k2 and B ≡ B(iω,k) = 2αiωkx. For a detail
derivation of the Fermionic propagator see App. B.

We point out that the form of the propagator corresponding to the asymmetrically
tilted system, described by the Hamiltonian in Eq (3.4), preserves the form in
Eq. (3.16), since the asymmetric tilt commutes with the untilted piece of the Dirac
Hamiltonian. Explicitly, the propagator of the asymmetric TDFs reads

GF,AS(iω,k) =
{
iωA− +B(kxΓ031 + kyΓ002) + A−(αkxΓ300 + Γ331kx + Γ302ky)

+ 2αkx[Γ300k
2 + αkx(kxΓ331 + kyΓ302)]

} 1

A2
+ −B2

,

(3.18)
and such a structure of the propagator, as we show in the following, implies that all
the conclusions derived for the symmetric tilt equally apply to the asymmetric case.
We therefore consider only the fully symmetric TDFs.

3.4 Renormalization group analysis

Next, we proceed with the analysis of the U(1) GNY field theory. The engineering
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(bare) dimensions of the couplings are dim[g2] = dim[λ] = 3 − D and for the tilt
parameter dim[α] = 0, implying that D = 3 is the upper critical dimension of the
theory. We therefore employ an ϵ-expansion about the upper critical dimension,
ϵ = 3−D, to access the quantum-critical behavior in D = 2. To this end, we define
the action SR =

∫
dτdrLR, where the renormalized Lagrangian is

LR =Ψ† [ZΨ (∂τ − iZvvΓ331∂x − iZvvΓ302∂y − iZvZααvΓ330∂x)] Ψ + ZgLY

+ Zϕϕ(−∂2τ −∇2)ϕ+ ZmB
m2
Bϕ

2 + Zλ
λ

2
ϕ4, (3.19)

where Zj’s are renormalization constants, and we restore the Fermi velocity for
completeness.

To obtain RG flow of the couplings, we integrate out the fermionic and bosonic
modes with frequency −∞ < ω <∞ and use dimensional regularization in D = 3− ϵ
spatial dimensions within the minimal subtraction scheme to handle the ensuing
divergences. The one-loop diagrams for that contribute to the renormalization are
given in Fig. 2.2.1 and Fig. 2.3.1. The computation of the fermionic self energy
is given by Fig. 2.3.1a and the bosonic self energy contribution comes from the
diagram 2.3.1b.

The short-range interaction is encoded through the Yukawa coupling between
the Dirac fermion quasiparticles and the bosonic degrees of freedom representing the
fluctuations of the s-wave superconducting phase

SY = g

∫
dτdDr[(Reϕ)Ψ†Γ100Ψ+ (Imϕ)Ψ†iΓ200Ψ] ≡

∫
dτdDrLY . (3.20)

It is convenient to rewrite the coupling of the bosonic order parameter to the fermionic
field explicitly in terms of the real and imaginary parts of the OP,

LY = g
[
(Reϕ)Ψ†Γ100Ψ+ (Imϕ)Ψ†iΓ200Ψ

]
= g

[
ϕΨ†P+Ψ+ ϕ∗Ψ†P−Ψ

]
, (3.21)

where the matrices P± are defined as

P± =
1

2
(Γ100 ∓ iΓ200) , (3.22)

and we employ eight-dimensional representation of the Γ−matrices.
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3.4.1 Fermionic Self Energy

We compute to the leading-order the zero-temperature (T = 0) self-energy for
tilted Dirac fermions (Fig. 2.3.1a) in the critical hyperplane (all masses set to zero)

ΣF (iΩ,k) = g2
∫

[dω]

∫
[dDq]{P+GF (iω,q)P−+P−GF (iω,q)P+}Gb(iΩ− iω,q−k)

(3.23)
where [dω] = dω/2π and [dDq] = dDq/(2π)D. The bosonic and fermionic propagators
are given in Eqs. (3.16) and (3.17), respectively. The explicit form of the fermionic
self-energy is

ΣF (iΩ,k) =g
2

∫
[dω]

∫
[dDq]{P+GF (iω,q)P− + P−GF (iω,q)P+}GB(iΩ− iω,q)

=g2
∫

[dω]

∫
[dDq]{P+, P−}

[
iωA− +B(qxΓ001 + qyΓ032)− αqx(A− + 2q2)Γ330

−(A− + 2α2q2x)(qxΓ331 + qyΓ302)
] 1

(ω2 − α2q2x + q2)2 + (2αωqx)2

× 1

(ω − Ω)2 − (q− k)2
,

(3.24)
with the anticommutator {P+, P−} = 1, as can be directly obtained from Eq. (3.22);
A± ≡ A±(iω,k) = −ω2 ± α2k2x − k2 and B ≡ B(iω,k) = 2αiωkx. We here also
set Fermi velocity v = 1, since it does not get renormalized due to the relativistic
invariance of the Yukawa interaction Eq. (3.14). The algebraic structure of the
integrand allows us to systematically calculate the corresponding renormalization
constants (Z ′s), which we explicitly show in the following. Notice that the negative
signs multiplying the last two terms in the above self-energy result from the
anticommutation of the OP matrices (P±) with the tilt matrix Γ330.

Fermionic field renormalization: For the renormalization constant ZΨ, only
the terms proportional to the unity matrix contribute. Thus after setting the external
momentum to zero, k = 0, and performing the integral over ω, we obtain

ΣF,000(iΩ, 0) = −g2
∫

[dDq]
iΩ (4q2 + α2q2x + Ω2)

2q
(
16q4 + 8q2 (Ω2 − α2q2x) + (α2q2x + Ω2)2

) . (3.25)

Now, to find the fermion field renormalization ZΨ, we take

lim
iΩ→0

∂ΣF,000(iΩ, 0)

∂(iΩ)
= − g2

(4π)2
G(α)

∫ Λ

λ

dq
1

q
, (3.26)
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with λ = Λ/b, where the Wilsonian RG parameter b > 1, and b− 1 ≪ 1. Then, we
use the correspondence between the hard cutoff and dimensional regularization∫ Λ

λ

dq

q
→ 1

ϵ
, (3.27)

and the function G(α) reads

G(α) =

∫ 2π

0

dϕ

π

∫ π

0

dθ sin(θ)

(
4 + α2 sin2(θ) cos2(ϕ)

)(
4− α2 sin2(θ) cos2(ϕ)

)2 =
4

4− α2
, (3.28)

Notice that the function G(α) is strictly positive for |α| < 1. We then obtain the
renormalization constant for the fermion field through the following renormalization
condition

ZΨ = 1 + lim
iΩ→0

∂Σf,000(iΩ, 0)

∂iΩ
= 1− g2

(4π)2
G(α)

1

ϵ
. (3.29)

Renormalization factor for the tilt parameter: The renormalization
constant for the tilt parameter, Zα, is obtained from the term in the fermionic
self-energy proportional to the matrix Γ330, as dictated by the form of the tilt term
in the bare theory, see Eq. (3.3). This, together with the form of the self-energy, in
turn, dictates the following renormalization condition for the tilt,

−ZΨZααkx − kx
∂ΣF,330(iΩ,k)

∂kx

∣∣∣∣
iΩ→0,k→0

= −αkx, (3.30)

where ΣF,330(iΩ,k) is the term proportional to the matrix Γ330 in the fermionic
self-energy in Eq. (3.24),

ΣF,330(iΩ,k) = g2
∫

[dω]

∫
[dDq]

αqx(ω
2 + α2q2x − q2)

[(ω2 − α2q2x + q2)2 + (2αωqx)2][(ω − Ω)2 − (q− k)2]
.

(3.31)
We notice that we here explicitly used marginality of the Fermi velocity v in Eq. (3.3),
due to the relativistic invariance of the Yukawa term, see Eq. (3.14).

We then take a finite external momentum k = kxex in Eq. (3.31), and keep only
the terms proportional to Γ330, which, by virtue of the renormalization condition in
Eq. (3.30), yields,

ZαZΨ = 1− g2

(4π)2ϵ
I(α), (3.32)
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where
I(α) =

∫ 2π

0

dϕ

π

∫ π

0

dθ
cos2 ϕ sin3 θ[−8 + α2 cos2 ϕ sin2 θ]

(4− α2 cos2 ϕ sin2 θ)2
. (3.33)

Finally, using the form of the fermion-field renormalization ZΨ in Eq. (3.29), we find

Zα = 1 +
g2

(4π)2ϵ
[G(α)− I(α)] , (3.34)

with the function G(α) given by Eq. (3.28).
Renormalization factor for the Fermi velocity: We here show that the

renormalization factor of the Fermi velocity, Zv, is equal to unity, as a consequence
of the Lorentz invariance of the Yukawa vertex in Eq. (3.14). Therefore, the Fermi
velocity remains marginal, as is the case in the tilt-free case. To show this feature,
we consider only one component of the velocity, taken to be along the x−axis for
concreteness. The corresponding renormalization condition reads

ZΨZv +
∂ΣF,331(iΩ,k)

∂kx

∣∣∣∣
iΩ→0,k→0

= 1, (3.35)

where the term Σf,331 is the part of the self-energy in Eq. (3.24) multiplied by the
matrix Γ331, which explicitly reads

ΣF,331(iΩ,k) = g2
∫

[dω]

∫
[dDk]

qx(ω
2 + q2 − α2q2x)

[(ω2 + q2 − α2q2x)
2 + (2αωqx)2][(ω − Ω)2 + (q− k)2]

.

(3.36)
An explicit calculation then yields

∂ΣF,331(iΩ,k)

∂kx

∣∣∣∣
iΩ→0,k→0

=
g2

2(2π)3ϵ

∫ 2π

0

dϕ

∫ π

0

dθ
cos2 ϕ sin3 θ(12− α2 cos2 ϕ sin2 θ)

(4− α2 cos2 ϕ sin2 θ)2
,

(3.37)
which, after performing the angular integrals, yields

∂ΣF,331(iΩ,k)

∂kx

∣∣∣∣
iΩ→0,k→0

=
g2

(4π)2
G(α)

1

ϵ
, (3.38)

with the function G(α) given by Eq. (3.28). Using Eq. (3.29) and the renormalization
condition (3.38) , we obtain that Zv = 1, implying that the Fermi velocity remains
marginal (unrenormalized) for the TDFs to the leading order in the ϵ−expansion,
once the velocity isotropy is reached. Notice that we here considered only the
x−component of the velocity, but the same conclusion holds for other components
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after invoking the irrelevance of the tilt parameter.

3.4.2 Bosonic Self Energy

In order to obtain the RG equations for the Yukawa coupling, we compute the
self energy for the bosonic field and the correction to the Yukawa vertex. First, we
compute the bosonic self energy (Fig. 2.3.1b), which reads

ΣB(iΩ,k) = −g2
∫

[dω]

∫
[dDq]Tr [P+GF (iω + iΩ,q+ k)P−GF (iω,q)] , (3.39)

with the negative sign arising from the trace over the fermionic fields, and we set
external momentum to zero (k = 0). After taking the trace, the integral is of the
form

ΣB(iΩ, 0) =− 4g2NF

∫
[dω]

∫
[dDq]

(
4k4xk

2α4 −B(ω,q)B(ω + Ω,q)q2

+ 4k2xk
2α2(A−(ω + Ω,q) + k2) + 4k2xk

2α2A−(ω,q)

+ A−(ω,q)A−(ω + Ω,q)(k2 + α2k2x + ω(ω + Ω))
)

×

(
1

[A+(ω,q)]2 −B2(ω,q)

)(
1

[A+(ω + Ω,q)]2 −B2(ω + Ω,q)

)
,

(3.40)
with NF as the number of eight-component Dirac fermion flavors. Taking the
derivative, after performing the integral over the frequency and the momentum, we
obtain

lim
Ω→0

∂ΣB(iΩ, 0)

∂Ω2
= − g2

4π2
NFF (α)

1

ϵ
, (3.41)

where function F (α) is defined as

F (α) =
1

(1− α2)2
. (3.42)

With the above definition of the bosonic self-energy, the bosonic wave-function
renormalization is determined by the renormalization condition

ZΦ − ∂ΣB(iΩ, 0)

∂Ω2

∣∣∣∣
Ω→0

= 1, (3.43)
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implying that the renormalization constant for the bosonic fields is

ZΦ = 1 +
∂ΣB(iΩ, 0)

∂Ω2

∣∣∣∣
Ω→0

= 1− g2

4π2
NFF (α)

1

ϵ
. (3.44)

3.4.3 Correction to Yukawa Vertex

The correction to the Yukawa vertex (Fig. 2.3.1c) reads

δg =g2
∫
[dω]

∫
[dDq] {(P+GF (iΩ1 + iΩ2 − iω,k+ p− q)P+GF (iΩ1 − iω,k− q)P−)

+ (P−GF (iω + iΩ1 + iω2,q+ k+ q)P+GF (iω + iΩ1,q+ k)P+)

+ (P+GF (iΩ1 − Ω2 − iω,k− p− q)P−GF (iΩ1 − iω,k− q)P−)

+ (P−GF (iΩ1 − iΩ2 + iω,k− p− q)P−GF (iω + iΩ1,q+ k)P+)}
1

ω2 + q2
.

(3.45)
Using the relation P±P± = 0, the form of the fermionic propagator in Eq. (3.16),
and that all the matrices either commute or anticommute with the matrices P±, it
can be readily shown that the correction of the Yukawa vertex identically vanishes,
δg = 0, after taking all the external momenta and frequencies to be equal to zero.
Therefore, the renormalization for the Yukawa coupling has the form

Z
1/2
ϕ ZΨg0µ

−ϵ/2 = g, (3.46)

which, together with the form of the renormalization constants ZΨ and Zϕ, in
Eqs. (3.29) and (3.44), respectively, allow us to obtain the β function for the Yukawa
coupling.

3.4.4 Correction to the ϕ4 Vertex

The first contribution to the λ coupling comes from the already know result form
the ϕ4 vertex (Fig. 2.2.1b), which reads

δλλ = (NB + 4)
λ2

8π2

1

ϵ
, (3.47)

where, NB is the number of complex components of the bosonic order parameter
field.

The correction to the λ coupling due to the Yukawa interaction (Fig. 2.3.1d),
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with all external momenta and frequencies set to zero, reads

δλY = −g4
∫

[dω]

∫
[dDq]Tr [P+GF (iω,q)P−GF (iω,q)P+GF (iω,q)P−GF (iω,q)] .

(3.48)
After taking the trace and integrate over the frequency and momentum, we obtain
the divergent part of this correction

δλY = − g4

2π2
NFF (α)

1

ϵ
, (3.49)

where the function F (α) is defined in Eq. (3.42). Finally, the renormalization
condition of the λ reads

Z2
ϕλ0µ

−ϵ − (δλY + δλλ) = λ, (3.50)

which ultimately yields the β function for the λ coupling.

3.4.5 β−functions for a tilted Dirac s−wave superconductor

Let’s complete our results for the renormalization constants

ZΨ = 1− g2

(4π)2
G(α)

1

ϵ
, (3.51)

ZΦ = 1− g2

4π2
NFF (α)

1

ϵ
(3.52)

Zα = 1 +
g2

(4π)2
[G(α)− I(α)]

1

ϵ
, (3.53)

while the renormalization constant for the velocity Zv = 1, as shown in Sec. 3.4.1.
Here, the functions are defined as F (α) = (1− α2)−2, G(α) = (1− (α/2)2)−1, while
I(α) is given by Eq. (3.33).

The computation of the vertex diagrams to the same order gives the
renormalization conditions for the Yukawa coupling constant (Sec. 3.4.3)

Z
1/2
ϕ ZΨ g0 µ

−ϵ/2 = g, (3.54)
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Figure 3.4.1: The form of the functions K(α) and K̃(α) governing the
renormalization-group flow of the tilt parameter at the transition from the tilted
Dirac semimetal to the s−wave superconducting (SC) and the charge-density wave
(CDW) phases, respectively. The corresponding β function is given by Eq. (3.56)
[Eq. (3.65)] for the s−wave SC [CDW] instability.

and for for the Φ4 coupling (Sec. 3.4.4)

Z2
ϕλ0µ

−ϵ −
(
(NB + 4)

λ2

8π2
− g4

2π2
NFF (α)

)
1

ϵ
= λ. (3.55)

Here, the couplings with (without) the subscript are the bare (renormalized)
ones. Furthermore, µ is the RG (momentum) scale, and we consider NB complex
components for the bosonic OP.

Using the above renormalization conditions, we obtain the RG β functions to the
leading order in the ϵ-expansion, in the critical hyperplane m2

B = 0, see Eq. (3.19).
We define the β function for a coupling constant X as βX ≡ −dX/d ln (µ)|{X0},
with all the bare couplings ({X0}) fixed. Since the renormalization constant for
the velocity Zv = 1, the renormalization condition Zvv = v0 implies that the Fermi
velocity is marginal, βv = 0. Furthermore, the renormalization condition for the tilt
term, Zαα = α0 implies that

βα = −αg
2

2
[G(α)− I(α)] ≡ −αg2K(α), (3.56)

with the function K(α) as strictly positive for |α| < 1, as shown in Fig. 3.4.1.
Therefore, the tilt parameter is irrelevant, and flows to zero as the system approaches
the critical point governing the transition into the s-wave superconducting state.
Ultimately, the Lorentz symmetry is restored at the QCP and the quantum-criticality
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is controlled by the GNY QCP for α = 0. To confirm this scenario, using the
renormalization condition in Eq. (3.54), we furthermore find the β−function for the
Yukawa coupling

βg2 = ϵg2 − [2NFF (α) +G(α)]g4, (3.57)

where we rescaled g2/8π2 → g2. The RG flow in the (g2, α) plane is shown in
Fig. 3.4.2, which indeed corroborates the irrelevance of the tilt parameter, and the
ensuing restoration of the Lorentz symmetry at the nontrivial QCP with the value
given by Eq. (3.57),

g2⋆ =
ϵ

[2NFF (0) +G(0)]
. (3.58)

For completeness, we also show the RG flow equation for the Φ4−coupling for
the tilted Dirac superconductor,

βλ = ϵλ− (4 +NB)λ
2 + 4NFg

2F (α)(g2 − λ), (3.59)

which is obtained from the renormalization condition in Eq. (3.55), after rescaling
X/8π2 → X, with X = {g2, λ}. Notice that the β functions in Eqs. (3.57) and (3.56)
for the untilted Dirac fermion (α = 0) coincide with the ones obtained in Ref. [54].
The corresponding fixed points of the RG flow are obtained from the β−functions for
the Yukawa and the λ couplings after taking α = 0, as implied by the irrlevance of
the tilt term (Eq. (3.56)). Only one of them is stable in the critical plane (m2

B = 0),
and therefore represents the critical point, which is located at [54]

(g2⋆, λ⋆) =
ϵ

X + 4NF

(
1, X +

√
X2 + 8(1−X)(4 +NB)

)
, (3.60)

where X = 1 − 2NF . Notice that λ⋆ is positive, and therefore corresponds to a
second-order phase transition, only for NF > 1/2, or equivalently, in the Dirac system
featuring at least one eight-component Dirac fermion flavor.

We emphasize here that identical renormalization factors and vertex corrections
are obtained for the asymmetric TDFs, since the tilt matrix in this case anticommutes
with the SC OP and commutes with the untilted part of the Dirac Hamiltonian,
which is the same as for the symmetric TDFs, while all the form factors in the
propagators for the asymmetric [Eq. (3.18)] and symmetric [Eq. (3.16)] TDFs are
identical.
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Figure 3.4.2: One-loop RG flow of the tilt parameter α and the Yukawa coupling g2
at fixed ϵ = 1 in the case of the s−wave instability. The red dot corresponds to the
Gross-Neveu-Yukawa superconducting quantum-critical point (QCP), for different
number of eight-component Dirac flavors (NF ). RG flow is shown for (a) NF = 1;
(b) NF = 2; (c) NF = 3. The analytical form of the Lorentz-symmetric QCP (α = 0)
is given by Eq. (3.60).

3.4.6 Comparison with Charge-Density-Wave Instability

We here revise the problem of a charge-density wave (CDW) instability breaking
the sublattice symmetry of a tilted Dirac semimetal [30], in light of the restoration
of the Lorentz symmetry at the superconduting QCP. The CDW OP takes the form,

Φ(r, τ) =
〈
Ψ†(r, τ)Γ303Ψ(r, τ)

〉
, (3.61)

implying that the Yukawa action reads

SY = g

∫
dτdDr Φ Ψ†Γ303Ψ, (3.62)

with the OP matrix anticommuting with the untilted part of the Dirac Hamiltonian
in Eq. (3.3), and therefore gaps it out. We are interested here only in the RG flow of
the tilt parameter and the Yukawa coupling, and therefore consider the fermionic
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self-energy, which reads

ΣF (iΩ,k) =g
2

∫
[dω]

∫
[dDq] Γ303GF (iω,q) Γ303GB(iΩ− iω,q)

=g2
∫

[dω]

∫
[dDq]

[
iωA− −B(qxΓ001 + qyΓ032) + αqx(A− + 2q2)Γ330

−(A− + 2α2q2x)(qxΓ331 + qyΓ302)
] 1

[A2
+ +B2][(ω − Ω)2 − (q− k)2]

,

(3.63)
which is obtained directly from the self-energy for the SC OP, Eq. (3.23), taking into
account that the CDW OP commutes with the tilt matrix, Γ330. This form of the
fermionic self-energy, in turn, yields the renormalization constant for the field (ZΨ)
in the form given by Eq. (3.51), while the factor Zα reads

Zα = 1 +
g2

(4π)2
[G(α) + I(α)]

1

ϵ
, (3.64)

with the function G(α) and I(α) defined in Eq. (3.53) and Eq. (3.33), respectively.
The corresponding RG flow equation for the tilt is then straightforwardly obtained
from the renormalization condition Zαα = α0, yielding

βα = −αg
2

2
[G(α) + I(α)] ≡ −αg2K̃(α), (3.65)

with the strictly positive function K̃(α) shown in Fig. 3.4.1. Therefore, the Lorentz
symmetry gets restored for the CDW instability, but much slower than in the SC
case, since K̃(α) < K(α), for |α| < 1, as can be seen in Fig. 3.4.1. Furthermore, the
flow of the Yukawa coupling in this case is given by

βg2 = ϵg2 − (NF + 3)G(α)g4, (3.66)

with the stable QCP realized at

g2⋆ =
ϵ

(3 +NF )G(0)
. (3.67)

The corresponding RG flow in the (g2, α) plane is displayed in Fig. 3.4.3, which
corroborates the restoration of the Lorentz symmetry at the QCP governing the
transition into the CDW phase, and making the line of critical points found in
Ref. [30] eventually unstable.
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Figure 3.4.3: One-loop RG flow of the tilt parameter α and the Yukawa coupling
g2 at fixed ϵ = 1 in the case of the charge-density-wave (CDW) instability. The
red dot corresponds to the Gross-Neveu-Yukawa superconducting quantum-critical
point (QCP), for different number of eight-component Dirac flavors (NF ). RG flow
is shown for (a) NF = 1; (b) NF = 2; (c) NF = 3. The analytical form of the
Lorentz-symmetric QCP (α = 0) is given by Eq. (3.67).

We point out that the sign in front of the strictly negative function I(α) (for
|α| < 1) in Eq. (3.65), is a direct consequence of the commutation of the tilt matrix
(Γ330) and the CDW OP Γ303, which is diagonal in the Nambu space. This positive
sign is responsible for slowing down the RG flow of the tilt with respect to the SC
case, implying that the restoration of the Lorentz symmetry takes longer RG time.

In general, we can observe that the rate of the RG flow for the tilt parameter,
and therefore the rate of the Lorentz symmetry restoration is directly related to the
(anti)commutation relation of the OP with the tilt matrix. Namely, since all the
Γ−matrices square to unity and either commute or anticommute with each other,
an OP that commutes with the tilt matrix is expected to make the tilt parameter
less irrelevant than an anticommuting OP. In particular, an insulating (particle-hole)
instability diagonal in other flavor subspaces (valley, sublattice, etc.) should render
the tilt less irrelevant than a superconducting (particle-particle) instability, as the
examples of the CDW and the s−wave instabilities explicitly demonstrate.

Finally, the form of the propagator of the asymmetric TDFs implies that the
β−functions at CDW QCP for the asymmetric TDFs are of the same form as for the
symmetric TDFs.
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Chapter 4

Conclusions and Future Work

In this thesis we have gone through the ideas of quantum phase transitions, we put
special emphasis in the concept of order parameter to access the broken symmetry
phase. We introduce the basic concepts of superconductivity and establish the Nambu
representation to build a quantum field theory of it. We saw how normalization
group approach allows us to access the critical behaviour under the upper critical
dimension. Finally, we address the tilted Dirac fermion system. To this day, much
work remains to be done in the field of Dirac materials. This thesis attempt is to
contribute with a little but very interesting outcome.

Our findings are presented in Sec 3 of this thesis, where we have shown that the
Lorentz symmetry is restored at the QCP separating the tilt Dirac semimetal from a
gapped s−wave SC instability through the irrelevance of the tilt operator and its
ultimate vanishing at the QCP. As we further argued such a symmetry restoration is
a quite generic feature of the strongly interacting TDFs, irrespective of whether they
break a discrete mirror lattice symmetry at the noninteracting level, i.e. whether
they feature symmetric [Eq. (3.3)] or asymmetric [Eq. (3.4)] tilt.

Our results can be routinely tested in the lattice quantum Monte Carlo
simulations [105] of the Hubbard interacting TDFs. In light of this, we emphasize
that that even though the tilt parameter is irrelevant, and ultimately vanishes at
the QCP, it may take long RG time to reach this value. Therefore in any finite-size
system the effects of a finite tilt may still be appreciable, as given by the solution of
the flow equations (3.56), (3.57) and (3.59). See also Fig. 3.4.2.

Directly pertinent to the SC instability of the TDFs is whether the coupling to a
dynamical U(1) gauge field can lead to the breaking of the Lorentz symmetry, which
is an issue that we plan to investigate in future. In particular, it would be interesting

57



to see whether such a coupling could help stabilization of a charged QCP at a finite
coupling.

Our work should motivate further studies of the interaction effects in the non-
Hermitian tilted Dirac materials with the coupling to the environment explicitly
taken into account through non-Hermitian terms in the Hamiltonian-like operator.
In particular, it will be important to address whether the restoration of the Lorentz
symmetry is also featured in the non-Hermitian Dirac semimetals, similarly to the
case of untilted Dirac fermions [10].

Finally, we would like to point out that these results may be relevant for future
studies of the strong coupling instabilities of type-II Dirac semimetals with electron-
and hole Fermi surfaces, and should spur further research efforts in this direction.
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Appendix A

Mathematical Tools

A1 Clifford algebra and Orthogonal groups

Let γµ, µ = 1, ...d, be the generators of an associative algebra on R, satisfying
the following anticommutation relations

γµγν + γνγµ = 2δµνI, (A.1)

where I is the unit matrix. These matrices generate a Clifford algebra C(d). From
the relation (A.1), it follows that the elements of C(d) form a real vector space of
dimension 2d, spanned by I and the products γµ1γµ2 ...γµp , with µ1 < µ2 < ... < µp.

γS ≡ γd+1 = i−d/2
d∏
i=1

γi (A.2)

We now perform a linear transformation γ → γ′ acting on the generators

γ′ν = Rν
µγ

µ (A.3)

where R of elements Rν
µ is a real matrix and det{R} ≠ 0. The elements γ′ form

an equivalent set of generators if they satisfy the relations

γ′µγ′ν + γ′νγ′µ = Rµ
ρR

ν
σ (γ

ργσ + γσγρ) = 2Rµ
ρR

νρ = 2δµνI (A.4)

Thus, the matrix R must be orthogonal and the relation (A1) are invariant under
the orthogonal group O(d) (rotation and reflections in the Euclidian d-dimensional

59



space) [99].

A2 Grassmann Algebra

A Grassmann (or exterior) algebra A on R or C is an associative algebra
constructed from a unit 1 and a set of generators {θi} that satisfy the anticommutation
relations

θiθj + θjθi = 0, ∀i, j. (A.5)

1. if the number n of generators is finite, the elements of the algebra form a vector
space of finite dimension 2n over R or C. All elements can be written as linear
combinations of the element Aν , ν = 1, ..., 2n of the form

Aν ∈ {1 and {θi1θi2 ...θip , with i1 < i2 < ... < ip, 1 ≤ p ≤ n} (A.6)

2. A is a graded algebra: for each monomial θi1 ...θip , one can associate an integer
p that counts the number of generators in a product. In particular, Ap and Aq
are two monomials of degree p and q respectively, then

AqAp = (−1)pqAqAp (A.7)

3. Elements of A are invertible if and only if in the expansion in the basis (A.6)
the term of degree zero do not vanish.

4. All elements in a Grassmann algebra, which are a function of generator θi, are
first degree polynomials, that is, affine functions.

This Grassmann algebra brings with it very interesting properties related to
differentiation and integration with respect to Grassmann numbers that actually
makes calculation easier and are used for the quantization of the Dirac fields considered
in this Thesis.
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Appendix B

Fermionic Propagator

In this appendix we present the derivation of the fermionic propagator
corresponding to the Hamiltonian of the tilted Dirac fermions, Eq. 3.3. We start
from the following definition of the propagator

GF (iω,k) = [iω −H(k)]−1. (B.1)

We now write the propagator as

GF (iω,k) =
1

iω −H(k)

iω +H(k)

iω +H(k)
. (B.2)

Solving the product

(iω −H(k))(iω +H(k)) = −ω2 −
[
k2x + k2y + α2k2x + 2αkxkyΓ330Γ302 + 2αk2xΓ330Γ331

]
= −ω2 −

[
k2 + α2k2x + 2αkxkyΓ032 + 2αk2xΓ001

]
.

(B.3)
Multiplying once again by the unity matrix written in the convenient form as in

the last term on the right hand side of Eq. (B.2), we obtain

GF (iω,k) =
iω +H(k)

−ω2 − k2 − α2k2x − [2αkxkyΓ032 + 2αk2xΓ001]

=
iω +H(k)

A− − [2αkxkyΓ032 + 2αk2xΓ001]

A− + [2αkxkyΓ032 + 2αk2xΓ001]

A− + [2αkxkyΓ032 + 2αk2xΓ001]

=
(iω +H(k))(A− + [2αkxkyΓ032 + 2αk2xΓ001])

A2
− − [(2αkxky)2 + (2αk2x)]

,

(B.4)

where we have defined A− = −ω2 − k2 − α2k2x. Now we simplify the product
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(iω +H(k))(A−+
[
2αkxkyΓ032 + 2αk2xΓ001

]
) = iωA− +B(kxΓ001 + kyΓ032)

+ A−(αkxΓ330 + Γ331kx + Γ302ky)

+ 2αkx[Γ330k
2 + αkx(kxΓ331 + kyΓ302), (B.5)

where we defined B ≡ B(iω,k) = 2αiωkx. Finally, defining A+ = −ω2 − k2 + α2k2x,
the propagator takes the form

GF (iω,k) =
{
iωA− +B(kxΓ001 + kyΓ032) + A−(αkxΓ330 + Γ331kx + Γ302ky)

+ 2αkx[Γ330k
2 + αkx(kxΓ331 + kyΓ302)]

} 1

A2
+ −B2

. (B.6)

For the case of asymmetric tilt, the procedure is exactly the same, and we only
need to consider the matrix Γ300 in the term with the tilt parameter. Thus, the
fermionic propagator in this case reads

GF,AS(iω,k) =
{
iωA− +B(kxΓ031 + kyΓ002) + A−(αkxΓ300 + Γ331kx + Γ302ky)

+ 2αkx[Γ300k
2 + αkx(kxΓ331 + kyΓ302)]

} 1

A2
+ −B2

.

(B.7)
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