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Abstract

This work addresses three optimal control problems with constraints given by partial differential equa-
tions (PDEs) and a coupled system of nonlocal PDEs. For each control problem, we perform an
exhaustive study that includes: existence of optimal solutions, analysis of first order necessary and
second order necessary and sufficient optimality conditions, as well as the study of regularity properties
of the optimal solutions. After this, we perform a finite element discretization analysis. We consider
two discretization schemes: a fully discrete scheme, where the control variable is approximated by
piecewise constant functions, and a semidiscrete scheme, where the control variable is not discretized.
For both discretization schemes, we analyze the convergence of discrete solutions to continuous solu-
tions. Finally, we derive a priori error estimates.

For the coupled system of nonlocal PDEs, we investigate existence, uniqueness, and regularity prop-
erties of solutions. Finally, we study the finite element discretization and the approximation of the
discrete scheme using the Schwarz method are analyzed, providing associated a priori error estimates

and demonstrating the convergence of this method.

ii
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Chapter 1

Introduction

The development of accurate mathematical models and efficient numerical algorithms is crucial for
overcoming numerous challenges in science and engineering. However, the inherent complexity of real
world problems often requires models to be simplified. As a result, model parameters may be inac-
curate, unknown or subject to uncertainty. To overcome these possible scenarios, PDE constrained
optimization problems enable optimal parameter adjustments for accurate modeling (parameter iden-
tification) or the desired system control (optimal control).

The theory of PDE constrained optimization has progressed considerably in the past decades, with
several monographs concerning its mathematical treatment in terms of first and second order optimality
conditions for existence and uniqueness of an optimal solution, together with numerical optimization
algorithms [41, 68, 69, 104]. The applications include fluid dynamics, material sciences, control of
heating and cooling processes, nonlocal diffusion phenomena, among others.

In this thesis, we are interested in PDE-constrained optimization problems that admit the form
min{J(y,u) : y€Y, ue U} subject to e(y,u) =0, u€ Uy,

where

Y and U are function spaces associated with the state variable y and the control variable u,

respectively.

e J:Y x U — R denotes a suitable cost functional,

e(y,u) describes the so—called state equation, and finally,

Uqg C U denotes the admissible set and accounts for suitable constraints imposed on the control

variable (control constraints).
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The goal of a PDE-constrained optimization problem is to determine an admissible control-state pair
that minimizes the value of the cost functional J. The basic problematic is thus twofold. First, study
the optimal control problem, that is: provide existence of optimal solutions, together with first and,
since nonlinear PDEs are considered, second order optimality conditions. Secondly, the design of
efficient solution techniques for the computation of numerical approximations. We notice that first
order optimality conditions are thus required to analyze regularity properties of the involved variables,
while second order optimality conditions allow us to provide error estimates.

In the study of an optimal control problem, we have to overcome a number of challenges. One of them
is a system of nonlinear equations resulting from the derivation of optimality conditions that strongly
depend on the state problem. From an optimization point of view, several algorithms allow progress
in this study, such as descent methods, Newton methods, sequential quadratic programming, active

set estrategies, to name a few. In this context, it is natural to consider Galerkin discretizations.

Tesis outline and contributions

In the following we outline the problems we will study in this thesis.

Chapter 2: An optimal control problem for the Navier—Stokes equations with point

sources

We analyze, in two dimensions, an optimal control problem for the Navier—Stokes equations where the
control variable corresponds to the amplitude of forces modeled as point sources; control constraints are
also considered. This particular setting leads to solutions to the state equation exhibiting reduced reg-
ularity properties. We operate under the framework of Muckenhoupt weights, Muckenhoupt-weighted
Sobolev spaces, and the corresponding weighted norm inequalities and derive the existence of optimal
solutions and first and, necessary and sufficient, second order optimality conditions.

The discussion in this chapter is based on the reference [57].

Chapter 3: Bilinear optimal control for the fractional Laplacian: analysis and discretiza-

tion

We adopt the integral definition of the fractional Laplace operator and study an optimal control
problem on Lipschitz domains that involves a fractional elliptic partial differential equation (PDE) as
state equation and a control variable that enters the state equation as a coeflicient; pointwise constraints
on the control variable are considered as well. We establish the existence of optimal solutions and
analyze first and, necessary and sufficient, second order optimality conditions. Regularity estimates

for optimal variables are also analyzed. We develop two finite element discretization strategies: a
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semidiscrete scheme in which the control variable is not discretized, and a fully discrete scheme in
which the control variable is discretized with piecewise constant functions. For both schemes, we
analyze the convergence properties of discretizations and derive error estimates.

The discussion in this chapter is based on the reference [13].

Chapter 4: Fractional, semilinear, and sparse optimal control: a priori error bounds

In this work, we use the integral definition of the fractional Laplace operator and study a sparse
optimal control problem involving a fractional, semilinear, and elliptic partial differential equation as
state equation; control constraints are also considered. We establish the existence of optimal solutions
and first- and second-order optimality conditions. We also analyze regularity properties for optimal
variables. We propose and analyze two finite element strategies of discretization: a fully discrete
scheme, where the control variable is discretized with piecewise constant functions, and a semidiscrete
scheme, where the control variable is not discretized. For both discretization schemes, we analyze
convergence properties and a priori error bounds.

The discussion in this chapter is based on the reference [14].

Chapter 5: A nonlocal coupled system: analysis and discretization

We consider a nonlocal coupled system resulting from the minimization of a suitable energy functional.
This system involves two nonlocal operators related to the restricted fractional Laplacian posed on
different domains and another nonlocal term representing the coupling. We prove that the considered
energy functional admits a unique minimizer and investigate regularity estimates for such a minimizer.
We also propose a suitable discretization scheme based on finite elements and derive error estimates.
Finally, we propose an alternating Schwarz-type method, both for the continuous and the discrete
settings, and prove its convergence.

The paper associated to this work is in submition process.



Chapter 2

An optimal control problem for the
Navier—Stokes equations with point

sources

2.1 Introduction

The purpose of this paper is to study the existence of optimal solutions and first and, necessary and
sufficient, second order optimality conditions for an optimal control problem that involves the station-
ary Navier—Stokes equations. The control variable corresponds to the amplitude of forces modeled as
point sources supported at some prescribed points of the underlying spatial domain (Dirac measures);
control constraints are also considered. The thus singular control forcing appears in the right-hand side
of the momentum equation. We notice that, since Dirac measures are supported at points, and points
have Lebesgue measure zero, the aforementioned optimization setting can be seen as an instance of
sparse PDE-constrained optimization [26, 37, 100, 108] and finds relevance in applications where one
can specify the position of actuators at finitely many prespecified points. We mention references [12]
and [66] for applications within the context of the active control of sound and vibrations, respectively.
Regarding analysis, we mention references [7, 10, 63], where the corresponding PDE-constrained op-
timization problem for when the state equation is a Poisson problem is considered. These references
also design and analyze some suitable finite element discretizations. Extensions of the theory to the
Stokes and semilinear elliptic equations have been recently investigated in [59] and [88], respectively.

To the best of our knowledge, the only work available in the literature that considers an optimal

control problem for the stationay Navier—Stokes equations with a control that is measure valued is
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[27]. Under the assumption that the underlying domain  C R? is of class C?, the authors derive
the existence of local solutions for the corresponding optimal control problem and derive necessary
and sufficient conditions for local optimality of controls. In addition, on the basis of a suitable second
order condition, the authors prove the stability of optimal states with respect to perturbations of the
optimal control problem data.

In our work we analyze an optimal control problem for the stationary Navier—Stokes equations with
a control variable that corresponds to the amplitude of forces modeled as point sources. This setting
leads to the first difficulty within our analysis: standard energy arguments do not apply to obtain
suitable estimates and solutions to the Navier—Stokes equations exhibit reduced regularity properties.
In order to deal with such a singular setting, we operate under the framework developed in [92, 93],
which is based on the theory of Muckenhoupt weights, Muckenhoupt-weighted Sobolev spaces, and
weighted norm inequalities. A second difficulty within our analysis is the nonuniqueness of solutions
to the Navier—Stokes equations. An assumption guaranteeing local uniqueness of the state equation
around optimal controls is thus needed to derive first and second order optimality conditions [27, 29].
We thus operate under the framework of regular solutions (see Definition 2.4.1) [27, 29, 94]. Note
that this framework is satisfied whenever a suitable smallness assumption on controls is fulfilled. We
provide a complete analysis for our optimal control problem that includes existence of optimal solutions
(Theorem 2.5.1), first order optimality conditions (Theorem 2.6.3), and necessary and sufficient second
order optimality conditions (Theorems 2.6.6 and 2.6.7). As instrumental results, we analyze a suitable
linearization of the Navier—Stokes equations and the corresponding adjoint state equations in weighted
spaces. We also analyze regularity properties for the solution to the adjoint equations. In addition
to the difficulties that were previously mentioned, we have to deal with the fact that solutions to the
state and adjoint equations lie in different function spaces. The analysis that we provide thus requires
fine properties of Muckenhoupt weights and embeddings between weighted and non-weighted spaces.
This subtle intertwining of ideas is one of the highlights of our contribution.

The contents of our manuscript are organized as follows. In Sect. 2.2 we introduce the PDE-constrained
optimization problem that is under consideration. We collect background information and the main
assumptions under which we shall operate in Sect. 2.3. Here, we also introduce the concept of reqular
solution for the Navier—Stokes equations and prove that an operator associated to the linearization
of such a system is an isomorphism on suitable weighted spaces. In Sect. 2.5 we introduce a weak
formulation for our optimal control problem and prove the existence of solutions. Sect. 2.6 is dedicated
to the analysis of optimality conditions: we derive first and, necessary and sufficient, second order

optimality conditions.
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2.2 Statement of the Problem

To describe our problem, we let Q C R? be an open and bounded domain with Lipschitz boundary 92
and let ) #= D C Q be a finite ordered set with cardinality #D =: £. Given a desired velocity field

yao € L?(Q) and a regularization parameter 1 > 0, we introduce the cost functional

1
Iy, U) = ||y—ygz||iz(9)+gZ|ut|2, U=(ui,...,u), u€R. (2.2.1)

T2
teD
The PDE-constrained optimization problem under consideration reads as follows: Find min J(y, i)

subject to the stationary Navier—Stokes equations

—VvAy+(y-V)y+Vp= Z w0 in Q, divy=0in Q, y =0 on 99, (2.2.2)
teD

and the control constraints
UEUug, Ugg :=1{V=(v1,...,v¢) € [R?]* :a; < v; < by for all t € D}, (2.2.3)

with a;, b; € R? satisfying a; < by for every t € D. We immediately comment that, throughout this
work, vector inequalities must be understood componentwise and that |- | denotes the euclidean norm
in R2. In (2.2.2), y represents the velocity of the fluid, p represents the pressure, v > 0 denotes the

kinematic viscosity, and d; corresponds to the Dirac delta supported at the interior point ¢ € D.

2.3 Notation and Preliminaries

The main purpose of this section is to introduce the main notation and recall basic results which we

shall use later on.

2.3.1 Notation

Let X be a Banach function space. We denote by X', X", and || - ||x the dual, the bidual, and the norm
of X, respectively. Let {x,}nen be a sequence in X. We denote by =, — = and x,, — z the strong
and weak convergence, respectively, of {x, }nen to x in X. We denote by (-, )/ x the duality pairing
between X’ and X and simply write (-, ) when X’ and ¥ are clear from the context. We write X — )
to denote that X is continuously embedded in the Banach function space %).

Let E C R? be a Lebesgue measurable set. We denote the Lebesgue measure of such a set by |E| . For
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f:E— Q, we set

fr=mht

By a < b we mean a < Cb, with a positive constant C' that does not depend on either a or b. The
value of C' might change at each occurrence. If the particular value of the constant C' is of relevance

for our analysis, we will thus assign it a name.

2.3.2 Muckenhoupt Weights

By a weight, we shall mean a locally integrable function w on R? such that w(x) > 0 for a.e. x € R%2. A
special class of weights that will be of importance for our analysis is the so-called Muckenhoupt class

A, [50, 53, 85, 105).

Definition 2.3.1 (Muckenhoupt Class As). A weight w belongs to the Muckenhoupt class As if

coimap () () =~

where the supremum is taken over all balls B in R?. We call [w]a, the Muckenhoupt characteristic of

w.

We refer the interested reader to [50, 53, 85, 105] for basic facts about the Muckenhoupt class As. To
present prototypical examples of Muckenhoupt weights, we let K be a smooth compact submanifold
of dimension k € {0,1} and define d(z) := dist(z, K)*. The weight dg belongs to the Muckenhoupt
class Ay provided a € (—(2 — k), (2 — k)); see [5] and [54, Lemma 2.3(vi)]. We thus identify the

following two particular cases:
1. Let z € Q. Then, the weight d¢ € As if o € (—2,2).

2. Let v C Q be a smooth closed curve without self-intersections. Then, the weight d € Ay if
ae(—1,1).

As a consequence of the fact that the lower dimensional objects z and  are strictly contained in €2,
there are neighborhoods of 92 where the weights d7 and d have no degeneracies or singularities. This

simple observation motivates the following restricted class of Muckenhoupt weights [54, Definition 2.5].

Definition 2.3.2 (Class A2(G)). Let G C R? be a Lipschitz domain. We say that w € Ay belongs to

Aa(QG) if there is an open set G C G and £,w; > 0 such that {x € G : dist(x,0G) < e} C G, w e C(G),

and w(x) > wy for allz € G.
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2.3.3 Muckenhoupt-weighted Sobolev Spaces

Let w € Ay and G C R? be an open set. We define

e L?(w, @) as the space of measurable functions f on G such that

1 £ll22(w,6) = (/G |f|2w) T 0,

o H'(w,G) :={f € L*(w,G) : D*f € L*(w,G) for |a| < 1}, endowed with the norm || f|| g1 () :=
(Hf”%%c) + va||%2(c))%a and

e Hl}(w,G) as the closure of C5°(G) in H'(w, G).

For basic properties of these spaces, such as approximation by smooth functions, extensions theorems,
and interpolation inequalities, we refer the interested reader to [105, Chapter 2].

Spaces of vector valued functions will be denoted by boldface uppercase letters whereas lowercase
bold letters will be used to denote vector valued functions. In particular, we introduce H§(w, G) and

| - |11 (w,c) as follows:

2
Hj(w,G) = [Hy (@, G)%, VI wq) = IVVIEe e = D VUil ie.6):
=1
for every v € H}(w, G).

2.3.4 Weighted Inequalities and Embeddings

The following fundamental result, which is known as reverse Hélder inequality, will be essential for our

analysis; see [50, Theorem 7.4].

Proposition 2.3.1 (Reverse Holder Inequality). If w € Ag, then there exists a positive constant e

such that, for every ball B C R?, we have

14e€
][ whte < (7[ w) .
B B

The hidden constant only depends on the Muckenhoupt characteristic [w]a,.
We now present the following embedding results.

Theorem 2.3.3 (Continuous Embeddings). If w € Aa, then there exists € > 0 such that H}(w, Q) —
L2*2(Q) and there exists k > 1 such that Hj(w, Q) — W™ (Q).
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Proof. We prove the first embedding result; the second one follows from similar considerations. Let
w € Ay and ® € H}(w,Q). An application of [53, Theorem 1.3] implies that ® € L*(w,2). We thus

invoke Hélder’s inequality to obtain

2+e 2—e
e e 4 s\ 4
/|(§|2+6 :/ |(I>|2Jr5w21r w72z < ( |(§|4w> (/ w—§+5> , (231)
Q Q Q Q

for some € > 0. We observe that, since w € A and % =14, with § = 22%&, the reverse Holder

inequality of Proposition 2.3.1 allows us to obtain

, 146 ste
/wfgfi — / w149 < |Q|76 (/ w1> — |Q| (][ wl) )
Q Q Q Q

Here, € > 0 is sufficiently small such that the previously defined parameter ¢ is less or equal that the

one dictated by the reverse Holder inequality. Since fQ w™! is uniformly bounded, the previous bound

combined with estimate (2.3.1) allow us to conclude. (]

2.3.4.1 A Particular Weight

In this section, we introduce a particular weight in the class A that will be of fundamental importance.
With the finite set D C 2 at hand, we define
dist(D, 092), if£=1,
dp = (2.3.2)
min {dist(D, 0Q), min{|t — | : t, ¢’ € D, t #¢'}}, otherwise.
We recall that ¢ = #D. Since D C Q is finite, we immediately conclude that dp > 0. With this

notation at hand, we define the weight p as follows:

d¥(z), JteD:di(z) < 42,

If ¢ =1, p(x) =d¢(z), otherwise, p(x) =
1, di(z) > 42Vt € D,

(2.3.3)
where d;(z) := |z — t| and a € (0,2). Since (0,2) C (—2,2), owing to [5, Theorem 6] and [54, Lemma
2.3 (vi)], p € As. The extra restriction on «, namely, @ > 0, is needed in order to guarantee that for
t € Dand v € R?, vi6; € HY(p™1,Q)'; see [65, Remark 21.19] and [51, Proposition 5.2] for details.

The following lemma provides instrumental embedding and density results.

Lemma 2.3.4 (Embedding and Density Results). Let p be the weight defined in (2.3.3). If o € (0, 2),
then

(1) Ho(p™', Q) < Hy(Q) — Hj(p, Q).
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(i)
(iii)

Hij(p, Q) — H™H(Q) — Hj(p™',Q)", and

H(Q) is dense in H(p™1,Q)".

Proof. (i) We prove that H}(p~1, Q) — H}(Q); the other embedding follows from similar consider-

(iii)

ations. If v.e Hj(p~1,Q), then

11 1
HVVHLZ(Q) = [p2p 2vV||L2(Q) < |lp2 HL°°(Q)HVV”Iﬂ(p*l,Q)-

Notice that, since a > 0, the weight p is uniformly bounded in 2.

We prove that H™1(Q2) < H}(p~1,Q)’; the other embedding follows from similar considerations.
Let L be an arbitrary element in H=(Q). In view of the embedding H(p™1,Q) — H{(Q), we
immediately deduce that

(L,v)
Ll oy = sup  ——o ¥
Ho@ b0 1.0y [VVLao1.0)
L,V 1
< sip =Yoo Ll -

veri @) [VVlLz(p-1,0)
This implies that L € Hj(p~ !, Q)’, as we intended to show.

For completeness, we provide a proof based on [19, Corollary 1.8 and Remark 5]: Let F €
Hi(p™1,Q)" be such that

<F, L>H(1)(p*1,Q)”,H(1)(p*1,Q)’ =0 VLe H_I(Q) (234)

We have to prove that F = 0 in H}(p™*,Q)”. Since H{(p™1,Q) is a reflexive space, there exists
f € Hi(p™ 1, Q) such that

(F. Qmi o1 ,0 11 (1,07 = (Q, E)mi (1.0 11 (1.0 (2.3.5)

for all Q € Hi(p™1, Q). In view of H™1(Q) — H{(p™1,Q)’, relation (2.3.5) is also valid for all
Q € H 1(Q). On the other hand, the Riesz representation theorem immediately yields that for
every u € H}(Q) there exists L € H™(Q) satisfying

<L7W>H*1(Q),Hé(ﬂ) = /QVu :Vw Vw € Hé(Q) (236)

Since H (p~1, Q) — H (), identity (2.3.6) holds for u € Hl(p™',Q). In particular, for f €
0 0 0
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H}(p™1,Q), there exists Ly € H™(Q) such that

<Lf,W>H—1(Q)7H[1)(Q) = /Q Vf:Vw VYw e Hé(Q)

Set w = f into the previous relation and invoke (2.3.4) and (2.3.5) to conclude that ||Vf|[y2q) =
0. This implies that f = 0 a.e. in . Consequently, f = 0 in H(p~!,Q) and hence F = 0 in
Hi(p™, )"

o

2.4 The Navier—Stokes Equations Under Singular Forcing

In this section, we follow the weighted approach developed in [93] and review existence results for
a suitable variational formulation of the stationary Navier—Stokes equations under singular forcing.
By singular, we mean that the forcing term of the momentum equation is allowed to belong to the
space H}(w™1, Q) with w € As. To be precise, given f € H}(w™1,Q)’, we consider the following weak

problem: Find (®,¢) € H}(w,Q) x L?(w,)/R such that
/Q (W@ :Vv—-—2@®:Vv—(divv)=(f,v)m w10/ Hw0)>

/qdiv P =0,
Q

for all (v,q) € Hj(w™1,Q) x L?(w™1,Q)/R. Here, v > 0 and w € As.

(2.4.1)

Existence of solutions without smallness conditions is as follows [93, Theorem 1]: Let  be Lipschitz,
w e A(Q), v >0, and f € H{(w™1,Q)". Thus, (2.4.1) has at least one solution (®,¢) € H}(w, Q) x
L?(w,Q)/R, which satisfies

IV®|L2w.0) + 1<l 22w.0) S Iflla w10 (2.4.2)

A similar result can be obtained on LP-based spaces. In an abuse of notation, we denote by (®,() €

W, P(Q) x LP(€2)/R the solution to

/Q WV®:Vv -2 ®: Vv —(div V)= (f,V)w-1.0) wi ()

/ qdiv ® = 0,
Q

for all (v,q) € Wé’p/ (Q) x L' (Q) \ R. Here, f € W~12(Q) and p’ is such that 1/p+ 1/p’ = 1. Let us

(2.4.3)

assume that Q) is Lipschitz and that v > 0. Within this setting at hand, we have the following existence
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result: If p € (4/3 — ¢,2), where ¢ = €(2) > 0 denotes a constant that depends on , then problem
(2.4.3) has at least one solution (®,¢) € WyP(Q) x LP(Q)/R. In addition, we have the following
stability bound:

IV®||Lr ) + I<zr) S Ifllw-100)- (2.4.4)

The proof of such an existence result and the stability bound (2.4.4) follows from the arguments

elaborated in [77, Section 3].

2.4.1 Regular Solutions
In this section, we follow [27] and introduce the concept of regular solutions for the Navier—Stokes
equations.

Definition 2.4.1 (Regular Solution). Let (®,¢) € Hi(p, Q) x L*(p, Q) /R be a weak solution to (2.2.2)
associated to a controlUd = (uy,...u) € Ugq. We say that the velocity field ® is regular if for every
g € H1(Q) the weak problem: Find (0,¢) € H{(2) x L?(Q)/R such that

/ (VWO -2 ®0 -0 P): Vw — {div w] = (g, W)H-1(0),H1(0)
Q

(2.4.5)
/ sdiv @ = 0,
Q
for all (w,s) € H{(Q) x L2()/R, is well-posed.
Let us introduce the linear map
T:V(Q) x L*(Q)/R — H}(Q),
(2.4.6)

(0,€) — —vAB + div (P ® 0) + div(6 ® B) + V¢,

where V(Q) = {w € H}(Q) : div w = 0 in Q}. We notice that, as a consequence of Definition 2.4.1, if
the velocity field @ is regular, then the map 7T is an isomorphism from V() x L?(Q2)/R into H=(Q)
[27, Section 2].

In the following result, we show a well-posedness result that is crucial for the upcoming analysis.

Theorem 2.4.2 (Well-Posedness in Weighted Spaces). Let (®,() be a solution to (2.2.2) associated
to U € Uuq such that ® is regular. Then, for every g € Hi(p™1,Q)" the problem: Find (6,€) €
Hi(p, Q) x L*(p,Q)/R such that

/[(VVO—‘I’@O—O@@):VW—{diVW]
Q

= <g7W>H(1)(p71.,Q)’,Hfl)(p71,Q)’ /QSdiV 0= O, (247)
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for all (w,s) € Hi(p™1, Q) x L% (p™1,Q) /R, admits a unique solution. In addition, we have the stability

bound

IVOlLz(p.0) + 1€l 22000 S (L4 [VR[ILr@))I8lIHL(o-1.0) (2.4.8)
where p € (4/3 — €,2) and ¢ = () > 0.

Proof. We adapt the duality argument elaborated in the proof of [27, Theorem 2.9] to our weighted

setting. To accomplish this task, we introduce the map

T,: V(p,Q) x L*(p,Q)/R = Hy(p~ ", Q) 0.09)
(0,€) — —vAG + div (B © 6) + div(0 © ®) + V¢, h

where V(p, Q) = {v € H{(p,Q) : div v = 0 in Q}, and prove that 7}, is an isomorphism on the basis
of three steps.

Step 1. Well-posedness of the adjoint problem in H{(2) x L?(Q)/R. Given ¢ € H™1(Q), we introduce
the adjoint problem: Find (z,r) such that

—vAz— (®-V)z+ (V®)Tz+Vr=4inQ, divza=0in Q, z=0 on 9. (2.4.10)

We also introduce a suitable linear map associated to the system (2.4.10):

S:V(Q) x L*(Q)/R - H1(Q),

(2.4.11)
(z,7) = —vAz — (® - V)z + (V®)Tz + Vr.
In what follows, we prove that S is an isomorphism. As a first step, we derive the bound
IVzllL2) + I7llz2) S 192, r)la-1@) VY(z,7) € V() x L*(Q)/R. (2.4.12)

Let g € H1(Q) and let (z,7) € V() x L?(2)/R. Since ® is regular, the map T, defined in (2.4.6),
is an isomorphism. Consequently, there exists (8,£) € V(Q) x L?(Q)/R such that T(0,£) = g. Invoke
the definitions of T" and S, given by (2.4.6) and (2.4.11), respectively, integration by parts, and the
fact that div 8 = div ® = div z = 0 to arrive at

(g,2) =(T(0,¢),z) = (—vAO + div(® ® 0) + div(0 @ @) + V&, 2)
= (—vAz+ (V®)'z — (®-V)z+ Vr,0) = (S(z,1),0)

S ”S(zvT)HH*(Q)Hg”H*l(Q)a
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where, in the last step, we have utilized the bound [|[VO|12q) S [Ig/lu-1(q); the latter follows from
the fact that ® is regular (cf. Definition 2.4.1). Since g and (z,r) are arbitrary, we can thus conclude

that, for every (z,7) € V(Q) x L*(Q)/R, we have
1Vz[lL2 ) S 15(2,7) lH-1(0)- (2.4.13)

It remains to bound ||7||z2(q). Invoke the definition of S given in (2.4.11) to obtain

[Vrla-10) < [19(2,7)la-1() + [[VAzZ[|a-1

+ (@ - V)zla-1) + [(VR)Tz[H-1(0). (2.4.14)

It is clear that ||Az||g-1(q) < [|VZ[L2(q). To bound the first convective term on the right-hand side
of (2.4.14), we invoke Holder’s inequality, the standard Sobolev embedding H}(2) — L#(Q), which

holds for every 8 < oo, and the first embedding result of Theorem 2.3.3. These arguments reveal that

[(®-V)z|g— Q) S S || @flLa+e Q)HVZHL?(Q SV L2 pQ)||vZHL2 (Q)-

Here, € > 0 is as in the statement of Theorem 2.3.3. The second convective term on the right-hand

side of (2.4.14) can be controlled as follows:

Vo . v llp™ 2 ||
(V@) 2lls-1(0) < sup | 2,0 llzlLs@ IVIiLe @l ™2 s @
veH](Q) VL2

SIV®R|Le(p0) I Valliew), & +p T+ =271 (2.4.15)

upon utilizing H3(Q) — LA (Q) (8 < o). To bound ||p~2 llLs (@) we invoke Proposition 2.3.1 and the

fact that ¢ can be written as ¢ = 2+ ¢ for 6 > 0 arbitrarily small. In fact, we have

1+3
_1 _1-9 _s _
o2 5y = (/Qp ! 2) Sz </Qp 1> : (2.4.16)

Replace (2.4.13) and the estimates previously obtained into (2.4.14) to obtain

IVrlle-1(0) S 11S(2,7)lla-1(0) + (v + [VRlL2(o,0)) VZ[L2(0

S A +v+IVe|rz0) 152, )l (o).

This bound, together with (2.4.13), allows us to obtain (2.4.12). With estimate (2.4.12) at hand, we

can thus deduce that the linear and bounded operator S is injective with a closed range in H=1().
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The surjectivity of S can be obtained with similar arguments to the ones developed in the Step 1 of
the proof of [27, Theorem 2.9].

Step 2. Well-posedness of the adjoint problem in Hi(p~!,Q) x L?(p~1,Q)/R. The purpose of this
step is to prove that problem (2.4.10) is well-posed in the space H§(p™1,Q) x L?(p~1,Q)/R whenever
¥ € Hi(p, Q). To accomplish this task, we introduce the map

Sy Vo~ ,Q) x L2(p~',2)/R — H)(p,Q)',

(2.4.17)
(z,7) = —vAz — (® - V)z + (V®)Tz + Vr.

In what follows, we prove that the linear map S, is an isomorphism.

Step 2.1. S, is surjective: Let ¢ € H{(p,Q)'. Since H{(p, ) € H™1(Q) (cf. Lemma 2.3.4), we
immediately deduce that 1 € H™1(Q). As a consequence, the well-posedness results obtained in
Step 1 yield the existence of a unique solution (z,7) € H}(Q) x L?(2)/R to system (2.4.10) together
with a suitable stability bound. We now prove that (z,r) belongs to H}(p™1,Q) x L?(p~1,Q)/R. To

accomplish this task, we first observe that (z,r) can be seen as the solution to the Stokes problem
—VvAZ+Vr=¢+(®-V)z— (VP)TzinQ, divza=0in, z=0ondqQ,

and notice that the forcing term of the momentum equation belongs to Hj(p,Q)’. In fact, the control

of the convective term (® - V)z in H}(p, Q) is as follows:

@ |Le ) VallLz @) Vi @)

(@ - V)z|/m + < sup
B = o o [VViiLz(p,0)

SVl I Vale@), w '+ t=27"

upon setting ¢ = 2 4 € with € being dictated by Theorem 2.3.3. Notice that, we have also utilized the
fact that ® € W () for every p € (4/3 —¢,2), where € = €(Q) > 0; see estimate (2.4.4). The second

convective term can be bounded in light of similar arguments:

V@ P H S
||(V‘I’)TZ||H},(p,Q)/ < sup | e @) l12llLe @) [1vI|Ls @)

VEH] (p,) [VvllLz(o.0)

SIVR|r ) lIValie@), p ' +p 4+t =1,

upon setting, again, ¢ = 2 4+ ¢ with ¢ being dictated by Theorem 2.3.3. Notice that we have also
utilized the standard Sobolev embedding H}(Q2) — L?(Q), which holds for every 8 < co. Having

proved that the forcing term of the momentum equation belongs to H}(p, Q)’, we invoke [92, Theorem
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17] to conclude that (z,7) € V(p~1,Q) x L%(p~1,Q)/R together with the bound

IVz|lLe(o-1.0) + ITllL2(0-1.0) S 1%lla1 00 (1 + [[VR[|Lr(0), (2.4.18)

where we have utilized the bounds [[Vz|r2) < [¥|lu-1@) < 1%llmip.0)- The first bound follows
from the results of Step I while the second one follows from the item (ii) in Lemma 2.3.4. We have
thus proved that S, is surjective.

Step 2.2. S, is injective: Let (z,7) € V(p~',Q) x L?*(p~',Q2)/R be such that S,(z,7) = 0. Since
Vip~1,Q) x L2(p~1,Q)/R € V() x L*(Q)/R, we have that S(z,7) = 0. The fact that S is an
isomorphism allows us to conclude that (z,r) = (0,0).

Step 3. Well-posedness of problem (2.4.7). We prove that problem (2.4.7) is well-posed. To accomplish
this task, we proceed on the basis of a density argument. Let g € H{(p™1,Q)’. Since H71(€) is dense
in Hi(p~1,Q)" (cf. Lemma 2.3.4), there exists a sequence {gi}trew C H™1(Q) such that g — g
in H{(p™1,Q)" as k T co. On the other hand, since ® is regular, the map T is an isomorphism.
Consequently, for every k € N, there exists a unique pair (0,&) € H(Q) x L*(Q)/R that solves
problem (2.4.5) with g being replaced by g.

Step 3.1. {(0k, &) bren is bounded in Hy(p, Q) x L*(p,Q)/R. Let 1 € Hi(p,Q)’. The results obtained
in Step 2 guarantee that S,, which is defined in (2.4.17), is an isomorphism. As a consequence, there

exists a pair (z,7) € V(p=1,Q) x L2(p~*,Q)/R such that ¢» = S,(z,7). Let us now observe that

(,0k) = (Sp(z,7),0k) = (2, T (O, &) = (8K 2)- (2.4.19)

With the previous identity at hand, the stability bound (2.4.18) reveals that

(%, 0k)| < l|gk ez (o-1,0) I VEllL2(p-1.0)

S lekllas o0 19H .00 (1 + IVR|Lr(0))-

The arbitrariness of 1 allows us to deduce the following bound for 83 and k € N: [[VO||L2(p0) <
gkl (p-1.0) (1 + [[V®[|lLr()). This estimate and the inf-sup condition on weighted spaces of [51,
Lemma, 6.1] yield the boundedness of the sequence {||&x||£2(p,0) fren in R.

Step 3.2. Existence of solutions for (2.4.7). Since the sequence {(0,&x)}rew is bounded in HE(p, Q) x

L?(p,Q)/R, we deduce the existence of a nonrelabeled subsequence {(8,&x)}kew such that
0r — 0 in Hi(p,Q), & — &in L (p, Q)/R, k1 0.

In what follows, we show that (0,€) € H{(p,Q) x L?(p,Q)/R solves the system (2.4.7). To accom-
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plish this task, we let (w,s) be an arbitrary pair in H(p™!,Q) x L%(p~1,Q)/R and observe that
| /o V(6 —6r) : Vw| — 0 and that

/(‘p ®0—-PR0): VW‘ < | @llLapo)ll@ — OrllLapo) IVWlL2(p-1,0) — 0,
Q

as k T oo; the second convergence result being a consequence of the weighted compact Sobolev embed-

ding H}(p, Q) — L*(p, Q) [64, Theorem 4.12] (see also [93, Proposition 2]). Similarly, we have

— 0,

)

/(H—Bk)®<I>:VW’,
Q

/9(5 = &)div w

/Q sdiv (0 — 0y,)

as k 1 co. We have thus proved that (0,¢) € H}(p, Q) x L?(p,Q)/R is a solution to problem (2.4.7).
Step 8.3. Stability bound. Let v € Hy(p,Q)" and let (z,7) € H{(p™1,Q) x L?(p~1,Q)/R be the
unique solution to (2.4.10). Similar arguments to the ones utilized to obtain (2.4.19) combined with

the stability bound (2.4.18) yield

(¥,0) = (g,2) < ”gHH[l)(p*l,Q)/”vzHLz(p*l,Q)

S ”gHH[l)(p*l,Q)’H,‘/)”Hé(p,ﬂ)/(l + qu)HLP(Q))-

Since 1) is an arbitrary element of Hj(p, Q)’, we can thus deduce that

IVOlLz(p,0) < I8l (0-1.0) (1 + [VR[[Lr(0))-

We now utilize the inf-sup condition on weighted spaces of [51, Lemma 6.1] to control the pressure:
1€l z2p.0) S lI8lIHE(p-1,0) (1 + IVR]lLr(0))-

Step 3.4 The map T, is injective. Let (0,€) € Hi(p, Q) x L*(p,Q)/R be such that T,(0,¢) = 0. This
immediately implies that (T},(6,¢),z) = 0 for every z € H}(p~!, Q). An argument based on integration
by parts thus reveals that (8, S,(z,7)) = 0 for every (z,r) € Hi(p™,Q) x L?(p~*,Q)/R. This implies
that @ = 0. Since T,(0,&) = 0, we invoke the definition of T, to deduce that V§ = 0 and thus that
& = 0. This concludes the proof. O

Remark 2.4.3 (Well-Posedness in W?(Q) x LP(Q)/R). Let g € W~17(Q2) and p’ be such that 1/p +
1/p" = 1. Let us denote by (0,¢) the weak solution to the system (2.4.7) with

<ga W>W71,p(Q)7W(1)vP,(Q) )

as a forcing term. An adaptation of the arguments elaborated in the proof of Theorem 2.4.2, that are

in turn inspired by the ones in [27, Theorem 2.9], show that problem 2.4.7 is well posed in W (Q) x



CHAPTER 2 18

LP(Q)/R whenever p belongs to (4/3,2). This results holds under the assumption that €2 is Lipschitz
and therefore improves on [27, Theorem 2.9] where 92 € C?. We notice that the only place in the proof
of [27, Theorem 2.9] where such a regularity on  is needed is [27, estimate (2.19)]. Since p € (4/3,2)
and thus p’ € (2,4), [27, estimate (2.19)] on Lipschitz domains can be obtained upon utilizing [82,
Theorem 1.6, (1.52)].

2.4.1.1 Differentiability Properties of a Solution Operator

In this section, we investigate differentiability properties for a solution map associated to system (2.2.2)

around a regular velocity field y. We present some of these properties in the following theorem.

Theorem 2.4.4 (Differentiability of U — (y,p)). LetU € Uuq and let (y,p) € Hi(p, Q) x L%(p, Q) /R be
a solution to (2.2.2). Ify is regular, then there exist open neighborhoods O(U) C [R?)*, O(y) C V(p, ),
and O(p) C L?(p,Q)/R of U, y, and p, respectively, and a map of class C?,

Q:0U) — OF) x Op), (2.4.20)

such that Q(U) = (y,p). In addition, the neighborhood O(U) can be taken such that, for eachlU € OU),
(i) the pair (yu,pu) = QU) uniquely solves (2.2.2) in O(y) x O(p),
(ii) the map Q'(U) : [R%]* — V(p,Q) x L%(p,Q)/R is an isomorphism,

(iii) if V € [R?]%, then (0,¢) := Q'(U)V corresponds to the unique solution to (2.4.7) with ® and g
being replaced by yy and ), . Vit, respectively, and

(iv) if V1, V2 € [R%)¢, then (v,7) := Q" (U)V1Va corresponds to the unique solution to

/Q([va—}’uééw—@b@yu]:Vv—ydivv)

= / By, ® 0y, + 0y, @0y, : Vv, / gdivip =0, (2.4.21)
Q Q

for all (v,q) € Hy(p~™1,Q) x L*(p~1,Q)/R. Here, (0y,,&y,) = Q' (U)Vi, with i € {1,2}, cor-
responds to the unique solution to (2.4.7) with ® and g being replaced by yy and ), p Vidy,

respectively.

Proof. The proof follows from slight modifications of the arguments elaborated in the proof of [27,
Theorem 2.10 and Corollary 2.11] upon utilizing the results of Theorem 2.4.2. For brevity, we skip the
details. O
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We conclude this section with the following Lipschitz property for @, which will be of importance to

study second order conditions in Section 2.6.3.

Lemma 2.4.5 (Lipschitz Property). In the framework of Theorem 2.4.4, we have the following Lips-
chitz property for the map Q:

IV = )20 + 10 = Blle2 o) S U = Ullgee VU € OWU), (2.4.22)

with a hidden constant that depends on Q' and O(U).

Proof. In view of the results of Theorem 2.4.4, we can choose an open, bounded, and convex neighbor-
hood O(U) of U such that Q'(U) : [R?]* — V(p, Q) x L?(p,Q2)/R is an isomorphism and ||Q'(U)|| < Mg
for every U € O(U). Here, Mg > 0 and || - || denotes the norm in the space of linear and continuous
operators from [R?]¢ into V(p, Q) x L%(p,Q)/R. Thus, as a consequence of the mean value theorem for

operators [11, Proposition 5.3.11], we have

QW) — QN llxy (p,0)x L2 (0,2 /& < Sup 1Q((1 = U + 2[U — Ul e,
€lo,

O

for every U € O(U). Invoke the fact that ||Q'(U)| < Mg, for every U € O(U), to immediately arrive
at the desired bound.

2.5 The Optimal Control Problem

In this section, we propose and analyze the following weak formulation for the optimal control problem
(2.2.1)—(2.2.3): Find
min{J(y,4) : (v,1) € Hy(p,2) x Una}, (2.5.1)

subject to the weak formulation of the stationary Navier—Stokes equations

/ Wy :Vv—yRy:Vv—pdivv) = Z<Ut5t, V), / qdivy =0, (2.5.2)
Q s Q

for all (v,q) € H(p~1, Q) x L2(p~1,Q)/R. The weight p is defined as in (2.3.3), where the parameter «
belongs to (0,2). We comment that, since the velocity component y of a solution to the state equation
is sought in H(p,Q), an application of Theorem 2.3.3 guarantees that y € L?(2). Consequently, all

the terms involved in the definition of the cost functional J are well defined.
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2.5.1 Existence of Optimal Solutions

The existence of an optimal solution (y,) is as follows.

Theorem 2.5.1 (Existence). The control problem (2.5.1)~(2.5.2) admits at least one global solution
(y,l:{) € Hé(p,Q) X Ugq-

Proof. Let {(yk,Ux)}ren be a minimizing sequence, i.e., for k& € N, the pair (y,pr) € H}(p, Q) x
L?(p,Q)/R solves

/ (WVyr : VV -y, ®@yk : VV — prdiv v) = Z(ufét,v>,/ qdiv y; =0,

@ teD @

for all (v,q) € Hy(p™%, Q) x L?(p~1,Q)/R, and the pair (yx,Uy) is such that J(yxr,Us) — i =
inf{J(y,U) : (y,U) € H}(p, Q) x Uyq} as k 1 co. Here, for k € N, we denote Uy, := {u} };ep. We notice
that the existence of solutions for the previously stated problem follows from the results of Section 2.4.
Since Ugq is compact, we immediately conclude the existence of a nonrelabeled subsequence {Uy }ren
such that Uy — U in [R?]* with U € U,q. On the other hand, in view of the stability bound (2.4.2), we
conclude that {(yx, px)}xen is uniformly bounded in H(p, 2) x L?(p, Q)/R. Consequently, we deduce
the existence of a nonrelabeled subsequence {(yx, pr)}ren such that (yx,pr) — (¥,0) in Hi(p, Q) x
L?(p,Q)/R as k 1 oo; (¥, p) being the natural candidate for an optimal state. The rest of the proof is
dedicated to prove that (¥, p) solves (2.5.2) with u; being replaced by @, for t € D.

With the weak convergence (yi,px) — (¥,p) in Hy(p, Q) x L?(p,Q)/R as k 1 oo, at hand, we obtain

/ vW(yr —y): Vv =0, /(pk —p)divv — 0, / qdiv (yr —¥) — 0,
Q Q Q

as k 1 oo, for every v € Hi(p™1,Q) and ¢ € L?(p~*,Q)/R. On the other hand, the convergence Uy, — U
in [R?]* yields 3, cp(ufde, v) = >, cp(Weds, v) as k 1 oo. It thus suffices to analyze the convective

term. To accomplish this task, we invoke Holder’s inequality to arrive at

/(yk®yk—y®y):vv
Q

< (lyrllLeo.e) + 1¥Lso) 17 = YellLapo VYL 1.0

The compact embedding Hi(p, Q) < L*(p,Q), which follows from [64, Theorem 4.12] (see also [93,
Proposition 2]), combined with y; — y in H}(p, Q) as k 1 oo, allow us to conclude that (y, ) solves
(2.5.2) with u; being replaced by 1, for t € D; U = {ii; }ep.

To conclude the proof, we must prove the optimality of &. Observe that Uy — U in [R%]* as k 1 oo,
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and that yx — y in L?(Q) as k 1 oo. The latter follows from

1
15 = vellwe < I = veliao </ p1> <15 = yeliagy = 0, k1 oo.
Q

With these convergence properties at hand, we thus conclude the optimality of U: J(y,U) = limy_ o0 J (Y&, Ur) =
i. O

2.6 First and Second Order Optimality Conditions

In this section, we analyze first and second order optimality conditions for the optimal control problem
(2.5.1)—(2.5.2). We must immediately mention that, since (2.5.1)—(2.5.2) is not convex, we distinguish
between local and global solutions and present optimality conditions in the context of local solutions

27, 29).

Definition 2.6.1 (Local Solutions). We say that (§,U) is a local solution for problem (2.5.1)—(2.5.2)
if there exist neighborhoods A C Hy(p,Q) and B C [R}* N Uua of ¥ and U, respectively, such that
J(y,U) < J(y,U) for all (y,U) € Ax B. If the inequality is strict for every (y,U) € Ax B\ {(y,U)},

we say that (y,U) is a strict local solution.

From now on, we will assume that (¥,U) is a local solution to (2.5.1)—(2.5.2) such that ¥ is regular.
Within this setting, the results of Theorem 2.4.4 guarantee the existence of neighborhoods O(U) C
[R?)f, O(y) € V(p,Q), and O(p) C L%(p,Q)/R of U, ¥, and p, respectively, and a map of class C2,

Q:OU) = OFy) x O(p),

such that (y,p) = Q(U). In addition, for each U € O(U), the pair (yu,py) := Q(U) corresponds to
the unique solution of (2.2.2) in O(y) x O(p).

2.6.1 Adjoint Equation

We begin the section by introducing the adjoint problem as follows: Find (z,r) € Hy(p~1, Q) x
L?(p~*,9Q)/R such that

/ (vVz: Vw — (yu - V)zw + Vy/,z - w — rdiv w)
)

= / (Yu —ya)-w, / sdivz=0, (2.6.1)
Q Q
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for all (w, s) € Hy(p, Q) x L%(p, Q) /R. Here, yz; denotes the velocity component of the unique solution
(yu,pu) € Hi(p, Q) x L?(p,Q)/R to problem (2.5.2), associated to U € O(U), in the neighborhood
O(y) x O(p)-

The well-posedness of the adjoint problem in weighted spaces is as follows: Since (y,U) is a local
solution to (2.5.1)—(2.5.2) such that ¥ is regular, a direct application of item (ii) in Theorem 2.4.4
reveals that

Q'(U) : [R*]* = V(p,Q) x L*(p, Q)/R,

is an isomorphism for every U € O(U); the characterization of Q' () being available in the item (iii) of
Theorem 2.4.4. On the basis of this fact, the duality argument elaborated within the proof of Theorem
2.4.2 reveals that problem (2.6.1) admits a unique solution (z,7) € H(p™1,Q) x L?(p~!,Q)/R. In

addition, in view of (2.4.18), we have the following stability bound in weighted spaces:

IVzllL2(o-1,0) + 1Tl z20-1.0) S lyu — yallup.0)-
(p ) (p ) 0(p,02) (2.6.2)

< HYM - YQ||L2(Q)-

The following result guarantees that point evaluations of the velocity component z of the adjoint pair

(z,7) are well-defined.

Theorem 2.6.2 (Regularity Estimates). If (z,7) solves (2.6.1), then z belongs to W14(2) for some

q > 2. Consequently, z € C(Q2).

Proof. We begin the proof by rewriting the adjoint equation as the following Stokes problem:

[ ovavw v = [ ya) wr [ e Viaw - Oy,

Q
/sdivz = 0,
Q

for all (w,s) € Hj(p, Q) x L?(p,Q)/R.
Denote W~14(Q) = Wé’q/ ()" and define the linear functional § := §1 —F2, where F1,F2 : Hi(p, Q) —
R are defined by §1(w) := [,,(yu - V)zw and F2(w) := [, VyJ,z- w. Let us prove that § € W~1¢((Q)

for some g > 2. To accomplish this task, we first study §1 on the basis of Holder’s inequality:

1
o7 | o) IyeellLa o) I VL2 (o1 ,0) WL @)

IB1[lw-19) £ sup
@ wewl ' (Q) VWL o)

1
S o7 HLOO(Q)”vYZ/{HL?(p,Q)HVZ”L?(p*l,Q)v

where we have used H}(p, Q) — L*(p, Q), W(l)’ql (2) — L*(Q), which holds for ¢ > 4/3 (¢ < 4), and
z € Hj(p~',Q). We thus deduce the existence of ¢ > 2 such that §1 € W14(Q) and [|§1[|w-1.a0) S
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IVyullizo)llValiz-1,0)-

We now control the term §s. To accomplish this task, we invoke Holder’s inequality combined with

the fact that there exists e = €(Q) > 0 such that y;; € WP () for every p € (4/3 —¢,2):
IVyullLe @ llzllLe o) WL @)

IF2llw-1a¢0) < sup )
@ wewlh ' (Q) VWl (@)

with p~'+pu~t+v~! = 1. Invoke now that Wé’q/ (Q) = L7(Q), which holds for every o < 2¢'/(2—¢'),
that z € Hi(p™', 1), and the Sobolev embeddings H}(p™!, Q) — H(Q) — L#(Q), which hold for
every 3 < oo, to arrive at the existence of ¢ > 2 such that ||§z2[lw-1.0(0) S |VyullLe@)IV2llL2(p-1,0)-
Having obtained the existence of ¢ > 2 such that § € W—19(Q), it suffices to invoke [83, (1.52)] to
conclude that z € Wh9(0Q). O

2.6.2 First Order Optimality Conditions

In this section, we derive first order optimality conditions for the optimal control problem (2.5.1)—
(2.5.2). To accomplish this task, we begin this section by introducing some preliminary ingredients.
Before presenting them, we recall that we are operating under the assumption that (y,) is a local
solution to (2.5.1)—(2.5.2), which is such that y is regular. The first ingredient is the operator G, which
is defined as follows:

G:0U) C R - 0OF) cHip,Q), Uy, (2.6.3)

where y corresponds to the velocity component of the pair (y,p) = Q(U). The second ingredient is

the reduced cost functional:

JrOW) =R () = 5160~ yalla + 2 S il (26.4)
teD
Having defined the reduced cost functional, we present the following standard result: If U € Uug
denotes a locally optimal control for problem (2.5.1)—(2.5.2), then it satisfies the following variational
inequality [104, Lemma 4.18]:
FUU-U) >0 YU E Ugygq. (2.6.5)

The following result explores the variational inequality (2.6.5).

Theorem 2.6.3 (First Order Optimality Conditions). If the pair (y,U) € H}(p, Q) x Una denotes

a local solution to the optimal control problem (2.5.1)~(2.5.2) such that y is regular, then U € Uyq
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satisfies the variational inequality

Z(Z(t) + Wﬁt) ! (ut - ﬁt) > 0 VU = (ula B auf) € [Uad; (266)
teD
where (z,7) € Hy(p~™1,Q) x L2(p~1,Q)/R denotes the optimal adjoint pair, which solves the adjoint
problem (2.6.1) with yy replaced by y.

Proof. We begin the proof by computing the expression j/(U) (U —U) and rewriting the basic variational
inequality (2.6.5) as follows:

/Q(s‘f —ya) GUU-U)+n> G- (w—1y) >0 VU € Ugg. (2.6.7)

teD

Define 0 := G'(U)(U — U). Observe that (8,&) € Hi(p, Q) x L?(p,Q)/R solves

/(VVH:Vv—y®0:Vv—0®S’:Vv—§divv)
Q

= ((u — 8)d,v), / qdiv @ =0, (2.6.8)
teD Q
for all (v,q) € H{(p™1, Q) x L?(p~1,Q)/R. Having introduced the pair (8, ), the variational inequality
(2.6.7) becomes

/(y—yg) 040y U (w—0)>0 VU= (u,...,w) € Una. (2.6.9)
Q teD

Since the second term on the right-hand side of the previous expression is already present in the desired
inequality (2.6.6), we focus on the first term.

Let us set (z,7) € Hy(p™1, Q) x L?(p~1,Q)/R as a test pair in problem (2.6.8). This yields

/ (WO:VZi-§©60:Vi-00y:Va)= (u —u)-&t), (2.6.10)
Q teD

upon utilizing the fact that [, £div z vanishes and that there exists ¢ > 2 such that z € Wh9(Q) —

C(9) (cf. Theorem 2.6.2). We now set w = 6 as a test function in the first equation of problem (2.6.1)

to obtain

/ (vWz:V0 —(y-V)z0 +Vy'z-0 — idiv 6) = / (¥ —ya)-0. (2.6.11)
Q Q

We thus utilize (2.6.10), (2.6.11), the fact that [, 7div 6 vanishes, and an integration by parts formula
for the convective terms in (2.6.11) to arrive at the needed relation ), ., (uy— ;) 2(t) = [(¥—ya)-0.

In view of (2.6.9), the previously derived identity allows to arrive at (2.6.6). O
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2.6.3 Second Order Optimality Conditions

In this section, we analyze necessary and sufficient second order optimality conditions.

2.6.3.1 Auxiliary Results

We begin this section by recalling that, as stated at the beginning of Section 2.6, we are operating
under the assumption that (y,U) € H}(p, Q) x Uuq is a local solution of (2.5.1)-(2.5.2) such that y is
regular.

We begin our studies with the following estimate.

Lemma 2.6.4 (Auxiliary Estimate). Let U € OU) and V € [R?]*. Lety = G(U), (8,¢) = Q' (U)V,
and (0,€) = Q'(U)V. Then, we have the estimate

V(0 = 0)lL2(p0) S U — Ul repe [V IR (2.6.12)

where the hidden constant is independent of (0,€), (0,€), and V.

Proof. We begin the proof by noticing that (8 — 8, ¢ — ) solves the following problem: Find (6 — 8, & —
€) € Hi(p, Q) x L*(p,Q)/R such that

/Q(VV(@—@):VW—S’@(G—@):VW—(@—@)@S’:VW—(f—g)diVW)

=/[(y—y)®0+0®(y—y)]:vW, /sdiv (0—6)=0, (2.6.13)
Q Q

for all (w,s) € Hi(p™1,Q) x L%(p~1,Q)/R. Since y is regular, a direct application of Theorem 2.4.2
reveals that problem (2.6.13) is well-posed upon realizing that the forcing term of the momentum
equation belongs to the dual space of Hj(p™!,); see the estimates in (2.6.14) below.

To derive (2.6.12) we invoke the stability estimate (2.4.8), Holder’s inequality, the weighted embeddings
Hi(pt,Q) — L4(p*,9Q), and the Lipschitz property of Lemma 2.4.5. With these arguments and

estimates, we have

V(0 —0)|lL2(p0) Sy —5) @0+ 0@ (y — )l (o1,
S [IVOLzo0) + IVOlL2(p0)] V(Y — ¥)llL2(p0) (2.6.14)

S IWlligepe I — U || geye-
This concludes the proof. O

We conclude this section with the following result.
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Theorem 2.6.5 (Properties of j). The reduced cost functional j, defined in (2.6.4), is of class C2.
In addition, for U € OU) and V € [R?)*, we have

Z0) % :/ |0|2+2/ 0®60:Vz+n) |vif”. (2.6.15)
@ @ teD
Here, (0,&) = Q'(U)V and (z,r) denotes the unique solution of (2.6.1) with yy = G(U). Finally, we
have the bound
5" @)V? = 3" UV S U = Ullgeyel Ve (2.6.16)

Proof. Since Theorem 2.4.4 guarantees that () is second order Fréchet differentiable, it is immediate
that G, defined in (2.6.3), is second order Fréchet differentiable as a map from [R?]* into H}(p, Q).
Consequently, j is of class C2.

We now derive the identity (2.6.15). To accomplish this task, we begin with a basic computation,

which reveals that, for U € O(U) and V € [R%]¢, we have

5wV = [1E+ [ Q@) - ya) g U 403 Wil 26.17)

@ @ teD
Define (¢,7) = Q"(U)V?, ie., (¢,7) € Hi(p, Q) x L*(p,Q)/R corresponds to the unique solution
to (2.4.21) with both 8y, and 6y, being replaced by 6 and y;; = G(U). Notice that ¢ = G"(U)V?.
Setting v = z in the first equation of the problem that (¢, ~) solves (c.f. (2.4.21) with 6y, = 0y, = ),

we arrive at

/([VV¢—yu®¢—¢®yu] :Vz—wdivz):2/0®0:Vz.
Q Q

Here, (z,7) € Hi(p™1,Q) x L%(p~1,Q)/R corresponds to the unique solution to the adjoint problem
(2.6.1). Similarly, we set w = 1) in the first equation of the adjoint problem (2.6.1). This yields

/Q@vz Ve — (yu - V)2t + Vylz -4 — rdiv ) = /Q(YM “ya) .

We now resort to an integration by parts argument based on the fact that div ¢ = div y,y = divz =0
to obtain (2.6.15).

Let us proceed with the task of deriving (2.6.16). To accomplish this task, we define (8, &) := Q'(U)V
and notice that (8,¢) and (8, ) solve problem (2.4.7) with ® = G(U) and ® = G(U), respectively, and
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g = D iep Vide. In view of the derived identity (2.6.15), we write the following equality:

1/ 2 _ sMIN\Y2 — _ 0. 0 _ 0 - z
UV - @)Y /Q(e 9) (‘”9)“[/99@(0 9):v

+/Qe®é:V(z—z)+/Q(0—é)®é:vz . (2.6.18)

Here, (z,7) denotes the unique solution to problem (2.6.1) with y;; being replaced by ¥y = G(U).
Invoke Holder’s inequality and the Sobolev embeddings Hy(p, ) — L4(p, Q) (cf. [53, Theorem 1.3])
and H}(p, Q) < L2(Q) (cf. Theorem 2.3.3) to arrive at

3" UV? = 5" UV S IVO]lL2 o) IVBlL2 (o) IV (2 — 2)|I12(p-1,0)

+A[IV(0 — é)HL2(p,Q) (||V9||L2(p,ﬂ) + ||Vé||L2(p,Q))v

where A := 1+ [|Vz|L2(,-1,0) + [ VZ|L2(p-1,0)- This bound combined with the stability estimate
(2.4.8), the auxiliary estimate (2.6.12), and the boundedness of z,z in H}(p~1,Q), which follows from
(2.6.2), yield

3" W)V = " UV S U = Ullge)e [VIIfgeye + 1V(2 = 2) L2010 1V I fzeye-

Therefore, it suffices to bound ||V (2—2)||12(,-1,0). To accomplish this goal, we notice that (z—z,r—7) €
Hi(p™1,Q) x L*(p~1,Q)/R solves
/ (wWV(z—-2):Vw— (yu-V)(z—2)w+ Vy},(z —2z) - w— (r —7)div w)
Q
— [0 we+ [ (=31 Dyaw+ [ [V - wo)ra-w,

Q

/ sdiv(z —z) =0, (2.6.19)
Q

for all (w,s) € Hj(p, Q) x L%(p,Q)/R. We now bound the H}(p, 2)’-norm of the right hand-side of the
first equation of (2.6.19). We begin by noticing that Holder’s inequality combined with the embedding
H} (p, ) — L4(p, Q) yield

[([yee =¥ V)2l o0y S IVVu = ¥)llLzo.0) [ VZl L2010

Similarly, by exploiting the fact that y,y;, € Wé’p(ﬂ) for every p € (4/3 —€,2), where e = ¢(Q) > 0
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(cf. estimate (2.4.4)), we obtain

T IV(yu = 3)llLe @ 1Z2]lLe @ VI @)
1V(yu =¥ 2l m1 o0y S sup ,
D i) IVVlL2(p,0)

where p~' + u~! + 07! = 1. In view of the embeddings H}(p™', Q) — H}(Q) — L#(Q) for every
B < oo, we can thus set o = 2 + ¢, with ¢ being dictated by Theorem 2.3.3 and utilize the embedding
H(p, Q) — L*¢(Q) to conclude that

IV (yu = 912l 110,00 S IIVVu = Y)lLe@ IVE]L2(0-1 0)-

Having controlled the H}(p, 2)’-norm of the right hand-side of the first equation of (2.6.19), we invoke
the weighted stability estimate (2.6.2) twice to obtain

IV(z —2)|lr2(p-1.0) S (IVu = )Lz + 1Vu = 9)llLe@)

VZ|L2o-1.0 S (IVyu = 9)l2e) + 1IVyu = ¥)lue@) 1Y — yellrz@)-

We now utilize the Lipschitz property of Lemma 2.4.5 and the one in [27, Lemma 4.4], upon further
restricting the neighborhood O(U) if necessary, to obtain the bound ||V (z2—2)||2(,-1.0) S U —U||[re)e-
This concludes the proof. O

2.6.3.2 Second Order Necessary and Sufficient Optimality Conditions
Before presenting necessary and sufficient second order optimality conditions, we introduce a few
ingredients. Let us define

U= (U,,..., %) c R, W, :=z(t) +nu, teD. (2.6.20)

Let s € D and U € U, be such that u; = uy for t € D\ {s}. Set U into the variational inequality
(2.6.6). This yields
0 < (z(s) +nus) - (us —0s) = s - (ug — ). (2.6.21)

Let i,7 € {1,2} be such that i # j. Set (us); = (0s);. If (1s); = (as);, then inequality (2.6.21) reveals
that
0< W, - (us — uy) = (W)5[(us); — (as);] = (¥s); 2 0.

Similarly,

o if (as)j < (ﬁs)j < (bs)j, then (\I/S)j =0, and
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o if (@1,); = (by);, then (¥,); < 0.

Let us also introduce the cone of critical directions at U € Uyq:
Cy:={V=(vi,...,v¢) € [R}]" that satisfies (2.6.22) and (2.6.23)},
where, for ¢t € D and i € {1, 2}, conditions (2.6.22) and (2.6.23) read as follows:

(vo), >0 if (ay); = (ag)is
<0 if () = (be)s,

and

(B)i #0 = (v¢)i = 0;

compare with [32, (3.16)].

29

(2.6.22)

(2.6.23)

As stated in [32, Section 3.3], the following result follows from the standard Karush-Kuhn—Tucker

theory of mathematical optimization in finite-dimensional spaces (see, for instance, [32, Theorem 3.8]

and [80, Section 6.3]) on the basis of the results derived in Theorem 2.6.5.

Theorem 2.6.6 (Second Order Necessary and Sufficient Optimality Conditions). If U € U,q is a
local minimum for problem (2.5.1)~(2.5.2), then j"(U)V? > 0 for all V € Cy. Conversely, if U € Uyq

satisfies the variational inequality (2.6.6) and the second order sufficient condition
J"UHV? >0 Vv ecCy) {0},
then there exists > 0 and o > 0 such that
JU) = G + S~ Uy VU € Uaa s U = U geye < o

In particular, U is a strict local solution of (2.5.1)—(2.5.2).

To present the following result, we introduce, for 7 > 0, the cone
Cp == {V=(vi1,...,vs) € [R?)" that satisfies (2.6.22) and (2.6.26)},
where, for ¢ € D and i € {1, 2}, condition (2.6.26) reads as follows:

[(T);] >7 = (vi)i =0.

(2.6.24)

(2.6.25)

(2.6.26)
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The following result is immediate in view of our finite dimensional setting.

Theorem 2.6.7 (Equivalence). Let (¥,p), (z,7), and U satisfy the first order optimality conditions
(2.5.2), (2.6.1), and (2.6.6). Then, (2.6.24) is equivalent to

3k, 7> 00 JUNV? > K|V ey YV € C (2.6.27)
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Bilinear optimal control for the
fractional Laplacian: analysis and

discretization

3.1 Introduction

In this paper, we are interested in the analysis and discretization of an optimal control problem
involving a fractional elliptic PDE as state equation and a control variable that enters the state
equation as a coefficient. To make matters precise, we let Q be an open and bounded domain in R?
(d > 2) with Lipschitz boundary 2. Given a desired state ug € L?(Q2) and a regularization parameter

A > 0, we introduce the cost functional
7 T 2 i 2 3.1.1
(u,q): 2”“ UQHL2(Q) 2 ||Q||L2(Q)- (3.1.1)

Let f be a fixed function in H~*(2). We shall be concerned with the following optimal control problem:
Find min J(u, q) subject to the fractional and elliptic PDE

(=A)°u+qu=f in Q, u=0in Q°, (3.1.2)
where Q¢ = R?\ Q, and the control constraints

q € Qaq, Qua :={v € L) : a <wv(xz) <bae. xeld} (3.1.3)

31
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The control bounds a and b are such that 0 < a < b. The operator (—A)?® corresponds to the integral
definition of the fractional Laplace operator; its definition can be found in section 3.2.3.

In problem (3.1.1)—(3.1.3) the control variable g enters the state equation as a coefficient and not as a
source term. This creates the nonlinear coupling qu in (3.1.2), the presence of which has led to this
type of problems being referred to as bilinear optimal control problems or control-affine problems [33].
Mathematically, the coupling qu in (3.1.2) complicates both the analysis and the discretization. In
particular, the solution of the state equation depends nonlinearly on the control, so the uniqueness
of solutions of (3.1.1)—(3.1.3) cannot be guaranteed [73]; a complete optimization study therefore
requires the analysis of second order optimality conditions [33]. In terms of applications, it should
be mentioned that several processes in engineering, biology, and ecology, to name just a few, can be
modeled by bilinear systems; see, for instance, [22, 38, 84]. We would also like to note that problem
(3.1.1)—(3.1.3) can be interpreted as a particular instance of a coefficient identification problem. Such
problems become particularly relevant in scenarios where coefficients or source terms remain uncertain
or unknown. It may be that we have a sparse and/or noisy measurement of the state of the system
or an output of interest that we wish to match, and/or that a priori information about some model
coeflicients is available. In such cases, we can resort to solving a control problem or an inverse problem
to recover the unknown parameters and define a more accurate, data-driven mathematical model.
Another important feature of (3.1.1)—(3.1.3) is that it is governed by the fractional and nonlocal
operator (—A)®. Although the use of nonlocal models to describe natural and social phenomena has
been of interest for a long time, this interest has only increased significantly in recent years. This
is mainly due to the numerous applications of these models, which demonstrate their relevance and
versatility. It is therefore only natural that an interest in efficient approximation schemes for nonlocal
models arises [15, 43] and that one might be interested in their control [8, 9, 45]. By nonlocal models,
we mean here model descriptions that at a given point in space depend on the state of the system
at points at a far distance from that given point. An important example from the family of nonlocal
operators is the integral fractional Laplacian (—A)® (0 < s < 1), which corresponds to the infinitesimal
generator of a stable Lévy process. It can be shown that (—A)® converges in a suitable sense to the
Laplace operator supplemented with homogeneous Dirichlet boundary conditions and to the identity
operator when s T 1 and s | 0, respectively; see [46] for details.

For the particular case s = 1, there are several works in the literature that provide error estimates
for finite element discretizations of (3.1.1)—(3.1.3). To the best of our knowledge, the first work that
provides an analysis for suitable finite element discretizations is [73]. In this work, the authors propose
two schemes that discretize the admissible control set with piecewise constant and piecewise linear
functions, and provide bounds for the error committed within the approximation of a control variable

[73, Corollaries 5.6 and 5.10]. These results were later extended to mixed and stabilized finite element



CHAPTER 3 33

methods in [34] and [56], respectively. Recently, bilinear optimal control problems whose objective
functionals do not depend on the controls have been analyzed in [33]. In particular, the authors
investigate sufficient second order conditions for bang—bang controls and derive error estimates in L'-
norms for a suitable finite element discretization. Regarding the analysis of a posteriori error estimates
for problem (3.1.1)—(3.1.3) with s = 1, we refer the reader to [74] and [58]. We conclude this paragraph
with a reference to the work [107], in which the authors provide upper bounds for discretization errors
with respect to a cost functional and with respect to a given quantity of interest based on a posteriori
error estimators.

To the best of our knowledge, the only work available in the literature that provides an advance on the
parabolic version of (3.1.1)—(3.1.3) is the very recent manuscript [71]. In this paper, the authors provide
an analysis for the continuous problem including the existence of solutions and first and second order
optimality conditions; the second order sufficiency requires an additional assumption on the problem
data (see also [73, Remark 2.21]). In contrast to this work and to the best of our knowledge, this
exposition is the first to study approximation techniques for the optimal control problem (3.1.1)-
(3.1.3); discretization techniques for the problem where the control variable enters (3.1.2) as a source
term are available in [14, 44, 62, 89, 90]. In the following, we list what we consider to be the most

important contributions of our work:

(i) Emistence of optimal solutions: We prove that the optimal control problem (3.1.1)—(3.1.3) admits

at least one optimal solution; see Theorem 3.4.1.

(ii) Optimality conditions: We derive first and necessary and sufficient second order optimality con-

ditions with a minimal gap; see §3.4.2 and §3.4.3.

(iii) Regularity estimates: We analyze regularity properties for optimal variables. In particular, we

prove that 4, p,q € H*T*7¢(Q); see Theorem 3.4.4 for details.

(iv) Finite element discretizations: We propose two different strategies: a semidiscrete scheme, where
the control set is not discretized, and a fully discrete scheme, where such a set is discretized with

piecewise constant functions.

(v) Convergence of discretizations: We prove the existence of subsequences of discrete global solu-
tions that converge to global solutions of (3.1.1)—(3.1.3). We also prove that continuous strict
local solutions can be approximated by local minima of discrete problems; see section 3.5.3.2 and

section 3.5.3.3.

(vi) Error estimates: For each discretization scheme, we provide estimates for the error that occurs
when approximating optimal variables; see §3.6. To obtain these results, we have assumed that

solutions to suitable finite element discretizations of (3.1.2) are uniformly bounded in L>(2).
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We structure our presentation as follows. In section 3.2, we introduce the notation and collect some
known facts that shall be useful for our purposes. In section 3.3, we give an overview of regularity and
finite element approximation results for problem (3.1.2). Section 3.4 is our first original contribution.
We study a weak version of the control problem (3.1.1)—(3.1.3). More precisely, we show the ezistence
of optimal solutions and derive first and second order optimality conditions. The study of numerical
schemes begins in section 3.5, where we develop two finite element schemes for (3.1.1)—(3.1.3) and
analyze convergence properties. In section 3.6, we derive error bounds. We conclude with section 3.7,

where we provide several numerical examples to illustrate our theory.

3.2 Notation and preliminary remarks

Let us establish the notation and recall some facts that will be useful later.

3.2.1 Notation

In the course of this work, let d > 2 and © C R? be an open and bounded domain with Lipschitz
boundary 992. We denote by Q¢ the complement of Q. If 2" and # are Banach function spaces, we
write 2 — % to denote that 2 is continuously embedded in %'. We denote by 2" and || - || 2= the
dual and the norm of &£, respectively. We denote by (-,) 2 2 the duality pairing between 2" and
Z and simply write (-,-) if the spaces 2" and 2 are clear from the context. The relation a < b
indicates that a < Cb, with a positive constant C that does not depend on a, b, or the discretization

parameters, but may depend on s, d, and . The value of C' might change at each occurrence.

3.2.2 Function spaces

Fractional Sobolev spaces provide a natural framework for analyzing the state equation (3.1.2). A
family of fractional Sobolev spaces can be defined based on the Fourier transform F: For any s > 0,
we define H*(R?), a Sobolev space of order s over R?, by [102, Definition 15.7], [78, Chapter 1, Section
7]

H*(RY) == {v € L*(R) : (1 + [¢]*) 2 F(v) € L*(RY)},

endowed with the norm [|v|| =gy = [[(1 + [¢[*)2F(v) 12(ra)y. We define H*(Q) as the closure of
Cse(Q) in H*(R?) [81, page 77] and note that it can be equivalently characterized as the following

space of zero-extension functions [81, Theorem 3.29]:

H*(Q) = {v]g : v € H*(R?), supp v C Q}.
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We endow the space H*(Q) with the following inner product and norm [81, page 75]:

(U,w)f{s(g) — /[Rd /[Rd (’U(.’Ii) B Téy_));’]‘;&q;)s_ w(y))dxdy, |'U|f{s(Q) — (,07,0)[%5(9)'

We also introduce H~%(Q) as the dual space of the fractional Sobolev space H*(£2).

Let us review a continuity of the product property in fractional Sobolev spaces.

Lemma 3.2.1 (continuity of the product). Let t € (0,00) and let ¢, ¢ € H'(R?) N L>®(R?). Then, the
product p¢ belongs to the space H'(RY) N L>=(RY).

Proof. The result follows from a direct application of the Runst-Sickel lemma [20, Lemma 4.1] ([95,
Section 5.3.7]) with s =t, p1 = po = p = ¢ = 2, and r; = ro = co. We note that, as stated in [20,
page 390], the Triebel-Lizorkin space f§2 coincides with H*(R?); see also [103, Chapter 2, Section
2.3.5]. O

We conclude this section with the following Sobolev embedding results.

Lemma 3.2.2 (embedding results). Let s € (0,1). If v € [1,2d/(d — 2s)], then H*(Q) — L*(Q). If
v € [1,2d/(d —2s)), then H*(Q2) < L*(Q) is compact.

Proof. A proof of H*(2) — L*(Q2) can be found in [4, Theorem 7.34]. The fact that the embedding is

compact for v < 2d/(d — 2s) follows from [46, Corollary 7.2]. O

3.2.3 The fractional Laplace operator

s

For s € (0,1) and smooth functions w : R? — R, there are several equivalent definitions of (—A)® in
R?. In fact, (—A)® can be naturally defined by means of the following pointwise formula:
w(z) = w(y) 2255 (s + 4)
—A)’w(z):=C(d,s .V./ ———~dy, C(d,s):=———==, 3.2.1

where p.v. stands for the Cauchy principal value and C(d, s) is a normalization constant. The constant
C(d, s) is introduced to ensure that the definition (3.2.1) is equivalent to the following one via Fourier
transform: F((—A)*w)(&) = |€]?*F(w)(€) for all £ € R?; see [76, chapter 1, section 1] for details. In
addition to these two definitions, there are several other equivalent definitions of (—A)* in R? in the
literature. For a discussion, we refer the reader to [75].

In bounded domains, for functions supported in €2, we may use the integral representation (3.2.1) to
define (—A)*®. This gives rise to the so-called restricted or integral fractional Laplacian, which, from

now on, we shall simply refer to as the integral fractional Laplacian. Note that we have materialized
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a zero Dirichlet condition by restricting the operator to acting only on functions that are zero outside
Q.

To present suitable weak formulations for problems involving (—A)®, we define

AHN(Q) x HY(Q) =R, A@w,w) = 2L (0,0) . -

We note that A is just a multiple of the inner product in EIS(Q) introduced in section 3.2.2; A is
bilinear and bounded. We denote by || - ||s the norm induced by .A:

[|v]|s :== v/ A(v,v) = €(d, s)|v

() ¢(d,s) =+/C(d,s)/2.

3.3 The state equation

In this section, we present a suitable weak formulation for (3.1.2) and give a brief overview of results
concerning the well-posedness of such a formulation, regularity estimates for its solution, and finite

element approximations.

3.3.1 Weak formulation

Let s € (0,1), let f € H*(Q) be a given forcing term, and let q be an arbitrary element in Qguq.
Under these conditions, we introduce the following weak formulation of the state equation (3.1.2):

Find u € H*(Q) such that
A(u,v) + (qu,v) 1200y = (F,v) Yo € H(Q). (3.3.1)

We note that, since q € Quq C L>®(Q) and u,v € H*(2) C L*(Q), all terms involved in (3.3.1) are well-
defined. The well-posedness of problem (3.3.1) follows from the Lax-Milgram lemma. In particular,

we have the stability bound [Julls < |Ifllz—+(q)-

3.3.2 Regularity estimates
We present the following regularity result.

Theorem 3.3.1 (Sobolev regularity). Let s € (0,1), f € L?(Q2), and q € Qua. Then, the solution u to
problem (3.3.1) belongs to H¥T*7¢(Q) for all 0 < € < s, where kK = % for % <s<1landk=s—c¢ for

0<s< % In addition, we have the bound

ull gotr—ey < Ce™"|flle2 Ve €(0,s),
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where v = % for % <s<landv = % + 1y for 0 < s < % Here, vy and C denote positive constants

that depend on 2 and d and Q, d, s, and q, respectively.

Proof. Since Q is Lipschitz and § — qu € L?(£2), the proof follows immediately as an application of [17,
Theorem 2.1 and inequality (2.6)]; see also [18, Remark 6]. O

If we assume a higher integrability assumption for f, it is possible to obtain an L (Q)-regularity result

for the solution u of problem (3.3.1).

Theorem 3.3.2 (L>°()-regularity). Let s € (0,1) and r > d/2s. If f € L"(Q2), then the solution u
to problem (3.3.1) belongs to H*(Q) N L>=(Q) and

lulls + llull L) S Fllzr e,

with a hidden constant that is independent of u and the problem data.

Proof. See [89, Theorem 3.1]. O

3.3.3 Finite element approximation

Under the additional assumption that €2 is a Lipschitz polytope, we now introduce a finite element-like
scheme to approximate the solution to (3.3.1). For this purpose, we assume that we have at hand a
collection of conforming and quasi-uniform meshes {.,}1,~0 of Q made of closed simplices. We denote
by h :=max{hy : T € F,} the mesh-size of 7, = {T'}, where hp := diam(T).

Given a mesh 7}, we introduce the finite element space
Vy, == {vn, € C(Q) : vp|r € P1(T) VT € T, v, = 0 on 9Q}. (3.3.2)

The following comments are now appropriate. First, for every s € (0,1), V;, € H*(Q). Second, we
enforce a classical homogeneous Dirichlet boundary condition at 2. Note that discrete functions are
trivially extended by zero to €.

With V;, at hand, we introduce an approximation of the solution to (3.3.1):
up € Vo A(up,vp) + (qup, Uh)LQ(Q) = (f,un) Voun € Vp. (3.3.3)

The existence and uniqueness of uy, € Vj, follows from the Lax-Milgram lemma. In particular, for every
h > 0, we have the discrete stability bound |up|s S [Ifll -+ )-

We present the following a priori error estimates.
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Theorem 3.3.3 (error estimates). Let s € (0,1), f € L?(Q), and q € Qua. Let Q be a Lipschitz
polytope. Let u € EIS(Q) be the solution to (3.3.1) and let up € Vy, be its finite element approximation

obtained as in (3.3.3). Then, we have the error bounds

o = wnle < A7]og AP fll ey 7 = min{s, 33, (3:3.4)
[u—unllz2@) S h*7|1og hI*?[If L2(), (3.3.5)
where ¢ = v if s # %, p=14+vifs= %, and v > % is the constant in Theorem 3.3.1.

Proof. The proof follows from the regularity estimates for u given in Theorem 3.3.1 and the arguments
developed in the proofs of [17, Theorem 3.5] and [17, Proposition 3.8]. For the sake of brevity, we omit
the details. (]

3.4 The optimal control problem

In this section, we analyze the following weak formulation of the optimal control problem (3.1.1)—
(3.1.3): Find
min{J (u, q) : (u,q) € H*(Q) X Qaq} (34.1)

subject to the fractional and elliptic state equation
Alu,v) + (qu,v) 2(0) = (f,0)2(0) Yo € H5(Q), (3.4.2)
where Qqq is defined in (3.1.3) and f € L?(Q).

3.4.1 Existence of optimal controls

The existence of at least one optimal solution follows from the direct method of calculus of variations

[40, Chapter 1].

Theorem 3.4.1 (existence of an optimal solution). The optimal control problem (3.4.1)—(3.4.2) admits
at least one global solution (4,q) € H*() X Quq-

Proof. Let i :=inf{J(u,q) : (u,q) € H*(Q) x Quq}. Let, for k € N, g € Quq and uy, € H*(Q) be such
that J(ug,qr) — 1 as k1 oo and

A(ug,v) + (qrur, V) r2) = (f,0)1200) Yo € H(Q), (3.4.3)

ie., {(uk,qr)}ren C fls(Q) X Qquq is a minimizing sequence. Let us now invoke the fact that Quq is
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bounded in L>®(2) to deduce the existence of a nonrelabeled subsequence {gx}ren C Quq such that
qr — @ in L®(Q) in L=(Q) as k 1 00; § € Quq. On the other hand, since for every k € N qi € Qua,
the well-posedness of (3.4.3) reveals that {uy}ren is uniformly bounded in H*(). More precisely:
lurlls S I1fllz2(q) for every k € N. We can thus conclude the existence of a nonrelabeled subsequence
such that uy, — @ in H® (Q) as k 1 oo; u being the natural candidate for an optimal state. We now
prove that @ solves problem (3.4.2), where ¢ is replaced by ¢, and that (@, q) is optimal.

Since up — @ in H5(Q) as k 1 co, we immediately obtain that A(ug,v) — A(@,v) as k 1 oo for every
v € H*(2). To analyze the convergence of the bilinear term, we utilize that uj, — @ in H*(2) as k 1 oo,
the compact embedding H*()) — L?(Q) of Lemma 3.2.2, which holds because 2d/(d — 2s) > 2, the
convergence g, —  in L*() as k T oo, and the fact that v € L'(Q). These arguments allow us to

obtain

(G, v) L2(0) — (qrur, v) 2| < ([T — qr)@, v) 20| + [(qr [t — ur], v) 20

< |((j — qk,ﬁv)L2(Q)| + b”’ﬁ — ukHL2(Q)||UHL2(Q) — 0, ktoo.

Finally, we prove that (i, q) is optimal. To do so, we utilize the strong convergence uy — 4 in L?(Q)
as k 1 oo and the fact that the square of | - ||12(q) is weakly lower semicontinuous in L?(2). With
these results, we can therefore conclude that J(@,q) < liminfy J(uk,qrx) = i. Consequently, (@, q) is

optimal. O

Since the control problem (3.4.1)—(3.4.2) is not convex, in the following analysis we will discuss opti-
mality conditions in the context of local solutions in L?(Q) [104, page 207]: We say that ¢ € Quq is
locally optimal in the sense of L?(2) for (3.4.1)—(3.4.2) if there exists n > 0 such that J(u,q) < J(u,q)
for all (u,q) € H*(Q) x Quq such that llg—qllz2(@) < n. Here, u solves (3.4.2) and u solves (3.4.2) with
q replaced by q.

3.4.2 First order optimality conditions
In this section we formulate first order necessary optimality conditions. We begin our analysis by
introducing the set

Q:={q € L>®(Q) : Jc¢ > 0 such that ¢(x) > ¢ > 0 for a.e. v € Q}

[73, page 783] and the control to state map S : Q — H*(2), which given a control ¢ associates to it
the unique state u = Sq that solves (3.4.2).
The following result provides differentiability properties for the operator S.



CHAPTER 3 40

Theorem 3.4.2 (differentiability properties of S). The control to state operator S : Q — H*(Q) is of
class C? with respect to the L>°()~topology. In addition, if w € L>®(2), then z = S'(q)w € H*(Q)

corresponds to the unique solution to
A(z,0) + (g2,0) 2(0) = —(wu,v) 2y Yo € H*(Q), (3.4.4)

where u = Sq. Moreover, if wi,wy € L®(Q), then 3 = S"(q)(w1,wz) € H*(Q) is the unique solution
to
A3, v) + (33,v) £2(0) = — (W22, , V) 12(0) — (W120,, V) 12() Vv € HY(Q), (3.4.5)

where z,, = S’ (q)w; and i € {1,2}.

Proof. Let ¢ € Q. To prove the first order Fréchet differentiability of S we proceed as in [104,
Theorem 4.17] and show the existence of a continuous linear operator D : L>®°(Q) — H*(Q) and
a mapping 7(q,-) : L>®(Q) — H*(Q) such that for all w € L>°(Q) satisfying ¢ + w € Q, we have
S(g+w) —S(¢q) = D(w) + r(q,w) and

(g, w)|ls/llwll e () — 0 (3.4.6)

as [|w|| g () — 0. We immediately note that the mapping w + z defined by the problem (3.4.4) is
linear and continuous. On the other hand, we define @ := S(¢ + w) and u := S(g). It is therefore
sufficient to prove that r = @& — u — z satisfies (3.4.6). To do so, we first note that r solves uniquely

the problem: Find » € H*(Q) such that

A(r,v) + (qr,v)r2) = —(w[i — u],v)r2) Vv € H*(Q).
A basic stability bound for this problem yields the estimate

I7lls S lla = ull 2@y llwll e @) S Nill2@llwllFe oy S IF 2@ lwllZe )

where we used a stability estimate for the problem that @—wu solves and ||@|s S || f]|z2(q). Consequently,
r satisfies (3.4.6). This proves that S is Fréchet differentiable.

The second order Fréchet differentiability of S follows similar considerations. The fact that 3 solves the
problem (3.4.5) follows from the arguments in [104, Theorem 4.24(ii)]. Note that the problem (3.4.5)

is well posed because —wazy, — W12y, € L2(£). O

In order to provide first order optimality conditions, we introduce the reduced cost functional j : @ — R

by j(¢) = J(Sq,q) and present the following basic result: If § € Qqq denotes a locally optimal control
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for (3.4.1)~(3.4.2), then [104, Lemma 4.18]

J@@—a >0 Vg€ Q- (3.4.7)

In (3.4.7), §/(§) denotes the Gatedux derivative of j at g. To investigate (3.4.7), we introduce the

adjoint variable p € H* (©) as the unique solution to the adjoint equation
A(v,p) + (qp, U)L?(Q) = (u— UQav)LZ(Q) Vo € ﬁs(ﬂ) (3.4.8)

Here, u = Sq. The well-posedness of (3.4.8) follows from the Lax-Milgram lemma. In particular, we
have the stability bound |pl|s <11 fllz2) + lluallL2()-

We now have all the ingredients to present first order optimality conditions.

Theorem 3.4.3 (first order necessary optimality conditions). Ewvery locally optimal control § € Quq

for problem (3.4.1)—(3.4.2) satisfies the variational inequality
(Mg — P, q — Q)r20) 20 Vg € Qua, (3.4.9)

where p € H* (Q) solves (3.4.8) with q and u replaced by q and u = 8q, respectively.

Proof. We begin the proof with simple calculations that show that the variational inequality (3.4.7)

can be rewritten as follows:

(@ —uqa,S"(q)(q = @)z + M@ q— D2 20 Vg € Qua, (3.4.10)

where @ = S§7. Since the second term on the left-hand side of (3.4.10) is already contained in the
desired inequality (3.4.9), we thus concentrate on the first term. Define z := §'(q)(¢ — q) and observe

that z solves problem (3.4.4) with ¢ replaced by ¢ and w = ¢ — q. Setting v = p in this problem yields
A(z,p) + (@2, D) r2(0) = —((¢ — )8, D) 12(0), (3.4.11)

where @ = §7. On the other hand, we set v = z as a test function in (3.4.8) to obtain
A(2,p) + (ap, 2)r2(0) = (0 — uq, 2)L2(0)- (3.4.12)

The desired variational inequality (3.4.9) thus follows from (3.4.10), (3.4.11), and (3.4.12). O

The following formula is essential for the derivation of regularity estimates: If ¢ is a locally optimal
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control for the problem (3.4.1)—(3.4.2), then [104, section 4.6.1]
q(w) := gy (A ta(x)p(z)) ae. z € Q, (3.4.13)

where IIj, 4 : L'(Q) = Qqq is defined by II, 4 (v) := min{b, max{v,a}} a.e. in Q.
We conclude this section with a regularity result for an optimal control variable, which will be important

for the analysis of the schemes in §3.5. To present it, we define

A(f,ue) = fllezc) (1f e + luallLr @) + 1 fll L@ lluell L2@)- (3.4.14)

Theorem 3.4.4 (regularity of q). Let s € (0,1) and r > d/2s. Let q be a locally optimal control for
(3.4.1)~(3.4.2). If f,uqg € L*(Q) N L"(), then ¢ € H*T75(Q) for all 0 < & < s, where kK = % for

%<s<1 andk=s—c¢ for0 < s < % In addition,
@l1escqy < O™ (14 Afug), (3.4.15)

where v is as in the statement of Theorem 3.5.1.

Proof. Let = 87 and let p be the solution to (3.4.8) with u and ¢ replaced by @ and g, respectively.
Since f,uq € L?*(), an application of Theorem 3.3.1 immediately shows that % and p belong to
Hs+tr=¢(Q), for all 0 < € < s, where & is as in the statement of the theorem. On the other hand, since
f € L"(Q), for some r > d/2s, we can conclude from the results of Theorem 3.3.2 that @ € L>°(9).
Note that, in particular, @ € L"(Q2), for some r > d/2s. Consequently, & — uq € L"(Q). We can
therefore again refer to Theorem 3.3.2 to conclude that p € L>(£2). Observe that we have obtained
that @,p € H*T*~¢(Q) N L>°(2). This, in light of the continuity of the product property stated in
Lemma 3.2.1, allows us to conclude that up belongs to H51%7¢(Q) N L>=(Q) together with the bound
[20, estimate (25)] ||up||gstn—<c) S Ce™VA(f,uq). The desired regularity property for ¢ and the
estimate (3.4.15) follow from the projection formula (3.4.13), the fact that max{0,t} = (v + |t]|)/2 for
all v € R, and [86, Theorem 1], which applies because s + Kk — e = s + % —e < % if % < s <1and

S+I€—E=2S—2E§1—2E<%if0<8§%. This concludes the proof. O

3.4.3 Second order optimality conditions

In this section we formulate necessary and sufficient second order optimality conditions.

3.4.3.1 Auxiliary results

We begin our studies with the following result.
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Theorem 3.4.5 (j is of class C? and j” is Lipschitz). The reduced cost functional j : Quq C Q — R is

of class C?. Moreover, for every q € Quq and w € L>=(Q), we have
3" (@w? = Mwl|Zaiq) — 2(wz,p)r2() + [12ll72(0): (3.4.16)

where p solves (3.4.8) and z = §'(q)w. If, in addition, we assume that f,uq € L™(Q), with r > d/2s,
then, for q1,q2 € Quq and w € L*™(Q), we have

15" (g)w? = 3" (g2)w?| < NwlZ2qllar — g2llre)- (3.4.17)

Proof. The fact that j is of class C? is a direct consequence of the differentiability properties of the
control to state map S given in Theorem 3.4.2. Tt is therefore sufficient to derive the identity (3.4.16)
and the inequality (3.4.17). To accomplish this task, we proceed in two steps.

Step 1. We first obtain (3.4.16). We begin with simple calculations showing that for every q € Qqq

and w € L*(Q) we have

7" (@)w® = Nwl[F2q) + (u = ua,3)L2@) + 12]72(0); (3.4.18)
where 2,3 € ﬁS(Q) are as in the statement of Theorem 3.4.2 with w1 = ws = w and z,, = z. To obtain
the desired identity (3.4.16), we proceed as follows. We set v = 3 in (3.4.8) and v = p in (3.4.5). This
results in the relation (u — uq,3)r2() = —2(wz,p)r2(q). Substituting this identity into (3.4.18), we
obtain (3.4.16).

Step 2. We now prove (3.4.17). Let ¢1,¢2 € Quq and w € L*°(Q). Define z;1 = §'(¢1)w and 2o =
S'(g2)w. Note that z; and 2y solve (3.4.4) with uy := S¢1 and uz := Sgq, respectively. We now use
the derived identity (3.4.16) to obtain

j”((h)w2 - j”(Qz)w2 = 2(w(z2 — 21]7p2)L2(Q) + 2(wz1,p2 _pl)L2(Q)

—|— (Zl — 22,21 —|— 22)L2(Q) = I —|— II —|— III7 (3419)

where p; € H®(Q) is the solution of (3.4.8) where u and ¢ are replaced by u; and ¢;, respectively
(i € {1,2}). In the following, I, II, and III are estimated separately.
We start with the estimation of I. In light of Theorem 3.3.2, the fact that f,uq € L™(2), for r > d/2s,

yields the following bounds

lluzll o) S 112, P2l @y S N1 fllzr) + lluallLr@)- (3.4.20)
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Consequently, I < |lw|/z2(q)ll22 — 21//z2(q), with a hidden constant that depends on || f|zrq) and

luallLr (o). To bound |22 — 21|/ £2(q), we observe that z; — 21 solves

A(z2 — 21,v) + (q2(22 — 21),v) 12(0) = (21[a1 — q2] — wluz — w1],v) 12 ()

for all v € H* (). A stability estimate for this problem in conjunction with Holder’s inequality and

Lemma 3.2.2 allows us to obtain that

llz2 = 21lls S M2l p2e (Q)Hfh = @2l + [[wllz2@)lluz — url| L= (). (3.4.21)

An estimate for the term ||z1| 24/ (a-20)(q) follows directly from the well-posedness of problem (3.4.4)

and the Sobolev embedding of Lemma 3.2.2. In fact, we have

el 224 o) S ll2lls S Hwllza@llunlliie @) S lwlza@llflz-@- (3.4.22)

dfs(

On the other hand, we notice that uy — u; € H*(£2) solves the following problem:
A(UQ - ul,v) + (L]Q(’U,Q - ul), U)Lz(Q) = (ul[ql — qQ], U)Lz(Q) Yv € gS(Q)

Since u1(q1 —¢q2) € L"(€2), an application of the results of Theorem 3.3.2 reveals that [Jug —u1| ) S
luill o) llgz—aillLr) S I1fllzr)lla2—a1]l (o). Replacing the estimates obtained for ||z ||L2d/(d—2s)(Q)
and [Jug — u1|| (o) into (3.4.21) yields |z2 — z1l|s S | fllz~@) lwll 2 llar — @27 (o). From this, we

can conclude that

LS lwllzz@llze = z1ll2@) S lwllzz@llze = z1lls S lwll72@yllar = g2llir@), (3.4.23)

with a hidden constant that depends on || f|| (o) and [Jua|| L )-
We now control the term II. To accomplish this task, we utilize Holder’s inequality and (3.4.22) to
obtain IT < [Jw| p2(oyll21ll L2 [IP2 = PillLe @) S ||w||%2(m||p2 — p1llz=(0). We now bound the term

lp2 — p1l| Lo (q) based on the fact that p — p; solves

A(v,p2 — p1) + (g2(p2 — p1), U)L?(Q) = ([uz —w1] + prlqr — QZ]vv)LZ(Q) Vv € HS(Q)

Since the right-hand side of the previous weak formulation belongs to L"(£2), Theorem 3.3.2 immedi-

ately implies that po — p1 € H*() N L°°(2) together with the estimate

P2 = pill (@) S lluz —willpe ) + [Pl lle2 — a1llzr()-
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We thus obtain, in view of [[uz —u1|[z=) S |2 — @1l (o) and an analogue of (3.4.20) for ||p1| e (q),
that |[pa — p1llze(@) S llg2 — @1l r(q). Consequently,

I S w7z llpe = prllee@) S llwlliz@llee — aillor)- (3.4.24)

Finally, we control ITII. To do this, we invoke the bound (3.4.22), an analogue of (3.4.22) for z3, and

22 = z1lls < llwllz2(9) g1 — g2llL-(0)- These arguments yield

IIT < |22 — 21| z2(o) (121l 2 o) + [122]| 22 (0) (3.4.25)

S llze — z1llslwll 2 S lwllfzollae — allr@)-
We conclude (3.4.17) by replacing (3.4.23), (3.4.24), and (3.4.25) into (3.4.19). O

3.4.3.2 Second order necessary optimality conditions

Let (@,p,q) € H5(Q) x H*(Q) x Qaq satisfy the first order optimality conditions (3.4.2), (3.4.8), and
(3.4.9). Define 0 := Ag — up. The variational inequality (3.4.9) immediately yields, for a.e. z € £,

o(z) =0ifa < q(z) <b, o(z) >0 if g(z) = a, o(z) <0if g(z) = 0. (3.4.26)

In order to formulate second order conditions, we introduce the following cone of critical directions

inspired by [33, definition (2.7)] and [28, Section 6, page 20]:
Cy := {w € L*(Q) satisfying (3.4.28) and w(x) = 0 if d(x) # 0}, (3.4.27)
where condition (3.4.28) reads as follows:
w(z) >0 a.e. z € Qif glx) = a, w(z) <0 a.e. xz e Nif gla) =b. (3.4.28)

In the following, we review the arguments developed in the proof of [28, Theorem 23] and present

second order necessary optimality conditions.

Theorem 3.4.6 (second order necessary optimality conditions). If § € Quq denotes a locally optimal

control for (3.4.1)~(3.4.2), then j"(Q)w? > 0 for all w € Cj.
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Proof. Let w € Cy. Define, for every & € N and for a.e. € {2, the function

0 if z:a<q®)<a+k™, b—k7!<g(x)<b,
wi(x) =
I _j p(w(z))  otherwise.

Since w € Cy, it is immediate that wy € C3N L% (). On the other hand, we have that wi(z) — w(z)
as k 1 oo for a.e. z € Q and that |wy(z)| < |w(x)| for a.e. x € Q. Consequently, wy — w in L*(Q) as
k 1 0o. We now note that, for p sufficiently small, or more precisely, for p € (0,k2], ¢+ pwy belongs
to Qqq for every k € N. Since g+ pwy, is thus admissible, we rely on the fact that ¢ is a local minimizer
to arrive at the basic inequality j(7) < j(g+ pwy) when p is sufficiently small. We now use the relation
J'(@wr = 0, which follows from the fact that wy € Cj, and Taylor’s theorem for j at § to obtain that,

for p sufficiently small,
ol — .l — . — 2 . — 2 . —
0 < j(q+ pwr) — (@) = pj' (@wr + 55" (q+ porwr)wi = 55" + phrwr)wi,
with 65 € (0,1). We now let p | 0 to obtain, on the basis of the estimate (3.4.17),

3" (@ + pOrwr)wi — 5" (@wil S llwill720yp0k 1wkl Lr@) = 0, p L0,

which implies that j”(g)w? > 0 for every k € N. Let us now invoke the convergence property wy — w
in L?(Q) as k 1 oo and (3.4.16) to conclude that j”(g)w? > 0; see the proof of Theorem 3.4.7 below
for further details. This concludes the proof. O

3.4.3.3 Second order sufficient optimality conditions

In this section, we follow the arguments elaborated in the proof of [31, Theorem 2.3] and [28, Theorem
23] and prove a sufficient second order optimality condition with a minimal gap with respect to the

necessary condition derived in Theorem 3.4.6.

Theorem 3.4.7 (second order sufficient optimality conditions). Let (4,5, q) € H*(Q) x H*(Q) X Quq
satisfy the first order optimality conditions (3.4.2), (3.4.8), and (3.4.9). If j"(Q)w* > 0 for all w €
Cz \ {0}, then there exist 6 > 0 and o > 0 such that

i(@) >3@ +3lla— iz Yq € Qua:llg— a2 <o

In particular, q is a locally optimal control in the sense of L*(S).

Proof. We proceed by contradiction and assume that for every natural number k there exists an element
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qr € Qqq such that

1 = arllrz < k7 dlar) <9(@) + 26) MG = akllZa0)- (3.4.29)

Let us introduce, for k € N, py, := || — qxl|r2(0) and wi == p; *(gx — q). Note that, for every k € N,
lwi||z2(0) = 1. We can therefore assume, taking a subsequence if necessary, that wy — w in L2() as
k T co. We now prove that the limit point w belongs to the cone C; and then that w = 0. We proceed
in three steps.

Step 1. w € Cz. We first note that the set of elements satisfying (3.4.28) is closed and convex in L?();
it is thus weakly sequentially closed and therefore w also satisfies (3.4.28). To verify the remaining
condition in (3.4.27), we apply the mean value theorem and the estimate of the right-hand side in

(3.4.29) to obtain
5 (@e)wk = py (G (ar) — 5(@) < pe(2k)™1 =0, k1 oo, (3.4.30)

where G = g+ 0r(qx — @) and 0, € (0,1). Define 4y := S and Py as the unique solution to (3.4.8)
with u and ¢ replaced by iy and G, respectively. Since Gy — ¢ in L?(Q) as k 1 oo, a basic stability
bound for the problem that @ — iy, solves shows that i, — @ in H*(Q) as k 1 co. With this convergence
property at hand, a similar argument yields p — p in H*(2) as k 1 co. In particular, pp — p in L?*(Q)
as k 1 0o. We can thus conclude that A\Gx — @xpr =: 0x — 0 = A§ — ap in L%(Q) as k 1 oo, upon using
that {tg}ren and {pi}ren are uniformly bounded in L*°(€2). We now invoke the weak convergence

w — w in L?(Q) as k 1 oo and (3.4.30) to deduce that

J'(Qw = / dx)w(z)der = lim | O (x)wy(z)dz = lim 5'(Gr)ws < 0.
Q ktoo Jq k1oo

On the other hand, from (3.4.9) we have j'(Q)w = limppoo [ 0(z)wi(z)dz > 0. Consequently,
Jod(@)w(z)dzr = 0. Since w satisfies the condition (3.4.28) and 0 satisfies the condition (3.4.26),
we infer that [, [o(z)w(z)|dz = [, 0(x)w(x)dz = 0. This proves that, a.e. in Q, 9 # 0 implies that
w = 0. Consequently, w € Cj.

Step 2. w = 0. With the help of Taylor’s theorem, the basic inequality j'(q)(qx — q) > 0, and the

estimate of the right-hand side in (3.4.29) we arrive at

M|§m

3" (@r)wi = j(ar) = 5(@) — §"(@ (@ — @) < jlae) — 5(@) < pi(2k)™", keEN,

where g == G + 0x(qx — §) and ), € (0,1). Thus, /(¢ )w? < k™' = 0 as k 1 oo.

We now show that j”(7)w? < liminfyieo 5”(gr)ws. As a first step, we invoke the characterization
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(3.4.16) to write

3" () wi = Mwgll72(q) — 2(wi2k, ) 2) + 126l|72(0)-
Here, pj denotes the solution to (3.4.8) with ¢ and u replaced by §i and 4y, := Sdy, respectively, and
2y solves (3.4.4) with ¢, w, and u replaced by §i, wg, and iy, respectively. We note that {ix}ren and

{Pr}ren are uniformly bounded in L*°(€2). In fact, for k& € N, it holds that ||ix|| L) S [[fllz- ) and

19kl o) S I fller) + luallr (o). With the available estimates, we can therefore derive

@ — ks + 15— Drlls S (Ifllz@) + luallr@)) 17— dkllz2@) = 0, k1 oo,

upon using basic stability bounds for the problems that @ — 4 and p — py, solve.
Let z solve (3.4.4), where ¢ and u are replaced by ¢ and @, respectively. We now investigate the

convergence of {2 tren. First, we write the problem that z — Zx solves

Az = 2, 0) + (@(2 = 2r),v)2(0) = —((w — W), v) 12 ()

+ (wk(ﬁk — ’l_l,),’U)L2(Q) + (((jk — (j)f:k, U)Lz(Q) = I + Il + 111, Vv e HS(Q)

Since u € L*®(Q) and wy — w in L*(Q) as k T oo, it is immediate that [Iy| — 0. To analyze the

convergence of I, we observe that, for every 7 € (2,00), we have
@ — @7y < 17— ]2 8 — el S 11T — gy 0 (3.431)

as k 1 0o, exploiting the fact that {dy }ren is uniformly bounded in L>°(£2) and the bound of Theorem
3.3.2. With this result at hand, we control the term Il as follows:

k| < Jwkllz2(0)lla — k|l L@ 1Vl L) 2 =1

Set p = 2d/(d — 2s) (see Lemma 3.2.2) and note that p > 2. Since 4y — @ in L7(Q2) for every
T € (2,00), we can thus conclude that |IIz| — 0 as k& 1 co. We now analyze the convergence of I1Ij.
First, we note that a stability bound for the problem that 2; solves, namely ||Zx|ls < ||fllzr(q), for
every k € N, yields

e L e ik
Second, as in (3.4.31), gx — ¢ in L*(Q) as k 1 oo combined with the fact that {g } is uniformly bounded

in L>°(Q) allows us to obtain that g — g in L7(Q2) for every 7 € (2,00). A simple application of
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Holder’s inequality thus shows that
L] < 2kl lldr = @lor@lollng), 47 +pt =1

Since §r — ¢ in L7(2), for every 7 < oo, we conclude that |IIIx| — 0 as k 1 co. We have therefore
proved that [T/, [IIx|, [IIT;| — 0 as k 1 co. Consequently, 2 — z in H*(Q). In view of Lemma 3.2.2,

this results in
2= 2in L7(Q), o<2d/(d—2s) = |Zll72q) = 2ll72q) kT oo (3.4.32)

On the other hand,

(w2, D)2y — (Wi, Pr) L2()| < |[((w — wi)z, P) L2 (0l

+ [(wi(2 = 2k), D) L2()| + (W 2k, D — Pr) 22yl = 0, kT oo, (3.4.33)

because wy, — w in L*(Q) as k 1 oo, zp € L*(Q), |lwillr2) = 1, |z — Zkllz2@) — 0 as k 1 oo,
p € L*(Q), and ||p — prllz-) — 0, as k T oo, for every 7 € (2, 00).

Finally, we invoke (3.4.32), (3.4.33), and the fact that the square of the L?(2)-norm is weakly lower
semicontinuous in L?(2) to deduce that j”(7)w? < liminfy j”(gx)w}.

As a result, since j”(q)w? < liminfy j”(Gp)w?, j”(Ge)w? < k™' — 0 as k 1 oo, and w € Cy, the
optimality condition j”(g)w? > 0, for all w € Cy \ {0}, yields w = 0.

Step 3. Contradiction. We finally arrive at the contradiction. Since w = 0, it is immediate that 2z — 0

in H5(Q) as k 1 co. Hence, from the equalities
A= /\||wk||%2(sz) = j”(‘fk)wi + 2(wk5k,ﬁk)L2(Q) - ||5k||%2(sz)7

and the fact that liminfy, j”(Gx)wi < 0, we conclude that A < 0. This is a contradiction and concludes

the proof. O

The following result establishes an equivalent representation of the second order optimality condition
introduced in Theorem 3.4.7. This equivalence is important for deriving error estimates for the methods
proposed in our work. To present it, we introduce C7 := {w € L*() satisfying (3.4.28) and w(z) =
0if [o(z)] > 7}

Theorem 3.4.8 (equivalent optimality conditions). Let (@, p,q) € H*(2)x H*(Q) X Quq satisfy the first
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order optimality conditions (3.4.2), (3.4.8), and (3.4.9). Then, the following statements are equivalent:
§"(@w? > 0Vw € Oz \ {0} <= 3pu, 7> 0: j"(Quw* > u||w|\%2(m Vw € C7. (3.4.34)

Proof. The proof of the equivalence (3.4.34) follows from a combination of the arguments elaborated
in the proofs of [28, Theorem 25], Theorem 3.4.6, and Theorem 3.4.7. For the sake of brevity, we omit
details. O

3.5 Discretization schemes for the control problem

We propose two different finite element discretization schemes to approximate solutions to the optimal
control problem (3.4.1)—(3.4.2): a fully discrete one, where the admissible control set is discretized
with piecewise constant functions, and a semidiscrete scheme, based on the so-called variational dis-

cretization approach, where the control set is not discretized.

3.5.1 A fully discrete scheme

The solution technique reads as follows: Find min J(up, ¢n) subject to the discrete state equation
A(up, vn) + (qnun, vn)2) = (f,vn)r2@)  Yon € Vi, (3.5.1)

and the control constraints qn € Qqq,n. Here, Qua,p := Qn N Qua, where Qp = {q1, € L=°(Q) : qnlr €
Po(T) VT € T, }. We recall that Vp, defined in (3.3.2), corresponds to the space of standard continuous
and piecewise linear functions that vanish on 0.

The existence of a discrete solution follows from the compactness of Q,q,5 and the continuity of J. To
formulate first order optimality conditions, we introduce the discrete control to state map Sy, : Qqa,n 3
gn +— up, € Yy, where uy, is the solution to (3.5.1), and the reduced cost functional jy (qp) := J(Skan, qn)-

With these ingredients, the first order conditions read as follows: If g, € Qqq,p is a local solution, then
In(@n)(an — Gn) = (A@n — @nbn, qn — Gn)r2@) >0 Ygn € Qua,n.- (3.5.2)
Here, pj, € Vj, corresponds to the discrete adjoint state, which solves

A(vn, Pr) + (@nPh, vn)r2(@) = (Un — uQ,vn)r2(Q)  Yvn € Va. (3.5.3)
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3.5.2 A semidiscrete scheme

In this section, we propose a semidiscrete scheme based on the so-called variational discretization
approach [67]. The scheme, in which only the state space is discretized (the control space is not

discretized), reads as follows: Find min J(up, q) subject to the discrete state equation

A(un, o) + (qun, vr)r2) = (f,vn)L2@  Yon € Vi,

and the control constraints q € Qqq. The existence of a discrete solution and first order optimality
conditions for the semidiscrete scheme follow standard arguments. In particular, if g € Q,q denotes a

local solution, then

Jn(@)(q —a) = (MG — @npr,q¢ — q)r2() 2 0 Vq € Qua, (3.5.4)

where py, € V}, solves problem (3.5.3). We immediately note that, in view of the variational inequality

(3.5.4), the following projection formula holds [104, Section 4.6]:
a(z) == gy (A n(z)pr(z)) ae. z € Q.
Since q implicitly depends on h, we will use the notation @ in the following.

3.5.3 Convergence of discretizations

In this section, we analyze the convergence properties of the fully and semidiscrete schemes. To this
end, we begin our investigation by providing some auxiliary convergence properties and error bounds
for suitable finite element discretizations associated with the state and adjoint equations.

3.5.3.1 Auxiliary error bounds

Let us first provide a convergence property and bounds for the errors ||[u — up||s and [Ju — un||£2(q)-

Theorem 3.5.1 (convergence properties). Let s € (0,1) and let f € H*(?). Let u and up be the

unique solutions to problems (3.4.2) and (3.5.1), respectively. Then,
an—qin L3 (Q), h—0 = up —>uin H(Q), h—0. (3.5.5)
Let r > d/2s. If, in addition, f € L?(Q) N L"(Q), then we have the error bounds

lu—unlls S W 1og Al Fl 2@ + g — anllzagy, v = mings, 1}, (3.5.6)

[ = unll2) S B [og h*| Il L2(0) + g — anll L2, (3.5.7)
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% 15 the constant in Theorem 3.5.1.

where ¢ = v ifs;é%, p=14+v ifs:%, and v >
Proof. Let us first derive the convergence property (3.5.5). We begin with a simple application of a
triangle inequality to write ||u — up|ls < ||Ju —un(Q)|ls + |un(q) — un||s- Here, up(q) denotes the solution
to (3.5.1) with g, replaced by ¢. The control of ||u — up(q)||s follows from a density argument as the
one developed in the proof of [35, Theorem 3.2.3] (see also [52, Corollary 1.109)): ||u — un(q)|ls — O as

h — 0. To bound |lup(g) — upl|s, we invoke the discrete problem that up(q) — up, solves and utilize the

fact that g5, € Qud,n = Qaa N Qn to obtain

lun(g) — unlls < llun(@)(an = Dlla-+(2)-

The weak convergence g, — ¢ in L3s (Q) and the strong one up,(q)v — wv in LT (Q) as h — 0, which
is valid for every v € H*(Q), allow us to conclude.

We proceed similarly to derive (3.5.6): |lu—unlls < [lu—wu(gn)|ls + [lu(gn) — un|s- Here, u(gn) denotes
the solution to (3.4.2) with ¢ replaced by ¢,. Since up, the solution to (3.5.1), corresponds to the finite
element approximation of u(gn) within the discrete setting of section 3.3.3, we can invoke the error

bound (3.3.4) of Theorem 3.3.3 to deduce

lu(gn) —unlls S W[ Tog hI# £l 2o (3.5.8)

On the other hand, let us observe that u — u(gp) € H*(Q2) uniquely solves

Al —u(gn),v) + (q(u — u(gn)),v)2(2) = (ulgn)(gn — @), 0)r2@) Yo € H* (). (3.5.9)

Since f € L"(R2) and gn € Qqq,n, Theorem 3.3.2 guarantees ||u(qn)|lr~) < ||fllzr (), which is a
uniform bound with respect to discretization. As a consequence, a basic stability bound for problem

(35.9) yields u— u(@n)lle S lulan)ll=@)le — anllz2@) S £ a — anlze(ey. This bound and
estimate (3.5.8) yield the desired bound (3.5.6). The proof of (3.5.7) follows similar arguments. O

To present the following result, we introduce the variables p and p; as follows:

pe HS(Q) : A(U,p) + (th,’U)Lz(Q) e (uh - UQ,’U)Lz(Q) Yo € gS(Q) (3510)

pn € Vit A(vn,pn) + (qnpn, vr)L2) = (un — uq, vn)r2()  Yon € Vi, (3.5.11)

In what follows, we present error bounds for p — p,.

Theorem 3.5.2 (convergence properties). Let s € (0,1) and r > d/2s. Let p and pp, be the unique
solutions to problems (3.4.8) and (3.5.11), respectively. If f,uq € L*(Q) N L"(Y) and {up}n>o is
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uniformly bounded in L"(Q)), then

D = paulls S h7loghl? + llg — anllz2(), v = min{s, 3}, (3.5.12)

P — pallrz) S A2 1og h|*? + [lg — qnllr2(0), (3.5.13)

where p = v if s # %, p=14+vifs= %, and v > 5 s the constant in Theorem 3.3.1.

1
2

Proof. We invoke p and write ||p — pulls < |[p — plls + [|p — prlls- To control ||p — pnl||s we apply the

error estimate (3.3.4) of Theorem 3.3.3:

Ip = pnlls < h[loghl? ([Lfll (o) + luall2@)) (3.5.14)

upon using ||unlls S [|f]l#-+(q), which is uniform with respect to discretization. To control |[p — p||s

we observe that p — p solves

A(v,p =)+ (a(p = ), 0)12(0) = (Plan — @) + (u —un), v)12(0) Yo € H(9).

Since, by assumption, {up }p>o is uniformly bounded in L"(92) (r > d/2s), we obtain

Ip = plls S 1Pl g la = an sy + 1u = unllzacoy (3.5.15)

< g = anllrze) + R log hI*? || fll 20

upon using (3.5.7) and the uniform bound ||p||L=(q) < l|unllzr@) + |luellL ). The bound (3.5.15) in
conjunction with (3.5.14) implies (3.5.12). The proof of (3.5.13) follows similar arguments. For the

sake of brevity, we omit details. O

3.5.3.2 Convergence of discretizations: the fully discrete scheme

We begin this section with a convergence result that essentially guarantees that a sequence of discrete
global solutions {gp } >0 contains subsequences that converge to global solutions of the optimal control

problem (3.4.1)—(3.4.2) as h — 0.

Theorem 3.5.3 (convergence of global solutions). Let s € (0,1), r > d/2s, and f,uq € L*(Q)NL"().
Let h > 0 and let gn € Qqua,n be a global solution of the fully discrete optimal control problem. Then,
there exist nonrelabeled subsequences of {GnYn>o such that G, — G in the weak* topology of L=(Q) as
h — 0, where q is a global solution of the optimal control problem (3.4.1)~(3.4.2). Furthermore, we

have

Lim 17— Gnllz2) = 0, %ig%)jh(f?h) =7(q). (3.5.16)
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Proof. Since {qn}n>0 C Qqa,n is uniformly bounded in L>(2), there exists a nonrelabeled subsequence
such that @, — ¢ in L>°(Q) as h — 0. In what follows, we prove that ¢ € Qg is a global solution to
(3.4.1)—(3.4.2) and that (3.5.16) holds.

Let q € Quq be a global solution to (3.4.1)—(3.4.2). Let Py, : L?(Q) — Qx be the orthogonal projection
operator. Define q, := Pp,(q) and note that q;, € Quq,n. Applying the regularity result from Theorem
3.4.4 and a standard error estimate for Py, we obtain |q — qh”LZ(Q) — 0 as h — 0. Therefore, the
global optimality of q, Theorem 3.5.1, the global optimality of s, and q, — q in L?(Q2) allow us to

obtain that

J(a) < j(q) <liminf j(gr) < limsup jn(gn) < limsup jn(qs) = j(q)-
hl0 h10 hl0

This shows that g is a global solution of (3.4.1)—(3.4.2) and that jx(gn) — j(7) as h — 0. To prove
the strong convergence of {@x}n>0 to g in L?(Q2), we use the convergence result of Theorem 3.5.1 to
deduce that @, — @ in LY(Q) for every t < 2d/(d — 2s). With this convergence result, we use that
Jn(@n) — j(q) to obtain ||gullz2() — |1G]|L2(0) as h — 0. The fact that g, A gin L>~(Q)ash — 0

allows us to conclude. O

Our second convergence result is as follows: strict local solutions of (3.4.1)—(3.4.2) can be approximated

by local solutions of the fully discrete optimal control problems.

Theorem 3.5.4 (convergence of local solutions). Let the assumptions of Theorem 3.5.3 hold. Let
q € Qqa be a strict local minimum of (3.4.1)<(3.4.2). Then, there exists a sequence of local minima

{Tn}h<ny of the fully discrete scheme such that (3.5.16) holds.

Proof. Since § is a strict local minimum of (3.4.1)—(3.4.2), there exists € > 0 such that the problem:
Find min{j(q) : ¢ € Qua N B:(¢)} admits as a unique solution g. Here, B.(q) := {q € L*(Q) :
17 — qllz2() < €}. Let us now introduce, for h > 0, the discrete problem: Find min{jx(qn) : qn €
Qqd,n N B:(q)}- To conclude that this problem admits at least one solution, we need to verify that the
set in which the minimum is sought is nonempty; note that such a set is compact. To do this, we note
that there exists h. > 0 such that for every h < h. the function Py () € Qua,n N Be(q)-

Let h € (0,he] and let g be a global solution of the introduced discrete problem. The arguments
presented in the proof of Theorem 3.5.3 allow us to conclude the existence of a subsequence of {G } n<n.
that converges strongly in L?(Q) to a solution of min{j(q) : ¢ € Qua N B(q)}. Since this problem
admits a unique solution ¢, we must have g, — ¢ in L?(2) as h — 0. In particular, this guarantees
that the constraint g, € B:(q) is not active for h sufficiently small. Consequently, g, solves the fully

discrete scheme and the convergence properties stated in (3.5.16) hold. O
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3.5.3.3 Convergence of discretizations: the semidiscrete scheme

We present the following results. Let s € (0,1), r > d/2s, and f,uq € L?(Q) N L"(Q).

e Let h > 0 and let gy € Quq be a global solution of the semidiscrete scheme. Then, there exist
nonrelabeled subsequences of {qn}ro such that g, — g in L>(Q) as h — 0 and (3.5.16) holds;
q is a global solution to (3.4.1)—(3.4.2).

e Let § € Quq be a strict local minimum of (3.4.1)—(3.4.2). Then, there exists a sequence of local

minima {Gp}r>o of the semidiscrete scheme satisfying (3.5.16).

The proof of these results follows very similar arguments to those developed in the proof of Theorems

3.5.3 and 3.5.4. For the sake of brevity, we will omit further details.

3.6 Error estimates

In this section, we derive error estimates for the fully and semidiscrete schemes introduced in sections

3.5.1 and 3.5.2, respectively.

3.6.1 Error estimates for the fully discrete scheme

Let {@n}rh>0 C Qaa,n be a sequence of local minima of the fully discrete optimal control problems such
that g, — ¢ in L?() as h — 0; ¢ € Quq denotes a local solution of (3.4.1)—(3.4.2) (see Theorems 3.5.3

and 3.5.4). The main goal of this section is to derive the error bound
1a - @nlli2@ S B2 loghl*® Wh < hy, v =min{s, 1}, hy >0, (3.6.1)

Here, o = v if s # %, p=1+vifs= %, and v > % is the constant in Theorem 3.3.1.
In the following analysis we assume that discrete solutions up, to problem (3.5.1) are uniformly bounded
in LY5(Q), i.e,

3C>0:  lupllpase <C VA >0, (3.6.2)

The following result is helpful for deriving the error bound (3.6.1).

Lemma 3.6.1 (auxiliary error estimate). Let s € (0,1), r > d/2s, and f,uq € L*(Q)NL"(Q). Let us
assume that (3.6.2) holds and that § € Quq satisfies the second order optimality conditions (3.4.34). If
(3.6.1) s false, then there exists hy > 0 such that

Clz —anllia) < ['(@) =5 (@)(@ — @) Yh <hi, C=2""min{u A}. (3.6.3)



CHAPTER 3 56

Here, \ is the control cost and p denotes the constant appearing in (3.4.34).

Proof. We follow [30, Section 7] and proceed by contradiction. Since by assumption (3.6.1) is false,
there exists a subsequence {hg}ren C RT such that
1 = anilz2(0)

S o g Ji— e 3.6.4
hklglo”q Grillz2(o) ’ B30 hi7|loghk|2“’ e | )

To simplify the exposition of the material, we omit the subindex & in the following and denote g, = qn.
Note that h — 0 as k T co.

Define wy, := (qn — §)/l|@n — @ll12()- Since {wp}n>o is uniformly bounded in L?(£2), possibly up to
a subsequence, we can assume that w, — w in L?(2) as h — 0. In what follows, we prove that
w € C3. Recall that Cj is defined in (3.4.27). Since, for each h > 0, §r € Qua,n C Qaa, wp, satisfies the
sign conditions (3.4.28). Consequently, w also satisfies (3.4.28). To show that d(z) # 0 implies that
w(z) =0 for a.e. z € , we introduce dp, := Agp, — upPp, and recall that 9 = A\g— up. Let us now invoke

|7 — anllL2@) — 0 as h — 0, (3.6.2), and estimates (3.5.12) and (3.5.7) to obtain

1 = 0nllrz(0) < Mg = anllzzo) + [l 2 o 1P = Prll | 24 @)

+ 1Pl @1t — @nll 20y S 1 — @nllz2(@) + A7 [log h|? — 0, h — 0.
Hence, we have that 9, — 0 in L?(2) as h — 0. From this follows

/Qﬁ(x)w(x)d:z: = %g% ; o (z)wp, (z)dz

. 1 - _ _ - _
=lim —— (/ Oh('Ph(q) — q)dCL' +/ Oh(qh - Ph(q))dx) ,
h=0 [|gn — qll2() \Jo Q

where P, denotes the L?-orthogonal projection operator into piecewise constant functions over ..
Since Pp(q) € Qad,n, the discrete variational inequality (3.5.2) implies that (04,qn — Pr(7))r2(0) <
0. The uniform boundedness of {||04|L2(q) }h<hpe, Which follows from |[d||L2(q) < [0n — 0l L2(0) +

0] z2¢) S 1 for h < hyq, thus implies that

=0.

— 1 B ,P =N =
/D(x)w(:z:)da: < lim f/ 3 (Pr(@) — )dz < lim [ fi(Q) 7QHL2(Q)
Q =0 [1gn = qll2@) Jo 0 |an —dll 2@

To obtain the last equality, we have used (3.6.4) and the regularity results for g provided in Theorem

3.4.4 in conjunction with standard error estimates for Py, which yield

17 = Pr(@)lz20) < h*[log bl (1 + A(f,uq)), = min{s,3}. (3.6.5)
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Here, A(f,uq) is defined in (3.4.14). Now, since w satisfies the sign conditions (3.4.28), we have
d(z)w(z) > 0 for ae. z € Q. Consequently, [, [d(z)w(z)/dz < 0. As a result, if 9(z) # 0, then
w(z) =0 for a.e. x € . We have thus obtained that w € Cj.

Now that we have proven that w € Cj, let us derive the auxiliary error estimate (3.6.3) by using

(3.4.34). To begin, we apply the mean value theorem to obtain
[ (@n) = 3"(@Nan — @) = 3" (@) (@ — @)% dn =3+ 0u(an — ), (3.6.6)

where 05, € (0,1). Let u(dy) be unique solution to (3.4.2) with ¢ replaced by §, and let p(gr) be the
unique solution to (3.4.8) with u and ¢ replaced by u(gr) and §p, respectively. Since gp(z) > a for
a.e. z € Q and u € L*°(Q), a basic stability bound for the problem that @ — u(gy) solves combined
with the fact that g, — ¢ in L*(Q) as h — 0 reveal that u(d,) — @ in H*(Q). Similarly, p(gn) — p in
H*(Q) as h — 0. We now define z(wy,) as the unique solution to (3.4.4) with ¢, v and w replaced by
Gn, u(dn), and wp, respectively. Proceeding as in the Step 2 of the proof of Theorem 3.4.7, we can show
that w, — w in L?() as h — 0 guarantees that z(wy) — z in H*(Q). With all these convergence
properties at hand, we can refer to the characterization (3.4.16), the definition of wy, and the second

order condition (3.4.34) to obtain

Tim 5(gn)wy; = lm [ Mwnl[Z20) = 2(wnz(wn), p(@n)) L2o) + [12(wn) 720

= A= 2(wz,p) 2 () + |2ll720) = A+ 5" (@w? = Nwl|F20) = A+ (1 = M][w[|72 (-

Therefore, since ||wl|z2(q) < 1, we obtain limy,_,0 5" (¢n)w; > min{u, A} > 0. We can therefore obtain
the existence of hy > 0 such that j”(gs)w? > min{u, A\}/2 for every h < hy. Given the definition of wy,

and (3.6.6), this allows the conclusion to be drawn. (|

We now derive the error bound (3.6.1). For this purpose, we strengthen the assumption (3.6.2) as

follows: solutions to (3.5.1) are uniformly bounded in L*°(Q), i.e,
4C >0: HuhHLoo(Q) <C Vh>0. (367)

Unfortunately, we are not aware of a proof of (3.6.7) in a general setting. A basic proof can be
given for the case where d = 2 and s > 0.5 + ¢, with € > 0 as in Theorem 3.3.1. This proof is
based on inverse estimates, error estimates for the Lagrange interpolation operator, and the L?(Q)
error estimate (3.3.5). Finally, we would like to note that for a fixed h the function wuy is a globally
continuous piecewise linear function that is bounded in L*°(€2) and that {up}nr>0 converges strongly

in H%(R™) as h — 0 to a function u belonging to L>°(); see Theorem 3.3.2, §3.5.3.2 and §3.5.3.3, and
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Theorem 3.5.1.

Theorem 3.6.2 (error estimate). Let s € (0,1), 7 > d/2s, and f,uq € L2(Q)NL"(Q). Let us assume
that (3.6.7) holds and that § € Quq satisfies the second order optimality conditions (3.4.34). Then,
there ewists hy > 0 such that

17— anllL2) S h2”| log h|2“" Vh < hy, ~ = min{s, % . (3.6.8)

Here, p = v if s # %, p=1+vifs= %, and v > = is the constant in Theorem 3.3.1.

>
Proof. We proceed by contradiction and assume that (3.6.8) does not hold. We can therefore refer to
the result of Lemma 3.6.1 to conclude that (3.6.3) holds for every h < hi. Let us now set ¢ = gp, in
(3.4.7) and g, = Pr(q) in (3.5.2) to obtain —5'(7)(gn — ) < 0 and 3}, (gn)(Pr(q) — gn) > 0, respectively.

Given these two inequalities we invoke the auxiliary error estimate (3.6.3) to obtain

17— @nllZ2) S 3'(@) (@ — @) + (@) (Pr(@) — @n)

= 7'(a@n)(Pr(@) — @) + [7'(@n) — 31(@n)](@n — Pn(q)) =: Tn + I,

(3.6.9)

Let us first bound the term I;. For this purpose, we introduce the following auxiliary variables: We

define 4 and p to be the solutions to the problems

A(t,v) + (@n@,v) 20y = (fv) 2 Yo € H(Q), (3.6.10)

.A(ﬁ, ’U) + ((jhﬁ, ’U)Lz(Q) = (’& —uQ, U)L2(Q) Yv € E[S(Q) (3.6.11)
With these variables at hand, we control the term I; as follows:

In = (Agn — P, Pr(q) — @)r2(0) = (Pr(@p) — p, Pr(q) — @) r2(0)

< |lap — Pr(@p)|| 2 IPr(@) — @l z2(0)

upon using the basic property (Pn(q) — q,qn) = 0 for all g5 € Q. The term [|Pr(q) — qllz2(0) Was
previously controlled in the proof of Lemma 3.6.1; see (3.6.5). In what follows we control ||ip —
Pr(tp)| 2. First, since f and @ — uq belong to L*(Q2) N L"(Q), we deduce from the regularity
results of Theorems 3.3.1 and 3.3.2 in conjunction with the continuity of the product property of
Lemma 3.2.1 that

ap € H 5 (Q) NL>(Q), [Jap| gorr-e0) S VA(f,uq) V0 <e <s.

~

Here, x and v are as in the statement of Theorem 3.3.1 and A(f, uq) is defined in (3.4.14). In view of
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this regularity result, a standard approximation property for Pj, shows that e := up — Pp,(ap) satisfies

llell 22y S h*Y|log h|”A(f, uq), where v = min{s, 1}. We can therefore deduce that
I, < k" log b A(f, ua)(1 4+ A(f,uq)), ~v=min{s,1}.

We now bound the term II,. To accomplish this task, we first notice that II, = (4p — uppn, qn —
Pr(q))12(0) = (@ — @nph, Pn(@n — G))12(0)- Secondly, by adding and subtracting puj, and using the

assumption (3.6.7) and basic inequalities, we arrive at

IL, < (Dl llt — nll2) + llanll @) 1P — Prllz2@)) 1@ — @nllL2 @)

<C (Hﬂ — p|72e) + 1P —ﬁh||2L2(Q)) + 37— anll72 () c>0.

A bound for ||@—up||z2(q) follows from the fact that @, corresponds to the finite element approximation
of 4 in the framework of section 3.3.3. In fact, as an application of Theorem 3.3.3, we have the bound

@ — @nl| L2y S h*7|log h|*?. We now define
]5 S ﬁS(Q) : .A(ﬁ, ’U) + ((jhﬁ, ’U)Lz(Q) = (’ﬁh —uQ, ’U)LQ(Q) Yv € ﬁS(Q) (3.6.12)

and proceed as in the proof of Theorem 3.5.2 to obtain ||p—pr||L2(q) < |p—Dll2) + 12— Pullz2) S

|@ — @nl| L2y + h*7|log h|*?. Consequently, we can thus arrive at
I, < W log h|* + 3¢ — @nl 720 -

Finally, we replace the bounds obtained for I, and II, into (3.6.9) to obtain (3.6.8). This is a

contradiction and concludes the proof. O

Remark 3.6.3 (nearly optimality). The error bound (3.6.8) behaves like O(h|logh|>?) when s > 1.
This error bound is nearly-optimal in terms of approximation; nearly due to the presence of the log-
term. When s < %, the derived error bound behaves like O(h?*|log h|*?). Since the best convergence
rate we can expect with piecewise constant approximation is O(h) and 2s < 1, the derived error bound

is suboptimal; the suboptimality is determined by the regularity properties derived in Theorem 3.4.4.

Remark 3.6.4 (improvement of the error bound (3.6.8)). If s < 1/2, the regularity results of Theorem
3.4.4 guarantee that § € H?*72¢(Q) for all 0 < ¢ < s. This regularity result can be improved for
s € [1/4,1/2) to g € H**Y/?27¢(Q) for all 0 < € < s+ 1/2 under the assumptions that Q is a
bounded Lipschitz domain satisfying an exterior ball condition and the data f and ugn belong to

C'/2=5(Q)). We also have the following regularity improvement of the state and adjoint state variables:
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u,p € HtY 27¢(Q2). We leave to the reader the details of how these regularity results can lead
to improved error estimates on quasi-uniform meshes. Finally, we note that, as in [90], the use of

appropriate graded meshes [15] can also lead to improved convergence rates.

Corollary 3.6.5 (error estimates). Let the assumptions of Theorem 3.6.2 hold. Then, there exists
hy > 0 such that, for all h < hy,

@ —anls S h|logh|?, B —pnlls S hY|logh|?, ~=min{s, 3}. (3.6.13)
@ = anllL2() S h*|loghl*?, (1P = Dhllzai) S h*7[logh[?*. (3.6.14)

Here, p = v if s # %, p=1+vifs= %, and v > % is the constant in Theorem 3.3.1.

Proof. The proof of the estimates in (3.6.13) and (3.6.14) follows directly from the combination of the
estimates in Theorems 3.5.1, 3.5.2, and 3.6.2. O

3.6.2 Error estimates for the semidiscrete scheme

Let {Gn}tn>0 C Qaa be a sequence of local minima of the semidiscrete optimal control problems such
that gn, — ¢ in L?(Q) as h — 0; ¢ € Quq denotes a local solution to (3.4.1)—(3.4.2) (see section 3.5.3.3).
The main goal of this section is to obtain an estimate for ||g — qnl2(q)-

The following result, which is instrumental, is analogous to Lemma 3.6.1.

Lemma 3.6.6 (auxiliary error estimate). Let s € (0,1), 7 > d/2s, and f,uq € L*(Q)NL" (). Assume
that (3.6.2) holds and that § € Quq satisfies the second order optimality conditions (3.4.34). Then,

there ewists hy > 0 such that
Cllz - anlliz() < "(@n) = 3" (@)@ — @) Yh<hy, C=2""min{u, A} (3.6.15)

Here, X is the control cost and p denotes the constant appearing in (3.4.34).

Proof. Define wy, := (4n—q)/[|dn—ql|L2(). We assume that (up to a subsequence if necessary) wy, — w
in L?(Q2) as h — 0. The arguments elaborated in the proof of Lemma 3.6.1 guarantee that w satisfies
(3.4.28) and that 0, — 9 in L?(Q) as h — 0. Here, 0 = A\q — up and 0j, = AQp — Unpn. Invoke (3.5.4)
with ¢ = ¢ to obtain

/ 3(2)w(z)dz = lim — / 0 () @n () — q(a))d < 0.
Q Q

h=0 ||Gn — qllz2()

Since [, [o(z)w(z)|dz = [, 0(z)w(z)dz < 0, we conclude that if d9(z) # 0, then w(x) = 0 for a.e.

x € Q. Consequently, w € Cj.
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The rest of the proof follows the same arguments used in the proof of Lemma 3.6.1. For the sake of

brevity we omit these details. O

We are now in a position to derive an estimate for the error that arises when approximating a locally

optimal control variable g.

Theorem 3.6.7 (error estimate). Let s € (0,1), 7 > d/2s, and f,uq € L2(Q)NL"(Q). Let us assume
that (3.6.7) holds and that § € Quq satisfies the second order optimality conditions (3.4.34). Then,
there ewists hy > 0 such that

17— anllr2) S h27| log h|2“’ Vh < hy, ~ = min{s, %} (3.6.16)

Here p = v if s # %, p=14+vifs= %, and v > % is the constant in Theorem 3.5.1.

Proof. Let usset g = Gy, in (3.4.7) and ¢ = ¢ in (3.5.4) to obtain —5'(7)(Gr—q) < 0 and 5}, (Gx)(§—an) >

0, respectively. Using these estimates in the auxiliary error estimate (3.6.15) we obtain

g — %H%z(n) S 1'(@n) = g (@n)(@n — @) = (@npr — p,an — @) r2(o)

= (p(@n — 0),qn — @ r2() + (@a(Pr — P):an — Qr2(2) = In + Ku.

Here, @ and p in H*(Q) denote auxiliary variables that are defined as the solutions to (3.6.10) and
(3.6.11), respectively, but where g, is replaced by gp.
Let us estimate J;,. Since f,uq € L"(2), by applying the Theorem 3.3.2, we deduce that i,p € L>=(9).

The error estimate (3.3.5) therefore allows the conclusion that

In < Bl Lo (o1& = @l 2217 — Gnll 220y S h*[log B> (|G — Gnllr2()- (3.6.17)

Here, v and ¢ are as in the statement of the theorem. We now focus on the estimation of &,. To do
this, we introduce the auxiliary variable p as in (3.6.12), but replacing g, with 5. With this variable
at hand, we invoke (3.6.7) to obtain

R < Janl| L) (16 = BllL2) + 1P — Prllr2)) 1 — anllL2)-

A stability estimate for the problem that p — p solves yields ||p — p||s < ||& — @n| r2(0). The control
of [|[p — pullz2(q) follows from noticing that pj, corresponds to the finite element approximation of p
in the framework of §3.3.3: [|p — pnllr2(0) S h?7[logh[*?. A collection of these estimates allows us to

conclude that &, < h*7[logh|*?||q — Gnl|L2(0)-
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The bound derived for &, together with that in (3.6.17) for J;, yields the final estimate ||g—qn|z2(q) <
O

h?7|1log h|?#. This concludes the proof.

We conclude this section with the following error estimates.
Corollary 3.6.8 (error estimates). Let the assumptions of Theorem 3.6.7 hold. Then, there exists
hi > 0 such that, for all h < hy,

@ —anlls < h7[loghl?, ||p—prlls < h7|loghl?, v =min{s, 3}.

~

@ — tin| p2() < h*7|log h|*?, 19— PrllL2) S h*7[log h|*.

Here, p = v if s # %, p=1+vifs= %, and v > % is the constant in Theorem 3.3.1.

3.7 Numerical examples

We present three numerical experiments that illustrate the performance of the fully discrete and
semidiscrete methods presented in sections 3.5.1 and 3.5.2, respectively, when used to approximate a
solution to the control problem (3.4.1)—(3.4.2). The experiments were performed with a code imple-
mented in MATLAB, and the schemes were solved with a semi—smooth Newton method.
The setting of the experiments is as follows: welet s € {0.1,0.2,...,0.9},A=1,d =2,and Q = B(0,1);
B(0,1) denotes the unit disc. The exact optimal state and the exact optimal adjoint state are given
by

u(r) =p(r) = 2¥T? (1 +s) (1 — |25,  t; = max{0,t}. (3.7.1)

3.7.1 Example 1

In this numerical experiment we go beyond the theory presented and consider a = 0 and b = 0.5.

Figures 3.1-3.3 show the results obtained for both the fully discrete and the semidiscrete schemes.
In Figure 3.1, we show for s € {0.1,0.2,...,0.9} the experimental convergence rates for ||a — p||s
and ||p — prlls. We observe that the rates predicted in the Corollaries 3.6.5 and 3.6.8 are achieved
when s > 0.5. However, when s < 0.5 the experimental convergence rates exceed those derived in
these corollaries. We present experimental convergence rates for || — unl/z2(q), [P — Pnllz2(q), and
17— GnllL2(q) for s € {0.1,...,0.5} and s € {0.6,...,0.9} in Figures 3.2 and 3.3, respectively. It can be
observed that the experimental convergence rates for all involved approximation errors are consistent
with the error bounds obtained in section 3.6 when s > 0.5. However, when s < 0.5, the reported
experimental convergence rates exceed those predicted in our manuscript. These cases are discussed

in Remarks 3.7.1 and 3.7.2.
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Figure 3.1: Experimental rates of convergence for || — @y ||s and ||p — pnlls considering the fully discrete (A.1)—(A.2) and
semidiscrete schemes (B.1)—-(B.2) for s € {0.1,0.2,...,0.9}

Remark 3.7.1 (convergence rates: state and adjoint variables). Figures 3.1 and 3.2 show that the
experimental convergence rates for the approximation errors associated to the state and adjoint vari-
ables, when s < 0.5, exceed the rates predicted in Corollaries 3.6.5 and 3.6.8 but are in agreement with

respect to the mazimal reqularity
H*'379(Q),  0<e<s+d. (3.7.2)

The error bounds that we derive in Corollaries 3.6.5 and 3.6.8 are based on the regularity estimates
of Theorem 3.4.4, which in turn are inspired by the results in Theorem 3.3.1 ([17, Theorem 2.1]). If
s € (0,0.5], u € H*72¢(Q) for every € € (0,s), which is weaker than (3.7.2). As explained in [17,
page 1921], one expects the solutions to be smoother than just H?*(Q) if the forcing term f € H"(2),
for some r > 0; however, such a result of higher regularity cannot be derived from [17, Theorem 2.1].
Nevertheless, it is important to emphasize that the estimates in [17, Theorem 2.1] hold under the
assumption that 99 is merely Lipschitz. Finally, we note that the functions @ and p defined in (3.7.1)
satisfy (3.7.2).

Remark 3.7.2 (convergence rates: control variable). Figure 3.2 (subfigures (C.3) and (D.3)) shows that
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|7 — anll20)

,,,hﬂ.t}
,,,h’0.7
,,,hO.S
,,,)LO.O

hl.O

<s5=0.1
©s5=02
<s5=03
©s=04

s=0.5

h h h
(D.1) (D.2) (D.3)

Figure 3.2: Experimental rates of convergence for ||&—1n |l 2 (qy: IP—PrllL2(q), and [[§—@qnll 12 o) considering the fully discrete
(C.1)—(C.3) and semidiscrete schemes (D.1)—(D.3) for s € {0.1,0.2,...,0.5}.

©s5=0.6
<s5=0.7
©s5=0.8
5=0.9
__pLo

% — || 2 _ D — PullL2o) |7 — anllL20)

0.04 0.1 0.3 0.04 0.1 0.3 0.04 0.1 0.3
h h h
(F.1) (F.2) (F.3)

Figure 3.3: Experimental rates of convergence for ||& — @nll 2(q), 1P — Prllp2q), and (1§ — Gnllp2q) considering the fully
(E.1)—(E.3) and semidiscrete scheme (F.1)—(F.3) for s € {0.6,0.7,0.8,0.9}.
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the experimental convergence rates obtained for the control variable are higher than those predicted by
(3.6.8) and (3.6.16) when s < 0.5. To explain this, we further investigate the regularity properties of ¢
in our particular setting. Note that @(z)p(z) = €(1 — |z|*)7, where 0 = 2s and €1 = (227T%(1 + s)).
up can thus be regarded as the solution to (3.1.2) with s replaced by o, ¢ = 0, and f = I'"2(1 + s).
Consequently, the maximal regularity property (3.7.2) in this case reads up € H*(Q2), where ¢ =
c+0.5—¢€and € € (0,04 0.5). In view of the projection formula (3.4.13), we apply [86, Theorem 1] to
obtain g € H*(2); observe that ¢ < 1.5. As a result, in terms of regularity and approximation degree,
we would expect, for the fully discrete scheme, ||G—qnllz2(q) S h*, where w = min{25+0.5—¢, 1}. This
is the behaviour observed in Subfigure (C.3). A similar conclusion holds for the semidiscrete scheme.
Since qj, is implicitly discretized with piecewise linear functions, we would expect ||¢ —qn||L2) S A7,
where w = min{2s + 0.5 — €,2}. However, we observe O(h*). An important observation in favor of
this is the fact that it has been experimentally observed that ||u — | 12(q) and ||p — pr||£2(q) do not

exceed O(h); see [17, §6.1].

3.7.2 Example 2

We consider a = 0.001||ap]| (o) and b = 1.5.

17 — @nl 2@ for a = 0.001|a@p|| . (q)

0.03 0.05 0.1 0.25 0.015 003 005 0.1 0.25
h h
(G.1) (G.2)

Figure 3.4: Experimental rates of convergence for ||g — qn ”L2(Q) considering the fully discrete (G.1) and semidiscrete schemes
(G.2) for a = 0.001||ap|| o0 (o) and s € {0.1,0.2,...,0.9}.

Figure 3.4 shows for s € {0.1,0.2,...,0.9} the experimental convergence rates for ||G—qn || L2(q) obtained
for both the fully discrete and the semidiscrete schemes. We note that the experimental convergence
rates coincide with those reported in Example 1. This particular result can be attributed to the
following fact: the value of a is so small that the singular behaviour of both % and p described in
(3.7.1) remains present with the computational resources at our disposal. This singular behaviour is

inherited by the projection formula (3.4.13) on q.
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3.7.3 Example 3

We consider a = 0.95/ap|| o) and b = 1.5.

@ = Gnll 220y for a = 0.95||up|| =)

=s=0.1
©5=02 |
©-s5=0.3
©-5=0.4

s=0.5
=-5=0.6
=5 =07 |
©=-s5s=0.8

s=09 [ &
___pto

0.03 0.05 0.1 0.25 0.015 0.03 0.05 0.1 0.25
h h
(H.1) (H.2)

Figure 3.5: Experimental rates of convergence for [|7 — qu || L2 (g, considering the fully discrete (H.1) and semidiscrete schemes
(H.2) for a = 0.95||ap||Loo oy and s € {0.1,0.2, ...,0.9}.

In Figure 3.5 we present for s € {0.1,0.2,...,0.9} the experimental convergence rates for ||g— Gn||L2(0)
obtained for both the fully discrete and the semidiscrete schemes. We note that || — x| £2(q) achieves
the experimental convergence rate O(h) for both methods and for all considered values of s. In contrast
to Example 2, we have here that the singular behaviour near the boundary of €2 disappears when the

restriction a is large enough.

Remark 3.7.3 (fully discrete versus semidiscrete approximation). In the following, we present what we
consider to be the most important advantages and disadvantages of each discretization scheme.

Advantages(A)/disadvantages(D) of the fully discrete scheme:
(A1) The scheme provides an explicit discrete control variable.

(D1) The scheme incurs additional computational costs due to the additional degrees of freedom

required to discretize the admissible control set.

(D2) If the control set is discretized with piecewise constant functions, the expected convergence rate

for the control approximation is always limited to O(h).
Advantages(A)/disadvantages(D) of the semidiscrete scheme:
(A1) A discrete control is not explicitly used in the computational implementation.

(A2) If the state and adjoint equations are discretized with piecewise linear functions, the data are
smooth, and  is convex, then the rate O(h?) can be obtained for the control approximation in

the case s = 1. For the case s € (0,1), numerical evidence shows that such a rate is restricted

to O(h).
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(D1) An additional effort has to be made to compute an explicit discrete control by the projection

formula. This can be interpreted as a post-processing step.



Chapter 4

Fractional, semilinear, and sparse
optimal control: a priori error

bounds

4.1 Introduction

Let d € N be such that d > 2. Let € R? be an open and bounded domain with Lipschitz boundary

09). Define the cost functional

A
Husq) = [ Lau)da + G ol + alaloo) (11.1)

where L : 2 X R — R denotes a suitable Carathéodory function, A > 0 corresponds to the so-called
reqularization parameter, and g > 0 denotes a sparsity parameter. The necessary assumptions on L
are deferred to section 4.2.4. In this paper, we are interested in the analysis and discretization of the
following nonconver and nondifferentiable optimal control problem for a fractional, semilinear, and

elliptic partial differential equation (PDE): Find min J(u, q) subject to the state equation
(=A)’u+a(,u) =qin Q, u=0in Q°, (4.1.2)
where Q¢ = R4\ Q and s € (0,1), and the control constraints

q € Qaq, Qua:={v e L*(Q): a<v(z) <P ae €} (4.1.3)

68
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We adopt the integral definition of the fractional Laplace operator (—A)®. For a smooth function

w: R? — R, the operator (—A)® is defined as follows:

2%5s0(s + )

(—A)Yw(z) = C(d, s)p.v./[R Mdy, C(d,s) == 01— s)

o To gl
where p.v. stands for the Cauchy principal value and C(d, s) is a normalization constant. The necessary
assumptions on the function a are deferred until section 4.2.4. The control bounds « and 8 are such
that o < 0 < f3; see [26, Remark 2.1] for a discussion.

The optimal control problem under consideration involves a cost functional .J that contains the L (€2)-
norm of the control variable. The study of this type of optimal control problems is mainly motivated
by the following two observations: First, || - [|11(q) is a natural measure of the control cost for certain
applications. Second, ||-||z1(q) leads to sparsely supported optimal controls, i.e., optimal controls that
are non-zero only in a small region of the domain under consideration. This is a desirable property in
applications, for example in the optimal placement of discrete actuators [100]. From a mathematical
point of view, the analysis and discretization of the optimal control problem considered here is anything

but trivial and interesting, especially due to the following considerations:

1. Fractional diffusion: The efficient approximation of problems involving the integral fractional
Laplacian carries two main difficulties. The first and most important is that (—A)® is a non-
local operator [15, 46]. The second is the lack of boundary regularity, which leads to reduced

convergence rates [15, 17].

2. Non-linearity/Non-convezity: Since the state equation is a semilinear PDE, the control problem
is non-convex. Consequently, first-order optimality conditions are necessary conditions for local

optimality; sufficiency requires the investigation of second-order optimality conditions [26, 104].

3. Non-differentiability: Due to the presence of ||.|| 11(q) in the cost functional .J, the optimal control
problem becomes non-differentiable (v < 0 < ). This leads to some difficulties that do not
occur in the differentiable case A > 0 and p = 0 [89, 90], especially when analyzing second-order

optimality conditions [26] and in the study of finite element techniques [26, 108].

For the special case s = 1, there are several papers in the literature that provide error estimates for finite
element discretizations of control problems related to ours. As far as we know, the first paper is [108],
in which the authors consider a linear PDE and propose several finite element strategies to discretize
the admissible control set. For all strategies considered, the authors obtain bounds for the error that
occurs when approximating the optimal control variable in L2?(Q2). The semilinear scenario was later

developed in [26]. In this paper, the authors develop two strategies for discretization: one based on
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the variational discretization approach and another where the admissible control set is discretized with
piecewise constant functions. Based on a complete study of second-order optimality conditions, the
authors obtain error estimates in L>°(£2) for the error that occurs when approximating all the optimal
variables involved. We would also like to mention [25] for the piecewise linear approximation of the
admissible control set and [6, 108] for a posteriori error analyses.

For the non-local and linear scenario, s € (0,1) and a = 0, there are several papers in which finite
element strategies are analyzed. We refer the interested reader to [44] for the analysis of a priori
error bounds for the differentiable case A > 0 and g = 0 and to the more recent work [109] for the
analysis of a posteriori error bounds in the non-differentiable scenario. We also mention [87, 91],
where the authors consider the linear version of (4.1.1)—(4.1.3), but with the spectral definition of
the fractional Laplacian. It is important to mention that the treatment of discretizations of problems
involving the spectral and integral definitions of the fractional Laplacian is fundamentally different
due to regularity and discretization properties. The present work continues our research in the area
of fractional semilinear optimal control. It extends previous work [89, 90] to a non-differentiable and
sparse scenario. As far as we know, this paper is the first to provide a complete analysis for the
semilinear control problem (4.1.1)—(4.1.3), which also includes the development and analysis of finite
element strategies.

The structure of this article is as follows. In section 4.2 we introduce the notation, the functional
framework and the assumptions that we will use in our work. In section 4.3 we give an overview
of (4.1.2) and its discretization by finite elements. In section 4.4 we present a weak formulation
of (4.1.1)-(4.1.3), analyze existence results, and derive first- and second-order optimality conditions;
furthermore, regularity properties are also analyzed. In section 4.5, we introduce a fully discrete method
and provide convergence properties and error bounds. In section 4.6, we develop a semidiscretization
scheme and derive error bounds. We conclude our work with section 4.7 in which we perform a

numerical experiment that illustrates the performance of the proposed methods.

4.2 Notation and preliminary remarks

Let us set the notation and recall some facts that will be useful later.

4.2.1 Notation

We denote by Q¢ the complement of 2. For normed spaces 2™ and %, we write 2 — % to denote
that 2" is continuously embedded in %#". We denote by 2 and || - || 2~ the dual and the norm of 2,
respectively. The duality pairing between 2" and 2" is denoted by (-, )2 2. When the spaces 2~

and 2" are clear from the context, we simply write (-, -). Let {z,}°; be a sequence in 2. We denote
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by ©, — x, , — =, and z,, — x the strong, weak, and weak* convergence, respectively, of {z,}2>,
to z in Z as n T oo. Finally, a < b indicates that a < Cb, where C' is a positive constant that does

not depend on either a or b. The value of C' might change at each occurrence.

4.2.2 Subgradients and subdifferentials

We denote RU{+00} by Roo. Let j : Z — Ry be a given function, where Z is a real normed space, and
let z be a point in Dom j, i.e., z € Z is such that j(z) < co. An element ¢ € Z’ is called a subgradient

of j at z if it satisfies the following subgradient inequality [36, Chapter 4.1]:

i) —j(z) 2 {Cy—2)zz VyeZ (4.2.1)

The set of all subgradients of j at z is denoted by dj(z) and is called the subdifferential of j at z. Of
particular interest is the case where Z = L*(Q2) and j : Z — R is defined by j(z) = ||z 11(q). Here,
[Rar denotes the set of all nonnegative real numbers. In this scenario, it follows that ¢ € 9j(z) if and
only if

Cz)=1if z(x) >0, ((x)=-1if z(x) <0, ((x)e€[-1,1]if z(z) =0,

for a.e. z € Q [96, Proposition 4.6.2]. For z,v € L'(Q2), the directional derivative of j at z in the

direction v is given by

j’(z;v):limw :/ vdx—/ vda:—l—/ |v|dex, (4.2.2)
oF Q7 Qo0

pl0 P

where QF, Q7 , and Q9 denote the sets of points in 2 where z is positive, negative, and zero, respectively.
The identity on the left-hand side is the definition of the directional derivative (see e.g. [16, Definition
2.44, Section 2.2.1]), while the identity on the right-hand side follows from elementary calculations in
combination with the use of the directional derivative of | - |; see also [26, identities (3.2)].

Let M C Z be nonempty. The functional ly; : Z — R defined by lp(z) = 0 if 2z € M and
lam(z) = +oo if 2z € Z\ M is called the indicator functional of M. We note that [ is proper and
convex if and only if M is nonempty and convex. Let z € M. It follows from (4.2.1) that ¢ € 9lps(2)
if and only if ((,y — 2)z/,z <0 for all y € M.

4.2.3 Function spaces

Let s > 0 and let RY > € — (&) = (1 + [¢]?)2 € R. With F we denote the Fourier transform. We
define the fractional Sobolev space H*(R?) := {v € L?(R?) : 1.F(v) € L%(R?)}, which is endowed with
the norm ||[v[| gr«(ray = [|¢F ()| 2(ray; see [102, Definition 15.7] and [78, Chapter 1, Section 7].
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We define H*(Q) as the closure of C§°(Q) in H*(R%). According to [81, Theorem 3.29], we have the
characterization H*(Q) = {v € H*(RY) : supp v C Q}. We endow the fractional Sobolev space H*(f2)

with the following inner product and norm:

(uvv)HS(Q) = /[Rd /[Rd (i) _|1;(g))y(|3ia;)s — v(y))dxdyv HUHHS(Q) = (U7U)I%:IS(Q)'

We denote by H—*(Q) the dual space of H*(Q). Finally, we introduce
A:H*(Q) x H*(Q) = R, A(u,v) = 2710(d, $)(U; V) s (0

and [|v]ls == A(v,v)2.

We will use the following continuous and compact embedding results repeatedly. Let s € (0,1). If
v € [1,2d/(d—2s)], then H*(Q?) — L*(Q2) [4, Theorem 7.34]. If v € [1,2d/(d—2s)), then the embedding
is compact [46, Corollary 7.2].

4.2.4 Assumptions

We will operate under the following assumptions on ¢ and L. However, we must mention right away
that some of the results obtained in this paper are also valid under less restrictive conditions; when
possible, we explicitly mention the assumptions on a and L that are required to obtain a particular

result.

A1) a:Q xR — Ris a Carathéodory function of class C? with respect to the second variable and
y

a(-,0) € L2(Q)N L"(Q) for r > d/2s.
(A.2) %(m,u) >0 for a.e. x € Q and for all u € R.

(A.3) For all m > 0, there exists Cyy > 0 such that

2

>

i=1

dta

2 2
o 07a 8a:17v) < Culu —v|

W(%U) - W( )

S Om;

(z,u)

for a.e. z € Q and u, v such that |ul,|v] < m.

We note that it follows directly from (A.3) and the mean value theorem that a and % are locally

Lipschitz with respect to the second variable.

(B.1) L : QxR — R is a Carathéodory function of class C? with respect to the second variable and
L(-,0) € L' ().
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(B.2) For all m > 0, there exist ¢y, pm € L"(Q) with r > d/2s such that

0?L

oL
<Un@) |5z

) < u(2)

for a.e. x € Q and w such that |u| < m.

The following assumption is necessary to obtain further regularity properties for optimal control vari-

ables and to derive error estimates.

(C.1) For all m > 0 and u € [-m,m], 2£(-,u) € L*(Q) and ‘g%(-,u) e L5 (Q).

4.3 Fractional semilinear PDEs

Let s € (0,1) and let ¢ € L™ () with r > d/2s. We introduce the following weak formulation for the
fractional, semilinear, and elliptic PDE (4.1.2): Find v € H*(Q) such that

A(u,v)—l—/ﬂa(a:,u)vdx:/ﬂqux Yo e H*(Q). (4.3.1)

Here, a = a(z,u) : 2 x R — R denotes a Carathéodory function which is monotone increasing in w.

We assume that for every m > 0 there exists ¢ € L'(2) such that
la(z,u)| < om(z) ae. 2 €Q, u e [-mm], t=2d/(d+ 2s). (4.3.2)

If, in addition, a(-,0) € L"(Q) with r > d/2s, then (4.3.1) has a unique solution v € H*(2) N L>(Q),
which satisfies the stability bound [|ul[s + [|ul| L~ () < [lg — a(-,0)||Lr ) [89, Theorem 3.1].

Theorem 4.3.1 (Sobolev regularity). Let s € (0,1) and let ¢ € L*(Q) N L"(Q) with v > d/2s. If
a(+,0) € L?() and a is locally Lipschitz with respect to the second variable, then the solution u of
problem (4.3.1) belongs to H*T+~=(Q) for all 0 < e < s, where k = § for § <s<1and Kk =s—¢ for

0<s< % Moreover, we have the bound
llull gotr—<) S Ce™"llg — al-,0)| L2 Ve € (0, s),
where v = % for % <s<landv= % + vy for 0 < s < % Here, vy and C' denote positive constants

that depend on Q and d and 2, d, and s, respectively.

Proof. The proof follows from a direct application of [17, Theorem 2.1 and inequality (2.6)] using

the fact that a is locally Lipschitz with respect to the second variable so that [|¢ — a(-,u)|r2) <

lg —a(-,0)[| 2y + [Jullz2) S llg — a(-,0)|| L2 O
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4.3.1 Finite element discretization

We now present a finite element approximation of problem (4.3.1) under the additional assumption
that Q is a Lipschitz polytope. Let {9}, }r>0 be a collection of conforming and quasi-uniform meshes
I, made of closed simplices T', where h = max{hr : T € 9} and hy = diam(T'). For each mesh 7,

we introduce the following standard finite element space:
Vp, i= {vp € C(Q) : vp|r € P1(T) VT € Ty, v = 0 on 00}. (4.3.3)
The discrete approximation of (4.3.1) is as follows: Find up € V}, such that

a(x,up)vpde = / qupdz Yo, € Vy,. (4.3.4)
Q

A(up,vn) +/

Q

The existence of a discrete solution follows from Brouwer’s fixed point theorem; uniqueness follows
from the monotonicity of a. Moreover, we have ||usls < [|qll 7+ (0)-

We now state a priori error estimates. For this purpose, we will assume that
la(z, u) — a(z,v)| < |o(z)|lu — vl (4.3.5)

for a.e. z € Q and u,v € R. The function ¢ belongs to L?(Q2), where y = d/2s.

Theorem 4.3.2 (a priori error estimates). Let s € (0,1) and let ¢ € L"(Q) with r > d/2s. Let
u € H*(Q) be the solution to (4.3.1) and let up, € Vy, be its finite element approzimation obtained as
the solution to (4.3.4). If a satisfies (4.3.5), then we have

lu —unlls < Jlu—ovnlls Yoy, € Vy,. (4.3.6)

If, in addition, q € L*(Q), a is locally Lipschitz with respect to the second variable, and a(-,0) € L*(),

then we have the error bound
lu—unlls S R7[loghl?|lg — a(-,0)| 2(), v = min{s, %}, (4.3.7)
If, in addition, a satisfies the condition (4.3.5) with v =d/s, then we have
u—unllr2) S B*7|log h*?|lg — a(-,0)[|L2(), 7 = min{s, 3}. (4.3.8)

Here, p = v if s # %, p=1+vifs= %, and v > % is the constant in Theorem 4.3.1.

Proof. The proof of (4.3.6) can be found in [89, Theorem 5.2]. The error estimates (4.3.7) and (4.3.8)
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can be found in [90, Theorem 5.1] and [90, Theorem 5.2]. O
We conclude this section with the following convergence result.

Lemma 4.3.3 (convergence). Let s € (0,1) and let up, € Vy, be the solution to

A(up,vp) + /

a(x,up)vpde = / grupdz Yo € Vy,
Q

Q

where qn, € L™(Q) with r > d/2s. If a satisfies the condition (4.3.5), then we have q, — q in L™(Q) =
up, — uw in L*(Q) as h — 0. Here, v < 2d/(d — 2s).

Proof. See [89, Proposition 5.3] for a proof. We note that in the statement of [89, Proposition 5.3] it
is assumed that Q € C2. However, this assumption does not play any role and the same proof can be

performed if Q2 is a Lipschitz polytope. o

4.4 The optimal control problem

In this section, we present the following weak formulation for the optimal control problem introduced
in section 4.1: Find

min{J(u, q) : (u,q) € H*(Q) x Qua} (4.4.1)

subject to the fractional semilinear, and elliptic state equation
A(u,v) +/ a(z,u)vdr = / qudz Yo € H*(Q). (4.4.2)
Q Q

Here, a = a(z,u) : @ x R — R is a monotonically increasing in u Carathéodory function that satisfies
(4.3.2) and a(-,0) € L"(Q) with » > d/2s. As explained in section 4.3, problem (4.4.2) is well-
posed under these assumptions on a. We therefore introduce the control to state map S : L™(2) —

H*(Q) N L>(2) which, given a control ¢, associates to it the unique state u that solves (4.4.2).

4.4.1 Existence of an optimal solution

We begin this section by introducing the concept of global solution. We say that § € Quq is a global
solution of (4.4.1)—(4.4.2) if J(8q,q) < J(Sq,q) for all ¢ € Quq. The existence of an optimal solution

(4, q) € H*(Q) x Quq for our optimal control problem is as follows.

Theorem 4.4.1 (existence of an optimal solution). Let s € (0,1). Let L = L(z,u) : 2 x R = R be

a Carathéodory function. Assume that, for every m > 0, there exists o € L"(Q) with r > d/2s and
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om € LY(Q) such that
0@ 0)] < (@) (@) <om(@) ae z€Q, ue [-mm) (1.4.3)

Thus, (4.4.1)~(4.4.2) admits at least one solution (i, q) € H*(Q) N L®(Q) X Quq.

Proof. Let {(ug,qr)}ren be a minimizing sequence, i.e., for k& € N, g € Quq and up = Sqi, € fls(Q)
are such that J(ug,qr) — j := inf{J(Sq,q) : ¢ € Qua} as k T co. The arguments in the proof of
[89, Theorem 4.1] show that, up to a nonrelabeled subsequence, g — § in L>°(Q) and up — @ in
H? (Q) as k 1 0o, where @ = §g. On the other hand, the Lebesgue dominated convergence theorem
combined with (4.4.3) and the fact that uxr — @ in L*(Q) for every v < 2d/(d — 2s) show that
| Jo(L(z,up(2)) — Lz, u))dz| — 0 as k 1 co. Since ||-||11(q) and the square of || - || ,2(q) are continuous

and convex in L(2) and L2(2), respectively, we can arrive at J (i, ¢) < j. This completes the proof. [

4.4.2 First-order necessary optimality conditions

In this section, we develop necessary first-order optimality conditions for (4.4.1)—(4.4.2). Since this
problem is nonconvex, we discuss optimality conditions in the context of local solutions: We say that

q € Quq is a local solution in L?(§2) for (4.4.1)—(4.4.2) if there exists € > 0 such that
J(8q,q) < J(Sq,q) Yq € Qua: |lg—qllr20) <&

The element ¢ is called a strict local solution in L?(2) for (4.4.1)—(4.4.2) if there exists ¢ > 0 such that
J(8q,q) < J(Sq,q) for all ¢ € Qua \ {G} such that |lg — Gl z2(0) < €.
We now introduce F : L?(Q2) — R and j : L'(2) — R by

A .
Flo) = [ Lw.Sodeo+ Slalfae. 5@ = oo

We also introduce the reduced cost functional j : Qua — R by j(q) = F(q) + nj(q).

In what follows, we discuss differentiability properties for S and F'.

Proposition 4.4.1 (differentiability properties of S). Let s € (0,1) and let r > d/2s. Assume that
(A.1)-(A.3) hold. Then, the control to state map S : L"(2) — H*(Q) N L>(Q) is of class C%. In
addition, if ¢,w € L"(Q), then ¢ = S'(¢)w € H*(Q)NL>(Q) corresponds to the unique solution to the
problem

A((b,v)—l—/ %(x,u)(bvdx:/wvdx Yo e H(Q), (4.4.4)

o Ou Q

where u = Sq. If wy,wy € L"(Q), then ¢ = 8" (q)(w1,w2) € H¥(Q)NL®(Q) corresponds to the unique
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solution to

Oa %a ~
A, v) + /Q %(x,u)z/)vd:r = —/Qw(x,u)gbwlgbwvdx Yo e H*(Q), (4.4.5)
where w = 8q and ¢, = S’ (q)w;, with i € {1,2}.
Proof. See [89, Theorem 4.3] for a proof. O

To present the following result, we introduce the adjoint state p, which corresponds to the solution to

the problem: Find p € H*(Q) N L>°(Q) such that

z,u)pvdr = g—L(:v, wyvdr Yo € H*(Q), (4.4.6)
Q ou

A(v,p) +

a
Q 8’&(
where u = Sq € H*(Q) N L>®(Q). Since da/du(zx,u) > 0 for ae. z € Q and for all u € R and

OL/Ou(-,u) € L™(Q) for every m > 0 and u € [—m, m], the adjoint problem (4.4.6) is well-posed.

Proposition 4.4.2 (differentiability properties of F'). Let s € (0,1) and let r > d/2s. Assume that
(A.1)-(A.3) and (B.1)-(B.2) hold. Then, F : L*(Q) N L"(Q) — R is of class C%. In addition, if
q,w e L*(Q)NL"(Q), then

Fl(qw = /Q (p + \q) wdz, (4.4.7)

where p solves (4.4.6). If wi,ws € L*(Q) N L"(Q), then we have

9L 0?
F"(q) (w1, w2) = /Q (@(fcau)%l%z + Awiws —pa—zg(%uwwl%z) dz, (4.4.8)

where u = Sq and ¢y, = S'(Q)w;, with i € {1,2}.

Proof. See [89, Proposition 4.5] for a proof. O
The necessary first-order optimality conditions are as follows.

Theorem 4.4.2 (first-order optimality conditions). If § € Quq is a local solution to (4.4.1)—(4.4.2),

then there exists 7 € 05(q) such that

/Q(z‘) +Aq + pi)(q — q)dz >0 Vg € Qqa- (4.4.9)

Here, p denotes the solution to (4.4.6) where u is replaced by @ = Sq.

Proof. Since § is a local solution, there exists € > 0 such that j(q) < j(q) for every ¢ € Q,q such that

17 —qllz2) < e. Let ¢ € Qua and let p € (0,1) be sufficiently small so that g, := ¢+ p(q — q) =
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pq + (1 —p)q € Qua satisfies ||§ — g, z2() < . Thus
0 <iap) —i(a@) = [F(gp) = F(@)] + nli(gp) — 3(@)]. (4.4.10)

Note that j(g,) —7(q) < p(3(q) —7(G)) because j is convex. Dividing (4.4.10) by p and taking the limit
as p | 0 yield 0 < F'(q)(¢ —q) + p(j(q) — §(q)) for every q € Quq. This inequality can be rewritten as

follows: § € Qqq is such that

0q) <(q) Yq€ Qua, £:L*Q) =R, Lq):=F(q)q+ ujq),

i.e., g is a global minimizer of ¢ over Q,q. We must thus have that 0 € (¢ +1q,,)(7) = 04(q) + dlqg,,(7)
[96, page 134 and Proposition 4.5.1]. Here, lg,, corresponds to the indicator functional of Quq; see
section 4.2.2. We now use that F'(q) = (p+\q) and let 7 € 95(q) to arrive at —(p+Aq) —uij € dlg,, (7).

This allows us to conclude. O
Let a,b € R be such that a < b. We introduce the operator Iljq o : L' (Q) = Qua by Ijq 6 (v) =
min{b, max{a,v}} and present the following result.

Theorem 4.4.3 (projection formulas). If ,,p, and 7} are as in the statement of Theorem 4.4.2, then

q(x) =g gy (A7 (B(2) + pip(x))),  G(z) =0 |p(z)] < p, (4.4.11)

N(z) =y 1) (—p 'p(x)) (4.4.12)

for a.e. x € Q. In particular, the subgradient 11 € 05(q) is uniquely determined and both ¢ and 7 belong
to H*(Q) N L>°(9).

Proof. The derivation of the projection formula for ¢ in (4.4.11) is standard in PDE-constrained op-
timization. The equivalence §(z) = 0 < |p(z)| < p for a.e. z € 2 can be found in [26, Corollary
3.2]. The projection formula for 77 in (4.4.12) can also be found in [26, Corollary 3.2]. This formula
directly guarantees the uniqueness of 7. The desired regularity properties for ¢ and 7 follow from the
projection formulas in (4.4.11) and (4.4.12), the fact that max{0,7} = (7 + |7])/2 for all T € R, and
[86, Theorem 1]. O

4.4.3 Second-order optimality conditions

In this section, we assume that d € {2,3} and s > d/4.

Let § € Qqq be a local minimum and let 77 € 95(g) be the corresponding subgradient. We define

Cy:={w € L*(Q) : w satisfies (4.4.13) and F’(q)w + pj'(g;w) = 0},
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where F'(q)(:) and j'(g, ) are described in Proposition 4.4.2 and (4.2.2), respectively, and
w(z) > 0if g(x) = o, w(z) <0if gx) = 6. (4.4.13)
The set Cj is a closed and convex cone in L?(£2) [26, Proposition 3.4].

We formulate necessary second-order optimality conditions as follows.

Theorem 4.4.4 (second-order necessary optimality conditions). If § € Quq is a local minimum of

problem (4.4.1)~(4.4.2), then F"(q)w? > 0 for every w € Cj.
Proof. The proof follows the same arguments as in [26, Theorem 3.7]. O

To present the following result, for 7 > 0, we introduce the cone
C7 = {w € L*(Q) : w satisfies (4.4.13) and F'(q)w + pj’(g;w) < THU]||L2(Q)} )

Theorem 4.4.5 (equivalence). Let § € Quq be a local minimum and let 7 € 9j(q) be the corresponding
subgradient such that (4.4.9) holds. Then, the following statements are equivalent:

(i) F"(q)w? > 0 for all w € C;\ {0}.

(ii) There exist 7,6 > 0 such that F"(q)w? > 5||w||%2(m for allw € C7.

Proof. Since C3 C C7 for every 7 > 0, it is immediate that (4i) implies (7).
We now prove that (i) implies (7). To do so, we follow the arguments of the proof of [26, Theorem

3.8] and proceed by contradiction. Indeed, we assume the existence of a sequence {vy}ren such that
1/k "=\, 2 -1 2
vp € O3, FU@ug <k lokllz2), k€N
D N -1 1/k 1/k .
efine wy, = HkaLg(Q)vk. Note that wy € C;"" because C7’" is a cone. Moreover,
lwellz@y =1,  F'(@Qwi <k™', keN. (4.4.14)

Since {wg }ren is uniformly bounded in L?(Q), we can extract a nonrelabeled subsequence such that
wy — w in L?() as k 1 co. Note that w satisfies (4.4.13). Apply [26, Lemma 3.5] to derive that
F'(q)w + pj’ (g;w) > 0. On the other hand, since j/(q; -) is weakly lower semicontinuous in L?(Q2) and
F'(Qwr, — F'(Q)w as k 1 oo we obtain

F'(Qw + pj'(g;w) < liir%inf F'(Q)wr + 1’ (q; w) < liir%inf k=t =o.
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To obtain the last inequality we used that wy € C;/k. This proves that F'(7)w + pj’(§;w) = 0 and
thus that w € Cj.
We now prove that w = 0. Since (i) holds, it suffices to show that F”(g)w? < 0. To accomplish this

task, we use the characterization (4.4.8) and write
_ PL, a?
F'(q)wp = /Q (W(I,u)gbi + Awp — o 2( )¢k) (4.4.15)

Here, ¢p = S'(Q)wy, € H*(Q) N L>®(Q) solves (4.4.4) with u and w replaced by 4 = S(g) and wy,
respectively and 5 € H5(Q) N L®(Q) solves (4.4.6) with u replaced by @. Since w, — w in L2(Q)
as k 1 0o, we deduce that ¢p — ¢ = S'(Q)w in H*(Q) as k 1 co. Note that ¢ solves (4.4.4) with u
replaced by u. This convergence result and the compact embedding of section 4.2.3 show that ¢ — ¢

in L*(Q) for every v < 2d/(d — 2s). Thus, we invoke the assumptions (A.3) and (B.2) and obtain
/ 82L _ 82L _
3u2
/ @(x w)p (¢ — ¢°) dz
Q 6U2 ’ k
&%a, _
< W( u

Here r—1 4+ 2¢t~! = 1. Note that, since r > d/2s, we have that t < 2d/(d — 2s).

||¢k — Bl llor + ol L),

121l oo () | P — @l e llPr + Dl L)
L (Q)

Since the square of || - || .2() is continuous and convex in L?(f2), the aforementioned convergence results

based on (4.4.15) and (4.4.14) yield
F'"(quw?* < hmlan (Q)wi < 0.

The condition (i), which reads: F"(q)w? > 0 for all w € C; \ {0}, therefore implies that w = 0 and
that F”(q)wi — 0 as k 1 cc.

After proving that w = 0, we conclude the proof by arriving at a contradiction. We begin by noting
that wy, — 0 in L?*(Q) implies that ¢, — 0 in LY(Q) for every v < 2d/(d — 2s). We use the latter

convergence result and [|wg||z2(q) = 1 to obtain

F”(*)wQ—AJr/ 82—L(x a)¢2—*@(x W)¢?2 | dz =X >0 k1 oo
= o \ou2 TR Pouz\ & WPk ’ :
This is a contradiction because F”(g)w? — 0 as k 1 oo. This concludes the proof. O

We conclude this section with second-order sufficient optimality conditions.
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Theorem 4.4.6 (sufficient optimality conditions). Let (@, p,q,7) € H*(Q)x H*(Q)x Quqxd7(q) satisfy
the first-order optimality conditions (4.4.2), (4.4.6), and (4.4.9). If F"(q@)w* > 0 for all w € C;\ {0},

then there exist 6 > 0 and € > 0 such that

(@) >i(@) + §lla—dllie@) V4 € Qaa: llg—dllz2e) <&

Proof. The proof follows the same arguments as in [26, Theorem 3.9]. O

4.4.4 Regularity properties

Let ¢ be a local minimum of problem (4.4.1)—(4.4.2). In this section, we provide regularity results for
all involved optimal control variables, i.e., ¢, 4, p, and 7. To accomplish this task, we assume that the
conditions (A.1)—(A.3) and (B.1)—(B.2) hold together with the additional property (C.1).

To present the following result, we define

. (4.4.16)

oL
sew=|grew|
L2(Q

Theorem 4.4.7 (regularity properties). Let ¢ be a local minimum of (4.4.1)—(4.4.2) and let u,p, and
7 be the associated optimal variables. Then, @, p,q,7 € H557¢(Q) for all € € (0, s), where kK = % for

%<S<1 andﬂ:s—af0r0<$§%. Moreover,

1l s+n—2) S e7¥lla — al, 0)][ L2, (4.4.17)
1Dl rs+n—e () < €7VA(L, 1), (4.4.18)

and
@l aotn—<) + 10l gstr——e) S [1+A(L,w)], (4.4.19)

where v = % for % <s<landv= %—H/O for0<s < %, with vy = v9(Q,d) > 0. The hidden constant

in all inequalities is independent of €.

Proof. Since § € Quq C L?(2) N L"(Q) and a is locally Lipschitz with respect to the second variable
and satisfies (A.1), the desired regularity property for @ follows from Theorem 4.3.1. We recall that
u € L>(Q) and that [|ul|p~@) S (17— a(-,0)||zr(@). We now focus on the optimal adjoint variable
p. We first note that since @ € L*>(Q) and, for every m > 0, |0L/0u(x,u)| < ¢m(z) for ae. z € Q
and u € [-m,m], with ¢, € L"(2), we can conclude that p € L>(Q) [89, Theorem 3.1]. With this
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regularity result, we invoke the assumptions (A.3) and (C.1) to arrive at

oL = da

%(au) au(aﬁ)ﬁ€L2(Q)

Thus, an application of [17, Theorem 2.1 and inequality (2.6)] show that p € H5T*¢(Q) together with

the estimate

1Pl resne () S €7 (AC, @) + [1Pllz2(e)) S e VA, @)

We note that since @ € L*°(Q2) and the assumption (A.3) holds, |0a/0u(z,u)| < Cy for a.e. z € Q.
The desired regularity property for 7 and part of the estimate in (4.4.19) follow from the projection
formula (4.4.12), the fact that max{0,7} = (74 |7|)/2 for all 7 € R, and [86, Theorem 1], which applies
becauses+m—£=s+%—£<%if% <s<1ands+m—5:2s—25§1—2£<%if0<s§%.

The desired regularity property for g follows the same arguments. This concludes the proof. o

4.5 A fully discrete scheme for the optimal control problem

Before we begin our analysis, we would like to mention that in this section we assume that 2 is a
Lipschitz polytope. In the following, we propose and analyze the following fully discrete finite element
approximation of our optimal control problem (4.4.1)—(4.4.2): Find min J(up, g5 ) subject to the discrete

state equation

A(up,vp) +/

a(x,up)vpda = / grupdx Yo, €V, (4.5.1)
Q

Q

and the control constraints qn € Qqa,n. Here, Qua.p 1= Qqa N Qp, where Qp := {qn € L>®(Q) : qn|r €
Po(T) VT € F3}. V), denotes the finite element space defined in (4.3.3).

The existence of at least one optimal solution is standard. To provide first-order optimality conditions,

we introduce Fy, : L?(2) — R and j5 : Q, — R to be such that

A )
Fi(q) :/QL(LShq)dIJr§||q||%2<n>, nlan) = llanll L),

where Sy, 1 Qua,n — Vi denotes the discrete control to state map.

first-order optimality conditions for the fully discrete scheme are as follows.

Theorem 4.5.1 (first-order optimality conditions). If §n € Qqa,n s a local solution to the fully discrete

scheme, then there exists Ny, € 0jp(qn) such that

/(ﬁh + Agn + pin) (g — Gn)dz > 0 Vg, € Qua,h. (4.5.2)
o
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Here, py, is the solution to the discrete adjoint equation: Find pp € Vy, such that

0 oL
A(vn, Pn) +/ _a(xvah)ﬁhvhdz = / ——(x, up)vpdx Vop € Vi, (4.5.3)
Q ou Q ou
where up, = Spqh.
Proof. The proof follows the same arguments as in Theorem 4.4.2. O

Analogous to the continuous case, we obtain projection formulas, but now on a discrete level.

Theorem 4.5.2 (discrete projection formulas). If Gi, € Qua,n and 7, € 05 (qn) are as in the statement

of Theorem 4.5.1, then for every T € Fy, we have the formulas

1 1
Gnlr = o g [_X (m /Tﬁhdw +/M7h|T>:| , (4.5.4)

1
Qh|T:0<:>_}/phdx
IT| /7

_ 1 _
Nnlr = 11y (—m/TphdI> . (4.5.6)

In particular, the subgradient Ny, € 0jp(qr) is uniquely determined.

<, (4.5.5)

Proof. From the variational inequality (4.5.2) we have that, for every ¢r € [a, ],

( [ pie s Dake + gl |T|) (ar — @nlz) = 0.
T

The projection formula (4.5.4) can be derived from this inequality. The sparse property (4.5.5) and the
projection formula (4.5.6) are derived in [26, equivalence (4.4b)] and [26, formula (4.4c)], respectively.
O

We conclude this section with the following error bounds for the discretization of the adjoint equation
and the corresponding subdifferential variables by finite elements. These error bounds hold under the

assumption that discrete solutions uy, of the problem (4.5.1) are uniformly bounded in L>°(Q), i.e.,
3C > 0: HU}LHLoo(Q) <C Vh>0. (457)

To present a proof of some of the aforementioned error bounds, we introduce P : L?(2) — Qp,
the orthogonal projection operator on piecewise constant functions. As a final ingredient, we let
{@n}n>0 C Qua,n be a sequence of local minima of the fully discrete optimal control problems such that
17 = GnrllL2(q) — 0 as h — 0, where g corresponds to a local solution of (4.4.1)—(4.4.2); see Theorems
4.5.4 and 4.5.5 below.
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We are now ready to present error bounds.

Theorem 4.5.3 (error bounds). Let 7 € 95(q) be as in Theorems 4.4.2 and 4.4.3, and let p be the
solution to (4.4.6) with u replaced by u = Sq. Let T, € 0jn(qn) be as in Theorems 4.5.1 and 4.5.2,
and let pp, be the solution to (4.5.3). Let us assume that (A.1)-(A.3), (B.1)-(B.2), (C.1), and (4.5.7)
hold. Then, we have

15— Pulls S h7|1oghl? +[1q — Gnll2(), v =min{s, 5} (4.5.8)

15— BullL2) + 17— inll L2y S B2 1og A1 + 113 — @nll L2 (o), (4.5.9)

where ¢ = v if s # %, p=14+vifs= %, and v > % is the constant in Theorem 4.3.1.

Proof. The error estimates for p— pj, in H*(Q) and L2(2) can be found in [90, Theorem 6.2, estimate
(6.17)] and [90, Theorem 6.2, estimate (6.18)], respectively. It is worth noting that in the proof of [90,
Theorem 6.2] it is assumed that JL/0u is locally Lipschitz with respect to the second variable. This
assumption can be removed at the expense of having the assumption on the second derivative in (C.1).
It remains to prove the estimate for 7 — 7, in L?(£2). To do this, we use the projection formulas for 7

and 7, which are given in (4.4.12) and (4.5.6), respectively, and arrive at

17— nll2) < 1P — Prbnll L2

A simple application of a triangle inequality thus results in || — 7a [ L2(0) < p™ D — PrbllL20) +
Cu=Yp — Prllz2(q) using the fact that P, is stable in L?(2). The regularity property for p derived
in Theorem 4.4.7, namely, p € H*T*~¢(Q)), where x and ¢ are the same as in the stament of Theorem

4.4.7, and a basic error estimate for the orthogonal projection Py, yield
15— Pupll2(e) S P*7[log h|"A(L, @), v =min{s, 3}.

This and the derived error estimate for p— py, in L?(£2) allow us to complete the error estimate (4.5.9).

This completes the proof. O

4.5.1 Convergence of discretizations

We begin this section with a convergence result that guarantees that a sequence of discrete global
solutions {@p}n>0 contains subsequences that converge to global solutions of problem (4.4.1)—(4.4.2)

as h — 0.

Theorem 4.5.4 (convergence of discrete global solutions). Let us assume that (A.1)-(A.3), (B.1)-
(B.2), and (C.1) hold. Let h > 0 and let G, € Qua,n be a global solution to the fully discrete control
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problem. Then, there exist nonrelabeled subsequences of {qn}n>0 such that gy X G in the weak® topology
of L*>°(Q) as h — 0 and q corresponds to a global solution of the continuous control problem (4.4.1)—

(4.4.2). Furthermore,
Jim 1 = Gall2(@) = 0, Jim ju(@n) = j(@)- (4.5.10)
If, in addition, (4.5.7) holds, then
17— Ml L2y — 0 (4.5.11)

as h — 0.

Proof. Since {qn}n>0 C Qqa,n is uniformly bounded in L*°(2), we can extract a nonrelabeled subse-
quence such that @, — ¢ in the weak* topology of L>(Q) as h — 0. In the following, we prove that
the limit G is a global solution to (4.4.1)—(4.4.2).

Let G € Quq be a global solution to (4.4.1)—(4.4.2) and define q; = Prg € Q. We note that according
to the definition of Py, qp is such that qulp = [ q(x)dz/|T| for each T € J},. This immediately
guarantees that qp € Qua,n, because g € Quq. We now take advantage of the fact that g € H¥*¢(Q),
where k and ¢ are as in the statement of Theorem 4.4.7, and a basic error estimate for P, to deduce
that ||g—qnllz2() — 0 as h — 0. We now use the global optimality of q € Quq in conjunction with the
fact that ¢ € Quq, a convergence result based on Lemma 4.3.3 and the fact that @, — ¢ in the weak*
topology of L*>(€2) as h — 0, the global discrete optimality of g € Qqq,, combined with the fact that
dn € Qad,h, and another convergence result based on Lemma 4.3.3 and the fact that ||g—qn|[2(q) — 0

as h — 0 to obtain

(@) <i(q) <liminfjy(gn) < limsupin(gn) < limsupja(qn) =j(q).
h—0 h—0 h—0

As a result, we have obtained that j(q) < j(7) <j(q), which guarantees the global optimality of g. We
also proved that j,(gn) — j(q) as h — 0.

We now prove that ||§—gn/z2(0) — 0as h — 0. Due to Lemma 4.3.3, we have that @, = Spg — @ = Sq
in L*(2) for every v < 2d/(d — 2s). From this follows | [,(L(x,@s) — L(z,w))dz| — 0 as h — 0. Since

in(@n) — j(q) as h — 0, we obtain

A _ A _
5”‘]%1”%2((2) + pllgnllr @) — §||Q||%2(sz) +plldllLiy, h—0. (4.5.12)
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Define g = sign(g) € L*°(2). Let h > 0. We note that, since |gx| > g5, in 2, we have

o)~ [ oo = [ (al=ade+ [ (ol +a)do+ [ jajds 20
Q QrF Q7 Q9
This bound, the limit in (4.5.12), and the fact that g, — g in the weak* topology of L>(Q) as h — 0,

allow us to obtain the following result:

I [ TP _ _
0< lim [§|Qh = dllz2(q) + 1 <|Qh|L1(Q) - /Q thdi?ﬂ
A 7 A _
— (Slalen + lalloen ) — F1l3ec0 = ulleloiay =

This immediately implies that ||gn — Gl|z2() — 0 as h — 0.
The convergence of the term || — 75| £2(q) follows immediately from Theorem 4.5.3. This concludes

the proof. O
To present the next result, we introduce Be(q) := {g € L*(Q) : [|§ — q|| r2() < €}

Theorem 4.5.5 (convergence to a local solution). Let the assumptions of Theorem 4.5.4 hold. If q is
a strict local minimum of the control problem (4.4.1)-(4.4.2), then there exist hy > 0 and a sequence

{@n}Yo<n<n; of local minima of the fully discrete control problems such that (4.5.10) and (4.5.11) hold.

Proof. Since q is a strict local minimum of (4.4.1)—(4.4.2), there exists € > 0 such that g is the unique
solution to the following problem: Find min{j(q) : ¢ € Qua N Be(q)}-

We now introduce the following discrete problem for each 2 > 0: Find min{jx(qn) : ¢n € Qaa,nNB(q)}-
We note that there exists h, > 0 so that for each h € (0, h,) the discrete function Ppqg belongs to
Qud,n N Be(q). Consequently, Qqq,5, N Be(q) is not empty and the previously introduced discrete problem
admits a solution.

Let h € (0, hy) and let gn € Quq,n N Be(7) be a global solution of the aforementioned discrete problem.
The arguments elaborated in the proof of Theorem 4.5.4 show the existence of a nonrelabeled subse-
quence of {Gn}o<n<n, such that it converges strongly in L?(Q) as h — 0 to a global solution of the
following problem: Find min{j(q) : ¢ € Qua N B:(7)}. As mentioned at the beginning of the proof, this
problem admits a unique solution g. Consequently, the whole sequence {Gr}o<n<n, must converge to
g in L*(Q) as h — 0. As a result, there exists hy € (0, h,) such that the constraint g, € Qqa,n N Be(q)

is not active for h < h4, i.e., g, solves the fully discrete scheme. This concludes the proof. O
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4.5.2 Error estimates

This section is dedicated to the derivation of error estimates. For this purpose, we assume that
d € {2,3} and s > d/2 and we let {Gn}r>0 C Qua,n be a sequence of local minima of the fully discrete
optimal control problems such that [|g—gnl[z2() — 0 as b — 0, where ¢ corresponds to a local solution
of (4.4.1)—(4.4.2); see Theorems 4.5.4 and 4.5.5. The main goal of this section is to obtain an error

estimate for § — g, in L?(Q), namely

G — anllr2) S P |logh*® Vh < hg, ~y=min{s, 1}, (4.5.13)
1
27
Theorem 4.5.6 below.
The following result is helpful to obtain (4.5.13).

p=1+vifs= %, v > = is as in Theorem 4.3.1, and hg > 0 is the constant in

where p = v if s # %

Theorem 4.5.6 (instrumental error estimate). Let us assume that (A.1)-(A.3), (B.1)-(B.2), (C.1),
and (4.5.7) hold. Let § € Quq satisfy the second-order optimality condition (i), or equivalently (ii) in
Theorem 4.4.5. If (4.5.13) is false, then there exists hg > 0 such that

€llg — anl30) < [F'(@) - @)@ — @) Vhe (0,hol (4.5.14)

where € := 271§ and § is the constant that appears in the item (i) of Theorem 4.4.5.

Proof. In a first step, we invoke the C? regularity of F in L?(Q)NL"(Q), with 7 > d/2s (cf. Proposition
4.4.2), the L?(Q)-convergence of g, to g as h — 0, and the mean value theorem to conclude the existence

of ¢ > 0 and h. > 0 such that
/(= /(= P . (N~ —\2 J — —12
[ (@n) = F'(@))(an — @) 2 F"(@(an = )" = 5llan = allz2@) YA < he

It therefore suffices to prove that g, — g € C7 for some 7 > 0 and for every h < h., where h; > 0, to
apply item (ii) of Theorem 4.4.5 and deduce (4.5.14) with hg := min{h,, h.}. Therefore, the rest of
the proof is devoted to proving that g, —q € C7.

Since (4.5.13) is false, there are sequences {h¢}7°; and {gp, }72, such that hy — 0 as £ 1 oo and
(R [log he|*?) |G = Gn, |l £2(0) = o0

as hy — 0. In the following, we omit the subindex ¢ to simplify notation. For each h > 0, we define
the function vy, := (gn — q)/||Gn — @ll L2(0)- Since {vn}r>o is uniformly bounded in L*(£2), there exists a

nonrelabeled subsequence such that v, — v in L?(2) as h — 0. We now prove the existence of 7 > 0
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and h; > 0 such that v, € C7 for every h < h,. The fact that every v, satisfies the sign conditions

(4.4.13) is trivial. Tt is therefore sufficient to prove that
F'(@un+pj'(Gon) <7 Vh < by (4.5.15)

Since [26, Lemma 3.5] guarantees that F'(q)vy, + pj’(g;vn) > 0, which holds for every h > 0 because
vp, € L2(9) satisfies (4.4.13), we will obtain (4.5.15) with the help of the limit F’(q)vy, + uj’(g; va) — 0
as h — 0. This will be now the focus of the proof.

Let us first note that the arguments developed in the proof of [89, Theorem 7.4] based on the weak

convergence v, — v in L?(Q2) as h — 0 show that

{F’(q)v + u/ nvdx} = lim {F’(qh)vh + u/ nhvhdx} <0. (4.5.16)
Q h—0 Q

This is the place where we use the assumption that (4.5.13) is false; see the proof of [89, Theorem
7.4, page 22] for details. On the other hand, F'(q)v + p [,ivde = [,[p 4+ AG + pijlvdz > 0 as a
consequence of the variational inequality (4.4.9) and the fact that v satisfies (4.4.13). The relation
F'(@)v+ i [, 7vdz = 0 can be derived from this.

We now prove that j'(g;vn) — [, fvdaz as h — 0; recall that j/(g;-) is defined in (4.2.2). To do this,

we first note that v, — v in L?(Q2) as h — 0 yields

lim / vhdx—/ vpdz :/ vdx—/ vdz. (4.5.17)
h=0 ( Jai Q; o Q;

We now study ng lun|dz, where Q) = {2 € Q : g(z) = 0}. In view of (4.4.11), the set QY can be

rewriten as Q) = {x € Q: [p(x)| < p}. We decompose this set as follows:

Q=QruQ U, Q= {r e Q:p) = n),

Q, ={reQ:p(x)=—u}, Ql‘fss ={z € Q:|p(x)] < p}.

With these sets at hand, we can write the integral [, [vs|dz as follows:
/ |vp|dz = / |vp|dz + / |vp |dz + / lop|dz := Jp + Ri + L. (4.5.18)
Q9 Qless QF Q

In the following, we proceed in three steps to examine the three preceding terms.

Step 1. We study the limit value of J;, as h — 0. For this purpose, for each h > 0 and T' € 7, we
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introduce the average pp,p := [, ppda/|T|. We also define

A p = {T € I, : |Z_7h,T| < u}, Qi pi= Q};SS N Ahs (4.5.19)

Ton ={T € % : |pnr| > 1}, Qo= Q5 N Ty . (4.5.20)

In an abuse of notation, here and in what follows, by 71 and %, we will indistinctively denote
either these sets or the union of the triangles that comprise them. Step 2. We now study the limit

value of 8, as h — 0. To do this, we define

T =A{T € T : pn1 < —pi}, Q3 = N T,

Tan =A{T € Ty : pu7 > +1u}, Qup = 0 Ty,

and Qs == Ql‘f N J n, where F7 5, is defined in (4.5.19). If we proceed as at the beginning of Step 1,

we can deduce that vy (z) = 0 for a.e. x € Q5. Consequently,

ﬁhz/ |vh|dx=/ |’Uh|d£C—|—/ |vp|da.
ot Qs Qa.n

m

Let T € 3 5. By definition, pn r < —p. Recall that p(z) = p for a.e. x € Qf. Thus,

0 < 42T N Q| :/

(1 — (—H))de < / (p— Phﬁh)de =[p- PhﬁhH%? T):
(1)
nQ;t

T

Summing over all elements T in Z3 ;, we obtain |23, — 0 as h — 0. To complete the proof of this
step, we let T € J4 . Note that pp r > p. Using the projection formulas (4.5.4) and (4.5.6), we can
deduce that gn|r < 0. This implies that v,(z) <0 for a.e. 2 € TNQY. As a result, |v,(2)] = —vn(z)

for a.e. z € TNQ;. Thus,

lim R, = — lim vpdr = — lim vpde — lim vpde
h—0 h—0 Qun h—0 Quin h—0 Qsn

— lim vpdz = — lim vpde = —/ vdz. (4.5.21)
h—0 Qs h—0 QI Slt

To obtain the first relation, we used that st . |vn|ldz — 0 as h — 0. This follows from Q3] —

0 as h — 0 and |lvp| g2 = 1 for each h > 0. The second relation follows from the fact that

fQ3  vpdz — 0 as h — 0 and Jo. vpdz = 0 for each i > 0. The third relation is a consequence of

Q:[ = Q3,UQy , UQs 1. Finally, the last relation follows from the use of the weak convergence v, — v
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in L?(Q2) as h — 0. We now note that for each T' € F; p, gn|r = 0 as a consequence of (4.5.5). Thus,

_ @)
r =l

@n — qll L2

T

for a.e. x € Qifss NT and for each T € Z 5, due to (4.4.11). As a result, we obtain

|vp |da = / |vp|da = 0,
/Ql,h Z T

less
Te ,91,}1, I'-WQ“

In =/ |vp|da :/ |vg|da.
Qloss Qo

‘We now bound fﬂz , |vp|dz. For this purpose we let T' € % ;, and note that

which implies that

0 <[p—=p(@)[| <Ipnr| = [p()]]

for a.e. x € Ql‘f“ NT. Integrating over Ql‘f“ N T results in
0< [ lu=lplPas < [ 1Pl = 19lPds < [P~ plEscr,
TNQless T

Summing over all elements 7" in % j; and using the arguments from the proof of Theorem 4.5.3 which

guarantee that ||Pnpn — pllr2(0) — 0 as h — 0, it follows that [Qz 5| — 0 as h — 0. This implies that

lim Jj, = 0. (4.5.22)
h—0

Step 2. We now study the limit value of K, as h — 0. To do this, we define

Tan:={T € T} : ph,r < —}, Q3. = N Ty,

Tap =T € T, : Pn7 > +14}, Qupn = Qf 0 T,

and Qs p, == Q:[ N A, where 7 5, is defined in (4.5.19). If we proceed as at the beginning of Step I,

we can deduce that vy (z) = 0 for a.e. x € Q5. Consequently,

ﬁhz/ |vh|dx=/ |vh|d:1c—|—/ |vp |da.
af Q3.n Q4,n

m
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Let T € J3 1. By definition, pnr < —p. Recall that p(z) = u for a.e. x € Q. Thus,

0 < 4T N Q| :/

[ (= s < [ 0= Pads = = Pa .
n 123

T

Summing over all elements T in J3 5 we obtain |Q3 ] — 0 as h — 0. To complete the proof of this
step, we let T' € ;5. Note that p r > p. Using the projection formulas (4.5.4) and (4.5.6), we can
deduce that gx|7 < 0. This implies that vp(2) < 0 for a.e. 2 € TNQF. As a result, |op(2)] = —vn(2)
for a.e. x € TNQf. Thus,

lim R, = — lim vpdr = — lim vpde — lim vpde
h—0 h—0 Q4,h, h—0 Q4,h h—0 QS,h

- %13%) - vpde = — %13%) ” vpder = — /Qj vdz. (4.5.23)
To obtain the first relation, we used that fﬂs,h, |vp]de — 0 as h — 0. This follows from |Q35]| —
0 as h — 0 and |lvp| g2 = 1 for each h > 0. The second relation follows from the fact that
wi vpdr — 0 as h — 0 and fﬂs,h vpdx = 0 for each h > 0. The third relation is a consequence of
Q:[ = (3, UQy , UQs 5. Finally, the last relation follows from the use of the weak convergence vy, — v
in L?(Q2) as h — 0.

Step 8. Using arguments similar to those in Step 2 we arrive at

lim £, :/ vdz. (4.5.24)
h—0 Q

m

Collecting (4.5.18), (4.5.22), (4.5.23), and (4.5.24) we conclude that

lim |vh|d;v=—/ ’Ud;C—I—/ vdz. (4.5.25)

I I

After we have proved (4.5.25) we use (4.5.17) and the fact that 7(z) =1 for a.e. € Qf and z € Q;
and that 7j(z) = —1 for a.e. € Q7 and z € Qf to deduce that

de—/ vdx—i—/ vdx
QF Q,

. e _ _
lim j (vah)—/Qq+ vdx /Q

:/ ﬁvdx—l—/ ﬁvdx—|—/ ﬁvdx—l—/ ﬁvdx:/ﬁvdx. (4.5.26)
of Q7 Qf QL Q

To obtain the last equality we have used that ||vh|\L1(Qfss) — 0, which follows from (4.5.22), and that

vp — v in L?(2) as h — 0 to conclude that v = 0 a.e. in Q™.
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The limit (4.5.26) and the relation (4.5.16) allows us to conclude that

lim (F'(q)vn + ' (g5 vn)) = 0.
h—0

Since F'(q)vn + g’ (g;vn) > 0 for each h > 0, we deduce the existence of 7 > 0 and h, > 0 such that
F'(@Q)vn + uj'(g;vn) < 7 for all h < h,. This concludes the proof. O

We now provide a proof for the main result of this section.

Theorem 4.5.7 (error bound for the approximation of an optimal control). Let us assume that (A.1)-
(A.3), (B.1)-(B.2), (C.1), and (4.5.7) hold. Let § € Qquq satisfy the second-order optimality condition
(i), or equivalently (i) in Theorem 4.4.5. Then, there is hg > 0 so that the estimate (4.5.13) holds.

Proof. We proceed by contradiction: If we assume that (4.5.13) is false, then there exists hy > 0 such
that the estimate (4.5.14) of Theorem 4.5.6 holds for every h € (0, hg]. Based on the instrumental
error estimate (4.5.14), we use the continuous and discrete optimality conditions, (4.4.9) and (4.5.2),

respectively, to obtain [26, ineq. (4.14)]

€\q = anll72(q) < [Fr(a@n) — F'(@))(@ — @) + [F7(@n) — F'(@)(Png — 9)
N [F'@)(Phq —9+u [ AP q)dx] w1 — e

+ u/(ﬁh —0)(Pnq — q)dx := 1), + 1L, + 111, + IV, + V. Vh < hg.
Q

In the following, we proceed in several steps and estimate each of the terms Iy, II;, I1I,, IV}, and
V), individually.
Step 1. We first control the term IV},. To do this, we first use that 77 € 95(g) and the definition of the

subgradient given in (4.2.1) to obtain
/Qﬁ(‘jh —q)dz < ||anllzr) — llallLi@)-
Since 7, € Ojn(dn), the characterization in [26, eq. (4.3)] leads to the conclusion that
/Qﬁh((i— qn)dz = /Qﬁh(?dl’ —lanller @) < lldllzi@) — lanllLi@)-

Consequently, we can control the term IV, as follows:

Vi, < p(lanllcr@ = Nl L@y + lallzi @) = llanllLie) = 0. (4.5.27)



CHAPTER 4 93

Step 2. We estimate III;. To do so, we use the characterization of F’(g) described in (4.4.7) and

standard properties for the orthogonal projection operator Py, to obtain
L = [ (5 M0+ = P (9 A + ) (Paq - D)
Q
< (Ilp = Pupll 2y + w7 = Puitll 2) 1 = Prdll L2 (o) (4.5.28)
Here, p € H*(Q)NL>® () denotes the solution to (4.4.6) with u replaced by @ = SG. The control of the

error ||p — Pnpl| L2 () follows from a standard error estimate for P, in conjunction with the regularity

property p € H*~¢((2) for all € € (0,s), where k = % for < s <landk =s—cfor 0 <s < 3 (see

Theorem 4.4.7). In fact, we have
Hﬁ - ,Phﬁ”Lz(Q) S h27| 10gh|”A(L, ﬁ), v = min{s’ %}’ (4'5'29)

where v = 3 for £ <s<1land v =3+ for 0<s< 3, with v = 19(€2,d) > 0. The term A(L, ) is
defined in (4.4.16). Similarly, we have

17 = Prdll 2@y + 17 = Puill 20y < h*7[log hl” [1 + A(L, @)]. (4.5.30)
If we replace the estimates obtained in (4.5.29) and (4.5.30) into (4.5.28), we obtain
IIL, < | logh|? [1 + A(L, w)]> . (4.5.31)

Step 3. An estimate for the term Vj, follows easily from the definition of P}, and the estimate (4.5.30)

derived in the previous step:
V), = u/ (Pnii — 7)(Prg — @)dz < h*|log h|? [1 + A(L,w)]*. (4.5.32)
Q

Step 4. The aim of this step is to estimate the term I;. To accomplish this task, we introduce the

variables 4 € H*(Q) and p € H*(Q), which solve, respectively,

A(ﬁ,v)—i—/ a(x,ﬁ)vdx:/(jhvdx Yo € H*(Q)
Q Q

and

A(ﬁ,v)—F/ @(x,ﬁ)ﬁvdx:/ g—i(x,ﬁ)vdx Yo € H*(R).
Q
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With these variables, we can rewrite and estimate the term I, as follows:

_ _ e - L. <
I, = /Q (D + AGn) — (P + Aqn)] (7 — gn)da < Eth —Dll72@) + ZH(J — Gnll72(0)- (4.5.33)

To obtain the last inequality, we used Young’s inequality. Here, ¢ = 271§ is the constant that appears
in Theorem 4.5.6.

The rest of this step is dedicated to bound the term |pp — p||12(q). For this purpose, we introduce p
as the solution to: Find j € H*(Q) such that

A([),v)—l—/ %(x,ﬁh)ﬁvdx:/ g—L(a:,ﬁh)vdx Vveffs(ﬂ).
¢

) ou o Ju

We note that, in view of (4.5.7) and the assumptions on a and L all terms in this weak formulation
are well-posed. With the variable p at hand, the triangle inequality in L*(Q) yields ||pn — p|r2(0) <
lon — Bl L2y + |P = Pl L2(0)- To bound ||pn — p|| £2(q), we use that pj, corresponds to the finite element
approximation of p within V;,. Indeed, an application of a suitable modification of Theorem [90,
Theorem 6.1] yields

1Dn — Bllr2e) S h*7|log h|*?A(L, wp). (4.5.34)

We note that the same arguments we used to derive the regularity results for p in Theorem 4.4.7 also
apply to p with a similar estimate. It remains to bound the term ||p — p||z2(q). To do this, we first

note that p — p is such that

. e L Ja, .., .
p=peH(Q): AP —pv)+ | Zo(2,8)(p —p)ede
Q U
9L o2 o
:/ W(I,UQ)(ah_a)vdﬁ/ o ) (@ — w)podz (45.35)
Q Q

for all v € fIS(Q), where ug = 4 + 0p(ap, — @) and uy = @y + V(4 — Gp) with 6,9, € (0,1).
Given the assumptions (C.1) and (4.5.7), the L*°(Q)-regularity of p, and Hélder’s inequality we have
that all terms in (4.5.35) are well-defined. We now invoke a stability estimate for problem (4.5.35),
assumptions (A.3) and (C.1), the L®°(Q)-regularity of p, and the embedding H*(Q) — L*(Q), which
holds for every t < 2d/(d — 2s), to derive the estimates

. . %L 0%a N\ .
1= Alaocey 5 15l < | (G o) = Sa ) (on — )

0%L
< (e

< W og h*?[|gn — a(-,0) | 26 (4.5.36)

H=:(Q)

, T |Z3||Loo(9)> @ — il 20
L@
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To obtain the last estimate, we used the fact that u; corresponds to the finite element approximation
of @ within Vj, and Theorem 4.3.2. If we replace the estimates (4.5.34) and (4.5.36) in (4.5.33), we
obtain that

_ R R
Ih S Ch4’Y| log h|4<P (th — (L(-, O)”LZ(Q) + A(L, Uh)) + ZHq - QhH%Q(Q) (4537)

Step 5. In this step, we bound II,. To do this, we use the definition of the orthogonal projection

operator P, and the regularity properties of p and ¢ to obtain

I1, = / ((Pr + Adn — (P + AQ))(Prg — @)z = / (Pn = P)(Pnq — q)dz
Q Q
+APrG = @ll72(q) < 150 = Pll2@)IPad — @llL2@) + MPrd — dll72(q)-

Use the estimates (4.5.30) and (4.5.9), as well as Young’s inequality, to obtain

_ <
IT, < Ch*|log h|* [1 + A(L, w)]* + leq — QnllZ2 (- (4.5.38)

Step 6. Through the collection of (4.5.27), (4.5.31), (4.5.32), (4.5.37), and (4.5.38), we conclude that
(4.5.13) holds, which is a contradiction. This concludes the proof. (|

As a corollary, we present the following estimate for 77 — 7.

Corollary 4.5.8 (error bound for the approximation of an optimal subgradient). In the framework

of Theorem 4.5.7, we have the error bound
17— il L2 S h*7|logh|*? Vh < hg, ~=min{s, 3},

is the constant in Theorem 4.3.1.

wherega:yifs;é%,ga:l—l—uifs:%, andVZ%

Proof. The error bound is an immediate consequence of Theorems 4.5.3 and 4.5.7. O

4.6 A semidiscrete scheme for the optimal control problem

In the following, we propose a semidiscretization strategy based on the variational discretization ap-
proach [67]. Here, only the state space is discretized (the control space is not discretized). The

semidiscrete approach is as follows: Find min J(up, q) subject to

A(uh,vh)—i—/a(x,uh)vhd:vz/qvhd:v Yoy € Vp, (4.6.1)
Q Q
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and the control constraints q € Quq. Standard arguments show that there is at least one optimal
solution to this problem. Furthermore, as in Theorem 4.4.2, it can be proved that if g € Q.4 denotes

a local solution, then there exists 7 € 95(q) such that

[+ 20+ i - =0 Vo€ Qu (46.2)
Q

Here, pj, solves the problem (4.5.3), where @y, corresponds to the solution of (4.6.1) with q replaced

by q. As in Theorem 4.4.3, the following projection formulas can be derived for every = € €:

(@) = Mja,5 (A7 (Br(@) + (), @) =0 [pa(2)] < p,

A(z) =11 (= 'Pu(x)) -

Kol

Since g and 7] implicitly depend on h, we will use the notation g, and 7j; in the following. Assuming
that discrete solutions @y of (4.6.1) are uniformly bounded in L*°(£2) and that (A.1)-(A.3), (B.1)-
(B.2), and (C.1) hold, we can provide error bounds for the approximation error of the adjoint state
and subdifferential variables. The error estimate for the latter is simpler than that in Theorem 4.5.3
because of the bound |7 —7in || r2(0) < ™t |[p— Pl L2(q)- Furthermore, minor adjustments in the proofs

of the Theorems 4.5.4 and 4.5.5 lead to the following convergence results.

e Let h > 0 and let gy € Quq be a global solution of the semidiscrete scheme. Then, there exist
nonrelabeled subsequences of {Gs}nso such that g, — ¢ in L>®(Q) as h — 0 and ¢ corresponds
to a global solution to (4.4.1)-(4.4.2). In addition, the convergence results (4.5.10) and (4.5.11)
hold.

o If § € Quq is a strict local minimum of the control problem (4.4.1)—(4.4.2), then there exists a
sequence of local minima {Gx }o<n<n; of the semidiscrete scheme such that (4.5.10) and (4.5.11)

hold.

We now derive the error bound for the semidiscrete scheme given in (4.6.4). For this purpose, we
assume that d € {2,3} and s > d/4 and we let {Gn} C Quq be a sequence of local minima of such a
scheme such that g, — ¢ in L?(Q) as h — 0, where § € Quq is a local solution to (4.4.1)—(4.4.2). In a

first step, we provide an instrumental result that is analogous to Theorem 4.5.6.

Theorem 4.6.1 (instrumental error estimate). Let us assume that (A.1)-(A.3), (B.1)-(B.2), (C.1)
and (4.5.7) hold. Let G € Qqua satisfy the second-order optimality condition (i), or equivalently (i) in
Theorem 4.4.5. Then, there exists hy > 0 such that

€l|g = Anll72(0) < [F'(@n) — F'(@)@n —a) Vh € (0, ha], (4.6.3)



CHAPTER 4 97

where € = 2715 and § is the constant that appears in the item (ii) of Theorem 4.4.5.

Proof. The proof follows analogous arguments as in the proof of Theorem 4.5.6. The main modifications

are the redefinitions of the sets

O pi={xe QI;SS :pn(z)| < u}y Do p:={ze€ QLCSS DDw(x)| > +pl,

Qs = {z € Q) : prlz) < —pl, Qup o= {z € Q< pnlx) > 44},
and Qs 5 = {x € Qf : |[pn(z)| < p}. For the sake of simplicity, we skip the details. O
We now derive the main result of this section.

Theorem 4.6.2 (error bound for the approximation of an optimal control). Let us assume that (A.1)-
(A.3), (B.1)-(B.2), (C.1), and (4.5.7) hold. Let G € Qua satisfy the second-order optimality condition
(i), or equivalently (i) in Theorem 4.4.5. Then, there exists he > 0 such that

g — anllz2) S h*'|logh|** Vh < he ~=min{s, 1}, (4.6.4)

% is the constant in Theorem 4.3.1.

wheregozl/ifs;é%, p=1+v ifs:%, and v >
Proof. We proceed as in the proof of Theorem 4.5.7 and use the instrumental error bound (4.6.3) and
the variational inequalities (4.4.9) and (4.6.2) with ¢ = g5, and ¢ = @, respectively, to obtain (cf. [26,

Theorem 5.1])

€llg — anlliz) < [Fr(@n) — F'(@n))(@ —an) + /L/Q(ﬁ =Mn)(@n — @)dz Vh < he.

We immediately notice that the first and second terms on the right-hand side of the previous inequality
correspond to I, and IV}, respectively, from the proof of Theorem 4.5.7. These terms, I}, and IVy,
are estimated in (4.5.37) and (4.5.27), respectively. O

4.7 Numerical examples

We present a numerical experiment that illustrates the performance of the fully and semidiscrete
methods presented Sections 4.5 and 4.6, respectively, when used to approximate a solution of the
control problem (4.4.1)—(4.4.2). A MATLAB implementation is used for the experiment, and the
methods are solved using a semi-smooth Newton method.

The setting of the experiment is as follows: we set d = 2, Q = B(0,1), and A = 1, where B(0,1)

denotes the unit disc. We let a(-,u) = u® and L(-,u) = (u — ug)?/2, where ugq is such that the exact
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optimal state and the optimal adjoint state are
u(r) =p(r) = 2¥T? (1 +s)" (1 — |25,  t; = max{0,t}. (4.7.1)

We also consider a = —1, b = 1, and s € {0.2,0.4,0.6,0.8}. Note that we go beyond the theory
presented and illustrate the performance of the methods for different values of s € (0,1). Additionally,

for s < 0.5, we set u = 0.6, and for s > 0.5, we choose y = 0.25.

1w — a5 19— Dalls

©s5s=02
©s=04
“-s5=0.6
=-s5s=0..8
___pos5

0.1

0.1

h h
(B.1) (B.2)

Figure 4.1: Experimental rates of convergence for || — @y ||s and ||p — pnlls considering the fully discrete (A.1)—(A.2) and
semidiscrete schemes (B.1)—(B.2) for s € {0.2,0.4,0.6,0.8}.

Figures 4.1, 4.2, and 4.3 show the results for the fully discrete and semidiscrete schemes. Figure 4.1
shows the experimental convergence rates for || — @y||s and ||p — prl|s for s € {0.2,0.4,0.6,0.8}. The
experimental convergence rates for ||@ — @p||z2(q) and [|p — prl|z2(q) are shown in Figure 4.2, while
the results for || — qullz2(q) and || — 7ul|12(q) are shown in Figure 4.3. It can be observed that when
s > 0.5 the experimental convergence rates for all involved approximation errors are in agreement with

the error estimates obtained in Sections 4.5.2 and 4.6.
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P — ph||L2(Q)
©-5=0.2
©-s=04
“5=0.6
<=s5s=0..38
,,,hD]
,,,hL)vQ
*"h“)

h h
(D.1) (D.2)
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Figure 4.2: Experimental rates of convergence for |4 — @nll ;2o and [P — Prll 2(q) considering the fully discrete (C.1)~(C.2)
and semidiscrete schemes (D.1)—(D.2) for s € {0.2,0.4,0.6,0.8}.
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||q - %HL?(Q)
©5=02
©s=04
=5 =0.6
-5 =0.8
,,,h0.7
,,,hOAQ
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7 = fnll 2

(B.1)

h
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h
(F.2)
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Figure 4.3: Experimental rates of convergence for ||g — qh”Lg(Q) and |7 — ﬁh”Lg(Q) considering the fully discrete (E.1)—(E.2)

and semidiscrete schemes (F.1)—(F.2) for s € {0.2,0.4,0.6,0.8}.
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VvV e

(G.1) (H.1)
0.0 0.0
-0.25
-0.050
-0.50
010 -0.75
] 05 o 05 1 013 1 05 0 05 1 -1.0
(G.2) (H.2)

Figure 4.4: Finite element solutions g, (left) and 75 (right), obtained by the semidiscrete scheme with s = 0.4. The sparse
behavior in the control variable qj, is evident. In addition, a singular behavior can be observed for f;, near the boundary 9.
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A nonlocal coupled system: analysis

and discretization

5.1 Introduction

Let ©; and 3 be two open, connected, and bounded domains with Lipschitz boundary in R™ (n > 2)
such that Q1 NQy = 0. Let 51,59 € (0,1). Let J : R® — R be a nonnegative and symmetric measurable
function such that J € L'(R"™) and supp(J) D B-(0), where r > d and d = dist(21,Q2). In this paper,
we will analyze the following nonlocal coupled system and develop solution techniques for it: Given

two functions fi : 1 = R and fo : Q2 — R, find v := uixq, + uaxa, such that

26 O %dy—i—/ﬂ J(@ —y) (ui(z) —uz(y))dy = fi(z), =z € Q,

(5.1.1)

ug () — ua(y) B i )
- /ﬂi B [ I ) () ) Ay = (), w0

Here, for i € {1,2}, C; = ¢(n, s;)/2, where ¢(n, s;) denotes a positive constant, and xq, corresponds to
the characteristic function over the domain ;.

Nonlocal models have attracted great interest in recent years, mainly due to the extensive list of
applications including finance [24, 39|, image science [23, 60], and peridynamics [48, 70]. Nonlocal
models are able to describe phenomena that go beyond the scope of classical PDEs. These phenomena
include the presence of discontinuities in the solution, as often observed in fractures or in continuum
mechanics [47, 99], and the occurrence of anomalous diffusion effects, such as super- and subdiffusion in
subsurface transport and turbulence [97, 101]. These models are usually governed by integro-differential

equations, where the value of the corresponding nonlocal operator at a point depends on the behavior

102
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of the solution over a finite or infinite region of the domain. An important example from the family
of nonlocal operators is the integral fractional Laplacian (—A)® (0 < s < 1), which corresponds to the
infinitesimal generator of a stable Lévy process [106].

For many years, several authors have studied the coupling of local and nonlocal models; see [1, 21, 49,
61, 72]. As described in [42] and also in [1], this study is motivated by the fact that it is often the
case that nonlocal effects are concentrated only in some parts of the domain, while the system can be
accurately described by a PDE in the remaining parts. The goal of coupling local and nonlocal models
is to combine a local equation (a PDE) with a nonlocal equation (an integral equation), assuming that
the location of the local and nonlocal effects can be determined in advance. In this context, one of
the challenges of a coupling strategy is to find a mathematically consistent formulation. An additional
advantage is that the above-mentioned coupling provides a feasible way to circumvent the non-trivial
task of specifying nonlocal boundary conditions.

In this paper, we are mainly interested in a model consisting of two particle systems located in different
and disjoint domains. Each particle system follows its own law, which can be described as a random
walk that allows long jumps. In addition, there is a suitable coupling law between these two systems
that allows a flow of particles from one domain to the other domain, and this coupling law can also
allow long jumps. This model gives rise to a system of two nonlocal equations associated with the
restricted fractional Laplacian defined on different domains and a nonlocal coupling term.

The content of this work is organized as follows. In section 5.2 we introduce the notation, assumptions
and functional framework that we will use in our work. In section 5.3, we derive a weak formulation
of (5.1.1) by minimizing a suitable energy functional and characterizing the unique minimum as the
solution of the corresponding Euler-Lagrange equations. With this weak formulation in hand, we
provide a finite element discretization scheme in section 5.4 to approximate the solution. In section
5.5, we propose and analyze an alternating method for both the continuous and discrete problems,
and provide results on the convergence of the solutions. Finally, in section 5.6, we present a numerical

experiment that illustrates the performance of our developed theory.

5.2 Notation and preliminary remarks

Let us establish the notation and recall some facts that will be useful later.

5.2.1 Notation

In the course of this work, we let n > 2. If 2 C R™ is an open and bounded domain, we denote by 0f2
and ¢ the boundary and the complement of €2, respectively. Given r > 0 and x € R™, we denote by
B, (z) the (open) Euclidean ball of radius r centered at . We set B, = B,.(0).
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If 2" and % are Banach function spaces, we write Z~ < % to denote that 2 is continuously embedded
in . We denote by 2" and || - || 2 the dual and the norm of 2, respectively. We denote by (-,) 2 2
the duality pairing between 2" and 2" and simply write (-, -) if the spaces 2" and 2~ are clear from
the context. The relation a < b indicates that a < Cb, with a positive constant C that does not
depend on a, b, or the discretization parameters, but may depend on s, n, and €. The value of C

might change at each occurrence.

5.2.2 Assumptions

Let Q1 and Q2 be two open, connected, and bounded domains in R”™. We assume that 9Q; and 92, are
Lipschitz and that Q; N Qs = 0. The distance between the sets Q; and Qs is denoted by [55, Section
0.6]

d:=dist(Qq, Q) :=inf{|lz —y|: z € N, y € Qa}.

We note that d is a strictly positive constant because Q; N Qy = 0.
On the other hand, given  C R™, we denote the distance from a point x € R™ to Q by [55, Section
0.6],

do(x) = inf{|lz —t|: t € Q}. (5.2.1)

In our paper, we will operate under the following assumptions on the kernel J:

(J1) J : R™ — R is a non-negative and symmetric function, i.e., J(z) > 0 for a.e. 2 € R" and

J(z) = J(—z) for all z € R™.
(J2) J € L'(R™).

(J3) There exists C > 0 and r > d such that B, C supp(J).

Figure 5.1: Nonlocal interactions between €1 and Q2 because of the kernel J.
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5.2.3 Convolution

Let f € LY(R") and let g € LP(R™) with 1 < p < co. We define the convolution of f with g as

(fxg)(z) = . f(z —y)g(y)dy. (5.2.2)

The following is a classical result [19, Theorem 4.15].

Lemma 5.2.1 (continuity). If f € L'(R") and g € LP(R"™) with 1 < p < oo, then
1f > gllzewny < [ fllLrwn)lgllLe@n)- (5.2.3)

5.2.4 Function spaces

Fractional Sobolev spaces provide a natural framework for analyzing problems with different definitions
of the fractional Laplace operator. In R™, a family of such spaces can be defined based on the Fourier

transform F: For any s > 0, we define [102, Definition 15.7], [78, Chapter 1, Section 7]
H(R") := {v e L*(R") : (1 + [¢[*) 3 F(v) € L*(R™)},

endowed with the norm ||v| s (gn) := ||(1 4 [¢]?) 2 F(v)]| L2(Rn)-
Let © be an open and bounded domain with Lipschitz boundary. We define H 5(Q) as the closure of
C5e(R2) in H*(R™) [81, page 77] and note that it can be equivalently characterized as the following

space of zero-extension functions [81, Theorem 3.29]:
H*(Q) = {v|g : v € H*(R"), supp v C Q}.

If s € (0,1), we equip the space H*(Q) with the following inner product and the following semi-norm
[81, page 75]:

(V1) s () = / / ) =S =00 gy ol = ©:0) 5

o — g

Owing to the fractional Poincaré inequality [3, Proposition 2.4]
HU||L2(Q) S C|U|I:IS(Q) V’U S ,HS(Q)7 C = C(Q,TL, S), (524)

we have that | - | 7. o is actually a norm in H*(Q) and that H5(Q) is Hilbert. We denote by H~%(1)

the dual space of the fractional Sobolev space H*(Q).
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For yu € (0,1), we introduce the Slobodeckii-Gagliardo semi-norm [81, (3.18)]

plavor = ([ M) (5.2.5)

o |z—ylntm

Let 7 € No and u € (0, 1) be such that s = r 4+ . We define [81, page 74]
H*(Q) :={ve H"(Q) : |0%|gnq) < oo for |a] =71}

and endow this space with the following norm:
[oll s @) = | 1015 () + Z 0% 0|3 0
|a|=r
We conclude this section with the following Sobolev embedding results.

Lemma 5.2.2 (embedding results). Let s € (0,1). If v € [1,2n/(n — 2s)], then H*() — L*(Q). If
ve€ [1,2n/(n — 2s)), then H*(QY) < L*(§2) is compact.

Proof. A proof of H*(2) < L*(Q2) can be found in [4, Theorem 7.34]. The fact that the embedding is
compact for v < 2n/(n — 2s) follows from [46, Corollary 7.2]. O

5.3 The nonlocal coupled model

Let s1,s2 € (0,1). We define the space
H = HSI (Ql) S f{52(92) = {u =u1 +uU:u; € f{sl (Ql),UQ S f{52(92)}.
We equip the space H with the following semi-norm:
1

2
lulg = (|u1|§§(51(91) + |U2|§"{sz (92)) ;U= Ul t U (5.3.1)

Owing to the Poincaré inequality (5.2.4), the semi-norm | - |z is actually a norm in H.
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5.3.1 The energy functionals

We introduce two energy functionals. First, we define EF : H — [RS' by

+3 /Q /Q = )anle) — ) Py, (532)

Since J belongs to L*(R") and is a non-negative function, it is immediate that E is well-defined and
non-negative over H. Second, given two functions f; € L?(2;) and fo € L?(€s), we define the energy

functional £ : H — R by
E(u) := E(u) —/ frurdx —/ fauedzx. (5.3.3)
Ql Q2

5.3.2 Properties of the energy functionals

In this section, we examine some properties satisfied by the energy functionals E and £ satisfy. We

begin our analysis with an auxiliary bound for F.

Lemma 5.3.1 (A lower bound in L? for E). There exists C > 0 such that
B(w) = C (lutllfzg,) + w2l ) Vo€ H. (5.3.4)

Proof. We proceed by contradiction and assume that there is {ux }ren C H, so that for each k € N we
have

Uk = U1,k + U2k, lur il 720,y + luzkllizo,) = 1, E(u) <k (5.3.5)

From (5.3.5), we can directly deduce that F(ux) — 0 as k T co. Without loss of generality, we can
assume that {uq x }ren is such that u j # 0 in Qq for every k € N.
As a first step, we note that the non-negativity of E in conjunction with its definition given in (5.3.2)

allows us to conclude that

Uy, k — U k( ))2 2
dydr - 0 = |u Hs —0 5.3.6
/Qc /gc |$ y|n+251 Y | 17k| H(Eh) ( )

as k 1 co. This convergence result in conjunction with the fact that ||ui x| r2(q,) < 1 for all k € N
shows that the sequence {uj}ren is uniformly bounded in H*®'(£;). Similar arguments show that

{uz2,1} ke is uniformly bounded in H*®2(£23). We can thus extract nonrelabeled subsequences {u1 i }ren
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and {uga i }ren such that

ur g — up in H (D), w1, — ug in Lz(Ql), k1 oo,
(5.3.7)
ug k — ug in H°2(Qg), ugk — uz in LQ(QQ), k1 oo.

We now note that (5.3.6) and a similar convergence argument for {us j }xen show that the previously

extracted subsequences satisfy the strong convergence properties:
urg — up in H°H(Qq), wugpk — ug in H2(Qg), k1 oo (5.3.8)

because weak convergence and convergence of norms imply strong convergence in H*' (1) and H*2(£2s).
We again invoke (5.3.6) and a similar argument for {uz i }ren to conclude that uy = Cy and ug = Co,
where C; and Cy are real constants. Note that here we have used that both sets €; and €, are
connected.

On the other hand, since F(ug) — 0 as k 1 oo it also follows that

/ / J(x —y)(urr(z) — ’U,ka(y))2dyd$ —0, k1 oo
Q1 J Qs

This convergence property in conjunction with the fact that u; = C7 and ua = Co, the non-negativity

of J, and the property supp(J) D B,, where r > d = dist(21,Q2), allows us to conclude that

(01—02)2/ / J(x—y)dyde =0 = C1 = (.
Q1 J Qs

As a final step, we show that C; = Cy = 0. To do this, we proceed as follows. On the one hand, we
have that

ur k() — uk(y))? / uy k()2
dyde - 0 = ————~*——dydex - 0, kT oco. (539
/QC /sc |5U —y[n 2 Y , Jasnag |z — |"Jr2 Y ( )

On the other hand, defining A = {z € QF : dist(z, Q2) < d/2}, we have

U U
/ / L@ n+25 —————dydzx > / / Lkl n+25 dydz.
Q1 Jasnag |z -y ! o |33 -l !

Define b : @ — R by h(z) = [, |z —y| " ?*'dy. We note that h € L>(Q;) and in particular that
h(z) > Cyq > 0forall z € Ql. As a result,

/ / e n+25 T glneas WAz :/ ik (x)?h(z)de > OA/ u g (7)*dx
0 |.’L‘— | ! Q1 Q
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for every k € N. If we take the limit as k£ 1 co in the previous inequality and use the strong convergence

of {u1 ktren in L2(Q) as k 1 oo (5.3.7), we arrive at

CA/ up (z)?dz <0,
Q

where we have also used (5.3.9). This shows that C4|Q;|C? = 0, which implies that C' = 0. As a
result, C; = Cy = 0, and then u;, — 0 in L?(Q) and ugy — 0 in L?(Q2) as k 1 co. This is a

contradiction with (5.3.5) and concludes the proof. O

Lemma 5.3.2 (€ is convex and continuous). The energy functional £ defined in (5.3.3) is convexr and

continuous on H.

Proof. The fact that £ is convex on H is clear. Let us now prove that £ is continuous on H. To do

50, let {ux}ren C H be such that
Up = U1+ U2k, Uk — Up in H* (Q), wugk — ugin H*? (Q2), k7T oc. (5.3.10)
In the following, we prove that £(ux) — £(u) as k 1 oo. From (5.3.10) we immediately deduce that

fiuq pdr — frurde, foug pdx — fauodzx, k1T oc.
o o Qs Qo

It remains to prove that E(ur) — E(u) as k 1 co. To do this, we begin with a simple application of

the triangle inequality and obtain

ut klmesg) — [uilm= gl < luik —uilme gy < |urk — utlgs (rn) — 0,

[z, k| mre2 (o) — |u2|mez e)| < uzke — u2|ms2 ey < |ugk — Uz|prsz ®n) — 0

as k 1 co. In other words, we have

luy k() — u1 k(y)] / / lui (z (y)I?
d de — ———— dyd
/QC /s |$ — y|n 2 ! Qs Jag |$ - |"+251 -

|U2k U2ky [ua () — ua( )|
[ et [ [ M

as k 1 oo. It remains to prove the convergence of the nonlocal term that represents the coupling. In a

(5.3.11)
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first step we write

/Ql /92 J(@ = y)(u1, k() — uzk(y)) dyde = /Ql /Qz J(x — y)uy g (x)2dydz

— 2/ / J(z — y)ug k(z)ug i (y)dyde + / / J(x — y)uQ7k(y)2dydx = I, + I, + I11,.
Q1 Ja, Q1 Ja,

Let us analyze Ij.. For this purpose, we define g : Q3 — R by g(z) := fQ2 J(x —y)dy for a.e. z € Oy

and note that g € L>°(€;). In fact, for a.e. z € Q;, we have

9(@)] < / (@ — y)ldy = 7] o).

We now note that the convergence property uy , — u1 in L*(Q1) as k 1 oo guarantees that {u1 x }ren
is uniformly bounded in L?(€2;) so that there exists M > 0 such that |Juy x +u1|2(0,) < M for every
k € N. This and g € L*(4) allow us to obtain

/ o) (2 4 (z) — u(x))dx
(951

< gllz=(a) /Q 2 () — 2 ()] dx
1

2

< Mgl ([ fslo) - m(@Pas) 0. ko
1
As a result,
I = / uy (2)?g(x)dz — / / J(z — y)ui(z)*dydz, k1 oo. (5.3.12)
Q1 Q1 J Qo2
Similar arguments combined with Fubini’s Theorem show that
1, — / / J(x — y)us(y)?dydz, k1 oo. (5.3.13)
Ql Qg
It only remains to analyze II. In the following, we prove that
I, —» 11 := —2/ / J(x — y)us (x)us(y)dyde, k1 oo. (5.3.14)
Ql QQ

To this end, for each k € N, we define ¥ : R* — R by ¥x(x) = J * (u2rxa,)(x). We also define
¥ :R" — R by 9(z) = J x (uz2xq,)(z). We bound the difference 9 — ¥, in L?(Q;) with the help of the

continuity property of Lemma 5.2.1:

19 = illL20.) < 1 lpr@nlluz = uzkllz2,) = 0, k1 oo
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In particular, we have that {0y }xen is uniformly bounded in L?(Q;). Consequently,

1T, — 11| < 2/9 |ur k(x) — uy(z)||9g (z)|dz + 2/ |ug (2) ||k (x) — 9(x)|dx

Q

<2k — will Lz 19kl L2y + 2llutllLzn 196 = Ol L2@,) — 0, k1 oo

Consequently, 1Ty — IT as k£ 1 0o, as we intended to show.
The collection of the convergence properties (5.3.11)—(5.3.14) allows us to conclude that E(uy) — F(u)
as k 1 co. This concludes the proof. O

5.3.3 Existence of a minimizer

We are now ready to provide one of the most important results of this section.

Theorem 5.3.3 (existence of a unique minimizer). Let s1,s0 € (0,1), let fi € L*(Q1), and let

fa € L?(Q2). Then, there exists a unique minimizer u of € in H.

Proof. We proceed according to the direct method of the calculus of variations [36, Theorem 5.51]. To
apply such a method, we need to verify that £ is proper, convex, lower semicontinuous, and coercive
in H. Since & is well-defined over H, it is trivial that £ is proper in H. The convexity and continuity
of £ are a consequence of the results in Lemma 5.3.2. It remains to prove that £ is coercive in H.

Let w = uy + us € H, where uy € H® (1) and usp € Hs2 (Q2). To prove the coercivity of &£, we will

first prove that there exists a constant C' > 0 such that

G lur(z) — ui(y lug(z) — ua(y)|?
// = |"+251 e +_/c/c o —ypn W

> D g+ Llusly ey — € (Iualaany + ol ) -

(5.3.15)

As a first step in the derivation of (5.3.15), we use Fubini’s theorem and the fact that u; = 0 in £ to

obtain the identity

lui(z) —u1(y Jur () — ui(y)|?
|u1|Hsl(Ql) /Q/S T — g |n+2 d ydx + 2 s Jo, Te =g — P dyda.

Let us now control the second second term on the right-hand side of the previous expression. To this
end, we first note that if x € Q1 and y € Qy, then |z — y| > d = dist(21,Q2). We now further exploit

that w3 = 0 in €9 and write

|U1 —u1 |U1 oy
L), e = [ [ e < (0047 o
2 1 2
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As a result, we can obtain the following bound

n—2s |U1 _ul( )l
|u1|H51 () 2|Qz|d 2 1Hu1HL2(Ql) </ /C Wd de? (5316)

Analogously, the following estimate can be derived

n—2s |u2 _UQ )|2
|’LL2|HS2 2|Q |d 2 2||u2HL2(Q2) </ /C |x —y|"+252 d dx. (5317)

If we add the inequalities in (5.3.16) and (5.3.17), we obtain the desired estimate (5.3.15). With the
bound (5.3.15) at hand, we use the non-negativity property of the kernel J to deduce that

E(u) Ce

=3 |u1|Hsl(Q) |U2|H52(Q) -C (||U1||2L2(Ql) + HU2H%2(§22)) :

We are now in a position to apply the estimate of Lemma 5.3.1 to conclude that

CE(u) (5.3.18)

1 2 2 2
= 5wl o) + 5 lueles )
where € = 1 + C~'C. If we combine this bound with Holder’s inequality and Young’s inequality, we
can conclude that

C1 9
Q:g(u) > 7|u1|f{sl (Q) |u2|Hs2 )

1 1
— e (el + bl + g Ml + g1l

where €1, €5 > 0. We now apply the Poincaré inequality (5.2.4) and choose €1 and ey sufficiently small

to obtain

E(u) 2 |u1|Hs1 @ T |U2|HS2(Q 1103200 — 120172 (0s)-

We can thus conclude that £ is coercive in H, i.e., E(u) — oo as |u|g — oo.
After we have proved that £ is is coercive in H, the existence of a minimizer follows from the direct
method of the calculus of variations. The uniqueness follows from the strict convexity of the functional

. O

5.3.4 The Euler—Lagrange equations

Let u be the minimizer of £ in H. Recall that the existence and uniqueness of such a minimizer is
guaranteed by the results of Theorem 5.3.3. In the following, we derive the corresponding nonlocal

coupled problem that solves u. Since w is a minimizer of £ in H, then for every function v in H, we
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have that

B
S Eu+ tv)‘tzo ~0.

Elementary and standard calculations thus show that u solves the weak formulation:
ue H: A(u,v) = f1( Yor (z)dx + fo(z)ve(x)dz Vv € H. (5.3.19)
Q3

Here, A: H x H — R is defined as

A, v) Cl/ﬂc/gc u(z) —ui(y))(vi (@ )_vl(y))dyd:r

|£C _ |n+251

+C2/C/C us(z —Uz y))(vg( ) —va(y ))dydx

y|n+252

+ /Ql /92 J(x —y)(ur(x) —ua(y))(v1(z) — v2(y))dyda. (5.3.20)

From the weak formulation (5.3.19), we now obtain a nonlocal coupled system as follows: First, we

consider v € H such that v = 0 in (5.3.19) to arrive at

uy (@ —m y))( 1(z) —u(y))
Cq /QC/SC dydx

n+2sy

4l (5.3.21)

+ [ I =) - n@m@dde = [ i@
Ql Qz Q1
for all v; € H*'(Q;). Second, we consider v € H such that v; = 0 in (5.3.19) to obtain
62/ / (uz(x) — ua(y))(v2(x )_UQ(y))dydx

¢ Ja |x — y|nt2s2

(5.3.22)

/ / J(& = y)(us(y) — wr(@)oa()dydz = [ fo(@)a()da
Q JQo Qo

for all vy € H®2(Qy).

Remark 5.3.4 (equivalence and weak formulation). The following comments are now appropriate.

1. The system (5.3.21)—(5.3.22) corresponds to a weak formulation of (2.2.2).

2. By construction, if u = u; + ug € H solves (5.3.19), then u; and us solve the nonlocal coupled
problem (5.3.21)-(5.3.22). On the other hand, since H = H*' (Q;) ® H**(Qs), (5.3.19) can be
obtained by adding (5.3.21) and (5.3.22). Consequently, the problem (5.3.19) and the system
(5.3.21)—(5.3.22) are equivalent.

Since it will be useful later, in the next lemma we present the most important properties that the form

A satisfies.
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Lemma 5.3.5 (properties of A). The form A is bilinear, continuous, and coercive in the space H.

Proof. We divide the proof in three steps.
Step 1. The fact that A is bilinear is trivial.
Step 2. We now prove the boundedness of A in H x H. To do this, we let u,v € H and first note that

Cl /Q /S (Ul(fE) - Ul(y))(vl (I) — U1 (y))dydfb < C1|u1|H31 (Ql)|vl|f~151 (1)’ (5323)

|z —y|r 2

|$ — y|n+251 dyd:E S CQ|U2|H§2 (QQ)|'UQ Hs2 () (5324)

Cy / / (uz(z) — ua(y))(v2(x) — va(y))
T /Qf
We now analyze the nonlocal term that represents the coupling. For this purpose, we first bound it as

|| e = @) - ) o @) - va(w)dyda
Q1 J Qo

<o 7@ D)~ ) Panis] : [ T (o) = )R]

Let us now write the square of the first term on the left-hand side of the previous bound as follows:

[ =t - = [ [ -
-2 /Q /Q J(z = y)ua (2)uz(y)dyde + /Q /Q J(z —y)ud(y)dyde =1 — 21, +15.  (5.3.25)

The control of I;, Iz, I3 follows from the arguments presented in the proof of Lemma 5.3.2. In the

following, we briefly present the arguments. First, we have the bounds
L < @ lunla@,y,  Is < 1 lo@mlluallzzg,)- (5.3.26)

Second, using the definition of convolution, the Cauchy—Schwartz inequality, the estimate of Lemma

5.2.1, and Young’s inequality, we arrive at

L= [ (o) x uaan) @)ds < Lo 1 vl
Q1

(BAAYGS
72( )[Ilmlliz(gl)+|\uzl\%2(92)}. (5.3.27)

< luallzzn 11 2 ®eylluzll 2q) <

A collection of the bounds (5.3.23), (5.3.24), (5.3.26), and (5.3.27) yield the continuity of .A:

A(u,v) < Julglvlg Yu,v € H. (5.3.28)
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Step 3. Finally, we prove that the bilinear form A is coercive in H x H. Given u € H, we immediately
notice that from the definitions of F and A given in (5.3.2) and (5.3.20), respectively, we deduce that
A(u,u) = 2E(u). We thus use the bound (5.3.18) to obtain

A, w) 2 JulFa, ) + 1u2lfe, o) (5.3.29)

We have thus proved that A is bilinear, bounded, and coercive in H. This concludes the proof. O
Remark 5.3.6 (inner product). Since A is symmetric in H x H, the results of Lemma 5.3.5 immediately
guarantee that A defines an inner product in H x H.

We conclude this section with the following stability bound.

Theorem 5.3.7 (stability bound). The solution u = uy + up € H* (Q1) & H*(Q) of (5.3.19), or
equivalently of the coupled system (5.3.21) and (5.3.22), satisfies the following stability bound

[ut gor 0,y F 192l o2 (g) < 1fillz20) + 1 f2llL2(0s) (5.3.30)

with a hidden constant that is independent of u, f1, and f3.

Proof. Set v = u € H in (5.3.19) to obtain A(u,u) = (f1,u1)r2(0,) + (f2,u2)12(0,)- The coercivity
property of the bilinear form A stated in (5.3.29) combined with standard inequalities and the Poincaré

inequality (5.2.4) yields the desired stability estimate (5.3.30). This concludes the proof. O

5.3.5 Regularity properties
We now explore regularity results for the solution of (5.3.19).

Theorem 5.3.8 (Sobolev regularity). Let s1,s2 € (0,1), let fi € L*(Q1), and let fo € L?(Q3). Let
u =y +uz € H be the unique solution to (5.3.19). Let i € {1,2}. Then, u; € H5 5~ (Q;) for all
0 < e < s;, where k; = % for % <s;<landk;=s;—¢; for 0 <s; < % In addition, we have the
bound

lwill goitni-ei ;) < Cigg N fill L2y, Vei €(0,84),

where v; = % for % < s <1andvy; = %—F v for 0 < s; < % Here, vo,; and C; denote positive

constants that depend on Q; and n and €;, n, and s;, respectively.

Proof. We develop a proof for u;; the argument for us is similar. From the relation (5.3.21) we can

conclude that the function u; corresponds to the weak solution of the following problem:

up € H () 1 (—A)*'uy = uy (2C1h — g) + 9 + f1 in Qy, (5.3.31)
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supplemented with the volumetric boundary condition u; = 0 in Qf. Here, the functions h,g,9 : Q1 —

R are defined as follows:

hz) = /Q o~y "y, gla) = /Q J(x—y)dy, Ox) = /Q J(x — yus(y)dy.

Since dist(€1,Q2) = d > 0, it is immediate that the function h belongs to L>°(£21). On the other hand,
since J € L'(R™), the function g € L>(Q4). From this we deduce that u1(2C1h — g) € L*(Q1). An
application of the continuity bound of Lemma 5.2.1 shows that ¥ € L?(€Q;). All these results reveal
that the forcing term of problem (5.3.31) belongs to L?(€;) so that the desired regularity follows from
a direct application of [17, Theorem 2.1]. This concludes the proof. O

5.4 A finite element discretization

Under the additional assumption that €y and 5 are both Lipschitz polytopes, we now introduce a
finite element solution technique to approximate the solution of the coupled system (5.3.21)—(5.3.22).
We start with some terminology and describe the construction of the underlying finite element spaces.

For this purpose, we first introduce the families

{7 n}n>o0, {25 }p>0,

of conforming and quasi-uniform meshes of Q; and Qs, respectively, made of closed simplices 7. Here,
h:=max{hr : T € Z} and b := max{hr : T € T} denote the mesh sizes of 77 ) and Ty,
respectively, and hy = diam(T).

Given the meshes 77 ;, and 7 5, we introduce the finite element spaces

Vi :={vp € C() :vp|r € PL(T) VT € T hyvn =0 on 00 }. (5.4.1)

Vo :={v € C(Qa) :vp|r € PL(T) VT € Tap,vn =0 on 00 }.

Remark 5.4.1 (homogeneous Dirichlet boundary conditions). We note that we enforce a classical ho-
mogeneous Dirichlet boundary condition on 9€; (99Q2) and that discrete functions in Vi 5, (V1,5) can

be trivially extended to Q (25) by zero.

In view of the comments in Remark 5.4.1, Vq 5, C H* (©1) and Vo iy C He2 (Q2) for every s1,s92 € (0,1).
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5.4.1 The discrete scheme

We propose the following finite element approximation of the system (5.3.21)—(5.3.22): Find uy p, € Vi
and ugp € Vo such that

e / / (u1,n(x) —u1,n(y))(vin(z) — Ul’h(y))dydx

o =yl (5.4.2)
+ / / J(& — y) (&) — usy (W) orp(@)dydz = [ fi(@)orp(2)de
Q) J Qo Q
for all vy 5 € V13, and
(s () — s (4)) (02,5 (1) — v (1))
© /ﬂi /s ¢ o =yl e (5.4.3)
+ / / T (& — )1z () — 11 (@) vay (W)dydz = [ fo(@)a g (z)de

Qo

for all V2 € V27h'
Define Hy,  := V1, @& Va . If we add the discrete equations (5.4.2) and (5.4.3) and exploit the structure

of the discrete space Hy, , we obtain the following equivalent weak formulation:
Unpy € Hnp:  Alun,y, vnp) = fi(z)vy p(z)dz + fa(z)ve,p (z)dx (5.4.4)
Ql QZ

for all Up,p € [Hh,h-

We have the following result for the discrete problem introduced earlier.

Theorem 5.4.2 (existence and uniqueness). The discrete problem (5.4.4), or equivalently the discrete
coupled system (5.4.2) and (5.4.3), admits a unique solution upp = U1 p + 2y € Hup = V1,0 O Vay.
In addition, we have the following stability bound:

[ut,nl gos 00y 12,0l e () S 1f1llL2c00) + (12l 2202, (5.4.5)

where the hidden constant is independent of wi n, uayp, f1, f2, and the discretization parameters h and

h.

Proof. Since A is bilinear, continuous, and coercive in H x H and the finite-dimensional space Hp 5 C
H, the existence and uniqueness of a solution uy follows directly from an application of the Lax-
Milgram lemma. The desired stability estimate (5.4.5) is obtained by substituting vy, = u1, and
v9.p, = ugp into (5.4.4) and using the coercivity of the bilinear form A from (5.3.29) as well as standard

inequalities. This concludes the proof. O
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5.4.2 A priori error bounds

We begin this section with the following result.

Lemma 5.4.3 (Galerkin orthogonality). Let uw € H and let upy € Hpp be the solutions of problems
(5.3.19) and (5.4.4), respectively. Then,

A(u — Uh,p, ’U}Lh) =0 Vvh,b S [HhJJ' (5.4.6)

Proof. Since Hyy C H, we are allow to set v,y = vi,n + v2,5 € Hpp as a test function in problem

(5.3.19) and obtain

A(u, v ) = fi(@)vyp(z)de + fo(z)vop(z)dr  Yuny € Hpp.
Ql Q2

If we subtract the discrete equation (5.4.4) from the previous relation, we obtain the desired Galerkin

orthogonality property. O

We now derive the following quasi-best approximation result.

Lemma 5.4.4 (Cea’s lemma). Let u = ui +us € H and let upp = w1+ uzp € Hpp be the solutions

of problems (5.3.19) and (5.4.4), respectively. Then,

2 2 : 2 2
|u1 - u17h|H51(Ql) + |U2 - u27h|Hs2(Sl2) S Uh,f,nelﬂr‘%h,h ('Ul - Ul,h'gsl (1) + |U2 - ’U27h|H52 (92)> . (547)

Proof. The proof is standard. We present a brief proof for the sake of completeness. Relying on the
coercivity and continuity of the bilinear form A4 derived in Lemma 5.3.5 and the Galerkin orthogonality

property (5.4.6), it follows that

lu—unply S Au— unp, u— upp)

= A(u —unp,u—vnp) S |lu—unplalu—vaple  Yony € Hyp.

This concludes the proof. O

We are now in a position to state and prove the following a priori error bound.

Theorem 5.4.5 (a priori error bound). Let s1,s2 € (0,1), let fi € L?(1), and let fo € L*(Qs). Let
u=1u +uz € H and let upp = w1, + u2,p € Hpy be the solutions of problems (5.3.19) and (5.4.4),

respectively. Then, we have the following error bound

[ur = wnnl o, + U2 = U2l g o,y S K7 1og AP fillL2oy) + 572 log bl#2(| f2llL2(0s)-  (5-4.8)
(1) (922)
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Here, for i € {1,2}, v = min{si,%}, i = v if 8; # %, pi =14y if s; = %, and v; > % is the

constant in Theorem 5.3.8.

Proof. With the quasi-best approximation estimate (5.4.7) in hand, we can consider vy p = Ipus +

ITyug, where IIj, and II;, denote appropriate quasi-interpolation operators [17] to obtain the bound
2 2 2 2
|uy — u1,h|gsl(91) + |ug — u2,h|gs2 () < up — Hhu1|gsl(91) + |ug — Hhu2|H52 Q)"

The desired estimate thus follows from the arguments given in the prooof of [17, Theorem 3.5] in

combination with the regularity results of Theorem 5.3.8. This concludes the proof. o

5.5 Alternating schemes

Inspired by the method proposed by Schwarz in [98], we propose and analyze in this section the
continuous alternating Algorithm 1, and prove that it converges to the solution of the coupled problem
(5.3.21)-(5.3.22). Even though we already know that the coupled problem (5.3.21)—(5.3.22) has a
unique solution (cf. Theorem 5.3.3), the analysis of this algorithm forms the basis for proposing and
analyzing the fully discrete alternating Algorithm 2, which is an iterative algorithm that converges

to the solution of the finite element approximation (5.4.2)—(5.4.3).

5.5.1 The continuous alternating scheme

We begin this section with the introduction of the continuous alternating scheme mentioned above

(Algorithm 1).

Algorithm 1: The continuous alternating scheme

1 Input: Q;,Q5 CR”, 51,80 € (0,1), fi € L2(), fo € L*(Q), J € LY(R™), and uy € H*?(0y).
2 Step 0: Define u® =0+ u9 € H.
3 For ¢ = 1 until convergence do

1: Find the solution w2~ € H*(Q;) of (5.3.21) with uy replaced by u3' "2

2: Define o3~" =13 € A2 (@) and -1 = 413 € .
3: Find the solution u3’ € Hs2 (Q2) of (5.3.22) with uy replaced by u%i_l.

4: Define w3t = u?' ™t € A () and u? = ui' 43 € H.
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5.5.1.1 Solution operators

In order to present an analysis for Algorithm 1, we introduce the following suitable solution operators.

Given forcing terms f; € L*(Q1) and fo € L?(Q2), we define

‘Cfl : LQ(QQ) — gsl (Ql), W — U3 = ‘Cfl (w2), (551)

Lp, o L) — H2(Q2),  wy v up =Ly, (wy). (5.5.2)

Here, u; corresponds to the solution of (5.3.21), where ws is replaced by ws, and us corresponds to
the solution of (5.3.22), where u; is replaced by w;. Let i € {1,2}. In the case that f; = 0, we simply
write £;. We note that £; is a linear map.

We now prove that the operators L, and Ly, are well-defined and continuous.

Lemma 5.5.1 (L, and Ly,). The operators Ly, and Ly,, defined in (5.5.1) and (5.5.2), respectively,
are well-defined and satisfy the following bounds:

1L (w2)l g 0y S Mfillezn) + 1] @ [lwel L2 02), (5.5.3)

1L g (W)l ez ) S 1f2llL2(02) + [T L1 ®e) llwill 20, (5.5.4)

Proof. We analyze the operator Ly, ; the analysis for the map Ly, is similar.

Let wy € L?(Qy). Define €, : H* () — Ry and & : H** () — R as follows:

_G
U1 /C/C |£C— |n+251 d d'r+ /Q1 /Q2 r—=y ul )dydx (555)

i) = € ) = [ Al (e)d - /Q /Q T(x — y)ws (y)ur (2)dyda. (5.5.6)

We first note that &;(uq) > CHu1||L2(Ql) for all w; € H* (). This result follows from an adaptation
of the arguments elaborated in the proof of Lemma 5.3.1. With this bound in hand, we follow the
arguments in the proof of Theorem 5.3.3 and use (5.3.16), the non-negativity property of the kernel

J, and the continuity property of Lemma 5.2.1 to derive the following coercivity properties:

Ci(w) 2 Jurlfu, o) Va1 € H¥(), (5.5.7)

5 (ul) = |u1

Hor iy ~ MillEe @) = 1717 @ llwell oo, Yur € H* (). (5.5.8)

Let us also note that &£; is convex and continuous in H#* (Q1). The fact that & is convex is clear and
the fact that &; is continuous follows from the arguments elaborated in the proof of Lemma 5.3.2.

With all these properties in hand, the direct method of the calculus of variations allows us to deduce
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the existence of a minimizer u; of & in H* (€1). The strict convexity of £; guarantees the uniqueness

of uy. Finally, as in section 5.3.4, it can be shown that u; is the unique solution of the problem

w (z) —wi(y))(v(z) —v(y))
G /QC/SC dydx

|£C _ |n+251

+/Ql /92 J(x — y)ui (z)v(z)dyde = o, fi(x da:—l—/Ql /92 x —y)wa(y)v(z)dydz (5.5.9)

for all v € H* (Q1), i.e., Ly, (wg) = uy. This shows that Ly, is well-defined. We now set v = u; in

(5.5.9) and use the coercivity bound (5.5.7) and the Poincaré inequality (5.2.4) to obtain an stability
bound for u; that implies the desired one for Ly, . O

Having defined the operators L7, and L¢,, we can rewrite the continuous alternating scheme as follows:

Given ud € H**(Qy), we define u® = 0+ u3 € H and compute, for i = 1 until convergence,

’U,?Z 1 —Ef (ugz 2), ugl 1 ugl 2, u2z—l 21 1+ gz 1 EH,

(5.5.10)
2i __ 2i—1 21 2i—1 21
uy' =L, (up"™ ), up =up u? =ui' +ui’ € H.

5.5.1.2 Definition of convergence and equivalence

We say that Algorithm 1 converges if the sequence {u'};>o C H, where u’ = u} + u}, converges to

the solution w = wuj + uz of problem (5.3.21)—(5.3.22) in the following sense:
u' = win H, i 7T o0.

Remark 5.5.2 (equivalence). Let f; € L?(2;) and let fo € L?(2). Let u = u1 + uz be the unique
solution of the coupled system (5.3.21)—(5.3.22). Let us consider the sequence {u’};>o generated by the
Algorithm 1 as described in (5.5.10) with initial datum uJ. Let us note that this sequence satisfies
the following property: Given the initial datum us — u9, the sequence {u — u'};>o verifies for every
i>1

ur —ui' "t = L (u2) = Ly (u3'™?) = La(uz — up'™?),

2i—1 21—-2
U2 — Uy = U2 — Uy y

_ (5.5.11)
uy —ud' =Ly, (u1) — Ly (uf™") = Lo(ug — uf™1),

Uy —ul =u —u%l 1
We recall that £; is defined as in (5.5.1)—(5.5.2) with f; = 0. Let us now similarly consider the sequence
{u — u'};>0, which satisfies (5.5.11). It is clear that {u’};>o verifies (5.5.10).

Given this equivalence, we will from now on assume that f; = fo = 0 and show the convergence of the
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following iterative method: Given u9 € H*(y), define u® = 04 u9 € H and compute, for i = 1 until

convergence,
2i—1 2i—2 2i—1 2i—2 i 2i—1 2i—1
ul‘ 251(32 ) luz %uz - u’ .1:‘1.1 +u € H, (5.5.12)
ui = Lo(uih), = w? =u? i€ O
5.5.1.3 Convergence analysis
We define
Vi = {u =uitus € H:u = El(UQ), Ug € I;’SZ(QQ)}, (5513)
Vo={u=u; +ug € H:uy=Lo(uy), uy € H*(Q)}. (5.5.14)

Since £1 and L, are both linear, we deduce that V; and V5 are both subspaces of H.
Lemma 5.5.3 (H =V; & V,). It holds that H = Vi & V5.

Proof. We divide the proof into two steps.

Step 1. Vi NVy = {0}. Let uw = uy +uz € V3 N Va. From the definition of V4 and V5 we deduce that
up = L1(ug) € H# (1) and uz = Lo(uy) € Hs2 (Q2). We now use the definition of the operators £,
and Lo from (5.5.1) and (5.5.2), respectively (with f1 = fo = 0), to conclude that u = uy + us € H
solves the coupled problem (5.3.21)—(5.3.22) with f; = fa = 0. Since this problem is well-posed, we
immediately deduce that u; = us = 0 and then that u = 0.

Step 2. H =V, 4+ V5. Let u = u1; +us € H. We need to prove that there exist v € Vi and w € V;
such that u = v + w. By the definition of the subspaces V; and V5, we have that v = vy + v9, where
vy = L1(v2), and that w = wy + we, where wy = Lo(w1). In view of this fact, in the following we prove
the existence of vy and w1, so that w3 = £1(v2) + wy and ug = vy + Lao(w1).

Step 2.1 Ezistence of va. Applying the linear operator Lo to the relation w3 = L£1(v2) + wy gives
Lo(ur) = Lo(L1(v2)) + La(w1). We use this relation and us = vy + La(w1) to obtain Lo(uy) =

Lo(L1(v2)) + uz2 — ve, which can be rewritten as follows:
ug — Eg(ul) = V2 — ﬁg(ﬁl(vg)) = (I — LQ e} ﬁl)vg. (5515)

We now note that the operator Lo0L; : L*(Q3) — H®2(Qy). Given the compact embedding H*2(Qy) <
L?(93), we can consider L 0 £1 : L?(Q3) — L?(2), which is thus a linear and compact operator.

With this setting in hand, let us now show that there exists a unique v that verifies (5.5.15). To
accomplish this task, we will rely on the Fredholm alternative and prove that Ker(I — L2 0 £1) = {0}
to conclude that (I — Ly 0 £7) is a bijection. Let by € L?(22) be such that (I — £ 0 £1)vg = 0.
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This implies that (L2 0 £1)(b2) = vy. Using the definition of the linear maps £1 and Lo, we can
show that £1(v2) 4+ vy = L1(v2) + L2(L1(v2)) € H solves the coupled problem (5.3.21)—(5.3.22) with
fi = fo = 0. Since this problem is well-posed, we can thus conclude that vo = 0. It follows that
that I — Lo 0 Ly : L?(Q2) — L?(Q2) is a bijection and thus that there exists a unique v that verifies
(5.5.15).

Step 2.2 FExistence of wy. With ve in hand, we consider w; € flsl(ﬂl) as

w1, = Uy — £1 (’Ug). (5516)
Step 2.3. u = v+ w. From the relations (5.5.15) and (5.5.16) we obtain
ur = wy + L1(v2), uz = vy + La(w1),

as we intended to show. O
To continue our analysis, we define the linear operators

Pi:H— H, U =uy + u >—>731(u) :El(u2)+u2, (5517)

P:H— H, u=u1+u2>—>732(u):u1+£2(u1). (5518)

We note that P; and Po are linear. In the following, we analyze orthogonality properties of these
operators with respect to the bilinear form A, which induces an inner product in H x H; see Remark

5.3.6. For this purpose, we define
1
(u,v) 4 = A(u,v), [v|a == (v,v)} Yu,v € H. (5.5.19)

Lemma 5.5.4 (orthogonal projection). Let i € {1,2}. The map P; is an orthogonal projection from
H onto V; with respect to the inner product defined in (5.5.19).

Proof. We analyze the operator P; : H — Vi; the analysis for Ps is similar.
The fact that P; is a projection is trivial. In fact, Pi(Pi(u)) = P1(Li(u2) +u2) = L1(u2) +uz = Pi(u)
for all w = u; +ue € H. We now prove that P; : H — Vj is an orthogonal map with respect to the

inner product (-, -) 4 defined in (5.5.19). Given u = u; + uy € H, we prove below that
(u—="P1(u),v)a = ((u1 — L1(u2)) +0,0) 4 =0 Vo= Ly1(v2) +v2 € V1. (5.5.20)

Denote U; = u; — £1(ug) € H* (). From the definition of the inner product (-,-) 4 and the bilinear
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form A(-, ), it follows that

(u—P1(u),v)a =C1 /C /C (Ui(z) = Ur(y))(L1(v2)(z) — El(’UQ)(y))dydI

|z —y|n 2

+ /Q1 /Q2 J(x — y)Ur(2) (L1 (v2)(x) — va(y))dyda.

On the other hand, let us note that £;(va) € H* (€) solves the following problem:

(L1(v2)(z) = L1(v2)(y)) (21 (x) — 21(y))
Ci /Q;/s; dydx

o =y

+ /Ql /Q2 J(x —y)((L1(v2)(z) — va(y))zr(z)dydz =0 Vz; € H ().

If we set z; = U; in the previous weak formulation, we obtain (5.5.20), as we intended to show. This

shows that Py : H — V3 is an orthogonal map with respect to (-, -) 4. O

To present the main result of this section, we note that the elements of the sequence {u'};>o defined
in (5.5.12) can be rewritten in terms of the orthogonal projections P; and Ps, defined in (5.5.17) and

5.5.18), respectively, as follows: u® = 0 + u3 and for every i > 1,
2

W= £ () i = P, (5.5:21)

w2 = u2 ! £ (u2ih) = Py(ui), (5.5.22)

Theorem 5.5.5 (convergence of Algorithm 1). Given fi € L?(21) and fo € L*(Q2), the sequence
{u'}i>0 generated by the continuous alternating method described in (5.5.10) converges to the unique
minimizer u = uy + uz € H of the energy £ defined in (5.3.3), which is characterized as the unique

solution of the system (5.3.21)—(5.3.22):
ub — uy i HS(Qy), wlhy — ug in H2(Qy), i1 oo. (5.5.23)

Moreover, the method is geometrically convergent: there exists k € (0,1) such that

ur = ul| gey () U2 = Uglgon (o) S K ViEN. (5.5.24)
Proof. Given the equivalence presented in Remark 5.5.2, we assume that f; = 0 and fo = 0 and analyze
the convergence of the sequence {u'};>o described in (5.5.12). Let us note that within this setting,
ie., fi =0 and fo =0, the unique solution of the coupled problem (5.3.21)—(5.3.22) is u = 0 + 0.

Given the previously derived results (Lemma 5.5.3 and Lemma 5.5.4) we are able to apply [79, Theorem
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I.1] and obtain convergence. In fact, P;, for ¢ € {1,2}, is an orthogonal projection from H onto V; with
respect to the inner product (-,-) 4 (cf. Lemma 5.5.4) and H = V|7 @ V] (c¢f. Lemma 5.5.3 combined
with [19, Corollary 2.15]). We can thus obtain that

u' = 0in (H,|-|a)asiT oo, 't a4 < K'u’|a Vi > 0.

From this we can deduce that u} — 0 in H*'(Q) and that u} — 0 in H%2(Qs) as i T co. Let us now

use the coercivity property (5.3.29) of the bilinear form 4 to obtain

+1)2 +1)2 +1)2 2\
W e ) T 02 e 0y S 5 S &*Vi> 0.
This directly implies that [u}] 7 o,y S £ and [uh] g., g,y < & for all i > 0. O

5.5.2 The discrete alternating scheme

In this section, we present the discrete alternating Algorithm 2, which is an iterative method for

solving the finite element discretization (5.4.2)—(5.4.3).

Algorithm 2: The discrete alternating scheme

1 Input: Ql,Qg C [Rn, S1,82 € (O, 1), fl S L2(Ql), f2 S L2(Qg), J e Ll([Rn), %)h, %m, and
ugyh S Vgﬂh.

2 Step 0: Define u%)h =0+ ug)h € Hypp.

3 For i = 1 until convergence do

1: Find the solution ufl}zl € Vi, of (5.4.2) with ug p replaced by ugz,;Q
2: Define u%lb_l = u%lb_Q € Vy 5 and uilgl = ufz,jl + u%lb_l € Hyp.

3: Find the solution u%zh € Vo of (5.4.3) with uy j, replaced by uf’; '

4: Define u%zh = u%lgl € Vyp, and u,%zh = u%lh + u%zh € Hp,p.

According to the arguments developed in section 5.5.1, the following results emerge.

Theorem 5.5.6 (convergence of Algorithm 2). Given fi € L?(21) and f2 € L*(Q2), the sequence
{UZ,h}iZO generated by the discrete alternating method described in Algorithm 2 converges to the

unique solution of the discrete coupled system (5.4.2)—(5.4.3):

ull)h — urp i Vip, ué,h — gy in Vo, 11 0.
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Moreover, the method is geometrically convergent: there exists k € (0,1) such that

lut,n — Uli,h|ﬁ151(91) + |uz,p — Ué,b|ﬁ152(92) S VieN.

5.6 Numerical experiment

In this section, we present a numerical experiment that illustrates the performance of the a priori
error bounds derived in Section 5.4.2. The experiment was performed with a MATLAB code that
implements a modified version of the fractional Laplacian problem from [2] in combination with the
alternating method described in Algorithm 2. Since the domains are separated, the integrals associated
with the interactions governed by the kernel J are approximated by Gaussian quadratures.

The setting of this experiment is as follows: we set d = 2 and consider
vy =—x2=(1,1), Q1 = Bi(x1), Q2= Bi(zr2), 51,52 € {0.2,0.4,0.6,0.8}.

We also consider the kernel J = XBG(O)|BG(O)|’1, where X p4 ) denotes the characteristic function
supported at Bg(0).

The exact solutions #; and o are given by

Uy (x) = (22 T2 (14 1)) (1= |z — 2 ),

s () = (22272 (1 4 82)) ' (1 — |z — 22|?) 2, ty = max{0,¢}.
For this example, the source terms f; and fo are computed as:
fi(@) =1—1u1(x)(2C1h1(z) — g1) — V1, fo(x) =1 — Uz(x)(2C2he(x) — g2) — V2,
where

hi(z) = /Q |z —y| 27251 dy, ho(z) = /Q |z — y| 222 dy,
2 1

1 _ 1 _
V1(x) = Bo0)] Jo, 2 (y)dy, V2(z) = Bo0)] Jo, u1(y)dy,

and g1 = g2 = 1/36.

In this experiment, we consider one mesh parameter for 2y and {29, that is: h = §. Finally, we define
€in = u; — u;p, with ¢ € {1,2}.

In Table 5.1 we present the errors |ey | g1 (@) and lea.n| ez (©,) as well as the experimental convergence

rates for different combinations of s1, s2 € {0.2,0.4,0.6, 0.8} and for different mesh sizes h. We observe
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(s1,82) lei.n| \mesh size h | 0.8 0.4 0.2 0.1 0.05 Rate
(0.2, 0.4) eLnlre () 0.8875 | 0.7409 | 0.5413 | 0.3764 | 0.2745 0.4884
B e2,h]Ho2 (0) 0.7555 | 0.5809 | 0.4018 | 0.2609 | 0.1678 | 0.5775
(0.2, 0.6) eLnlEs1 () 0.8878 | 0.7431 | 0.5474 | 0.3883 | 0.2926 0.4682
B €2 | o2 (Q0) 0.6122 | 0.4266 | 0.2741 | 0.1623 | 0.0824 0.6971
(0.2, 0.8) |LeLnlae @) 0.8882 | 0.7451 | 0.5523 | 0.3971 | 0.3053 | 0.4275
o lea,n] ez (0,) 0.4796 | 0.2931 | 0.1614 | 0.0671 | 0.0543 0.7855
(0.4, 0.6) lex,n|me1 (0)) 0.7559 | 0.5854 | 0.4146 | 0.2867 | 0.2101 | 0.4902
B lea,n| o2 (02) 0.6125 | 0.42838 | 0.2809 | 0.1774 | 0.1121 | 0.6623
(0.4, 0.8) eLnlre () 0.7563 | 0.5873 | 0.4192 | 0.2950 | 0.2224 0.4524
B €2 hl o2 (Q0) 0.4798 | 0.2952 | 0.1687 | 0.0879 | 0.0252 1.024
(0.6, 0.8) |LeLnlae @) 0.6123 | 0.4327 | 0.2911 | 0.1970 | 0.1441 | 0.5308
R lea,nlHe2 (0,) 0.4801 | 0.2970 | 0.1746 | 0.1018 | 0.05962 | 0.7563
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Table 5.1: Experimental rates of convergence for |eq | gs1 ©1) and ‘62,h,|H52(92) for s1, 82 € {0.2,0.4,0.6,0.8}. The expected
convergence rate is 0.5.

that the experimental convergence rates agree with the theoretical result provided in Section 5.4.2. It

is noteworthy that the asymptotic convergence rate is reached faster for the solution corresponding to

the smaller fractional parameter.
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Conclusions

We have provided a complete study of three optimal control problems and one nonlocal coupled system.
We have also analyzed finite element discretization schemes for each problem and provide convergence
and a priori error estimates results.

In Chapter 2, we have employed the branches solution framework general and elaborated results,
particularly the existence of optimal solutions and optimality conditions. The corresponding optimal
control problem have result in a finite dimensional instance. As for the problems investigated in
Chapters 3 and 4, we required more sophisticated tools to derive second order optimality conditions
and a priori error estimates. All of this put in evidence that the treatment to investigate optimal
control problems is far from being a standard research. Finally, in Chapter 5, we have investigated a
nonlocal coupled system, providing existence, uniqueness and regularity of solution properties, together
with a complete analysis of the discretization scheme. We have also studied an alternating method
to approximate the continuous and discrete solutions, and derived convergence properties. This work
constitute a first contribution in the study of coupled behaviours under purely nonlocal phenomena.
In terms of future work, this thesis provide significant tools to develop an important number of research.

In the following we adress few of them.

e Numerical analysis (a priori and a posteriori) of the optimal control problem for the Navier-Stokes

equations with singular sources.
e Numerical analysis for optimal control problems for nonlocal coupled systems.

e Coupled systems involving fluid mechanics and nonlocal diffusion models.
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