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Abstract

Weyl semimetals (WSMs) are three-dimensional topological states with no energy gap,
characterized by monopole-antimonopole pairs of Abelian Berry curvature at band contact
points in momentum space. These materials exhibit chiral anomalies, manifested through
crystalline dislocation defects associated with the discrete translational symmetry of the
lattice. This thesis, based primarily on the work presented in [1] and some still unpublished
results, lays the foundations for constructing a holographic model of WSMs with disloca-
tions, using a (4 + 1)-dimensional Chern-Simons gravitational theory in an anti-de Sitter
space, without resorting to external sources of matter. This theoretical framework incor-
porates torsion, offering a holographic representation of dislocation defects in the crystal
lattice and possibly captures the chiral anomaly. By solving the gravitational equations
of motion with an asymptotic expansion near the boundary, it is shown that this theory
admits axially symmetric solutions in the bulk and on the boundary of (3+1)-dimensional
spacetime. These solutions can be interpreted as holographic field theories with dislo-
cation defects at finite temperature, encoded by a black hole in the bulk gravitational
theory. Two types of black hole horizons are examined: the planar case and the hyperbolic
case. Notably, these solutions reveal an odd parity Abelian current exhibiting an anomaly
proportional to the Nieh-Yan invariant, which can be interpreted as a holographic chi-
ral anomaly. Therefore, the obtained field theory is a candidate for a holographic WSM.
These findings open new perspectives for exploring holographic topological phases using
bulk gravitational Chern-Simons theories and establish torsion as a holographic analogue
of crystalline dislocation defects.
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Resumen

Los semimetales de Weyl (WSMs, por sus siglas en inglés) son estados topológicos tridi-
mensionales sin brecha energética, caracterizados por pares monopolo-antimonopolo de
la curvatura de Berry abeliana en puntos de contacto de bandas en el espacio de mo-
mentos. Estos materiales exhiben anomalías quirales, manifestadas a través de defectos
de dislocación cristalina asociados con la simetría de traslación discreta de la red. Esta
tesis, basada principalmente en el trabajo presentado en [1] y algunos resultados aún no
publicados, sienta las bases para la construcción de un modelo holográfico de WSM con
dislocaciones, utilizando una teoría gravitacional de Chern-Simons (4 + 1)-dimensional en
un espacio anti-de Sitter, sin recurrir a fuentes externas de materia. Este marco teórico
incorpora torsión, ofreciendo una representación holográfica de los defectos de dislocación
en la red cristalina y posiblemente captura la anomalía quiral. Al resolver las ecuaciones
gravitacionales de movimiento con una expansión asintótica cerca del borde, se muestra que
esta teoría admite soluciones axialmente simétricas en el borde del espaciotiempo (3 + 1)-
dimensional. Estas soluciones pueden interpretarse como teorías de campo holográficas
con defectos de dislocación a temperatura finita, codificadas por un agujero negro en la
teoría gravitacional interior. Se examinan dos tipos de horizontes de agujero negro: el caso
planar y el caso hiperbólico. En particular, estas soluciones revelan una corriente Abeliana
de paridad impar que exhibe una anomalía proporcional al invariante de Nieh-Yan, que
puede interpretarse como una anomalía quiral holográfica. Por lo tanto, la teoría de campo
obtenida es candidata para un WSM holográfico. Estos hallazgos abren nuevas perspectivas
para explorar las fases topológicas holográficas utilizando teorías gravitacionales de Chern-
Simons en le intrior y establecen la torsión como un análogo holográfico de los defectos de
dislocación cristalina.
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“Cuando vas en barco y miras hacia la orilla, puedes cometer el error de creer que es la
orilla del río la que se mueve. Pero si posas la mirada atentamente sobre tu propia

embarcación, comprenderás que en realidad es el barco el que se mueve. De la misma
manera, si examinas la multitud de fenómenos a través de tu percepción confusa,

cometerás el error de pensar que tu propia mente es permanente. Pero si practicas
íntimamente y retornas a lo que eres, comprenderás que nada posee naturaleza propia.”

Eihei Dōgen, Shōbōgenzō
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Chapter 1

Introduction

Between the topological phases of matter, three-dimensional Weyl semimetals (WSMs) hold
a prominent position as they correspond to pairs of nodal points in momentum space, which
act as monopoles (sources) and antimonopoles (sinks) of the Abelian Berry curvature [2, 3].
At these nodal points, the valence and conduction bands touch, giving rise to massless
(gapless) pseudo-relativistic Weyl quasiparticles in their vicinity [4]. These systems are
further characterized by zero-energy Fermi arc surface states that connect the nodal points.

A defining feature of WSMs is the manifestation of the chiral anomaly [5], which results
in anomalous magnetotransport responses [6, 7, 8, 9]. This universal signature can be
traced back to the axion, or θ-term, in the effective action governing the electrodynamics
of (3 + 1)-dimensional WSMs [6, 7], as summarized in recent reviews [10]. Fundamentally,
this phenomenon can be viewed as a consequence of the underlying Chern-Simons (CS)
theory in one higher dimension [11].

The connection between anomalies and CS gravity has been extensively explored within
the framework of holography. For instance, in the absence of torsion, the holographic Weyl
anomaly has been studied in Refs.[12, 13], while gravitational and Lorentz anomalies have
been addressed in Refs.[14, 15, 16, 17]. Moreover, it is known that the holographic dual of
(4 + 1)-dimensional anti-de Sitter (AdS) gravity, as introduced in Refs. [18, 19], exhibits
chiral currents [20]. These connections inspire the first guiding principle of this work: the
use of a (4+1)-dimensional CS gravitational theory in the bulk to construct a holographic
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field theories on a (3 + 1)-dimensional boundary that might allow interpretation in terms
of a WSM.

The concept of WSMs with isolated band-touching points in momentum space can be
extended to gapless states where band touching occurs along lines or surfaces, leading to
nodal-line [21, 22, 23, 24] and nodal-surface [25, 26, 27] semimetals, respectively. These
systems also exhibit anomalous transport properties, as observed particularly in nodal-line
semimetals [28, 29, 30].

Dislocations, which are crystal-lattice defects associated with discrete translational
symmetry, play a critical role in WSMs. These defects can realize the chiral anomaly
[31, 32, 33, 34, 35, 36, 37] and serve as probes for monopole charges [38]. Within contin-
uum elastic theory, dislocations correspond to torsion fields, with their topological charge,
the Burgers vector, representing a point-like source of torsion [39]. A single dislocation
can thus be conceptualized as a “torsional vortex”, where the torsion flux determines the
Burgers vector. This relationship between dislocations and anomalies motivates the second
guiding principle of this work: the representation of dislocations in the bulk gravitational
theory via torsion fields.

Guided by these physically motivated principles, we construct a topological defect
solution in a (3 + 1)-dimensional spacetime, arising from the bulk (4 + 1)-dimensional
Chern–Simons gravitational theory in asymptotically AdS spacetime, with the black hole
geometry encoding the temperature and torsion representing the dislocation defects [1].
The bulk theory incorporates a black hole to encode temperature and torsion to repre-
sent dislocation defects. Specifically, two types of black hole horizons are explored: one
with a planar three-dimensional spatial section and another with negative curvature. By
employing an asymptotic (Fefferman-Graham [40]) expansion near the boundary, explicit
solutions to the bulk equations of motion are obtained.

The analysis reveals that, for the planar case, only a family of axially symmetric so-
lutions exists at a finite-radius (purely spatial) ring, as described by Eq. (6.74). These
solutions describe holographic disclocations and possess an odd parity Abelian anomalies.
As such, they therefore represent candidates for WSMs. The relationship between temper-
ature, radius, and the dislocation parameter characterizing the torsion field is presented in
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Figs. 6.4, 6.6, and 6.7. Furthermore, it is demonstrated that these solutions exhibit a non-
trivial Abelian anomaly of odd parity, that may be interpreted as chiral anomaly, as shown
in Eq. (6.92) and Fig. 6.8, further reinforcing their interpretation as (3 + 1)-dimensional
WSMs with dislocation-induced chiral anomalies. Finally, this anomaly is shown to scale
with the Nieh-Yan invariant [41], as expressed in Eq. (6.97).

Recently, there has been significant interest in crystalline systems with hyperbolic geom-
etry, which exhibit unique topological and physical properties that distinguish them from
their Euclidean counterparts [42, 43]. Hyperbolic lattices, characterized by negative curva-
ture, provide a natural framework for exploring novel phases of matter and new geometric
perspectives in condensed matter systems. These structures, have been realized experimen-
tally using circuit quantum electrodynamics [44], opening pathways for studying hyperbolic
band theory and associated topological phenomena. Unlike planar lattices, hyperbolic sys-
tems accommodate richer connectivity and higher-dimensional symmetry groups, enabling
new types of topological and transport phenomena [45, 46, 47, 48, 49, 50, 51]. These de-
velopments have profound implications, bridging condensed matter, high-energy physics,
and quantum information science, and suggest that crystalline systems with hyperbolic ge-
ometry could unveil uncharted physical phenomena and novel states of matter. This class
of systems is implemented in this work through a black hole solution with a hyperbolic
3-dimensional horizon. Due to the complexity of the equations of motion (7.41)–(7.44),
the analysis is restricted to a space of solutions in which the torsion fields depend only on
the radial coordinate (7.76)–(7.78). It is found that a consistent solution exists only for a
finite set of points in the parameter space, such that both the axial and diagonal torsion
fields (7.92), as well as the Abelian anomaly (7.99), exist at discrete values of the radial
coordinate, as shown in Fig. 7.2 and Fig. 7.3.

This thesis is organized as follows. The first two chapters, 2 and 3, present the state
of the art on the two main topics of this research: Weyl semimetals and the holographic
principle applied to condensed matter physics. Chapter 2 covers the fundamental aspects
necessary to characterize Weyl semimetals and dislocations in crystalline systems, while
chapter 3 introduces the key properties of gauge/gravity duality, specifically its applica-
tion to low-energy systems, that its, condensed matter theory. In chapter 4, we discuss
Einstein-Gauss-Bonnet gravity in 4 + 1 spacetime dimensions, from which the gravita-

3



tional Chern-Simons theory emerges, and that will be the bulk gravitational theory for the
holography application. The holographic model is introduced in chapter 5, where temper-
ature is encoded through a black hole and dislocations are represented by torsion fields,
outlining the general setup for constructing the holographic strongly-coupled metal with
dislocations. Chapter 6 explicitly derives the solutions for the planar case, representing
the holographic strongly-coupled system with dislocations and computing the correspond-
ing Abelian anomaly. In chapter 7, the explicit calculations for the hyperbolic case are
presented. Concluding remarks are provided in chapter 8, with additional calculations
included in the Appendices.
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Chapter 2

Weyl semimetals

Weyl semimetals (WSMs) represent an exciting class of topological quantum materials
characterized by the presence of Weyl fermions as low-energy quasiparticles. These mate-
rials are defined by their unique electronic structure, where Weyl nodes of band crossings in
momentum space act as monopoles of Berry curvature. This topological property gives rise
to fascinating physical phenomena, such as the chiral anomaly and surface states known
as Fermi arcs.

In this chapter, an overview of Weyl semimetals is provided, focusing on the chiral
anomaly associated with Weyl nodes and the role of crystal dislocations as probes of
this anomaly. These interesting features serve as a guiding star in the quest of trying to
construct a holographic model for WSMs with dislocations.

2.1 Introduction to Weyl Semimetals

The concept of Weyl semimetals (WSMs) has its origins in 1937, when Conyers Herring first
identified the electronic band structure describing these systems in the article Accidental
Degeneracy in the Energy Bands of Crystals [52]. Decades later, between 1980 and 1983,
Nielsen and Ninomiya published a series of seminal articles [2, 53, 3, 5], where they explored
lattice models as a framework for simulating the Standard Model of particle physics. Their
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Figure 2.1: The first experimental observation of a WSM was in a TaAs crystal [54].

work demonstrated the existence of chiral particles from a high-energy physics perspective,
laying the groundwork for understanding WSMs.

Weyl semimetals (WSMs) highlight a unifying thread across fundamental physics, link-
ing the concept of Weyl fermions arising from high-energy physics with their condensed-
matter realization. Proposed in particle physics as solutions to the Weyl equation yet
not observed as elementary particles, Weyl fermions emerge in WSMs as quasiparticles.
This emergence enables controlled laboratory studies of quantum anomalies and gauge-field
responses.

It was not until 2015, however, that WSMs were experimentally discovered. A group
of researchers successfully identified these systems in the compound tantalum arsenide
(TaAs) [54]. Figure 2.1 illustrates this breakthrough, showing the characteristic Fermi arc
that serves as a hallmark of WSMs.

Weyl semimetals are crystal in three-spatial dimension where the low-energy excitations
are described by the four dimensional Weyl equation:

ı∂tΨ± = ∓vF p⃗ · σ⃗Ψ±, (2.1)

with σ⃗ = (σx, σy, σz) a vector which component are the Pauli matrices, vF as the Fermi
velocity of the Weyl quasiparticles which is typically of a few percent of the speed of light,
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and Ψ± the two-component Weyl spinors. These can be embedded into four-component
Dirac spinors Φ± in the chiral basis as

Φ+ =

(
0

Ψ+

)
, Φ− =

(
Ψ−

0

)
, (2.2)

such that they become eigenstates of the chirality operator:

γ5Φ± = ±Φ± . (2.3)

In other words, this is a (pseudo-)relativistic equation for massless fermions. Assuming
plane-wave solutions Ψ±(r, t) = eı(p⃗·r−Et)ψ±, the time-dependent equation reduces to the
eigenvalue problem

Hψ± = Eψ± , (2.4)

with H = ∓vF p⃗ · σ⃗. The matrix p⃗ · σ⃗ has eigenvalues ±|p⃗|, so the energy eigenvalues are

E = ±vF |p⃗| , (2.5)

yielding the characteristic linear dispersion relation of Weyl semimetals, where vF plays
the role of the speed of light. The chirality of massless Weyl fermions, coincides with
the helicity defined as the projection of the pseudo-spin onto the direction of momentum,
representing the direction of the motion, that is, if the particle move parallel or anti-parallel
to the direction of its pseudo-spin. In the following, we set vF = 1, unless otherwise stated.

From band theory, it is evident that Weyl semimetals exhibit a structure where the
valence and conduction bands touch each other at two points in the Brillouin zone. These
points have opposite chirality and are known as Weyl nodes, which always appear in
pairs [5]. They act as sources and sinks of Berry curvature and carry opposite chiral
charges. For a pictorial representation, refer to Fig. 2.2. The separation of Weyl nodes
in momentum space or energy is a hallmark of these materials, arising due to broken
time-reversal symmetry (TRS) or inversion symmetry (IS).

Based on the linear energy dispersion relation, three types of Weyl semimetals can be
identified. In Fig.2.3, the left side illustrates a standard Weyl semimetal, while the right
side shows a nodal line Weyl semimetal (NLWSM)[21, 22, 23, 24]. In the latter (NLWSM),

7



Figure 2.2: A representation of the Brillouin zone in a WSM [55], where one of the Weyl
nodes acts as source and the other one acts as sink of the Berry curvature. When this
nodes are projected in the upper or in the lower surfaces of the Brillouin zone, a Fermi arc
emerge as a surface states.

Figure 2.3: Dispersion relation of energy for two types of Weyl semimetals: on the left, a
typical WSM with a single pair of Weyl nodes, and on the right side, a nodal line WSM,
with a circle of Weyl nodes [4].
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an infinite number of Weyl node pairs form a closed loop or circle. Additionally, there is a
third type, characterized by a nodal surface in the Weyl semimetal [25, 26, 27].

The existence of Weyl nodes is guaranteed by topology. Specifically, each node is
associated with a topological charge defined by the Chern number, which quantifies the flux
of Berry curvature through a surface enclosing the node. Considering that the electronic
states in a WSM are described in terms of Bloch wave functions |un(k⃗)⟩, with band index
n and momentum k⃗, the Berry connection and its corresponding Berry curvature can be
defined as:

An(k⃗) = i⟨un(k⃗)|∇k⃗|un(k⃗)⟩, F ab
n (k⃗) = ∂kaA

b
n − ∂kbA

a
n , (2.6)

where F ab
n = Fn when the bands are considered isolated. In this case, the Berry flux can

be defined as a topological number∫
d2k⃗

2π
Fn(k⃗) = Nn ∈ Z , (2.7)

with the surface integral enclosing the Weyl node. This topological protection ensures that
the nodes cannot be eliminated unless they merge and annihilate with nodes of opposite
chirality. In three-spatial dimensional crystals, the Berry flux behaves like a dual magnetic
field with magnetic monopoles. This is visualized in the Fig. 2.4.

One of the most striking manifestations of the topology of WSMs is the presence of
Fermi arc surface states. Unlike conventional surface states, which form closed loops in
momentum space, Fermi arcs connect the projections of Weyl nodes with opposite chirality
on the surface Brillouin zone. Furthermore, from the point of view of electron transport,
when an electric field is applied, this translates into a flow of electrons from one Weyl node
to the other, as can be seen in the Fig. 2.5, being connected by the Fermi arcs. These
arcs are a direct consequence of the bulk-boundary correspondence and provide a unique
signature of Weyl semimetals in experiments.

Overall, Weyl semimetals exemplify the profound interplay between topology and con-
densed matter physics, with their unique properties arising from the topological nature of
their electronic structure.
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Figure 2.4: On the left, a representation of a transverse section of the Berry flux is shown
[56], while on the right, a representation of the dual magnetic field generated by the
Weyl nodes as monopoles is depicted (https://phys.org/news/2018-08-marriage-topology-
magnetism-weyl.html).

Figure 2.5: Representations of Fermi arcs emerging as surface states formed by the edge
fermionic states with zero energy (Fermi energy). These surface states connect the projec-
tions of the Weyl nodes on the upper and lower faces of the first Brillouin zone [57].

2.2 The Chiral Anomaly in Weyl Semimetals

The chiral anomaly arises due to the non-conservation of chiral charge in the presence of
electromagnetic fields. In WSMs, this phenomenon can be interpreted as the transfer of
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electronic states between Weyl nodes with opposite chirality [5].

Weyl nodes can also be understood through the magnetic chiral effect [6, 7, 8, 9], where
an external magnetic field B⃗ generates a current:

j⃗± = C±
e2

4π2
B⃗ , (2.8)

where the chiral current j⃗± and C± = ±1 represents the respective Chern number of each
node. As expected, the sum of the two chiral currents cancels out:

j⃗5 =
e2

4π2
B⃗
∑
±

C± = 0 . (2.9)

When an external electric field E⃗ is applied along the k direction, the equilibrium is
broken, causing the occupied states to shift toward the node aligned with E⃗. As a result,
a measurable chiral current emerges. An anomaly, in this context, is proportional to the
divergence of the associated current. Specifically,

∂tρ5 +∇ · j⃗5 =
e2

2π2
E⃗ · B⃗, (2.10)

where ρ5 and j⃗5 are the chiral charge density and current, respectively. A representation
of this chiral anomaly, can be seen in the Fig. 2.6

This consequence of the chiral anomaly translates to the appearance of negative longi-
tudinal magnetoresistance [59]. Specifically, when an electric field E⃗ is applied parallel to a
magnetic field B⃗, charge carriers with opposite chirality are pumped between Weyl nodes,
resulting in an enhancement of conductivity. This phenomenon has been experimentally
observed [60] and serves as a hallmark of the chiral anomaly in these materials.

2.3 Crystal Dislocations

A dislocation is a one-dimensional (line) crystallographic defect in a three-dimensional
periodic solid, along which the lattice translation symmetry is obstructed. If one traverses
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Figure 2.6: On the left, a WSM is depicted under the influence of (a) an external magnetic
field and (b) combined external magnetic and electric fields [58]. On the right, a represen-
tation of electric transport is shown, where electrons travel along the surface Fermi arcs
and are absorbed by the chiral bulk Landau level, which connecting the opposite surfaces.
[4].

a closed circuit C around the line, the displacement field u⃗ fails to close by the Burgers
vector b⃗ [61]: ∮

C

du⃗ = b⃗ . (2.11)

The vector b⃗, a lattice translation, sets the magnitude and direction of the net shear asso-
ciated with the defect. Together with the local line direction L⃗, it classifies the dislocation
as edge (⃗b ⊥ L⃗), screw (⃗b ∥ L⃗), or mixed (a general angle between b⃗ and L⃗). The Burg-
ers vector [39] is defined as the flux of the torsion tensor over a spatial surface, whose
components are

bi =

∫
T i , (2.12)

with T i as the torsion tensor characterizing the distortion of the crystal, so that dislocations
can be regarded as topological defects. In Fig. 2.7, two different types of dislocations are
shown: screw dislocations and edge dislocations. These types are chosen because they
are of particular interest in this investigation. Specifically, the latter serves as a guide for
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Figure 2.7: On the left side, a screw dislocation is shown in a cubic lattice, where the Burg-
ers vector b⃗ and the dislocation line L are parallel. On the right side, an edge dislocation is
depicted in a hexagonal two-dimensional lattice, with the Burgers vector lying within the
plane and the dislocation line L oriented perpendicular to it, thus always orthogonal to b⃗
[62].

establishing an ansatz for the antisymmetric part of the spin connection on the gravitational
side.

In WSMs, dislocations play a unique role due to their ability to host topologically
protected states, effectively acting as “bulk probes” of the topological properties of the
systems. Specifically, in WSMs they can realize chiral anomaly [31, 32, 33, 34, 35, 36,
37]. Furthermore, these studies highlight how dislocations affect electronic transport by
inducing axial currents and altering the local density of states.

Experimentally, dislocations provide a direct way to probe the chiral anomaly in WSMs.
Techniques such as scanning tunneling microscopy (STM) and transport measurements
have been used to investigate the effects of dislocations on the electronic structure and
conductivity of these materials. These experiments confirm the theoretical predictions and
underscore the importance of dislocations as tools for exploring the topological properties
of WSMs.

These characteristics, especially the connection between the dislocation and the chiral
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anomaly, inspire the second guiding principle of this framework: representing a dislocation
in the bulk gravitational theory through the torsional field.

To conclude this chapter, it is evident that Weyl semimetals stand at the crossroads
of topology, quantum field theory, and condensed matter physics, offering a rich platform
to explore phenomena such as the chiral anomaly and the role of crystal dislocations as
topological probes. These insights not only deepen our understanding of these materials
but also pave the way for innovative theoretical approaches.

The framework presented in this thesis seeks to harness the principles of gauge/gravity
duality to model holographic field theories with dislocations, which might be interpreted
in terms of WSMs. Finally, by embedding dislocations into the bulk geometry as torsional
fields, this holographic perspective aspires to shed new light on the interplay between
topology, anomalies, and transport phenomena, offering a unique lens to study the rich
physics of these remarkable quantum systems.
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Chapter 3

CMT Gauge/Gravity Duality

The interplay between gauge/gravity duality and condensed matter theory (CMT) rep-
resents a profound leap in our understanding of strongly correlated systems. Traditional
approaches to quantum many-body systems often face limitations when dealing with phe-
nomena such as unconventional superconductivity, non-Fermi liquids, and quantum criti-
cality, which emerge under strong coupling regimes. The holographic principle, originating
from string theory and formalized through the AdS/CFT correspondence, provides a pow-
erful framework to explore these challenges by geometrizing complex quantum interactions.

This duality offers a unique perspective: it maps the dynamics of a strongly coupled
quantum field theory (QFT) in d-dimensions to a classical gravitational theory in d + 1-
dimensional anti-de Sitter (AdS) spacetime. Within this framework, thermodynamic and
transport properties of condensed matter systems at finite temperature can be described
in terms of black hole physics. Moreover, the introduction of additional bulk fields allows
us to capture the behavior of quantum phases of matter, such as superconductors and
topological phases, while the emergence of holographic renormalization provides insight
into the universality of quantum phase transitions.

By leveraging gauge/gravity duality, condensed matter physicists gain access to compu-
tational tools and conceptual frameworks capable of tackling some of the most enigmatic
problems in the field, such as the understanding of Weyl semimetals systems with strong
interacions. This chapter aims to bridge these domains by presenting the foundational
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ideas of holography, the technical framework of AdS/CFT correspondence, and its ground-
breaking applications to condensed matter theory.

3.1 Foundational Idea: The Holographic Principle

The holographic principle represents a form of duality, arising when two distinct the-
ories—characterized by different parameters and variables—describe identical dynamics.
This implies that the two theories share the same number of degrees of freedom, Hilbert
space, and symmetries. In other words, through an appropriate transformation of co-
ordinates and fields, the two theories can be mapped onto each other. This duality is
encapsulated in the following relation between their coupling constants:

gstrong, gweak ∼ 1 , (3.1)

where one system exhibits a strong coupling constant, while the other features a weak
coupling constant.

The holographic principle, originally introduced within the framework of black hole
thermodynamics, suggests that the informational content of a physical system confined
within a volume Vd+1 can be entirely encoded on its boundary, Ad [63, 64]. Known as the
Bekenstein-Hawking entropy, this principle establishes that the maximum entropy that can
be accommodated within a given volume is determined by its boundary area

S =
Ad

4GN

, (3.2)

where GN is the Newton constant. This principle is formalized in string theory through the
AdS5/CFT4 correspondence [65], which establishes a duality between type IIB superstring
theory on AdS5×S5 and N = 4 super Yang-Mills (YM) theory in (3 + 1) dimensions with
gauge group SU(N). The latter is a conformal field theory (CFT) defined on the boundary
of the AdS5 space. At a deeper, more fundamental level, this duality originates from the
open-closed string duality, as illustrated in Fig. 3.1. Additionally, as part of the duality, a
dictionary between the coupling constants of the two theories is established

g2YM = 2πgs , 2 g2YM N =
L4

l4s
, (3.3)
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Figure 3.1: A representation of the duality between open and closed string [66].

here, gYM and gs denote the coupling constants of the super Yang-Mills (YM) theory and
the superstring theory, respectively, N represents the rank of the gauge group SU(N),
and L and ls correspond to the AdS radius and the string length, respectively. Within
this duality, the dynamics of a supergravity theory in a (d + 1)-dimensional AdS space
are mapped to the dynamics of a d-dimensional CFT on its boundary. This connection
arises naturally from string theory, where D-branes and their low-energy limits provide a
concrete framework for realizing such dualities.

3.2 AdS/CFT Correspondence

3.2.1 Anti-de Sitter Space and Conformal Field Theories

The AdS/CFT correspondence relies on the properties of Anti-de Sitter spaces and con-
formal field theories. An AdSd+1 space is a maximally symmetric spacetime with constant
negative curvature −1, described by the metric

ds2 =
L2

r2
dr2 +

r2

L2
ηµνdx

µdxν , (3.4)
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Figure 3.2: A representation of the geometrization of the renormalization group flow di-
rection as an extra dimension [67].

here, L denotes the AdS radius, r is the radial coordinate, with r → ∞ representing the
boundary (UV limit) and r → 0 corresponding to the interior region (IR limit), and ηµν

represents the metric of the flat d-dimensional space [67, 68]. Under a change of coordinates,
specifically z = L

r
, the metric transforms into a conformal form

ds2 =
L2

z2
(
ηµνdx

µdxν + dz2
)
, (3.5)

with the conformal factor Ω(z) = L2

z2
, the metric becomes conformally invariant. Conse-

quently, the isometry group of AdSd+1, SO(d, 2), is isomorphic to the conformal group in d
dimensions, emphasizing the dual relationship between AdS spaces and CFTs. Conformal
field theories exhibit scale invariance and universality near quantum critical points, at zero
temperature, making them ideal frameworks for describing second-order quantum phase
transitions [69, 70]. Moreover, the holographic duality provides a geometrization of the
renormalization group flow, where the radial coordinate r in the AdS space corresponds to
the energy scale of the CFT, as illustrated in Fig. 3.2 [65].
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3.2.2 Partition Functions and Correlation Functions

The holographic dictionary establishes an equivalence between classical gravity in AdS
space and a strongly coupled quantum field theory (QFT) on the boundary, which exists
in one fewer dimension [71, 65, 72]. This duality is expressed through the equality of
the quantum partition functions of the two theories. Specifically, on the gravity side, the
Chern-Simons (CS) partition function in the classical approximation is given by

ZCS[A(0)] ≃ eiI
ren
CS [A]

∣∣
A(0)

, (3.6)

where A represents a bulk field, A(0) is its boundary value, and IrenCS = ICS + IB is the
renormalized CS action. The latter includes a surface term, IB, that ensures the action
principle is satisfied under appropriate boundary conditions, A → A(0). It also contains
counterterms that make IrenCS finite in the asymptotic region. As is well known, AdS space
introduces divergences at large distances due to the boundary metric having a pole of order
two [73].

On the other hand, the holographically dual conformal field theory (CFT)—a QFT—has
its partition function expressed as

ZQFT[A(0)] = eiW [A(0)] , (3.7)

where W [A(0)] is the non-local quantum effective action obtained after integrating out all
boundary fields coupled to the external source A(0). The AdS/CFT correspondence equates
the renormalized classical AdS gravity action in five dimensions with the quantum effective
action in four dimensions:

IrenCS [A(0)] ≃ W [A(0)] . (3.8)

To apply this prescription to gravitational and quantum theories, the initial step involves
determining the boundary terms, IB, as well as the boundary conditions for A(0). This
procedure is thoroughly detailed in [20], where the results are summarized and subsequently
utilized in applications aimed at understanding Weyl semimetal systems.

In the context of correlation functions of operators O in the CFT, the holographic
principle is employed to compute these operators by varying the bulk action with respect
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to A(0), as follows:

⟨O1(x1) · · · On(xn)⟩CFT =
δnW

δA1
(0)(x1) · · · δAn

(0)(xn)

∣∣∣∣
Ai

(0)
=0

. (3.9)

For instance, the energy-momentum tensor and spin current, which correspond to the
Poincaré symmetry, are holographic currents represented as one-point correlation functions.
This correspondence illustrates how holography translates classical gravitational dynamics
in the bulk into quantum field-theoretic observables on the boundary [67, 68].

3.3 AdS/CMT

The application of holographic duality to condensed matter theories (AdS/CMT) has es-
tablished a powerful framework for studying strongly correlated systems, such as high-
temperature superconductors and quantum critical phases in general [68, 70, 74]. A no-
table example involves the quantum phase transition in a superfluid-insulator system, as
illustrated in Fig. 3.3. In such systems, a phase transition occurs at T = 0, where the
correlation length diverges, indicating that the system becomes fully correlated. However,
traditional condensed matter approaches struggle to describe the dynamics of these systems
at T > 0, a regime known as the quantum critical region. In this context, the AdS/CMT
duality provides a novel perspective through the introduction of a black hole solution in the
AdS bulk. This black hole generates an energy scale (temperature) in the boundary theory,
breaking conformal invariance and enabling the analysis of finite-temperature systems [75]

3.3.1 Hawking Temperature

In the AdS/CMT duality, the Hawking temperature (temperature of the black hole) TH ∼
rH , with rH the horizon radius of the black hole, corresponds to the temperature of the
boundary QFT, as can be appreciated in the Fig. 3.4, establishing a direct connection
between gravitational dynamics and thermal physics. Where typical planar Schwarzschild
AdS black hole metric is typically expressed as

ds2 = −f(r)dt2 + dr2

f(r)
r2dΩ2, (3.10)
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Figure 3.3: A phase diagram of the superfluid-insulator transition in two spatial dimensions
(D = 3). The quantum critical point is at g = gc, T = 0, where a CFT domain can be
appreciate (the quantum critical region) [76].

Figure 3.4: A representation of the energy scale introduced by a black hole metric, along
with its corresponding Hawking temperature, serves as a dual description of the temper-
ature in the conformal field theory (CFT) [76]. The gravity theory is defined on the bulk
4-dimensional spacetime. The CFT resides on the boundary at r → ∞.

where dΩ2 correspond to the planar transversal section, and f(r) = r2

L2 − M
r

encodes
the black hole horizon with M the mass of the black hole, and its asymptotic behavior
determines the thermodynamic properties of the boundary theory [77, 68, 75].
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To conclude this chapter, it is important to highlight the transformative impact of the
gauge/gravity duality. This duality has revolutionized our understanding of strongly cor-
related systems by offering a geometric framework for the study of quantum field theories.
Through its applications in condensed matter physics, particularly within the AdS/CMT
correspondence, it continues to reveal universal features of critical phenomena and trans-
port properties. Moreover, the holographic principle offers a promising avenue for exploring
the intricate topological and transport properties of Weyl semimetals, providing a deeper
understanding of the connection between the chiral anomaly and dislocations.
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Chapter 4

Einstein-Gauss-Bonnet AdS5 Gravity at
the Chern-Simons Point

In this chapter, it is presented the gravitational theory that have all the properties and
characteristic necessary to construct the holographic dual theory. Recalling that we are
looking for dislocation in a topological state of matter, the gravitational theory must
belong to a five dimensional space with asymptotic anti-de Sitter symmetry and a non-
trivial topology. Under these conditions, the perfect candidate is AdS5 gravity at the
Chern-Simons point.

In the follow, it is presented the principal properties concerning to the gravitational
theory that, after being taken to the boundary, provides the appropriate structure to build
a holographic field theory with dislocations.

4.1 Einstein-Gauss-Bonnet AdS5 Gravity

The Einstein-Gauss-Bonnet (EGB) gravity in five-dimension [78], its the most general
higher-curvature correction of the General Relativity in 4+1 dimensions that still possessing
second-order gravitational equations. Considering a negative cosmological constant Λ < 0

in order to have an anti-de Sitter space, the action functional of the Einstein-Gauss-Bonnet
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AdS5 is given by

IEGB[ĝ] =
1

16πG

∫
d5x

√
−ĝ
(
R̂− 2Λ + αR2

)
, (4.1)

where G is the gravitational constant with dimension G ∼ (length)3 in the natural units,
ĝΛΣ(x), Λ,Σ = 0, . . . , 4, is the space-time metric with the mostly positive signature, and
R2 denotes the Gauss-Bonnet term quadratic in the Riemann tensor, with the associated
coupling constant α ∼ (length)2. The Ricci scalar is define as

R̂ = ĝΛΣR̂ΛΣ , (4.2)

with R̂ΛΣ the Ricci tensor define has the contraction of the Riemann tensor

R̂ΛΣ = R̂Γ
ΛΓΣ . (4.3)

And the Gauss-Bonnet term has the form

R2 = R̂ΛΣΓΠR̂ΛΣΓΠ − 4R̂ΛΣR̂ΛΣ + R̂2 . (4.4)

In this investigation it is needed a gravitational theory that has torsional degrees of
freedom, since it is sought that the dual theory contains dislocation defects. Under this
premise, it is established a dictionary between the torsion field of the gravitational the-
ory and the torsion field in the limit of the continuous elastic theory represented by its
topological charge, the Burgers vector [39].

Because of this, it is better to work in the first order formalism where the introduction
of the torsion field is natural, i.e. in terms of the vielbein 1-form êA = êAΛ(x) dx

Λ and the
spin connection 1-form ω̂AB = ω̂AB

Λ (x) dxΛ being the fundamental fields. In this formalism
differential forms are used in the local coordinate basis dxΛ, with A = 0, . . . , 4 being
Lorentz indices in the tangent space. As is well known, the vielbeins and their inverses are
projectors that transform vectors in curved space into vectors in flat tangent space and
vice versa (bulk tensors to tangent tensors). The flat tangent space is endowed with the
Minkowski metric ηAB = diag (−,+,+,+,+), and the relation between the metric and the
vielbein is given by the usual expression

ĝΛΣ = ηAB ê
A
Λ ê

B
Σ . (4.5)
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So in the Riemann-Cartan space, where the torsion field is non trivial, the vielbein 1-
form are the fields that encodes all the metric information, i.e. everything related to
measurements of length, angles, areas or volumes. But the spin connection 1-form, that is
independent gauge field of the vielbein, encodes all the information regarding affinity, that
is, everything that remains invariant under translations or affine transformations such as
parallel transport. In this form we can define the associated Lorentz field-strength 2-form:

R̂AB = dω̂AB + ω̂A
C ∧ ω̂CB , (4.6)

with the Riemann tensor obtained from R̂AB = 1
2
R̂AB

ΛΣ dxΛ∧dxΣ by projecting the Lorentz
indices of the Lorentz field-strength to the spacetime indices as R̂ΓΠ

ΛΣ = R̂AB
ΛΣ ê

Γ
Aê

Π
B, using

the inverse vielbein êΛA.

Using the first-order formulation, the Einstein-Gauss-Bonnet AdS action (4.1) acquires
the form

IEGB[ê, ω̂] = κ

∫
ϵABCDE

(
4α

ℓ3
R̂ABR̂CD +

2

3ℓ3
R̂AB êC êD +

1

5ℓ5
êAêB êC êD

)
êE , (4.7)

where the wedge product ∧ between the form have been omitted for the sake of simplicity,
and the dimensionless gravitational constant is redefined as κ = ℓ3

64πG
with ℓ2 = − 3

Λ
the

AdS radius.

The next step, is to bring up this theory to the Chern-Simons point, where the gravity
becomes a gauge theory, but more importantly where there exists chiral current with
anomaly [20], which is essential to obtain a dual theory with Weyl semimetal structure.

4.2 AdS Gravity at the Chern-Simons Point

Motivated by the fact that the holographic Weyl semimetal requires a chiral anomaly
generated by a chiral current, a search is conducted for a spacetime that asymptotically
aproach to AdS space: R̂AB → − 1

ℓ2
êA ∧ êB. This means that it is needed a theory with

global AdS solution, but due to the quadratic term in R̂AB in the action (4.7), the vacua
structure of the AdS gravity have two global different solution for generic values [78] of
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α > αCS, with αCS = ℓ2

4
the so-called Chern-Simons point, where the vacua structure

becomes unique. Outside the Chern-Simons point, there are two effective radii [79]:

ℓ
(±)2
eff =

2α (D − 3) (D − 4)

1±
√

1− 4α
ℓ2
(D − 3) (D − 4)

, (4.8)

that in the limit α ≪ ℓ2

4(D−3)(D−4)
lead to two branches:

i ) Einstein branch: ℓ(−)2
eff → ℓ2 +O(α2)

ii ) Stringy branch: ℓ(+)2
eff → O(α) → 0.

First, it is noted that the AdS radius in CS gravity it is not the same that the AdS radius
in Einstein-Hilbert (EH) gravity: α = 0, ΛEH = − 6

ℓ2
. And second, how the two theories

drastically changes, the limit α → αCS is discontinuous. Not only the vacua structure will
change, otherwise the CS gravity with negative cosmological constant becomes a gauge
theory for the AdS group: SO(4, 2). So, the Einstein-Gauss-Bonnet AdS gravity action in
five dimensions in the CS point is

ICS[ê, ω̂] = κ

∫
ϵABCDE

(
1

ℓ
R̂ABR̂CD +

2

3ℓ3
R̂AB êC êD +

1

5ℓ5
êAêB êC êD

)
êE. (4.9)

Being the CS AdS gravity a gauge theory, the action can be described in terms of a
dynamical Lie-algebra valued gauge field 1-form A = AΛ(x) dx

Λ that is the connection on
a fiber bundle define as

A =
1

ℓ
êAPA +

1

2
ω̂ABJAB , (4.10)

where {JAB = −JBA, PA} are the generators of SO(4, 2), locally isomorphic with AdS5

group. For completeness, a summary of the algebra of AdS space is presented in the
following.
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AdS Algebra

Starting with the convention that the flat metric of the tangent space is mostly positive,
ηAB = diag(−,+,+,+,+), the common Lorentz isometries are extended to anti-de Sitter
(AdS) isometries in Chern-Simons AdS gravity. Due to the isomorphism between the five-
dimensional AdS algebra and so(2, 4), it can be written in the basis of the Lorentz rotations
JAB = −JBA and the AdS translations PA as

[JAB, JCD] = ηADJBC − ηBDJAC − ηACJBD + ηBCJAD,

[JAB, PC ] = −ηACPB + ηBCPA , [PA, PB] = JAB . (4.11)

Using the decomposition of Lorentz indices A = (a, 4) and the fact that η44 = 1 and
ηab = diag(−,+,+,+), the above algebra can be rewritten in the basis {Jab, J±

a }, where
J±
a ≡ Pa ± Ja4, as

[Jab, Jcd] = ηadJbc − ηbdJac − ηacJbd + ηbcJad ,[
Jab, J

±
c

]
= −ηacJ±

b + ηbcJ
±
a , (4.12)[

J+
a , J

−
b

]
= 2Jab − 2ηabP4 ,

[
J±
a , P4

]
= ±J±

a ,

where all other commutators are zero.

As in every Lie algebra with a well-defined gauge connection, there exists an associated
Lie-algebra valued field strength 2-form: F = 1

2
FΛΣ(x) dx

Λ ∧ dxΣ = dA+A ∧A, with the
following components

F =
1

ℓ
T̂APA +

1

2

(
R̂AB +

1

ℓ2
êA ∧ êB

)
JAB . (4.13)

Accordingly, it follows that FAB = R̂AB + 1
ℓ2
êA ∧ êB is the AdS curvature of the

spacetime, with the AdS vacuum that is the pure gauge (FAB = 0) of the theory.

Of course, it is possible to write the (4.9) action as a gauge theory for the AdS5 group
explicitly in terms of the gauge connection and its associated field strength

ICS[A] =
κ

3

∫
Tr

(
AF 2 − 1

2
A3F +

1

10
A5

)
, (4.14)
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where κ is the level of the CS action and the trace is defined as a symmetric invariant
tensor of the AdS group, with the only non-vanishing components

1

4
Tr (JABJCDPE) = ϵABCDE , (4.15)

where it is neglected all the boundary terms. The action principle problem and the coun-
terterms that render the action (4.14) finite have been analyzed in [20]. See for example,
Ref. [80], a comprehensive review on CS (super)gravities.

Finally, varying the action functional (4.14) and asking it to be stationary, it is arrived
at the equations of motion

δêE : 0 = ϵABCDE F
AB ∧ FCD ,

δω̂DE : 0 = ϵABCDE F
AB ∧ T̂C . (4.16)

Where the first equation is the generalized EGB field equation that includes torsional
degrees of freedom, whereas that the second equation is a characteristic of the T̂A ̸= 0

sector, and as already mentioned above, it is interested in a non-trivial torsion field as it
is a source for fermions and may be for chiral anomaly in a holographically dual theory.

In the next chapter, will focus on taking CS theory in AdS5 space to the boundary,
where the asymptotic limit will be taken; being the starting point for constructing the
holographic theory, the action (4.9) and the equations of motion (4.16) describing the bulk
dynamics of the gravitational fields êAΛ(x) and ω̂AB

Λ (x).

In the literature, solutions of five-dimensional CS (super)gravity with non-vanishing
torsion have been previously considered. A stable global AdS5 geometry containing Abelian
matter with nontrivial winding was discussed in [81], while degenerate AdS5 black holes
were investigated in [82]. More aligned with this research, CS AdS5 black holes with axial
torsion were analyzed in [83] and with the addition of Abelian and non-Abelian solitons
in [84]. Other black hole solutions in CS AdS5 gravity were discussed in [85]. And when
the cosmological constant is slightly modified, CS gravity becomes effectively EGB gravity,
which was studied [86].
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Chapter 5

Construction of the model

5.1 The model at the boundary and holographic gauge-
fixing

In order to analyze the boundary theory arising from the asymptotic limit of CS gravity,
it is necessary to solve the first-order differential equations (4.16) in the radial coordinate.
These equations, subject to specific boundary conditions, determine the radial evolution
of the fields. This is done in [20], in the follow the results are summarize. But first, it is
necessary to introduce the notation and some conventions that is used in this investigation.

Notation: local coordinates

It is considered the five-dimensional spacetime that locally has the form of the cylinder
M = R×Σ, such that R corresponds to the time coordinate and Σ is the spatial manifold
at constant time. Notation for the local coordinates, in both the manifold and tangent
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spaces, are summarized in the following table:

5D Lorentz indices: 4D Lorentz indices: 3D Lorentz indices:
A = (a, 4) a = (0,m) m = 1, 2, 3

A = 0, 1, 2, 3, 4 a = 0, 1, 2, 3

5D spacetime: 4D boundary: σ = const. 3D space: t, σ = const.

M = R× Σ ∂M = R× ∂Σ∞ ∂Σ

xΛ = (xµ, σ) xµ = (t, xi) xi , i = 1, 2, 3

5D black hole: 4D black-hole boundary: 3D flat space:
xΛ = (t, yi, σ) xµ = (t, yi) yi = (ρ, φ, z)

t ∈ R, σ ≥ 0 ρ ≥ 0, φ ∈ [0, 2π], z ∈ R
3D hyperbolic space:
yi = (χ, θ, φ)

χ ≥ 0, θ ∈ [0, π], φ ∈ [0, 2π]

For three-dimensional indices, we use the Latin letters

flat indices: m,n, s, p, q, . . . ,

curved indices: i, j, k, l, . . . . (5.1)

Convention: Levi-Civita symbol

It is defined the five- and four-dimensional volume elements as

dxΛ ∧ dxΣ ∧ dxΠ ∧ dx∆ ∧ dxΓ = −d5x ϵΛΣΠ∆Γ ,

dxµ ∧ dxν ∧ dxα ∧ dxβ = −d4x ϵµναβ , (5.2)

dt ∧ dyi ∧ dyj ∧ dyk = −d4x ϵijk ,

and the following notation for the constant Levi-Civita symbol:

ϵabcd4 = ϵabcd, ϵtijk ≡ ϵijk

ϵtijk = −ϵijk . (5.3)
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Explicitly, in cylindrical coordinates, we use the conventions ϵtρφz = 1 and ϵρφz = 1 for the
planar horizon case, and ϵtχθz = 1 and ϵχθz = 1 for the hyperbolic horizon case.

Returning to the process of bringing the model to the boundary, consider local co-
ordinates on the 5D spacetime manifold M = R × Σ, where the spatial section Σ is
parameterized as xΛ = (xµ, σ). Here, σ ≥ 0 represents the radial coordinate, while xµ,
with µ = 0, 1, 2, 3, parameterizes the 4D asymptotic boundary ∂M = R × ∂Σ∞, located
at σ = σB = const. For convenience, set σB = 0 since the focus is on a near-boundary
analysis. And the group indices are decomposed accordingly as A = (a, 4).

From this section onward, will set the AdS radius to unity, ℓ = 1, for simplicity. This
choice does not entail any loss of generality, as the holographic prescription employed here
is valid exclusively in AdS spaces. Moreover, the flat-space limit ℓ→ ∞ is ill-defined. For
example, the counter-terms used to regularize CS AdS gravity are proportional to ℓ [87].

The following 15 holographic gauge-fixing conditions are imposed on the 15-dimensional
SO(4, 2) gauge symmetry [20],

Aσ = − 1

2σ
P4 ⇔ ê4σ = − 1

2σ
, êaσ = 0 , ω̂AB

σ = 0 . (5.4)

The component ê4σ is selected in such a way that the vielbein remains invertible, with
σ becoming the dimensionless Fefferman-Graham (FG) radial coordinate [40]. And an
additional condition, which ensures the boundary is orthogonal to the radial coordinate, is
also applied

ê4µ = 0 . (5.5)

It can be demonstrated that the above condition is always permissible, as it fixes the
residual gauge symmetry. In this way, Aσ is determined by the gauge choice, while Aµ is
dynamically obtained as the exact solution of the subset of equations (4.16) that involve
radial derivatives,

Aµ(x, σ) = σ
1
2
P4 Aµ(x, 0)σ

− 1
2
P4 . (5.6)

The boundary value of the gauge field A(0)(x), is the boundary 1-form A(x, 0) =

Aµ(x, 0) dx
µ, that can be expanded in the AdS basis J±

a = Pa ± Ja4 (using the decom-
position (4.12)), as

∂M : A(x, 0) = Aµ(x, 0) dx
µ = ea(x)J+

a + kaµ(x)J
−
a +

1

2
ωab(x)Jab . (5.7)
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Combining (5.6) and (5.7) and using a the following algebraic identities:

σ
1
2
P4 J±

a σ
− 1

2
P4 = σ∓ 1

2 J±
a , (5.8)

and
σ

1
2
P4 Jab σ

− 1
2
P4 = Jab , (5.9)

the radial evolution of the gauge field takes the form

A(x, σ) =
1√
σ
ea(x) J+

a +
√
σka(x) J−

a +
1

2
ωab(x) Jab . (5.10)

It means that the bulk vielbein and the spin connection have radial dependence given by

êa =
1√
σ
ea +

√
σ ka ,

ω̂ab = ωab , (5.11)

ω̂a4 =
1√
σ
ea −

√
σka .

Then, inserting the radial expansion of êA into the five-dimensional line element dŝ2 =
ηAB ê

AêB results in the standard FG form [40]

ds2 =
dσ2

4σ2
+

1

σ

[
gµν + σ (kµν + kνµ) + σ2 kaµ k

b
ν

]
dxµdxν , (5.12)

with the induced metric on the surface σ = const. expands in a manner consistent with
asymptotically AdS spaces, specifically as 1

σ
× (regular part) when σ → 0.

The boundary metric source is denoted by gµν(x) = ηabe
a
µe

b
ν , which corresponds to the

leading order in the expansion of the induced metric. Similarly, the holographic sources
in the first-order formulation can be identified as the leading terms in the near-boundary
expansion (5.11). Specifically, as σ → 0, and up to a conformal factor, the boundary
conditions of the fields are êa → ea and ω̂ab → ωab. Therefore, ea and ωab represent the
boundary sources.
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As a consequence of the radial expansion (5.11), the AdS field strength expands as

F ab = Rab + 2
(
ea ∧ kb − eb ∧ ka

)
,

F a4 =
1√
σ
T a −

√
σDka ,

T̂ a =
1√
σ
T a +

√
σDka , (5.13)

T̂ 4 = −2 ea ∧ ka ,

where D = dxµDµ is the Lorentz-covariant derivative with respect to the connection ωab on
the boundary and T a = Dea. In addition, Rab = dωab+ωac∧ω b

c is the curvature 2-form on
the boundary, where it is used the notation(5.3): ϵabcd4 = ϵabcd, defined in the convention
of the Levi-Civita symbol writing before.

Finally in this section, the equations of motion (4.16) that do not involve radial deriva-
tives must be used to express all the boundary fields in terms of the sources. These
constraints are crucial as they define the dynamics of the boundary, and are given by

C = ϵabcd F
ab ∧ F cd = 0 ,

Ca = ϵabcd F
bc ∧ T d = 0 ,

C̄a = ϵabcd F
bc ∧Dkd = 0 , (5.14)

Cab = ϵabcd
(
F cd ∧ ee ∧ ke + 2T c ∧Dkd

)
= 0 .

Note that they do not depend on the radial coordinate σ, so they are truly holographic
equations on the boundary. They govern the dynamics of the boundary fields ea(x), ωab(x)

and ka(x).

5.2 Introduction of temperature

In orden to identify the holographic field theory as a thermal system, the next step is to
place the model at a constant temperature T . Thus, the only option is for the gravitational
dual to be a black hole, which naturally has the Hawking temperature T .
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It is known that CS AdS gravity admits a static, spherically symmetric black hole
solution. In Schwarzschild-like coordinates (t, yi, r), where r is the radial coordinate with
the asymptotic boundary located at r → ∞, the solution takes the following form: [88]

ds2 = −f 2(r)dt2 +
dr2

f 2(r)
+ r2dΩ2 , (5.15)

where f(r) =
√
r2 −M is the metric function and M is an integration constant. Because

this metric is the five-dimensional continuation of the three-dimensional BTZ black hole
geometry [89], the above solution is also called dimensionally continued black hole.

In Eq. (5.15), dΩ represents the line element of the three-dimensional transverse sub-
manifold t, r = const, which is the maximally symmetric space of unit radius. Denoting
the “angles” in this space by yi and the metric by γij(y), we have dΩ2 = γij(y)dy

idyj. In
AdS space, the transverse space can have curvature κ = 0, 1, or −1, corresponding to flat,
spherical, and hyperbolic horizon topologies, respectively. Considering this, the condition
M = µ − κ ≥ 0 must be satisfied, where M is a non-negative parameter ensuring the
existence of the horizon, and µ is the dimensionless mass parameter of the black hole.

The black hole (5.15) has the horizon

f 2(rH) = 0 ⇒ rH =
√
M , M = µ− κ ≥ 0 , (5.16)

with the Hawking temperature

T =
(f 2)′

4π

∣∣∣∣
rH

=

√
M

2π
=
rH
2π

. (5.17)

Here the temperature proportional to the horizon radius is typical of dimensionally con-
tinued black holes.

It can be noted that a relation between the FG radial coordinate σ, given by (5.12),
and the radial coordinate r in the black hole solution (5.15), can be found exactly. In the
calculation, the integral

∫
dx√
x2−M

= ln
(
x+

√
x2 −M

)
must be used:

dr2

f 2(r)
=

dσ2

4σ2
⇒ dr

f
= −dσ

2σ
⇒ σ =

1

(r + f)2
, (5.18)
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where the sign in the second step was chosen such that σ → 0 as r → ∞. Inverting the
relation, it is following:

r =
1

2

(
M

√
σ +

1√
σ

)
. (5.19)

The black hole metric rewritten in terms of the FG coordinates reads

ds2 =
dσ2

4σ2
− (Mσ − 1)2

4σ
dt2 +

(Mσ + 1)2

4σ
γij(y)dyidyj. (5.20)

To express the corresponding vielbein, the 5D Lorentz indices are decomposed as a =

(0, i, 4), and the three-dimensional vielbein is denoted by ẽm = ẽmi (y) dy
i, such that γij =

δmnẽ
m
i ẽ

n
j . The non-zero components of the five-dimensional vielbein are then given by:

ê0 =
1−Mσ

2
√
σ

dt , êm =
1 +Mσ

2
√
σ

ẽm , ê4 = −dσ

2σ
. (5.21)

The signs are chosen such that ê0 and êm have positive orientations with respect to the
coordinates when M = 0, while the negative sign in ê4 is consistent with the second
expression in (5.18).

To identify the four-dimensional vielbein ea and the quantity ka, the induced vielbein
(5.21) on the surface σ = const. is compared with (5.11) to obtain:

e0 =
1

2
dt , k0 = −M

2
dt ,

em =
1

2
ẽm , km =

M

2
ẽm .

(5.22)

Finally, it can constructed the 4D metric gµν = eaµeaν and the tensor kµν = eaµk
a
ν as

gµν =
1

4

(
−1 0

0 γij(y)

)
, kµν =

M

4

(
1 0

0 γij(y)

)
,
√
|g| =

√
γ

16
, (5.23)

defined in a conformally flat four-dimensional space. Here, γ = det[γij].

So far, the quantities ea and ka have been obtained. However, the spin-connection
source ωab cannot yet be identified, as the solution for the torsion field that satisfies
Eqs. (5.14) has not been found. In the following section, the goal is to introduce an ansatz
for the spin connection degree of freedom in order to provide all the necessary elements for
obtaining the holographically dual model.
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5.3 Introduction of dislocation

This section examines a sector of the solution space that is particularly relevant for hologra-
phy applied to condensed matter. Since the focus is on dislocations in WSMs, the simplest
case with physical significance corresponds to an axially symmetric and static solution,
where a dislocation breaks spherical symmetry. The static condition arises from the fact
that WSMs are crystals in (boundary) three spatial dimensions that remain unchanged
over time.

To impose these conditions, it is necessary to develop the mathematical framework
related to the spin connection. In the holographic field theory, the spin connection 1-form
is given by

ωab = ω̊ab(e) +Kab , D̊ea = 0 , (5.24)

where ω̊ab is the torsion-free or Levi-Civita spin connection that is fully determined by the
metric, and the metric-independent part, Kab = −Kba = Kab

µ dx
µ is the contorsion tensor.

It carries the information about the torsional degrees of freedom, with the four-dimensional
torsion 2-form field defined by

T a =
1

2
T a

µν dx
µ ∧ dxν = Dea . (5.25)

There is a one-to-one relationship between the torsion and the contorsion,

T a = Kab ∧ eb , (5.26)

or in components Tµαβ = eaµ T
a
αβ and Kµνα = eaµebν K

ab
α, the relation is

Tµαβ = Kµβα −Kµαβ , (5.27)

or its inverse form
Kµαβ =

1

2
(Tαµβ − Tµαβ + Tβµα) . (5.28)

Holographic equations in ωab (and therefore in Kab) that we want to solve, given by
(5.14), are complicated because of their non-linearity. To simplify them, we need a physical
ansatz on ωab, consistent with the black hole metric. The holographic equations for ωab
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(and consequently for Kab), given by (5.14), are complex due to their non-linearity. To
simplify them, it is necessary to introduce a physical ansatz for ωab that is consistent with
the black hole metric and satisfies the requirements of axial symmetry and staticity.

The following two subsections develop the details necessary to introduce the dislocation
ansatz for the planar and hyperbolic cases, respectively. These cases are chosen because
they are of interest for holographic purposes.

5.3.1 Planar case

The most interesting black holes for holographic purposes are black branes, with flat hori-
zons (κ = 0). To implement the axial symmetry, will write the three-dimensional transver-
sal section of the metric in cylindrical coordinates yi = (ρ, φ, z), as

dΩ2 = dρ2 + ρ2dφ2 + dz2 . (5.29)

Planar black holes have isometries given by the six Killing vectors ξ ∈ {pm, jm}, where pm
are transversal translations and jm are transversal rotations, whose explicit expressions in
cylindrical coordinates are given by

p0 = ∂t ,

p1 = cosφ∂ρ −
sinφ

ρ
∂φ , j1 = −z sinφ∂ρ −

z

ρ
cosφ∂φ + ρ sinφ∂z ,

p2 = sinφ∂ρ +
cosφ

ρ
∂φ , j2 = −z cosφ∂ρ +

z

ρ
sinφ∂φ + ρ cosφ∂z ,

p3 = ∂z , j3 = ∂φ .

(5.30)

They satisfy the Lie-bracket algebra ISO(3) with non-vanishing Lie brackets

[jm, jn] = −ϵmnk jk , [jm, pn] = ϵmnl pk , [pm, pn] = 0 . (5.31)

In addition, a static system has also the Killing vector p0 = ∂t that commutes with all
previous isometries.

Introducing a dislocation in the field theory involves breaking the static spherical sym-
metry of the metric, reducing it to the static axial symmetry, {p0, pm, jm} → {p0, j3}, of
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the torsion field. The isometry j3 = ∂φ represents invariance under rotations around the
z-axis.

The contorsion tensor has isometries ξ ∈ {p0, j3} if it satisfies

£ξK
ab =

(
ξα∂αK

ab
λ + ∂λξ

αKab
α

)
dxλ = 0 , (5.32)

yielding the solution
Kab = Kab

µ(ρ, z) dx
µ . (5.33)

Similarly, for the torsion, the vanishing Lie derivative

£ξT
a =

(
ξα∂αT

a
µν + ∂µξ

αT a
αν + ∂νξ

αT a
µα

)
dxµ ∧ dxν = 0 , (5.34)

implies T a = 1
2
T a
µν(ρ, z) dx

µ ∧ dxν , which is consistent with Kab.

Finally, it is worth noting that a rank-three tensor in four dimensions, with two anti-
symmetric indices, can be expressed as a decomposition into its irreducible components

Tµνα = −Tµαν =
√

|g| ϵµναβ Aβ +Bαgµν −Bνgµα + τµ[να] , (5.35)

where g = det[gµν ], Aµ is the axial torsion vector describing the completely antisymmetric
part of the torsion (4 components),

Aµ =
1

3!
√
|g|

ϵµναβTναβ , (5.36)

Bµ is the diagonal torsion vector, corresponding to the trace of the torsion (4 components),

Bµ =
1

3
gαβTαβµ , (5.37)

and the tensorial torsion τµ[να] = −τµ[αν] is a traceless and non-axial tensor (16 independent
components),

ϵαβµντβ[µν] = 0 , gµντµ[να] = 0 . (5.38)

Similarly, this decomposition can be carried out for the contorsion field using (5.28),

Kµνα = −Kνµα = −1

2

√
|g| ϵµναβ Aβ −Bµgνα +Bνgµα +

1

2

(
τν[µα] − τµ[να] + τα[µν]

)
. (5.39)
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For simplicity, the analysis is restricted to cases where τµ[να] = 0. Consequently, the axial
torsion Aµ and the diagonal component Bµ are the only nontrivial elements of T a and Kab:

Tµνα =
√
|g| ϵµναβ Aβ +Bαgµν −Bνgµα ,

Kµνα = −1

2

√
|g| ϵµναβ Aβ −Bµgνα +Bνgµα , (5.40)

such that the fields Aµ and Bµ carry all the torsional degrees of freedom in the theory.

5.3.2 Hyperbolic case

The other interesting case, is the hyperbolic horizon with negative constant curvature:
κ = −1, since, as in the planar case, condensed matter systems are modeled as non-compact
systems. The three-dimensional transversal metric in cylindrical coordinates yi = (χ, θ, z)

have the form:
dΩ2 = dχ2 + sinh2 χdθ2 + cosh2 χ dz2 , (5.41)

which describes the hyperbolic space −(X1)2+(X2)2+(X3)2+(X4)2 = −1, parameterized
by

X1 = coshχ cosh z ,

X2 = coshχ sinh z ,

X3 = sinhχ cos θ , (5.42)

X4 = sinhχ sin θ .

Similar that for the planar horizon, the algebra for the generator of the isometries with
κ = −1 are equal to

[pa, pb] = − ϵabcjc ,

[ja, jb] = −ϵabcjc ,
[ja, pb] = ϵabcpc . (5.43)

Since θ and z appear as cyclic coordinates in the line element, it is clear that ∂θ = j2 and
∂z = p3 are Killing vectors. In addition, since we are interested in having axial symmetry,
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only ∂θ will be preserved, and also p0 = ∂t since it is necessary to describe a static system.
Therefore, like in the planar case, these isometries give the solution

Kab = Kab
µ (χ, z)dxµ , (5.44)

or equivalently for the torsion T a = 1
2
T a
µν(χ, z)dx

µdxν .

5.4 Odd-parity Abelian anomaly

Before going deeper into the explicit calculation of the odd-parity Abelian anomaly, it is
instructive to recall the general framework of conserved currents in quantum field theories,
particularly those arising from global symmetries via Noether’s theorem. This provides
a more intuitive foundation for understanding the chiral current and its associated chiral
anomaly, as well as the Abelian current and anomaly, which play a central role in our
holographic setup. As an illustrative example, we will derive the chiral current from the
massless Dirac Lagrangian in four dimensions, highlighting its conservation at the classical
level and the emergence of anomalies quantum mechanically.

In quantum field theories with fermionic degrees of freedom, an important example is
the chiral (or axial) symmetry, which arises for massless Dirac fermions. The Lagrangian
for a massless Dirac field in four-dimensional general spacetime is

L = − ı

2

√
−g Ψ̄γµDµΨ + c.c. , (5.45)

where Ψ is a four-component Dirac spinor, ψ̄ = ψ†γ0, and γµ are the Dirac matrices
satisfying the Clifford algebra {γµ, γν} = 2ηµν . The covariant derivative over a spinor field
is given by

DµΨ = ∂µΨ+ ωab
µ ΣabΨ (5.46)

where Σab =
1
4
[γa, γb] and γa = eµaγµ. This Lagrangian is invariant under the global chiral

transformation
ψ → eıγ

∗
ψ, ψ̄ → ψ̄eıγ

∗
(5.47)
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where γ∗ = ıγ0γ1γ2γ3. Applying Noether’s theorem with the transformations for the
spinors δψ = ıαγ∗ψ and δψ̄ = ıψ̄γ∗, the chiral current is

Jµ
ch = ψ̄γµγ∗ψ . (5.48)

On the other hand, this can be reproduced by the spin tensor current Sµ
ab, which is related

to the chiral current as its completely antisymmetric part:

Jµ
ch = eµd ϵ

abcdSabc , (5.49)

with Sabc = eµ cS
µ
ab. The spin tensor current is given by

Sµ
ab =

2√
−g

δL
δωab

µ

= −ıeµ cΨ̄γcγabΨ (5.50)

where it takes into account the contribution for the c.c. of the Dirac Lagrangian, and
γab =

1
2
[γa, γb] = 2Σab. The antisymmetric part of the spin tensor current is defined as

Sabd = eµd S
µ
ab = −ı eµde

µ cΨ̄γcγabΨ , (5.51)

where γ[cγab] = γcab = γabc. Using the properties γabc = −ıϵabcdγ∗γd, {γ∗, γa} = 0 and
ϵabcdϵ

abde = −δed, it obtained the chiral current

Jµ
ch = Ψ̄γµγ∗Ψ . (5.52)

By this illustrative example, it is clear how the chiral currents can be constructed from the
spin tensor currents, as an alternative to Noether’s theorem.

In a holographic quantum field theory, the observable quantities are introduced as
n-point functions calculated from the quantum effective action (3.8). For example, two
important holographic currents corresponding to the Poincaré symmetry of the theory are
the 1-point functions

⟨τµa(x)⟩ =
1√
|g|
δW [e, ω]

δeaµ(x)
, ⟨σµ

ab(x)⟩ =
1√
|g|
δW [e, ω]

δωab
µ (x)

, (5.53)

where τµa is the energy-momentum tensor and σµ
ab is the spin current. And they are

derived from the variation

δW =

∫
∂M

(
δea ∧ τa +

1

2
δωab ∧ σab

)
, (5.54)
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where the 3-forms τa and σab are Hodge duals to the stress tensor and spin current, respec-
tively. Explicitly, its have that τµa = − 1

3!
√

|g|
ϵµναβτa ναβ and σµ

ab = − 1

3!
√

|g|
ϵµναβσab ναβ.

The variation (5.54) is derived from the renormalized CS AdS gravity action evaluated
on-shell, as presented in Ref. [20]. Consequently, the conserved currents are expressed in
terms of the gravitational quantities as

⟨τa⟩ = −8κ ϵabcd
(
Rbc + 2 eb ∧ kc

)
∧ kd ,

⟨σab⟩ = −16κ ϵabcd T
c ∧ kd . (5.55)

These quantities satisfy the quantum conservation laws (know as Ward identities) as-
sociated with diffeomorphisms and Lorentz transformations. Additionally, the energy-
momentum tensor exhibits the Weyl anomaly, which is proportional to the Euler invariant
[90, 91, 92, 93]:

⟨τaa⟩ = −κ
4
ϵµνλσ ϵαβγδ R

αβ
µν R

γδ
λσ , (5.56)

because the classical conservation law for the Weyl dilatations is τaa = eaµτ
µ
a = 0.

A key focus of this investigation is the odd-parity Abelian1 anomaly, Aodd, which might
correspond to the chiral anomaly that represents a universal feature of WSMs. It is directly
connected to the odd-parity Abelian current, derived from the spin current as its fully
antisymmetric component [94, 95, 96]:

Jµ
odd =

1

3!
ϵabcd eµaσbcd , (5.57)

where σbcd = ebµσ
µ
cd. If its classical conservation law is 1√

|g|
∂µ(
√
|g|Jµ

odd) = 0, then the

Ward identity associated with the odd-parity Abelian transformations is

Aodd =
1√
|g|

∂µ

(√
|g| ⟨Jµ

odd⟩
)
, (5.58)

where the Abelian anomaly is non-vanishing only if this conservation law is broken at the
quantum level.

1Throughout this thesis, "odd-parity Abelian" and "Abelian" are used interchangeably.
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The holographic duality can be employed to express Aodd in terms of gravitational
quantities. By utilizing (5.55) and (5.57), the holographic Abelian anomaly is given by

Aodd =
8κ

3
√

|g|
ϵλναβ∂µ

(
kµνTλαβ − kλνT

µ
αβ

)
. (5.59)

The next step is to explicitly evaluate this anomaly based on the solution of the con-
straints (5.14). The result is anticipated to be proportional to a topological invariant
density. On a Riemannian manifold, a natural candidate is the Pontryagin density for the
Lorentz group, Rab ∧ Rab. However, in a Riemann-Cartan space, the Pontryagin den-
sity for the AdS4 group emerges as a more suitable candidate, given by Rab ∧ Rab +

2
(
Rab ∧ ea ∧ eb − T a ∧ Ta

)
. There is an ongoing discussion in the literature regarding

whether the second invariant contributes to the Abelian anomaly or whether their differ-
ence results in a trivial contribution [97, 98, 99]. As will be shown later in Subsec. 6.3.5
for the planar case, the difference between the AdS Pontryagin invariant and the Lorentz
invariant, namely, the Nieh-Yan invariant [41], which arises purely from torsion, leads to
the topological invariant relevant for the Abelian anomaly in holographic field theories.

In the case addressed by this investigation, for the dimensionally continued black holes,
kµν and gµν are computed as shown in (5.23). Since kµν is symmetric, the second term in
(5.59) vanishes. By substituting the decomposition (5.40) into the first term, it is found
that the only torsion component relevant for the Abelian anomaly is the axial torsion Aµ,
such that

Aodd = −16κ
√
γ
∂µ (

√
γ kµν A

ν) , (5.60)

where the identity ϵλναβϵλαβγ = −3! δνγ is used. Furthermore, since the solution is static,
the term involving ∂t does not contribute, leading to

Aodd = −16κM
√
γ

∂i
(√

γAi
)
= −16κM ∇iA

i , (5.61)

where ∇i = ∇i(γ) is the covariant derivative in the Riemannian spatial plane. This very
important result implies that, in order to describe a WSM, it is crucial to identify the axial
torsion tensor with the component Ai ̸= 0.

Finally, this last result can be explicitly computed for the two three-dimensional trans-
verse sections of the black hole horizon: the planar and hyperbolic cases.
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5.4.1 Abelian anomaly for the planar black hole

For the planar black hole with the transverse section (5.29), √γ = ρ and T a
µν(ρ, z), such

that the Abelian anomaly becomes

Aodd = −16κM

ρ
∂i
(
ρAi
)
= −16κM

(
1

ρ
Aρ + ∂ρA

ρ + ∂zA
z

)
. (5.62)

It remains to solve the boundary equations (5.14) and determine T a
µν with nontrivial Aρ

or Az.

5.4.2 Abelian anomaly for the hyperbolic black hole

The explicit form of the Abelian anomaly in the hyperbolic 3-space [100] is

Aodd = −16κ
√
γ
M ∂i

(√
γAi
)
, (5.63)

using √
γ = sinhχ coshχ we get

Aodd = −16κM ((cothχ+ tanhχ)Aχ + ∂χA
χ + ∂zA

z) (5.64)

with i = χ , z, remembering that Aθ = 0 because of the axial symmetry.

Thus far, the holographic quantum field theory (QFT) at finite temperature has been
constructed by applying the holographic dictionary to a dimensionally continued black
hole. Furthermore, the holographic dictionary has been employed to map an appropriate
ansatz for the torsional degree of freedom, which represents structures in the dual theory
that are essential for the existence of the Abelian anomalies described in equations (5.62)
and (5.64). At this point, it is crucial to highlight key aspects regarding the anomalies
observed in both cases.

It should be emphasized that these Abelian chiral anomalies (5.62) and (5.64), manifest
as total divergences, raising the non-trivial question of why they do not vanish globally,
as one might anticipate from applying Stokes’ theorem or similar integral identities in a
topologically trivial spacetime. In a simply connected, non-singular spacetime, the integral
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of a total divergence over a closed volume would reduce to a surface term that vanishes at
infinity. However, this cancellation is obstructed in our model due to the presence of topo-
logical defects encoded by the torsion fields. As elaborated in chapters 6 and 7, the torsion
fields that satisfy the system of equations emerge as topological defects—manifestations
of broken discrete translational symmetry in the crystal lattice, analogous to dislocations.
These defects introduce a non-trivial topology, preventing a globally consistent definition
of the symmetry transformation. Specifically, the torsion solutions exist only for constant
coordinate values (e.g., a fixed radial coordinate). Consequently, the anomalies, which
are sourced by these torsion fields and proportional to topological invariants such as the
Nieh-Yan term in the planar case, persist and do not integrate to zero globally.

In the following two chapters, the field equations at the boundary will be solved for
both the planar and hyperbolic cases.
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Chapter 6

Application 1: Planar Case

In this chapter, the equations (5.14) are solved with a focus on solutions featuring a non-
vanishing Aµ field. This emphasis arises from equation (5.62), which requires a non-trivial
Aµ to generate a non-vanishing Abelian anomaly in certain regions, following the approach
developed in [1].

In this case, kµν is found to be symmetric, resulting in ka ∧ ea = 0. Consequently, the
equations (5.14) simplify to:

C = ϵabcd F
ab ∧ F cd , Ca = ϵabcd F

bc ∧ T d ,

Cab = 2ϵabcd T
c ∧Dkd , C̄a = ϵabcd F

bc ∧Dkd ,
(6.1)

where

Dka = D̊ka +Kab ∧ kb ,
F ab = D̊Kab +Kac ∧K b

c + 2
(
ea ∧ kb − eb ∧ ka

)
. (6.2)

In the above expressions, it is used the boundary metric (5.23), so it can be find the
torsion-free spin connection ω̊ab that satisfies D̊ea = dea+ ω̊ab ∧ eb = 0, which has only one
non-zero component,

ω̊12 = ω̊12 δab12 = −δab12 dφ = −dφ ⇒ R̊ab = 0 . (6.3)
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To proceed with solving equation (6.1), it is necessary to establish appropriate notation
and perform some preliminary calculations, including the derivation of relevant identities.
This is essential because equation (6.1) is non-linear, originating from a non-linear gravi-
tational theory.

6.1 Notations and general identities: Planar case

Although the notation and conventions were already established in Subsections 5.1 and
5.1, the elements necessary for developing the equations (6.1) are revisited here. As a
first step, Eqs. (6.1) are written in tensorial form and are simultaneously decomposed into
xµ = (t, yi), where yi = (ρ, φ, z) are the cylindrical coordinates of the flat horizon. The
Lorentz indices are decomposed in the tangent space as a = (0,m), with m = 1, 2, 3. Since
both tangent and spacetime indices use Latin characters, they are assigned as follows: the
curved indices are taken from the beginning of the alphabet (i, j, k, l, . . .), while the flat
indices are taken from the middle of the alphabet (m,n, s, p, q, . . .).

Notice that the 3D flat space is without torsion, namely,

T̃m = dẽm + ω̊mn ∧ ẽn = 0 . (6.4)

As a consequence, we have the identity

D̊ka =
M

2
δamT̃

m = 0 . (6.5)

To reduce the four-dimensional Levi-Civita symbol to three dimensions, the convention
ϵtijk ≡ ϵijk is used, and the 3D surface element is denoted as dσi =

ρ

2
ϵijk dy

j ∧ dyk.

Axial and diagonal torsion. The axial torsion field Aµ(x) and the diagonal torsion
field Bµ(x) are 4-vectors. However, under the axially symmetric ansatz introduced in
Sec. 5.3, where the temporal components vanish identically and the fields are static, Ai(y)

and Bi(y) become 3-vectors defined in the transversal section ∂Σ. In this context, the
metric γij and its inverse γij are used to lower and raise the spatial indices. Additionally,
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a tilde is used to indicate that the quantity is treated as three-dimensional, following the
notation:

dσi =
ρ

2
ϵijk dy

j ∧ dyk , dσ̃m = ẽim dσi ,

Aij = ρ ϵijk A
k, Ãm

j = ẽmiAij , Ai = γijA
j ,

Ãmn = ẽmiẽnjAij, Ã =
1

2
Aij dy

i ∧ dyj ,

Ãm = Ãm
idy

i, Am = ẽmi A
i , A2 = γijA

iAj ,

B̃m = ẽmiBi , B̃ = Bidy
i , B2 = γijBiBj ,

which results in the identities

Ãm ∧ ẽm = −2Ã , Ãmn ẽn = Ãm , B̃nẽn = B̃ . (6.6)

General identities. The building blocks of the holographic equations are the following
differential forms, expressed in terms of the quantities defined in the preceding paragraph:

• 1-form Kab = eaµebνKµνλdx
λ

K0m =
1

ℓ
B̃m dt+

ℓ2

8
Ãm + ℓBt ẽ

m , (6.7)

Kmn =
ℓ

8

(
−Ãmndt+ At ϵmnkẽk

)
− B̃mẽn + B̃nẽm ;

• 2-form Dka

Dk0 =
M

2
dt ∧ B̃ − ℓ3M

8
Ã ,

Dkm =
ℓM

2

(
Bt dt ∧ ẽm − ℓ

4
At dσ̃m + ẽm ∧ B̃

)
; (6.8)

• 2-form T a = 1
2
eaµTµαβ dx

α ∧ dxβ

T 0 =
1

2
dt ∧ B̃ − ℓ3

8
Ã ,

Tm = −dt ∧
(
ℓ2

8
Ãm +

ℓ

2
Bt ẽ

m

)
− ℓ2

8
At dσ̃m − ℓ

2
B̃ ∧ ẽm; (6.9)
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• 2-form F ab with At = 0 y Bt = 0

F 0m =
1

ℓ
dt ∧

(
−D̊B̃m + B̃mB̃ −B2ẽm − ℓ4

64
ÃmnÃn

)
+
ℓ2

8

(
D̊Ãm − 2Ã B̃m − B̃nÃn ∧ ẽm

)
,

Fmn =
ℓ

8
dt ∧

[
D̊Ãmn + 2B̃mÃn − 2B̃nÃm +

(
Ãmsẽn − Ãnsẽm

)
B̃s

]
(6.10)

−D̊B̃m ∧ ẽn + D̊B̃n ∧ ẽm +
(
−B̃mẽn + B̃nẽm

)
∧ B̃

+
ℓ4

64
Ãm ∧ Ãn +

(
M −B2

)
ẽm ∧ ẽn ;

6.2 ‘No-go’ solutions for dislocations

The Eqs. (6.1) must be analyzed in different branches of solutions, as not all of them could
describe holographic QFT with dislocations.

Since a possible Abelian anomaly depends solely on the axial torsion, it is natural to
first consider solving the holographic equations in the branch where the diagonal torsion
vector is zero, Bµ = 0. This section focuses on this branch and shows that it does not yield
holographic QFTs with dislocation solutions.

6.2.1 Torsion field without diagonal component, Bµ = 0

Although the diagonal torsion, Bµ, does not explicitly appear in the expression for the
Abelian anomaly, it will be shown that the holographic QFTs with dislocations cannot
exist without its presence. To prove this, assume that Bµ = 0, so that the only non-
vanishing component is the axial torsion, Aµ ̸= 0.
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In this case, the building blocks of the holographic equations (6.1) have simpler form

K0m =
ℓ2

8
Ãm , Kmn =

ℓ

8

(
−Ãmndt+ At ϵmnkẽk

)
,

Dk0 = −ℓ
3M

8
Ã , Dkm = −ℓ

2M

8
At dσ̃m,

T 0 = −ℓ
3

8
Ã , Tm = −ℓ

2

8

(
dt ∧ Ãm + At dσ̃m

)
,

(6.11)

and the 2-form F ab has the components,

F 0m =
ℓ2

8
D̊Ãm +

ℓ3

64

(
ÃmnÃn ∧ dt− At ϵmnsÃn ∧ ẽs

)
,

Fmn =
ℓ

8

(
−D̊Ãmn ∧ dt+ dAt ∧ ϵmnsẽs

)
+
ℓ4

64
Ãm ∧ Ãn

+
ℓ2

64

(
−Ãn

pϵ
mps + Ãm

pϵ
nps
)
At dt ∧ ẽs +

(
M − ℓ2

64
(At)2

)
ẽm ∧ ẽn . (6.12)

Notice that D̊Ãm = dÃm − dφ δmn
12 Ãn, and similarly for D̊Ãmn.

Now, the equations (6.1) will be solved. First, the equation Cab = 0 is analyzed. The
transversal components

Cmn = −ℓ
5M

32
ϵmns dt ∧ Ãs ∧ Ã = −d4x

1

2
ρ2ẽsiϵmnsϵijlA

jAl = 0 , (6.13)

vanish identically due to symmetry reasons (ϵijlAjAl ≡ 0), and only is necessary to solve

C0m =
ℓ4M

32
Atϵmns dt ∧ Ãn ∧ dσ̃s ∝ AtAm = 0 ⇒ At = 0 , (6.14)

if one wants Ai ̸= 0.

The next equation to analyze is C̄a = 0. While the component C̄0 = 0 vanishes due to
Dkm = 0, for other components, it is obtained

C̄m =
ℓ4M

64
ϵmns dt ∧ Ã ∧ D̊Ãns = −d4x

ℓ4M

34
ρAiD̊iAm ,

which gives three differential equations

C̄1 = 0 ⇒ Ai∂iA
ρ − ρ(Aφ)2 = 0 ,

C̄2 = 0 ⇒ Ai∂i (ρA
φ) + AφAρ = 0 , (6.15)

C̄3 = 0 ⇒ Ai∂iA
z = 0 ,
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where Ai∂i = Aρ∂ρ+A
z∂z. From this equation, the possibilities for horizontal axial torsion,

Az = 0, and vertical axial torsion, Az ̸= 0, are distinguished.

Horizontal axial torsion Az = 0

If the axial torsion Ai has only the horizontal components, Az = 0, the equations are
reduced to

0 =
1

2
∂ρ (A

ρ)2 − ρ(Aφ)2 ,

0 = Aρ [∂ρ (ρA
φ) + Aφ] . (6.16)

If Aρ = 0, the first equation implies Aφ = 0, leading to a trivial solution. Since the Abelian
anomaly vanishes in this case, this solution is not of interest. Therefore, Aρ ̸= 0 is required,
and the equations can be solved as

Aρ =

√
C2 − Z2(z)

ρ2
, Aφ(ρ) =

Z(z)

ρ2
, Az = 0 , (6.17)

where C ̸= 0 is an integration constant and ζ(z) is an arbitrary, real function that remains
to be determined. Note that Aρ is well-defined only if |Z(z)| ≤ |C|ρ, so the geometry of the
solution must be carefully analyzed. For example, if ρ = 0 is allowed, Z = 0 is required,
and the solution becomes Aρ = C. The other possibility is to impose the existence of a
minimum value, ρmin ̸= 0, which allows Z ̸= 0.

Furthermore, the Ca = 0 becomes

C0 = −ℓ
2

8
ϵmns dt ∧

(
ℓ4

64
Ãm ∧ Ãn +M ẽm ∧ ẽn

)
∧ Ãs = 0 ,

Cm =
ℓ4

64
ϵmns dt ∧

(
2 D̊Ãn ∧ Ãs + D̊Ãns ∧ Ã

)
= 0 . (6.18)

It can also be written as

C0 ∝ ϵmns

(
ℓ4

64
Ãm

iÃ
n
j +M ẽmi ẽ

n
j

)
Ãs

lϵ
ijl ,

Cm ∝ ϵmns

(
2 D̊iÃ

n
jÃ

s
l +

1

2
D̊iÃ

nsAjl

)
ϵijl . (6.19)
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The component C0 is identically zero due to symmetry. The second equation gives

Cm ∝ D̊nA
nAm + 2AiD̊iAm = 0 , (6.20)

applying the shorthand notation ẽimD̊i = D̊m. Then, using the definition of the covariant
derivative, D̊iAm = ∂iAm + ω̊imñA

ñ, implies that the components have the form

D̊iA1 = ∂iA
ρ − δφi ρA

φ ,

D̊iA2 = ∂i (ρA
φ) + δφi A

ρ ,

D̊iA3 = ∂iA
z , (6.21)

and it also finds
ẽinD̊iA

n = ∂ρA
ρ + ∂zA

z +
1

ρ
Aρ . (6.22)

Thus, the equations become

C1 = 0 :

(
∂ρA

ρ + ∂zA
z +

1

ρ
Aρ

)
Aρ + 2Ai∂iA

ρ − 2ρ(Aφ)2 = 0 ,

C2 = 0 :

(
∂ρA

ρ + ∂zA
z +

1

ρ
Aρ

)
ρAφ + 2Ai∂i (ρA

φ) + 2AφAρ = 0 ,

C3 = 0 :

(
∂ρA

ρ + ∂zA
z +

1

ρ
Aρ

)
Az + 2Ai∂iA

z = 0 . (6.23)

Plugging in the obtained solution (6.17), and knowing that Az = 0 and ∂φ = 0, the equation
C3 cancels out and the other two equations yield

0 =
3

2
∂ρ(A

ρ)2 +
1

ρ
(Aρ)2 − 2ρ(Aφ)2 =

C2

ρ
,

0 = ρAφ∂ρA
ρ + 5AρAφ + 2ρAρ∂ρA

φ =
ZC2

ρ2
√
C2 − Z2

ρ2

. (6.24)

It can be seen that the equations are satisfied only if the integration constant is C = 0,
finally giving

Aρ =

√
−Z

2(z)

ρ2
, Aφ =

Z(z)

ρ2
, Az = 0 , (6.25)
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and a complex field Aµ. For the last equation, it is found

C =
ℓ3

16
ϵmnsdt ∧

[
D̊Ãm ∧ D̊Ãns − ÃmqÃq ∧

(
ℓ4

64
Ãn ∧ Ãs +M ẽn ∧ ẽs

)]
. (6.26)

It can be analyzed term by term, and the identity can be applied [D̊i, D̊j]V
m = R̊mn

ij Vn = 0.
It is obtained

ϵmnsdt ∧ D̊Ãm ∧ D̊Ãns = −2d4x ∂i

[(
ρẽmiAj − ρẽmjAi

)
D̊jAm

]
,

−ϵmnsdt ∧ ÃmqÃq ∧
ℓ4

64
Ãn ∧ Ãs = 0 , (6.27)

−ϵmnsdt ∧ ÃmqÃqM ẽn ∧ ẽs = −4d4xMρA2 .

Therefore,
C ∝ ∂i

[
ρ
(
ẽmiAj − ẽmjAi

)
D̊jAm

]
+ 2MρA2 = 0 , (6.28)

which is equivalent to

0 = ∂ρ

[
ρ
(
Aj∂jA

ρ − ρ(Aφ)2
)
− ρAρ

(
∂ρA

ρ + ∂zA
z +

1

ρ
Aρ

)]
+∂z

[
ρAj∂jA

z − ρAz

(
∂ρA

ρ + ∂zA
z +

1

ρ
Aρ

)]
+2Mρ (Aρ)2 + 2Mρ3 (Aφ)2 + 2Mρ (Az)2 . (6.29)

Finally, replacing the solution (6.17), keeping the constant C for clarity, it is found that
all terms cancel out, and it is again obtained that the equation is satisfied only if the
integration constant vanishes,

0 = C2 . (6.30)

It is concluded that the final solution is given by Eqs. (6.25). This solution is not
satisfactory for two reasons. First, because Ai is a complex vector. Second, the function
Z(z) remains undetermined, showing that this branch does not provide a unique solution
for the given boundary conditions. So, it is concluded that the holographic QFTs with
dislocations do not exist when the only torsion component is the horizontal axial torsion
field.
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Non-horizontal axial torsion Az ̸= 0

Now, the case of vertical axial torsion is considered, that is, Az ̸= 0. Linear differential
equations need to be solved

0 = C̄1 ∝ Ai∂iA
ρ − ρ(Aφ)2 ,

0 = C̄2 ∝ Ai∂i (ρA
φ) + AφAρ ,

0 = C̄ ∝ Ai∂iA
z ,

0 = C1 ∝
(
∂ρA

ρ + ∂zA
z +

1

ρ
Aρ

)
Aρ + 2Ai∂iA

ρ − 2ρ(Aφ)2 , (6.31)

0 = C2 ∝
(
∂ρA

ρ + ∂zA
z +

1

ρ
Aρ

)
ρAφ + 2Ai∂i (ρA

φ) + 2AφAρ ,

0 = C3 ∝
(
∂ρA

ρ + ∂zA
z +

1

ρ
Aρ

)
Az + 2Ai∂iA

z ,

and also

0 = C ∝ ∂ρ

[
ρ
(
Aj∂jA

ρ − ρ(Aφ)2
)
− ρAρ

(
∂ρA

ρ + ∂zA
z +

1

ρ
Aρ

)]
+∂z

[
ρAj∂jA

z − ρAz

(
∂ρA

ρ + ∂zA
z +

1

ρ
Aρ

)]
+2ρ (Aρ)2 + 2ρ3 (Aφ)2 + 2ρ (Az)2 . (6.32)

Replacing C̄ = 0 in C3 = 0 and assuming Az ̸= 0, it is obtained

∂ρA
ρ + ∂zA

z +
1

ρ
Aρ = 0 , (6.33)

in which case C1 = 0 takes the form

Aρ∂ρA
ρ + Az∂zA

ρ − ρ(Aφ)2 = 0 . (6.34)

Plugging in all the known quantities in C = 0, it is finds

0 = (Aρ)2 + ρ (Aφ)2 + (Az)2 . (6.35)

The only real solution to the above equation is Ai = 0. Even allowing complex values for
Ai, the solution has two arbitrary functions, making it undetermined, which is not physical.

It is concluded that the absence of diagonal torsion leads only to non-physical solutions
for the torsion field, or those without the Abelian anomaly.
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6.3 Holographic field theory with diagonal torsion

As shown in the previous section, a holographic description of dislocations requires a non-
trivial diagonal torsion, Bµ ̸= 0, even though it does not explicitly enter the Abelian
anomaly. This case is the focus of the current section.

To this end taking ℓ = 1, the equation Cab = 0 in (6.1) is considered, with the compo-
nents

C0m = −M
2
ϵmns dt ∧

(
1

4
At dσ̃n − ẽn ∧ B̃

)
∧
(
1

4
Ãs + 2Bt ẽ

s

)
,

Cmn = −M
4
ϵmnsBt dt ∧ Ã ∧ ẽs , (6.36)

where B̃ ∧ B̃ = 0 and Ã ∧ Ãs = 0 for symmetry reasons. The last equation can be solved
when Ai ̸= 0, leading to

Bt = 0 . (6.37)

The first equation, in this case, implies

1

2
AtAm + B̃nÃnm = 0 . (6.38)

A consistency relation is found by contracting it with ẽmi Ai, yielding

At = 0 . (6.39)

Then (6.38) implies that
ϵijkBjAk = 0 , (6.40)

namely, the 3D vectors Ai = γijA
j and Bi satisfy A⃗ × B⃗ = 0, so they are parallel. A

particular solution will be chosen where the proportionality factor between the vectors is
constant,

Ai = 8cBi , c = const. ̸= 0 . (6.41)

The parameter c is referred to as the dislocation parameter because it characterizes the
strength of the torsion field and its internal structure, i.e., how the diagonal torsion vector
is twisted in relation to the axial torsion vector. It is important to note that the equation
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(6.41) allows some components of Ai and Bi to vanish, but not all of them, since γijAiAj ̸=
0.

In that case, the equation C0 = 0 is identically satisfied, while the remaining ones
become

C̄0 ∝ ϵijkBi∂jBk ,

C̄i ∝ ∂iB
2 − 2

[
D̊nB̃

n −M + 3
(
1− c2

)
B2
]
Bi − 4c2B̃j ẽmi D̊jB̃m ,

Ci ∝ ∂iB
2 −

[
2D̊nB̃

n −M + 3
(
1− c2

)
B2
]
Bi − 2c2ẽmi D̊n

(
B̃mB̃

n
)
,

C ∝
(
c2 − 1

) [(
D̊mB̃

m
)2

+ D̊nB̃
mD̊mB̃

n − 2MB2

]
(6.42)

+
(
3c2 − 1

) (
B̃i∂iB

2 +B2D̊mB̃
m
)
+MD̊mB̃

m ,

where B2 = γijBiBj is defined. The form of the above equations simplifies when c = ±1,
so the analysis of these cases will be conducted first.

6.3.1 ‘No-go’ for the dislocation c2 = 1

When c2 = 1, Eqs. (6.42) are simplified to

0 = ∂iB
2 − 2

(
D̊nB̃

n −M
)
Bi − 4B̃j ẽmi D̊jB̃m ,

0 = ∂iB
2 −

(
2D̊nB̃

n −M
)
Bi − 2ẽmi D̊n

(
B̃mB̃

n
)
, (6.43)

0 = 2B̃i∂iB
2 + 2B2D̊mB̃

m +MD̊mB̃
m .

To check their consistency, the first two equations are contracted with B̃i, yielding

0 = B̃i∂iB
2 + 2

(
D̊nB̃

n −M
)
B2 ,

0 =
(
4D̊nB̃

n −M
)
B2 , (6.44)

0 = 2B̃i∂iB
2 +

(
2B2 +M

)
D̊nB̃

n .

Since B2 ̸= 0, the second equation leads to D̊nB̃
n = M

4
. As the black hole mass parameter

must satisfy the strict inequality M > 0 for a QFT at finite temperature, as seen from
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(5.17), the other two equations become

B̃i∂iB
2 =

3M

2
B2 , B2 = −M

14
. (6.45)

This result is non-physical because it corresponds to a bulk geometry that is a naked
singularity (M < 0) at zero temperature. Furthermore, the constant value of B2 leads to
the inconsistent equation 3M

2
B2 = 0.

Since the goal is to describe a holographic QFTs with dislocation, it will be assumed
that c2 ̸= 1 for the rest of the chapter.

6.3.2 Holographic field theory with a generic dislocation c2 ̸= 1

When the dislocation parameter satisfies c2 ̸= 0 and c2 ̸= 1, the first two equations of
(6.42) can be treated as algebraic equations for BiD̊nB̃

n and ẽimB̃jD̊jB̃m, and solved as

BiD̊nB̃
n = a∂iB

2 , ẽmi B̃
jD̊jB̃m = a ∂iB

2 + (m+ bB2)Bi , (6.46)

where the constants are defined as

m =
M

2c2
> 0 , a =

1

2 (1 + 2c2)
> 0 , b =

3 (c2 − 1)

2c2
̸= 0 . (6.47)

By contracting Eqs. (6.46) with B̃i, useful identities are obtained, mapping the differential
expressions into algebraic ones:

D̊nB̃
n =

m+ bB2

2c2
, B̃i∂iB

2 =
(m+ bB2)B2

2ac2
, (6.48)

utilizing the identity 1− 2a = 4ac2. As a result,

∂iB
2 =

m+ bB2

2ac2
Bi , ẽmi B̃

jD̊jB̃m =
m+ bB2

4ac2
Bi . (6.49)

Observe that (6.49) is merely a consequence of the preceding equations and is not equivalent
to them. Therefore, even if (6.49) is satisfied, it remains necessary to verify the first
equation in (6.48), as the second equation is automatically fulfilled.
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The last equation in (6.42) yields

D̊mB̃
nD̊nB̃

m = αB4 + βB2 + γ , (6.50)

with the coefficients

α =
3

4c4

[
3 (c2 − 1)

2

4c4
−
(
1− 3c2

) (
3 + 4c2

)]
,

β = M

[
3 (c2 − 1)

8c8
− (1− 3c2) (3 + 4c2)

4c4 (c2 − 1)
+

3

4c4
− 2

]
, (6.51)

γ =
M2

4c4

(
1

4c4
− 1

1− c2

)
.

These equations must be solved for the diagonal torsion Bi(ρ, z). In terms of compo-
nents, the first equation in (6.49) becomes

Bφ = 0 , ∂ρB
2 =

m+ bB2

2ac2
Bρ , ∂zB

2 =
m+ bB2

2ac2
Bz , (6.52)

here, B2 = B2
ρ + B2

z . Since Bφ = 0 and ∂φ = 0, the equation ϵijkBi∂jBk = 0 is auto-
matically satisfied. Meanwhile, the second equation in (6.49) can be expressed in terms of
components as follows:

Bρ∂ρBρ +Bz∂zBρ =
m+ bB2

4ac2
Bρ ,

Bρ∂ρBz +Bz∂zBz =
m+ bB2

4ac2
Bz . (6.53)

Taking the difference of one (6.52) and two (6.53), a simpler system is obtained:

Bz (∂ρBz − ∂zBρ) = 0 ,

Bρ (∂ρBz − ∂zBρ) = 0 , (6.54)

where each equation becomes factorized, so the result depends on which factor vanishes.

When one component of Bi vanishes, for instance Bz = 0, and Bρ = Bρ(ρ), the first
differential equation in (6.46) reduces to (1− 2a)Bρ

dBρ

dρ
= 0 which is consistent only when

2a = 1, or equivalently c = 0. Since c ̸= 0, this case is not allowed.
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The case with another component vanishing, Bρ = 0, Bz = Bz(z), is equivalent, with
the replacement ρ→ z, such that there is no solution in this case either.

Therefore, the only allowed possibility corresponds to both components non-vanishing,
BzBρ ̸= 0. Then, it must hold

∂ρBz = ∂zBρ ⇔ ∇× B⃗ = 0 , (6.55)

meaning that the field B⃗ is irrotational and therefore it is a gradient of some torsion
potential,

B⃗ = ∇ψ ⇔ Bi = ∂iψ . (6.56)

This leaves only two independent equations,

Bρ∂ρBρ +Bz∂zBρ =
m+ b

(
B2

ρ +B2
z

)
4ac2

Bρ ,

Bρ∂zBρ +Bz∂zBz =
m+ b

(
B2

ρ +B2
z

)
4ac2

Bz . (6.57)

Finally, from (6.52), it becomes evident that there are two solution branches: one
corresponding to a constant norm of the diagonal torsion, B2 = −m

b
, and another to an

arbitrary norm of the diagonal torsion, B2 ̸= const. It turns out that only one of these
branches leads to a solution with a non-trivial odd-parity Abelian anomaly, describing a
holographic field theory with dislocations, as will be shown next.

6.3.3 ‘No-go’ for the constant norm B2 = const

Assuming that the vector Bi has a constant norm, its value is

|B| ≡
√
B2

ρ +B2
z =

√
−m
b
, 1− c2 > 0 , (6.58)

and a general solution for the components reads

Bρ =

√
−m
b

sinϑ , Bz =

√
−m
b

cosϑ , ϑ = ϑ(ρ, z) . (6.59)
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From (6.48), the identities D̊nB̃
n = 0 and B̃i∂iB

2 = 0 can be deduced, allowing the last
equation in (6.42) to be written as

D̊mB̃
nD̊nB̃

m = −2MB2 . (6.60)

The l.h.s. of the above expression is computed directly from the definition of the covariant
derivative,

D̊mB̃
nD̊nB̃

m =
(
∂ρB̃

1
)2

+
(
∂zB̃

3
)2

+ 2∂ρB̃
3∂zB̃

1 +

(
1

ρ
B̃1

)2

. (6.61)

Plugging it back into (6.60) and using the solution (6.59), it is obtained

cos2 ϑ (∂ρϑ)
2 + sin2 ϑ

(
(∂zϑ)

2 +
1

ρ2

)
− 2 sinϑ cosϑ ∂ρϑ∂zϑ = −2M . (6.62)

Any solution for ϑ, if one exists, satisfies the complete system. However, the identity of
the vanishing covariant derivative allows for the determination of

D̊nB̃
n = 0 ⇒ ∂ρϑ =

(
∂zϑ− 1

ρ

)
tanϑ . (6.63)

When sinϑ ̸= 0, by substituting the expression for ∂zϑ into (6.62), all terms with ∂zϑ

cancel out, leading to sin2 ϑ = −2Mρ2. This solution is not physical for real ϑ and
positive M . Therefore, the only possible scenario is to have sinϑ = 0, meaning ϑ = nπ

(n ∈ Z), which implies B̃1 = 0 and B̃3 = const, and the expression for (6.61) becomes

D̊mB̃
nD̊nB̃

m =
(
∂zB̃

3
)2

, which leads to an inconsistent result for (6.62), namely 0 =M .

We therefore conclude that the norm of the vector Bi cannot be constant.

6.3.4 Irrotational holographic dislocation

Finally, consider an irrotational vector Bi = ∂iψ whose norm is not constant. The system
of equations to solve is given by Eqs. (6.48)–(6.57), with the second equation expressed in
components as in (6.57).
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The general solution is

ψ(ρ, z) = ψ0 −
4ac2

b
ln sin

(√
2mb

8ac2
(ρ+ z) + θ

)
, (6.64)

where ψ0 and θ are integration constants. The value of θ will be set to 0, as the origin
of the coordinate system can always be shifted along the z-axis to satisfy this condition.
Additionally, ψ0 = 0 because the torsional field is the derivative of ψ, thus this constant
will not contribute.

Because the root
√
2mb can become complex for certain values of c, in terms of real

functions, the general solution is

ψ =


2ζ ln sin

(
ω (ρ+ z)

)
, c2 − 1 > 0 ,

2ζ ln sinh
(
ω (ρ+ z)

)
, c2 − 1 < 0 ,

(6.65)

where the parameters are introduced

ζ =
2c4

3 (1 + 2c2) (1− c2)
, ω =

1 + 2c2

4c4

√
3M

2
|c2 − 1| > 0 . (6.66)

The potential ψ (ρ, z) depends only on one variable, ρ + z. The symmetry ρ ↔ z implies
the equality of the two components,

Bρ = Bz =


2ωζ cot

(
ω (ρ+ z)

)
, c2 − 1 > 0 ,

2ωζ coth
(
ω (ρ+ z)

)
, c2 − 1 < 0 .

(6.67)

These two solutions are physically different because they have different periodicity, for
instance.

Still, it is necessary to verify Eqs. (6.48) and (6.50). Given that the diagonal torsion
depends only on z + ρ, these can be rewritten as

2∂ρBρ +
1

ρ2
Bρ =

m+ 2bB2
ρ

2c2
,

4 (∂ρBρ)
2 +

1

ρ4
B2

ρ = 4αB4
ρ + 2βB2

ρ + γ . (6.68)
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A more simplified form of these equations, where the square of the derivative has been
eliminated, is

2∂ρBρ = − 1

ρ2
Bρ +

m+ 2bB2
ρ

2c2
,

0 =

(
4α− b2

c4

)
B4

ρ +
2bB3

ρ

ρ2c2
+

(
2β − 2

ρ4
− 2mb

c2

)
B2

ρ +
mBρ

ρ2c2
+ γ − m2

4c4
.(6.69)

In the above equations, the terms 1
ρ2

break the symmetry between ρ and z, meaning
that these equations cannot be satisfied for all (ρ, z). Therefore, it is assumed that a
solution exists only on the ring R, with radius ρ̄, located in the horizontal plane centered
at z̄ = 0, where the radial component Bρ(ρ̄, z̄) = Ω is a constant parameter. It can then
be shown that Ω ̸= 0; otherwise, the equations become inconsistent. Moreover, by taking
the radial derivative of (6.67) and evaluating it at the ring R, ∂ρBρ can be expressed in
terms of Ω, yielding

At R : ρ = ρ̄ , z = 0 , Bρ = Ω , ∂ρBρ = −2ζω2sgn(c2 − 1)− Ω2

2ζ
. (6.70)

With this at hand, the equations become algebraic,

0 =
3(c2 − 1)

c2
Ω2 +

Ω

ρ̄2
+m,

0 =
3 (3c2 − 1) (4c2 + 3)

c4
Ω4 +

3 (c2 − 1)

ρ̄2c4
Ω3 +

mΩ

ρ̄2c2
− m2

1− c2
(6.71)

+

(
3 (c2 − 1) (1− 2c2)m

2c6
− (1− 3c2) (3 + 4c2)m

c2 (c2 − 1)
+

3m

c2
− 8c2m− 2

ρ̄4

)
Ω2 ,

where all the quantities are expressed in terms of the four free parameters (c,m,Ω, ρ̄), with
c being the dislocation parameter, Ω the strength of the torsion field, ρ̄ the radius of the
ring, and m the mass parameter that determines the temperature of the holographic QFT
as

m =
2π2

c2
T 2 > 0 . (6.72)

These parameters must be solved in such a way that (6.71) is satisfied. The first
equation leads to the following solution for the radius of the ring:

1

ρ̄2
=

3(1− c2)

c2
Ω− m

Ω
. (6.73)
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When c2 > 1, the r.h.s. of the above equation is always positive when Ω is negative while,
when c2 < 1, there are two cases when the r.h.s. becomes positive. This can be summarized
by

ρ̄2 > 0 ⇒

Ω < 0 , m > 0 , c2 − 1 > 0 ,

Ω > 0 , 0 < m < 3(1−c2)
c2

Ω2 , c2 − 1 < 0 ,

Ω < 0 , m > 3(1−c2)
c2

Ω2 , c2 − 1 < 0 ,

(6.74)

such that a positive solution ρ̄ = ρ̄(m, c,Ω) always exists, according to the above inequal-
ities. Replacing obtained 1

ρ̄2
in the second equation (6.71), it is possible to determine Ω

from the polynomial
P (Ω) = P4Ω

4 +mP2Ω
2 +m2P0 = 0 , (6.75)

with the coefficients that depend only on c,

P4 =
3(6c6 + 14c4 − 3c2 − 3)

c6
,

P2 = −16c10 − 16c8 − 46c6 − 3c4 + 24c2 − 3

2c6(c2 − 1)
, (6.76)

P0 = −2c4 − 2c2 − 1

c2(c2 − 1)
.

The existence of real solutions to the above quadratic polynomial in Ω2 depends on its
discriminant, m2∆ = (mP2)

2 − 4m2P4P0. Consequently, the normalized discriminant, ∆,
is solely a function of the dislocation parameter,

∆ =
1

c12(c2 − 1)2

(
64c20 − 128c18 − 160c16 + 392c14 + 73c12

+165c10 − 999

4
c8 − 39c6 +

225

2
c4 − 36c2 +

9

4

)
. (6.77)

By solving the quadratic equation (6.75) for Ω2, two solutions linear in m are obtained,

Ω2 = m
−P2 ±

√
∆

2P4

≡ mΩ2
0,±(c) , (6.78)

where Ω0,± is m-independent part. Its explicit form is

Ω2
0,± =

16c10 − 16c8 − 46c6 − 3c4 + 24c2 − 3± 2c6|c2 − 1|
√
∆

12 (c2 − 1) (6c6 + 14c4 − 3c2 − 3)
. (6.79)
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Figure 6.1: The discriminant ∆ given by Eq. (6.77) as a function of the dislocation param-
eter c.

Then, the radius (6.73) can be solved as

1

ρ̄2
=

√
m

R2(c)
⇒ ρ̄ = m− 1

4R(c) , (6.80)

with the c-dependent radial function given by

R(c) =

(
3 (1− c2)

c2
Ω0,± − 1

Ω0,±

)− 1
2

. (6.81)

The above expressions fully determine the dependence of the torsion strength Ω on m,
as the parameter ω can also be factorized as

ω =
√
mω0(c) , ω0(c) =

1 + 2c2

4c4

√
3c2|c2 − 1| . (6.82)

To guarantee the existence of physical solutions, the following conditions must be sat-
isfied:

1) Ω2 is real. This condition is satisfied when the discriminant ∆, as given by (6.77), is
non-negative, i.e., ∆ ≥ 0. It holds for all dislocations in the intervals 0 < |c| ≤ c01 ≈
0.288 and |c| ≥ c02 ≈ 0.685, except at the points |c| = 1, where it becomes divergent.
This can be see in the Fig. 6.1.
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Figure 6.2: The square of the function Ω0,±, as defined in Eq. (6.79), depends on the
dislocation parameter c. On the left, the positive solution Ω2

0,+ is shown, while on the
right, the negative solution Ω2

0,− is displayed.

2) Ω is real. This is analyzed based on the positivity of Ω2
0,±, as given by (6.79).

This condition is satisfied for Ω2
0,+ when the dislocations lie within the intervals

c02 ≤ |c| < c∞ and |c| > c∗, where c∞ ≈ 0.719 is a divergence point due to the
zero of the polynomial in the denominator, while c∗ ≈ 1.169 is the point where the
polynomial vanishes. On the other hand, Ω2

0,− is positive for the dislocations within
the interval c02 ≤ |c| < 1, avoiding the divergent point at |c| = 1. In Fig. 6.2, the
behaviour of the functions can be observed.

3) ρ̄ is real. This condition has already been discussed based on the positivity of ρ̄2, as
given by Eqs. (6.73). This requirement is satisfied under the conditions specified in
(6.74).

4) Dependence on m is consistent. Them-dependence of all previously discussed quanti-
ties has been determined. Its consistency is confirmed by comparing them-dependence
on both sides of equation (6.70). In general, these dependencies differ, unless the mass
is a function of the dislocation parameter. This leads to a specific relation between
the temperature T =

√
m
2

|c|
π

and the dislocation parameter c. Finally, it should be
verified whether the obtained m(c) (or T (c)) satisfies the inequalities provided in
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(6.74)

The critical points c of the solutions are summarized in the following table:

c = 0 → excluded point;

|c| = c01 ≈ 0.288 → vanishing discriminant, ∆ = 0;

|c| = c02 ≈ 0.685 → vanishing discriminant, ∆ = 0;

|c| = c∞ ≈ 0.719 → divergence of Ω2
0,+;

|c| = 1 → excluded point;

|c| = c∗ ≈ 1.169 → zero of Ω2
0,+.

(6.83)

To ensure the fulfillment of the four conditions, the analysis is first carried out for the
periodic solutions, which correspond to large dislocation values, c2−1 > 0, followed by the
non-periodic solutions, associated with small dislocation values, c2 − 1 < 0.

Periodic solution Examining the case of a large dislocation parameter, it has been
demonstrated that the first three conditions are met exclusively in the positive branch of
the torsion field when Ω0,+ < 0, for dislocation parameters satisfying |c| > c∗. The radial
dependence of the torsion field is determined by (6.66) and (6.67), expressed as

Ω0,+(c) = −

√
c2

3(c2 − 1)
cot
(
m

1
4 ω0(c)R(c)

)
< 0 , (6.84)

here, the known expression for ρ̄ from (6.81) has been substituted. The diagonal component
of the torsion field becomes negative when the argument of the cotangent is within the
interval

(
0, π

2

)
. To ensure the expression is invertible, the analysis is limited to the first

period.

The fourth condition still needs to be enforced. Since the function Ω0,+(c) can only
depend explicitly on the dislocation parameter and not on the temperature, which scales
as

√
m, the consistency of the identity above requires that m must be a function of c. This

implies that the mass is not an independent parameter. By inverting the relations in (6.84),
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Figure 6.3: Periodic solution with the strength of the torsion field given by Eq. (6.84):
(Right) The mass parameter m, as given by Eq. (6.85). (Left) And the radius of the ring,
ρ̄, as given by Eqs. (6.80) and (6.81), as a function of the dislocation parameter, c.

it is found that the mass of the black hole, or equivalently the temperature T =
√

m
2

|c|
π

of the holographic field theory, is not arbitrary but depends on the dislocation parameter
|c| > c∗ ≈ 1.169.

m =

arccot4
(
−
√

3(c2−1)
c2

Ω0,+

)
ω4
0R

4
. (6.85)

It can be directly verified that the argument of the cotangent falls within the required
interval for any c > c∗. Additionally, the behavior of the function is illustrated in Fig. 6.3
(left).

To analyze the physical behavior of the system, Fig.6.3 (right) and Fig.6.4 display
the temperature T , the nodal line radius ρ̄ = m− 1

4R of the holographic field theory as
functions of the dislocation parameter, and ρ̄(T ), within the interval1 c > c∗. Both T

1The interval c < −c∗ is derived from the parity of T (c) and ρ̄(c).
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Figure 6.4: Periodic solution with the strength of the torsion field given by Eq. (6.84):
(Left) Temperature, T = |c|

π

√
m
2
, with the mass of the black hole in Eq. (6.85), as a function

of the dislocation parameter, c. (Right) Dependence of the radius from the temperature,
obtained from integrating out the dislocation parameter numerically.

and ρ̄ exhibit monotonic behavior with respect to c. As shown in Fig.6.3 (right), the ring
radius increases with c, while the temperature, illustrated in Fig.6.4 (left), decreases as the
torsion (dislocation parameter) grows. For weak torsion, near c∗, the temperature becomes
extremely high, resulting in a very small ring. This relationship is further supported by
Fig. 6.4 (right), which demonstrates that larger rings correspond to lower temperatures. In
the strong-torsion limit, as c → ∞, both the temperature and the ring radius converge to
finite values, specifically

√
2

π
and 1

2
, respectively, indicating the stability of the holographic

WSM in this regime.

Non-periodic solution Now consider the case of small dislocation parameters. The
first three conditions required for the existence of physical solutions are satisfied in the
positive branch of the torsion field when the dislocation parameter lies within the narrow
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interval c02 ≤ |c| < c∞, as shown in Table (6.83). For the negative branch, these conditions
hold when the dislocation parameter is within the range c02 ≤ |c| < 1. In both scenarios,
the sign of the torsion must align with the requirement specified in Eq. (6.74).

Using the obtained solutions, the torsion strength becomes

Ω0,±(c) =

√
c2

3(1− c2)
coth

(
m

1
4 ω0(c)R(c)

)
. (6.86)

It remains positive at all times since the argument of the hyperbolic cotangent is always
positive. Consequently, as required by Eq. (6.74), the condition 1 < 3(1−c2)

c2
Ω2

0,± must also
be satisfied.

Given that the left-hand side of the equation is independent of the mass parameter while
the right-hand side depends on it, consistency requires the mass parameter to depend on
the dislocation parameter c, specifically:

m± =

arccoth4

(√
3(1−c2)

c2
Ω0,±

)
ω4
0R

4
, (6.87)

Within an appropriate range of the dislocation parameter c for each branch of the torsion
field, the dependence of the mass m±(c) as a function of c can be seen in Fig. 6.5.

The dependence of the temperature and nodal radius on the dislocation parameter, as
described by Eqs.(6.80) and (6.81), is presented in Figs.6.6 and 6.7. These figures also
display the numerically obtained relationship between the nodal radius and temperature,
ρ̄(T ), for both positive and negative branches of the diagonal torsion.

For the positive branch, the solution exists within a very narrow range of the dislocation
parameter, displaying significant changes in its properties. For example, the temperature
decreases monotonically, as shown in Fig.6.6 (left), while Fig.6.6 (center) illustrates a
notable reduction in the size of the nodal circle within this interval. Ultimately, as the
temperature increases, the radius of the holographic field theory grows, as depicted in
Fig. 6.6 (right).

In the negative branch, the temperature exhibits a maximum, as shown in Fig.6.7
(left). It starts at a small but finite value near c02, increases until reaching Tmax ≈ 0.162
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Figure 6.5: The mass in the positive branch (left) and the mass in the negative branch
(right), in case of the non-periodic solution, as a functions of the c parameter.

Figure 6.6: Non-periodic solution, positive branch. Temperature (left) and the nodal
ring radius (center) as functions of the dislocation parameter c, as well as the dependence
ρ̄(T ) (right). The solution exists in the narrow interval c02 ≤ |c| < c∞, as shown in Table
(6.83).
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Figure 6.7: Non-periodic solution, negative branch. Temperature (left) and the nodal
ring radius (center) as functions of the dislocation parameter. The direct dependence ρ̄(T )
(right). The solution exists in the interval c02 ≤ |c| < 1, as shown in Table (6.83).

at |c| ≈ 0.976, and then rapidly decreases to small values as |c| approaches 1. The nodal
radius increases monotonically, as seen in Fig.6.7 (center), starting at small values for small
|c| and growing larger as |c| nears 1. In contrast, as a function of temperature, the nodal
radius increases from very small values to large ones, as shown in Fig. 6.7 (right)

The behavior of the solutions varies significantly among the three described cases. For
example, in the periodic case, the nodal radius decreases as the temperature rises, whereas
in the non-periodic case, it increases with temperature. This lack of universality is a
consequence of the non-linearity inherent in the holographically dual theory, specifically
CS AdS gravity. Physically relevant scenarios involve dislocations with torsion far from
the critical points, where either the temperature or the nodal radius diverges. Notable
examples include the regions near ±c∗ for the periodic solution and ±c02 or ±1 for the
non-periodic solutions.

6.3.5 Abelian anomaly in the solutions

Up to this point, a well-defined holographic field theory at a fixed temperature, including
dislocations, can be identified. Inspired by nodal Weyl semimetals, in which Weyl fermions
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appear as quasiparticles only along a ring, the previously solutions can be interpreted as
describing a system with an emergent type of quasiparticle that exists exclusively on the
ring R of radius ρ̄, located in the plane z̄ = 0. Since this emergent state exists only in the
presence of the torsion fields Ai(ρ̄, z = 0) and Bi(ρ̄, z = 0), it follows that these fields act
as sources for the holographic field theory. However, to confirm that these emergent states
are indeed Weyl quasiparticles, it is necessary to demonstrate that the Abelian odd-parity
anomaly corresponds to a genuine chiral anomaly.

The observable quantities—the temperature and the nodal radius—depend on the dis-
location parameter c, which characterizes the internal twisting of the torsion field (or
equivalently, the size of the torsional vortex), as well as on the intensity Ω(c) of the torsion
field. This configuration exists only within three distinct intervals of c, each corresponding
to a specific class of holographic field theories. Outside the ring, the torsion field van-
ishes; nevertheless, the temperature remains nonzero, as the entire system is in thermal
equilibrium. Thus, T is a continuous and constant parameter throughout the space. In
contrast, the torsion field is discontinuous due to the presence of an S1 topological defect
representing the localized torsional vortex.

To determine the form of the Abelian anomaly, the torsion field in the holographic
QFT -— or, more practically, the contorsion field (5.40) -— is first reconstructed along the
nodal circle. As discussed previously, it takes the form

Kab =

{
K̄ab , ρ = ρ̄ , z = z̄ = 0 ,

0 , ρ ̸= ρ̄ , z ̸= 0 .
(6.88)

By utilizing the metric (5.23), (5.29), and the relation Ai = 8c, Bi from (6.41), it is found
that the contorsion at the points of the nodal circle is given by

K̄µν =

(
− 1

32
ρ̄ ϵµναβ A

β −Bµgνα +Bνgµα

)
dxα . (6.89)

It contains six independent components. Considering that At, Aφ = 0 and Bt, Bφ = 0, and
using the notation (5.3), where ϵtρφz = 1, the following expression is obtained:

K̄01 = Ω(dt+ 4cρ̄ dφ) , K̄12 = −Ω (4c dt+ ρ̄dφ) ,

K̄02 = 4cΩ (−dρ+ dz) , K̄13 = Ω(dρ− dz) ,

K̄03 = Ω(dt− 4cρ̄ dφ) , K̄23 = Ω(−4c dt+ ρ̄dφ) .

(6.90)
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In this calculation, the metric components were substituted, using Bρ = Bz = Ω and
Aρ = Az = 32c,Ω. Additionally, the four-dimensional spacetime indices were projected
onto the tangent space via the vielbein (5.22), specifically K̄ab = eaµebνK̄µν .

Using the previous results, the Abelian anomaly (5.62) can be evaluated. The deriva-
tives ∂ρAρ = ∂zA

z are determined directly from the first equation in (6.69)

∂ρA
ρ = 32c ∂ρBρ = 32c

(
mc2 + 3(c2 − 1)Ω2

4c4
− Ω

2ρ̄2

)
. (6.91)

Using the identity (6.73), the dependence of the anomaly on the dislocation parameter is
determined, expressed in a form that differentiates between the two branches:

Aodd(c) = 322κmc3

[
m

3
4Ω0,±

R
+

1 + 2c2

2c2
m

(
1 +

3(c2 − 1)

c2
Ω2

0,±

)]
. (6.92)

All the quantities m, Ω0,±, and R are known functions of c, and the anomaly is present
only in the range of c where these quantities are well-defined.

Fig. 6.8 shows the Abelian anomaly as a function of the dislocation parameter when the
gravitational parameter is κ = 1. The graphs correspond only to the region c > 0, while the
anomaly in the region c < 0 can be reconstructed using the property Aodd(−c) = −Aodd(c).
In general, the anomaly is not a monotonous function of the dislocation, but it exhibits
one extremum for c > 0.

For large |c|, the Abelian anomaly becomes non-trivial when |c| > c∗. As shown in
Fig. 6.8 (left), the anomaly is very large near c∗, then decreases until it reaches a minimum
at c ≈ 3.386, before increasing again linearly for large values of c. On the positive branch,
shown in Fig.6.8 (center), the anomaly has a minimum when c > 0, but it remains negative.
In contrast, in the negative branch, as seen in Fig.6.8 (right), the anomaly reaches a
maximum when c > 0. Importantly, outside the ring, the anomaly is zero.

The previous analysis applies to an ideal holographic field theory with dislocations that
does not account for dissipation, which may arise, for instance, from additional matter fields
in the theory. Including dissipation could smooth out some of the divergences occurring
near the critical torsion, i.e., dislocation configurations.
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Figure 6.8: Abelian anomaly, Aodd, given by Eq. (6.92), as a function of the dislocation
parameter c > 0, for different classes of the solutions corresponding to distinct families of
holographic field theories. (Left) |c| > 1, periodic solutions. (Center) |c| < 1, non-periodic
solutions, positive branch. (Right) |c| < 1, non-periodic solutions, negative branch. The
parameter κ is set to 1 in this analysis.

Abelian anomaly and topological invariant

The explicit expression for the Abelian anomaly was previously derived in Eq. (6.92). It is
now demonstrated that this anomaly is proportional to the Nieh-Yan invariant JNY, which
represents the difference between the AdS Pontryagin invariant and the Lorentz invariant.
This invariant is defined as:

T a ∧ Ta −Rab ∧ ea ∧ eb = JNY d4x . (6.93)

While the left-hand side can be locally expressed as −D(T a ∧ ea), it can yield a globally
non-trivial contribution, leading to the Nieh-Yan topological invariant

∫
d4x,JNY [41]. The

topological nature of the Abelian anomaly is closely related to this invariant, as shown
below.

Using the torsion decomposition (5.40) and the metric (5.23), the following result is
obtained:

T a ∧ Ta =
3ρ

8
AµBµ d

4x . (6.94)
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In addition, since the curvature tensor decomposes as Rab = R̊ab + D̊Kab +Kac ∧K b
c and

R̊ab = 0 for planar black holes, it follows that:

Rab ∧ ea ∧ eb =
3

16

(
∂µ (ρA

µ) + 2ρAµBµ

)
d4x . (6.95)

When combining both terms, the AµBµ contribution cancels out, leaving the Nieh-Yan
invariant in the form:

JNY = − 3

16
∂µ (ρA

µ) |R = − 3

16
∂i
(
ρAi
)
|R , (6.96)

where At = 0 is used, and it is noted that the torsion field is non-trivial only along the ring
R. On the other hand, the Abelian anomaly, as given in Eq. (5.62), is directly proportional
to the Nieh-Yan invariant:

Aodd = eodd JNY . (6.97)

The proportionality coefficient is written in terms of the gravitational constant G as

eodd(c) =
8mc2

3πGρ̄
, (6.98)

here, it is considered that ℓ = 1, κ = 1
64πG

, and M = 2mc2. Additionally, it is emphasized
that the anomaly is non-zero only on the ring ρ = ρ̄. The parametersm and ρ̄ depend on the
dislocation parameter c. The coefficient eodd represents the central charge associated with
the Abelian current. Central charges are significant physical observables, often encoding
the number of degrees of freedom in a theory. In this context, eodd depends on the black
hole’s mass, which is related to the temperature in the field theory.

Torsion-induced chiral anomalies are also known to be proportional to the Nieh-Yan
invariant [97, 99], and renormalization conditions may affect their coefficients [101]. These
result point that Aodd could be a chiral anomaly, in which case the obtained holographic
theory could contain the quasiparticles analogous to those in Weyl semimetals. Neverthe-
less, for a clear answer, further investigation is needed.

To finish the section, it is essential to clarify why the anomaly, when evaluated on these
solutions, takes the form of the Nieh-Yan tensor only on-shell. In the AdS/CFT corre-
spondence, the on-shell bulk action Ion-shell[e, ω], is identified with the off-shell boundary
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generating functional W [e, ω]. To obtain physical solutions, we solve the bulk equations of
motion (in the classical gravity regime, with a small gravitational constant G), ensuring
that the torsion fields correspond to consistent configurations, such as topological defects
like dislocations in our model. These on-shell solutions enable the computation of one-
point correlation functions in the boundary QFT, such as the odd-parity Abelian current,
by varying the generating functional with respect to the boundary sources. The on-shell
condition in the bulk is necessary to ensure that these variations are performed only with
respect to the boundary values of the fields, maintaining the consistency of the duality.
However, the boundary QFT remains off-shell, as the generating functional encompasses all
possible configurations, not just those satisfying the QFT’s equations of motion. This re-
flects the weak/strong nature of the duality: classical gravity in the bulk computes strongly
coupled quantum observables on the boundary. Thus, the equivalence of the anomaly to
the Nieh-Yan tensor holds only on-shell, as it is only in these solutions that the torsion
fields correctly encode the topological defects responsible for the anomaly’s persistence in
the holographic framework.

Another feature of this topological QFT configuration is the presence of a non-trivial
Burgers vector, which is analyzed in the following section.

6.3.6 Burgers vector

In the geometric theory of defects, the Burgers vector is defined as the flux of the torsion
tensor over a spatial surface, bi =

∫
T i [39]. However, in a Lorentz-covariant system like

this, it is more appropriate to define a 4-vector instead.

ba =

∫
R

T a =
1

2

∫
R

T a
µν dx

µ ∧ dxν . (6.99)

Each component of the torsion tensor contains a (two-dimensional) Dirac delta function
that restricts it to the value T̄ a

µν , which is nontrivial along the nodal ring R located at
ρ = ρ̄ and z = 0. Given the static nature of the configuration, the integral is evaluated
over a spacelike surface with constant time, setting dt = 0. Using T̄ a = K̄ab ∧ eb, along
with the four-dimensional contorsion (6.90) and the metric (5.22), the following expression
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is obtained

T̄ 0 = 4cρ̄Ω (dz − dρ) ∧ dφ ,

T̄ 1 = −T̄ 3 =
Ω

2
dρ ∧ dz , (6.100)

T̄ 2 = − ρ̄Ω
2

(dz + dρ) ∧ dφ ,

This results in the Burgers 4-vector, projected from the tangent space onto the spacetime
manifold, expressed as bµ = eµab

a = (bt, b⃗) with components given by:

bt = −32πcρ̄Ω , b⃗ = (Ω, 0,−Ω) . (6.101)

The non-vanishing nature of the Burgers 4-vector indicates the presence of a topological
defect, or a torsional vortex, linked to the configuration of the torsion field. The torsion
field strength Ω represents both the defect’s strength and the magnitude of the Burgers
vector. It characterizes an axially symmetric mixed screw-edge dislocation bρ, bz ̸= 0

within the spatial sector, excluding the time direction. Nevertheless, the bt component
introduces a connection to the time scale, implying the presence of a time crystal, where
time-translational symmetry is spontaneously broken [102].

To further clarify the nature of the dislocation defects, the norm square of the Burgers
vector (6.101) is calculated, yielding

b2 =

(
1

2
− 256π2c2ρ̄2(c)

)
Ω2(c) . (6.102)

It can be demonstrated that bµ is a space-like vector (where b2 is positive2) for the periodic
solution within the very narrow range of dislocation parameters c∗ < c < 1.171 (with
c∗ ≈ 1.169). The upper limit of this interval corresponds to the space-time crystal, where
the Burgers vector becomes null, b2 = 0. In all other permitted dislocation ranges, the
Burgers vector takes on a time-like nature (b2 < 0), signifying a time-like dislocation defect
in the time crystal, with continuous time-translation symmetry spontaneously broken. The
associated time scale of this symmetry breaking is ∼

√
−b2. Additionally, properties of

space-time supersolids have been explored using holography in Ref. [103].
2The metric signature (−,+,+,+) is used, meaning b2 > 0 indicates a space-like vector.
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Finally, the relationship between the torsional vortex (6.100) and the bulk geometry,
specifically CS AdS gravity, is discussed. In the context of the four-dimensional holo-
graphic QFT, this defect is a codimension-2 surface, meaning it appears as a line in the 3D
transversal plane. On the gravitational side, the components of torsion that contain defects
affect both the AdS curvature and the bulk torsion, as seen from their radial expansions
given in Eqs. (5.13). Thus, from the perspective of the gravitational theory, the topological
defects manifest as codimension-3 surfaces within the torsional field.
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Chapter 7

Application 2: Hyperbolic Case

This chapter is devoted to the analysis of the solutions corresponding to the hyperbolic
horizon geometry. Non-compact horizons, planar or hyperbolic, correspond to QFTs on
flat, infinite space, which align with low-energy description of condensed-matter systems
[104, 105, 106] that, at least locally, can be modeled as spatially extended and unbounded.
A Weyl semimetal described by low-energy field theory with Weyl excitations is a paradig-
matic example in this sense. They allow well-defined densities (entropy, charge, energy),
continuous momenta for transport and hydrodynamics, translational invariance and con-
trolled breaking, and simpler numerical and analytic treatments. In particular, hyperbolic
horizons probe holographic phases where negative curvature mimics an effective “frustra-
tion” scale [107]. In this case, the three-dimensional spatial sections of the bulk manifold
possess negative constant curvature, κ = −1, which considerably modifies the structure of
the equations of motion compared to the planar case discussed previously. The presence
of hyperbolic geometry introduces non-trivial dependencies on the radial coordinate and
the dislocation parameter, making the analytical treatment more intricate.

The main objective of this chapter is to explore how the torsion fields interact in this
background and to determine the conditions under which consistent solutions exist. We
will show that [100], unlike the planar case—where two distinct families of solutions (pe-
riodic and aperiodic) appear—the hyperbolic configuration admits only a single family of
aperiodic solutions, corresponding to the simplest branch that can be partially treated ana-
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lytically. These solutions exhibit a well-defined dependence on the dislocation parameter c
and on the black hole mass M , revealing a rich interplay between geometry and topological
response.

As in the planar case, kµν is symmetric, implying that ka ∧ ea = 0. Consequently,
equations (5.14) take the following form:

C = ϵabcd F
ab ∧ F cd , Ca = ϵabcd F

bc ∧ T d ,

Cab = 2ϵabcd T
c ∧Dkd , C̄a = ϵabcd F

bc ∧Dkd ,
(7.1)

where

Dka = D̊ka +Kab ∧ kb ,
F ab = R̊ab + D̊Kab +Kac ∧K b

c + 2
(
ea ∧ kb − eb ∧ ka

)
. (7.2)

where the boundary metric (5.23) is used, noting that the Riemannian part of the Riemann
tensor is nonvanishing. From the Maurer–Cartan structural equation,

D̊ea = dea + ω̊a
b ∧ eb = 0 , (7.3)

the nonzero components of the torsion-free spin connection are found to be

ω̊12 = − coshχ dθ , ω̊13 = − sinhχ dz . (7.4)

In this way, the nonzero components of the torsion-free Riemann 2-form, R̊ab, are

R̊12 = − sinhχ dχ dθ = −ẽ1 ∧ ẽ2 , (7.5)

R̊13 = − coshχ dχ dz = −ẽ1 ∧ ẽ3 , (7.6)

R̊23 = − sinhχ coshχ dθ dz = −ẽ2 ∧ ẽ3 , (7.7)

where dimensionless transverse vielbeins ẽm are defined as:

ẽ1 = dχ ,

ẽ2 = sinhχ dθ , (7.8)

ẽ3 = coshχ dz .
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To proceed with the solution of equation (7.1), it is necessary to establish appropriate
notation and carry out some preliminary calculations, including the derivation of relevant
identities. This step is essential, as equation (7.1) is nonlinear in nature, arising from a
nonlinear gravitational theory.

7.1 Notations and general identities: Hyperbolic case

First, some elements required for developing equations (7.1) are revisited. As an initial step,
Eqs. (7.1) are expressed in tensorial form and simultaneously decomposed in terms of xµ =

(t, yi), where yi = (χ, θ, z) denote the cylindrical coordinates of the hyperbolic horizon. The
Lorentz indices are decomposed in the tangent space as a = (0,m), with m = 1, 2, 3. Since
both tangent and spacetime indices are represented by Latin characters, they are assigned
as follows: curved indices are taken from the beginning of the alphabet (i, j, k, l, . . .),
whereas flat indices are taken from the middle of the alphabet (m,n, s, p, q, . . .).

Notice that, by definition, in the three-dimensional hyperbolic space:

D̊ea = dea + ω̊ab ∧ eb = ω̊ab ∧ eb = 0 . (7.9)

As a consequence, the following identity holds:

D̊ka =
M

2

(
dka + ω̊ab ∧ kb

)
∝M ω̊ab ∧ eb = 0 , (7.10)

or in other words D̊ka ∝ D̊ea = 0. To reduce the four-dimensional Levi-Civita symbol to
three dimensions, the convention ϵtijk ≡ ϵijk is adopted, and the three-dimensional surface
element is defined as dσi =

sinhχ coshχ
2

ϵijk dy
j ∧ dyk.

Axial and diagonal torsion. The axial torsion field Aµ(x) and the diagonal torsion
field Bµ(x) are both 4-vectors. However, under the axially symmetric ansatz introduced in
Sec. 5.3, where the temporal components vanish identically and the fields are static, Ai(y)

and Bi(y) reduce to 3-vectors defined on the transversal section ∂Σ. In this setting, the
metric γij and its inverse γij are employed to lower and raise the spatial indices. Moreover,
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a tilde is used to denote that the corresponding quantity is treated as three-dimensional,
following the convention:

dσi =
sinhχ coshχ

2
ϵijk dy

j ∧ dyk , dσ̃m = ẽim dσi ,

Aij = sinh2 χ coshχ ϵijk A
k, Ãm

j = ẽmiAij , Ai = γijA
j ,

Ãmn = ẽmiẽnjAij, Ã =
1

2
Aij dy

i ∧ dyj ,

Ãm = Ãm
idy

i, Am = ẽmi A
i , A2 = γijA

iAj ,

B̃m = ẽmiBi , B̃ = Bidy
i , B2 = γijBiBj ,

which results in the identities:

Ãm ∧ ẽm = −2Ã , Ãmn ẽn = Ãm , B̃nẽn = B̃ , dσ̃m =
1

2
ϵmnk ẽ

n ∧ ẽk . (7.11)

7.2 General equations at the boundary

The fundamental building blocks of the holographic equations are the following differential
forms, expressed in terms of the quantities introduced in the preceding paragraph:

• 1-form Kab = eaµebνKµνλdx
λ

K0m =
1

ℓ
B̃m dt+

ℓ2

8
Ãm + ℓBt ẽ

m , (7.12)

Kmn =
ℓ

8

(
−Ãmndt+ At ϵmnkẽk

)
− B̃mẽn + B̃nẽm ;

• 2-form Dka

Dk0 =
M

2
dt ∧ B̃ − ℓ3M

8
Ã ,

Dkm =
ℓM

2

(
Bt dt ∧ ẽm − ℓ

4
At dσ̃m + ẽm ∧ B̃

)
; (7.13)
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• 2-form T a = 1
2
eaµTµαβ dx

α ∧ dxβ

T 0 =
1

2
dt ∧ B̃ − ℓ3

8
Ã ,

Tm = −dt ∧
(
ℓ2

8
Ãm +

ℓ

2
Bt ẽ

m

)
− ℓ2

8
At dσ̃m − ℓ

2
B̃ ∧ ẽm . (7.14)

Before calculating the 2-form components of F ab, it is useful to analyze the third equa-
tion in (7.1), which has two distinct components, C0m = 0 and Cmn = 0:

C0m = 2ϵmnsT
n ∧Dks = −ℓ

2M

2
ϵmns dt ∧

(
ℓ

4
At dσ̃n − ẽn ∧ B̃

)
∧ (7.15)(

ℓ

4
Ãs + 2Bt ẽ

s

)
,

Cmn = 2ϵmns

(
T 0 ∧Dks − T s ∧Dk0

)
= −ℓ

4M

4
ϵmnsBt dt ∧ Ã ∧ ẽs , (7.16)

where B̃ ∧ B̃ = 0 and Ã ∧ Ãs = 0 for symmetry reasons. The last equation can be solved
when Ai ̸= 0,

Cmn = 16ℓM sinhχ coshχ d4xBt ϵmnsA
s = 0 ⇒ Bt = 0 . (7.17)

The first equation, in this case, is developed term by term,

ϵmns dt ∧
ℓ

4
At dσ̃n ∧ ℓ

4
Ãs =

ℓ2 sinhχ coshχ

8
d4xAtAm ,

−ϵmns dt ∧ ẽn ∧ B̃ ∧ ℓ

4
Ãs =

ℓ sinhχ coshχ

4
d4x B̃nÃnm ,

which implies

C0m ∝ ℓ

2
AtAm + B̃nÃnm = 0 . (7.18)

A consistency equation is obtained by contracting with Am ̸= 0 (since Ai ̸= 0), yielding

AtAiA
i = 0 ⇒ At = 0 , (7.19)

since γ̃ij is positive definite. This implies that

B̃nÃnm = 0 ⇔ ϵijkB̃
jAk = 0 ⇔ ϵijkBjAk = 0 . (7.20)
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In general, the last equation is algebraic and admits nontrivial solutions, although it im-
poses a significant constraint on the vectors Ai and Bi, or, more importantly, on their
functional dependence.

With At = 0 and Bt = 0, the remaining components for Rab+ 2
ℓ2

(
ea ∧ kb − eb ∧ ka

)
are

R0m +
2

ℓ2
(
e0 ∧ km − e0 ∧ km

)
=

1

ℓ
dt ∧

(
−D̊B̃m + B̃mB̃ −B2ẽm − ℓ4

64
ÃmnÃn

)
+
ℓ2

8

(
D̊Ãm − 2Ã B̃m − B̃nÃn ∧ ẽm

)
, (7.21)

and

Rmn +
2

ℓ2
(em ∧ kn − en ∧ km) = ℓ

8
dt ∧

[
D̊Ãmn + 2B̃mÃn − 2B̃nÃm +

(
Ãmsẽn −

Ãnsẽm
)
B̃s

]
− D̊B̃m ∧ ẽn + D̊B̃n ∧ ẽm +

(
− B̃mẽn + B̃nẽm

)
∧ B̃

+
ℓ4

64
Ãm ∧ Ãn +

(
M −B2

)
ẽm ∧ ẽn . (7.22)

Before calculating the remaining equations, it is noted from equation (7.20) that the
3-dimensional vectors Ai = γijA

j and Bi satisfy A⃗ × B⃗ = 0, which implies that they are
parallel. Consequently, one can choose a particular solution in which the proportionality
factor between the vectors is a function of the coordinates:

Ai = fBi , f = f(χ, z) ̸= 0 . (7.23)

Returning to the field equations (7.1), considering the identity by symmetry Ãm∧Ã = 0,
ÃmnB̃n = 0, B̃mÃm = 0 and ϵmnsB̃

mB̃n = 0 it is had

C =
4

ℓ
ϵmns dt ∧

(
−D̊B̃m + B̃mB̃ −B2ẽm − ℓ4

64
ÃmpÃp

)
∧
[
−2D̊B̃n ∧ ẽs

−2B̃nẽs ∧ B̃ +
ℓ4

64
Ãn ∧ Ãs +

(
M −B2 + κ

)
ẽn ∧ ẽs

]
(7.24)

+
ℓ3

16
ϵmns dt ∧

(
D̊Ãm − 2Ã B̃m

)
∧
(
D̊Ãns + 4B̃nÃs

)
,

84



with κ = −1,

C̄0 =
ℓ2M

16
ϵmns dt ∧

(
D̊Ãmn + 4B̃mÃn

)
∧ ẽs ∧ B̃ , (7.25)

C̄m = M ϵmns dt ∧
(
2D̊B̃n +B2ẽn +

ℓ4

64
ÃnqÃq

)
∧ ẽs ∧ B̃ +

Mℓ4

64
ϵmns dt ∧ D̊Ãns ∧ Ã

−M
2
ϵmns dt ∧

(
ℓ4

64
Ãn ∧ Ãs +

(
M −B2 + κ

)
ẽn ∧ ẽs

)
∧ B̃ , (7.26)

and

C0 = − ℓ2

16
ϵmns dt ∧

(
D̊Ãmn + 4B̃mÃn

)
∧ B̃ ∧ ẽs + ℓ2

4
ϵmns dt ∧

(
D̊B̃m ∧ ẽn

+B̃mẽn ∧ B̃ − ℓ4

128
Ãm ∧ Ãn − M −B2 + κ

2
ẽm ∧ ẽn

)
∧ Ãs , (7.27)

Cm = − ϵmns dt ∧
(
D̊B̃n +B2ẽn +

ℓ4

64
ÃnqÃq

)
∧ B̃ ∧ ẽs + ℓ4

32
ϵmns dt ∧

(
D̊Ãn − 2Ã B̃n

)
∧ Ãs

+ϵmns dt ∧
(
D̊B̃n ∧ ẽs − ℓ4

128
Ãn ∧ Ãs − M −B2 + κ

2
ẽn ∧ ẽs

)
∧ B̃ . (7.28)

Let us consider the simplest equation, (7.25), while taking into account the particular
solution 7.23:

C̄0 ∝ ϵmns D̊iÃ
mnẽsjBkϵ

ijk ∝ ϵijk∂iAjBk ∝ ϵijk∂i (f Bj)Bk = 0 . (7.29)

Equation (7.26) is considered, and term by term yields

2M ϵmns dt ∧ D̊B̃n ∧ ẽs ∧ B̃ = d4xM sinhχ coshχ

(
1

2
ẽim ∂iB

2 − B̃m D̊nB̃
n

)
,

M ϵmns dt ∧B2ẽn ∧ ẽs ∧ B̃ = −d4x 2 sinhχ coshχM B2B̃m ,

M ϵmns dt ∧
ℓ4

64
ÃnqÃq ∧ ẽs ∧ B̃ = d4x

ℓ4M

32
sinhχ coshχ B̃mA

2 ,

Mℓ4

64
ϵmns dt ∧ D̊Ãns ∧ Ã = −d4x

Mℓ4

32
sinhχ coshχAiD̊iAm ,

−M
2

dt ∧ ℓ4

64
ϵmns Ã

n ∧ Ãs ∧ B̃ = d4x
ℓ4M

64
sinhχ coshχAmA

iBi ,

−M
2

dt ∧
(
M −B2 + κ

)
ϵmns ẽ

n ∧ ẽs ∧ B̃ = d4xM
(
M −B2 + κ

)
sinhχ coshχ B̃m .
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Summing all these terms yields:

0 = C̄m ∝ 1

2
ẽim ∂iB

2 −
(
D̊nB̃

n + 3B2 −M − κ − ℓ4

32
A2

)
B̃m

− ℓ4

32
Ai

(
D̊i −

1

2
Bi

)
Am . (7.30)

Multiplying the above equation by 2ẽmj and using Ai = f Bi, the equation takes the form

0 = C̄m ∝ ∂iB
2 − 2

[
D̊nB̃

n −M − κ + 3

(
1− ℓ4

64
f 2

)
B2

]
Bi −

ℓ4

16
fB̃j ẽmi D̊j

(
fB̃m

)
.

(7.31)

The equation C0 is analyzed term by term, revealing that all terms vanish due to
symmetry, except for two, which vanish as a consequence of the equations of motion (7.20)
and (7.29),

− ℓ2

16
ϵmns dt ∧ D̊Ãmn ∧ B̃ ∧ ẽs =

ℓ2

8
d4x ϵijk∂iAkBj = 0 ,

ℓ2

4
ϵmns dt ∧ D̊B̃m ∧ ẽn ∧ Ãs =

ℓ2

4
d4x ϵijk ∂iBjAk = 0 ,

showing that the equation is automatically satisfied, C0 ≡ 0.

For equation (7.28), a term-by-term analysis yields

−ϵmns dt ∧ D̊B̃n ∧ B̃ ∧ ẽs = d4x sinhχ coshχ

(
1

2
ẽim∂iB

2 − B̃mD̊nB̃
n

)
,

−ϵmns dt ∧B2ẽn ∧ B̃ ∧ ẽs = −2 sinhχ coshχ d4xB2B̃m ,

−ϵmns dt ∧
ℓ4

64
ÃnqÃq ∧ B̃ ∧ ẽs =

ℓ4

64
d4x sinhχ coshχ

(
AmA

iBi + A2B̃m

)
,

ℓ4

32
ϵmns dt ∧ D̊Ãn ∧ Ãs = − ℓ4

32
d4x sinhχ coshχD̊n (AmA

n) ,

ϵmns dt ∧ D̊B̃n ∧ ẽs ∧ B̃ = d4x sinhχ coshχ

(
1

2
ẽim∂iB

2 − D̊nB̃
nB̃m

)
,

ϵmns dt ∧
(
− ℓ4

128
Ãn ∧ Ãs

)
∧ B̃ =

ℓ4

64
d4x sinhχ coshχAmA

iBi ,

ϵmns dt ∧
(
−M −B2 + κ

2
ẽn ∧ ẽs

)
∧ B̃ =

(
M −B2 + κ

)
d4x sinhχ coshχ B̃m ,
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such that the sum is (after removing d4x sinhχ coshχ only):

0 = Cm ∝ ẽim∂iB
2 − 2B̃mD̊nB̃

n − 2B2B̃m +
(
M −B2 + κ

)
B̃m

+
ℓ4

64

(
2AmA

iBi + A2B̃m

)
− ℓ4

32
D̊n (AmA

n) . (7.32)

Multiplying the above equation by 2ẽmj and using Ai = f Bi, this equation takes the form

0 = Cm ∝ ∂iB
2 −

[
2D̊nB̃

n −M + 3

(
1− ℓ4

64
f 2

)
B2

]
Bi −

ℓ4

32
ẽmi D̊n

(
f 2B̃mB̃

n
)
. (7.33)

Finally, equation (7.24) is analyzed term by term, considering only the nonvanishing
contributions, where the following identities are employed

ϵijkϵmnsẽ
s
k = sinhχ coshχ

(
ẽimẽ

j
n − ẽjmẽ

i
n

)
,

Ãmn = ϵmnsA
s ,

ϵmns ϵ
ijkẽnj ẽ

s
k = 2 sinhχ coshχ ẽim ,

getting

8

ℓ
ϵmns dt ∧ D̊B̃m ∧ D̊B̃n ∧ ẽs = −8

ℓ
d4x sinhχ coshχ

((
D̊mB̃

m
)2

− D̊nB̃
mD̊mB̃

n

)
,

8

ℓ
ϵmns dt ∧

(
−B̃mB̃

)
∧ D̊B̃n ∧ ẽs =

8

ℓ
d4x sinhχ coshχ

(
B2D̊mB̃

m − 1

2
B̃i∂iB

2

)
,

8

ℓ
ϵmns dt ∧B2ẽm ∧ D̊B̃n ∧ ẽs = −16

ℓ
d4x sinhχ coshχB2D̊mB̃

m ,

8

ℓ
ϵmns dt ∧

ℓ4

64
ÃmpÃp ∧ D̊B̃n ∧ ẽs =

ℓ3

8
d4x sinhχ coshχ

(
A2D̊mB̃

m + AmA
nD̊nB̃

m
)
,

and

8

ℓ
ϵmns dt ∧ D̊B̃m ∧ B̃nẽs ∧ B̃ =

8

ℓ
d4x sinhχ coshχ

(
B2D̊mB̃

m − 1

2
B̃i∂iB

2

)
,

8

ℓ
ϵmns dt ∧B2ẽm ∧ B̃nẽs ∧ B̃ =

16

ℓ
d4x sinhχ coshχB4 ,

8

ℓ
ϵmns dt ∧

ℓ4

64
ÃmpÃp ∧ B̃nẽs ∧ B̃ = −ℓ

3

8
d4x sinhχ coshχ

(
A2B2 + (AiBi)

2
)
,
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and also

ℓ3

16
ϵmns dt ∧

(
−D̊B̃m

)
∧ Ãn ∧ Ãs =

ℓ3

8
d4x sinhχ coshχAiAmD̊iB̃

m ,

ℓ3

16
ϵmns dt ∧ B̃mB̃ ∧ Ãn ∧ Ãs = −ℓ

3

8
d4x sinhχ coshχ(AiBi)

2

ℓ3

16
ϵmns dt ∧

(
−B2ẽm

)
∧ Ãn ∧ Ãs =

ℓ3

8
d4x sinhχ coshχA2B2 ,

and

4

ℓ
ϵmns dt ∧

(
M −B2 + κ

) (
−D̊B̃m

)
∧ ẽn ∧ ẽs =

8

ℓ
d4x sinhχ coshχ

(
M −B2 + κ

)
D̊mB̃

m ,

4

ℓ
ϵmns dt ∧

(
M −B2 + κ

)
B̃mB̃ ∧ ẽn ∧ ẽs = −8

ℓ
d4x sinhχ coshχ

(
M −B2 + κ

)
B2 ,

4

ℓ
ϵmns dt ∧

(
M −B2 + κ

) (
−B2ẽm

)
∧ ẽn ∧ ẽs =

24

ℓ
d4x sinhχ coshχ

(
M −B2 + κ

)
B2 ,

4

ℓ
ϵmns dt ∧

(
M −B2 + κ

)(
− ℓ4

64
ÃmpÃp

)
∧ ẽn ∧ ẽs = −ℓ

3

4
d4x sinhχ coshχ

(
M −B2 + κ

)
A2 ,

and finally

ℓ3

16
ϵmns dt ∧ D̊Ãm ∧ D̊Ãns = −ℓ

3

8
d4x sinhχ coshχ

(
D̊mA

nD̊nA
m − (D̊mA

m)2
)
,

ℓ3

16
ϵmns dt ∧

(
−2Ã B̃m ∧ D̊Ãns

)
=

ℓ3

4
d4x sinhχ coshχ B̃mAiD̊iAm ,

ℓ3

16
ϵmns dt ∧ 4D̊Ãm ∧ B̃nÃs =

ℓ3

4
d4x sinhχ coshχAi

(
BiD̊mA

m + B̃mD̊iA
m
)
.

Summing all contributions, the last equation takes the form:

0 = C ∝ −
(
D̊mB̃

m
)2

+ D̊nB̃
mD̊mB̃

n − B̃i∂iB
2 +

(
M −B2 + κ

)
D̊mB̃

m + 2 (M + κ)B2

+
ℓ4

64

[
(D̊mA

m)2 − D̊mA
nD̊nA

m + A2D̊mB̃
m + 2AmA

iD̊iB̃
m (7.34)

+ 4B̃mA
iD̊iA

m + 2AiBiD̊mA
m − 2(AiBi)

2 − 2
(
M −B2 + κ

)
A2
]
.
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In summary, the system of equations takes the following form:

Ai = f(χ, z)Bi , (7.35)

C̄0 ∝ ϵijk∂i (f Bj)Bk = 0 , (7.36)

C̄m ∝ ∂iB
2 − 2

[
D̊nB̃

n −M − κ + 3

(
1− ℓ4

64
f 2

)
B2

]
Bi

− ℓ4

16
fB̃j ẽmi D̊j

(
fB̃m

)
= 0 , (7.37)

Cm ∝ ∂iB
2 −

[
2D̊nB̃

n −M + 3

(
1− ℓ4

64
f 2

)
B2

]
Bi

− ℓ4

32
ẽmi D̊n

(
f 2B̃mB̃

n
)
= 0 , (7.38)

C ∝ −
(
D̊mB̃

m
)2

+ D̊nB̃
mD̊mB̃

n − B̃i∂iB
2 +

(
M −B2 + κ

)
D̊mB̃

m

+ 2 (M + κ)B2 +
ℓ4

64

[
(D̊mA

m)2 − D̊mA
nD̊nA

m + A2D̊mB̃
m + 2AmA

iD̊iB̃
m

+ 4B̃mA
iD̊iA

m + 2AiBiD̊mA
m − 2(AiBi)

2 − 2
(
M −B2 + κ

)
A2
]
= 0 , (7.39)

which will be analyzed in the next section.

7.3 Resolution of the boundary equations: case with
constant proportionality coefficient

For simplicity, the analysis focuses exclusively on cases where the components of both axial
and diagonal torsion are related by a proportionality constant, that is, the function f(χ, z)
in equation (7.35) is taken to be constant and normalized as follows:

f =
8

ℓ2
c , c = const . (7.40)

The parameter c is identified with the dislocation. Without loss of generality, ℓ = 1 is
fixed. In this way, equations (7.36), (7.37), (7.38), and (7.39) take the form:

0 = ϵijkBi∂jBk , (7.41)
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0 = ∂iB
2 − 2

[
D̊nB̃

n −M + 1 + 3
(
1− c2

)
B2
]
Bi − 4c2B̃j ẽmi D̊jB̃m , (7.42)

0 = ∂iB
2 −

[
2D̊nB̃

n −M + 1 + 3
(
1− c2

)
B2
]
Bi − 2c2ẽmi D̊n

(
B̃mB̃

n
)
, (7.43)

and

0 =
(
c2 − 1

) [(
D̊mB̃

m
)2

+ D̊nB̃
mD̊mB̃

n − 2(M − 1)B2

]
+
(
3c2 − 1

) (
B̃i∂iB

2 +B2D̊mB̃
m
)
+ (M − 1)D̊mB̃

m . (7.44)

In the following sections, different sub branches of possibles solutions, will be analyzed.

7.3.1 Case c2 = 1: ‘no-go’ for dislocation solution

One of the simplest solution spaces corresponds to the case where the dislocation parameter
is fixed at c2 = 1. In this situation, the equations of motion take the following forms. The
first equation, Eq. (7.41), is identically satisfied since the component Bθ = 0 and the other
components are independent of θ. The remaining equations take the form

0 = ∂iB
2 − 2

[
D̊nB̃

n −M + 1
]
Bi − 4B̃j ẽmi D̊jB̃m , (7.45)

0 = ∂iB
2 −

[
2D̊nB̃

n −M + 1
]
Bi − 2ẽmi D̊n

(
B̃mB̃

n
)
, (7.46)

0 = 2
[
B̃i∂iB

2 +B2D̊mB̃
m
]
+ (M − 1)D̊mB̃

m . (7.47)

By contracting Eqs. (7.45) and (7.46) with B̃i, it is obtained

0 = B̃i∂iB
2 + 2

(
D̊mB̃

m −M + 1
)
B2 ,

0 =
(
−4D̊mB̃

m + (M − 1)
)
B2 , (7.48)

since B2 ̸= 0, the last equation implies D̊mB̃
m = M−1

4
, which, when substituted into the

first equation, yields

B̃i∂iB
2 =

3

2
(1−M)B2 . (7.49)
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Substituting D̊mB̃
m = M−1

4
and Eq. (7.49) into Eq. (7.47) yields

B2 = −M − 1

14
. (7.50)

which lacks physical meaning, because requiring B2 > 0 (for a real field) demands the
conditionM < 1, which in turn implies a naked singularity, µ =M−1 < 0. Consequently, a
well-defined solution with dislocations cannot be obtained under the dislocation parameter
condition c2 = 1.

7.3.2 Case c2 ̸= 1: A generic dislocation

When the dislocation parameter satisfies c2 ̸= 0 and c2 ̸= 1, the first two equations (7.42)
and (7.43), can be treated as algebraic equations in BiD̊nB̃

n and ẽmi B̃
jD̊jB̃m, and solved

as follows:

BiD̊nB̃
n = a∂iB

2 , ẽmi B̃
jD̊jB̃m = a ∂iB

2 + (m+ bB2)Bi , (7.51)

where the constants are introduced

m =
M − 1

2c2
, a =

1

2 (1 + 2c2)
> 0 , b =

3 (c2 − 1)

2c2
̸= 0 . (7.52)

From the contractions of Eqs. (7.51) with B̃i, the following useful identities are obtained,
mapping the differential expressions to algebraic ones:

D̊nB̃
n =

m+ bB2

2c2
, B̃i∂iB

2 =
(m+ bB2)B2

2ac2
, (7.53)

where the identity 1− 2a = 4ac2 has been applied. Consequently,

∂iB
2 =

m+ bB2

2ac2
Bi , ẽmi B̃

jD̊jB̃m =
m+ bB2

4ac2
Bi . (7.54)

It should be noted that Eq. (7.54) is merely a consequence of the previous equations and
is not equivalent to them. Thus, when Eq. (7.54) is satisfied, the first equation of (7.53)
still needs to be checked, whereas the second equation is automatically satisfied. Equa-
tion (7.44) then yields

D̊mB̃
nD̊nB̃

m = αB4 + βB2 + γ , (7.55)
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with the coefficients

α =
3

4c4

[
3 (c2 − 1)

2

4c4
−
(
1− 3c2

) (
3 + 4c2

)]
,

β = (M − 1)

[
3 (c2 − 1)

8c8
− (1− 3c2) (3 + 4c2)

4c4 (c2 − 1)
+

3

4c4
− 2

]
, (7.56)

γ =
(M − 1)2

4c4

(
1

4c4
− 1

1− c2

)
.

These equations must be solved for the diagonal torsion Bi(χ, z). In components, for the
first equation (7.54), it is found

∂χB
2 =

m+ bB2

2ac2
Bχ , ∂zB

2 =
m+ bB2

2ac2
Bz , Bθ = 0 , (7.57)

where B2 = B2
χ +

1
cosh2 χ

B2
z , which expands the first two equation in (7.57) as follow:

Bχ∂χBχ +
Bz

cosh2 χ
∂χBz −

tanhχ

cosh2 χ
B2

z =
m+ bB2

2ac2
Bχ ,

Bχ∂zBχ +
Bz

cosh2 χ
∂zBz =

m+ bB2

2ac2
Bz . (7.58)

The following identities are useful for the subsequent calculations:

D̊nB̃
n = ∂χB

χ +
1

cosh2(χ)
∂zBz + (cothχ+ tanhχ)Bχ , (7.59)

D̊mB̃
nD̊nB̃m = (∂χBχ)

2 +
1

cosh4 χ
(∂zBz)

2 +
(
coth2 χ+ tanh2 χ

)
B2

χ + 2
tanh2 χ

cosh2 χ
B2

z

+ 2
tanhχ

cosh2 χ
(Bχ∂zBz −Bz∂χBz −Bz∂zBχ) +

2

cosh2 χ
∂χBz∂zBχ . (7.60)

Thanks to Bθ = 0 and ∂θ = 0, the equation ϵijkBi∂jBk = 0 is identically satisfied, while
the second equation (7.54) reads in components

Bχ∂χBχ +
Bz

cosh2 χ
∂zBχ −

tanhχ

cosh2 χ
(Bz)

2 =
m+ bB2

4ac2
Bχ ,

Bχ∂χBz +
Bz

cosh2 χ
∂zBz =

m+ bB2

4ac2
Bz . (7.61)
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Taking the difference between the first equation in (7.58) and the first equation in (7.61),
and the differences between the second equation in (7.58) with the second in (7.61), a
simpler system is obtained

Bz

cosh2 χ
(∂χBz − ∂zBχ) = 0 ,

Bχ (∂zBχ − ∂χBz) = 0 , (7.62)

in this form, each equation becomes factorized, so that the result depends on which factor
vanishes.

Therefore, excluding the point χ = 0 where sinh(χ) = 0, the only possible allowed
corresponds to both components non-vanishing, Bχ, Bz ̸= 0. Then, it must hold:

∂χBz = ∂zBχ ⇔ ∇× B⃗ = 0 , (7.63)

meaning that the field B⃗ is irrotational and can therefore be expressed as the gradient of
a torsion potential,

B⃗ = ∇ψ ⇔ Bi = ∂iψ . (7.64)

This results in only two independent equations,

Bχ∂χBχ +
Bz

cosh2 χ
∂zBχ −

tanhχ

cosh2 χ
(Bz)

2 =
m+ b

(
B2

χ +
1

cosh2 χ
B2

z

)
4ac2

Bχ ,

Bχ∂χBz +
Bz

cosh2 χ
∂zBz =

m+ b
(
B2

χ +
1

cosh2 χ
B2

z

)
4ac2

Bz . (7.65)

Finally, from Eq. (7.57), it is clear that there are two branches of solutions, correspond-
ing either to a constant norm of the diagonal torsion, B2 = −m

b
, or to an arbitrary norm,

B2 ̸= const. It is found that only one of these branches allows a solution with a non-trivial
Abelian anomaly, describing a holographic field theory, as shown below.

7.3.3 ‘No–go’ for the constant norm B2 = const

Assuming that the vector Bi has a constant norm, this norm takes the value

|B| ≡

√
B2

χ +
1

cosh2(χ)
B2

z =

√
−m
b
. (7.66)
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The only possibility is c2 < 1 because M − 1 > 0. A constant norm then implies

Bχ =

√
−m
b

sinΨ(χ, z) , Bz =

√
−m
b

coshχ cosΨ(χ, z) , (7.67)

with Ψ(χ, z) some real function.

From Eq. (7.53), the identities D̊nB̃
n = 0 and B̃i∂iB

2 = 0 can be deduced. The first of
these then implies:

D̊nB̃
n = ∂χBχ +

1

cosh2 χ
∂zBz + (cothχ+ tanhχ)Bχ = 0 , (7.68)

while the second identity B̃i∂iB
2 = 0 is satisfied identically. On the other hand, the

equation (7.41) is identically zero, while (7.42) and (7.43) are equivalent:

−4c2Bj ẽmi D̊jB̃m = 0 ,

which, in components, reads:

Bχ∂χBχ +
1

cosh2 χ
Bz∂zBχ −

tanhχ

cosh2 χ
B2

z = 0 , (7.69)

Bχ∂χBz +
1

cosh2 χ
Bz∂zBz = 0 . (7.70)

And the last equation (7.44) takes the form:

D̊mB̃
nD̊nB̃

m =
2(M − 1)2

3(1− c2)
. (7.71)

However, from (7.64) it follows that:

Bχ = ∂χψ(χ, z) =

√
−m
b

sinΨ(χ, z) ,

Bz = ∂zψ(χ, z) =

√
−m
b

coshχ cosΨ(χ, z) , (7.72)

which can be resolved as:
Ψ(χ, z) = arccos

(
F (z)

coshχ

)
, (7.73)
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for some real function F (z). Due to the complexity of the above equations, a particular
solution can be considered where F (z) = F0 = const.. Substituting this solution into
Eqs. (7.69) and (7.70) yields the same expression:

∂χ

(
arccos

(
F0

coshχ

))
=

1√
1− F0

cosh2 χ

tanhχ
F0

coshχ
, (7.74)

substituting this into Eq. (7.70) yields:

0 = F 2
0 tanh

2 χ− F0 (cothχ+ tanhχ) + cosh2 χ (cothχ+ tanhχ) . (7.75)

However, this equation has a solution only at χ = 0 for any value of F0, which is not
physically relevant for the study of the Abelian anomaly. Therefore, it can be concluded
that the branch B2 = −m

b
does not admit a consistent solution. Future work should

reconsider this branch, for a given F (z) ̸= F0.

7.3.4 Irrotational holographic dislocation

Finally, consider an irrotational vector Bi = ∂iψ with a non-constant norm. Due to the
difficulty of solving this non-linear system of equations, it is convenient to begin with a
simpler case. The first case considered is Bz = 0, which implies that ψ does not depend
on z, and the solutions will be invariant under translations along the z-axis. This leads to
Bχ(χ) = ∂χψ(χ) ̸= 0, so that the first equations of (7.57) and (7.65) are equivalent:

∂2χψ =
m+ b(∂χψ)

2

4ac2
⇒ ∂χBχ =

m+ bB2
χ

4ac2
, (7.76)

the first equation of (7.53) is reduced to:

∂2χψ + (cothχ+ tanhχ) ∂χψ =
m+ b(∂χψ)

2

2c2

⇒ ∂χBχ + (coth+ tanhχ)χBχ =
m+ bB2

χ

2c2
, (7.77)

and the equation (7.55) is reduced to:(
∂2χψ

)2
= α(∂χψ)

4 +
(
β − tanh2 χ− coth2 χ

)
(∂χψ)

2 + γ

⇒ (∂χBχ)
2 = α(Bχ)

4 +
(
β − tanh2 χ− coth2 χ

)
(Bχ)

2 + γ . (7.78)
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Periodic case: c2 > 1

Solving (7.76) yields

Ψ(χ) = Ψ0 −
4ac2

b
ln cos

(√
mb

4ac2
(±χ− χ0)

)
, (7.79)

the argument of the logarithm must be positive so that the cosine lies within the interval[
−π

2
+ nπ , π

2
+ nπ

]
, where n is integer. Moreover, since the cosine is an even function, the

± signs correspond to equivalent solutions, allowing the selection of the positive (+) sign.
Accordingly, the Bχ component takes the form:

Bχ =

√
m

b
tan

(√
mb

4ac2
(χ− χ0)

)
, (7.80)

with the important condition c2 − 1 > 0, noting that c2 can be smaller than one, which
will be analyzed subsequently. From the solutions (7.79) and (7.80), the following limits
are obtained:

−π
2
+ nπ <

√
mb

4ac2
(χ− χ0) <

π

2
+ nπ , n = 0, 1, 2, . . .

χ0 −
(π
2
− nπ

) 4ac2√
mb

< χ < χ0 +
(π
2
+ nπ

) 4ac2√
mb

, (7.81)

recall that χ is the radial coordinate, so χ > 0 at all times.

Substituting Eq. (7.76) into Eq. (7.77) yields the equation

B2
χ +

cothχ+ tanhχ

b
Bχ +

m

b
= 0 , (7.82)

with the algebraic solution

Bχ =
− (cothχ+ tanhχ)±

√
(cothχ+ tanhχ)2 − 4mb

2b
, (7.83)

where the reality of B from (7.83) gives the condition

(cothχ+ tanhχ)2 ≥ 4mb

cothχ+ tanhχ ≥ 2
√
mb . (7.84)
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Up to this point, the two expressions (7.80) and (7.83) for Bχ indicate that only a partic-
ular value (one, several, or possibly none) χ = χ̄ will satisfy both equations. Consequently,
Bχ = B̄χ, which can be expressed as χ = χ̄(c,M) > 0 and Bχ = B̄χ(c,M) ∈ R. Moreover,
using the solution obtained from Eq. (7.78), a function f(c,M) = 0 ⇒ M = M(c) can
be defined, such that this system of three equations with three unknowns {ψ(χ), c, M} is
solved consistently. The following section examines whether this reasoning is indeed valid.

To solve the last equation, substituting Eqs. (7.76) and (7.82) into Eq. (7.78) yields the
following equation (

α− db2
)
B4

χ + (β + 2− 2mdb) B2
χ + γ − dm2 = 0 , (7.85)

with d = 1 + 1
16a2c4

= 8c4+4c2+1
4c4

, and with the algebraic solution

B2
χ =

− (β + 2− 2mdb)±
√

(β + 2− 2mdb)2 − 4 (α− db2) (γ − dm2)

2 (α− db2)
. (7.86)

It is important to note that this solution for the Bχ field, redefined as

B2
χ ≡ Ω2

±(c,M) ,

does not depend on the χ coordinate. This implies that, for a consistent system of solutions,
the other solutions (7.80) and (7.83) must also be constant; in other words, they must exist
for a particular value χ = χ̄(c,M) which correspond to a hyperbolic cylinder, as indicated
by the previous reasoning. The following task is to study the reality of Eq. (7.86), and to
determine the relation between the black hole mass M and the dislocation parameter c,
M =M(c), as well as the corresponding radial coordinate χ̄.

Two conditions follow from this solution (7.86):

a) - The positivity of B2
χ > 0.

b) - The reality of Bχ: (β + 2− 2mdb)2 − 4 (α− db2) (γ − dm2) ≥ 0 .

From condition b), it can numerically extracted that

(β + 2− 2mdb)2 − 4
(
α− db2

) (
γ − dm2

)
≥ 0 ∀ c2 > 1 . (7.87)
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Condition a) is satisfied only for the Ω+ branch when c > c03 ≃ 1.1688 for M = 21,
which can also be determined numerically.

By equating solutions (7.80) and (7.86), we find for the radial coordinate:

χ(c,M) =
4ac2√
mb

arctan

(√
b

m
Ω+(c,M)

)
> 0 ∀ c > c0 . (7.88)

However, by equating (7.83) with (7.86), it follows that:

Ω+ =
− (cothχ+ tanhχ)±

√
(cothχ+ tanhχ)2 − 4mb

2b

±
√

(cothχ+ tanhχ)2 − 4mb = 2bΩ+ + cothχ+ tanhχ |()2

(cothχ+ tanhχ)2 − 4mb = 4b2Ω2
+ + 4b (cothχ+ tanhχ) Ω+) + (cothχ+ tanhχ)2

cothχ+ tanhχ =
−4mb− 4b2Ω2

+

4bΩ+

cothχ+ tanhχ = −
m+ bΩ2

+

Ω+

< 0 ∀ c > c0 , (7.89)

Finally, since cothχ + tanhχ > 0 for a radial coordinate (χ > 0), this implies that no
consistent solution exists for c2 > 1.

Non periodic case: c2 < 1

Now, the case c2 − 1 < 0 can be analyzed, in which the constant satisfies b < 0. Using the
property cos(ix) = cosh(x), the solution of (7.76) is

Ψ(χ) = Ψ0 −
4ac2

b
ln cosh

(√
m|b|
4ac2

(χ− χ0)

)
, (7.90)

so the Bχ components take the form

Bχ =

√
m

|b|
tanh

(√
m|b|
4ac2

(χ− χ0)

)
. (7.91)

1Depending on the value of the black hole mass M , the value of c03 will change, but the behavior of
the function remains the same, since M − 1 > 0 always.
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The other solutions for the two remaining equations, (7.77) and (7.78), are the same as
(7.83) and (7.86). Thus, similarly to the previous periodic case, from (7.86) we here find

B2
χ ≡ Ω2

±(c,M)

=
− (β + 2− 2mdb)±

√
(β + 2− 2mdb)2 − 4 (α− db2) (γ − dm2)

2 (α− db2)
. (7.92)

The positivity and reality of Ω± must be examined; however, an analytical study is very
challenging, making the use of a numerical tool necessary. It is found that the constant
solution is always real for all c2 < 1 and M − 1 > 0:

Ω±(c,M) > 0 ∀ 0 < |c| 1 . (7.93)

By equating (7.86) and (7.91), a relation between the radial coordinate χ and the
parameters c and M is obtained:

χ±(c,M) =
4ac2√
m|b|

arctanh

(√
|b|
m

Ω±

)
> 0 ∀ 0 < |c| < 1 . (7.94)

As shown in Fig. 7.1, where the coordinate is plotted for a particular black hole mass,
M = 2, the positive branch χ+ ∀ 0 < |c| < 1 is represented in blue, and the negative
branch χ− ∀ 0 < |c| < c04 with c04 ≃ 0.7182, is shown in red. In the following, M = 2

is consistently chosen as an example to facilitate the mathematical analysis; nevertheless,
a more detailed numerical study is required to gain a deeper understanding. It should be
noted that, although some values of c vary withM , the overall behavior remains unchanged.

To ensure the consistency of the solution, it is still necessary to analyze the behavior
of solution (7.83) at the point Ω±, similarly to what is done in equation (7.89):

cothχ+ tanhχ = − m

Ω±
+ |b|Ω± > 0 only for Ω− ,

1

tanhχ
+ tanhχ = − m

Ω±
+ |b|Ω−

tanh2 χ−
(
|b|Ω− − m

Ω−

)
tanhχ+ 1 = 0 , (7.95)
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Figure 7.1: The plot of the χ±(c,M) coordinate as a function of c and for selected values
of M > 1, shows the two solutions, Ω+(c,M) in blue and Ω−(c,M) in red.

where only for Ω− the first expression is positive (cothχ + tanhχ > 0). Since this is an
algebraic equation for tanhχ, the solution is:

tanhχ =

(
|b|Ω− − m

Ω−

)
±

√(
|b|Ω− − m

Ω−

)2

− 4

2
. (7.96)

This expression is real:

∆ =

(
|b|Ω− − m

Ω−

)2

− 4 > 0 ∀ c05 < |c| < c04 , (7.97)

with c05 ∼ 0.6918 for M = 2. Additionally, expression (7.96) is positive in both cases, ±.
The behavior of Ω−(c) for M = 2 is shown in Fig. 7.2.

Finally, by substituting the first expression in (7.95) into solution (7.83), it follows:

Bχ(c,M) = Ω−(c,M) =

|b|Ω− − m

Ω−
+

√(
|b|Ω− − m

Ω−

)2

− 4m|b|

2|b|
> 0 . (7.98)
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Figure 7.2: The plot of the Ω−(c) solution as a function of c is shown for a particular case,
M = 2. A maximum occurs at c = c04 ∼ 0.7182.

From this, a numerical relation between c and M can be extracted: M(c). However, the
numerical techniques required are beyond the scope of this thesis. This analysis will be
pursued in the near future. At present, it can be ensured that a finite set of points, c̄, M̄ ,
satisfying equation (7.98) exists. This means that the solution exists only in the hyperbolic
cylinder {χ̄(c̄, M̄), θ, z} for any θ ∈ [0, 2π] and z ∈] − ∞, ∞[, in contrast to the planar
case, where a particular value in the z coordinate could be chosen.

7.3.5 Abelian anomaly for the hyperbolic case

As a final result presented in this chapter, it is important to discuss the Abelian anomaly
generated by the dislocation at the hyperbolic cylinder {χ̄, θ, z}, found for certain pairs
of points c̄, M̄ for which the torsion fields are nonzero: Bχ = Ω−(c̄, M̄), recalling that the
axial torsion field is given by Aχ = 8cBχ. From the definition of the Abelian anomaly
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in (5.64), it is calculated:

⋆ (cothχ+ tanhχ) |χ=χ̄= − m

Ω−
+ |b|Ω− ,

⋆ (∂χAχ) |χ=χ̄= 8c ∂χ

(√
m

|b|
tanh

(√
m|b|
4ac2

χ

))
|χ=χ̄

=
2m

ac

(
1− tanh2

(√
m|b|
4ac2

χ

))
=

2m

ac

(
1− |b|

m
Ω2

−

)
,

∴ Ach = 16κM ((cothχ+ tanhχ)Aχ + ∂χAχ) |χ=χ̄

=
64κM(c)

c

(
m(c)− |b|Ω2

−(c)
)
, (7.99)

being a function of the dislocation parameter, and noting that Ach < 0, ∀ 0 < |c| < c06,
and Ach > 0, ∀ c06 < |c| < 1. Fixing the black hole mass at M = 2, for example, one
obtains c06 ≃ 0.8164, and the anomaly can be plotted to observe its behavior, as shown
in Fig. 7.3. In this graph, it can be seen that the anomaly diverges negatively as |c| → 0,
then decreases until reaching zero at the point c06, and continues increasing until diverging
as |c| → 1.

In conclusion, the analysis of the hyperbolic case has revealed a rich structure of so-
lutions and highlighted the behavior of dislocations, represented by torsion fields in the
holographic framework. While the simplest solutions have been characterized analytically
and their main properties described, a more thorough understanding requires the use of
numerical tools to explore the full solution space. A main feature of the solutions is that,
in contrast with the planar case, the diagonal and axial torsion exist only in a hyperbolic
cylinder of radius χ̄, which can be interpreted as a topological defect. Future work will
involve a detailed numerical study of the relations between the parameters c and M , as well
as the computation of the Burgers vector, which may provide a better understanding of the
nature of this dislocation. Furthermore, it is expected that, similarly to the planar case,
the odd-parity Abelian anomaly will be proportional to the Nieh-Yan topological invariant.
These results provide a starting point for further investigation of holographic torsion and
its manifestation as dislocations in materials, possibly in Weyl semimetals embedded in
hyperbolic geometry.
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Figure 7.3: The graph of the Abelian anomaly, Aodd(c), as a function of c, is shown for the
particular case M = 2. On the left, the anomaly is displayed for the entire range |c| < 1;
on the right, a magnified view between 0.6 < |c| < 0.9 is shown to highlight the change in
sign.
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Chapter 8

Conclusions

To conclude, using the AdS/CFT correspondence, the bulk solution can be understood from
the perspective of the holographically dual theory. In this sense, this thesis has explored
a holographic realization of a strongly coupled quantum field theory at finite temperature
with dislocations—such as a superconductor [108, 109, 110] or an insulator [111]—within
a (4 + 1)-dimensional bulk Chern-Simons AdS gravity framework incorporating a black
hole and nontrivial torsion. In our case, since such dislocations can produce an unequal
number of chiral quasiparticles, there arises the possibility that the Abelian anomaly Aodd

realized on the ring corresponds to a chiral anomaly, with the system potentially describing
holographic Weyl semimetals.

A detailed analysis reveals that, in the planar case, the theory admits two families of
axially symmetric solutions: periodic solutions, as described by Eq. (6.84) and illustrated
in Fig. 6.4, and aperiodic solutions, given by Eq. (6.86), which further exhibit positive
and negative branches, as shown in Figs. 6.6 and 6.7, respectively. In the hyperbolic case,
only one family of solutions was found: the aperiodic one, valid when the dislocation
parameter satisfies c2 < 1, as given by Eq. (7.92) and shown in Fig. 7.2. Despite the
analytical complexity of the hyperbolic equations, partial information could be extracted
for relatively simple solvable configurations. For both the radial coordinate χ and the
diagonal torsion field Bχ, at fixed black hole mass, the behavior is monotonically increasing
with the parameter c, reaching a maximum value as shown in Figs. 7.1 and 7.2. In contrast,
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the anomaly behaves differently: it diverges negatively as |c| → 0, vanishes at c06, and then
becomes positive and divergent as |c| → 1.

The behavior of the planar solutions, however, differs significantly. For instance, the
nodal radius evolves in opposite ways for the two families: in periodic solutions, it decreases
with increasing temperature, whereas in aperiodic solutions, it increases. This nonuniver-
sal behavior originates from the intrinsic nonlinearity of the underlying holographically
dual theory, namely CS AdS gravity. Both classes of solutions exhibit an Abelian anomaly
(Fig. 6.8). If such an Abelian anomaly indeed reduces to the chiral one, the holograph-
ically dual quantum field theory can be interpreted in terms of a WSM. Notably, the
abelian anomaly is proportional to the Nieh–Yan torsional invariant, as explicitly shown
in Eq. (6.97).

A key feature of this approach is that the torsion field (representing dislocation strength),
the black hole mass (temperature), and the ring radius are determined self-consistently as
functions of the dislocation parameter c in both the planar and hyperbolic cases. For the
planar horizon, physically relevant configurations occur when the dislocation parameter
departs from its critical values, where divergences in temperature or nodal radius emerge.
Examples of such divergences appear near ±c∗ for periodic solutions and near ±c02 or ±1

for aperiodic ones (see Table (6.83)).

Holographic description of the dislocations motivates the study of its lattice version.
In particular, it would be interesting to find the lattice realization of the torsion field in
terms of the dislocation configuration and its coupling to the fermions. This would permit
to directly test the predictions of our holographic theory in a lattice model, particularly
the dependence of the Burgers vector and anomaly on the dislocation parameter encoding
the strength of the torsion.

In light of our results, suggesting their possible relevance to holographic WSMs, it is
worth emphasizing that previous holographic constructions of topological semimetals have
been developed using alternative bulk gravitational theories [112, 113, 114, 115, 116, 117,
118, 119, 120, 121, 122]. Most notably, these approaches rely on torsion-free bulk theories,
differing from the framework presented in this thesis.

An important avenue for future research involves investigating the instabilities of WSMs
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in the holographic context, particularly by incorporating additional gauge and matter fields
in the bulk to explore symmetry-breaking patterns and interaction-driven instabilities on
the lattice, such as axion insulators [123, 124, 125, 126]. This is essential for a complete
demonstration of the holographic WSM correspondence. Furthermore, supersymmetric
extensions of AdS space in five dimensions [127] and in higher odd-dimensional space-
times [128, 129, 130] offer intriguing prospects. These theories feature black hole solutions
with nontrivial topological charges [84], potentially enabling the construction of holographic
duals for strongly coupled states on the surfaces of topological insulators, with supersym-
metric critical points in (3 + 1) dimensions [131, 132, 133, 134]. However, it is crucial
to emphasize that the present work avoids such instabilities by relying solely on a purely
gravitational theory, without introducing additional matter or gauge fields.

Other promising directions for future exploration include employing alternative mat-
ter fields to induce dislocations in semimetals. Additionally, Einstein–Gauss–Bonnet AdS
gravity, away from the CS point, offers another valuable route, as it introduces an addi-
tional free parameter—the Gauss–Bonnet coupling constant—that could further enrich the
holographic modeling framework.
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Appendix A

Torsionless spin connection in five
dimensions

The five-dimensional torsionless (Levi-Civita) spin connection ˆ̊ωAB depends only on the
vielbein êA, and it is computed from Maurer-Cartan equation D̂êA = dêA + ˆ̊ωAB ∧ êB = 0.
Then, the solution is given in terms of the Christoffel symbols:

ˆ̊ωAB = êBM
(
−∂N êAM + Γ̂K

NM êAK

)
dxN , (A.1)

with the Christoffel symbols defined in the usual way

Γ̂M
KL =

1

2
ĝMN (∂K ĝNL + ∂LĝNK − ∂N ĝKL) . (A.2)

For the dimensionally continued black hole metric (5.15), with the planar horizon, the
non-zero components of the Christoffel symbols are

Γ̂σ
σσ = − 1

σ
, Γ̂σ

zz = −M
2σ2 − 1

2
, Γ̂z

σz =
Mσ − 1

2σ (Mσ + 1)
,

Γ̂σ
ρρ = −M

2σ2 − 1

2
, Γ̂t

σt =
Mσ + 1

2σ (Mσ − 1)
, Γ̂ρ

φφ = −ρ ,

Γ̂σ
φφ = −ρ2 M

2σ2 − 1

2
, Γ̂ρ

σρ =
Mσ − 1

2σ (Mσ + 1)
, Γ̂φ

ρφ =
1

ρ
.

Γ̂σ
tt =

M2σ2 − 1

2ℓ2
, Γ̂φ

σφ =
Mσ − 1

2σ (Mσ + 1)
,

(A.3)
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As a result, the five-dimensional Levi-Civita connection has non-zero components

ˆ̊ω04 =
1 +Mσ

2ℓ
√
σ

dt , ˆ̊ωm4 =
1−Mσ

2
√
σ

ẽm , ˆ̊ω12 = −dφ . (A.4)

Comparing with the general radial FG expansion (5.11) and the four-dimensional fields
in the black hole solution (5.22), the components ˆ̊ωa4 are in agreement.

The associated Riemann tensor, ˆ̊
RAB = dˆ̊ωAB + ˆ̊ωAC ∧ ˆ̊ω B

C , has the following compo-
nents:

ˆ̊
R0m =

M2σ2 − 1

4ℓσ
dt ∧ ẽm , ˆ̊

R04 =
Mσ − 1

4ℓ
√
σσ

dσ ∧ dt ,

ˆ̊
Rm4 = −Mσ + 1

4
√
σσ

dσ ∧ ẽm , ˆ̊
Rmn = −(Mσ − 1)2

4σ
ẽm ∧ ẽn .

(A.5)
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