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VALPARAÍSO - CHILE

TURBULENT CONVECTIVE FLOWS IN A

DIFFERENTIALLY HEATED CAVITY: A
GLOBAL AND LOCAL ANALYSIS
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Abstract

This study examines turbulent natural convection in a three-dimensional differentially heated cavity
with no-slip boundary conditions using direct numerical simulation. Unlike commonly used periodic
configurations, the presence of physical walls enables the development of fully three-dimensional
structures that significantly alter the flow stability and turbulent dynamics. The vertical and horizon-
tal aspect ratios are 4 and 1, respectively. Simulations are performed using the Nek5000 spectral
element solver, while scripts are written in Python and MATLAB for post-processing.

Instability onset occurs at critical Rayleigh numbers of Rac ≈ 2.8 × 108, substantially higher than
in periodic domains, demonstrating the strong stabilizing effect of no-slip boundaries. At Ra = 1010,
the flow is turbulent but not fully developed: the boundary layers lack a logarithmic region, and spec-
tral analysis reveals only a limited inertial subrange. Compared to periodic configurations, global heat
transfer is reduced, while the mean temperature profile remains consistent, suggesting that discrepan-
cies with experiments are more likely attributable to thermal radiation effects.

The vertical boundary layer exhibits a progression from multimodal behavior through an intermediate
monoperiodic state to chaotic dynamics. The intermediate regime is dominated by a frequency ap-
proximately four times higher than that of Tollmien–Schlichting waves. Turbulence is concentrated
in the detachment region, where shear production dominates and buoyancy plays a secondary role.
The PDFs of the velocity-gradient invariants exhibit the characteristic teardrop shape, indicating a
predominance of tube-like vortex stretching and rare but intense biaxial strain events. Coherent struc-
tures originate in the boundary layer, are advected upward, and are intermittently ejected into the
stratified core, where they dissipate and excite internal gravity waves at the Brunt–Väisälä frequency.

These results provide insight into the mechanisms governing turbulent natural convection, highlight
the critical role of confinement and wall boundary conditions in shaping transition and turbulence in
buoyancy-driven flows, and establish a reference dataset for the validation of turbulence models in
non-periodic geometries.
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Chapter 1

Introduction

1.1 Motivation and Background

The investigation of the mechanisms governing natural convection phenomena within a Differentially
Heated Cavity (DHC) has been the focal point of numerous research works in recent years. Given
the significant industrial relevance in applications such as air-conditioning [1], electronic equipment
cooling [2], double-paned windows [3], solar collectors [4], and heat exchangers, understanding and
intentionally manipulating the heat transfer is crucial for energy conservation, addressing one of the
most important challenges in the modern era. However, flows within a DHC are inherently complex,
as various flow patterns can emerge, ranging from steady states to fully turbulent regimes, depending
on the geometry, thermophysical properties of the fluid, temperature difference, and boundary con-
ditions. This complexity renders both numerical and experimental investigations demanding tasks,
requiring continuous contributions to the field.

Among the countless patterns nature weaves, few are as captivating and elusive as turbulence, whose
hidden dynamics remind us that even within the simplest boundaries, complexity abounds. Turbulent
shear flows, such as those observed in a DHC at particularly high Rayleigh numbers, are character-
ized by organized vortical motions that persist spatially and evolve over time, commonly referred to
as coherent structures [5]. Extracting, tracking, and interpreting these structures has become a crucial
pursuit in analyzing and comprehending momentum and energy transfer processes [6]. While past
studies have identified instabilities, questions remain regarding the generation, dissipation, and dy-
namics of coherent structures. In this context, the DHC serves itself as a representative case, offering
a well-defined environment to investigate how unsteadiness develops and how turbulent convection is
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shaped. Thus, the global and local analysis of this system is of special importance for advancing the
understanding of turbulent natural convection.

The concept of a DHC was theoretically introduced by Batchelor [7]. Gill later proposed a boundary
layer model for a 2D rectangular cavity with height much larger than its width and high Prandtl
numbers [8]. This model was further refined by Bejan to include adiabatic boundary conditions at
the horizontal walls [9]. Early direct numerical studies focused on 2D configurations under steady
laminar regimes at low Rayleigh numbers for air-filled square cavities (Pr = 0.71), such as the
benchmark proposed by de Vahl Davis [10].

Subsequent research shifted toward the transition to turbulence. As the Rayleigh number increases,
beyond a critical value (Rac), instabilities arise and the flow becomes time dependent (periodic,
chaotic and finally fully turbulent) [11]. Paolucci and Chenoweth investigated this transition across
various Ra values and geometries [12]. They found that at the beginning of the transition, two fre-
quencies of oscillation appear, the lower one associated with the stratified core region (related to
the Brunt–Väisälä frequency) and the higher one originating in the boundary layer (associated with
Tollmien–Schlichting waves).

Janssen et al. [13] studied steady and time-periodic air flow in a 3D cubical cavity, suggesting that
the instability mechanisms responsible for the bifurcation are analogous to those in the 2D case. Le
Quéré and Behnia [14] analyzed the three values Ra = 6.4 × 108, Ra = 2 × 108 and Ra = 1010,
noting for the first periodic oscillations of the isotherms in the downstream part of the boundary
layer, which corresponds to the primary instability, in the form of Tollmien–Schlichting waves. As
the cavity boundary layer thins with increasing Ra, higher spatial resolution is required, making the
computation more demanding.

Solutions for Ra ≤ 108 in this configuration have been obtained using various methods, such as in
the work of Le Quéré [15]. Among enclosure geometries, square cavities and rectangular cavities
with an aspect ratio of 4:1 (height-to-width) are the most extensively studied. In the latter, the transi-
tion to turbulence is believed to begin in the boundary layer due to Tollmien–Schlichting waves that
propagate and disrupt the thermally stratified core region, generating gravity waves. Hopf bifurca-
tions (i.e. periodic oscillatory behavior) were identified in the transitional regime at Ra = 1.03× 108

and a chaotic behavior at Ra = 2.3 × 108 by Le Quéré [16]. Further studies by Xin and Le Quéré
[17] explored chaotic regimes up to Ra = 1010, while Trias et al. [11] carried out simulations up to
Ra = 1011. Additionally, critical values of Ra = 1.032 × 108 for 2D oscillatory disturbances and
Ra = 2.141× 107 for 3D stationary disturbances were reported by Xin and Le Quéré [18].
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Nonetheless, the majority of numerical studies rely on the 2D assumption or periodic boundary con-
ditions at the front and rear walls, which can lead to inconsistent solutions. Stability in a 2D cavity
differs significantly from that in a 3D cavity; however, 2D mechanisms emerge as the cavity depth
increases. Gers et al. [19] investigated the three-dimensional effects induced by depth variation in a
DHC of vertical aspect ratio equal to 4 at Ra = 108, where heat transfers, flow dynamics and struc-
tures were analyzed. Their findings highlighted the significant impact of the rear and front boundary
conditions on the flow topology. In particular, the imposition of no-slip boundary conditions on the
front and rear walls (as opposed to the commonly employed periodic conditions) introduces additional
physical mechanisms that can alter the onset of instability and the organization of turbulent motions..
This investigation addresses these gaps. By examining turbulent convective flows within a 3D-DHC,
this work confronts fundamental questions whose resolution promises not only practical engineering
insight but also a glimpse into the hidden symmetries by which nature organizes chaos.

1.2 Objectives

The main objective of the investigation is to numerically investigate the behavior of the turbulent
convective flow within a 3D-DHC using no-slip conditions in the front and rear walls. Specifically,
this research aims to:

• Determine the critical value of the Rayleigh number (Rac), analyzing its variation along the
depth of the cavity and comparing these results with benchmarks using periodic boundary con-
ditions.

• Provide a comprehensive characterization of the turbulent flow through the calculation of key
parameters, including characteristic scales (Kolmogorov and Taylor), energy spectra, boundary
layer thickness, and turbulent correlations.

• Characterize the mechanisms governing the generation and dissipation of coherent structures
by correlating the Brunt–Väisälä frequency in the cavity core with structure formation and
verifying the role of Tollmien–Schlichting waves in the destabilization process.
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Chapter 2

Differentially Heated Cavity

2.1 Problem Formulation

Consider a 3D differentially heated cavity of heightH , widthW and depthD. The vertical aspect ratio
Az =

H
W

is set equal to 4, while the horizontal aspect ratio Ay = D
W

is set to 1 (square-based cavity).
The left and right vertical walls (positioned along x-direction) are maintained at fixed temperature
of Tc and Th, respectively. The top and bottom walls are perfectly adiabatic. A Newtonian fluid,
specifically air, is the working fluid, which has a kinematic viscosity of ν, thermal diffusivity α,
thermal expansion coefficient β, and density ρ. To simplify the governing equations while maintaining
high accuracy, all properties are evaluated at a reference temperature (i.e. T0 = Th+Tc

2
). In addition,

the fluid is assumed to be an incompressible gas. Gravity acts in the negative z-direction.

A schematic diagram of the DHC is shown in Figure 2.1. The coordinate system origin is located at
the front, left, bottom corner. Initially, the fluid is at rest in a state of thermal uniformity and hydro-
static equilibrium. In this study, thermal radiation is neglected. It is worth noting that the accuracy
of the results improves when simulations are expanded from 2D to 3D and when radiation transfer
effects are included. Indeed, previous work [20] suggests that discrepancies between experimental
results and numerical simulations arise from the omission of radiation transfer, water vapor content,
or inconsistent boundary conditions. The aspect ratio of 4 was chosen because the transition to tur-
bulence in this geometry has been extensively documented, the critical parameters and structures
show similarities to the 2D case, and the configuration offers specific numerical advantages when
high-order polynomials are used [17].

The fluid motion is driven by the imposed temperature gradient, which transports heat from the hot

Turbulent Convective Flows in a Differentially Heated Cavity: A Global and Local Analysis 18



CHAPTER 2. DIFFERENTIALLY HEATED CAVITY 2.1. PROBLEM FORMULATION

Thot

Tcold

x

yz

g

H

D

W

Figure 2.1: Schematic diagram of the differentially heated cavity.

wall to the cold one, and by buoyancy forces arising from gravity acting on the resulting density
variations along the z-axis. When these buoyancy forces become sufficient to overcome viscous
and thermal diffusive resistance, the fluid departs from the purely conductive, hydrostatic state and
a steady convective circulation develops. As a fluid parcel in contact with the hot wall is heated, its
density decreases and it rises due to buoyancy; conversely, fluid adjacent to the cold wall becomes
denser and sinks. This motion organizes into a large recirculating cell that encloses a thermally
stratified core region.

This stratification arises because convective transport, which carries warm and cold fluid between the
vertical walls, is nearly balanced by thermal diffusion that smooths temperature gradients within the
cavity interior. The resulting equilibrium limits mixing in the core while preserving a stable vertical
temperature gradient. Simultaneously, thin thermal and velocity boundary layers develop along the
heated and cooled walls, where most of the temperature and velocity variations are confined. Down-
stream, convective jets impinge on both the top and bottom walls, introducing localized mixing, shear,
and recirculation in the interaction region between vertical and horizontal walls. As the convective
motion intensifies, complex interactions emerge between the dynamic and thermal boundary layers,
giving rise to instability mechanisms, internal gravity waves, and enhanced thermal stratification,
marking the onset of turbulent regime. The dimensionless parameter that characterizes the relative
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strength of buoyancy to viscous and diffusive effects is the Rayleigh number (Ra). Larger values of
Ra indicate that buoyancy forces dominate over dissipative effects, leading to increasingly vigorous
and unstable convective motion.

2.2 Flow Instabilities

At low Rayleigh numbers, the flow inside the cavity remains steady, laminar, and symmetric. As
the Rayleigh number increases and reaches a critical value (Rac), the steady solution loses stability
through a supercritical Hopf bifurcation, leading to the onset of time-dependent behavior. This bi-
furcation can be illustrated schematically in the two–dimensional phase portrait shown in Figure 2.2,
where solid lines denote stable states and dashed lines represent unstable ones. The control parame-
ter (µ), corresponding here to the Rayleigh number, reaches a critical threshold at which the system
transitions from a stationary equilibrium to a stable periodic oscillation. In this representation, r in-
dicates the amplitude of the oscillatory motion, which can be associated with physical variables such
as velocity or temperature.

Beyond this threshold, the flow exhibits a monoperiodic oscillation, characterized by a single domi-
nant frequency. For a 2D cavity with a vertical aspect ratio 4, the critical Rayleigh number is approx-
imately Ra = 1.032 × 108 [18]. Tollmien–Schlichting waves traveling downstream are believed to
be the primary mechanism responsible for the destabilization of the boundary layer [21]. For two-
dimensional flow, the natural frequency of these waves was reported to be ω ≈ 2.5 [16], whereas

Figure 2.2: Two–dimensional diagram of a supercritical Hopf bifurcation. Reproduced from [22].
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for three-dimensional flow with periodic boundary conditions in the rear and front walls, a slightly
higher value of approximately ω ≈ 2.73 was observed [18]. The transition initially results in a
two-dimensional time-dependent flow. Although weak three-dimensional stationary instabilities may
appear before the onset of 2D time-dependent flow, they induce only a minor velocity component in
the spanwise direction. Consequently, the transition to time dependence still occurs primarly through
the emergence of traveling waves along the vertical boundary layers, as in the purely two-dimensional
case [18].

A further increase in Ra introduces additional frequencies as secondary instabilities develop, giving
rise to biperiodic and, subsequently, quasi-periodic regimes. With the continued growth of thermal
forcing, nonlinear interactions among these oscillatory modes intensify, eventually driving the system
toward a chaotic or turbulent state where coherent structures coexist with irregular temporal fluctu-
ations. As the boundary-layer instabilities grow in amplitude with increasing Ra, they induce the
ejection of larger-scale structures that interact with the stably stratified core of the cavity. The core
region responds dynamically to this forcing by supporting internal gravity waves and begins to oscil-
late around a mean horizontal profile at the Brunt–Väisälä frequency. This characteristic frequency
depends on the thermal properties of the fluid, represented by the Prandtl number (Pr), and the di-
mensionless vertical temperature gradient, ∂θ/∂z. In its nondimensional form, the Brunt–Väisälä
frequency can be expressed as shown in Equation 2.1 [16], which quantifies the restoring force acting
on a displaced fluid parcel within a stably stratified layer and governs the oscillatory behavior of the
core region:

N =
1

2π

√
Pr

∂θ

∂z
. (2.1)

At high Rayleigh numbers, characterizing fully turbulent regimes, significant discrepancies arise be-
tween 2D and 3D simulations [23]. In these states, the flow becomes inherently three-dimensional
due to the breakdown of symmetry and the development of spanwise fluctuations. Consequently,
three-dimensional simulations are essential to provide a more accurate representation of the flow
physics and to resolve the complex vortex dynamics and heat transfer mechanisms present under such
conditions.

2.3 Turbulent Flow

Turbulence is characterized as a complex state of fluid motion in which the vorticity field (ω = ∇×u,
where u denotes the velocity field) is continuously advected and distorted in a chaotic, non-linear
manner [24]. This state emerges when inertial forces dominate over viscous effects, typically at high
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Reynolds numbers (Re), leading to a cascade of energy across a wide spectrum of spatial and temporal
scales. In the context of a differentially heated cavity, turbulence emerges as the buoyancy-driven flow
becomes increasingly unstable with the rising Rayleigh number, eventually breaking the symmetry of
the large-scale circulation and giving rise to fluctuating vortical structures. This regime is defined by
inherently three-dimensional, aperiodic fluctuations in velocity, pressure, and temperature that exhibit
a stochastic nature.

2.3.1 Energy Cascade

“Big whirls have little whirls that feed on their velocity, And little whirls have lesser whirls and so on

to viscosity” (Lewis F. Richardson, 1922) [25]

One of the most fundamental concepts in turbulence theory is the energy cascade, which describes
the nonlinear transfer of kinetic energy across a hierarchy of scales. Large-scale eddies, generated by
flow instabilities or external forcing, contain most of the system’s kinetic energy and set the overall
dynamics of the flow. Through nonlinear inertial interactions, these large structures become unstable
and fragment into progressively smaller eddies, transferring energy downward through the spectrum
of scales [24]. This process continues until the smallest scales, where viscous effects dominate and

Figure 2.3: Schematic representation of the energy cascade with its corresponding energy spectrum
graph. Reproduced from [27].
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convert the remaining kinetic energy into heat through dissipation. The upper part of Figure 2.3
illustrates this mechanism schematically.

Kolmogorov formalized this framework by proposing that, at sufficiently high Reynolds numbers,
small-scale motions in a turbulent flow become statistically universal and independent of the large-
scale geometry or forcing conditions [26]. This universality holds under the assumption of homoge-
neous and isotropic turbulence (HIT), where statistical properties are invariant under spatial transla-
tions and rotations. Within this framework, the kinetic energy injected at the large scales cascades
through intermediate scales, known as the inertial subrange. In this subrange, energy is neither pro-
duced nor dissipated but merely redistributed among scales at a constant mean transfer rate ε.

Dimensional analysis yields the characteristic −5/3 power law for the energy spectrum:

E(k) ∼ ε2/3k−5/3 (2.2)

as shown in Figure 2.3, where k is the wavenumber (k ∝ l−1). Large structures correspond to
small wavenumbers and contain the most energy, while small, low-energy eddies correspond to high
wavenumbers. At the smallest scales, where viscous effects dominate, the energy spectrum exhibits
an exponential decay. In contrast, the dissipation spectrum, defined as:

D(k) = 2νk2E(k) (2.3)

identifies the contribution of each wavenumber to the total energy dissipation, with the peak occur-
ring near the Kolmogorov scale. In the case of two-dimensional turbulence, the mechanism differs
fundamentally and an inverse cascade is observed, where energy flows from smaller to larger scales,
leading to the formation of large-scale coherent vortices [30].

Three characteristic length scales that describe the cascade process can be determined:

• The integral scale l, associated with the largest energy-containing eddies. At this scale, energy
is injected into the system, and the flow retains strong anisotropy and high dependence on
boundary conditions;

• The Taylor microscale λ, is an intermediate length scale that bridges the gap between the
large-scale integral scale (l) and the small-scale Kolmogorov scale (η).

• The Kolmogorov scale η, associated with the smallest motions. At this scale, viscosity domi-
nates, and the flow is assumed to approach local isotropy.
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Table 2.1: Estimates of the length, time, and velocity scales of a fully turbulent flow, following
Kolmogorov’s similarity hypotheses [28], [29].

Length Velocity Time Re

Integral Scale l ∼ e3/2

ε
ul ∼

√
e τl ∼

e

ε
Rel ∼

ull

ν

Taylor Scale λ ∼
√

10
νe

ε
uλ ∼

√
e τλ ∼ λ

uλ
Reλ =

uλλ

ν

Kolmogorov Scale η ∼ ν3/4ε−1/4 uη ∼ (νε)1/4 τη ∼
√
ν

ε
Reη =

uηη

ν
∼ 1

These scales form a hierarchy that reflects the structure of the turbulent cascade. Estimates for the
characteristic length, time, and velocity scales within a fully turbulent flow are summarized in Ta-
ble 5.3. In this context,, e = 1

2
u′iu

′
i represents the turbulent kinetic energy per unit mass (TKE), where

u′i denotes the i–th (i = 1, 2, 3) component of the velocity fluctuations defined via the Reynolds
decomposition:

u(x, t) = u(x, t) + u′(x, t). (2.4)

The separation between these scales increases with the Reynolds number. Specifically, according to
Kolmogorov’s similarity hypotheses, l/η ∼ Re

3/4
l and λ/η ∼ Re

1/4
l , illustrating how high Reynolds

numbers facilitate a broad inertial subrange where nonlinear interactions dominate energy transfer.
Kolmogorov’s theory remains a definitive milestone in the development of a general framework for
turbulence, accounting for an impressive degree of realistic quantitative and qualitative behavior. Still,
a substantial body of experimental and numerical work accumulated over the years makes it clear that
the theory is not exact, even within the idealized framework of homogeneous isotropic turbulence
[30].

In convective flows, structures within the temperature field also play an important role in the overall
dynamics. The size of the smallest thermal structures, where molecular diffusion dominates over
turbulent stirring, is defined by a characteristic thermal microscale. This scale is often compared to
the Kolmogorov microscale. For fluids with Pr ≤ 1 (such as air), the smallest scale is the Corrsin
temperature microscale (ηT ), which is defined as:

ηT =

(
α3

ε

)1/4

=
η

Pr3/4
, (2.5)

In this regime, the thermal diffusivity is comparable to or greater than the kinematic viscosity, mean-
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ing that temperature fluctuations are smoothed out by molecular diffusion at scales slightly larger
than or equal to the smallest velocity structures. Consequently, for air, the temperature field remains
relatively well-resolved if the velocity field satisfies the Kolmogorov criteria. For fluids with Pr ≫ 1

(such as water or oils), molecular diffusivity is low, allowing for temperature fluctuations to persist
down to the much smaller Batchelor microscale (ηB)

ηB =

(
να2

ε

)1/4

=
η

Pr1/2
, (2.6)

which is significantly smaller than η [31]. In such cases, the computational requirements for resolving
the thermal field are considerably more demanding than those for the velocity field. However, for the
present study using air (Pr = 0.71), the thermal and velocity scales are of the same order, simplifying
the resolution requirements.

It is important to note that the assumptions of homogeneity and isotropy underlying Kolmogorov’s
theory are not strictly satisfied in buoyancy-driven, wall-bounded flows such as a differentially heated
cavity. In this configuration, turbulence is inherently anisotropic at large and intermediate scales due
to the presence of gravity, mean shear within the vertical boundary layers, and the formation of co-
herent structures. These mechanisms introduce preferred directions and spatial inhomogeneities that
strongly influence the energy-containing scales and the global flow topology. Nevertheless, both ex-
perimental and numerical evidence suggest that, at sufficiently small scales, turbulence tends toward
local isotropy as nonlinear interactions dominate over the large-scale anisotropic forcing. Conse-
quently, Kolmogorov scaling arguments remain a valid framework for a local description of the dis-
sipative range, even though deviations from idealized homogeneous isotropic turbulence framework
may persist at larger scales of the spectrum.

2.3.2 Intermittency

According to Kolmogorov’s similarity hypotheses [26], under the assumptions of homogeneity and
isotropy, eddies of size r within the inertial subrange (l ≫ r ≫ η) are unaffected by viscosity and
by the large energy-containing motions. Their statistics depend only on the mean rate of energy
dissipation ε and the separation distance r. Dimensional analysis then leads to the classical K41
prediction for the scaling of the nth-order longitudinal structure functions:

Sn(r) = ⟨|ux(x+ rêx)− ux(x)|n⟩ = Cn(εr)
n/3, (2.7)
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where ux denotes the longitudinal velocity component, x is the spatial position, r is the separation
distance characterizing the scale of motion. The coefficient Cn represents a flow-dependent constant
[32], and n is the order of the structure function. All quantities are treated as ensemble averages,
equivalent to time averages in statistically steady flows, denoted by ⟨•⟩. This scaling relationship
describes how velocity increments δu(r) vary across the inertial subrange and serves as a fundamental
building block for the phenomenological description of the turbulent cascade. Specifically, one can
define the normalized n-th order structure functions:

σn(r) =
Sn(r)

S2(r)n/2
, (2.8)

which allow for the assessment of deviations from Gaussian behavior across various scales. Important
statistical measures include:

• Standard deviation (σ2): Characterizes the typical magnitude of the velocity differences at a
given scale.

• Skewness (σ3): Quantifies the asymmetry of the velocity increment probability distribution. In
the context of the energy cascade, a non-zero skewness (specifically a negative value for longi-
tudinal increments) is a hallmark of the energy transfer process. A value of zero corresponds to
a perfectly symmetric distribution, such as a Gaussian.

• Kurtosis (σ4): Often referred to as the flatness factor, it measures the tailedness of the velocity
increment distribution. The value of 3 corresponds to a Gaussian distribution; values signifi-
cantly greater than 3 indicate an intermittent signal with frequent high-amplitude fluctuations
(heavy tails).

A direct implication of Kolmogorov’s similarity hypotheses is that the statistics of velocity increments
δu, including the probability density functions (PDFs) of the longitudinal velocity gradients ∂ux/∂x,
which represent velocity differences across the viscous scale η, should be universal. In this idealized
framework, the normalized structure functions would exhibit behavior independent of the Reynolds
number. However, it has been demonstrated that this is not the case [33]: velocity-gradients become
increasingly intermittent, with PDFs that develop progressively heavier tails as the Reynolds number
increases (σ4(r) > 3), as illustrated in Figure 2.4.

This reflects a signal in which ∂ux/∂x remains near zero for the majority of the time, interrupted by
rare and intense bursts associated with strong localized dissipation. Moreover, these intense gradients
develop gradually throughout the inertial cascade. As depicted in Figure 2.5a, while velocity differ-
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Figure 2.4: PDFs of the longitudinal velocity-gradient for several Reynolds numbers, increasing in
the direction of the arrow. All curves are normalized by their standard deviation. Reynolds numbers
span ReL = 260 to 3.5 × 106. Symbols indicate a Gaussian distribution for reference. Reproduced
from [34].

ences across separations comparable to the integral scale (r ∼ l) are approximately Gaussian, their
distribution becomes markedly non-Gaussian as the separation decreases well below (r ≪ l). In this
regime, the flatness factor significantly exceeds the value of 3, indicating the presence of small-scale
intermittency. Simultaneously, the skewness remains negative, reflecting the asymmetry of the ve-
locity increment distribution induced by the forward energy cascade and the physical mechanisms of
vortex stretching.

The velocity difference between two points separated by a distance r can be decomposed into the
sum of increments over smaller subintervals. A direct application of the central limit theorem would
suggest that the resulting PDF should approach a Gaussian distribution, provided these increments are
sufficiently independent and possess comparable finite variances. While the independence assumption
is reasonable when r is above the viscous cutoff, the requirement of comparable variances is generally
violated in turbulent flows.

The observed non-Gaussianity indicates the presence of rare but intense velocity jumps. Within
the dissipative range, these extreme events have been traced to thin, locally linear vortex struc-
tures(often referred to as worms) where the highest velocity gradients are concentrated [35, 36].
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Figure 2.5: P.d.f.s of the velocity differences along the separation direction for scales within the
inertial range. Separations range from r/l = 0.02 to 0.36, increasing by factors of 2, corresponding
to r/η = 180 to 3000. The turbulence is nominally isotropic at a Reynolds number Rel = 105. In the
top panel, ∆u is normalized by the global energy dissipation rate ε; distributions become broader as
the separation decreases. In the bottom panel, ∆u is scaled by the locally averaged dissipation over
the separation interval. Reproduced from [34].
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Consequently, the spatial distribution of velocity gradients is highly inhomogeneous. Enstrophy,
defined as E = 1

2
|ω|2 (where ω is the vorticity vector), tends to concentrate in small, intense regions

that are sparsely distributed throughout the flow volume [37]. Moreover, the degree of this spatial
intermittency increases with the Reynolds number, as the vorticity field becomes progressively more
fragmented into localized, high-energy structures.

In addition, the classical formulation has conceptual limitations. The structure functions, which char-
acterize the statistics of local velocity increments, could not consistently depend on a single global
quantity such as the mean dissipation rate ε. Physically, a small separation r has no mechanism
to “sense” a domain-averaged dissipation. To address this inconsistency, Kolmogorov introduced a
refined similarity hypothesis (RSH) [38],

Sn(r) = Cn (εr r)
n/3, (2.9)

where εr denotes the energy dissipation rate averaged over a volume of size O(r), typically taken as
a ball centered at the midpoint of the interval. In this formulation, the scaling depends on the local
variability of the dissipation field rather than on global mean. This refined similarity is supported by
experimental data, as illustrated in Figure 2.5b.

Even under HIT conditions, the strict Kolmogorov n/3 scaling is not observed: measurements consis-
tently yield Sn(r) ∼ rζn , where the anomalous exponents ζn deviate from the dimensional prediction
n/3 [39]. These deviations are a direct consequence of the intermittent nature of the dissipation field
ε, which exhibits strong spatial variability rather than remaining uniform. Consequently, the turbulent
cascade is not a space-filling process; instead, intense dissipative events are clustered within a small
fraction of the flow domain.

In a DHC, intermittency emerges naturally from the non-linear interaction between buoyancy-driven
shear layers, thermal boundary layers, and the large-scale recirculation. Even when the flow is sta-
tistically stationary at the global level, localized regions can exhibit abrupt spikes in dissipation,
enstrophy, or temperature gradients, highlighting the inhomogeneous distribution of turbulent activity
within the cavity. Consequently, analyzing the behavior of structure functions is essential for char-
acterizing the cascade of kinetic energy and temperature variance in a flow where buoyancy is the
dominant driving mechanism. Their scale-dependent behavior reveals the degree of anisotropy, the
transition towards local isotropy and the spatial distribution of coherent structures responsible for
enhanced momentum and heat transport.
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2.3.3 Turbulent Boundary Layer

In a DHC, the thermal and velocity boundary layers that develop along the isothermal vertical walls
are regions governing global heat and momentum transport. The boundary-layer thickness, δ, is
conventionally defined as the distance from the wall where the local mean temperature or velocity
reaches its core value. At moderate to high Rayleigh numbers, the flow may exhibit transitional be-
havior, where laminar-like and turbulent boundary layers coexist along the vertical walls [40]. In the
turbulent regime, both the thermal (δT ) and velocity (δv) boundary layers undergo significant thin-
ning as the Rayleigh number increases. This reduction in δ reflects the intensification of convective
transport and the concentration of steep gradients near the solid boundaries.

The near-wall region is characterized by an intense shear layer induced by the wall shear stress:

τw = µ
∂u

∂n

∣∣∣∣
wall

, (2.10)

where n denotes the coordinate normal to the wall. From this, the friction velocity uτ is defined as:

uτ =

√
τw
ρ
. (2.11)

Using this characteristic velocity scale, the friction Reynolds number Reτ is calculated based on the
boundary-layer thickness δv:

Reτ =
uτδv
ν

. (2.12)

The wall-normal coordinate and the mean longitudinal velocity can then be expressed in inner (wall)
units as follows:

y+ =
uτy

ν
, u+ =

u

uτ
. (2.13)

These dimensionless variables facilitate a comparison between buoyancy-driven boundary layers and
classical law-of-the-wall profiles, providing a robust framework to evaluate the local turbulence state
and the adequacy of the near-wall grid resolution. Although these scalings originated from canonical
pressure-driven shear flows, at sufficiently high Reynolds numbers they remain a useful tool for char-
acterizing near-wall dynamics in buoyancy-driven configurations, allowing the boundary layer to be
decomposed into distinct dimensionless subregions:

• Viscous sublayer (y+ < 5): A region where viscous stresses dominate and turbulence is
strongly damped by the proximity of the solid boundary. Within this layer, the mean veloc-
ity varies linearly with the distance from the wall (u+ = y+).
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• Buffer layer (5 < y+ < 30): A transition zone where both viscous and turbulent (Reynolds)
stresses are significant. This region is characterized by intense turbulent activity, where the
production and dissipation of turbulent kinetic energy reach their peak values.

• Logarithmic (or inertial) region (y+ > 30): A region where viscous effects become negligible
compared to turbulent transport. In canonical flows, the velocity profile follows a logarithmic
law, reflecting an approximate equilibrium between the production and dissipation of turbu-
lence.

Figure 2.6 illustrates this classical boundary-layer behavior, while Table 2.2 summarizes the charac-
teristic subregions, including the approximate y+ ranges and the governing velocity expressions.

In buoyancy-driven flows, heat transport within the thermal boundary layer is directly linked to the

Figure 2.6: Plot of ux/uτ versus y+ showing the log-law of the wall. Reproduced from [24].

Table 2.2: Main regions of the turbulent boundary layer and their characteristics [24], [41].

Region Range in y+ Governing Relation
Viscous sublayer y+ ≤ 5 u+ = y+

Buffer layer 5 ≤ y+ ≤ 30 No simple analytical form.
Logarithmic region y+ ≥ 30 u+ = 1

κ
ln(y+) +B, κ ≈ 0.41, B ≈ 5.0
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wall-normal temperature gradient. The local heat flux at the wall is governed by Fourier’s law:

qw = −k ∂T
∂x

∣∣∣∣
wall

. (2.14)

The local Nusselt number (Nu), representing the ratio between the actual wall heat flux and the purely
conductive reference heat flux, is expressed as:

Nu =
qw
k∆T
W

= − ∂θ̄

∂x∗

∣∣∣∣
wall

, (2.15)

where θ = (T − Tref)/∆T denotes the nondimensional temperature and x∗ = x/W is the nondi-
mensional wall-normal coordinate. While heat transfer at the solid boundary is purely conductive,
the gradient itself is determined by convective transport in the bulk. Consequently, buoyancy-driven
convection leads to values of the Nusselt number greater than unity.

The total heat transfer across the cavity is quantified by the global Nusselt number (Nu), obtained by
integrating the local Nusselt number over the hot or cold walls:

Nuh = Az

‹
h

− ∂θ

∂x∗

∣∣∣∣
x∗=0

ds, (2.16)

Nuc = Az

‹
c

− ∂θ

∂x∗

∣∣∣∣
x∗= 1

Az

ds. (2.17)

As the Rayleigh number increases, the thermal boundary layer becomes thinner and more intermittent,
leading to steeper near-wall temperature gradients and higher Nusselt numbers. Coherent structures
ejected from the boundary layer play a dominant role in transporting heat into the core region, cou-
pling the near-wall dynamics to the large-scale circulation and enhancing the overall heat transfer.

2.3.4 Coherent Structures

The turbulent flow within a DHC exhibits distinct spatial and temporal organization in the form of
coherent structures. These structures play a key role in heat transfer enhancement and the modulation
of local turbulence intensity. From a fundamental turbulence perspective, understanding the produc-
tion mechanisms of TKE and its associated flow structures is critical [42], these processes sustain the
turbulent motion against dissipative losses. The guiding principle is that randomness is not a prop-
erty, but a methodological choice of what to ignore in the flow, and that a complete understanding of
turbulence, including the possibility of control, requires that it be kept to a minimum [43].
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Coherent structures can be defined as connected turbulent fluid mass with instantaneously phase-
correlated vorticity over its spatial extent [44]. In a DHC, these structures emerge from the vertical
boundary layers along the thermally active walls. Upstream of the detachment region, the flow re-
mains laminar until periodic oscillations develop within the boundary layer, typically in the form of
Tollmien–Schlichting-like waves, driven by the buoyancy-induced shear profile.. As these oscillations
grow in amplitude, they trigger nonlinear interactions that lead to the breakdown of the boundary layer
and the onset of turbulence.

The resulting large-scale vortical structures are ejected into the cavity core, enhancing mixing and
promoting heat transfer, particularly, near the top and bottom walls. However, as the Rayleigh number
increases, the kinetic energy associated with these large eddies cascades toward smaller scales, and
their influence becomes confined closer to the vertical boundary layers. Furthermore, the transition
point moves progressively upstream with increasing thermal forcing, reflecting the strengthening of
the instability mechanisms and the thinning of the thermal and velocity boundary layers.

Although turbulence introduce non-linear interactions that disrupt structures clearly seen in laminar
regimes, the organizing mechanisms responsible for their creation remain active. Consequently, these
structures persist in transformed states and can be recovered through temporal averaging or by ana-
lyzing appropriate statistical correlations, such as the vertical turbulent heat flux w′θ′. An example
of such structures is observed at Ra = 108 along the vertical junctions between the isothermal walls
and the adiabatic rear or front faces. These edge vortices are confined to the corners and are typically
attributed to Ekman- or Eckhaus-like vortices [19]. These 3D features are significant as they break
the spanwise symmetry of the flow.
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Chapter 3

Mathematical Model

3.1 Governing Equations

Flow inside a DHC can be described starting from the incompressible Navier–Stokes equations for
velocity and temperature fields as shown in Equation 3.1.

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0,

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= −1

ρ

∂p

∂x
+ ν

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
,

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= −1

ρ

∂p

∂y
+ ν

(
∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2

)
,

∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
= −1

ρ

∂p

∂z
+ ν

(
∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2

)
− g,

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
= α

(
∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2

)
(3.1)

These are the continuity, momentum, and energy equations, where u, v, and w represent the x-, y-,
and z-components of the velocity field, respectively, and p and T denote the pressure and temperature
fields. However, these elliptic partial differential equations are coupled together, highly nonlinear,
and therefore extremely complex. Hence, approximations are used to simplify the problem. One of
the main challenges in solving these equations arises from the spatial variation of fluid density caused
by temperature or concentration gradients, as commonly occurs in natural convection. It is in this
context that the Oberbeck-Boussinesq hypothesis is used.
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3.1.1 The Oberbeck-Boussinesq Approximation

This approximation first neglects density variations except when they directly cause buoyant forces.
Secondly, thermophysical properties are considered constant. Finally, heat from viscous dissipation
is assumed negligible [45]. The density differences driving buoyancy, and thus the flow, are attributed
primarily to temperature variations, so the influence of pressure on density (i.e. compressibility ef-
fects) is neglected. Furthermore, since these variations are assumed to be small, density is modeled
as varying linearly with temperature:

ρ(T ) = ρ0 [1− β(T − T0)] , (3.2)

where ρ0 is the reference density, i.e. the fluid density evaluated at the reference temperature, and β
is the coefficient of volumetric thermal expansion at constant pressure β = −1

ρ

(
∂ρ
∂T

)
P

. Consequently,
density variations are disregarded in the continuity and inertial terms, while their effect is retained
exclusively in the gravitational body force term (i.e. when multiplied by g). The result is shown in
Equation 3.3.

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0,

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= − 1

ρ0

∂p

∂x
+ ν

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
,

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= − 1

ρ0

∂p

∂y
+ ν

(
∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2

)
,

∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
= − 1

ρ0

∂

∂z
(p− ρ0gz) + ν

(
∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2

)
+ βg(T − T0),

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
= α

(
∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2

)
(3.3)

It is useful to express the first term on the right-hand side of the z-momentum equation in this form
when decomposing the pressure field into a dynamic component (associated with fluid motion) and a
hydrostatic component (the pressure of the fluid at rest associated with height z)

p = ps + pd, (3.4)

where the hydrostatic pressure is defined as

ps = ρ0gz. (3.5)
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Substituting this decomposition into Equation 3.3, the expression can be reformulated as

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0,

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= − 1

ρ0

∂pd
∂x

+ ν

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
,

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= − 1

ρ0

∂pd
∂y

+ ν

(
∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2

)
,

∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
= − 1

ρ0

∂pd
∂z

+ ν

(
∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2

)
+ βg(T − T0),

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
= α

(
∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2

)
.

(3.6)

Flow transition in square cavities has also been studied without the Boussinesq approximation [46].
these studies indicate that significant discrepancies in solutions appear in turbulent statistics and at
elevated Ra. To ensure the validity of the approximation, the criterion β(T − T0) ≪ 1 must be
satisfied. When this variation is no longer negligible, the standard Boussinesq approximations cease
to be valid, and the full compressible Navier–Stokes equations must be considered [47].

This limitation becomes particularly restrictive in experimental studies, where it is necessary to in-
crease the physical dimensions (H) in order to raise the Rayleigh number

(
Ra = gβ∆TH3

αν

)
and to

maintain a sufficiently small thermal gradient (∆T ). As a result, only very small temperature gradi-
ents can be applied. In contrast, this restriction is easily bypassed in numerical studies by employing
non-dimensional formulations.

3.1.2 Nondimensionalization

The equations can be non-dimensionalized to highlight the fundamental parameters that characterize
the flow. The reference scales employed are summarized in Table 3.1. In particular, the convective
velocity is obtained following Bejan’s scale analysis for transient heating from the side [48].

Based on these, the corresponding nondimensional variables are defined as follows:

x∗ =
x

Lref
, y∗ =

y

Lref
, z∗ =

z

Lref

u∗ =
u

uref
, v∗ =

v

uref
, w∗ =

w

uref

θ =
T − T0
Tref

, p∗ =
pd
pref

, t∗ =
t

tref

(3.7)
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Table 3.1: Reference quantities used for nondimensionalization.

Quantity Symbol Reference Scale Expression

Length Lref Cavity height H

Temperature Tref Temperature difference ∆T

Velocity uref Convective velocity
α
√
Ra

H

Time tref Convection time
H2

α
√
Ra

Pressure pref Based on uref ρu2ref

Where T0 = Th+Tc

2
is the mean temperature in the cavity. Finally, substituting this into (3.6), the

governing equations become:

∂u∗

∂x∗
+
∂v∗

∂y∗
+
∂w∗

∂z∗
= 0,

∂u∗

∂t∗
+ u∗

∂u∗

∂x∗
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∂u∗

∂y∗
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∗
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∗
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+

Pr√
Ra
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+
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+
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)
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∂v∗

∂t∗
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∂v∗

∂y∗
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∗

∂z∗
= −∂p

∗

∂y∗
+

Pr√
Ra

(
∂2v∗

∂x∗2
+
∂2v∗

∂y∗2
+
∂2v∗

∂z∗2

)
,

∂w∗

∂t∗
+ u∗

∂w∗

∂x∗
+ v∗

∂w∗

∂y∗
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∗

∂z∗
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∗

∂z∗
+

Pr√
Ra

(
∂2w∗

∂x∗2
+
∂2w∗

∂y∗2
+
∂2w∗

∂z∗2

)
+ Prθ,

∂θ

∂t∗
+ u∗

∂θ

∂x∗
+ v∗

∂θ

∂y∗
+ w∗ ∂θ

∂z∗
=

1√
Ra

(
∂2θ

∂x∗2
+

∂2θ

∂y∗2
+
∂2θ

∂z∗2

)
,

(3.8)

The Prandtl number is defined as Pr = ν
α

, and the Rayleigh number based on the cavity height is
given by Ra = gβ∆TH3

αν
. The Prandtl number represents the ratio of momentum diffusivity (kine-

matic viscosity) to thermal diffusivity. Meanwhile, the Rayleigh number characterizes the relative
importance of buoyancy-driven flow compared to viscous damping (Grashof number), scaled by the
ratio between momentum and thermal diffusivity (Prandtl number). The solution of the governing
equations depends only on the values of Ra and Pr. In this study, air is assumed to have Pr = 0.71,
while Ra is the primary parameter varied. For brevity, the dimensionless variables x∗, y∗, z∗, u∗, v∗,
w∗, and p∗ will hereafter be written without the superscript asterisk, unless otherwise specified.
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3.1.3 Boundary Conditions

The boundary conditions consist of uniform temperatures in the vertical isothermal walls

θ(x = 0, y, z) = θh = 0.5, θ

(
x =

1

Az

, y, z

)
= θc = −0.5 (3.9)

and adiabatic (Neumann) boundary conditions for the top, bottom, front and rear adiabatic walls
(z = 0, z = 1, y = 0, and y = Ay

4
, respectively)

∂θ

∂n
= 0, (3.10)

No-slip conditions are imposed on all six walls:

u = v = w = 0. (3.11)

The initial conditions consist of a linear conduction profile for temperature in the x-direction:

θ(x, y, z) = θh +
θc − θh
Az

x = 0.5− 4x, (3.12)

and zero velocity components in all directions.

u = v = w = 0. (3.13)

3.2 Turbulent Kinetic Energy

The average kinetic energy of the flow per unit mass can be expressed as

1

2
uiui =

1

2
uiui +

1

2
u′iu

′
i = E + e, (3.14)

where ui and u′i are the mean and fluctuating velocity components in indicial notation, respectively.
The first term on the right-hand side of Equation 3.14, E, represents the energy of the mean flow. The
second term, e, corresponds to the TKE and is an important measure of the intensity of turbulence:

e =
1

2
u′iu

′
i =

1

2

[
(u′)2 + (v′)2 + (w′)2

]
. (3.15)
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Analyzing TKE is essential for understanding how turbulence extracts, transports, and dissipates en-
ergy within a flow. As a measure of the energy contained in velocity fluctuations, TKE characterizes
the intensity of turbulent motions, highlighting regions where turbulence is generated by shear or
buoyancy and where it decays through viscous dissipation. Investigating TKE provides insight into
the multiscale structure of turbulence, linking large-scale coherent motions to small-scale dissipation
via the energy cascade. Furthermore, TKE underpins many turbulence closure models and predictive
frameworks. For an incompressible Newtonian fluid, the governing transport equation can be derived
from the momentum equation (see Equation 3.8) written in indicial notation:

∂ui
∂t

+ uj
∂ui
∂xj

= − ∂p

∂xi
+

Pr√
Ra

∂2ui
∂xj∂xj

+ Prθδi3, (3.16)

where δi3 is the Kronecker delta. Applying the Reynolds decomposition to separate mean and fluctu-
ating parts (see Equation 2.4):

∂(ui + u′i)

∂t
+ (uj + u′j)

∂(ui + u′i)

∂xj
= −∂(p+ p′)

∂xi
+

Pr√
Ra

∂2(ui + u′i)

∂xj∂xj
+ Pr(θ + θ′)δi3, (3.17)

Subtracting the mean of Equation 3.16 and rearranging yields:

∂u′i
∂t

+ uj
∂u′i
∂xj

+ u′j
∂ui
∂xj

+ u′j
∂u′i
∂xj

= − ∂p′

∂xi
+

Pr√
Ra

∂2u′i
∂xj∂xj

+ Prθ′δi3, (3.18)

By multiplying by u′i, averaging, and applying the incompressibility condition (∂ui/∂xi = 0), and re-
arranging, the non-dimensional TKE transport equation under the Boussinesq hypothesis is obtained:

∂e

∂t
+ uj

∂e

∂xj︸ ︷︷ ︸
C

= −u′iu′j
∂ui
∂xj︸ ︷︷ ︸

P

− 1

2

∂u′iu
′
iu

′
j

∂xj︸ ︷︷ ︸
T

−
∂p′u′j
∂xj︸ ︷︷ ︸
Π

+
Pr√
Ra

∂2e

∂xj∂xj︸ ︷︷ ︸
D

− Pr√
Ra

∂u′i
∂xj

∂u′i
∂xj︸ ︷︷ ︸

ε

+Pru′iθ
′δi3︸ ︷︷ ︸

G

.

(3.19)

The local rate of change of TKE is governed by the combined contribution of all seven terms in
the transport equation: C is the convection of TKE by the mean flow; P is the production of TKE
by the mean shear; T represents turbulent transport; Π is the pressure diffusion; D is the viscous
diffusion; ε is the viscous dissipation (conversion of TKE into heat at small scales); and G is the
generation of TKE by buoyancy. Equation 3.19 can be reexpressed by grouping the transport terms
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(using incompressibility):

∂e

∂t
= −u′iu′j

∂ui
∂xk

− ∂

∂xj

e uj + u′j
(
e+ p′

)
− Pr√

Ra

∂e

∂xj︸ ︷︷ ︸
Diffusion


︸ ︷︷ ︸

Transfer of TKE

− Pr√
Ra

∂u′i
∂xj

∂u′i
∂xj

+ Pru′iθ
′δi3, (3.20)

which can be symbolically written as:

∂e

∂t
= P + F − ε+ G. (3.21)

Where F is the total flux or transfer of TKE as shown in Equation 3.20. For homogeneous isotropic
turbulence (HIT), the flow is statistically uniform in space, meaning spatial transport is negligible and
the divergence of transport terms vanishes. Consequently, F = 0. Moreover, if buoyancy is also
neglected, only production (P) and dissipation (ε) remain as the dominant source and sink terms.
Under these conditions, Equation 3.20 reduces to

∂e

∂t
= P − ε. (3.22)

Equation 3.22 is useful for local energy budgets (e.g., homogeneous shear flows, temporal evolution
of homogeneous turbulence, or region-averaged budgets). However, if spatial transport, pressure–
velocity correlation and buoyancy effects are significant (for example, in boundary layers, wakes, or
strongly inhomogeneous flows), the full transport equation (3.21) must be retained.

3.3 Vorticity and Enstrophy Transport

The dynamics of small-scale turbulence are governed by the evolution of vorticity, ω = ∇ × u.
Taking the curl of the nondimensional incompressible Navier–Stokes equations under the Boussinesq
hypothesis yields the vorticity transport equation

Dω

Dt
= (ω · ∇)u+

Pr√
Ra

∇2ω + Pr(∇θ × k̂), (3.23)

The first term on the right-hand side of the equation represents the intensification (or diminution) of
vorticity through the stretching (compression) of material elements. The second term corresponds to
the viscous diffusion of vorticity due to molecular viscosity. The third term is the buoyancy-induced
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vorticity production term.

The velocity-gradient tensor A = ∇u can be split into a symmetric and a skew-symmetric compo-
nent,

Aij =
∂ui
∂xj

=
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
+

1

2

(
∂ui
∂xj

− ∂uj
∂xi

)
= Sij +Wij = Sij +

1

2
εijkωk (3.24)

where S is the rate-of-strain, W is the rate-of-rotation tensor, and εijk is the Levi-Civita symbol.
Multiplying the vorticity equation by the vorticity and dividing by two, gives the enstrophy transport
equation:

D

Dt

(
1

2
ω2

)
= ωiωjSij +

Pr√
Ra

ωi∇2ωi + Prωiεijk∂jθδk3. (3.25)

Here, the first term on the right-hand side is the production of enstrophy by vortex stretching and the
second is the viscous contribution. Part of the essential dynamics of 3D turbulence is contained in the
interaction between vorticity and the rate of strain tensor [29]. The viscous term can be rewritten as

Pr√
Ra

ωi∇2ωi =
Pr√
Ra

∇2

(
1

2
ω2

)
− Pr√

Ra
(∇ωi) · (∇ωi) =

Pr√
Ra

∇2

(
1

2
ω2

)
− Pr√

Ra
|∇ω|2, (3.26)

where Pr√
Ra

∇2(1
2
ω2) represents the diffusion of enstrophy (redistribution) and −ν|∇ω|2 the viscous

destruction (irreversible sink).

Enstrophy is amplified when the production term is positive, which occurs when vorticity aligns
with extensional strain (vortex stretching). While negative values of the production term are possi-
ble locally, its spatial average in 3D turbulence is positive, implying a net production of enstrophy.
Although, compression may locally reduce ω2, only viscosity provides irreversible dissipation. This
balance explains the formation of thin, intense vortex tubes in turbulence, where stretching inten-
sifies vorticity and viscous effects ultimately limit growth at the smallest scales. This mechanism
is fundamental to the forward energy cascade, as vortex stretching enhances velocity gradients and
promotes the transfer of kinetic energy toward smaller scales where viscous dissipation becomes ef-
fective. In contrast, in two-dimensional turbulence the production term vanishes identically because
vorticity is normal to the velocity plane. As a result, enstrophy cannot be generated dynamically and
is only dissipated by viscosity, a constraint that underlies the possibility of an inverse energy cascade
in two-dimensional flows.
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3.4 Velocity-Gradient Invariants

Flow invariants can be used to classify individual points within a flow field. By analyzing these
invariants, it becomes possible to distinguish between regions dominated by intense rotational motion
(vorticity-dominated) and regions dominated by deformation or stretching (strain-dominated) [24].
This classification provides a more precise and objective characterization of the local flow topology,
allowing one to identify coherent structures, vortical cores, and high-strain layers, which are crucial
for understanding turbulence dynamics and energy transfer mechanisms.

Considering again the decomposition of the velocity-gradient tensorAij into a symmetric and a skew-
symmetric component, the rate-of-strain tensor can be diagonalized by aligning the axis coordinates
to the principal strain axes:

Aij = Sij +Wij =

a 0 0

0 b 0

0 0 c

+
1

2

 0 −ωc ωb

ωc 0 −ωa

−ωb ωa 0

 (3.27)

where a, b and c are the three principal rates of strain and ωa, ωb and ωc are the components of the
vorticity ω along the principal axes. For a second-order tensor, there are 3 invariants directly related
to its eigenvalues. If λ1, λ2 and λ3 are the eigenvalues of A, then

[A − λI] x = 0, (3.28)

where x is the eigenvector. The eigenvalues can be determined by solving the characteristic equation

det [A − λI] = 0, (3.29)

which gives rise to the equation

λ3 −
(
∂u

∂x
+
∂v

∂y
+
∂w

∂z

)
λ2 +

(
∂u

∂x

∂v

∂y
+
∂u

∂x

∂w

∂z
+
∂v

∂y

∂w

∂z
− ∂v

∂z

∂w

∂y
− ∂u

∂z

∂w

∂x
− ∂v

∂x

∂u

∂y

)
λ

+

(
∂u

∂x

∂v

∂z

∂w

∂y
+
∂u

∂z

∂v

∂y

∂w

∂x
+
∂u

∂y

∂v

∂x

∂w

∂z
− ∂u

∂x

∂v

∂y

∂w

∂z
− ∂u

∂y

∂v

∂z

∂w

∂x
− ∂u

∂z

∂v

∂x

∂w

∂y

)
= 0, (3.30)

or
λ3 + Pλ2 +Qλ+R = 0. (3.31)

Since the eigenvalues are independent of the coordinate system, the coefficients P , Q and R are also
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invariants, referred to respectively as first, second, and third invariants of the velocity gradient. The
properties of the roots of a cubic equation, along with elementary eigenvalue theory, tell us that if the
eigenvalues are real then

P = − (λ1 + λ2 + λ3) = −Trace(Aij) = −Aii = −Sii

Q = λ1λ2 + λ2λ3 + λ3λ1 =
1
2
P 2 − 1

2
AijAji

R = − (λ1λ2λ3) = − det(Aij) = −1
3
AijAjkAki.

(3.32)

For incompressible flows, continuity enforces that

P = −Aii = −Sii = −
(
∂u

∂x
+
∂v

∂y
+
∂w

∂z

)
= 0, (3.33)

Consequently, the remaining invariants can be expressed in terms of the strain and rotation decompo-
sition as:

Q = −1

2
AijAji = −1

2
SijSij +

1

4
ωiωi, (3.34)

R = −1

3
AijAjkAki = −1

3

(
SijSjkSki +

3

4
ωiωjSij

)
. (3.35)

If the vorticity is locally zero, the invariants reduce to:

QS = −1

2
SijSji (3.36)

RS = −1

3
SijSjkSki. (3.37)

Conversely, when the strain is locally zero, the invariants reduce to:

QW =
1

4
ωiωi (3.38)

RW = 0. (3.39)

The second invariant, Q = QS + QW , measures the relative intensity between strain (S) and vor-
ticity (W ). Large negative values (Q < 0) indicate regions of strong strain and viscous dissipation,
while large positive values (Q > 0) mark regions of intense enstrophy. In isotropic turbulence, in-
tense values of viscous dissipation tend to be concentrated in structures with the form of sheets or
ribbons. Conversely, regions of intense enstrophy tend to be concentrated in tubelike structures in
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many turbulent flows such as isotropic turbulence, mixing layers and jets.

On the other hand, RS = −1

3
SijSjkSki, is proportional to the strain production SijSjkSki. A positive

value of RS is associated with the production of strain product and thus of viscous dissipation (sheet-
like structures), whereas RS < 0 implies a destruction of strain product (tube-like structures). The
invariants can also be expressed using the principal rates of strain (the eigenvalues of S):

Q =
1

4
ωiωi −

1

2
(a2 + b2 + c2) (3.40)

R = −
(
1

4
ωiωjSij + abc

)
. (3.41)

Where a > b > c. Consider first the case where Q is large and positive. This requires the enstrophy
term 1

4
ωiωi to dominate, implying that rotation is locally strong and the strain magnitude (a2+b2+c2)

is weak. In this limit, the cubic product abc is small compared with 1
4
ωiωjSij , so the latter term

controls the sign of R. A negative R then corresponds to generation of enstrophy by local vortex
stretching (“worm” structures), whereas a positive R corresponds to vortex compression. If instead
Q is large and negative, the strain term −1

2
(a2 + b2 + c2) dominates, indicating a strain-dominated

region. In this case, the rotational contribution 1
4
ωiωjSij becomes negligible compared with the cubic

product abc, so R ≈ abc. Because the strain-rate tensor is traceless (a + b + c = 0), the sign of
abc distinguishes two different strain topologies. A positive abc (resulting in a negative R) occurs
when one eigenvalue is positive and the other two are negative, which corresponds to axial strain
(one extensional direction and two compressive directions). Conversely, a negative abc (positive R)
implies two positive eigenvalues and one negative eigenvalue, corresponding to biaxial strain (two
extensional directions and one compressive direction).

A compact and widely used representation of the local flow topology is obtained by considering the
joint distribution of the second and third invariants of the velocity-gradient tensor in the so-called Q–
R plane. In many turbulent flows, the joint probability density function (PDF) of Q and R exhibits a
characteristic asymmetric “teardrop” shape, as shown in Figure 3.1 for Rayleigh-Bénard convection.
This distribution has been observed consistently across experiments and direct numerical simulations
[50], reflecting the preferential organization of the velocity-gradient tensor into specific flow topolo-
gies rather than a uniform distribution of strain and rotation.

The distribution is skewed toward the quadrant where Q > 0 and R < 0, indicating a predominance
of rotational structures undergoing vortex stretching, which is a fundamental mechanism sustaining
turbulence. The elongated tail of the distribution, extending into the quadrant where Q < 0 and
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Figure 3.1: Joint probability density function (PDF) of the Q and R invariants (denoted as QG and
RG in the figure) normalized byQw (denoted asQΩ in the figure) on a logarithmic scale for Rayleigh-
Bénard convection. Panels show results through the bulk at (a) Ra = 108 and (b) Ra = 1010. The
solid black line indicates the null-discriminant curve, D = (27/4)R2 + Q3 = 0. Reproduced from
[49].

R > 0, corresponds to rare but intense strain-dominated events associated with sheet-like dissipative
structures (biaxial strain). Although these regions occupy a small fraction of the flow volume, they
contribute significantly to viscous dissipation, reflecting the intermittent nature of turbulence. The
discriminant of the characteristic polynomial D = (27/4)R2 + Q3, separates regions with three
real eigenvalues (D < 0) from regions with one real and a pair of complex-conjugate eigenvalues
(D > 0), also distinguishing between pure straining motion and locally spiraling (vortical) motion,
respectively.

It is important to note that these invariants not only classify the local flow topology but also admit
a geometrical interpretation linked to vorticity–strain interactions. In particular, the enstrophy pro-
duction term corresponds to the projection of the vorticity vector onto the vortex-stretching vector
Sω

ωiωjSij = ω · Sω = ω2

3∑
i=1

λi cos
2(ω, ei), (3.42)

where λi are the eigenvalues of the rate-of-strain tensor and ei are its corresponding eigenvectors (the
principal strain axes). It follows that enstrophy production depends explicitly on the alignment be-
tween vorticity and the strain eigenframe, as well as on the relative magnitudes of the strain eigenval-
ues. Such geometrical features are fundamental to three-dimensional turbulence, where preferential
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alignment with extensional strain governs vortex stretching and underpins the small-scale amplifica-
tion processes reflected in the observed Q–R statistics.
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Chapter 4

Simulation Methodology

4.1 Nek5000: Spectral Element Code

The computational fluid dynamics open-source program Nek5000 is used to solve the governing
equations. Developed and maintained by Fischer et al. [51] at the Argonne National Laboratory,
Nek5000 is a Navier–Stokes solver based on the spectral element method (SEM) originally by Patera
[52]. This method merges the advantages of high-order spectral methods with finite element methods,
offering known accuracy, favourable dispersion properties, and efficient parallelization.

The computational domain is partitioned into Ex × Ey × Ez non-overlapping hexahedral spectral
elements. In the streamwise and spanwise directions, a uniform element distribution is chosen. Con-
versely, near the isothermal walls, the elements in the wall-normal direction (x) are clustered using a
hyperbolic tangent function:

(Ex)j =
1

8

1 +
tanh

[
γx

2(j−1)
Ex

− 1
]

tanh γx

 , (4.1)

with γx is the concentration parameter, fixed at 4.5. This clustering ensures that the high-gradient
regions and turbulent structures near the walls are well resolved.

The governing equations are reformulated in the weak form using a Galerkin projection for discretiza-
tion for every spectral element, with test and trial functions selected from distinct polynomial spaces.
Specifically, a PN − PN−2 formulation is utilized: the velocity and temperature fields are approxi-
mated using N th-degree Lagrange interpolants defined at Gauss–Lobatto–Legendre (GLL) quadra-
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ture points, while the pressure field is approximated with (N − 2)th-degree Lagrange interpolants
defined at Gauss–Legendre quadrature points. Time-derivative terms are discretized via the third-
order backward differentiation formula. Nonlinear convective terms are calculated explicitly using a
third-order extrapolation scheme, while linear terms are treated implicitly. This high-order splitting
approach results in a Poisson equation for pressure and Helmholtz equations for temperature and ve-
locity components. The resulting linear systems are solved using the generalized minimal residual
method (GMRES) with a convergence tolerance set to 10−8. A detailed description of the numerical
method is provided in Appendix A.

The computations are performed on four workstations, each equipped with 44 processors and 256
GB of RAM. Remote access to the computational resources is provided through the Secure Shell
(SSH) protocol and a VPN connection. The simulations, carried out using the spectral element code
Nek5000, achieve exponential convergence in space and third-order accuracy in time at a relatively
low computational cost. In addition, the use of previously computed solutions as initial conditions
significantly reduces the overall computation time by accelerating convergence. Typical simulations
at Rayleigh numbers of orderRa ≈ 108 require approximately two weeks of computation, while fully
turbulent cases demand up to two months of runtime.

4.2 Simulation Parameters

Table 4.1 summarizes the simulation parameters, for the transitional and turbulent cases, including
the number of spectral elements E in each direction, the order of the polynomials N , the time step
∆t, and the time used to average properties and the total simulation time.

Figure 4.1 shows the top portion of the mesh, colored by the time-averaged temperature on the plane
y = 0.125, where the distribution of elements is clearly visible, with a higher concentration near the
walls. The time step of the simulations is fixed in order to resolve all the scales of the flow, while
respecting the Courant-Friedrichs-Lewy condition. In particular, a CFL of 0.25 is used to ensure
stability during the simulation until the flow reaches the converged (statistically steady) state. For
computationally intensive simulations, initial conditions are mapped from a previous state at a lower

Table 4.1: Physical and simulation parameters.

Case Ra Ex Ey Ez N ∆t Average time Total time
A 108 20 20 50 10 10−3 50 150
B 1010 28 28 100 10 5× 10−4 200 300
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Figure 4.1: Top portion (z ≤ 0.8) of the computational mesh, colored by the time-average temperature
field on the plane y = 0.125.

Rayleigh number.

In turbulent regions, since Pr < 1, the temperature microscale is larger than the velocity microscale;
thus, the smallest resolved length scale is required to be the Kolmogorov length scale η. Given that

η =
(

ν3

ε

)1/4
, this length scale becomes smaller with increasing dissipation and increasing Ra. As

expected, with ∆x representing the spacing between mesh points, ∆x
η

peaks along z are observed
in the shear layer zone where ε values are highest. Furthermore, to accurately resolve the near-
wall region, the first off-wall grid point must be placed sufficiently close to the wall to resolve the
steep velocity gradients characteristic of the viscous sublayer, ensuring ∆y+w ≲ 1. This is achieved by
placing at least 2 points inside the sublayer. Moreover, a sufficient number of points must be clustered
within the buffer layer (y+ ≤ 50), the most anisotropic zone of wall-bounded turbulence and the
location of intense turbulent activity. This clustering is achieved through hyperbolic-tangent mapping
of the spectral elements. In the outer region, where turbulence approaches local isotropy, the grid
spacing scales with the local Kolmogorov length scale to ensure that the smallest dynamically relevant
eddies are resolved. These criteria collectively ensure that the mesh captures the full multiscale nature
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Table 4.2: Maximum and minimum mesh spacing and their locations.

Direction ∆max Location ∆min Location
x 3.342× 10−3 x = 0.1267 6.904× 10−5 x = 0.2484
y 1.653× 10−3 y = 0.1958 4.023× 10−4 y = 0.1300
z 1.836× 10−3 z = 0.3509 4.470× 10−4 z = 0.3778

of near-wall turbulence with sufficient fidelity for DNS [53]. Table 4.2 presents the minimum and
maximum grid spacings, along with their corresponding locations within the mesh, for the Ra = 1010

case.

On the other hand, to ensure that the temporal resolution accurately captures the smallest dynami-
cal features of the flow, the sampling frequency must exceed twice the highest physical frequency
present, by analogy with the Nyquist criterion. In turbulent flows, this upper bound is associated with
the Kolmogorov or viscous time scale, which dictates the fastest fluctuations in the system. Conse-
quently, the numerical time step must correspond to a sampling frequency substantially larger than
this limit. In practice, it is advisable to operate at more than two times the Kolmogorov frequency to
guarantee adequate temporal resolution, minimize aliasing, and ensure that the numerical scheme can
reconstruct the relevant flow dynamics without loss of information.

To analyze the temporal dynamics of the flow, a set of monitoring points is employed to record the
time evolution of the temperature and velocity components at every time step. These probes allow for
a detailed examination of local signals within and near the boundary layer adjacent to the hot wall.
At each selected location, the three velocity components and temperature are sampled. Monitoring
points are defined as all possible combinations of the coordinate values presented in Table 4.3.

4.3 Validation

Validation of the mesh was previously performed by Gers et al. for the non-turbulent cases [19]. The
spatial resolution was selected using the mesh reported by Trias et al. [11] as a guideline. A mesh

Table 4.3: Definition of monitoring point coordinates.

Coordinate Minimum Maximum Spacing
x 0.0005 0.125 0.0005
y 0.125 0.1875 0.0625
z 0.05 0.95 0.1
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convergence study was performed to determine the polynomial order, resulting in higher resolution
than that of Trias et al. [11]. For the turbulent case, an a posteriori verification is carried out by
examining the boundary-layer resolution and confirming that both the viscous sublayer and the Kol-
mogorov scale are adequately captured. The physical consistency of the results is further assessed by
exploiting the inherent symmetries of the DHC flow fields, which provide a robust qualitative valida-
tion criterion. In this context, the dominant frequencies of the flow can be analyzed to verify whether
the spectral content aligns with the expected dynamical behavior.

4.4 Data Analysis

4.4.1 Critical Rayleigh Determination

Since the system undergoes a supercritical Hopf bifurcation, the critical Rayleigh number (Rac) can
be determined using the linear relationship between the amplitude (A) of the monoperiodic fluctuating
fields and the Rayleigh number (Ra) [54]:

A ∝
√
Ra−Rac, Ra > Rac. (4.2)

A linear relationship is obtained by squaring the amplitude:

A2 ∝ Ra−Rac, Ra > Rac. (4.3)

The temperature field is selected for this analysis, thus the amplitude of the fluctuating field is pro-
portional to the temperature variance:

A2(θ) ∝ (θ − θ)2 = θ′θ′ ∝ Ra−Rac, Ra > Rac. (4.4)

Simulations are first conducted starting at Ra = 1 × 108, and the Rayleigh number is gradually in-
creased until significant temperature variance, θ′θ′, is observed. The region of maximum fluctuations
is identified by visualizing the temperature field, and the signal from the closest monitoring point is
examined. Next, the variance of the signal is calculated after it reaches a stable monoperiodic state.
This procedure is repeated for various Rayleigh numbers, and the corresponding signal amplitudes
are recorded. A plot of temperature variance versus Rayleigh number is then used to demonstrate the
linear dependence, allowing for extrapolation to determine the transitional Rayleigh number Rac.
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4.4.2 Spectral Analysis of Monoperiodic Signals

The frequency spectrum of temperature or velocity signals at a single monitoring point is analyzed
to gain insight into the dominant dynamical mechanisms of the flow. For each Rayleigh number,
a two-column data file is processed, where the first column corresponds to time t and the second
column to the measured signal s(t). To avoid contamination by initial transients and to focus on
the established oscillatory dynamics, the analysis is performed over a prescribed time interval t ∈
[tmin, tmax] (see Table 4.1). The sampling interval is denoted by ∆t, the corresponding sampling
frequency by Fs = 1/∆t, and the total number of samples within the selected time window by N .
The discrete Fourier transform (DFT) of the signal is computed using the fast Fourier transform (FFT)
to obtain its frequency spectrum:

Sk =
N−1∑
n=0

sn exp

(
−i2πkn

N

)
, k = 0, . . . , N − 1. (4.5)

The corresponding frequency grid is given by

fk =
k

N
Fs. (4.6)

The analysis is restricted to the one-sided spectrum (0 ≤ f ≤ Fs/2). The dominant frequency of the
signal, which in the monoperiodic regime corresponds to the natural oscillation frequency, is identified
as the spectral peak with the maximum magnitude excluding the zero-frequency component,

k⋆ = argmax
k≥1

|Sk|. (4.7)

Since the FFT provides spectral values on a discrete frequency grid with resolution ∆f = Fs/N ,
the peak location is refined using parabolic interpolation based on the three spectral magnitudes sur-
rounding the maximum, namely |Sk⋆−1|, |Sk⋆|, and |Sk⋆+1|. Defining

α = |Sk⋆−1|, β = |Sk⋆ |, γ = |Sk⋆+1|, (4.8)

the fractional-bin shift p is estimated as

p =
1

2

α− γ

α− 2β + γ
, (4.9)
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which yields the refined dominant frequency:

fnat ≈ (k⋆ + p)
Fs

N
. (4.10)

Finally, the corresponding angular frequency is computed as ωnat = 2πfnat.

4.4.3 Turbulent Boundary Layer

Since the vertical boundary layer constitutes the primary region where turbulence mechanisms de-
velop within the DHC, its associated parameters are essential for understanding the flow dynamics.
First, the friction velocity wτ is computed from the wall-normal gradient of the tangential velocity at
the wall. Next, the velocity boundary layer thickness is analyzed using three characteristic definitions:

• δ1: The wall-normal distance at which the vertical velocity reaches its maximum value.

• δ2: An integral thickness defined as [59]

δ3 =

ˆ ∞

0

w

wmax

dx. (4.11)

• δ3: The wall-normal distance at which the vertical velocity changes sign [60].

The friction Reynolds number Reτ is then evaluated for each boundary-layer thickness definition.
Finally, the normalized velocity w+ and the normalized wall-normal coordinate x+ are analyzed to
verify that the viscous sublayer (x+ < 1) is adequately resolved, with at least two grid points located
within this region.

4.4.4 Heat Transfer

Heat transfer in the DHC is analyzed through the terms present in the energy equation (see Equa-
tion 3.8). The advective term u · ∇θ represents the convective transport of thermal energy, which
can be interpreted as the divergence of the enthalpy flux uθ. Conversely, the diffusive term 1√

Ra
∇2θ

accounts for conductive heat transfer driven by temperature gradients. The total nondimensional heat
flux within the fluid domain can thus be expressed as

q = uθ − 1√
Ra

∇θ, (4.12)
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reflecting the combined action of convective enthalpy transport in the bulk and conductive diffusion
throughout the domain. At the thermally active walls, the no-slip and impermeability conditions
suppress convective transport, such that heat transfer occurs purely by conduction. However, convec-
tive transport within the cavity bulk strongly influences the near-wall temperature gradients, thereby
enhancing the wall heat flux and leading to Nusselt numbers greater than unity.

4.4.5 Turbulent Statistics

Turbulent statistical quantities are evaluated at fixed intervals of 50 nondimensional time units to
characterize the mean turbulent behavior of the flow. The analysis is performed using a toolbox
developed by Vinuesa et al. [55] for high-fidelity spectral-element simulations. At each sampling
instant, the velocity and temperature fields are used to compute the corresponding averaged statistics,
including the mean velocity components and the Reynolds-stress tensor, as well as turbulent kinetic
energy and Reynolds-stress budgets. Finally, a post-processing tool is utilized to average all files and
to obtain more complete fields.

Additional routines are implemented to compute the mean fields, temperature gradients and variance,
correlations between the velocity components and temperature, and the mean Nusselt number with its
associated variance.

4.4.6 Velocity-Gradient Invariants

To identify coherent structures and analyze their dynamics, an approach based on the invariants of
the velocity-gradient tensor is employed. A region of interest (ROI) is first defined based on the
turbulent statistics of the flow. Within this region, the velocity-gradient tensor is computed at ev-
ery grid point and stored every 100 time steps. The resulting data are post-processed to obtain the
symmetric S (strain-rate) and antisymmetric W (rotation-rate) components of the tensor, as well as
the corresponding invariants P , Q, R, QS , QW , and RS . The statistical behavior of these invariants
is examined through their joint probability density function (PDF). The normalization proposed by
Ooi et al. [56] is adopted, allowing direct comparison with canonical results reported in the litera-
ture. The structure of the PDF provides insight into the local flow topology and the balance between
strain-dominated and rotation-dominated dynamics. In addition, the alignment between vorticity and
the vortex-stretching vector is analyzed. Finally, several vortex identification criteria are evaluated to
further characterize coherent structures within the flow [5].
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Enstrophy measures the intensity of rotational motion and is primarily associated with small-scale
turbulent activity:

E =
1

2
|ω|2 = 1

2
|∇ × u|2. (4.13)

The Q-criterion separates zones where rotation dominates over strain, which are therefore associated
with vortical structures:

Q =
1

2

(
|W|2 − |S|2

)
. (4.14)

The λ2 criterion identifies vortical regions as those where negative values of the second-largest eigen-
value of the tensor M are found:

M = S2 +W2. (4.15)

Finally, the Ω-criterion provides a normalized measure of the relative importance of rotation with
respect to strain [57]:

Ω =
|W|

|W|+ |S|+ ε
, (4.16)

where ε is a small positive value used to avoid numerical noise.

4.4.7 Statistical Analysis of Turbulence

An open-source package developed by Fuchs et al. [58] is employed to carry out the statistical analysis
of turbulence. The software, implemented in MATLAB, provides routines for estimating a wide range
of canonical turbulence metrics, including spectral density, turbulence intensity, integral length scale,
Taylor microscale, Kolmogorov scale, and dissipation rate. It also enables the computation of velocity
increments, structure functions of various orders, and their corresponding scaling exponents.

From the vertical component of the momentum equation (Equation 3.8), it is evident that temperature
fluctuations act directly on vertical velocity fluctuations through the buoyancy term. Consequently,
turbulent kinetic energy is injected preferentially into the vertical velocity component, making w′w′

the most influential contribution to the development of turbulent motion in the DHC. For this rea-
son, the vertical component of the turbulent kinetic energy is employed as the diagnostic quantity to
identify regions of intense turbulent activity. In particular, w′w′ is inspected on the y = 0.125 and
y = 0.1875 planes to locate zones exhibiting the highest velocity fluctuations. In addition, the center
of the cavity is analyzed separately, as it represents the stratified core region where buoyancy-driven
turbulence redistributes energy and where anisotropic effects are most prominent.
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Chapter 5

Results and Analysis

5.1 Flow Instabilities and Transition to Turbulence

5.1.1 Fluctuations Analysis

Figure 5.1 shows the time-averaged temperature variance for Ra = 2.75 × 108, Ra = 2.85 × 108,
and Ra = 3.2 × 108. Only the region z > 0.7 is shown, given the symmetry of the flow field
and the negligible fluctuations in the central region of the cavity. The largest fluctuations occur near
the monitoring point A(x, y, z) = (0.025, 0.125, 0.95), which is used for a detailed analysis of the
temperature signal. The point B(x, y, z) = (0.025, 0.1875, 0.95) is also utilized to highlight depth-
induced differences. Although the location of maximum fluctuations is expected to shift upstream as
Ra increases, the range of Rayleigh numbers considered here is sufficiently narrow that no discernible
displacement is observed across the values analyzed. Therefore, the same monitoring points are
maintained for all cases.

It is also important to note that the temperature variance plotted corresponds to an average over the
entire simulation time. As such, it includes strong fluctuations generated during the initial transient
stage, which are not representative of the fully developed monoperiodic state. Consequently, the
reported variance does not reflect the intrinsic steady-state values. Nevertheless, by examining only
the converged portion of the simulation, it was verified that the spatial distribution of the temperature
variance remains unchanged and that only its magnitude varies.
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Figure 5.1: Slices of time-averaged temperature variance, from top to bottom Ra = 2.75 × 108,
2.85 × 108, and 3.2 × 108. Left slices correspond to y = 0.125 and right slices to x = 0.025 (only
z ≥ 0.7 is shown).
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Furthermore, although some cases, such as Ra = 2.75 × 108, exhibit non-negligible temperature
variance and the signal at pointA appears monoperiodic after the initial transient state, the fluctuations
continue to decay over time, reducing the signal amplitude. This behavior is shown in Figure 5.2,
where the temporal evolution of the temperature at point A is displayed for various cases. In addition,
localized fluctuations are observed in the upper region of the cold wall, which are absent in cases with
higher Rayleigh numbers. Under these conditions, the flow is still considered steady rather than truly
monoperiodic; these cases are therefore excluded from the linear fit analysis.
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Figure 5.2: Temperature time series at monitoring point A. (a) Ra = 2.25 × 108, 2.55 × 108, and
2.75 × 108: temperature fluctuations remain negligible or decay over time. (b) Ra = 2.85 × 108: a
stable monoperiodic oscillatory regime is observed.
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A sustained monoperiodic regime is first observed nearRa = 2.85×108, where the fluctuations reach
significantly larger values compared to lower Rayleigh numbers and remain stable over time. The os-
cillatory motion exhibits a nondimensional frequency of f = 0.479 for both points, corresponding to
an angular frequency of ω = 3.011, for the cases analyzed. This value is close to the nondimensional
angular frequency ω = 2.5 reported by [16] for the two-dimensional case, and to ω = 2.73 reported
by [18] at the onset of time-dependent three-dimensional flow under periodic boundary conditions,
although it is noticeably higher. The difference may be attributed to the influence of the front and
rear no-slip walls, which enhance three-dimensional effects and modify the boundary-layer structure
where the travelling-wave instability develops, thereby affecting the oscillation frequency.

5.1.2 Critical Rayleigh Number Calculation

Table 5.1 presents the simulated cases along with the time-averaged temperature variance at points
A and B, computed over the final 50 time units of the simulation, as well as the dominant frequency
of the temperature signal at each point for the fully developed monoperiodic states. It can be seen
that the temperature fluctuations at the mid-depth location are generally larger than those measured at
the quarter-depth location. The only exception is the case Ra = 3.2× 108, where point B exhibits a
slightly higher temperature variance than point A.

This behavior is consistent with Figure 5.1, which illustrates that the region of maximum fluctuations
broadens in the y-direction with increasing Ra, allowing elevated variance levels to extend toward
the walls. This suggests that, beyond Ra = 3.1 × 108, the Rayleigh number begins to influence

Table 5.1: Temperature variance of point A and B for the simulated cases.

Case θ′θ′A θ′θ′B fa fb State
1.0× 108 - - - - Steady
2.0× 108 - - - - Steady
2.25× 108 - - - - Steady
2.5× 108 - - - - Steady
2.75× 108 - - - - Steady
2.85× 108 5.52368472× 10−6 4.93252371× 10−6 0.4793 0.4793 Monoperiodic
2.9× 108 1.85612390× 10−5 1.80788559× 10−5 0.4792 0.4788 Monoperiodic
2.95× 108 5.83514577× 10−5 5.48225917× 10−5 0.4793 0.4793 Monoperiodic
3.0× 108 7.71985670× 10−5 7.38314592× 10−5 0.4793 0.4793 Monoperiodic
3.1× 108 1.18474466× 10−4 1.17228490× 10−4 0.4795 0.4795 Monoperiodic
3.2× 108 1.52329470× 10−4 1.54877552× 10−4 0.4795 0.4795 Monoperiodic
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the distribution of fluctuation maxima in the y-direction. In contrast, no comparable redistribution is
observed in the vertical (z-direction), where the dynamics are strongly constrained by buoyancy and
boundary-layer mechanisms.

Using the linear relationship given in Equation 4.4, the data for Ra ≥ 2.85 × 108 were fitted to
determine the critical Rayleigh number. The results are presented in Figure 5.3, where critical of
Rac,A = 2.834 × 108 and Rac,B = 2.840 × 108 are identified for points A and B, respectively. The
critical values obtained here are significantly higher than those reported by Xin and Le Quéré [18],
who found Ra = 1.032 × 108 for two-dimensional oscillatory disturbances in a DHC with periodic
boundary conditions. This discrepancy is readily explained by the no-slip boundary conditions em-
ployed in the present configuration: the solid walls act as dissipative layers that damp disturbances,
requiring stronger gradients to trigger the first bifurcation.

Furthermore, the fact that a slightly lower critical value is found at the mid-depth location compared
to the quarter-depth location should be interpreted with caution, given that the difference between the
estimated values is minimal. Additionally, the dominant frequency extracted from the signals at points
A and B is the same for all cases, with the exception of Ra = 2.9 × 108. This case slightly departs
from the general trend, likely due to residual transient contamination wich, given the small signal
amplitude, makes it particularly sensitive to perturbations. Such uniformity indicates that spatial
location affects only the amplitude of the response rather than the temporal dynamics. This behavior
is consistent with a global instability governed by a single bifurcation parameter.
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Figure 5.3: Linear fit for the data and critical Rayleigh calculation. Left is for monitoring point A and
right for point B.
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Figure 5.4: Residuals of the linear fit as a function of (a) the Rayleigh number and (b) the temperature
variance for monitoring point A.

The validity of the linear fit is assessed through a residual analysis. The coefficient of determination,
R2 = 0.9605 for monitoring pointA, indicates that the linear model captures the dominant trend of the
data with high accuracy. More importantly, the residuals shown in Figure 5.4 are distributed around
zero and exhibit no discernible trend, curvature, or systematic structure, which confirms the adequacy
of the linear approximation within the fitted range. Since the Rayleigh number and the oscillation
amplitude are linearly related in this regime, the residual distributions obtained using either variable
are expected to be equivalent; both representations therefore display the same qualitative behavior.
Although a slight negative bias is observed, no systematic dependence is detected. This bias can be
reasonably attributed to finite sampling effects, sensitivity to the chosen initial conditions, or residual
transient contributions.

Calculation Using Vertical Velocity

The critical Rayleigh number can also be estimated from the vertical velocity (w) signals. As shown
in Figure 5.5, a linear extrapolation of the corresponding amplitudes yields critical values of Rac,A =

2.823 × 108 for point A and Rac,B = 2.840 × 108 for point B. These values are consistent with
those obtained from the temperature signals and again indicate a slightly lower Rac for the mid-depth
location compared to the quarter-depth location. This behavior highlights the intrinsic coupling be-
tween the vertical velocity component and the temperature field at the onset of oscillatory convection.
Notably, although the critical parameter is identified at mid-depth, it is interesting to note that the
amplitude of the fluctuations is lower at point A than at point B, indicating that the detection of the
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Figure 5.5: Linear fit of the data and critical Rayleigh number calculation using vertical velocity. Left
is for monitoring point A and right for point B.

critical Rayleigh number is independent of the location of maximum fluctuation intensity in the depth
direction.

5.2 Global Analysis of Fully Turbulent Flow

5.2.1 Time Averaged Fields

The turbulent case Ra = 1010 is first analyzed by visualizing the time-average fields. In Figure 5.6,
slices of the mean temperature are presented. The temperature field displays the canonical structure
of a DHC, characterized by a thermally stratified core and very steep gradients near the isothermal
walls. Figure 5.7 shows the plane-average temperature over the (x, y) planes as a function of the
z-coordinate. Results reported by Trias et al. [11], obtained with periodic boundary conditions, are
included for comparison.

Minimal differences are observed between the two profiles, both graphs show uniform thermal strat-
ification in the cavity core, characterized by a vertical temperature gradient (∂θ/∂z) equal to unity.
Consequently, since the mean stratification of the core is equivalent in both configurations, the Brunt–
Väisälä frequencyN is expected to take the same value regardless of the boundary conditions imposed
at the front and rear walls. Additionally, this close correspondence rules out the boundary conditions
imposed at the front and rear walls as a potential source of the discrepancies between numerical and
experimental results regarding the thermal stratification. Furthermore, it supports the conclusion that
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Figure 5.6: Slices of average temperature for Ra = 1010, (left) y = 0.125 and (right) x = 0.125.

these differences arise from thermal radiation effects.

Slices of the mean magnitude of the velocity field are presented in Figure 5.8. This field, as well as
the temperature field, exhibits clear point antisymmetry, which further validates the simulation. The
velocity field indicates that the core remains nearly at rest, while thin boundary layers develop within
the main recirculation cell. The velocity magnitude increases immediately after the fluid separates
from the top and bottom walls, where the vertical boundary layers begin to form. This increase
continues until the onset of boundary-layer destabilization, which ultimately leads to the ejection of
large-scale structures into the core of the cavity at approximately z = 0.8. In Appendix B, slices of
the average velocity components (Figures B.1–B.3) are also provided.
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Figure 5.7: Average temperature in the (x, y) planes for Ra = 1010 as a function of the z-coordinate.
Results adapted from [11], obtained using periodic boundary conditions, are included for comparison.

5.2.2 Boundary Layer

Based on the mean-field results, the velocity boundary layer is characterized by the friction velocity,
the boundary-layer thickness, and the friction Reynolds number. Figure 5.9 shows the distribution of
the vertical friction velocity as a function of y and z at the hot wall (x = 0). The largest values occur
near the bottom of the cavity, where the thermal gradients are strongest. These enhanced gradients
intensify the buoyancy-driven flow, leading to larger velocity gradients at the wall and, consequently,
higher friction velocity. As z increases, the thermal and velocity gradients progressively weaken, and
the friction velocity decreases until it approaches zero at the top of the cavity.

The boundary-layer thickness measures introduced in Subsection 4.4.3, namely δ1, δ2, and δ3, are
displayed in the top panels of Figure 5.10 as functions of y and z at the hot wall (x = 0). Their corre-
sponding friction Reynolds numbers are presented in the bottom panels. As expected, the location of
the maximum vertical velocity, δ1, increases with increasing z, reflecting the progressive thickening
of the boundary layer. A similar behavior is observed for the integral thickness δ2 defined in Equa-
tion 4.11. The maximum thickness occurs around z ≈ 0.85, which is consistent with the region where
the boundary layer becomes most unstable.

However, this trend is not evident when considering the zero crossing of the vertical velocity, δ3. After
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Figure 5.8: Slices of average velocity magnitude for Ra = 1010, (left) y = 0.125 and (right) x =
0.125.

a region of very large values within 0 ≲ z ≲ 0.3, produced by jets impinging from the bottom wall
onto the vertical hot wall, δ3 decreases until approximately z ≈ 0.6, after which it begins to increase.
A sudden jump appears near z ≈ 0.8, where the maximum values are observed. This behavior can be
attributed to the influence of the top wall. Jets impinging on the top wall, together with flow structures
ejected into the cavity core, directly affect the vertical boundary layer. A recirculation region (w < 0)
develops just outside the boundary layer and becomes stronger as z increases, which shifts the location
of the zero crossing of the vertical velocity toward the wall, leading to smaller values of δ3.

Meanwhile, since the friction Reynolds number is directly proportional to the characteristic boundary-
layer thickness for a constant value of the friction velocity, Reτ (δ3) attains larger values than Reτ (δ1)
and Reτ (δ2). A maximum value of approximately 110 is observed at z ≈ 0.8. Such a value may
appear relatively small for a fully developed turbulent boundary layer when compared with canonical
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Figure 5.9: Friction velocity wτ (y, z) at the hot wall (x = 0) for Ra = 1010.

values [61]. However, if the friction Reynolds number is instead defined using a friction velocity
based on the ensemble mean of the vertical velocity (⟨wτ ⟩ = 0.0266) and the width of the DHC as
the length scale (W ∗ = W/H = 0.25) [62], the estimated value increases to Reτ ≈ 937.

The boundary layer nature is next examined through the normalization of the vertical velocity and
the wall-normal components in wall units. Figure 5.11 presents profiles of the normalized vertical
velocity w+ as a function of the wall-normal coordinate x+ at different heights. The profiles display
the qualitative structure typical of vertical natural convection boundary layers; however, no well-
defined logarithmic region can be identified, and a log-law fit is not supported by the data. This is
also evident in Figure 5.12, where the distribution of the normalized velocity w+ is shown against
the wall normal distance in wall units x+ for z = 0.50, 0.55, 0.60, 0.65, 0.70, 0.75. The top panel
shows the normalization using the local friction velocity wτ , while the bottom one uses the global
friction velocity (ensemble average). The data closely follow the linear relation w+ = x+ for x+ < 5,
which indicates the presence of the viscous sublayer. However, when fitting a canonical log-law
(w+ = 1

0.41
ln(x+) + 5.0), the data deviate significantly from this behavior. These results indicate

a non-fully turbulent boundary layer, with the bulk of the flow being turbulent while the near-wall
region remains laminar-like or weakly turbulent [59].

Finally, as shown in the right panels of Figure 5.11, the viscous sublayer is resolved with at minimum
of two grid points in all cases. This ensures that near-wall gradients are adequately captured and
further confirms the adequacy of the mesh resolution.
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Figure 5.10: Local velocity boundary-layer thickness δv(y, z) at the hot wall for Ra = 1010 (top
row). From left to right: δ1 (location of maximum vertical velocity), δ2 (integral thickness defined
in Equation 4.11), and δ3 (first zero crossing of the vertical velocity). The corresponding friction
Reynolds numbers Reτ (y, z) are shown in the bottom row.

5.2.3 Heat Transfer

The heat transfer across the cavity is first investigated by analyzing the local Nusselt number distribu-
tion at the hot wall (x = 0 plane), as shown in the left panel of Figure 5.13. The maximum value of
Nuh,max = 441.329 is clearly reached at the bottom of the wall (z = 0) where the largest temperature
gradients occur as the cold fluid impacts the hot wall. As the air ascends along the wall, it is heated,
thereby decreasing the Nusselt number as z increases until it reaches a value of Nuh,min = 4.065 at
z = 1. Additionally, the spatially averaged Nusselt number at the hot wall, i.e., the global heat transfer
rate, is obtained by integrating the local Nusselt number over the hot plate, yieldingNuh = 100.9536.
This value is slightly lower than that reported by Trias et al., Nuh = 101.94, for a configuration em-
ploying periodic boundary conditions on the front and rear walls [11].
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Figure 5.11: Profiles of the normalized vertical velocity w+ versus the wall-normal coordinate x+

at z = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, and 0.9 (bottom to top) for Ra = 1010. Curves are
vertically offset, with each vertical subdivision representing 4 units of w+. The left panels correspond
to y = 0.125 and y = 0.1875 across the full boundary-layer range (a), while the right panels show
the same spanwise locations restricted to the viscous sublayer (x+ ≤ 1), where markers indicate the
computational mesh points (b).

The lower Nusselt number obtained when no-slip boundary conditions are imposed on the front and
rear walls suggests a reduction in the overall convective heat transfer compared to the periodic con-
figuration. This behavior arises from the additional viscous effects introduced by the solid walls. In
the no-slip case, velocity gradients develop at these boundaries, forming shear layers that act as sinks
of kinetic energy through viscous dissipation. Consequently, less turbulent kinetic energy is avail-
able to sustain convective motions. Moreover, the presence of solid walls alters the large-scale flow
organization. While periodic boundary conditions allow coherent circulation structures to extend lat-
erally without interruption, potentially promoting stronger bursting processes and enhanced mixing.
In contrast, no-slip walls confine the flow and disrupt this lateral coherence.

The Nusselt number variance at the hot wall (x = 0), as shown in the right panel of Figure 5.13,
presents a distinct region within 0.7 ≤ z ≤ 0.9 where fluctuations are most prominent. The maximum
value of 652.465 is found at z ≈ 0.83. This location serves as an indicator of where transition occurs
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Figure 5.12: Distribution of the normalized vertical velocity w+ versus the wall-normal distance in
wall units x+, at y = 0.125 and vertical locations z = 0.5, 0.55, 0.60, 0.65, 0.70, 0.75. The top panel
shows the profiles normalized by the local friction velocity wτ , while the bottom panel uses the global
friction velocity (ensemble average). The viscous sublayer relation w+ = x+ and the logarithmic law
w+ = 1

κ
ln(x+) + B, with κ = 0.41 and B = 5.0, are included for reference to assess the boundary-

layer structure.

in the vertical boundary layer [63]. This height is greater than that obtained using periodic boundary
conditions in the depth direction, which occurs at z = 0.813. Table 5.2 summarizes the key heat
transfer values discussed above. It is important to note that no averaging was performed in the depth-
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Figure 5.13: Distributions of the local Nusselt number (left) and its variance (right) at the hot wall
(x = 0 plane) for Ra = 1010.

Table 5.2: Global Nusselt number, maximum and minimum local Nusselt numbers, and the maximum
variance of the local Nusselt number at the vertical hot wall. The corresponding z-locations are
reported for the local quantities. Results from Ref. [63], obtained using periodic boundary conditions
in the depth direction, are included for comparison.

Quantity Present study Trias et al. (2010)
Nuh 100.9536 101.94
Numax 441.329 459.50
z 0 0

Numin 4.065 -
z 1 -

Nu′Nu′ 652.465 642.623
z 0.83 0.813
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wise direction in the present study.

Additionally, the alternating pattern along the y-direction reported for Ra = 108 [19] is no longer
observed. The distribution is approximately uniform in the central region of the wall. Significant
spatial variations along the depth appear only near the top of the cavity, where localized distortions
in the Nusselt number field are observed. This region coincides with the area of strongest turbulent
activity, suggesting a greater influence of turbulent fluctuations on the wall heat transfer. It is expected
that averaging the Nusselt number over a longer time interval would further smooth the distribution.

Further insight into the discussed mechanisms can be obtained by analyzing the spatial distribution
of the enthalpy flux, uθ. This term represents where and how strongly heat is being carried by the
flow, i.e., the rate at which thermal energy is transported by fluid motion inside the cavity. At high
Rayleigh numbers, convection dominates over conduction; therefore the enthalpy flux is especially
informative since it governs the heat transfer. Figures 5.14-5.16 present slices of the components of
the enthalpy flux. Considering the intrinsic symmetries of the fields, only the upper part of the cavity
(z > 0.5) is shown. A strong correlation is observed between these fields and their corresponding
velocity component distributions. It can be observed that the main recirculation cell associated with
the boundary layers is responsible for the majority of the heat transport. Within the vertical boundary
layer, as velocity and temperature increase with z, the enthalpy flux increases accordingly, until the
disruption of the boundary layer leads to a significant reduction. Additionally, a region of intense
heat flux is observed near the upper left corner, which weakens rapidly. In the central region, where
the fluid remains quiescent on average, the enthalpy flux values decrease markedly and are governed
by the spanwise (y) and vertical (z) components. The influence of the front and rear walls is also
evident: the convective flux is reduced in their vicinity, which ultimately decreases the overall heat
transfer capacity of the cavity.

5.2.4 Instantaneous Fields

Five snapshots of the temperature field in the y = 0.125 plane, taken at intervals of 25 time units, are
presented in Figure 5.17. The fields display a clear thermal stratification in the core of the cavity, along
with the development of coherent structures within the vertical boundary layers. These structures
grow, detach from the boundary layer, and are advected along the wall by the mean circulation.
Notably, when structures near the hot wall have already detached and are being transported, new
structures are still forming along the cold wall. This phase shift between the two boundary layers is a
key driver of the oscillatory behavior observed in the core region.
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Figure 5.14: Slices of the time-averaged horizontal component of the enthalpy flux uθ for Ra = 1010:
left, y = 0.125; right, x = 0.125. Only the upper region (z > 0.5) is shown.

Figure 5.15: Slices of the time-averaged spanwise component of the enthalpy flux vθ for Ra = 1010:
left, y = 0.125; right, x = 0.125. Only the upper region (z > 0.5) is shown.
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Figure 5.16: Slices of the time-averaged vertical component of the enthalpy flux wθ for Ra = 1010:
left, y = 0.125; right, x = 0.125. Only the upper region (z > 0.5) is shown.

5.2.5 Second Order Statistics

The time-averaged distributions of the turbulent kinetic energy (e) and the individual contributions
from the diagonal components of the Reynolds stress tensor, u′iu′i are shown in Figures 5.18-5.21.
Additionally, the distributions of the temperature variance θ′θ′, the viscous dissipation rate ε, the
production of TKE by the mean flow P , and the generation of TKE by buoyancy G, derived from the
TKE transport equation (see Equation 3.19), are illustrated in Figures 5.22-5.25. For each statistic,
the first slice corresponds to the y = 0.125 plane, while the second corresponds to an x-normal
plane where the largest fluctuations are observed; this allows for a detailed analysis of the depth-wise
distribution. Finally, in consideration of the intrinsic symmetries of the fields, only the upper part of
the cavity (z > 0.5) is shown.

First, as expected, turbulent kinetic energy is present almost exclusively in the downstream region of
the vertical boundary layer (z ∈ [0.65, 0.95]); the upstream portion of the vertical boundary layer
and the cavity core remain in a laminar state. In the depth-wise direction, maximum values are
encountered near the mid-depth (y = 0.125). It is also observed that the spatial distribution of
e closely matches that of the diagonal components of the Reynolds stress tensor, with the vertical
velocity variance w′w′ being the primary contributor to the turbulent kinetic energy. High values of e
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Figure 5.17: Slices of instantaneous field for Ra = 1010 on the plane y = 0.125. Snapshots are taken
every 25 units of time.

are not confined to the interior of the boundary layer; rather, they extend into the outer region, which
is consistent with the ejection of coherent structures. Similarly, the temperature variance displays the
same spatial trend, with peak values concentrated within the boundary layer, although the region of
highest fluctuations is more sharply confined than its velocity counterpart.

Consistent with the findings of Trias et al. [63], a significant lack of correlation between the turbu-
lent kinetic energy and the viscous dissipation rate is identified, thereby limiting the applicability of
standard two-equation eddy-viscosity models. Near the wall, viscous dissipation is stronger due to
high velocity gradients inside the boundary layer, diminishing progressively toward the core. This is
readily seen in the upper panels of Figure 5.26, where the horizontal profiles of 2e and (

√
Ra/Pr)ε at

z = 0.8 for y = 0.125 and y = 0.1875 are shown. While the curves follow the same behavior reported
by Trias et al., the viscous dissipation levels are nearly six times higher than those reported in their
study [63]. Since viscous dissipation is strongly concentrated near the wall, it is highly sensitive to
the spatial resolution and the averaging procedures employed. Therefore, differences in domain con-
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Figure 5.18: Time-averaged turbulent kinetic energy e forRa = 1010: left, y = 0.125; right, x = 0.02.
Only the upper region (z > 0.5) is shown.

Figure 5.19: Time-averaged Reynolds stress component u′u′ for Ra = 1010: left, y = 0.125; right,
x = 0.02. Only the upper region (z > 0.5) is shown.
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Figure 5.20: Time-averaged Reynolds stress component v′v′ for Ra = 1010: left, y = 0.125; right,
x = 0.02. Only the upper region (z > 0.5) is shown.

Figure 5.21: Time-averaged Reynolds stress component w′w′ for Ra = 1010: left, y = 0.125; right,
x = 0.02. Only the upper region (z > 0.5) is shown.
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Figure 5.22: Time-averaged temperature variance θ′θ′ forRa = 1010: left, y = 0.125; right, x = 0.01.
Only the upper region (z > 0.5) is shown.

Figure 5.23: Time-averaged viscous dissipation rate ε for Ra = 1010: left, y = 0.125; right, x =
0.125. Only the upper region (z > 0.5) is shown.
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Figure 5.24: Time-averaged production of TKE by the mean flow P for Ra = 1010: left, y = 0.125;
right, x = 0.01. Only the upper region (z > 0.5) is shown.

figuration, specifically the presence of spanwise no-slip walls, likely contribute to this discrepancy in
magnitude.

It can be observed that the production of turbulent kinetic energy by mean velocity gradients (P)
attains larger values than the buoyancy production (G), with both contributions confined to a narrow
region within the vertical boundary layer. Within this layer, shear production is not maximal at the
wall (where ui = 0) but rather in an inner region away from it, where both the mean velocity gra-
dients and the Reynolds stresses are significant. This intermediate region therefore constitutes the
primary location of TKE production. At the same time, upward motions of warm fluid within the hot
boundary layer contribute positively to TKE through buoyancy, as indicated by the red regions in the
figures. Conversely, intermittent downward motions of warm fluid, likely influenced by the adjacent
recirculation zone, along with upward motions of cooler fluid, give rise to regions where buoyancy
acts as a sink of TKE (blue regions).

The lower panels of Figure 5.26 present horizontal profiles at z = 0.8 for y = 0.125 and y = 0.1875 of
P and G, confirming that the buoyancy contribution remains significantly smaller than the production
associated with mean shear at this height.
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Figure 5.25: Time-averaged generation of TKE by buoyancy G for Ra = 1010: up, y = 0.125;
bottom, x = 0.01 (left), x = 0.02 (right). Only the upper region (z > 0.5) is shown.
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Figure 5.26: Horizontal profiles at z = 0.8 of the turbulent kinetic energy e scaled by 2 and its
viscous dissipation rate ε scaled by

√
Ra
Pr

(top), and of the production of TKE by mean shear P and
by buoyancy G (bottom). Ra = 1010. Left panels correspond to y = 0.125, while the right panels
correspond to y = 0.1875.

5.2.6 Local Flow Topology: Velocity-Gradient Invariants

The zone with the most intense turbulence statistics and where the ejection of structures occurs is
analyzed using velocity-gradient invariants. This region of interest corresponds to the rectangular
subdomain ΩROI = [0.001, 0.110]×[0.005, 0.245]×[0.65, 0.95]. To assess the influence of the vertical
wall on the local flow topology, the horizontal extent of the domain in the wall-normal direction is
modified while keeping the y and z ranges fixed. In particular, the intervals (x ∈ [0.001, 0.110])

and (x ∈ [0.003, 0.110]) are examined to progressively exclude the near-wall region. A total of 500
snapshots, taken every 100 time steps, are used for the calculation of the probability density functions
on a 500× 500 bin discretization.

The joint probability density function of the second and third invariants (Q, R) is shown in Figure 5.27
on a logarithmic scale for Ra = 1010. The PDF exhibits the characteristic “teardrop” shape typical
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Figure 5.27: Joint PDF of Q and R invariants normalized by ⟨QW ⟩ on logarithmic scale for Ra =
1010. The regions of interest corresponds to ΩROI = [0.001, 0.110]× [0.005, 0.25]× [0.65, 0.95] (a),
[0.003, 0.110]× [0.005, 0.25]× [0.65, 0.95] (b), and [0.003, 0.110]× [0.005, 0.25]× [0.65, 0.95] (c).
The solid black line indicates the null-discriminant curve: D = (27/4)R2 +Q3 = 0.

of fully developed turbulence. The velocity-gradient statistics are strongly non-Gaussian, reflecting
the intermittent nature of the flow. The predominance of events for Q > 0 indicates a prevalence
of tube-like over sheet-like structures. Here, the teardrop is skewed toward the second quadrant
(R < 0) relative to the first (R > 0), indicating that vortex stretching events are more frequent than
vortex compression events. Finally, rare but intense biaxial strain events generate the heavy-tailed
distribution along the right arm of the null-discriminant curve (Vieillefosse tail).

The normalization following Ooi et al. [56] using the ensemble average ⟨QW ⟩, yields consistent PDFs

Turbulent Convective Flows in a Differentially Heated Cavity: A Global and Local Analysis 81



CHAPTER 5. RESULTS AND ANALYSIS 5.2. GLOBAL ANALYSIS OF FULLY TURBULENT FLOW

that enable direct comparison with canonical turbulent flows. Only a slight widening of the teardrop
topology toward more intermittent events is observed when the influence of the wall is removed by
excluding near-wall points in the x-direction. The main differences are quantitative: the teardrop
appears larger due to the normalization based on ⟨QW ⟩, which decreases when the wall influence is
excluded. This behavior is attributed to intense, localized vortical events near the wall, generated
by strong shear, which contribute significantly to QW despite the predominantly strain-dominated
character of the near-wall region.
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Figure 5.28: Joint PDF of −QS and QW invariants normalized by ⟨QW ⟩ on logarithmic scale for
Ra = 1010. The regions of interest corresponds to ΩROI = [0.001, 0.110]×[0.005, 0.25]×[0.65, 0.95]
(a), [0.003, 0.110]× [0.005, 0.25]× [0.65, 0.95] (b), and [0.003, 0.110]× [0.005, 0.25]× [0.65, 0.95]
(c).
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The joint PDF of the QS and QW invariants is exhibited in Figure 5.28 on a logarithmic scale for
Ra = 1010. In this case, the influence of the wall plays a dominant role in shaping the flow topol-
ogy, as evidenced by the pronounced tendency toward −QS ≈ QW , which corresponds to a vortex
sheet topology. When near-wall points are excluded in the x-direction, the flow transitions from a
shear-dominated regime to a topology more consistent with canonical fully turbulent behavior. Nev-
ertheless, a significant wall influence persists even at x > 0.005, indicating a stronger impact of
the vertical boundary layer compared to other configurations, such as Rayleigh–Bénard convection
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Figure 5.29: PDF of the vorticity alignment with the eigenvectors of the rate-of-strain tensor S for
Ra = 1010. The regions of interest corresponds to ΩROI = [0.001, 0.110]×[0.005, 0.25]×[0.65, 0.95]
(a), [0.003, 0.110]× [0.005, 0.25]× [0.65, 0.95] (b), and [0.003, 0.110]× [0.005, 0.25]× [0.65, 0.95]
(c).
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[49]. Furthermore, regions of high QW and low −QS are observed, indicating locally high enstrophy
with negligible dissipation, where rotational motions dominate over strain. This further suggests a
predominance of tube-like vortical structures in regions distal to the wall.

The probability density function of the vorticity alignment with the eigenvectors of the rate-of-strain
tensor S is displayed in Figure 5.29 for Ra = 1010. The well-known universal feature of three-
dimensional turbulence, the preferential alignment between vorticity and the intermediate eigenvector
of λ2, is clearly observed, with sharp peaks at cos(ω, λ2) = ±1. As a direct geometric consequence,
the most compressive eigenvector λ3 is found to be nearly perpendicular to ω, yielding a sharp peak
at cos(ω, λ3) = 0, while the most extensional eigenvector (λ1) exhibits a slightly less perpendicular
alignment. The pronounced sharpness of these distributions, compared to those reported in isotropic
turbulence and Rayleigh-Bénard convection [49], is attributed to the combined effect of the near-wall
flow organization and the persistent large-scale circulation inherent to the differentially heated cavity,
both of which coherently orient the vorticity field and reinforce the preferential alignment throughout
the domain.

Once again, since the number of samples per bin varies across the plots as different wall-normal
regions are excluded, the results must be interpreted qualitatively rather than quantitatively when
analyzing the influence of the wall. As expected, removing the points closest to the wall (x < 0.003)
results in less sharp peaks at cos(ω,λi) = 0, confirming that the near-wall flow organization is
partially responsible for the pronounced alignment. However, it should be noted that further excluding
the region 0.003 ≤ x < 0.005 yields unexpectedly sharper peaks; this is likely a statistical artifact
arising from the reduced number of samples in the tails of the distribution rather than a physical effect.

5.2.7 Coherent Structures Visualization

Coherent structures are fundamental elements in the study of turbulence; however, their dynamics and
role in complex configurations such as the DHC remain an area of active research. For the visualiza-
tion of these structures, the Q-criterion is employed. Figure 5.30 shows snapshots of isosurfaces at
Q = 40, corresponding to regions where vorticity dominates over strain, within the region of interest
ΩROI = [0.001, 0.110] × [0.005, 0.25] × [0.65, 0.95], colored by the vertical velocity w. The panels
illustrate two distinct bursting processes: the top panels (a) and bottom panels (b) show structures
being ejected from the hot vertical boundary layer into the cavity core, with a time separation of 10
time units between the two sequences. Each bursting process is shown at three consecutive instants
separated by 0.5 time units (left to right).
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(a)

(b)

Figure 5.30: Visualization of structure ejection from the hot vertical boundary layer using Q-criterion
isosurfaces at Q = 40 colored by the vertical velocity w. Ra = 1010. From left to right, panels are
separated by time increments of 0.5 time units, while the lower row (b) is offset from the upper row
(a) by 10 time units. The region of interest is defined as ΩROI = [0.001, 0.110] × [0.005, 0.25] ×
[0.65, 0.95]. The green lines delineate the boundaries of the plane y = 0.125.
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The presence of stable tube-like vortices, which account for the skewness of the “teardrop shape”
in the joint PDF of the Q–R invariants (see Figure 5.27), is clearly visible. Near the wall, very
elongated tube-like structures are observed, often appearing in pairs with opposite signs of vertical
velocity. However, the interpretation of near-wall structures using the Q-criterion must be treated
with caution, as this method can be susceptible to contamination by strong shear [64].

Furthermore, structures resembling hairpin vortices are identified originating within the vertical bound-
ary layer. These structures are transported upward along the wall until approximately z = 0.85, where
they are stretched and ejected into the bulk of the cavity. Following ejection, they continue to undergo
stretching until becoming sufficiently elongated, after which they are rapidly dissipated by viscous
effects. This reflects a surprisingly intense dissipation activity in the bulk region immediately adja-
cent to the boundary layer. This ejection process is observed to occur periodically, with a recurrence
time of approximately 10 time units. The robustness of these observations was validated by comput-
ing isosurfaces using the λ2 criterion, enstrophy, and the Ω criterion, all of which yielded consistent
topological results.

5.3 Local Analysis of Fully Turbulent Flow

5.3.1 Stationarity Test and Velocity PDF

The z-component of the velocity field exerts the most significant influence on the turbulence dynam-
ics, as it contributes to the bulk of the turbulent kinetic energy. Fluctuations in this component arise
directly from the mechanisms that sustain turbulence, such as Tollmien–Schlichting waves and buoy-
ancy. Therefore, the signals of w are processed using the open-source package developed by Fuchs et
al. [58] to locally investigate the turbulence inside the cavity. Two regions of interest are considered:
the location of maximum fluctuations and the cavity core. Based on the distributions shown in Fig-
ure 5.18 and 5.21, the chosen monitoring points for the analysis are C(x, y, z) = (0.125, 0.125, 0.5),
D(x, y, z) = (0.02, 0.125, 0.85), and E(x, y, z) = (0.02, 0.1875, 0.85).

Although the large-scale flow in the DHC is inherently anisotropic due to the confining walls and
the large-scale circulation, the application of HIT-based analysis at the selected monitoring points
is partially justified by Kolmogorov’s local isotropy hypothesis [26]. This hypothesis suggests that
small-scale motions tend toward isotropy at sufficiently high Reynolds numbers, regardless of large-
scale anisotropy. It is, however, acknowledged that the flow exhibits significant anisotropy at the
large scales, as evidenced by the TKE component ratios u′u′/w′w′ ≈ 0.6 and v′v′/w′w′ ≈ 0.4, which
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Figure 5.31: For fixed subdivisions, the mean, standard deviation, skewness, and kurtosis of the
vertical velocity signals for Ra = 1010 are plotted on the left, and the complete data itself is plotted
on the right. From top to bottom: Monitoring points C, D, and E.
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reflect the dominant role of the buoyancy-driven vertical velocity component. The HIT framework
is therefore employed as a theoretical reference rather than an exact description of the flow, and the
derived length scales should be interpreted within this context.

The signals are first tested for stationarity. The mean, standard deviation, skewness, and kurtosis are
computed over fixed time subdivisions and presented in the left panels of Figure 5.31. All statisti-
cal moments remain within a consistent range of values throughout the signal, with no systematic
temporal drift observed, suggesting that the flow has reached a statistically stationary state. The kur-
tosis, which is particularly sensitive to extreme events, exhibits slightly larger fluctuations than the
lower-order moments, a common feature in turbulent signals where intermittency is present. A longer
averaging window would be expected to further reduce these fluctuations.

The right panels of Figure 5.31 display the full time series of each signal, confirming the absence
of outliers or anomalous events that could undermine the stationarity assumption. Furthermore, the
chaotic nature of the signals of the monitoring points D and E relative to point C is clearly visible.
Finally, the probability density function (PDF) of the vertical velocity is plotted for each monitoring
point and compared to a Gaussian distribution with the same mean and standard deviation, as shown
in Figure 5.32. The data closely follow the normal distribution, which is consistent with the near-
Gaussian behavior of the velocity fluctuations expected in the bulk region of turbulent flows.
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Figure 5.32: Vertical velocity probability density functions for monitoring points (a) C, (b) D, and (c)
E. Ra = 1010. The gray dashed line corresponds to a Gaussian distribution with the same standard
deviation and mean value (vertical black dashed line) as the data.
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5.3.2 Energy and Dissipation Spectra

The energy spectral density (ESD) is computed by first removing the mean from the signal and then
applying a Fast Fourier Transform (FFT) to convert it from the time domain to the frequency domain.
The squared magnitude of the FFT is then normalized by the signal length and sampling frequency
to obtain the energy distribution across frequencies. Finally, only the positive frequencies are kept
and scaled appropriately to account for symmetry, resulting in the one-sided ESD. Additionally, the
spectrum is smoothed by grouping nearby frequency points into logarithmically spaced intervals and
replacing each group with its average value. For each interval, both the frequency and the spectral
energy are averaged, effectively reducing noise while preserving the overall spectral trend. The results
for each monitoring point are shown in Figure 5.33.

The ESD at the cavity center (monitoring point C) is strongly dominated by frequencies in the range
0.076 ≤ f ≤ 0.137, with the latter marking the energy peak, beyond which a sharp spectral cutoff
is observed. This is consistent with the oscillatory behavior of the cavity core driven by the Brunt–
Väisälä frequency N = 0.134, computed from a mean vertical temperature gradient ∂θ̄/∂z = 1.004

and Prandtl number Pr = 0.71 (see Equation 2.1). The close agreement between the dominant spec-
tral peak at f = 0.137 and N identifies the oscillation as an internal gravity wave sustained by the
stable stratification of the core region, consistent with the interpretation of Trias [23]. A secondary
peak (much smaller than the primary one) is also observed near f ≈ 2N . Furthermore, the high-
energy sub-peak frequencies f < N present in the spectrum coincide with those associated with
the periodic ejection of coherent structures from the vertical boundary layers discussed in subsec-
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Figure 5.33: Energy spectral density in the frequency domain for monitoring points (a) C, (b) D,
and (c) E. Ra = 1010. The red solid line corresponds to the averaged energy spectral density in the
frequency domain. The black dashed line (if present) corresponds to Kolmogorov’s f−5/3 prediction.
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tion 5.2.7, suggesting that the internal wave field is forced by this boundary-layer mechanism. This
aligns with the dispersion relation for internal gravity waves [65]:

ω = N cos θ, (5.1)

where θ is the angle between the direction of wave propagation and the vertical. This relation requires
the forcing frequency to satisfy ω ≤ N . The sharp cutoff at f = N is a direct consequence of this
relation; since no real propagating solutions exist for ω > N , waves with frequencies exceeding
the Brunt–Väisälä frequency become evanescent and cannot propagate in the stratified medium. The
internal gravity wave peak dominates the local energy budget by several orders of magnitude over
the broadband turbulent background, confirming that the cavity center is isolated from the boundary-
layer production regions that sustain the turbulent cascade. Nevertheless, a clear power-law decay is
observed for f ≳ 1, indicating that turbulent fluctuations are present but energetically subordinate to
the wave motion.

The ESDs at monitoring pointsD andE exhibit a more classical broadband turbulent character. A ref-
erence f−5/3 slope is included in Figure 5.33 to identify the inertial range. Although limited in extent,
a well-defined inertial range is discernible, confirming the turbulent nature of the flow at these loca-
tions. Both spectra display small peaks at frequencies consistent with those of the coherent-structure
ejection events identified at the injection scales, indicating the direct imprint of the boundary-layer
forcing on the bulk turbulence. Additionally, point D exhibits a secondary peak near the Brunt-
Väisälä frequency N = 0.134, suggesting that the influence of the stratified core and its associated
internal gravity wave field extend laterally beyond the cavity center.

As a precautionary measure, a low-pass filter was applied to all monitoring points using the Nyquist
frequency fN = f/2 as the cutoff, where f is the sampling rate; this represents the highest frequency
that can be faithfully reconstructed without aliasing. Since no significant numerical noise is observed
across the frequency range of interest, the filter produces no appreciable change in the spectra, veri-
fying the quality of the DNS signal. A residual spectral tail is observed beyond f ≈ 300, well within
the dissipation range where no physical structures are expected to survive. The energy levels in this
region are extremely low (E ≲ 10−13), several orders of magnitude below any dynamically relevant
content, and are attributed to finite-precision round-off accumulation inherent to the DNS. This tail
carries negligible energy and has no effect on any physically meaningful quantity derived from the
spectra.

Figure 5.34 shows the energy spectral density (upper panels) and the dissipation spectral density
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Figure 5.34: Energy spectral density (upper panels) and dissipation spectral density (lower panels)
with respect to wave number k. Ra = 1010. Left and right panels correspond to monitoring points
D and E, respectively. The vertical dashed lines indicate the low-pass filter frequency (Nyquist
frequency) in the wave number domain.

k2E(k) (lower panels) as functions of wavenumber k for monitoring points D and E. The conversion
from frequency to wavenumber, k = 2πf/⟨w⟩, is performed via Taylor’s frozen turbulence hypothesis
[66]. This conversion was not applied to monitoring point C, where the mean vertical velocity ⟨w⟩ is
negligibly small, rendering Taylor’s hypothesis invalid. The dissipation spectra exhibit well-defined
peaks near k ≈ 160 and k ≈ 105 for monitoring points D and E, respectively. Beyond these peaks,
the spectra decay rapidly and drop by several orders of magnitude well before their respective grid
cutoff wavenumbers (dashed lines), demonstrating that the dissipative scales are adequately resolved
by the DNS. A spurious upturn is observed in both dissipation spectra at k ≳ 104, which is attributed
to the processing method utilized or finite-precision round-off accumulation inherent to the DNS,
consistent with the spectral tail identified at energy levelsE ≲ 10−13. As this feature carries negligible
energy, it has no impact on any physically meaningful quantity derived from the spectra.

5.3.3 Characteristic Scales

Using the analytical methods offered in the open-source package [58], the characteristic length scales
of turbulence are calculated for monitoring points D and E, where the requirements of the underlying
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Table 5.3: Integral scale, Taylor scale, Reynolds number based on the Taylor scale, mean viscous
dissipation rate, and Kolmogorov scale for monitoring points D and E. Ra = 1010.

Monitoring point l λ Reλ ⟨ε⟩ η
D 2.8× 10−2 7.8× 10−3 34.9 6.3× 10−4 8.7× 10−4

E 2.3× 10−2 4.9× 10−3 21.4 7.0× 10−4 8.5× 10−4

hypotheses are sufficiently met. The median of the values obtained is chosen as the most represen-
tative length scale; results are presented in Table 2.1. The flow exhibits a well-defined multiscale
structure with adequate separation, approximately one order of magnitude, between the integral, Tay-
lor, and Kolmogorov scales, indicating an active energy cascade. The integral scale l is observed to
be of the order of the boundary layer thickness. The effect of the spanwise position between the two
points is more noticeable in the Taylor microscale values. The smaller value obtained for pointE may
be attributed to its proximity to the rear no-slip wall, which increases the magnitude of the velocity
gradients (reducing λ) and attenuates the vertical velocity fluctuations (reducing Reλ). The Taylor-
scale Reynolds numbers of 34.9 and 21.4 for monitoring points D and E, respectively, indicate that
the flow is turbulent but has not reached the fully developed regime in which an inertial cascade is
present but limited in extent. This is consistent with the energy spectral density plot in Figure 5.33,
where the identified inertial range is indeed narrow.

The mean viscous dissipation rate is of the same order at both monitoring points, indicating a rela-
tively uniform distribution of dissipative activity. A slightly higher value is observed near the wall
(point E), consistent with the enhanced velocity gradients induced by the no-slip boundary condition.
Kolmogorov microscale values (η) are found to be 8.7 × 10−4 and 8.5 × 10−4, based on the mean
dissipation rate, for monitoring points D and E, respectively. The similarity of these values suggests
that the dissipative scales are largely independent of the large-scale inhomogeneity, supporting the
local universality hypothesis.

These length scale estimates should be regarded as order-of-magnitude approximations. Specifically,
the validity of Taylor’s frozen-turbulence hypothesis is limited here: the turbulence intensity,

Ti =
σ

⟨w⟩
, (5.2)

where σ is the standard deviation and ⟨w⟩ is the mean vertical velocity, reaches values of 0.67 and
0.74 for points D and E, respectively. These values exceed the ideal Ti ≪ 1 condition, which is
known to stretch the range of validity for the hypothesis.
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To verify these estimates independently, the mean dissipation rate was also computed directly from
the velocity gradients presented in Figure 5.23. This yields ε = 5.1×10−3, resulting in a Kolmogorov
scale of η = 5.1 × 10−4, in satisfactory agreement with the signal-based estimates. While the maxi-
mum grid spacing reported in Table 4.2 might appear insufficient to fully resolve the smallest scales,
the Kolmogorov scale varies significantly across the domain. At the cavity center, where the grid is
coarsest, the local dissipation rate of ε = 2.4 × 10−7 yields η = 6.1 × 10−3, which is nearly double
the maximum grid spacing ∆xmax = 3.4 × 10−3. Furthermore, at the turbulent monitoring points D
and E, the maximum grid spacing ∆xmax = 4.0× 10−4 remains below the corresponding local Kol-
mogorov scale. As reliable second-order statistics typically require capturing the bulk of the viscous
dissipation, often achieved by resolving scales proportional to η [67], the spatial resolution is deemed
adequate throughout the domain

Finally, the time scale of the smallest structures is approximately 9 nondimensional time units at both
points, yielding a frequency of 0.111. This is significantly smaller than the acquisition frequency
of 2000 (∆t = 5 × 10−4, confirming that the temporal resolution is also sufficient to capture the
dynamics of the smallest resolved scales.

5.3.4 Boundary Layer Dynamics: Spectral Evolution and Flow Regimes

The vertical velocity signals are further studied to assess the transition through monoperiodic, quasiperi-
odic, and chaotic regimes within the vertical boundary layer. This study focuses on variations in the
dominant frequency of the energy spectral density plots in the vicinity of the vertical velocity maxima
at the wall-normal coordinate x = 0.005. The depth-wise coordinates are y = 0.125 and y = 0.1875,
while the vertical locations range from z = 0.05 to 0.95 in increments of 0.1. The ESDs are presented
in Figure 5.35.

At all heights, the averaged spectra exhibit a clean, steep power-law decay from approximately
f ≈ 0.3 to 1. The decay appears steeper than the classical Kolmogorov −5/3 inertial subrange,
which is expected in a wall-bounded, buoyancy-influenced flow where the energy-containing motions
are not fully isotropic and the turbulence has not reached a state of fully developed HIT.

The ESDs at the lower vertical positions (z = 0.05 and z = 0.15) exhibit a smooth and rapid roll-off
from a narrow energy-containing range into an exponential-like decay, with no clearly identifiable
dominant frequency. This behavior is attributed to the influence of the wall jets formed as the flow
impinges on the vertical wall from the bottom, prior to the development of boundary layer instabilities.
No significant depth-dependent differences are observed, except at z = 0.15, where a slightly steeper
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Figure 5.35: Energy spectral density in the frequency domain at x = 0.005, with y = 0.125 (left)
and y = 0.1875 (right). The z-coordinate (indicated in the title of each panel) ranges from z = 0.05
to 0.95 in increments of 0.1. The red solid line corresponds to the averaged energy spectral density.
Ra = 1010. (continued on the next page).

Turbulent Convective Flows in a Differentially Heated Cavity: A Global and Local Analysis 94



CHAPTER 5. RESULTS AND ANALYSIS 5.3. LOCAL ANALYSIS OF FULLY TURBULENT FLOW

100 102

f

10!15

10!10

10!5

E
z = 0.35

raw
averaged

100 102

f

10!15

10!10

10!5

E

z = 0.35

raw
averaged

100 102

f

10!15

10!10

10!5

E

z = 0.45

raw
averaged

100 102

f

10!15

10!10

10!5

E
z = 0.45

raw
averaged

100 102

f

10!15

10!10

10!5

E

z = 0.55

raw
averaged

100 102

f

10!15

10!10

10!5

E

z = 0.55

raw
averaged

Figure 5.35: (continued)
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Figure 5.35: (continued)
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Figure 5.35: (continued)

slope is found for y = 0.125 compared to y = 0.1875 at higher frequencies (f > 0.2).

At z = 0.25, distinct spectral peaks emerge at approximately f ∈ {0.3, 0.47, 1.08} for y = 0.125,
and at f ∈ {0.3, 0.4, 1.86} for y = 0.1875. Secondary peaks, likely representing harmonics of these
fundamental frequencies, are also present. A low-frequency component around f ≈ 0.07 is present
at both depth locations. The magnitude of these peaks increases at z = 0.35, suggesting a transition
toward a multimodal spectral state characterized by the coexistence of multiple discrete frequencies.

At mid-height positions (z = 0.45, 0.55, and 0.65), a peak at f ≈ 1.86 becomes more pronounced
for both spanwise coordinates, with its harmonics clearly visible. This signature points to a nonlinear
regime dominated by a single frequency. Notably, this frequency is approximately four times the
Tollmien–Schlichting wave frequency (fTS ≈ 0.47) identified in subsection 5.1.2. The absence of a
clearly resolved peak at fTS itself may be due to reduced spectral resolution as frequencies approach
the inverse of the sampling window.

At high-height locations (z > 0.75), the discrete peaks gradually vanish, being replaced by a broad-
band distribution characteristic of a chaotic signal. At z = 0.85 and z = 0.95, a limited inertial range
is discernible, exhibiting a slope approaching Kolmogorov’s −5/3 scaling.

The averaged spectra extend smoothly to high frequencies (f ∼ 102), confirming that the DNS res-
olution adequately captures the dissipative scales. Spurious high-frequency tails (f ∼ 103) observed
at y = 0.1875 for vertical locations z = 0.65 and 0.75 are likely numerical noise; however, these
carry negligible energy. Importantly, the consistency between peak locations in the raw and averaged
spectra confirms that the dominant frequencies are reliably identified.
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Conclusions

This work investigated the turbulent convective flow in a three-dimensional differentially heated cav-
ity of aspect ratio 4, employing no-slip boundary conditions at the front and rear walls. Direct numer-
ical simulations were performed using the Nek5000 spectral element solver. The objectives were
to determine the critical Rayleigh number for the first bifurcation, characterize the turbulent regime,
identify the mechanisms governing the generation and dissipation of coherent structures, and verify
the role of Tollmien–Schlichting waves.

The analysis of the first Hopf bifurcation identified critical Rayleigh numbers of Rac = 2.834 × 108

and Rac = 2.840 × 108, significantly higher than the value reported for periodic boundary condi-
tions [18]. This demonstrates the dissipative effect of the front and rear walls. Since these boundary
conditions represent the physical behavior of real boundaries more closely, the results are more rep-
resentative and enable more direct comparison with experimental observations.

For the turbulent case at Ra = 1010, the mesh resolution was shown to adequately capture both
the viscous sublayer and the Kolmogorov scales. The mean temperature field exhibited a vertical
gradient of unity in close agreement with periodic-boundary results [11], indicating that discrepancies
with experiments are unlikely due to boundary conditions and are more plausibly linked to thermal
radiation effects. Consistently, the same Brunt–Väisälä frequency is obtained in the cavity core for
both boundary condition approaches. Global heat transfer is slightly reduced compared to periodic
boundary conditions, as reflected by the lower global Nusselt number at the hot wall [11], while
remaining primarily governed by the main recirculation cell.

The flow does not exhibit a fully developed turbulent boundary layer, as indicated by the relatively

Turbulent Convective Flows in a Differentially Heated Cavity: A Global and Local Analysis 98



CHAPTER 6. CONCLUSIONS

low friction Reynolds number and the absence of a logarithmic region. A clear progression with
increasing height is observed, from an apparent multimodal regime near the wall to a monoperiodic
state that could be associated with Tollmien–Schlichting waves, and ultimately to fully turbulent
behavior in the downstream region of the boundary layer. The monoperiodic state is dominated by a
frequency approximately four times higher than that expected for TS waves. This discrepancy may
reflect spectral aliasing or limitations in the time-series length, which may hinder the resolution of
low-amplitude, high-frequency content embedded within the broadband turbulent background.

Turbulence is characterized by a region of high activity located in the boundary layer detachment
region, where the vertical velocity component is the primary contributor to turbulent kinetic energy.
In this region, the turbulent kinetic energy and the mean viscous dissipation rate are weakly correlated.
The production of turbulence is dominated by shear, while buoyancy contributes at lower rates and
locally acts as a sink in some regions. This high-activity region, despite exhibiting characteristic
statistical signatures of turbulence, such as the teardrop morphology of the Q–R joint PDF, remains
strongly influenced by wall effects, as evidenced by the PDFs of the QS and QW invariants and by
the vorticity alignment with the eigenvectors of the rate-of-strain tensor. Spectral analysis at this
location exhibits a classical broadband turbulent character; however, only a limited inertial subrange
is observed, within which the Kolmogorov −5/3 slope can be identified. This, combined with a
moderate Reynolds number based on the Taylor microscale, indicates that the flow is turbulent but
has not reached the fully developed state with an extended energy cascade.

Coherent structures originate within the vertical boundary layer, are transported upward, and are
periodically ejected into the cavity core, where they rapidly dissipate. The ejection location (z ≈ 0.83)
is consistent with the region of maximum Nusselt number variance. Spectral analysis further reveals
internal gravity wave motion at the Brunt–Väisälä frequency within the stratified core, driven by the
periodic ejection of these structures from the boundary layer.

Despite these findings, several methodological limitations remain. Thermal radiation was not con-
sidered, and its inclusion is likely necessary for precise quantitative agreement with experiments
[20, 47]. The identification of the critical Rayleigh number may be affected by residual transients in
the monitored signals, and longer integration times would further refine the bifurcation thresholds.
Time-averaged statistics are computed over a finite interval, meaning that statistical convergence of
the fields is not fully guaranteed, particularly for higher-order moments. The analysis of coherent
structures focused primarily on large-scale ejection dynamics, and the interaction between structures
of different sizes was not systematically examined, partly due to the known sensitivity of isosurface-
based methods to the Q-criterion threshold. Finally, Taylor’s frozen turbulence hypothesis and the
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local isotropy assumption are not strictly satisfied throughout the cavity: the former being question-
able in the core, where the mean vertical velocity is near zero, and the latter given the anisotropy
observed in the boundary layer, introducing uncertainties that should be borne in mind when inter-
preting the results. Proposed technical improvements include:

• Consistency in initial conditions: Using identical initial conditions across all cases would
enable a more accurate comparison of temperature variance and transient evolution.

• Objective vortex identification: Implementing third-order methods such as Liutex or Ror-
tex [64], which are threshold-independent, would remove the ambiguity associated with Q-
criterion.

• Statistical convergence: Extending integration times for the turbulent case would improve the
convergence of higher-order moments and enhance low-frequency spectral resolution.

This work opens several directions for future investigation. The analysis should be extended to higher
Rayleigh numbers, such asRa = 3×1010 andRa = 1011, and explore different aspect ratios to assess
the generality of these findings. Incorporating thermal radiation modeling and a dedicated analysis of
the thermal boundary layer structure remain key priorities.

The present results contribute to the understanding of turbulent natural convection in confined geome-
tries, a configuration of both fundamental and practical relevance. The DNS dataset produced here
provides a reference for the validation and development of turbulence models in buoyancy-driven
flows, where standard closure models developed for shear-driven turbulence are known to perform
poorly.

To conclude, a differentially heated cavity, however simple in geometry, represents a remarkably com-
plex physical problem. This study constitutes a small step in the long journey toward understanding
the mechanisms of turbulence: a challenge that continues to resist complete description. It is a puzzle
that we must continue to pursue, slowly unraveling the mysteries that nature has quietly kept from us.
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[43] J. Jiménez, “Coherent structures in wall-bounded turbulence,” J. Fluid Mech., vol. 842, P1,
2018.

[44] A. K. M. F. Hussain, “Coherent structures and turbulence,” J. Fluid Mech., vol. 173, pp. 303–
356, 1986.

[45] D. Gray and A. Giorgini, “The validity of the Boussinesq approximation for liquids and gases,”
Int. J. Heat Mass Transf., vol. 19, no. 5, pp. 545–551, 1976.

[46] H. Mlaouah, T. Tsuji, and Y. Nagano, “A study of non-Boussinesq effect on transition of ther-
mally induced flow in a square cavity,” Int. J. Heat Fluid Flow, vol. 18, no. 1, pp. 100–106,
1997.

[47] M. Bouafia, S. Hamimid, and M. Guellal, “Non-Boussinesq convection in a square cavity with
surface thermal radiation,” Int. J. Therm. Sci., vol. 96, pp. 236–247, 2015.

[48] A. Bejan, Convection Heat Transfer, 4th ed. Hoboken, NJ, USA: John Wiley & Sons, 2013,
pp. 233–241.

Turbulent Convective Flows in a Differentially Heated Cavity: A Global and Local Analysis 104



[49] F. Dabbagh, F. X. Trias, A. Gorobets, and A. Oliva, “On the evolution of flow topology in
turbulent Rayleigh–Bénard convection,” Phys. Fluids, vol. 28, no. 11, p. 115105, 2016.

[50] M. S. Chong, A. E. Perry, and B. J. Cantwell, “A general classification of three-dimensional flow
fields,” Physics of Fluids A, vol. 2, no. 5, pp. 765–777, 1990.

[51] P. Fischer, J. Lottes, and S. Kerkemeier, “NEK5000: Open source spectral element CFD solver,”
2016. [Online]. Available: http://nek5000.mcs.anl.gov. [Accessed: Nov. 02, 2025].

[52] A. Patera, “A spectral element method for fluid dynamics: Laminar flow in a channel expansion,”
J. Comput. Phys., vol. 54, pp. 468–488, 1984.

[53] S. Pirozzoli and P. Orlandi, “Natural grid stretching for DNS of wall-bounded flows,” J. Comput.

Phys., vol. 439, p. 110408, May 2021.

[54] S. H. Strogatz, Nonlinear Dynamics and Chaos: With Applications to Physics, Biology, Chem-

istry, and Engineering, Boca Raton, FL, USA: CRC Press, Taylor & Francis Group, 2018,
pp. 251–257.

[55] R. Vinuesa, L. Fick, P. Negi, O. Marin, E. Merzari, and P. Schlatter, “Turbulence statistics in a
spectral element code: A toolbox for high-fidelity simulations,” OSTI OAI, U.S. Dept. Energy,
Feb. 2017.

[56] A. Ooi, J. Martin, J. Soria, and M. S. Chong, “A study of the evolution and characteristics of the
invariants of the velocity-gradient tensor in isotropic turbulence,” Phys. Fluids, vol. 11, no. 2,
pp. 329–343, 1999.

[57] C. Liu, Y. Gao, X. Dong, Y.-Q. Wang, J. Liu, Y.-N. Zhang, X.-S. Cai, and N. Gui, “Third
generation of vortex identification methods: Omega and Liutex/Rortex based systems,” J. Hy-

drodynamics, vol. 31, no. 2, pp. 205–223, 2019.

[58] A. Fuchs, S. Kharche, A. Patil, J. Friedrich, M. Wächter, and J. Peinke, “An open source package
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Appendix A

Numerical Methodology

A.1 Discretization of Governing Equations

Since no general analytical solution exists for the governing equations, numerical simulation becomes
essential for resolving the complexity of the flow. For clarity, the following derivation is presented
in one dimension. The same procedure generalizes directly to two- and three-dimensional domains.
Consider a system of the form:{

L(v) = 0

v|Γ = v0, v : Ω → Rn, Γ ⊂ ∂Ω
(A.1)

with its corresponding initial and boundary conditions, where v(x, t) is the unknown function. A
discrete approximation can be constructed by expanding the solution in a finite set of basis functions:

vN(x, t) =
N∑
k=0

vk(t)ϕk(x), (A.2)

where vk(t) are the expansion (interpolation) coefficients and ϕk(x) are the base functions. The choice
of these trial functions defines the numerical method:

• Finite Differences Method: Characterized by pointwise support, typically utilizing the cardi-
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nal functions associated with the grid points:

ϕk(x) = δ(x− xk) =

{
1, x = xk

0, x ̸= xk.
(A.3)

• Finite Volume Method (FVM) and Finite Elements Method (FEM): Characterized by com-
pact support. A representative example is:

ϕk(x) =

{
1, x ∈ [xk, xk+1]

0, x /∈ [xk, xk+1],
(A.4)

Although in practice, FEM uses piecewise-polynomial basis functions and FVM employs control-
volume indicator functions.

• Spectral Method: Characterized by global support. ϕk are typically trigonometric or orthogo-
nal polynomials defined over the entire domain.

Each method provides distinct strategies for discretizing partial differential equations. Finite differ-
ence schemes are straightforward to implement and computationally efficient on structured grids, but
they struggle with complex geometries and irregular boundaries. Finite element methods offer excel-
lent geometric flexibility, rigorous variational foundations; however, they present certain limitations
when implementing high-order schemes and they require more elaborate meshing and assembly pro-
cedures. Finite volume methods enforce local conservation laws by construction, making them well
suited for fluid dynamics and hyperbolic problems, but they can be less accurate on highly irregular
meshes unless carefully formulated. Spectral methods achieve extremely high accuracy for smooth
solutions through global basis functions, yet their efficiency deteriorates in the presence of disconti-
nuities or complicated geometries.

An attractive alternative is the Spectral Element Method, proposed by Patera [52], which combines
the geometric flexibility of finite elements with the high-order accuracy of spectral approximations,
providing an appealing compromise that delivers superior accuracy on complex domains while main-
taining good computational efficiency.

A.1.1 Strong and Weak Formulations of Differential Equations

The equations in 3.8 are expressed in their strong form, meaning that the PDE must hold pointwise
in the entire spatial domain and for all times. To obtain the corresponding weak form, one instead
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requires that the PDE be satisfied in an averaged sense over a suitable Sobolev space H1
0(Ω) of test

functions. This is achieved by multiplying the governing equation by an arbitrary test function ψ(x),
integrating over the spatial domain Ω (at each time), and applying integration by parts where appro-
priate. For the system, L(v) = 0 this corresponds to:

˚

Ω

ψL(v)dV = 0. (A.5)

The weak form lowers the differentiability requirements on the solution, incorporates natural bound-
ary conditions more cleanly, and provides a framework suitable for numerical methods. It is easily
noted that L(v) = 0 when v is the exact solution. For a numerical approximation vN typically results
in a residual R = L(vN). The objective is therefore to reduce the residual such that:

˚
Ω

ψL(vN) dV =

˚
Ω

ψR dV ≈ 0. (A.6)

In both the finite element and finite volume methods, the computational domain is partitioned into M
subdomains Ωm. This leads to

˚
Ω

ψL(v) dV =
M∑

m=1

˚
Ωm

ψm L(v) dV, (A.7)

which allows the equations to be solved piece by piece over the domain. In particular, in the Galerkin
method, the test function ψ is represented by the same set of trial functions ϕk:

ψk(x) = ϕk(x). (A.8)

Considering the inner product notation:

ˆ
Ω

fg dΩ = (f, g)Ω (A.9)
˛
Γ

fg n dΓ = (f, g)Γ, (A.10)
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the governing equations (in one-dimensional form) can be rewritten in their weak form as:

(ψ,∇ · u)Ω = 0,

∂

∂t
(ψ, u)Ω + (ψ, u · ∇u)Ω = −(ψ, p)Γ + (∇ψ, p)Ω +

Pr√
Ra

{(ψ,∇u)Γ − (∇ψ,∇u)Ω}

+ Pr (ψ, θ)Ω,

∂

∂t
(ψ, θ)Ω + (ψ, u · ∇θ)Ω =

1√
Ra

{(ψ,∇θ)Γ − (∇ψ,∇θ)Ω} .

(A.11)

A.1.2 Choice of Basis Functions

The choice of basis functions plays a central role in determining the accuracy, stability, and efficiency
of a numerical discretization. In the modal formulation, the basis functions are predefined and the
unknowns are the expansion coefficients. In contrast, the nodal formulation uses the values of the
solution at selected nodes as coefficients, requiring the basis to be constructed accordingly. Each ap-
proach offers distinct advantages and properties, motivating a careful selection of the basis functions
used in the discretization.

Modal Basis: Legendre Polynomials

In the modal formulation, Legendre polynomials Lk are commonly employed due to their orthogonal-
ity and favorable convergence properties. These polynomials are solutions of the Legendre differential
equation:

d

dx

[
(1− x2)

dLk

dx

]
+ k(k + 1)Lk(x) = 0, x ∈ [−1, 1], (A.12)

where k is the polynomial degree. They can be obtained either recursively through the Bonnet’s
recursion formula [68]:

(k + 1)Lk+1(x) = (2k + 1)xLk(x)− kLk−1(x), L0(x) = 1, L1(x) = x, (A.13)

or by using Rodrigues’ formula [69]:

Lk(x) =
1

2kk!

dk

dxk
[
(x2 − 1)k

]
. (A.14)
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Legendre polynomials are orthogonal with respect to the L2 inner product

ˆ 1

−1

Lk(x)Lm(x) dx =
2

2k + 1
δkm, (A.15)

which ensures that each mode contributes independently to the solution expansion.

Nodal Basis: Lagrange Polynomials

The nodal formulation often relies on Lagrange polynomials, which are constructed to take the value
1 at a specific node and 0 at all others. Given a set of N + 1 nodes {xi}Ni=0 within the domain, the
Lagrange polynomial associated with node xj is defined as:

ℓj(x) =
N∏
i=0
i ̸=j

x− xi
xj − xi

. (A.16)

By construction, these polynomials satisfy the nodal property ℓj(xi) = δij , which allows the solution
to be represented directly by its values at the nodes:

uN(x) =
N∑
j=0

ujℓj(x), (A.17)

where uj = u(xj). Lagrange polynomials are particularly suitable for collocation and interpolation-
based methods. Their main characteristics include the ability to exactly interpolate polynomials of
degree up to N and the flexibility to choose non-uniform nodes (e.g., Gauss–Lobatto or Chebyshev
points) to improve stability and reduce Runge’s phenomenon at higher degrees.

In particular, Gauss–Lobatto–Legendre (GLL) collocation points are obtained by finding the N + 1

roots of the polynomial (1 − x2)L′
N(x), where L′

N is the derivative of the Legendre polynomial of
order N . When the nodes coincide with the GLL points, the nodal basis functions also become or-
thogonal with respect to the discrete inner product defined at these nodes. This effectively reproduces
the orthogonality properties of modal expansions, thereby enhancing both the accuracy and numerical
stability of the method.
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A.2 Nek5000 Numerical Framework

A.2.1 Spectral Element Formulation

The Navier–Stokes equations are reformulated in the weak form using a Galerkin projection for each
spectral element, with test and trial functions selected from distinct polynomial spaces. Because
the use of a collocated grid for pressure and velocity can result in spurious coupling modes [70], a
PN − PN−2 formulation is utilized. In this framework, the velocity and temperature fields are ap-
proximated using N th-degree Lagrange interpolants defined at Gauss–Lobatto–Legendre quadrature
points, while the pressure field is approximated with (N − 2)th-degree Lagrange interpolants defined
at Gauss–Legendre quadrature points. Consequently, Equation A.11 can be rewritten as:

(ψ,∇ · u)GLL = 0,

∂

∂t
(ψ, u)GLL + (ψ, u · ∇u)GLL = (∇ψ, P )GL +

Pr√
Ra

[
(ψ,∇u)GLL,Γ − (∇ψ,∇u)GLL

]
+ Pr (ψ, θ)GLL,Γ,

∂

∂t
(ψ, θ)GLL + (ψ, u · ∇θ)GLL =

1√
Ra

{(ψ,∇θ)GLL,Γ − (∇ψ,∇θ)GLL} .

(A.18)

The subscriptsGLL andGL denote integrations computed using Gauss–Lobatto–Legendre and Gauss–
Legendre quadratures, respectively. This scheme satisfies the Inf-Sup or Ladyzhenskaya–Babuška–
Brezzi condition, spurious modes in the pressure field [71, 52]. A significant implication of the
PN − PN−2 formulation is that the Gauss–Legendre basis used for the pressure field contains no
quadrature points on the boundaries of the spectral elements. Consequently, the pressure is not con-
strained to be continuous across element interfaces and possesses no boundary degrees of freedom.
This property eliminates the need for explicit boundary conditions for the pressure Poisson equation,
as the formulation naturally accommodates a discontinuous pressure field. This explains why the
boundary contribution from the pressure term in the continuous weak formulation (Equation A.11)
vanishes upon discretization. In this framework, velocity, temperature, and pressure are discretized
using the following basis functions:

u(x, t) =
N∑
i=0

ui(t)ψi(x), (A.19)

θ(x, t) =
N∑
i=0

θi(t)ψi(x), (A.20)
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p(x, t) =
N−2∑
i=0

pi(t)ψi(x), (A.21)

where ui, θi, and pi are the nodal values of velocity, temperature, and pressure at the i-th node, respec-
tively. Given that testing each basis function ψj is equivalent to testing with any linear combination
of them, Equation A.18 may be expressed in the following equivalent compact matrix formulation:

Aji ui(t) = 0, (A.22)

Mij
∂ûj
∂t

+ Aij(u(t))uj(t) = Aij Pj(t)−
Pr√
Ra

Dij uj(t) + PrMij θj(t), (A.23)

Mij
∂θj
∂t

+ Aij(u(t)) θj(t) = − 1√
Ra

Dij θj(t), (A.24)

where:

Aji =

ˆ
Ω

ψj(x)
∂ψi(x)

∂x
dΩ ≈

N∑
k=0

ψj(xk)
∂ψi(xk)

∂x
wk =

N∑
k=0

δjk
∂ψi(xk)

∂x
wk =

∂ψi(xj)

∂x
wj, (A.25)

Mij =

ˆ
Ω

ψj(x)ψi(x) dΩ ≈
N∑
k=0

ψj(xk)ψi(xk)wk =
N∑
k=0

δjk δik wk = δijwi, (A.26)

Aji(u(t)) =

ˆ
Ω

ψj(x)
∑
k

ψk(x)uk(t)
∂ψi(x)

∂x
dΩ ≈

N∑
l=0

ψj(xl)
∑
k

ψk(xl)uk(t)
∂ψi(xl)

∂x
wl

=
N∑
l=0

δjl ul(t)
∂ψi(xl)

∂x
wl = uj(t)

∂ψi(xj)

∂x
wj,

(A.27)

Dij =

ˆ
Ω

∂ψj(x)

∂x

∂ψi(x)

∂x
dΩ ≈

N∑
k=0

wk
∂ψj(xk)

∂x

∂ψi(xk)

∂x
. (A.28)

The weights wk are derived from the Gauss–Lobatto–Legendre (GLL) quadrature rule. This scheme
is based on the property that GLL collocation points enable the exact numerical integration of poly-
nomials of degree up to 2N−1 [72]. Accordingly, the integral of a function f over a physical element
[x0, x1] is approximated as: ˆ x1

x0

f(x) dx ≈
N∑
k=0

ρk f(ξk) |J |, (A.29)
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where |J | is the Jacobian determinant of the affine mapping:

T : [x0, x1] −→ [−1, 1], x 7−→ ξ = T (x), (A.30)

and ρk are the quadrature weights, given by

ρGLL
k =

2

N(N + 1)
[
lN(ξk)

]2 k = 0, . . . , N. (A.31)

For GLL collocation points. Then:
wk = ρk|J | (A.32)

Although the operator symbol Aij is retained for notational convenience in Equation A.25, its ap-
plication to the pressure field requires the associated inner product (∇ψj, p) o be evaluated using
Gauss–Legendre (GL) quadrature. The corresponding quadrature weights are given by:

ρGL
k =

2

(1− ξ2k) [l
′
N−1(ξk)]

2
, k = 0, . . . , N − 2, (A.33)

A.2.2 Time Integration

For time integration, the non-linear (NL) convective terms are integrated explicitly using a third-order
extrapolation scheme (EXT3) while the linear terms are discretized using a third-order backward
differentiation formula (BDF3). This combined approach is referred to as the BDF3/EXT3 scheme:

NL
(
ηn+1

)
≈

3∑
k=1

αkNL
(
ηn+1−k

)
(A.34)

∂η

∂t
≈

3∑
k=0

βkη
n+1−k (A.35)

where αk, βk are the corresponding coefficients of third-order Adam-Bashforth (explicit scheme) and
Adam-Moulton (implicit scheme), respectively. See Table A.1 for the corresponding coefficients. The
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Table A.1: Coefficients for the BDF3/EXT3 scheme [72].

k 0 1 2 3
αk 0 23/12 −16/12 5/12
βk 5/12 8/12 −1/12 0

resulting system can be expressed as a linear system of Helmholtz equations:
−A 0 0(

M β0

∆t
+ Pr√

Ra
D
)

−AT −PrM

0 0
(
M β0

∆t
+ 1√

Ra
D
)

 un+1

pn+1

θn+1

 =

 0

− 1
∆t

∑k
m=1 βmMun+1−m −

∑k
m=1 αmA(un+1−m)un+1−m

− 1
∆t

∑k
m=1 βmMθn+1−m −

∑k
m=1 αmA(un+1−m)θn+1−m


(A.36)

It is important to note that using this integration scheme decouples the energy equation from the rest
of the system.

A.2.3 Fractional Step Method

The system is solved using a fractional-step method, in which the temperature, velocity, and pressure
fields are computed in separate steps. First, the temperature field and an intermediate prediction of
the velocity are obtained by solving the Helmholtz equations using the pressure from the previous
time step:  (M β0

∆t
+ Pr√

Ra
D
)

−PrM

0
(
M β0

∆t
+ 1√

Ra
D
) ( u∗

θn+1

)
=

(
− 1

∆t

∑k
m=1 βmMun+1−m −

∑k
m=1 αmA(un+1−m)un+1−m +ATpn

− 1
∆t

∑k
m=1 βmMθn+1−m −

∑k
m=1 αmA(un+1−m)θn+1−m

)
.

(A.37)

Then, a pressure correction is computed:

pn+1 = pn + δp (A.38)
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un+1 = ∆tM−1AT δp+ u∗. (A.39)

And to ensure a divergence-free velocity field, multiplying the previous equation by A leads to a
Poisson equation for the correction of pressure:

AM−1AT δp = − 1

∆t
Au∗. (A.40)

A.2.4 Generalized Minimal Residual Method

The resulting linear system of equations is then solved using the generalized minimal residual method
(GMRES) for velocity and temperature. Considering the n × n linear system Ax = b, the GMRES
method finds approximate solutions x̃ belonging to a lower-dimensional Krylov subspace Km of order
m, which is generated by the matrix A and vector b:

Km(A, b) = span{b,Ab,A2b, ...,Am−1b}. (A.41)

If the matrix A is nonsingular, the exact solution for x is guaranteed to lie in a Krylov subspace
[73]. However, an acceptable approximation can be obtained for a given tolerance long before the
exact solution is found, particularly when effective preconditioning is employed [74]. The method
minimizes ||b − Ax||2 using the Arnoldi iteration. An (m + 1) × m upper Hessenberg matrix and
an (n × m) orthonormal matrix V m whose columns represent an orthonormal basis of the Krylov
subspace Km(A, b) are constructed, satisfying:

AV m = V m+1H̄m. (A.42)

At iteration m, the approximate solution is sought within the Krylov subspace and written as

x̃ = V mỹ, (A.43)

with
ỹ = arg min

y∈Rm
||e1||b|| − H̄my||2, (A.44)

where e1 = (1, 0, 0, ..., 0)T ∈ Rm+1 is the first vector of the standard basis. This linear least-squares
problem is efficiently solved using Givens rotations to transform the Hessenberg matrix H̄m into the
(m+ 1)×m matrix R̄m = Gm...G2G1H̄m that is an upper triangular matrix with an added row of
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zeros. The minimization problem becomes

ỹ = arg min
y∈Rm

||γm − R̄my||2, (A.45)

where γm = Gm...G2G1e1||b||, allowing the residual to be monitored and convergence to be as-
sessed without explicitly computing the full solution at every iteration. Once the convergence cri-
terion is met, the final approximate solution is recovered by solving a small least-squares problem
followed by backward substitution.

The pressure Poisson equation is solved using the GMRES method combined with a Schwarz-based
preconditioner, an efficient domain decomposition technique originating from Schwarz’s alternating
method. In this approach, the global computational domain is decomposed into partially overlapping
subdomains, on which local problems are solved independently and combined iteratively to construct
the global solution. While a one-level Schwarz preconditioner efficiently reduces high-frequency (lo-
cal) error components, its convergence deteriorates as the number of subdomains increases due to
the persistence of low-frequency (global) error modes. To address this limitation, a two-level pre-
conditioner is employed by incorporating a coarse-grid correction, which captures global information
by solving an auxiliary problem on a reduced spectral element mesh [75]. The combination of two
overlapping Schwarz solvers with a coarse-grid correction, referred to as SEMG (Spectral Element
Multigrid), effectively couples all subdomains at each iteration and significantly accelerates the con-
vergence of the GMRES solver.
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Appendix B

Slices of Average Velocity Components

This appendix presents slices of the time-averaged velocity components for the simulation of Ra =

1010 discussed in chapter 5, subsection 5.2.1.
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Figure B.1: Slices of average x-velocity component for Ra = 1010, (left) y = 0.125 and (right)
x = 0.125.
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Figure B.2: Slices of average y-velocity component for Ra = 1010, (left) y = 0.125 and (right)
x = 0.125.
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Figure B.3: Slices of average z-velocity component for Ra = 1010, (left) y = 0.125 and (right)
x = 0.125.
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