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Abstract

For NP-hard problems like Pseudo-Boolean Optimization (PBO), solver performance
varies dramatically across instances, making algorithm selection a critical bottleneck.
Current Automatic Algorithm Selection (AAS) systems for PBO depend primarily
on static problem features, ignoring crucial dynamic information. In contrast, AAS
for Boolean Satisfiability (SAT) has demonstrated that “probing" features, gathered
from short solver runs, are essential for making high-quality, time-sensitive predic-
tions.
This thesis addresses this gap by systematically integrating and evaluating probing
features within AAS frameworks for PBO. The study investigates their effective-
ness across multiple machine learning paradigms, including regression-based models,
multiclass and multilabel classification approaches, and a novel hybrid framework
that combines predictive and decision-oriented strategies. The outcome of this in-
vestigation is MetaPB, a new open-source meta-solver that leverages both static and
probing features to improve solver selection performance.
Extensive empirical evaluation on benchmark instances from the 2024 PBO Competi-
tion demonstrates that MetaPB consistently outperforms the best individual solver
in the portfolio. Furthermore, despite relying exclusively on open-source solvers,
MetaPB narrows the performance gap to leading commercial systems and achieves
results competitive with Gurobi. Beyond advancing the state of the art in AAS for
PBO. This study not only establishes a new state of the art for AAS in PBO but also
challenges the prevailing view of algorithm selection for PBO as a purely classification
task, highlighting the effectiveness of hybrid, regression-informed approaches.
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Resumen

Para problemas NP-hard como la Optimización Pseudo-Booleana (PBO), el rendimiento
de los solvers varía drásticamente entre instancias, lo que convierte la selección de
algoritmos en un cuello de botella crítico. Los sistemas actuales de Selección Au-
tomática de Algoritmos (AAS) para PBO dependen principalmente de característi-
cas estáticas del problema, ignorando información dinámica crucial. En contraste,
la AAS para Satisfacibilidad Booleana (SAT) ha demostrado que las características
de dinámicas (probing), obtenidas a partir de ejecuciones cortas de los solvers, son
esenciales para realizar predicciones de alta calidad y sensibles al tiempo.

Esta tesis aborda esta brecha mediante la integración y evaluación sistemática de
características de probing dentro de marcos de AAS para PBO. El estudio investiga su
efectividad a través de múltiples paradigmas de aprendizaje automático, incluyendo
modelos basados en regresión, enfoques de clasificación multiclase y multietiqueta,
y un nuevo marco híbrido que combina estrategias predictivas y orientadas a la
decisión. El resultado de esta investigación es MetaPB, un nuevo meta-solver de
código abierto que aprovecha tanto características estáticas como de probing para
mejorar el rendimiento en la selección de solvers.

Una evaluación empírica exhaustiva sobre instancias de la Competencia PBO
2024 demuestra que MetaPB supera consistentemente al mejor solver individual
del portafolio. Además, a pesar de basarse exclusivamente en solvers de código
abierto, MetaPB reduce la brecha de rendimiento con respecto a solvers comerciales
y alcanza resultados competitivos con Gurobi. Más allá de avanzar el estado del
arte en AAS para PBO, este estudio no solo establece un nuevo referente en la
selección automática de algoritmos para PBO, sino que también cuestiona la visión
predominante de la selección de algoritmos para PBO como una tarea puramente de
clasificación, destacando la eficacia de enfoques híbridos informados por regresión.
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Chapter 1

Introduction

Automatic Algorithm Selection (AAS) is to automatically choose the most effective
algorithm from a portfolio collection of solvers for a given problem instance. Since
its formal inception by Rice in 1976 [54], this field has evolved considerably, demon-
strating practical impact across numerous domains including Boolean Satisfiability
(SAT) [50, 63], Pseudo-Boolean Optimization (PBO) [53], the Traveling Salesperson
Problem (TSP) [33, 40], and various other NP-hard problems [34, 60]. The core
principle is that no single algorithm performs optimally across all problem instances,
which has motivated sophisticated selection strategies that can significantly improve
overall performance compared to any single solver. These strategies enable the de-
sign of meta-solvers, which utilize the solvers in the portfolio by selecting, combining,
or configuring them based on the specific input instance features.

Most AAS systems use machine learning (ML) techniques to recommend a solver
for a given instance [39, 59]. These approaches receive features that describe the
instance and learn the patterns that map these features to solver performance. The
quality of the features is essential for guaranteeing good generalization performance
on unseen instances. In the domain of PBO, which generalizes SAT by incorpo-
rating an objective function and pseudo-Boolean constraints, current algorithm se-
lection approaches have predominantly relied on static features. These features are
extracted directly from the problem formulation and offer structural insights but lack
information on solver behavior. In contrast, the SAT community has demonstrated
that probing features [8, 37, 39], obtained by briefly running solvers and recording
their behavior, offer crucial additional information that significantly improves selec-
tion performance, especially in scenarios with tight time budgets. This insight has
not been exploited in the PBO domain until now.

This thesis advances the state of the art in Automatic Algorithm Selection (AAS)
for Pseudo-Boolean Optimization (PBO) along several dimensions. First, it intro-
duces a comprehensive set of probing features derived from short executions of two
complementary solvers: a Conflict-Driven Clause Learning (CDCL) PBO solver and
a Branch-and-Bound (BnB) solver. These features are effective in capturing solver
behavior characteristics that static features alone cannot, and they improve upon
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previously proposed probing features taken from the SAT domain.
Second, this work provides a systematic empirical comparison of alternative ma-

chine learning formulations for algorithm selection in PBO, including regression,
multiclass classification, multilabel classification, and a hybrid approach combining
regression with multilabel predictions. The experimental results consistently show
that regression models, which predict the performance of each solver and then select
the best one, outperform direct classification approaches that attempt to identify
the best solver directly. Moreover, a hybrid approach that incorporates information
about whether a solver can solve an instance to optimality has achieved the best
results overall. Given the prevalence of classification approaches in the literature,
these findings suggest re-evaluating common assumptions about the best way to
frame AAS in PBO.

Finally, this thesis presents MetaPB, an open-source meta-solver that implements
the best-performing combination of features and learning formulations identified in
our study. MetaPB integrates both static and probing information. Empirical eval-
uation on a diverse benchmark set demonstrates that MetaPB significantly outper-
forms previous AAS and the best individual solver in the portfolio, both in terms
of the number of optimally solved instances and overall solution quality. It also
surpasses the best solver from the 2024 PBO competition and achieves performance
competitive with commercial tools such as Gurobi, while relying exclusively on open-
source solvers.

1.1 Hypothesis

The central hypothesis of this thesis is that using dynamic features in AAS for PBO
results in a lower m̂st , indicating a closer approximation to VBS performance than
relying only on static features.

1.2 Objectives

The general objective of this work is to develop an Automatic Algorithm Selection
(AAS) system for Pseudo-Boolean Optimization (PBO) that integrates dynamic fea-
tures extracted from solver behavior during the early stages of execution in order to
improve meta-solver performance according to the m̂st metric.

The specific objectives associated with this thesis project are:

1. Update the algorithm selection benchmark for Pseudo-Boolean Optimization
(PBO) by incorporating recent instances and solvers, including participants
from the PBO 2024 competition.

2. Identify and analyze a set of dynamic features relevant to PBO instances.

2
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3. Design and train a machine learning model that integrates both static and
dynamic features to predict the most suitable solver for each instance.

4. Evaluate the impact of dynamic features on the performance of the algorithm
selector using the m̂st metric, comparing the results against baselines based
solely on static features.

1.3 Structure

Chapter 2 provides the theoretical background, introducing the fundamental con-
cepts of Pseudo-Boolean Optimization (PBO) and Automatic Algorithm Selection
(AAS). Chapter 3 reviews related work, including current applications of AAS to
SAT and PBO, as well as an overview of existing PBO solvers. Chapter 4 describes
the proposed solver portfolio, the feature sets, and the machine learning formulations
used in this study. Chapter 5 presents the experimental setup and results, includ-
ing the validation and test procedures, together with a comparison of the different
proposed formulations. Finally, Chapter 6 summarizes the main conclusions of this
thesis and outlines directions for future research.

3



Chapter 2

Background

2.1 Combinatorial Optimization and NP-Hardness

Combinatorial Optimization studies problems in which the objective is to find the
best solution among a finite but typically extremely large set of discrete alternatives
[52]. These problems arise in classical combinatorial settings such as the Travel-
ing Salesman Problem (TSP) [2], the Knapsack Problem [47] and vehicle routing
problems [13].

Computational complexity theory provides a rigorous framework for analyzing
and classifying computational problems according to their intrinsic difficulty [26]. A
central class in this framework is NP (Nondeterministic Polynomial time), which con-
tains decision problems whose proposed solutions can be verified in polynomial time.
Many classical combinatorial optimization problems are NP-hard, meaning they are
at least as difficult as the hardest problems in NP and that no polynomial-time al-
gorithm is known for solving them. A fundamental reason for this difficulty is the
phenomenon of combinatorial explosion: the number of feasible solutions typically
grows exponentially with the size of the input, rendering exhaustive enumeration
computationally infeasible even for moderately sized instances.

Given this inherent computational difficulty, NP-hard problems are typically ad-
dressed using exact algorithms (e.g., branch-and-bound or cutting planes) [12] or
heuristic and metaheuristic approaches designed to produce high-quality solutions
within practical time limits [29].

Because these problems frequently arise in industrial and scientific applications,
developing efficient solution methods remains a central challenge in both operations
research and computer science.

2.2 Boolean Satisfiability (SAT)

The Boolean Satisfiability Problem (SAT) [14] is the fundamental decision
problem of propositional logic. It is one of the most extensively studied problems
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in computer science and holds the distinction of being the first problem proven to
be NP-complete. The objective of SAT is to determine whether a given Boolean
formula admits a satisfying assignment. Formally, it is defined as follows.

• Variables: Let X = {x1, x2, . . . , xn} be a finite set of Boolean variables.

• Literals: A literal is either a variable xi or its negation x̄i.

• Clauses: A clause Cj is a disjunction of literals:

Cj =

kj∨
i=1

ℓj,i

where ℓj,i denotes the i-th literal in clause Cj, and kj is the number of literals
in that clause.

A formula F is in Conjunctive Normal Form (CNF) if it is a conjunction of
clauses:

F =
m∧
j=1

Cj (2.1)

where m ∈ N is the number of clauses.
The SAT problem asks whether there exists a truth assignment

α : X → {0, 1}

such that F evaluates to 1 (true) under α.
For example, consider the propositional formula ϕ defined as:

ϕ = (x1 ∨ x̄2) ∧ (x2 ∨ x3). (2.2)

The formula ϕ is satisfiable because there exists a truth assignment, for instance

α(x1) = 1, α(x2) = 1, α(x3) = 0,

under which ϕ evaluates to 1.

2.3 SAT solving

Modern SAT solvers, such as CadiCal [5] and Kissat [6], operate by systematically
exploring the space of partial assignments. A partial assignment specifies truth
values for a subset of the variables, leaving the remaining ones unassigned. During
the search, the solver incrementally extends these assignments through decision steps
and deductive inference, while detecting and resolving conflicts along the way.

5
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This search paradigm originates from the classical Davis–Putnam–Logemann–
Loveland (DPLL) procedure [15], which introduced a depth-first backtracking frame-
work combining branching decisions with unit propagation. In the late 1990s, Conflict-
Driven Clause Learning (CDCL) [46] significantly enhanced DPLL by incorporating
conflict analysis, clause learning, and non-chronological backtracking (backjumping).
These mechanisms allow the solver to extract information from conflicts, prune large
portions of the search space, and avoid repeating the same mistakes.

2.3.1 Davis–Putnam–Logemann–Loveland (DPLL)

The Davis–Putnam–Logemann–Loveland (DPLL) procedure [15] is a backtracking-
based search algorithm for determining the satisfiability of propositional formulas in
conjunctive normal form. The algorithm explores the space of truth assignments by
alternating between logically implied deductions and heuristic branching.

To describe the procedure, consider the status of a clause under a partial assign-
ment. A clause is:

• satisfied if at least one literal is assigned true,

• falsified if all literals are assigned false,

• undetermined if some literals are unassigned and none of the assigned literals
is true.

DPLL repeatedly performs the following steps:

1. Decision. The solver selects an unassigned variable and assigns it a truth value
according to a branching heuristic. Such an assignment is called a decision
and introduces a new decision level, representing a branching point in the
search tree.

2. Unit propagation. A unit clause is a clause containing a single literal.
Under a partial assignment, however, any clause in which all literals except
one are assigned false behaves as a unit clause. To avoid falsifying such a
clause, the remaining unassigned literal must be assigned true. This forced
assignment is called a unit propagation. The solver repeatedly performs
unit propagation until no unit clauses remain. Assignments derived in this
way are implied by earlier decisions and belong to the current decision level.

3. Conflict detection. If some clause becomes falsified under the current partial
assignment, a conflict is detected.

4. Backtracking. Upon conflict, the solver undoes assignments up to a previous
decision level and explores an alternative assignment.

6
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2.3.2 Conflict-Driven Clause Learning (CDCL)

Conflict-Driven Clause Learning (CDCL) [46] extends the DPLL procedure by an-
alyzing conflicts and adding new clauses that prevent the solver from repeating the
same mistakes. While DPLL simply backtracks when a clause becomes falsified,
CDCL extracts additional information from the conflict and permanently strength-
ens the formula.

The CDCL procedure, shown in Algorithm 2.1, incrementally extends a partial
assignment ρ until either a satisfying assignment is found or unsatisfiability is proven.

Whenever a clause becomes falsified under the current assignment, a conflict oc-
curs. The solver then performs conflict analysis to derive a learned clause, which is
added to the formula. If the learned clause is empty, the instance is declared unsat-
isfiable; otherwise, the solver backtracks to an earlier decision level using backjump.

If no conflict arises and all variables are assigned, the formula is satisfiable. Oth-
erwise, unit clauses are propagated whenever available. Modern CDCL solvers may
additionally restart the search or reduce the learned clause database to maintain
efficiency. When none of these cases applies, a new decision assignment is selected
and the search continues.

Algorithm 2.1 CDCL
Require: CNF formula C
1: ρ← ∅
2: while true do
3: if ρ falsifies some clause C ∈ C then
4: Clearn ← analyzeConflict(C, ρ)
5: if Clearn = ∅ then
6: return UNSATISFIABLE
7: end if
8: C ← C ∪ {Clearn}
9: backjump(ρ, Clearn)

10: else if all variables assigned in ρ then
11: return SATISFIABLE, ρ
12: else if unit clause C propagates ℓ then
13: ρ← ρ ∪ {ℓ}
14: else
15: choose decision literal ℓ
16: ρ← ρ ∪ {ℓ}
17: end if
18: end while

Conflict Analysis and Clause Learning. When a clause becomes falsified under
the current partial assignment, a conflict occurs. Each propagated assignment has
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an associated reason clause, that is, the clause that forced the assignment during
unit propagation.

Conflict analysis starts from the falsified clause and repeatedly applies resolution
with reason clauses of literals assigned at the current decision level. Resolution can
be read as an inference rule: given two clauses, one containing a literal x and the
other containing its negation x̄,

(A ∨ x) (B ∨ x̄)

A ∨B
,

we derive the resolvent A ∨ B, which is logically implied by the two original
clauses. The numerator lists the clauses being resolved, the line indicates the infer-
ence step, and the denominator shows the resulting clause.

By resolving the conflicting clause with the reason clauses of recently assigned
literals, the solver eliminates variables assigned at the current decision level. This
process continues until a clause is obtained that contains exactly one literal assigned
at the current decision level. The resulting clause is called the learned clause.

The learned clause is logically implied by the original formula and prevents the
solver from repeating the same conflicting combination of assignments. After adding
it to the set of clauses, the solver returns to the highest decision level at which the
learned clause is not yet satisfied. At that level, the learned clause becomes unit and
forces a new propagation.

2.4 Pseudo-Boolean Optimization Problem

PBO extends SAT [7] by allowing pseudo-Boolean constraints and adding an objec-
tive function to optimize. Let B = {0, 1}, x = (x1, x2, ..., xn) ∈ Bn, and let a literal
ℓi be xi or x̄i. A pseudo-Boolean function is a mapping of the form

f(x) =
k∑

i=1

ai
∏
j∈Si

ℓj

where ai ∈ R+ and Si represent the set of literal indices defining the i-th term. A
PBO instance can thus be defined as

min
x∈Bn

f(x) s.t. gi(x) ≥ ai ∀i ∈ [m] = {1, 2, ...,m},

where f , g1, g2 . . . gm are pseudo-Boolean functions, and ai ∈ R, ∀i ∈ [m].

Example. Consider three Boolean variables x1, x2, x3 ∈ B representing binary de-
cisions. A simple pseudo-Boolean optimization problem can be defined as

8
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min 3x1 + 2x2 + x3

s.t. 2x1 + x2 + x3 ≥ 2,

x1 + x3 ≥ 1.

The objective function assigns a cost to each variable and the goal is to find a
Boolean assignment minimizing the total cost while satisfying all constraints.

2.5 PB Solving

PB solving addresses the feasibility version of a problem defined by pseudo-Boolean
constraints. The objective is to determine whether there exists a Boolean assignment
that satisfies all constraints. The search terminates as soon as a satisfying assignment
is found or unsatisfiability is established.

Two main approaches are commonly used for PB solving. The first approach
translates pseudo-Boolean constraints into conjunctive normal form (CNF) and ap-
plies a CDCL SAT solver. This strategy is adopted by solvers such as MiniSAT+ [61],
OpenWBO [48], and NaPS [56]. While this allows reuse of highly optimized SAT
solving techniques, the encoding process may significantly increase the size of the
instance, sometimes producing exponentially many clauses compared to the original
PB formulation [22].

The second approach performs native pseudo-Boolean solving, avoiding CNF
translation entirely. Solvers such as Sat4j [4] and RoundingSAT [20] operate directly
on pseudo-Boolean constraints and extend the CDCL framework to linear inequal-
ities. Decisions and propagation follow the same search structure as CDCL, but
inference is no longer based on clause resolution. Instead, reasoning relies on the
cutting planes proof system, where new constraints are derived through arithmetic
operations over inequalities.

2.5.1 Conflict Analysis with Cutting Planes

Conflict analysis in native pseudo-Boolean solvers generalizes clause learning in SAT:
linear constraints are iteratively combined using cutting planes inference rules until
an asserting constraint is derived, which captures the conflict and guides future
search decisions.

Starting from a conflicting constraint, the solver combines it with the constraints
responsible for previous propagations. The goal is to eliminate propagated literals
while preserving logical validity, ultimately deriving a constraint that prevents the
same conflict from reoccurring during the search.

The fundamental operations employed in this process are presented below. These
operations are based on [21], while the illustrative examples are adapted from [49].

9
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Resolution Is the central inference rule used during PB conflict analysis. It com-
bines two valid pseudo-Boolean constraints containing complementary literals in or-
der to eliminate a pivot variable. This operation generalizes propositional resolution
in SAT solving to linear inequalities.

Formally, let c = lcm(a1, b1), where lcm denotes the least common multiple. From

a1x1 +
∑

i≥2 aiℓi ≥ A b1x̄1 +
∑

i≥2 biℓi ≥ B∑
i≥2

(
c
a1
ai +

c
b1
bi

)
ℓi ≥ c

a1
A+ c

b1
B − c

(2.3)

For example, lets define the constraints C1 : x + ȳ + z ≥ 1 and C2 : ȳ + z̄ ≥ 1,
then resolution over C1 and C2 results in the following constraint:

x+ ȳ + z ≥ 1 ȳ + z̄ ≥ 1

x+ 2ȳ ≥ 1
(2.4)

Weakening This process removes literals from a constraint while preserving va-
lidity. Intuitively, the constraint becomes easier to satisfy, which enables coefficient
normalization required for later combination steps.

Formally, given a constraint ∑
i

aiℓi ≥ A,

weakening with respect to literal ℓj produces∑
i aiℓi ≥ A∑

i̸=j aiℓi ≥ A− aj
[weaken on ℓj] (2.5)

For example,

2x1 + 2x2 + 2x3 + x4 ≥ 4

2x1 + 2x3 + x4 ≥ 2
[weaken on x2] (2.6)

Division This process rescales a constraint by a positive integer while rounding
coefficients and the bound upward to preserve soundness. This operation is essential
in rounding based cutting planes systems, where normalization enables subsequent
resolution steps and limits coefficient growth during conflict analysis. It formally
define as follows: ∑

i aiℓi ≥ A∑
i

⌈
ai
c

⌉
ℓi ≥

⌈
A
c

⌉ [division by c, c ∈ Z>0] (2.7)

For example:

2x1 + 2x2 + 2x3 ≥ 3

x1 + x2 + x3 ≥ 2
[divide by 2] (2.8)

10
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Round-to-One Normalization The roundToOne procedure is a normaliza-
tion step used during conflict analysis in the PBO solver RoundingSat [20]. Its
purpose is to transform a pseudo-Boolean constraint so that a chosen pivot literal
has coefficient 1 while preserving validity under the current partial assignment ρ.

During cutting-planes conflict analysis, constraints are combined with respect to
a pivot variable. Large pivot coefficients may lead to rapid coefficient growth during
successive resolution steps, typically caused by least common multiple computations.
Normalizing the constraint before resolution mitigates this effect.

Given a constraint C: ∑
i

aiℓi ≥ A

and let ℓ be the pivot literal with coefficient, the coefficient of that literal on the
constraint C

c = coeff(C, ℓ).

The roundToOne procedure modifies C so that all coefficients become divisible
by c, after which the constraint can be safely divided by c, resulting in a normalized
constraint in which ℓ has coefficient 1.

As shown in Algorithm 2.2, normalization proceeds in two steps. First, literals
not fixed by the current assignment are weakened whenever their coefficients are
not divisible by c. This guarantees divisibility of all remaining coefficients. The
constraint is then divided by c, introducing no additional rounding effects.

Algorithm 2.2 roundToOne(C, ℓ, ρ)
Require: PB constraint C, literal ℓ, assignment ρ
1: c← coeff(C, ℓ)
2: for all literal ℓj ∈ C do
3: if ℓj /∈ ρ and c ∤ coeff(C, ℓj) then
4: C ← weaken(C, ℓj)
5: end if
6: end for
7: return divide(C, c)

For example, consider the constraint

C : 4x+ 3y + 2z ≥ 5

and assume we want to normalize with respect to the pivot literal x. Here,

c = coeff(C, x) = 4.

The coefficients of y and z are not divisible by 4. Suppose neither ȳ nor z̄ is
falsified by the current assignment, so weakening is allowed on both literals.

11
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Weakening on y:
4x+ 2z ≥ 2.

Weakening on z:
4x ≥ 0.

Now all remaining coefficients are divisible by 4. Dividing by 4 results in

x ≥ 0.

Conflict Analysis Procedure Algorithm 2.3 describes the main conflict analy-
sis mechanism for native pseudo Boolean solving. Starting from a constraint Cconf

that is falsified under the current partial assignment ρ, the procedure derives a new
constraint that prevents the same conflict from reoccurring.

As long as Cconf contains zero or more than one literal falsified at the current
decision level, the algorithm considers the most recently assigned literal ℓ. If its
complement occurs in Cconf , the constraint is resolved with the reason constraint
of ℓ. Before resolution, both constraints are normalized using roundToOne (Algo-
rithm 2.2) to ensure that the pivot has coefficient 1 and to control coefficient growth.
The pivot is then eliminated by cutting-planes resolution.

The process repeats while backtracking along the trail of assignments. If no
decisions remain, unsatisfiability is concluded. Otherwise, once exactly one literal
of Cconf is falsified at the current decision level, the resulting constraint is returned
(after a final normalization) as the learned constraint.

Algorithm 2.3 analyzePBConflict(Cconf , ρ)
Require: conflicting constraint Cconf

Require: trail ρ
1: while Cconf contains ̸= 1 literals falsified at the current decision level do
2: if no decision levels remain then
3: return UNSATISFIABLE
4: end if
5: ℓ← lastAssigned(ρ)
6: if ℓ̄ ∈ Cconf then
7: Cconf ← roundToOne(Cconf , ℓ̄, ρ)
8: Creason ← roundToOne(reason(ℓ, ρ), ℓ, ρ)
9: Cconf ← resolve(Cconf , Creason, ℓ)

10: end if
11: ρ← removeLast(ρ)
12: end while
13: ℓ← literal of Cconf last falsified in ρ
14: return roundToOne(Cconf , ℓ, ρ)

12
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2.6 PBO Solving

PBO extends pseudo-Boolean feasibility solving by introducing an objective function
that must be minimized while satisfying a set of pseudo-Boolean constraints.

PBO generalizes several important optimization frameworks, including MaxSAT.
In particular, weighted partial MaxSAT can be naturally encoded as a PBO prob-
lem [45] by associating a relaxation variable with each soft constraint and mini-
mizing the total weight of violated constraints. Owing to this close relationship,
modern PBO solvers commonly adopt algorithmic techniques originally developed
for MaxSAT solving. In practice, many PBO algorithms rely on repeated calls to
a PB solver while progressively improving bounds on the objective value until op-
timality is established. In the following, we describe the main approaches used for
PBO solving.

2.6.1 Linear Search

Linear search is one of the earliest approaches for solving MaxSAT problems [10] and
has been extended to PBO [16]. The main idea is to iteratively compute satisfying
assignments while progressively tightening an upper bound on the objective value.

At each iteration, the solver searches for a feasible assignment satisfying the con-
straints, as illustrated in Algorithm 2.4. Whenever a solution is found, its objective
value defines a new upper bound. A stronger constraint is then added, requiring
subsequent solutions to have strictly smaller cost. The process continues until the
resulting formula becomes unsatisfiable, thereby proving the optimality of the last
solution found.

Algorithm 2.4 LinearSearchPBO
Require: objective min

∑n
i=1 aili

Require: PB constraints C
1: ρbest ← ∅
2: while true do
3: (status, ρ)← solver.solve(C)
4: if status = UNSATISFIABLE then
5: return ρbest
6: end if
7: ρbest ← ρ
8: add constraint ∑

i

aili ≤
∑
i

ai ρ(li)− 1

9: end while

Linear search is simple and effective when good solutions can be found quickly,
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but it may require many solver calls when the optimal value is far from the initial
solutions.

2.6.2 Core-Guided Search

Core-guided search originates from MaxSAT solving and has been successfully ex-
tended to PBO [25]. The approach transforms optimization into a sequence of feasi-
bility checks by iteratively identifying unsatisfiable cores, namely subsets of con-
straints that cannot be satisfied simultaneously.

Given a PBO instance, let the objective function be

f(x) =
∑
i

aiℓi.

Core-guided optimization, shown in Algorithm 2.5, proceeds by progressively
improving a lower bound on the objective value. The process starts from an initial
lower bound by invoking the solver under a set of assumptions, for example, setting
ℓi = 0 for all literals ℓi appearing in the objective function. The solver then checks
the feasibility of the problem under these assumptions. If the formula is satisfiable,
a feasible assignment exists and optimality is established for the current bound.
Otherwise, the solver produces an unsatisfiable core.

K ⊆ {ℓi},

containing literals involved in the violation of the objective bound.
From this core, a valid pseudo-Boolean inequality is derived stating that not all

literals in K may simultaneously take value 0:∑
ℓi∈K

ℓi ≥ 1.

This strengthening constraint increases the lower bound of the objective function
and removes infeasible assignments. The process iterates until a satisfiable bound is
obtained.

Several improvements to PBO solving have been proposed. Core Boosting [3]
first applies core-guided search to derive a strong lower bound and subsequently
switches to linear search to efficiently reach optimality. Hybrid or interleaving ap-
proaches [1] alternate between linear and core-guided search throughout the solving
process. While switching between strategies may incur significant overhead in CNF-
based solvers, it is comparatively inexpensive in native pseudo-Boolean solvers [17].

2.6.3 Branch and Bound

Pseudo-Boolean Optimization can also be addressed using Branch-and-Bound ap-
proaches [41], which explore a search tree of restricted subproblems while maintaining
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Algorithm 2.5 CoreGuidedPBO
Require: PB constraints C
Require: objective min

∑
i aili

1: A← {l̄i | i} #set of assumptions
2: LB ← 0
3: while true do
4: (status, ρ,K)← solver.solve(C, A)
5: if status = SATISFIABLE then
6: return LB, ρ
7: end if
8: add constraint ∑

l̄i∈K

li ≥ 1

9: δ ← minl̄i∈K ai
10: LB ← LB + δ
11: update assumptions A
12: end while

bounds on the objective value. Each node represents a partially fixed optimization
problem obtained by assigning values to a subset of variables, thereby partitioning
the search space.

To guide exploration, a relaxation of the problem is solved at every node. In
practice, this is usually a Linear Programming (LP) relaxation [62], where the
Boolean constraints xi ∈ {0, 1} are replaced by xi ∈ [0, 1], resulting in a continuous
optimization problem. The solution to the LP relaxation provides a bound on the
best objective value achievable within the corresponding subproblem. A node can
be pruned when the relaxation is infeasible, its bound is worse than the current best
solution (the incumbent), or when integrality is already satisfied.

Branch-and-Cut extends this framework by strengthening relaxations using cut-
ting planes derived from violated linear inequalities. In the pseudo-Boolean setting,
inference rules such as division and saturation (Section 2.5.1) can be interpreted as
examples of such cuts.

Algorithm 2.6 describes a Branch-and-Cut procedure for solving Pseudo-Boolean
Optimization (PBO) problems. The algorithm explores a search tree of restricted
subproblems by solving LP relaxations to obtain bounds on the objective value. Sub-
problems whose bounds cannot improve the incumbent solution are pruned. When
a fractional solution is found, cutting planes are added to strengthen the relaxation;
otherwise, branching decisions partition the search space. Optimality is established
once all nodes have been explored or pruned.

Branch-and-Cut methods form the basis of modern solvers for discrete opti-
mization problems, including Pseudo-Boolean Optimization. State-of-the-art per-
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Algorithm 2.6 Branch-and-Cut for Pseudo-Boolean Optimization
Require: minimize

∑
i aixi

1: best ← +∞, NODELIST ← {root}
2: while NODELIST ̸= ∅ do
3: select node N and solve its LP relaxation obtaining x∗

4: if LP infeasible or value(x∗) ≥ best then
5: continue
6: else if x∗ integral then
7: best ← value(x∗)
8: else if violated cut exists then
9: add cut to N and reinsert into NODELIST

10: else
11: branch on fractional variable xj

12: end if
13: end while
14: return best

formance is typically achieved by commercial systems such as Gurobi [31], while
academic solvers such as SCIP [9] provide competitive open-source alternatives.

2.7 Automatic Algorithm Selection (AAS)

Automatic Algorithm Selection (AAS) [54] aims to construct meta-solvers that auto-
matically choose the most appropriate solver from a portfolio based on characteris-
tics of a given problem instance. Typically, this selection is performed using machine
learning models trained on historical performance data.

Formally, given a set of problem instances I and a portfolio of solvers A, the goal
is to learn a mapping

selectort : I → A,

such that selectort(i) identifies the solver expected to perform best on instance i ∈ I
under a time limit t.

To evaluate the effectiveness of an algorithm selector, the normalized performance
metric m̂selectort introduced in [43] has become standard.

Let oa(i, t) be the best objective value obtained by a solver a ∈ A for instance
i ∈ I given a time-limit t. We define omin(i, t) as the minimum value of oalgorithm(i, t)
observed across all solvers algorithm ∈ A at time t, and omax(i, t) as the maximum
value. The normalized objective value na(i, t) of solver a ∈ A, on instance i ∈ I at
t, is defined as:
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na(i, t) =



0 if oa(i, t) is optimal,
1 if oa(i, t) = omin(i, t)

3 if oa(i, t) undefined and omax(i, t) defined,

1 +
oa(i, t)− omin(i, t)

omax(i, t)− omin(i, t)
otherwise.

(2.9)

Lower na(i, t) values are better, indicating a solver’s objective value is closer to
the best observed across solvers.

We define the normalized cumulative performance of a solver a ∈ A at time t,
and the normalized cumulative performance of meta-solver st ∈ {I → A} as:

mat =
∑

i∈I
na(i, t), mst =

∑
i∈I

ns(i)(i, t) (2.10)

The Single Best Solver at time t (SBSt) is the solver a ∈ A, such that ∀a′ ∈
A : mat ≤ ma′t . The Virtual Best Solver, at time t (VBSt) is a theoretically perfect
meta-solver such that mVBSt =

∑
i∈I

min
a∈A

na(i, t).

In this work, we distinguish between “VBS-all", where A includes all solvers
in our portfolio, and “VBS-Open-Source", where A is restricted to the open-source
solvers in the portfolio: NaPS, RoundingSat, Mixd-Bag and SCIP, which additionally
employ complementary solving techniques. Analogously, we distinguish between
“SBS-all,” where the best single solver is selected from the full portfolio, and “SBS-
Open-Source”, where the selection is limited to the open-source solvers.

The m̂st metric for meta-solver st is defined as:

m̂st =
mst −mVBSt

mSBSt −mVBSt

. (2.11)

Note that an m̂st value of 0 indicates that the algorithm selector is optimal, a
value of 1 indicates that the selector performs as well as SBSt, and values above 1
indicate that the meta-solver is not useful.

Example Consider a portfolio A = {a1, a2, a3} and instances I = {i1, i2, i3} with
observed objective values under time limit t:

a1 a2 a3
i1 10 8 8∗

i2 15 14∗ 16
i3 7∗ 9 8

Here, ∗ indicates the solver certifies the optimal value for that instance.
Compute omin(i, t) and omax(i, t) based on all observed values:

17



UTFSM

omin omax

i1 8 10
i2 14 16
i3 7 9

Using Equation (2.9), the normalized values na(i, t) are:

a1 a2 a3
i1 2 1 0
i2 1.5 0 2
i3 0 2 1.5

Cumulative performance (Equation (2.10)):

ma1 = 2 + 1.5 + 0 = 3.5, ma2 = 1 + 0 + 2 = 3, ma3 = 0 + 2 + 1.5 = 3.5

The Single Best Solver SBSt is a2, this means mSBSt = 3. The Virtual Best Solver
VBSt picks the best solver per instance:

mVBSt = min(1, 0, 0) + min(0.5, 0, 1) + min(0, 1, 0.5) = 0 + 0 + 0 = 0.

Now, let us consider several illustrative cases for a meta-solver selection.
Case A: Meta-solver chooses the optimal solver for each instance. Sup-

pose the meta-solver selects a3 for i1, a2 for i2, and a1 for i3, where the chosen solvers
are optimal whenever indicated. The cumulative performance of the meta-solver is

mmeta-solvert = 0 + 0 + 0 = 0,

and the normalized performance metric becomes

m̂meta-solvert =
mmeta-solvert −mVBSt

mSBSt −mVBSt

=
0− 0

3− 0
= 0.

This value indicates a perfect meta-solver that always chooses the best solver for
each instance.

Case B: Meta-solver partially correct. If the meta-solver selects a2 for i1,
a2 for i2, and a3 for i3, it only partially identifies the optimal solver. The cumulative
performance is

mmeta-solvert = 1 + 0 + 1.5 = 2.5,

and the normalized performance metric is

m̂meta-solvert =
2.5− 0

3− 0
≈ 0.833.

This result is better than the Single Best Solver but not perfect, indicating a useful
yet imperfect meta-solver.
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Case C: Meta-solver chooses poorly. Consider the meta-solver selects a1 for
i1, a3 for i2, and a2 for i3, consistently avoiding the optimal solvers. Its cumulative
performance is

mmeta-solvert = 2 + 2 + 2 = 6,

leading to a normalized performance metric

m̂meta-solvert =
6− 0

3− 0
= 2.

This value exceeds 1, indicating a meta-solver that performs worse than the Single
Best Solver.

2.8 Machine Learning

Machine Learning (ML) is a rapidly evolving field concerned with the development
of computational algorithms capable of learning patterns and making decisions from
data without being explicitly programmed. In recent decades, ML has become a fun-
damental component in a wide range of applications, including pattern recognition,
aerospace engineering, finance, entertainment, and medical analysis [19].

In machine learning, algorithms are designed to improve their performance on
a specific task by learning patterns from data. One of the most widely adopted
paradigms is supervised learning, in which the model is trained using a labeled
dataset composed of input feature vectors and their corresponding target outputs
[30]. The objective of supervised learning is to learn a mapping between inputs and
outputs that enables accurate predictions for previously unseen samples.

Supervised learning problems are commonly divided into two main categories:
classification and regression. In classification tasks, the goal is to assign an input
instance to one of a finite set of predefined classes or categories. Typical examples
include object recognition or medical diagnosis, where predictions correspond to
discrete labels. In contrast, regression tasks aim to predict continuous numerical
values rather than discrete categories. The model learns the functional relationship
between input variables and a continuous target variable, enabling estimation of
quantities such as temperature, financial indicators, or physical measurements.

Motivated by the growing integration of learning-based techniques into optimiza-
tion solvers, this work employs such machine learning models to guide algorithmic
decisions. The next sections provide a description of the predictive models used in
this work.

2.8.1 Ensemble Learning

Ensemble learning refers to a class of techniques that combine multiple predictive
models to obtain improved generalization performance compared to individual mod-
els [32]. The underlying principle is that aggregating diverse models can reduce
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variance, bias, or both, thereby producing more robust predictions. Two widely used
ensemble strategies are:

Bagging: Bootstrap Aggregating (Bagging) trains multiple models independently
using different bootstrap samples drawn from the training dataset. The fi-
nal prediction is obtained by aggregating the outputs of all models, typically
through averaging or majority voting.

Boosting: Boosting methods construct models sequentially, where each new learner
focuses on correcting the errors made by the previous ensemble. This iterative
refinement progressively improves predictive performance.

2.8.2 Decision Trees

A Decision Tree is a hierarchical predictive model that recursively partitions the
feature space using decision rules derived from input variables [11]. Decision trees
can be applied to both classification and regression tasks and are valued for their
interpretability and flexibility.

Tree construction proceeds by selecting, at each node, the feature and splitting
criterion that optimally separates the data according to an impurity measure, such as
information gain for classification or variance reduction for regression. This recursive
partitioning continues until a stopping condition is satisfied.

Decision trees are capable of handling both numerical and categorical variables
and provide intuitive visual representations of the decision-making process.

2.8.3 Random Forest

Random Forest is an ensemble learning method that combines multiple decision
trees to improve predictive accuracy and robustness [11]. Each tree is trained on a
bootstrap sample of the data, and a random subset of features is considered at each
split, which decorrelates the trees and reduces overfitting.

In regression tasks, predictions are obtained by averaging the outputs of all trees,
effectively reducing variance while capturing nonlinear relationships and complex
feature interactions with relatively little hyperparameter tuning.

2.8.4 Gradient Boosting Regressor

Gradient Boosting [24] is an ensemble technique based on the boosting paradigm,
in which models are constructed sequentially to minimize a predefined loss function.
Unlike Random Forest, where trees are built independently, Gradient Boosting iter-
atively adds weak learners that correct the residual errors of the existing ensemble.

At each iteration, a new model is fitted to the negative gradient of the loss
function with respect to the current predictions. The final model corresponds to a
weighted sum of all learned trees.
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By performing gradient descent in function space, Gradient Boosting Regres-
sors can model highly complex nonlinear relationships and achieve strong predictive
performance. However, their effectiveness depends on careful selection of hyperpa-
rameters such as learning rate, number of estimators, and tree depth, as inadequate
regularization may lead to overfitting.

2.8.5 K-Nearest Neighbors

K-Nearest Neighbors (KNN) [23] is a non-parametric, instance-based learning algo-
rithm used for classification and regression. Instead of learning an explicit model,
KNN stores the training data and predicts outputs based on the k closest samples to
a query instance according to a distance metric. Classification is typically performed
by majority voting, while regression relies on averaging neighbor values. The method
is sensitive to the choice of k, feature scaling, and distance measure, and may incur
high prediction costs in high-dimensional datasets.
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Chapter 3

Literature Review

3.1 Pseudo-Boolean Optimization Solvers

Below, we describe PBO solvers that serve as competitive alternatives to be included
in a complementary portfolio of solvers.

• Gurobi [31] is a commercial solver using a branch-and-bound approach based
on linear programming, enhanced with presolving, cutting planes, heuristics,
and parallel processing.

• NaPS [56] is a MaxSAT solver based on MiniSat+ [18] that translates a PBO
instance to a MaxSAT instance using Binary Decision Diagrams (BDD), and
solves the resulting problem via binary search and alternative search strategies.

• RoundingSat [20] is a PBO solver that combines the CDCL procedure, based
on the cutting planes proof system, with LP relaxation and cut generation.
Once a feasible solution is found, it is optimized using model-improving and
core-guided search.

• SCIP [9] is an open-source software tool designed for solving MIP, mixed inte-
ger nonlinear programming (MINLP), and constraint programming (CP) prob-
lems. To solve PBO, SCIP uses LP relaxations, the branch-and-cut algorithm,
and cutting plane techniques.

• Mixed-Bag [38] combines three components in sequence: PB-OLL-RS (a core-
guided solver based on RoundingSat), the PaPILO preprocessor [28], and SCIP
as the final solver.

3.2 Algorithm Selection for SAT

In the SAT community, understanding the structural properties of SAT instances
through informative features has become fundamental for performance prediction
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and algorithm selection. The SATzilla feature set [51, 37] is one of the most widely
used collections of SAT instance features. It has been successfully applied to Au-
tomatic Algorithm Selection (AAS) [50], Algorithm Configuration [35], and runtime
prediction [37], among other tasks.

3.2.1 SATzilla Feature Set

In [51], the authors introduced 91 features designed to characterize SAT instances.
Their goal was to better understand empirical hardness in SAT and to predict
whether a given instance would be difficult to solve.

The methodology consists of extracting a comprehensive set of features, removing
redundant ones based on correlation analysis, and training supervised learning mod-
els to predict solver runtime. The models are evaluated using the Root Mean Squared
Error (RMSE) between actual and predicted runtimes. To increase expressiveness,
the feature space is augmented with all pairwise products of features.

The 91 features are grouped into the following categories:

1. Problem Size Features: Basic statistics capturing instance size, including
the number of variables, number of clauses, and clause-to-variable ratios.

2. Graph-Based Features: Statistics derived from three graph representations
of a SAT instance:

• Variable–Clause Graph (VCG): A bipartite graph with nodes for variables
and clauses, and edges indicating variable occurrence in clauses.

• Variable Graph (VG): A graph containing only variable nodes, where two
variables are connected if they appear together in at least one clause.

• Clause Graph (CG): A graph containing only clause nodes, with edges
between clauses that share complementary literals.

From these graphs, several statistics are extracted, such as node degree distri-
butions and related summary measures.

3. Balance Features: Measures capturing different notions of balance in the
formula, such as the distribution of positive and negative literals.

4. Proximity to Horn Formula: Features quantifying how close an instance is
to a Horn formula.

5. LP-Based Features: Features obtained by solving a linear programming
relaxation of an integer programming formulation of the SAT instance. These
include the integer slack vector, the fraction of integer variables in the LP
solution, and the LP objective value.
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6. DPLL Search Space Probing Features: These features are obtained by
running a DPLL procedure with exponentially increasing depth limits and
measuring statistics such as the number of unit propagations at each depth.
Additionally, random depth-first probes are performed by repeatedly instanti-
ating random variables and applying unit propagation until a contradiction is
found.

7. Local Search Probing Features: Statistics collected from runs of stochastic
local search algorithms such as GSAT [58] and SAPS [36]. Each algorithm
is executed multiple times, and characteristics of the search trajectory are
averaged across runs.

Some of these features are static, meaning they can be computed directly from
the SAT formula with relatively low computational cost. Others are probing fea-
tures, which require running a solver for a limited amount of time and extracting
statistics from its behavior. Probing features are generally more informative but
computationally more expensive.

The feature set was later expanded to 138 features in [37]. The extended version
includes additional probing features such as clause learning statistics (e.g., number
and average length of learned clauses), survey propagation features, and timing fea-
tures capturing the CPU time required for feature computation. The expansion to
138 features increases expressiveness but may exacerbate feature redundancy and
risk overfitting, particularly when training data is limited.

More recently, [59] revisited the SATzilla feature set and introduced an updated
and modernized implementation of the feature extraction framework.

3.2.2 SATzilla as a Portfolio-Based Algorithm Selector

Several works [50, 63, 64] combine SATzilla features with machine learning techniques
to build automatic algorithm selection systems for SAT.

In [50], the authors propose SATzilla, a portfolio-based solver that predicts the
runtime of multiple SAT solvers using empirical hardness models built from instance
features and ridge regression.

One major innovation is the use of hierarchical hardness models. The system first
predicts the probability that an instance is satisfiable and then combines specialized
runtime models for satisfiable and unsatisfiable instances. At runtime, SATzilla exe-
cutes pre-solvers for a short time to quickly solve easy instances, computes instance
features, predicts the runtime of each candidate solver, and selects the solver ex-
pected to perform best.

Extensive experimental results, including those from the 2007 SAT Competition,
demonstrate that SATzilla significantly outperforms the best single solver. In many
cases, it solves more instances and achieves substantially lower average runtime,
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showing that learned per-instance solver selection can be more effective than relying
on a single dominant algorithm.

In [64], the authors introduce an improved selection procedure based on an ex-
plicit cost-sensitive loss function. Instead of predicting runtime and minimizing
regression error, they directly optimize a loss that reflects the performance impact
of incorrect solver choices. Misclassifications are penalized proportionally to the ab-
solute performance difference between solvers: confusing two solvers with similar
runtimes incurs a small penalty, whereas selecting a solver that times out instead of
a fast one incurs a large penalty.

To implement this idea, they construct a collection of 99 cost-sensitive decision
forests following the standard random forest methodology. By aligning the learn-
ing objective with portfolio performance rather than runtime prediction accuracy,
the improved SATzilla version further increases the number of solved instances and
overall robustness.

3.3 Automatic Algorithm Selection for PBO

For PBO, [53] present a comprehensive study of multi-classification-based Automatic
Algorithm Selection (AAS) methods in an anytime setting. The goal is to select, for
a given PBO instance and a specified time limit, the solver that is expected to achieve
the best objective value within that time budget.

3.3.1 Feature Design

In contrast to approaches that rely on dynamic features, the authors restrict their
models to static, fast-to-compute structural features extracted directly from the PBO
instance. The domain-specific feature set includes:

1. Number of constraints. The total number of pseudo-Boolean constraints
present in the instance.

2. Number of variables. The number of Boolean decision variables appearing
in the instance.

3. Linearity indicator. A binary feature indicating whether the instance con-
tains non-linear constraints.

4. Distribution of the number of terms per constraint. Constraints are
classified according to the number of terms they contain (one, two, three, or
four or more terms).

5. Term degree distribution. Represents the percentage of terms involving
one, two, three, or four or more variables.
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6. Objective function size. Defined as the proportion of terms appearing in
the objective function relative to the total number of terms.

7. Percentage of positive terms in constraints. The fraction of constraint
terms with positive coefficients with respect to the total number of constraint
terms.

8. Percentage of positive terms in the objective function. The fraction of
objective-function terms with positive coefficients.

Additionally, the time limit (timestep) is explicitly incorporated as a feature in
the anytime models, allowing the selector to capture temporal variations in solver
performance.

3.3.2 Learning Formulation.

The problem is formulated as a multi-class classification task. Given an instance–timestep
pair (i, t), the model predicts the solver expected to perform best within the portfolio.
Solvers serve as class labels.

The portfolio consists of seven solvers: Naps [56], OpenWBO [48], Clasp [27],
LS-PBO [42], Gurobi [31], and RoundingSAT [20]. Several machine learning mod-
els are evaluated, including Random Forest [11], Gradient Boosting [24], k-Nearest
Neighbors (KNN) [23], and Convolutional Neural Networks (CNN) [44].

3.3.3 Evaluation Methodology

Performance is assessed using both classification accuracy and the anytime metric m̂.
In this work, the m̂ metric is computed as the cumulative normalized score across all
instance–timestep pairs. Experiments use a one-hour time limit, discretized into 500
logarithmically spaced timesteps, recording the incumbent objective value at each
timestep.

3.3.4 Results and Discussion.

The best-performing configuration uses the full domain-specific feature set and achieves
an accuracy of approximately 0.71. Feature importance analysis highlights the
timestep as the most influential feature, followed by objective function related fea-
tures (e.g., percentage of positive terms in the objective), as well as the number
of constraints and variables. These results indicate that PBO-specific structural
characteristics substantially improve predictive performance compared to the basic
feature set. Models incorporating time as an explicit feature consistently outperform
time-agnostic variants, reflecting the temporal variability in solver behavior.
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Chapter 4

Methodology

This chapter presents the solver portfolio, instance dataset, feature sets, and machine
learning formulations employed in this thesis. The methodology builds upon our
previously published work [57].

4.1 Solver Portfolio and PBO Instances

The solver portfolio was constructed using participants from the 2024 PBO Compe-
tition optimization track [55]. Selection focused on top-performing solvers as well as
those exhibiting complementary solving strategies. In addition, Gurobi was included
due to its strong performance reported in related work [53].

The final portfolio consists of the following solvers: Gurobi, NaPS, RoundingSat,
Mixed-Bag, and SCIP. For RoundingSat, two configurations were included: its de-
fault hybrid optimization mode (denoted as RoundingSat) and its core-boosted mode
(denoted as RoundingSat-CB). These configurations exhibit complementary behav-
ior and competitive standalone performance.

Benchmark instances were obtained from the 2024 PBO Competition website
[55], which includes instances from competitions held between 2005 and 2016. Only
optimization and linearized instances were considered, resulting in an initial dataset
of 14,586 instances.

Solver performance was evaluated using a one-hour time limit on an Intel Xeon
E5-2670 v3 machine with 64GB RAM. During execution, objective values were
recorded at five time checkpoints: 60, 100, 300, 600, and 3600 seconds. These check-
points enable the analysis of performance dynamics under varying time constraints.

Instances solved optimally by all solvers within 60 seconds were classified as
trivial and removed. Likewise, instances unsolved by any solver were excluded. After
filtering, 6,394 instances remained for analysis.

Additionally, a separate set of 478 instances from the 2024 PBO Competition
optimization track was reserved for evaluation. These instances were selected by
competition organizers to represent particularly challenging cases and were used to
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assess generalization performance on difficult benchmarks.

4.2 Probing Feature Sets

This thesis introduces two complementary probing feature sets designed to charac-
terize solver behavior during the early stages of execution: a CDCL-based feature
set and a Branch-and-Bound (BnB) feature set. Rather than relying solely on static
instance properties, probing features capture dynamic search behavior, providing in-
formation about how a solver interacts with a specific instance.

The CDCL feature set extends probing strategies previously developed for SAT
solving [37] and adapts them to the Pseudo-Boolean Optimization (PBO) setting.
Additional optimization-oriented features were introduced to better capture charac-
teristics specific to pseudo-Boolean reasoning.

Features were extracted during the execution of RoundingSat using a probing
time limit of five seconds. Solver statistics were sampled at conflict events and
averaged over the probing period to obtain stable measurements. The resulting
feature set, denoted as CDCL, combines adapted SAT probing features with newly
proposed metrics.

4.2.1 CDCL Probing Features

Solver Activity Metrics. These features quantify the overall progress and inten-
sity of the search process:

• Decisions: number of variable assignments chosen by the solver.

• Propagations: number of assignments implied by constraints through
unit propagation.

• Conflicts: number of detected conflicts during search.

• Learned Constraints: number of constraints derived through conflict
analysis and other heuristics.

• Restarts: number of times the solver resets the search.

Together, these metrics describe how actively the solver explores and prunes
the search space.

Clause Quality Metric. These features assess the structural quality of learned
constraints:

• Learned Clauses Length: the average number of literals contained in
learned constraints. Shorter learned constraints generally propagate more
effectively and restrict larger portions of the search space.
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• Literal Block Distance (LBD) The LBD value measures the number
of distinct decision levels appearing in a learned constraint. Low LBD
values indicate constraints linking few decision levels and are typically
associated with highly effective learned constraints that improve future
propagation. No features of this type have been proposed before.

Efficiency Metrics. To characterize search efficiency, several ratios between solver
operations are introduced:

• Propagation-to-Conflict Ratio: average number of propagated assign-
ments observed per conflict. It reflects how much inference is required
before the solver derives a contradiction.

• Propagation-to-Decision Ratio: average number of implied assign-
ments generated per branching decision. It indicates the strength of prop-
agation triggered by each decision.

• Decision-to-Conflict Ratio: average number of branching decisions
made per conflict. It captures how quickly decisions lead to inconsistencies
in the current search.

These ratios normalize raw activity counts and provide insight into the effec-
tiveness of solver decisions independently of runtime.

Conflict Resolution Metrics. These features describe the complexity of conflict
analysis:

• Conflict Resolution Steps: number of inference steps required to derive
a learned constraint during conflict analysis.

• Trail Pops: number of assignments removed from the decision trail when
resolving conflicts.

4.2.2 Branch-and-Bound Probing Features

To capture complementary information related to optimization oriented solving, a
novel probing feature set based on Branch-and-Bound search was introduced (de-
noted as BnB). These features were extracted using SCIP executed under a five-
second probing timeout.

While CDCL features characterize logical inference behavior, BnB features de-
scribe progress toward optimality and search-tree exploration.

Solution Quality Indicators. These features measure optimization progress:

• Primal Bound: objective value of the best feasible solution currently
known.
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• Dual Bound: bound obtained from relaxations representing the best
achievable objective value.

• Gap: relative difference between primal and dual bounds, indicating dis-
tance from optimality.

• Current Objective Value: objective value associated with the incum-
bent solution.

Variable Metrics. These features describe structural properties of incumbent so-
lutions:

• Active Variables: number of binary variables assigned value 1.

• Inactive Variables: number of binary variables assigned value 0.

Search Tree Metrics. These metrics quantify exploration of the Branch-and-Bound
tree:

• Feasible Leaves: number of explored leaf nodes corresponding to feasible
solutions.

• Iterations: number of processed nodes or LP solves.

• Solutions Found: total number of feasible solutions discovered during
probing.

Solver Activity Metric. This feature reflects how strongly variables influence the
search process during probing.

• Average Variable Activity measures how frequently variables partici-
pate in branching decisions or constraint reasoning.

Together, the CDCL and BnB probing feature sets provide complementary per-
spectives on solver behavior.

4.2.3 Machine Learning Tasks and Models

Four alternative learning formulations are investigated for solver selection.

Multiclass Classification: It trains the selector to predict the solver from the
portfolio, achieving the lowest normalized objective value within the time limit.
In case of ties, the model is trained to choose the fastest one.

Regression: It trains the selector to predict the normalized objective value na(i, t)
of each solver-instance pair at time t, as defined in Equation 2.9. The selector
then chooses the solver with the lowest value.
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Multilabel Classification: It trains the selector to predict, for each solver in the
portfolio, the probability that it fails to solve an instance optimally within the
time limit. For each solver, a binary label that indicates success (0) or failure
(1) on the instance is predicted. The selector then chooses the solver with the
lowest predicted failure probability.

Hybrid: This approach combines the predictions of both regression and multilabel
models to compute a score for each solver-instance pair. The final score is
defined as:

scorea(i, t) = α · n̂a(i, t) + (1− α) · p̂a(i, t), (4.1)

where n̂a(i, t) is the predicted normalized objective from the regression model,
p̂a(i, t) is the predicted failure probability from the multilabel classifier, and
α ∈ [0, 1] is a weighting parameter. The selector chooses the solver minimizing
this score, thereby balancing expected solution quality and risk of failure at
time t.

The following machine learning models were evaluated across all formulations:
Random Forest [11], Gradient Boosting [24], and K-Nearest Neighbors [23]. These
models were chosen due to their computational efficiency and strong empirical per-
formance in related algorithm selection studies [53].

4.2.4 MetaPB

MetaPB1 is the meta-solver introduced in this work, designed to predict the most
suitable solver for a given PBO instance by combining static and probing features.
Figure 4.1 illustrates the overall pipeline.

Given an input PBO instance, MetaPB first extracts static features that describe
the structural properties of the instance. Then, for instances with manageable size,
with fewer than 100, 000 constraints, MetaPB adds probing features obtained from
short runs of two complementary solvers: SCIP, which provides BnB probing fea-
tures, and RoundingSAT, which provides CDCL probing features.

For larger instances (with more than 100, 000 constraints), probing becomes com-
putationally expensive, so MetaPB relies only on static features. This ensures it can
generate predictions for these larger instances, ensuring coverage of the entire bench-
mark collection.

Additionally, the best solution found during probing is preserved. Once feature
extraction is complete, a pre-trained machine learning model predicts the best solver
from the portfolio. Finally, the selected solver processes the PBO instance receiving
the best solution found during the computation of the probing features, as a warm
start.

1https://github.com/amanda-salinas-pinto/MetaPB
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Figure 4.1: Overview of the MetaPB meta-solver pipeline. Static features are ex-
tracted for all instances, while Branch and Bound and CDCL probing features are
dynamically collected for instances with fewer than 100,000 constraints (denoted as
#c in the illustration). These features are then used to predict the most suitable
solver for each instance.
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Chapter 5

Experiments

This chapter presents the experimental evaluation of the proposed Automatic Al-
gorithm Selection (AAS) framework for Pseudo-Boolean Optimization (PBO). The
objective of this evaluation is twofold: (i) to identify the most effective meta-solver
configurations through systematic validation, and (ii) to assess their generalization
performance on an unseen competition benchmark.

The experimental setup is structured into two main phases. First, a validation
phase is conducted using cross-validation on the training set to select the best-
performing configurations. Second, the selected meta-solvers are evaluated on a
held-out test set composed of instances from the 2024 PBO Competition, ensuring
a fair and unbiased assessment.

5.1 Validation

The initial benchmark consists of 6,394 instances from the 2016 PBO Competition.
From this set, 1,500 instances were randomly sampled to form the training dataset
used for model development and hyperparameter tuning. To analyze solver behavior
prior to learning, the performance of individual solvers on the training instances is
first examined. Figure 5.1(a) reports normalized objective values (Equation 2.9) over
a time horizon of 3600 seconds. Across the five evaluated time limits, Gurobi emerges
as the Single Best Solver (SBS). Among open-source solvers, the default configuration
of RoundingSAT achieves the strongest overall performance, constituting the SBS
Open Source. Furthermore, the Virtual Best Solver composed exclusively of open-
source solvers surpasses Gurobi after approximately 500 seconds, highlighting the
complementarity within the open-source portfolio.

Figure 5.1(b) shows the number of instances for which each solver reaches the
optimal solution over time. Gurobi achieves the highest overall optimality count.
However, the VBS-Open-Source frequently exceeds Gurobi, confirming the poten-
tial of algorithm selection within the open-source portfolio. Additionally, although
Mixed-Bag and SCIP obtain weaker normalized objective values on average, they
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Figure 5.1: Preliminary analysis of solver performance on the training set (top fig-
ures) and test set (bottom figures). On the left, normalized objective values (Equa-
tion 2.9) over time. On the right, number of times a solver finds the optimal solution
over time.

achieve optimal solutions more frequently, suggesting distinct performance profiles
across solvers. All models are trained independently for each time limit in order to
capture time-dependent solver behavior. Model selection is conducted using 10-fold
cross-validation on the training set. Hyperparameter configurations are selected ex-
clusively based on validation performance, ensuring that no information from the
test set influences model development.

5.2 Testing

In this section, the evaluation focuses on (i) the best-performing meta-solvers identi-
fied during the validation phase and (ii) MetaPB trained exclusively on open-source
solvers using the selected optimal configurations. Both approaches are assessed on
478 instances from the 2024 PBO Competition, which constitute a final evaluation
benchmark curated by the competition organizers to reduce imbalance and ensure
the inclusion of challenging and diverse instances. Figure 5.1(c) shows that Gurobi
achieves the best normalized objective values, while the VBS-Open-Source often
surpasses it, highlighting the strength of the open-source portfolio. Figure 5.1(d)
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favors Gurobi in terms of the number of optimal solutions found across all time
limits. Mixed-Bag approaches Gurobi despite weaker normalized scores, and the
VBS-Open-Source again frequently outperforms it. Test instances also present bet-
ter normalized objective values than training instances, suggesting that solvers could
obtain good initial solutions more easily on this set.

5.3 Solver Portfolio

Table 5.1 presents the solvers included in the portfolio, together with the correspond-
ing versions or commits employed to ensure full reproducibility of the experiments.
The portfolio comprises both open-source and commercial solvers in order to capture
complementary solving strategies and performance profiles.

Solver Version Commit
RoundingSat pb24-log 01be2c2d
NaPS v1.03a2 125435e0
Mixed-Bag - d144418
SCIP SCIP Optimization Suite 9.2.1 -
Gurobi 10.0.0 -

Table 5.1: Solver versions.

To ensure reproducibility, table 5.2 reports the principal Python libraries and
their versions used for model training and feature extraction from PBO instances.

Library Version
scikit-learn 1.3.0
joblib 1.3.2
PySCIPOpt 4.3.0

Table 5.2: Python libraries used for training models and feature extraction.

5.4 Feature Sets

The static feature set proposed for PBO in [53] is adopted as the baseline repre-
sentation. This set comprises ten features for linear PBO instances and captures
structural characteristics such as instance size, objective function properties, and
constraint-related metrics.

To assess the impact of dynamic information, the static features are combined
with the probing features introduced in Section 4.2. The following feature configu-
rations are considered:
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• st: static features only.

• st+CDCL: static features combined with CDCL-based probing features.

• st+BnB: static features combined with Branch-and-Bound probing features.

• all: static features combined with all probing features.

Each feature configuration is evaluated across all machine learning models and
learning formulations described in Chapter 4, enabling a systematic comparison of
the contribution of dynamic probing information to algorithm selection performance.

5.5 Experimental results

5.5.1 Validation Results

This section presents the results obtained during the validation phase using cross-
validation on the training set. Tables 5.3 and 5.4 presents cross-validated results on
m̂st and average number of optimally solved instances for the best-performing ML
model (Random Forest) evaluated on the same feature sets and time limits.

The results reveal several key trends. First, feature sets combining probing and
static features consistently achieve better results than just using static features. Most
significantly, using all features provides the best results in most cases, suggesting
complementarity between CDCL and Branch and Bound probing features.

Second, regression-based approaches systematically outperform multiclass classi-
fication on the m̂st metric across all experimental conditions. This advantage likely
arises from the regression model’s ability to capture subtle differences in solver per-
formance, avoiding the oversimplification inherent in discrete classification. The
hybrid approach achieves the best overall performance, indicating that incorporat-
ing information about whether solvers can solve an instance optimally improves the
regression model.

Even though regression achieved lower m̂st scores, predicting the normalized ob-
jective value does not always lead to the highest number of optimally solved instances.
The hybrid approach, which also predicts solver feasibility, overcomes this limitation.

Finally, the m̂st metric tends to worsen for higher time budgets. This behavior
aligns with expectations, as tighter time limits impose stronger penalties for unsolved
instances, while performance differences between solvers gradually diminish during
later stages of execution.

5.5.2 Feature Analysis

Figure 5.2 through Figure 5.6 present leave-one-out feature importance, ∆m̂st rep-
resents the difference between the baseline of using all features on the m̂t

s across all
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Table 5.3: Cross-validated m̂st (mean ± SD, lower is better) of best ML models with
different feature sets (st = Static, st+CDCL = Static + CDCL, st+BnB = Static +
BnB, all = All features).

Task t st st+CDCL st+BnB all

Multiclass

60 0.73 ± 0.03 0.72 ± 0.04 0.73 ± 0.03 0.72 ± 0.04
100 0.78 ± 0.05 0.75 ± 0.06 0.78 ± 0.06 0.74 ± 0.06
300 0.83 ± 0.05 0.80 ± 0.05 0.83 ± 0.05 0.79 ± 0.04
600 0.84 ± 0.06 0.81 ± 0.05 0.82 ± 0.06 0.82 ± 0.06
3600 0.90 ± 0.06 0.90 ± 0.06 0.88 ± 0.06 0.89 ± 0.06

Hybrid
(best α)

60 0.28 ± 0.04 0.28 ± 0.04 0.28 ± 0.04 0.28 ± 0.04
100 0.35 ± 0.07 0.31 ± 0.08 0.34 ± 0.06 0.31 ± 0.06
300 0.44 ± 0.08 0.39 ± 0.10 0.43 ± 0.09 0.38 ± 0.08
600 0.46 ± 0.05 0.44 ± 0.06 0.44 ± 0.05 0.43 ± 0.05
3600 0.81 ± 0.09 0.79 ± 0.08 0.79 ± 0.08 0.79 ± 0.09

Multilabel
(α = 0)

60 0.83 ± 0.05 0.80 ± 0.07 0.83 ± 0.07 0.79 ± 0.09
100 0.78 ± 0.11 0.77 ± 0.14 0.78 ± 0.11 0.77 ± 0.12
300 0.77 ± 0.13 0.72 ± 0.11 0.77 ± 0.11 0.74 ± 0.10
600 0.90 ± 0.21 0.84 ± 0.15 0.89 ± 0.20 0.87 ± 0.19
3600 0.83 ± 0.08 0.83 ± 0.10 0.82 ± 0.09 0.85 ± 0.09

Regression
(α = 1)

60 0.33 ± 0.04 0.33 ± 0.04 0.32 ± 0.05 0.31 ± 0.05
100 0.38 ± 0.06 0.37 ± 0.07 0.38 ± 0.07 0.35 ± 0.07
300 0.50 ± 0.11 0.41 ± 0.12 0.49 ± 0.09 0.41 ± 0.11
600 0.51 ± 0.05 0.48 ± 0.09 0.51 ± 0.05 0.46 ± 0.06
3600 0.83 ± 0.07 0.82 ± 0.08 0.83 ± 0.07 0.80 ± 0.07

timesteps. Features are grouped into three categories: Static, CDCL-based, and
BnB-based. Positive ∆m̂st values indicate a decrease in predictive performance
when the feature is removed, representing higher importance.

At the early stage (time limit of 60 seconds), predictive performance is primarily
influenced by CDCL-based features. Metrics related to learned clauses, decisions per
conflict, average LBD, and conflict resolution steps exhibit the highest ∆m̂st values,
indicating that early predictions are strongly dependent on clause-learning dynam-
ics and conflict structures. BnB features such as the mean objective value and the
number of solutions found have a moderate influence, while static structural features
contribute only minimally. This pattern suggests that early performance estima-
tion relies heavily on conflict-driven solver behavior rather than global structural or
objective-related properties.

By timestep 100, CDCL features remain dominant but the difference relative to
other feature groups narrows. Decisions per conflict and trail pops per conflict con-
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Table 5.4: Cross-validated number of optimally solved instances (mean ± SD, higher
is better) of best ML models with different feature sets (st = Static, st+CDCL =
Static + CDCL, st+BnB = Static + BnB, all = All features).

Task t st st+CDCL st+BnB all

Multiclass

60 27.70 ± 5.53 27.90 ± 5.03 27.90 ± 5.37 27.80 ± 5.08
100 33.00 ± 6.10 33.70 ± 6.36 33.20 ± 6.08 33.60 ± 5.99
300 43.00 ± 5.78 42.70 ± 5.51 43.10 ± 5.84 42.80 ± 5.62
600 46.20 ± 5.15 46.60 ± 5.24 46.80 ± 4.69 46.40 ± 5.71
3600 59.60 ± 5.78 59.10 ± 5.79 59.90 ± 5.66 59.00 ± 5.73

Hybrid
(best α)

60 26.90 ± 5.70 28.20 ± 5.38 27.00 ± 5.57 27.00 ± 5.35
100 33.70 ± 5.57 33.70 ± 6.10 33.30 ± 6.10 34.00 ± 5.48
300 42.10 ± 5.32 42.70 ± 5.55 41.70 ± 5.35 43.30 ± 5.88
600 45.70 ± 4.65 45.60 ± 5.10 46.10 ± 4.32 46.40 ± 5.35
3600 67.60 ± 7.27 67.30 ± 7.40 66.60 ± 6.87 68.40 ± 6.96

Multilabel
(α = 0)

60 28.20 ± 4.66 28.70 ± 4.94 28.40 ± 4.88 28.60 ± 5.02
100 34.20 ± 5.86 35.30 ± 5.93 34.50 ± 5.84 35.40 ± 5.68
300 43.90 ± 5.63 44.30 ± 5.62 43.70 ± 5.69 44.30 ± 5.57
600 48.20 ± 5.56 48.40 ± 5.75 48.40 ± 5.75 48.50 ± 6.00
3600 68.00 ± 6.83 67.80 ± 6.97 68.20 ± 6.94 68.40 ± 7.09

Regression
(α = 1)

60 24.20 ± 4.56 24.40 ± 4.84 23.70 ± 5.42 23.70 ± 4.63
100 28.80 ± 4.71 30.10 ± 4.76 29.40 ± 4.36 30.00 ± 4.69
300 38.30 ± 5.93 39.50 ± 4.94 38.00 ± 4.98 39.80 ± 5.23
600 42.70 ± 3.95 43.50 ± 5.14 42.90 ± 3.53 43.60 ± 4.82
3600 65.00 ± 6.00 63.80 ± 6.97 65.30 ± 5.88 64.7 ± 7.64

tinue to rank highly, while structural constraint features, such as the percentage of
quaternary constraints, gain importance. BnB-related metrics, including the opti-
mality gap and ratios of positive objective terms, also become more relevant. Static
features, such as the number of variables and constraints, increase their contribution
compared to the earliest phase. Overall, the model begins integrating both search
behavior and structural composition, indicating that conflict activity remains cen-
tral but objective and constraint structures start to play a more significant role in
predictive performance.

At the mid stage (timestep 300), feature importance becomes more evenly dis-
tributed across all categories. Static features, including the percentage of terms in
constraints and the binary constraint ratio, rise in prominence. BnB-related met-
rics, such as feasible leaves explored and objective-related features, also gain impor-
tance. CDCL-based features remain relevant but no longer dominate the predictions.
Some features display slightly negative ∆m̂st values. This shift indicates that solver
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Figure 5.2: Feature importance at timestep 60. CDCL-based features dominate early
predictions.

behavior depends less exclusively on clause-learning dynamics and more on global
structural and objective characteristics.

During the late-mid stage (timestep 600), BnB features dominate the importance
rankings. Metrics related to LP iterations per variable, the percentage of terms
in constraints, and standard deviation of objective values rise to the top, while
CDCL features remain present but are no longer leading. Static structural features
maintain moderate influence, highlighting the solver’s shift toward branch-and-bound
behavior. Predictive performance is now primarily driven by optimization-specific
dynamics rather than conflict-learning.

By the final stage (timestep 3600), static features become more prominent. The
most important predictors include the percentage of positive terms in constraints
and in the objective, the ratio of binary constraints, average variable activity, prop-
agations per conflict, and the total number of variables, while objective-related and
other Branch-and-Bound features remain relevant. This indicates that the solver has
reached a more stable phase in which performance is shaped primarily by structural
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Figure 5.3: Feature importance at timestep 100. CDCL features remain dominant,
with increasing structural and BnB influence.

properties, whereas probing-based features that reflect early search behavior become
less informative over time.

5.5.3 Impact of the Weighting Parameter α

Figure 5.7 illustrates how the performance changes in terms of the m̂st metric and
the number of optimally solved instances as the hybrid model’s parameter α is varied
for each feature set. When alpha = 1, the model relies exclusively on the regres-
sion model, which results in fewer optimally solved instances. Incorporating some
information about the number of optimally solved instances improves both metrics
compared to using only regression. However, when relying entirely on the multil-
abel approach (α = 0), the m̂st metric worsens despite solving more instances. This
indicates that there is no clear correlation between the number of optimally solved
instances and the m̂st metric. It also suggests that intermediate values of α are more
effective for achieving both lower m̂st values and a higher number of optimally solved
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Figure 5.4: Feature importance at timestep 300. Importance is more evenly dis-
tributed across feature categories.

instances across all feature sets. We can see this behavior in all the feature sets. In
this work, we prioritize minimizing the m̂st metric and set α = 0.8, but if the main
objective is to maximize the number of optimally solved instances, a lower α can be
chosen.

5.5.4 Results on the Test Set (2024 PBO competition)

The selected configurations are evaluated on the independent test set of the 2024
PBO Competition. Two evaluation scenarios are considered: first, performance us-
ing the complete solver portfolio without accounting for probing overhead; second,
the full evaluation of MetaPB, which incorporates feature extraction cost and relies
exclusively on open-source solvers.
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Figure 5.5: Feature importance at timestep 600. BnB features dominate, reflecting
optimization-driven solver behavior.

Performance using the complete portfolio

The configurations selected during the validation phase are evaluated on the test
set of the 2024 PBO Competition. Results are reported under two metrics: a) the
m̂st optimization metric (Table 5.5) and b) the number of optimally solved instances
within the time limit (Table 5.6).

Table 5.5 shows that combining static features with probing features consis-
tently improves the m̂st metric compared to using static features alone. Both the
st+CDCL and st+BnB feature sets outperform st, and in most cases, using all fea-
tures provides the best performance, except at the longest timeout, where st+BnB
performs slightly better. All feature sets also improve upon the SBS (Gurobi), achiev-
ing m̂st values below 1.

As shown in Table 5.6, the meta-solver consistently solves more instances opti-
mally than the SBS (Gurobi) across all time marks. Adding probing features gen-
erally increases the number of optimally solved instances compared to using only
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Figure 5.6: Feature importance at timestep 3600. Static features dominate long-term
predictions; probing features are less influential.

static features. The benefit of CDCL features is more evident at shorter time marks,
whereas BnB features contribute more as the time budget increases.

As a limitation of this study, it is observed that the m̂st values generally get worse
for increasing time marks for all feature sets, suggesting that AAS for PBO is more
challenging as the time limit increases.

MetaPB Evaluation

MetaPB, the proposed meta-solver that combines static and probing features for
solver selection using only open-source solvers, is evaluated on the test set of the
2024 PBO Competition. Performance is compared against three baselines: Gurobi
(commercial solver), Mixed-Bag (winner of the 2024 PBO Competition), and Round-
ingSat (Single Best Open-Source Solver). Tables 5.7 and 5.8 report performance
under two metrics: the accumulated normalized objective value mst (Equation 2.10)
and the total number of optimally solved instances.
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Figure 5.7: Effect of varying α in the hybrid approach across the four feature sets
under a 300 second time limit. For each, we report the number of optimally solved
instances and the m̂st metric. The parameter α controls the trade-off between the
regression prediction n̂a(i, t) and the multilabel prediction p̂a(i, t). Intermediate val-
ues of α lead to better performance.

The statistical analysis (Table 5.7) reveals a clear performance hierarchy. The
two strongest MetaPB configurations are all and st+BnB. These variants are sta-
tistically equivalent across most time limits (t = 60, 100, 600), belonging to the same
statistical tier. The st+BnB configuration is a more efficient feature set for en-
hancing the static approach because the cost-to-benefit ratio of BnB features is
inherently superior to CDCL-based features. This is evidenced by two points: 1) all
is only statistically superior to st+BnB at t = 300; and 2) the high probing over-
head of CDCL features causes the st+CDCL variant to be statistically worse than
the base st variant at short limits (t = 60, 100). The performance of st+CDCL
only recovers to join the same tier as st at longer limits (t ≥ 300) once the feature
cost is amortized.

In comparison with baselines, MetaPB remains highly competitive. The best
MetaPB variants (all and st+BnB) are statistically equivalent to Gurobi in most
time limits and significantly outperform st features alone. While st+CDCL is sta-
tistically equivalent to the RoundingSat baseline at t = 60, 100, all MetaPB variants
are ranked superior to RoundingSat from t = 300 onward. Importantly, MetaPB
consistently achieves results statistically superior to Mixed-Bag, the PBO 2024 win-
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Table 5.5: m̂st scores (lower is better) for different feature sets, including statisti-
cal ranking on the test set. Superscript numbers denote statistical tiers (pairwise
Wilcoxon p < 0.05). Tier 1 is the best-performing group. Solvers sharing the same
tier number are statistically equivalent. All feature sets are statistically better than
Gurobi at all timesteps.

t st st+CDCL st+BnB all

60 0.4484 0.3442 0.4133 0.3161

100 0.6324 0.4652 0.5563 0.4201

300 0.6884 0.6062 0.6333 0.5951

600 0.7263 0.6482 0.6862 0.6271

3600 0.8522 0.8292 0.7891 0.7991

Table 5.6: Number of optimally solved instances per solver and meta-solver (algo-
rithm selector), including all solvers in the portfolio.

t st st+CDCL st+BnB all Gurobit

60 254 254 254 261 231
100 262 270 270 274 241
300 271 276 277 277 254
600 277 278 280 280 261
3600 298 295 302 300 280

ner, which is grouped into the lowest statistical tiers.
Regarding the number of optimally solved instances (Table 5.8), all MetaPB

variants generally outperform both the SBS-Open-Source and Mixed-Bag baselines.
The all feature set is the best performer, surpassing Gurobi at every timestep ex-
cept t = 600. These results confirm MetaPB’s effectiveness for solver selection,
demonstrating that it achieves high solution quality and strong performance in solv-
ing instances to optimality. This results indicate that MetaPB would have won the
Optimization track of the 2024 PBO Competition.
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Table 5.7: Accumulated normalized objective value mst (lower is better) and statis-
tical ranking on the test set for MetaPB variants and baselines. Superscript numbers
denote statistical tiers (pairwise Wilcoxon p < 0.05). Tier 1 is the best-performing
group. Solvers sharing the same tier number are statistically equivalent.

t st st+CDCL st+BnB all MB Gu RS

60 3372 3593 3231 3231 7384 3361 3553

100 3331 3402 3261 3271 7323 3161 3522

300 2913 2973 2812 2721 6565 2851 3304

600 2743 2693 2532 2591 4535 2571 3064

3600 2363 2343 2302 2343 4245 2111 2884

Table 5.8: Number of optimally solved instances on the test set for MetaPB variants
and baselines: Mixed-Bag (MB), Gurobi (Gu), and RoundingSat (RS).

t st st+CDCL st+BnB all MB Gu RS
60 225 220 234 239 194 231 180
100 232 227 239 243 202 241 187
300 244 241 250 254 216 254 202
600 253 253 260 257 256 261 217
3600 280 279 281 284 267 280 224
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Chapter 6

Conclusions and future work

This thesis investigated the role of dynamic features in Automatic Algorithm Se-
lection (AAS) for Pseudo-Boolean Optimization (PBO), guided by the hypothesis
that incorporating solver behavior from early execution stages would reduce the m̂st

metric, thereby closing the performance gap with the Virtual Best Solver (VBS).
The experimental results provide compelling support for this hypothesis. Across all
validation and test scenarios, feature sets that integrated static and probing infor-
mation consistently achieved lower m̂st values than those relying on static features
alone. This confirms that dynamic information offers a measurable and significant
benefit for meta-solver performance.

Feature analysis showed that relevance is strongly time-dependent. CDCL-based
features dominate at short time limits, reflecting the importance of early conflict
behavior, while Branch-and-Bound (BnB) and structural features become increas-
ingly important at medium and long time limits. Overall, the best performance was
achieved by combining all static and dynamic feature families, confirming that these
features capture complementary aspects of solver behavior.

From a machine learning perspective, the results challenge the predominance of
classification-based approaches in the AAS for PBO literature. Regression-based for-
mulations consistently outperformed direct multiclass classification. By predicting
solver performance, this approach produces more robust decisions than directly pre-
dicting a single "best solver" label.The hybrid formulation, which integrates regres-
sion predictions with information about solver optimality, achieved the best overall
balance between normalized objective quality and the number of optimally solved in-
stances. Intermediate values of the weighting parameter α consistently provided the
most favorable compromise, indicating that performance prediction and optimality
likelihood capture complementary aspects of solver behavior.

Building on these insights, MetaPB was developed as an open-source meta-solver
integrating the best-performing feature sets and learning formulation identified in
this study. When evaluated on the 2024 PBO Competition test set, MetaPB out-
performed every individual solver in its portfolio, surpassed the competition winner,
and achieved performance competitive with the commercial solver Gurobi.
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Despite these advances, several limitations remain. The m̂st metric tends to dete-
riorate as the time limit increases, indicating that algorithm selection becomes more
challenging under longer time budgets where solver performance differences narrow.
Furthermore, probing features introduce overhead that must be amortized over the
solving time, creating a trade-off between information richness and computational
cost.

Future research should explore dynamic feature representations that evolve along
with solver behavior to improve long-term prediction stability. Increasing the diver-
sity of solvers in the portfolio may also enhance generalization, giving AAS greater
adaptability. Moreover, analyzing the time required to extract probing features
would help clarify the trade-off between feature extraction cost and predictive perfor-
mance. The observed shifts in solver performance over time suggest strong potential
for adaptive scheduling strategies, where solvers are dynamically selected based on
runtime progress to maximize efficiency.
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