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Abstract
Microfluidic systems have gained significant attention in recent years due to their abil-
ity to handle small sample volumes with high precision, making them essential in
biomedical, chemical, and materials science applications. A key phenomenon govern-
ing microfluidic behavior is surface tension, which plays a critical role in controlling
fluid interfaces and droplet formation. This thesis focuses on the study of filling phe-
nomena in microfluidic systems using the Smoothed Particle Hydrodynamics (SPH)
method, a mesh-free computational technique well-suited for simulating free-surface
flows and multiphase interactions, and validates the numerical results through experi-
mental measurements.

To improve the accuracy of SPH simulations in capturing surface tension e!ects, we
introduce a scalable pair potential model inspired by molecular cohesion forces. The
model is calibrated using the Young-Laplace equation and employs a scaling factor
that depends on particle resolution and fluid volume. Comparative tests, such as
spherization of a fluid cube, free-fall experiments, droplet oscillation, also validated
the model against theoretical and experimental results. Simulations are carried out
through di!erent levels of discretization to evaluate numerical stability and accuracy.

In addition, the proposed method is applied to microfluidic flow simulations, par-
ticularly in microchannel environments where viscosity and interfacial e!ects play a
crucial role. The study aims to improve rheological characterization using microfluidic
platforms by integrating computational and experimental approaches. Image-based
analysis is employed to track the propagation of the fluid front, allowing accurate de-
termination of viscosity. The impact of flow losses in microchannels is also investigated
by minimizing connecting tubes to refine in-channel rheometry methodologies.

The results of this thesis contribute to advancing the design of microfluidic devices
and provide a robust numerical framework for modeling surface tension in SPH simu-
lations. This research has broad implications for droplet physics, fluid front dynamics
in microchannels, and microfluidic engineering applications.
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1 Introduction

In recent decades, numerical simulation has become an essential tool for advancing the
study of fluid dynamics [1, 2]. By enabling the analysis of complex and highly dynamic
phenomena without the constraints of costly or impractical experiments, computational
modeling has expanded the boundaries of scientific and engineering research. Among
the various numerical methods available, Smoothed Particle Hydrodynamics (SPH)
stands out for its versatility and robustness [3, 4]. Its mesh-free and Lagrangian nature
allows SPH to accurately model problems involving free surfaces, large deformations,
and multiphase interactions [5–8], making it a promising technique for addressing chal-
lenges in areas such as microfluidics, biological fluid simulations, and interfacial phe-
nomena. This chapter provides an overview of Computational Fluid Dynamics (CFD),
introduces the SPH methodology, discusses its limitations in surface tension model-
ing, and presents the motivation for developing improved numerical and experimental
strategies to study fluid behavior in microscale systems.

1.1 Computational Fluid Dynamics Overview

Computational Fluid Dynamics (CFD) is a tool that numerically approximates partial
di!erential equations (PDEs) with algebraic equations, allowing for the discretization of
both the continuous flow domain and the conservation equations. This computational
approach enables numerical experiments to obtain valuable information such as velocity
fields, heat and mass transfer, and the chemical reactions involved in various processes.
To apply CFD, it is necessary to discretize the continuous flow domain, which can
be accomplished using several numerical methods. Among the most important are
the finite di!erence method (FDM), the finite volume method (FVM), and the finite
element method (FEM).

The finite di!erence method (FDM) was the first technique used to obtain numerical
solutions to the Navier-Stokes (NS) equations. This method operates in Cartesian
coordinates and requires structured meshes. While conceptually simple, FDM presents
disadvantages due to its complex implementation in irregular geometries, which limits
its application mainly to simple domains. For this reason, its use is less frequent in
industrial applications [9].

The finite volume method (FVM) is based on the direct discretization of the conser-
vation equations in their integral form over control volumes, eliminating the need for
coordinate transformations. FVM o!ers a significant advantage because it can handle
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both structured and unstructured meshes, making it ideal for simulations involving
complex geometries. As a result, FVM is currently the most widely used method in
the industry for CFD applications [10].

The finite element method (FEM) is a generalized approach for solving the Navier-
Stokes and Euler equations. FEM involves dividing the computational domain into
finite elements of regular geometric shapes, such as triangles or quadrilaterals in two-
dimensional problems, and tetrahedra or hexahedra in three-dimensional cases. This
strategy enables the creation of unstructured meshes, which are particularly useful for
simulating complex geometries and non-Newtonian fluids [11].

Various software solutions implement these numerical methods to solve problems in
both academic and industrial settings. Commercial examples include ANSYS Fluent,
PHOENICS, STAR-CCM+, ADINA-CFD,ConSol, and ABAQUS. In parallel, open-
source platforms such as FEniCS, FreeFEM++, OpenFOAM, FREECFD, OpenFVM,
and ELMER are widely used in research environments. Additionally, many research
centers and universities develop custom codes or improve existing algorithms to meet
specific scientific and engineering needs.

In terms of physical description, there are three primary approaches to represent
fluid behavior based on the Navier-Stokes equations: the Eulerian, Lagrangian, and
Eulerian-Lagrangian or mixed methods. The Eulerian approach evaluates phase prop-
erties from one control volume to another within a fixed coordinate system, making
it well-suited for studying fluid interactions across defined spatial domains. The La-
grangian approach, by contrast, uses a moving coordinate system where elements are
represented as particles, allowing for the direct study of interactions between particles
within their domain of influence. Lastly, the mixed or Eulerian-Lagrangian method
combines concepts from both frameworks, enabling simulations that involve both con-
tinuous phases and dispersed particles [12].

1.2 Smoothed Particle Hydrodynamics (SPH)

Smoothed Particle Hydrodynamics (SPH) is a mesh-free Lagrangian method originally
proposed by Lucy [13] and independently by Gingold and Monaghan [14] for simu-
lating astrophysical phenomena such as stellar evolution. SPH discretizes the fluid
domain into particles that carry physical properties and move according to conserva-
tion equations. This particle-based representation allows SPH to naturally handle large
deformations, free surfaces, and complex topological changes, which are challenging for
mesh-based methods.

Since its inception, SPH has been adapted and extended to a wide range of problems
in fluid dynamics, solid mechanics, and multiphase flows. Its Lagrangian nature facil-
itates accurate tracking of interfaces and transient phenomena, making it particularly
suitable for simulating multiphase flows and fluid-structure interactions [15, 16]. Re-
cent advances have further improved its accuracy, numerical convergence, and stability,
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broadening its applicability across engineering and computational sciences [17].
SPH has been employed in various applications such as dam-break problems, free-

surface flows, sediment transport, and biological fluid simulations [4]. Yang et al.
(2021) [18] highlighted the challenges of using SPH for multiphase flows with large
density ratios, a situation often encountered in microfluidic environments where free
surfaces and interface dynamics are critical. Despite its numerous advantages, SPH
faces di"culties in accurately modeling interfacial phenomena such as surface tension,
especially in multiscale simulations where traditional SPH models struggle with reso-
lution dependency and stability.

1.2.1 SPH and Surface Tension Modeling
Surface tension plays a crucial role in microfluidic systems by governing interfacial
interactions between fluids. The Young-Laplace model describes surface tension as
resulting from a balance of attractive and repulsive forces at a curved fluid interface
[19]. Laplace’s law relates the pressure di!erence !P across the interface to the surface
tension ϑ and the radius of curvature R:

!P =
2ϑ

R
. (1.1)

At the molecular level, surface tension arises due to an imbalance of cohesive forces,
with molecules at the surface experiencing fewer neighboring interactions compared to
those within the bulk liquid, creating a net inward force. This leads to the minimization
of surface area, resulting in characteristic fluid geometries such as droplets and bubbles
[20].

Simulating surface tension accurately in SPH remains challenging. Various strategies
have been proposed, including Continuum Surface Force (CSF) models [8], pairwise in-
teraction potentials [21, 22], and Lennard-Jones-type potentials [23]. However, many
approaches su!er from limitations in accuracy and stability, particularly at multiple
scales. Addressing these limitations is crucial for advancing SPH simulations in mi-
crofluidics.

In SPH, each phase must be discretized using its own set of particles. However,
it has been noted that the conservation of momentum term in SPH can produce an
intrinsic surface tension even when two phases have di!erent densities. This intrinsic
surface tension occurs with values that are not grounded in physical measurements [24].
To address this, two models have been proposed in SPH to simulate surface tension:
Continuum Surface Force (CSF) and Internal Pairwise Force (IPF) models. The CSF
model, derived from grid-based numerical methods, requires precise estimation of the
interface curvature to represent surface tension adequately. In contrast, the IPF model
proves to be more robust, as it is built on a molecular dynamic foundation, considering
pairwise interaction forces between particles within a cuto! distance to produce surface
tension (See Fig. 1.1 [25–29].
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Figure 1.1: a) Representation of how the CSF method works, b) Representation of how
the IPF method works.

The work by Tartakovsky and Arai [28, 29] compares and proposes tools for sim-
ulation using IPF models. They define a virial pressure, which means that in IPF
simulations, the absolute value of the pressure field is the pressure indicated by the
equation of state plus the virial pressure, which is always negative. In the work by
Howard and Tartakovsky [30], they found a limit of 3 rc (the rc cuto! radius in our
work) beyond which the pairwise forces term is valid.

These models propose that cohesive forces exist on a macroscopic scale, acting be-
tween small fluid volumes. These forces depend on whether the fluid is single-phase
or multiphase, on the volume discretization scale, on the type of fluid, on the external
pressure, and on the total mass of the simulated fluid element. Currently, there is no
universal calibration factor that allows these forces to be applied in SPH simulations
across all scenarios.

Morris [31] initially introduced a CSF-based surface tension model in SPH, which
was subsequently applied in various studies [7, 32–36]. However, the complexity of
the calculations makes it challenging to integrate them into an analytical mechanical
framework. In contrast, the IPF model, being energy-based, can be more easily incor-
porated into such a framework. IPF is suitable for calculating surface tension while
maintaining the physical consistency of the discrete particle system [37]. The first
IPF model was introduced by Monaghan [5], and Tartakovsky and Meakin proposed
a modern implementation of the IPF model in SPH [38], with these derived models
being widely used [6, 39, 40].

Additionally, surface tension is fundamental in small-scale free surface problems,
where fluid behavior is significantly influenced by internal forces outweighing body
forces [41]. The relationship between surface tension and system scale can be charac-
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terized by the Bond number, which expresses the ratio of body forces (usually gravity)
to surface tension. For droplets with small Bond numbers, rupture or separation is
unlikely, as the influence of gravity is much weaker compared to surface tension, even
under normal gravity conditions [42].

1.3 Microfluidics

Microfluidic systems have experienced rapid advancements over the past decade, par-
ticularly in the fields of engineering, science, and technology, due to their numerous
advantages. One of their most critical benefits is the ability to work with extremely
small sample volumes, which is invaluable in applications where sample availability is
limited, such as clinical diagnostics or pharmaceutical research [43, 44]. Additionally,
microfluidic systems are renowned for their simplicity in fabrication and operation,
contributing to their accessibility and versatility across various disciplines.

A distinctive advantage of microfluidics is its ability to achieve precise control over
fluid behavior at microscopic scales. This precision enables the study of phenomena
such as laminar flow, droplet formation, and particle manipulation within confined ge-
ometries—phenomena di"cult to observe at the macroscale [45]. For instance, laminar
flow in microchannels ensures that mixing occurs predominantly through di!usion, al-
lowing precise control of chemical reactions and the creation of concentration gradients
essential for biological studies [46].

Microfluidic experiments often focus on droplet-based systems, where individual
droplets serve as isolated microreactors. These systems enable high-throughput screen-
ing for applications like drug discovery, allowing thousands of reactions to be conducted
in parallel [47]. Droplet-based microfluidics has been particularly e!ective in perform-
ing single-cell analysis, encapsulating individual cells within droplets to investigate
their response to various stimuli [48]. It has also been applied in genetic analysis and
the study of rare biological events.

Another prominent area of experimentation is the manipulation of fluids using ex-
ternal forces such as electric fields, magnetic fields, or acoustic waves. Techniques like
electrokinetics and magnetophoresis enable precise control over the movement and sep-
aration of particles or cells within microchannels, contributing to the development of
lab-on-a-chip devices capable of complex tasks such as cell sorting, DNA extraction,
and pathogen detection [49].

Experiments in microfluidics also extend to the study of multiphase flows, where
two or more immiscible fluids interact within confined spaces. These studies are cru-
cial for understanding surface tension, interfacial dynamics, and emulsion formation
[50]. Moreover, advanced imaging and analytical techniques have been integrated with
microfluidics, enabling real-time monitoring and quantification of fluid behavior at the
microscale [51]. This combination has facilitated sophisticated experiments such as
tracking cell migration in response to chemical gradients and visualizing microbubble
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formation in controlled environments.
Microfluidic platforms have also been used to investigate blood rheology by analyzing

the mechanical properties of red blood cell membranes [52]. These techniques have pro-
vided insights into blood behavior under pathological conditions such as ϖ-thalassemia
and iron deficiency, using front microrheometry [53]. Viscosity normalization according
to hematocrit and shear rate has been explored, o!ering valuable data for biomedical
applications [54].

1.4 Numerical Simulations and Microfluidics

Understanding and predicting fluid behavior at microscopic scales is essential for ad-
vancing scientific and industrial applications. Processes such as biological fluid trans-
port [55], inkjet printing [56], and aerosol formation [57] involve complex fluid interac-
tions that are di"cult to study experimentally. In microfluidics, where confinement ef-
fects, multiphase flows, and interfacial phenomena are dominant, traditional numerical
methods often struggle to provide accurate and stable predictions [58, 59]. Therefore,
robust and versatile computational techniques are required to complement experimen-
tal observations and guide device design.

Smoothed Particle Hydrodynamics (SPH) has emerged as a powerful tool for sim-
ulating microfluidic systems due to its mesh-free Lagrangian nature [4, 14, 60, 61].
Unlike mesh-based approaches, SPH represents fluids as discrete particles that move
and interact according to conservation laws. This formulation makes SPH particularly
suitable for capturing free surfaces, large deformations, and multiphase flows, all of
which are central to microfluidic phenomena [2, 16, 62].

In the context of microfluidics, SPH has been successfully applied to simulate droplet
generation, coalescence, and coating flows in microchannels. For instance, Sibilla et
al. (2020) [63] modeled a microfluidic device for the conformal coating of pancreatic
islets using SPH multiphase formulations, validating their results against experimental
data. This study demonstrated the potential of SPH in capturing detailed microfluidic
behaviors, including particle-level interactions and interface dynamics. Its Lagrangian
framework allows for natural tracking of fluid interfaces and avoids the numerical dif-
fusion often associated with Eulerian methods. Furthermore, SPH facilitates the mod-
eling of complex geometries common in microfabricated devices without the need for
remeshing, making it highly adaptable to microfluidic applications.

Despite these advantages, applying SPH to microfluidics presents unique challenges.
Microfluidic systems typically operate under low Reynolds numbers, where viscous
forces dominate, and capillary e!ects govern flow behavior. Accurate reproduction
of flow profiles, pressure gradients, and wall interactions requires careful calibration
of the numerical scheme, including boundary conditions, particle resolution, and vis-
cosity modeling. Additionally, the small scale of microfluidic systems demands high
computational accuracy to capture subtle interfacial e!ects and shear-dependent flow
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properties.
This thesis uses SPH to simulate flow behavior in microchannels while modeling

surface tension, focusing on the accurate reproduction of rheological properties such
as viscosity and shear rate under confined conditions. A novel scalable pair potential
model is implemented to enhance the representation of cohesive interactions within
fluid elements, facilitating the study of fluids in microfluidic environments. The model
aims to capture the essential dynamics of microscale flows, enabling detailed investiga-
tions into pressure-driven flows, droplet transport, and front propagation in rectangular
channels.

By integrating SPH with experimental methodologies, this research seeks to vali-
date simulation results against real microfluidic experiments, establishing a reliable
computational framework for the design and analysis of next-generation microfluidic
devices.

1.5 Objectives and Thesis Structure

1.5.1 Objectives
The primary objective of this thesis is:

“To develop and validate a pairwise interaction force model using the Smoothed Par-
ticle Hydrodynamics (SPH) methodology, capable of accurately simulating fluid surface
tension, and to apply this model in microchannel simulations to extract relevant physical
and rheological properties of fluids.”

The specific objectives derived from this goal are:

1. To develop a pairwise interaction force model within the SPH framework to ac-
curately simulate surface tension e!ects in multiphase flows.

2. To validate the proposed interaction model through a series of benchmark tests,
including droplet spherization, pendant drop tests, and oscillation analyses, com-
paring results with theoretical and experimental data.

3. To integrate and optimize the validated model for the simulation of fluid behav-
ior in microfluidic environments, focusing on realistic boundary conditions and
interfacial dynamics.

4. To perform microfluidic simulations to analyze rheological properties such as
viscosity, surface tension, and energy dissipation, and assess the model’s applica-
bility to experimental microfluidic flows.

5. To compare simulation results with experimental observations obtained from mi-
crochannel experiments to validate the applicability of the proposed model in
real-world microfluidic conditions.
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1.5.2 Thesis Structure
This thesis introduces a scalable pair potential into the SPH framework to model co-
hesive forces within droplets and simulate surface tension across di!erent fluids and
discretization scales. Chapter I presents the motivation, research background, and
objectives of the study. Chapter II provides the theoretical foundations necessary to
understand fluid behavior, interfacial physics, and the Smoothed Particle Hydrodynam-
ics (SPH) methodology. Chapter III details the implementation of the SPH simulation
code, including numerical techniques and computational optimizations, building on the
pair potential proposed by Wang et al. [23] to model surface tension under various con-
ditions. Chapter IV describes the formulation and implementation of the internal force
model that emulates fluid cohesion, presenting the validation process through various
benchmark tests such as droplet spherization, oscillation analysis, and droplet deposi-
tion. Chapter V presents and analyzes microfluidic simulations, comparing them with
theoretical and experimental results to evaluate the accuracy of the proposed SPH-
based model in the simulation of microfluidic flows and interfacial interactions. Chap-
ter VI focuses on the application of the developed model in experimental microfluidic
systems. It includes experimental procedures for channel fabrication, front detection
via image processing, and validation of the simulation model using experimental data.

This research contributes a novel scalable methodology for surface tension modeling
in SPH, improving its integration with experimental microfluidic data and providing
a concrete advancement in numerical rheometry and microscale flow simulations. The
outcomes of this work are expected to enhance the design and analysis of microfluidic
devices, with applications extending to biomedical engineering, droplet dynamics, and
advanced fluid simulations.
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2 Theoretical Background

2.1 Transport Phenomena

To understand the basis for the study of fluid dynamics, it is essential to discuss a
general equation that describes the transport of a physical quantity ” (e.g., mass,
momentum, or energy) within a control volume. This equation captures the rate of
change of ” per unit time and volume and is commonly referred to as the equation of
transport phenomena [64, 65].

The quantity ” represents the total amount of the property of interest within a
control volume, while ϱ is the specific property per unit mass, expressed as ϱ = !

M ,
where (M) is the mass of the control volume. The mass M itself is given by M = ςV ,
with ς representing the fluid density and V the size of the control volume. The general
form of the transport phenomena equation is expressed as:

φ

φt
(ςϱ) = ↑↓ · (ςϱv)↑↓ · (Jω) + Sω (2.1)

In this equation, ε
εt (ςϱ) represents the unsteady accumulation term, describing the

rate of change of ” within the control volume over time. The term ↑↓ · (ςϱv) captures
the convective transport of ”, which quantifies the net movement of the property due
to the bulk motion of the fluid. The molecular transport term, ↑↓ · (Jω), describes
the flux of ” driven by microscopic mechanisms such as di!usion or heat conduction,
with Jω representing the flux vector. Finally, Sω accounts for any internal generation
or destruction of ” within the control volume, such as heat generation by chemical
reactions or energy dissipation due to viscous e!ects.

The equation of transport phenomena (Eq. 2.1) provides a unified framework for
analyzing the behavior of fluid systems. Each term in the equation can be derived
from the fundamental conservation laws:

• Mass Conservation: Governed by the continuity equation.

• Momentum Conservation: Derived directly from Newton’s Second Law ap-
plied to a fluid element.

• Energy Conservation: Represented by the first law of thermodynamics applied
to a control volume.
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Fig. 2.1 illustrates a control volume where transport processes take place. It depicts
the interaction of convective transport, molecular di!usion, and source terms that
collectively govern the evolution of ” as it passes through the system.

Figure 2.1: Diagram illustrating the transformation of ” inside a control volume, where
the inlet value ” changes to ”→ at the outlet as a result of transport pro-
cesses.

In this thesis, we will focus exclusively on the conservation of mass and momentum,
as our simulations and experiments are conducted under constant pressure and temper-
ature conditions. The assumption of constant thermodynamic properties simplifies the
analysis by allowing us to omit energy conservation equations, thereby concentrating
on the fluid’s dynamic behavior.

2.2 Continuity Equation
In the specific case of isothermal fluids, where the temperature remains constant
throughout the system, we focus on analyzing how mass changes per unit time and
volume within a control volume. For this scenario, the conserved quantity ” corre-
sponds to the mass M . By applying the equation

(
ϱ = !

M

)
, which defines the specific

quantity ϱ as the total quantity ” divided by the mass of the control volume, we find
that:

ϱ = 1

This simplification leads to a more explicit expression for the transport of mass.
Substituting ϱ = 1 into Eq. 2.1, we derive the general equation for the change in mass
per unit time and volume:

φ

φt
(ς) = ↑↓ · (ςv)↑↓ · (J) + S (2.2)
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where ς is the density of the fluid, v represents the velocity vector, J denotes the
molecular flux due to particle collisions, and S accounts for any internal generation or
destruction of mass [65, 66].

In this case, the principle of mass conservation dictates that there is no molecular
transport due to particle collisions (J = 0) and no internal generation or destruction of
mass (S = 0). These assumptions are valid for the study of continuous, incompressible
isothermal fluids, as there are no sources or sinks of mass within the control volume.
Consequently, the transport equation simplifies to the fundamental conservation of
mass equation:

φ

φt
(ς) = ↑↓ · (ςv) (2.3)

Eq. 2.3 describes the principle of mass conservation, stating that any change in den-
sity within the control volume must be exactly balanced by the net flux of mass entering
or leaving the volume. This is a cornerstone of fluid dynamics and is particularly rel-
evant in the analysis of incompressible fluids, where the density ς remains constant,
further simplifying the equation to:

↓ · v = 0.

This condition, known as the incompressibility condition, implies that the diver-
gence of the velocity field is zero, signifying that the volume of fluid elements remains
unchanged during flow [67].

2.3 Momentum Conservation
The conservation of momentum in fluid dynamics is derived from the general trans-
port equation (Eq 2.1), considering momentum as the conserved quantity, defined as
p = Mv, where M is the mass and v is the velocity vector. Consequently, the spe-
cific quantity ϱ is v. Substituting this into the general transport equation yields the
momentum conservation equation:

φ

φt
(ςv) = ↑↓ · (ςvv)↑↓ · (Jv) + Sv (2.4)

where ς is the fluid density, ↑↓·(ςvv) represents the convective transport of momen-
tum due to the bulk motion of the fluid, ↑↓ · (Jv) accounts for molecular momentum
flux due to viscosity, and Sv represents external forces per unit volume acting on the
system, such as gravitational forces [67, 68].

To analyze the term ↑↓ · (Jv), we examine the forces acting on an infinitesimal fluid
element, as shown in Fig. 2.2.

The force due to hydrostatic pressure acts perpendicular to the face x1, while shear
forces (due to friction) act in all directions. The force per unit area T1 on face x1 can
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Figure 2.2: Schematic representation of an infinitesimal control volume within a fluid
domain. The diagram illustrates the control volume with dimensions !x1,
!x2, and !x3, highlighting the normal stress component T1 and the pres-
sure force p acting on the face perpendicular to the x1 direction.

be decomposed as T1 = ↼11î + ↼12ĵ + ↼13k̂, where î, ĵ, k̂ are the unit vectors along the
coordinate axes. Therefore, the net force per unit volume on face x1 is:

F

!V
=

φP

φx1
î↑

(
φ↼11
φx1

î+
φ↼12
φx1

ĵ +
φ↼13
φx1

k̂

)
(2.5)

For all the faces of the control element, the force per unit volume becomes:

F

!V
=

(
φ

φx1
,

φ

φx2
,

φ

φx3

)
ς↑

(
φ

φx1
,

φ

φx2
,

φ

φx3

)


↼11 ↼12 ↼13
↼21 ↼22 ↼23
↼31 ↼32 ↼33



 (2.6)

↑↓ · (Jv) =
F

!V
= ↑↓p↑↓ · ↼ (2.7)

Substituting Eq. 2.7 into Eq. 2.4 and noting that Sv is related to external forces per
unit time and volume acting on the system (ςf), we obtain:

φ

φt
(ςv) = ↑↓ · (ςvv)↑↓p↑↓ · ↼ + ςf (2.8)

2.4 Newtonian Fluids
Newtonian fluids are characterized by a linear relationship between the shear stress
and the strain rate. This behavior is mathematically represented by the stress tensor
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derived by Stokes, which depends on the velocity gradient ↼ = f
(

εv
εxi

)
. For an isotropic

Newtonian fluid, the stress tensor is given by Eq. 2.9 [64, 65]:

↼ij = ↑↽

(
φvj
φxi

+
φvi
φxj

)
+

(
2

3
↽ ↑ k

)
(↓ · v) ⇀ij (2.9)

In this equation ↽ represents the dynamic viscosity of the fluid, which quantifies
the fluid’s resistance to shear deformation, k is the bulk viscosity, associated with
the resistance to volumetric deformation, and ⇀ij is the Kronecker delta, ensuring the
isotropy of the stress tensor.

The indices i and j denote the direction of the applied force and the normal di-
rection of the fluid face, respectively. The first term in Eq. 2.9 corresponds to the
shear stress due to velocity gradients, while the second term accounts for the e!ects of
compressibility.

In the case of incompressible flows, where the density ς, dynamic viscosity ↽, and
volumetric viscosity k remain constant, the continuity equation imposes the condition
of mass conservation:

↓ · v = 0 (2.10)

Substituting this condition into Eq. 2.9, the stress tensor simplifies to:

↼ij = ↑↽

(
φvj
φxi

+
φvi
φxj

)
(2.11)

This reduced form highlights that the stress tensor is entirely determined by the
velocity gradients and the fluid’s viscosity. In matrix form, it can be written as:

↼ = ↑↽




2 εv1
εx1

εv2
εx1

+ εv1
εx2

εv3
εx1

+ εv1
εx3

εv1
εx2

+ εv2
εx1

2 εv2
εx2

εv3
εx2

+ εv2
εx3

εv1
εx3

+ εv3
εx1

εv2
εx3

+ εv3
εx2

2 εv3
εx3



 = ↑↽(↓v +↓vT ) (2.12)

The divergence of the stress tensor is a key term in the Navier-Stokes equations. By
calculating the divergence of Eq. 2.11, we obtain:

↓ · ↼ = ↑↽↓2v (2.13)

This result indicates that the stress tensor divergence for a Newtonian fluid depends
on the Laplacian of the velocity field, with the dynamic viscosity µ as the proportion-
ality constant.

The Navier-Stokes equations describe the motion of a Newtonian fluid by combining
the conservation of momentum with the stress tensor divergence. Using the material
derivative D

Dt , the momentum conservation equation is expressed as:

ς
Dv

Dt
= ↑↓p+↓ · ↼ + ςf (2.14)
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Substituting Eq. 2.13 into Eq. 2.14, the Navier-Stokes equation for incompressible
flows becomes:

ς
Dv

Dt
= ↑↓p+ ↽↓2v + ςf (2.15)

Here, ς is the fluid density, p is the pressure field, f represents body forces acting on
the fluid (e.g., gravity).

The Navier-Stokes equation encapsulates the balance of inertial forces, pressure gra-
dients, viscous forces, and external body forces, providing a comprehensive description
of fluid motion in various engineering and scientific applications [68, 69].

2.5 Newtonian Shear Rate
The shear rate is a fundamental quantity in fluid dynamics, describing the rate at
which adjacent layers of fluid move with respect to each other. It plays a critical role in
understanding flow characteristics in microfluidic systems, non-Newtonian fluids, and
other domains of fluid mechanics [68, 70]. Starting from the Navier-Stokes equation,
under the assumptions of negligible external forces and a steady-state flow, the Stokes
equation can be derived as follows [64]:

↽↓2v = ↓P (2.16)

where ↽ is the dynamic viscosity of the fluid, v is the velocity vector and ↓P is the
pressure gradient driving the flow.

By solving this di!erential equation and applying the boundary conditions v(b/2) =
v(↑b/2) = 0 (no-slip condition at the channel walls), the velocity profile is obtained:

v(y) =
1

2

↓P

↽

((
b

2

)2

↑ y2
)

(2.17)

This parabolic velocity profile is characteristic of laminar flow in rectangular channels
[71]. The shear rate, which quantifies the rate of deformation of the fluid layers, is
defined as:

ϑ̇ =
⇀v

⇀y
(2.18)

By substituting the velocity profile from Eq. 2.17 into Eq. 2.18, the shear rate is
determined:

ϑ̇ =
(↓P ) b

2↽
(2.19)

To relate this to the flow rate Q, we note that the flow rate is defined as the integral
of the velocity profile across the cross-sectional area of the channel:
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Q =

b/2∫

↑b/2

v(y) · dA (2.20)

Substituting the velocity profile from Eq. 2.17 into Eq. 2.20 and performing the
integration yields [70]:

Q =
1

12

(
wb3

↽

)
↓P (2.21)

where w is the width of the channel and b is the height. Combining Eq. 2.19 and
Eq. 2.21, we establish a direct relationship between the shear rate and the flow rate:

ϑ̇ = 6
Q

wb2
(2.22)

In scenarios where the velocity is assumed to be uniform across the channel section
(a simplification often used in practical calculations), the flow rate can be expressed as
Q = ||⇁v||A, where A is the cross-sectional area. Substituting this into Eq. 2.22 gives
the expression for the average shear rate in the channel:

ϑ̇ = 6
||v||
b

(2.23)

2.6 Non-Newtonian Fluids
Non-Newtonian fluids exhibit a nonlinear relationship between shear stress and strain
rate, deviating from the classical Newtonian behavior [72]. Unlike Newtonian fluids,
whose viscosity remains constant regardless of the applied shear rate, non-Newtonian
fluids display a wide range of behaviors depending on the flow conditions. These
fluids are widely encountered in industrial applications, biological systems, and natural
phenomena, making their study essential in fluid mechanics and engineering.

Non-Newtonian fluids can be categorized into di!erent types based on their rheolog-
ical properties:

• Shear-thinning fluids: Also known as pseudoplastic fluids, shear-thinning flu-
ids experience a decrease in viscosity with an increase in shear rate. This behavior
is commonly observed in polymer solutions, paints, and biological fluids such as
blood [73]. Shear-thinning behavior allows these fluids to flow more easily un-
der applied stress, making them useful in applications such as inkjet printing,
lubrication, and biomedical diagnostics.

• Shear-thickening fluids: In contrast to shear-thinning fluids, shear-thickening
(or dilatant) fluids exhibit an increase in viscosity when subjected to higher shear
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rates. This behavior is observed in suspensions such as cornstarch in water,
wet sand, and certain industrial slurries [74]. Shear-thickening properties are
utilized in the design of impact-resistant materials, protective gear, and advanced
coatings.

• Bingham plastics: These fluids possess a yield stress, meaning that they behave
as a solid until the applied shear stress exceeds a critical threshold, after which
they flow like a viscous liquid [75]. Examples include toothpaste, mud, and some
food products such as ketchup. The ability to resist deformation under low stress
makes Bingham plastics ideal for applications requiring controlled flow, such as
in construction materials and drilling fluids.

• Viscoelastic fluids: These fluids exhibit both viscous and elastic properties, de-
pending on the timescale of deformation. Under slow deformations, they behave
like viscous fluids, while under rapid deformations, they exhibit elastic behavior
[72]. Viscoelasticity is commonly observed in polymer melts, biological fluids
like mucus, and synthetic gels. This property is crucial in applications such as
biomedical implants, soft robotics, and rheological modifiers in consumer prod-
ucts.

The classification and understanding of non-Newtonian fluids are essential for design-
ing e"cient industrial processes, developing novel materials, and optimizing biomedical
applications. Advanced rheological models are often employed to describe their com-
plex behavior, allowing for better predictions and control of their flow properties.

2.6.1 Viscosity Models
The viscosity of non-Newtonian fluids is described by various models that characterize
their flow behavior under di!erent shear conditions. These models are fundamental
for predicting and analyzing the behavior of complex fluids in both engineering and
biomedical applications. Before introducing these models, it is essential to define the
scalar shear rate (ϑ̇) in terms of the strain rate tensor (ε̇), particularly when addressing
complex flow scenarios. The rate of strain tensor is given by:

ε̇ =
1

2

(
↓v +↓vT

)
(2.24)

where ↓v is the velocity gradient tensor, and ↓vT is its transpose. This symmetric
tensor represents the local deformation rates of fluid elements.

The magnitude of the shear rate ϑ̇ is then computed using the second invariant of ε̇,
defined as:

ϑ̇ = α
↔
ε̇ : ε̇ (2.25)
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where “:” denotes the double contraction (inner product) of the tensor with itself,
and α is a scaling constant, often taken as

↔
2 to ensure consistency with simple shear

flow definitions. Explicitly, the double contraction is computed as:

ε̇ : ε̇ =
∑

i,j

ε̇ij ε̇ij (2.26)

This scalar quantity ϑ̇ provides a measure of the overall rate of deformation in the
fluid and is used in generalized Newtonian models to relate shear stress and viscosity
[76].

• Power-Law Model: Also known as the Ostwald–de Waele relationship, this
model expresses the shear stress (↼) as a function of the shear rate (ϑ̇):

↼ = Kϑ̇n (2.27)

Here, K is the consistency index, indicating the fluid’s apparent viscosity, and n
is the flow behavior index. For n < 1, the fluid exhibits shear-thinning behavior
(pseudoplastic), while n > 1 corresponds to shear-thickening behavior (dilatant).
When n = 1, the fluid behaves as a Newtonian fluid with constant viscosity. The
power-law model is widely used due to its simplicity; however, it is valid over a
limited range of shear rates and may not accurately predict viscosity at very low
or high shear rates [76].

• Herschel-Bulkley Model: This model extends the power-law model by incor-
porating a yield stress (↼0), representing the stress required to initiate flow:

↼ = ↼0 +Kϑ̇n (2.28)

The Herschel-Bulkley model e!ectively describes viscoplastic fluids that behave
as solids under low stress conditions and flow as liquids when the applied stress
exceeds the yield stress. It is commonly applied to materials like toothpaste and
certain clays [77].

• Carreau-Yasuda Model: This model provides a more comprehensive descrip-
tion of non-Newtonian behavior across a wide range of shear rates:

↽(ϑ̇) = ↽↓ + (↽0 ↑ ↽↓) [1 + (▷ϑ̇)a](n↑1)/a (2.29)

In this equation, ↽(ϑ̇) is the shear-rate-dependent viscosity, ↽0 and ↽↓ are the
zero-shear-rate and infinite-shear-rate viscosities, respectively, ▷ is a time con-
stant, a is a dimensionless parameter, and n is the power-law index. The Carreau-
Yasuda model is particularly useful for modeling polymer solutions and biological
fluids, capturing both shear-thinning and Newtonian plateaus at low and high
shear rates [72].
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• Cross Model: Similar to the Carreau-Yasuda model, the Cross model describes
the transition from Newtonian behavior at low shear rates to non-Newtonian
behavior at higher shear rates:

↽(ϑ̇) = ↽↓ +
↽0 ↑ ↽↓
1 + (▷ϑ̇)m

(2.30)

Here, m is a dimensionless parameter that influences the rate of transition be-
tween the two viscosity plateaus. The Cross model is often applied to characterize
the flow behavior of various non-Newtonian fluids, including polymer melts and
suspensions [78].

We will focus on the power-law model to describe the viscosity behavior of the
studied fluids. This model provides a straightforward representation of non-Newtonian
flow without requiring additional parameters such as a yield stress.

2.7 Microfluidics Framework
The study of fluid dynamics in microchannels is crucial for applications in lab-on-a-
chip devices, biomedical diagnostics, and chemical processing systems [70, 79]. From
a theoretical standpoint, the flow through a microchannel can be described by solving
Eq. 2.31, which relates the pressure di!erence across the system, the flow rate, and the
resistance of the system:

!P = RQ (2.31)

This equation establishes a relationship between the pressure di!erence !P , the flow
resistance R, and the flow rate Q [64]. The flow resistance is a function of the system’s
geometric and physical properties, such as the length and geometry of the channel and
connecting tubes, as well as the viscosity of the fluid. By solving this equation, we
can predict how the dynamics of the fluid will evolve as experimental parameters are
varied, providing insights into the behavior of flow in microchannels [80].

The total resistance of the system is given by the combined resistance of the mi-
crochannel and the connecting tubes, as described by Eq. 2.32:

R = Rm +Rt (2.32)

The resistance of the microchannel can be expressed as:

Rm =
12↽x(t)

b3w
(
1↑ 0.63 b

w

) (2.33)

where ↽ is the viscosity of the fluid, x(t) is the length of the fluid column in the
microchannel at time t, b is the height of the channel, and w is the width of the channel,
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the factor (1 ↑ 0.63 b
w ) represents a correction applied to account for the confinement

e!ects in rectangular microchannels with finite height and width (3D confinement).
Similarly, the resistance of the connecting tubes is given by:

Rt =
8↽

◁

∑

i

Li

r4i
(2.34)

Here Li and ri are the length and radius of the i-th tube, respectively. Substituting
the resistances into Eq. 2.31 and considering that the flow rate Q is constant throughout
the system due to mass conservation, we obtain [81]:

!P

↽
= bw ˙x(t)

[
8

◁

(
∑

i

Li

r4i

)
+

12x(t)

b3w
(
1↑ 0.63 b

w

)


(2.35)

In our case, the pressure di!erence corresponds to the inlet pressure of the system
minus the capillary pressure, which is a function of the radii of curvature, the contact
angle of the fluid with the channel walls (0), and the surface tension (ϑ). The capillary
pressure is given by [70]:

PL = 2 ϑ cos(0)

(
1

b
+

1

w

)
(2.36)

Solving the di!erential equation (Eq.2.35) for a single tube yields the position of the
fluid front x(t) as a function of time:

x(t) =
b3w

(
1↑ 0.63 b

w

)

12

[(
8

◁

L

r4
+

12

b3w
(
1↑ 0.63 b

w

)x0

)2

+
24

b3w2
(
1↑ 0.63 b

w

)!P

↽
(t↑ t0)

1/2

↑ 8

◁

L

r4


.

(2.37)

This solution provides critical insights into the time-dependent behavior of the fluid
within the system. Fig. 2.3 shows theoretical curves generated from Eq. 2.37 for two
sets of parameters.

For Parameter 1, the resistance of the connecting tube (Eq. 2.34) is negligible com-
pared to the resistance of the microchannel (Eq. 2.33). Consequently, most energy loss
occurs within the microchannel, leading to a decrease in velocity as the fluid progresses.
In contrast, for Parameter 2, the tube’s resistance dominates, causing the velocity to
remain constant within the microchannel. These results illustrate the critical role of
geometric and physical parameters in microfluidic systems [79, 80].

Rearranging the equation in terms of the shear rate ϑ̇ (Eq.2.23),substituting in the
Eq. 2.35 we obtain:

21



Figure 2.3: Theoretical curves from Eq. (2.37) for two parameter sets. Both use
L = 60 cm, r = 127µm, and lc = 4 cm. Parameter 1 corresponds to a
microchannel with b = 17µm, w = 100µm, and an injection pressure of
11760Pa. Parameter 2 corresponds to b = 150µm, w = 1mm, and an
injection pressure of 4900Pa.

!P
4
3ϑ

(
Lb2w
r4

)
+ 2x(t)

b(1↑0.63 b
w)

 = ↽ ϑ̇ (2.38)

From this expression, we can identify the stress ↼ acting on the fluid as:

↼ =
!P

4
3ϑ

(
Lb2w
r4

)
+ 2x(t)

b(1↑0.63 b
w)

 (2.39)

Since viscosity is defined as the ratio of stress to shear rate, the e!ective viscosity ↽
for Newtonian fluids can be expressed as:

↽ =
!P

(
˙x(t)
)

8
ϑ

(
Lb2w
r4

)
+ 12x(t)

b2(1↑0.63 b
w)

 (2.40)

Non-Newtonian fluids exhibit complex rheological behavior, where the shear stress is
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not proportional to the shear rate. According to the power-law model, the shear stress
↼ is related to the shear rate ϑ̇ as [76]:

↼ = K(ϑ̇)n (2.41)

where K is the consistency index and n is the flow behavior index. By solving for the
velocity gradient:

( ↼

K

)n

=
dvx(y)

dy
(2.42)

Integrating both sides over the channel height:

vx(y) =

(
!P

KL

)n
b/2∫

y

y1/ndy (2.43)

Solving the integral results in the velocity profile:

vx(y) =

(
!P

KL

)1/n ( n

1 + n

)((
b

2

)1+ 1
n

↑ (y)1+
1
n

)
(2.44)

Now, assuming that the shear rate is a function of stress, i.e., ϑ̇ = f(↼), we obtain:

dvx(y)

d↼
=

(
dvx(y)

dy

)(
dy

d↼

)
= ϑ̇

(
dy

d↼

)
= f(↼)

(
dy

d↼

)
(2.45)

Thus, integrating, the velocity expression becomes:

vx(y) =

(
L

!P

) ϖh/2∫

0

f(↼)d↼ (2.46)

The volumetric flow rate Q can be determined by integrating the velocity profile over
the cross-sectional area:
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Q =

b/2∫

↑b/2

vx(y) da =

b/2∫

↑b/2

(
L

!P

) ϖh/2∫

0

f(↼) d↼ w dy

↗ Q =
2wL

!P

b/2∫

0

ϖh/2∫

0

f(↼) d↼ dy

=
2wL

!P

ϖh/2∫

0

f(↼) d↼

ϖ∫

0

L

!P
d↼

= 2w

(
L

!P

)2
ϖh/2∫

0

↼ f(↼) d↼

(2.47)

If n = 1 and f(↼) = ϑ̇, substituting into Eq.2.47 and Eq. 2.44 yields the Newtonian
flow rate and velocity profile equations.

Continuing from Eq.2.47, we manipulate the equation further:

Q = 2w

(
L

!P

)2
ϖh/2∫

0

↼ f(↼) d↼

↗ Q

2w

(
!P

L

)2

=

ϖh/2∫

0

↼ f(↼) d↼

(2.48)

From di!erentiation and mathematical manipulation, we obtain:

2↼w
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4Q

2wb2

)
+ ↼ 2w

d

d↼w

(
4Q

2wb2

)
= ↼wf(↼w)
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1

↼w


↼w

(
4Q

2wb2
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4Q
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ϑ̇w =
4Q

wb2


1 +

wb2

4Q
↼w

d

d↼w

(
2Q

wb2

)
(2.49)

Using logarithmic di!erentiation properties:

d ln(↼w)

d↼w
=

1

↼w
,

d ln(ϑ̇a)

dϑ̇a
=

1

ϑ̇a
(2.50)

Substituting these expressions results in:

ϑ̇w =
4Q

wb2


1 +

1

2

d ln(ϑ̇a)

d ln(↼w)


(2.51)

24



Since d ln(ϱ̇a)
d ln(ϖw) =

1
n , simplifying yields the well-known Rabinowitsch-Mooney correction

for non-Newtonian fluids [82]:

ϑ̇w =
1

3
ϑ̇a


2n+ 1

3n


(2.52)

2.8 The Washburn E!ect
The Washburn e!ect describes the spontaneous infiltration of a liquid into a capillary or
porous medium driven by capillary forces. This phenomenon is quantitatively described
by the Washburn equation, which relates the penetration length l of the liquid to time
t [83, 84]:

l =


ϑr cos 0

2↽
t (2.53)

Here ϑ denotes the liquid’s surface tension, r represents the radius of the capillary,
0 is the contact angle between the liquid and the capillary wall, and ↽ signifies the
dynamic viscosity of the liquid.

This equation indicates that the penetration depth is proportional to the square root
of time, emphasizing the influence of surface tension, viscosity, and capillary dimensions
on the infiltration process.

Originally formulated by Edward W. Washburn in 1921, the equation has been
instrumental in understanding capillary action in various systems [83]. In microflu-
idics devices, controlling fluid movement through microchannels relies on principles
described by the Washburn e!ect. Designing channels with specific dimensions and
surface properties enables precise manipulation of small fluid volumes for diagnostics
and chemical analysis [85, 86].

Recent work by Berthier et al. [86] extends the classical Washburn equation to
composite microchannels with arbitrary cross-sections. Their generalization accounts
for variations in channel geometry, allowing for a more precise prediction of capillary-
driven flows in microfluidic systems. By incorporating geometric variations, Berthier et
al. demonstrate that the e!ective capillary pressure and viscous resistance depend on
the specific cross-sectional shape of the channel. Their model provides a more compre-
hensive approach to predicting liquid infiltration, improving the design of microfluidic
devices used in biomedical and analytical applications. This generalization enhances
our ability to design optimized microchannels for applications such as point-of-care
diagnostics, inkjet printing, and controlled drug delivery.

While the Washburn equation provides a foundational understanding, it assumes
ideal conditions, such as constant viscosity and negligible gravitational e!ects. Real-
world applications may require modifications to account for factors like evaporation,
fluid inertia, and complex pore structures. The extended model proposed by Berthier
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et al. [86] helps address some of these limitations, making it a valuable tool in modern
microfluidic research. Nonetheless, the Washburn e!ect remains a cornerstone in the
study of capillary phenomena, o!ering critical insights into fluid behavior in confined
geometries.

2.9 Young-Laplace Equation and Law of Laplace
The Young-Laplace (Y-L) equation, presented in Eq. 2.55, relates the pressure dif-
ference !P across a curved fluid interface to the surface tension ϑ and the radius of
curvature R [87, 88]. In the context of this research, the Y-L equation is utilized to
determine the surface tension of the simulated droplet.

!P = ϑ

(
1

R1
+

1

R2

)
(2.54)

By solving this equation for ϑ, the surface tension across the droplet’s curved interface
can be calculated. This relationship is often referred to as the Law of Laplace. The
surface tension value serves as a calibration parameter for simulations when the other
variables are known, as it is a measurable physical property.

The Law of Laplace, shown explicitly in Eq. 2.55, states that the pressure inside a
droplet or bubble is inversely proportional to its radius of curvature. To implement
this law, it is essential to consider the droplet as a perfect sphere in air, neglecting the
e!ects of gravity.

!P =
2ϑ

R
↗ ϑ =

R!P

2
(2.55)

2.10 Bond Number
Surface tension plays a critical role in fluid dynamics, particularly at small scales
where the surface-area-to-volume ratio is high. At the microscale, surface tension
dominates, acting to minimize the surface area of the fluid. The Bond number (Bo), a
dimensionless parameter, provides a quantitative measure of the relative contributions
of surface tension (ϑ) and body forces (typically ς and g). It enables a comprehensive
understanding of the interplay between these forces in microscale fluid dynamics [89].

In systems with small Bond numbers (Bo < 1), the influence of gravity is negligible,
and the interface curvature described by Laplace’s law remains constant. A Bond num-
ber (Bo < 1) indicates that surface tension dominates the droplet’s behavior compared
to gravitational forces [38]. Conversely, as the droplet’s volume increases, gravitational
forces become more significant, leading to an increase in the Bond number. For Bo > 1,
inertial and gravitational forces dominate, often resulting in rupture or instability [38].

The Bond number is defined as:
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Bo =
ςgL2

ϑ
(2.56)

where L represents the characteristic length of the fluid, typically the droplet’s di-
ameter.

In phenomena such as splashes and sloshes, microdroplets often form due to shear
stresses during fluid collisions. The fluid dynamics of these microdroplets are signif-
icantly influenced by surface tension e!ects, which are frequently overlooked in SPH
simulations [90]. This study employs Laplace’s law and the Bond number to analyze the
fluid system’s behavior under varying volumes, highlighting the critical role of surface
tension in microscale dynamics.

2.11 Navier-Stokes equation on SPH formalism
The continuity and Navier-Stokes equations are traditionally used to describe the mo-
tion of fluids. These equations are derived from the principles of mass conservation
(Eq. 2.57) and momentum conservation (Eq. 2.58) within a Lagrangian framework.

dς

dt
= ↑ς↓ · v (2.57)

Dv

Dt
= ↑1

ς
↓P + g + #+ F ipf (2.58)

where ς is the density, ↓ is the gradient operator, v is the fluid velocity, P is the
pressure, g is the gravity, # is the viscous dissipative term, and Fipf is in this particular
case the internal particle force.

SPH is a meshless method that has been employed to simulate a wide range of
applications for solving hydrodynamic problems. SPH employs integral equations based
on an interpolation function to convert partial di!erential equations into particle-based
simulations. The book of Liu or Violeau can be consulted for a full explanation of the
details of the SPH method [4, 91]. The integral interpolation approximation used in
the SPH method is provided in Equation 2.59.

F (x) =

∫

”

F (x→)W (x ↑ x
→, h)dx→, (2.59)

where F (x) is a continuous function, x is a position variable, W is the smoothing
kernel, and h is the smoothing length that defines the influence of the kernel in a
domain $.

The continuous SPH integral interpolation representation is discretized by the sum-
mation over all particles within h. The particle approximation for a function at particle
a is written in Eq. 2.60.
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F (xa) =
N∑

b=1

mb

ςb
f(xb) ·W (| xa ↑ xb|, h) (2.60)

Where xa is the position of particle a. The subscripts b denote the neighbour-
interacting particles, mb, ςb, xb are mass, density, and position of particles b, respec-
tively.

The smoothing kernels are usually designed to possess the following properties and
requirements: compact support, normalization, positivity within an interaction zone,
and it should exhibit decreasing values as the distance between particles increases.
In this study, the fifth-order Wendland function is employed, which is known for its
reduced pairing instability[92] represented by Equation 2.61.

W (r, h) = αD

(
1↑ q

2

)4

(2q + 1) for 0 ↘ q ↘ 2 (2.61)

where αD is 21/16◁h3 in 3-dimensions, q is r/h, and r is the distance between
neighboring particles (r = |xa ↑ xb|).

The Eq.2.57 and 2.58 are discretized using the integral interpolation approximation
from Eq. 2.60, resulting in the equations Eq. 2.62 and Eq. 2.63, respectively.

dςa
dt

= ↑ςa
∑

b

mb

ςb
(va ↑ vb) ·↓aWab (2.62)

dva

dt
= ↑

∑

b

(
pa + pb
ςaςb

)
↓aWab + g + #ab + Fint (2.63)

The viscous dissipative term #ab is the stress tensor and is described in Eq. 2.64
using the laminar viscosity model, proposed by Lo et al [93].

#ab =
∑

b

mb

(
41rab ·↓aWab

(ςa + ςb)(r2ab + ↽2)

)
(va ↑ vb) (2.64)

where 1 is the kinematic viscosity and ↽ = 0.01h2. This term helps avoid division
by zero when a = b.

A constitutive equation of state (EOS) is commonly employed for each phase to
close the system of Eq. 2.57 and 2.58. In this work, pressure is determined by density
through the Tait equation, [68], expressed in Eq. 2.65.

p =
c2ς0
7

[(
ς

ς0

)7

↑ 1


(2.65)

where p is the fluid pressure, ς0 is a reference density and c is the speed of sound
inside the reference fluid. According to the Courant-Friedrichs-Lewy (CFL) condition,
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the use of the physical speed of sound in water will require a prohibitively small-
time step in order to obtain a solution of the equation of Navier-Stokes in SPH form.
Therefore, it is necessary to use a quasi-incompressible EOS for fluids in SPH, where
an artificial speed of sound is much lower than the real one. On the other hand, an
inappropriately low speed of sound might make the liquid more compressible than it
should be. As a result, the chosen speed of sound must be large enough to ensure that
the behavior of the corresponding quasi-incompressible fluid is su"ciently close to the
real one and yet reasonably small to allow the use of practically large time steps in the
calculation.

The SPH equations were integrated using the "Verlet velocity algorithm" [94] as
seen in Eq.2.66, Eq.2.67, and Eq.2.68. In this case, the time step was set variable to
encompass the CFL condition, using the next relations [95].

xi(t+!t) = xi(t) +!tvi(t) +
!t2

2mi
fi(t) (2.66)

vi(t+!t) = vi(t) +
!t

2mi
[fi(t) + fi(t+!t)] (2.67)

fi(t+!t) = F
P
i (t+!t) + F

#
i (t+!t) + F

int
i (t+!t) + g (2.68)

The variable time step is calculated applying the following constraints [6] in Eq.2.69:

!t ↘ 0.25 min
i

(
h

3 |vi|

)

!t ↘ 0.25 min
i

(
mih

3 |fi|

)

!t ↘ 0.25 min
i

(
ςih2

9↽

)
(2.69)

Generally, SPH uses the Navier-Stokes equation for liquid dynamics and depends
on small di!erences in density and pressure and the characteristic viscosity of the
simulated fluid. SPH works well for simulations where small-scale dynamics do not
play a prominent role, encompassing scenarios ranging from centimeters to meters or
even kilometers in most cases. Nonetheless, by reducing the scale, the inherent cohesive
forces of fluids can lead to the insignificance of terms related to body forces (as defined
by the Bond number), causing the dynamics to be governed by the surface tension.
So, it is important to take into consideration the surface tension (small forces) in
big volumes of liquid or the simulation becomes less reliable, like in cases of splashing,
where the collision of water masses and shear forces give rise to microdroplet formation.
In such instances, it becomes imperative to introduce a force term to the Navier-Stokes
equation that governs the dynamics of micro-volumes.
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3 SPH Simulation Code

This chapter details the code developed for implementing the Smoothed Particle Hy-
drodynamics (SPH) method. Here we discuss the main stages of the simulation, from
the initialization and distribution of particles to the temporal integration and optimiza-
tions performed. The code is designed for e"cient execution on GPU devices using the
Taichi framework [96], enabling high-performance simulations in complex domains.

The simulation starts with a homogeneous distribution of particles, where the total
number of particles is denoted as num_particle. A maximum number of simulation
steps, total_step, is set, defining when the simulation should stop. In each iteration,
if the current step is less than total_step (the total number of steps), the simulation
continues. First, we identified the neighbors for each particle within the simulation.
Then, in the first loop, each particle is iterated to compute its density and pressure
based on its neighbors. Once the density and pressure fields are determined, a second
loop is executed, where all particles are iterated again, but this time to compute the
pressure gradient and internal forces acting on them. The separation into two loops
is crucial because force calculations require prior knowledge of the density and pres-
sure distribution throughout the entire domain, ensuring stability and accuracy in the
simulation. Finally, with the total forces known, the acceleration of each particle is
determined, allowing for the update of its velocity and position. This process is it-
eratively repeated until the total number of steps (total_step) is reached, ensuring
the consistent evolution of the simulation using the SPH method (See Fig. 3.1). The
code has been designed with modularity and e"ciency in mind, ensuring that each
component can be independently tested, optimized, and reused. The implementation
employs the Taichi framework [96] for high-performance GPU-accelerated computa-
tions, enabling the simulation of complex scenarios with a large number of particles in
a computationally e"cient manner. This chapter elaborates on how these concepts are
translated into functional code.

In the following sections, we provide a detailed explanation of the various compo-
nents of the code and describe how each part is implemented. The explanation includes
the fundamental building blocks of the Smoothed Particle Hydrodynamics (SPH) sim-
ulation, from initialization to temporal integration and optimization techniques. Each
section focuses on a specific aspect of the simulation to provide a clear understanding
of the methodology and its implementation.
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Figure 3.1: The flowchart of the developed code starts with a distribution of particles
with predefined positions. The simulation enters a time-stepping loop. At
each time step, the neighbors of each particle are calculated. There are two
sub-loops: the first computes the density and pressure fields for all fluid
particles. Once these fields are obtained, the second sub-loop calculates
the pressure gradient (based on the density and pressure fields) and the
forces acting on the particles. Using this information, the acceleration,
velocity, and new position of each particle are updated. These updated
positions are then used for the next iteration of the loop, and the process
continues until all time steps are completed.

32



3.1 Particle Distribution
The first step in any SPH simulation is to establish the initial distribution of particles.
This stage defines the system’s initial state, including the position and physical proper-
ties of each particle (density, mass, velocity, etc.). In our case, particles are distributed
based on data loaded from CSV files; these files are obtained from a script in which the
fluid particles and the solid particles (flat, micro-channels) are generated depending on
the simulation application, which will be loaded to the main code where the simulation
is performed. The initial particle spacing, ds, ensures a uniform density distribution
within the domain and is defined as:

ds =
L

N1/3
p

(3.1)

where L is the characteristic length of the domain (for example, the edge length of a
cube), and Np is the total number of particles. Therefore, if a cubic domain of edge
length L is to be simulated using Np particles, this expression allows the computation
of the appropriate particle spacing to achieve a uniform distribution. This approach
enables the modeling of complex geometries, such as microfluidic channels, ensuring an
accurate representation of the physical problem. Below is the pseudocode for initializing
the particle distribution:

Algorithm 1 Initial Particle Distribution
1: Load data from CSV file
2: Normalize initial positions to the physical domain
3: Compute ds = L

N
1/3
p

4: for each particle i do

5: Assign initial position xi

6: Initialize velocity vi = 0
7: Assign physical properties (mass, density)
8: end for

3.2 Neighbors Search
Neighbor searching is a critical step in the Smoothed Particle Hydrodynamics (SPH)
method because it determines which particles interact within a support radius (h0 =
1.8 ds). This radius corresponds to the maximum distance at which neighboring parti-
cles have influence on the particle of interest. Since SPH relies on localized interactions,
identifying neighbors e"ciently is essential to ensure the computational feasibility of
simulations involving large numbers of particles.

In SPH simulations, the less e"cient neighbor search involves calculating the distance
between every pair of particles, resulting in a computational complexity of O(N2),
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where N is the total number of particles. This becomes prohibitive as N increases.
Consequently, optimizing this step can significantly reduce the simulation runtime and
enable the study of larger and more complex systems.

Initially, the simulation utilized Python’s KDTree library for neighbor searching.
While KDTree is an e!ective tool for spatial queries, its implementation on a sin-
gle CPU core proved insu"cient for simulations with a high particle count, requiring
approximately 120 seconds per simulation step with 125K particles of fluid .

To address this limitation, the implementation transitioned to MATLAB [97], lever-
aging its built-in parallel computing capabilities. By utilizing multiple CPU cores, the
runtime per step was reduced to 4.32 seconds, representing a substantial improvement.
However, further optimization was necessary for real-time or large-scale simulations.

Finally, the neighbor search algorithm was implemented using the Taichi library [96]
in Python, a high-performance framework designed for GPU parallelization. By taking
advantage of the massively parallel architecture of GPUs, the runtime per simulation
step was reduced to just 0.06 seconds, enabling e"cient execution of computationally
demanding SPH simulations.

The current implementation combines the Taichi library [96] with a spatial hashing
technique [98]. The simulation domain is divided into uniform cells of size cell_size,
which are defined as h1 = 2.5ds, with particles assigned to these cells. For each
particle, neighbors are identified by inspecting adjacent cells. This approach balances
computational e"ciency and simplicity while benefiting from GPU acceleration.

Algorithm 2 Neighbor Search with Spatial Hashing
1: Divide the domain into cells of size cell_size
2: for each particle i do

3: Compute i’s cell based on its position
4: Add i to the corresponding cell
5: end for

6: for each particle i do

7: Initialize neighbor list
8: for each adjacent cell do

9: for each particle j in the cell do

10: if rij < h1 then

11: Add j to i’s neighbor list
12: end if

13: end for

14: end for

15: end for

The Fig.3.2 illustrates the performance improvements achieved through successive
optimizations of the neighbor search implementation. To compare performance, we plot
the execution time required to complete 1000 simulation cycles or steps was plotted.
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The results show a significant reduction from 33 hours per 1000 steps to just 0.017
hours (62s) per 1000 steps. This optimization is crucial for long simulations, such as
those involving 100k steps, as it considerably reduces the overall simulation time.

Figure 3.2: Performance comparison of neighbor search implementations using 125K
particles. Python KDTree (single-core) requires 33 hours per 1000 step,
MATLAB (multi-core CPU) reduces this to 1.2 hours per 1000 steps, and
Taichi (multi-core GPU) achieves 0.017 hours (62 s) per 1000 step.

3.3 Density Calculation
Each particle represents a discretized volume of fluid and is assigned an initial mass,
which is determined based on the total fluid volume to be simulated and its density.
This mass is used to compute the density ςi of each particle using the kernel function
W (r, h0), which evaluates the influence of neighboring particles j within a support
radius h0. The equation used is:

ςi =
∑

j

mjW (rij, h0) (3.2)

where the subscript i refers to the particle under study, while the subscript j refers
to its neighboring particles, rij = ≃xi ↑ xj≃ is the distance between particles i and j,
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mj is the mass of particle j, W (r, h0) is the Wendland kernel function, and h0 is the
smoothing length that defines the interaction radius of the kernel function [99].

Algorithm 3 Density Calculation
1: for each particle i do

2: Initialize ςi = 0
3: for each neighbor j of i do

4: Compute distance rij
5: if rij < h0 then

6: ςi += mjW (rij, h0)
7: end if

8: end for

9: end for

At the end of this calculation, we obtain the density field of the fluid particles. This
information is essential for determining the pressure at each particle and computing
its gradient, which allows for the evaluation of the internal forces within the system.

3.4 Pressure Calculation

The pressure calculation is a fundamental step in SPH because it determines the force
exerted by the fluid on each particle. The pressure Pi of each particle is computed
using the Tait equation of state [68], which establishes a relationship between local
density and pressure:

Pi = B

(
ςi
ς0

)ϱ

↑ 1


(3.3)

where B is a parameter related to the speed of sound in the fluid,ς0 is the reference
density, and ϑ is a dimensionless exponent.

In the literature [5, 91, 100] , the exponent ϑ is typically set to 7 to ensure a quasi-
incompressible behavior of the fluid. This choice is crucial because if the simulated
density ςi deviates from the reference density ς0, the pressure increases significantly.
As a result, the pressure becomes highly sensitive to density fluctuations, e!ectively
preventing large compressibility e!ects and ensuring numerical stability in the simu-
lation. Once the pressure is computed for all particles, a pressure field is obtained,
representing the spatial distribution of pressure throughout the fluid. This field is
essential for computing pressure gradients in the next step, which will be used to de-
termine the internal forces acting on each particle, driving the motion of the fluid.
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Algorithm 4 Pressure Calculation
1: for each particle i do

2: Pi = B
(

ςi
ς0

)ϱ

↑ 1


3: end for

3.5 Gradient of Pressure
The pressure gradient is computed to determine the internal forces acting on particles
due to pressure di!erences. This force is responsible for driving fluid motion by ensuring
that particles move from regions of high pressure to regions of low pressure. The
equation governing this force is:

Fpressure
i = ↑1

ς
↓P = ↑

∑

j

mj

(
Pi

ς2i
+

Pj

ς2j

)
↓W (rij, h0) (3.4)

here, the subscript i refers to the particle under study, while the subscript j refers
to its neighboring particles. Fpressure

i it is the acceleration that the fluid experiences
due to the change of pressure in space. mj is the mass of the neighboring particle j,
Pi and Pj represent the pressures of particles i and j, respectively, ςi and ςj denote
the densities of particles i and j, respectively,↓W (rij, h0) is the gradient of the kernel
function, which determines the spatial influence of neighboring particles, and h0 is the
smoothing length that defines the interaction radius of the kernel function.

The calculation of the pressure gradient determines the internal forces responsible
for balancing the fluid dynamics. By computing this force, we obtain a pressure force
field, which describes the net e!ect of pressure interactions on each particle. This force
field is then used to compute the total acceleration of each particle.

Algorithm 5 Pressure Gradient
1: for each particle i do

2: Initialize Fpressure
i = 0

3: for each neighbor j of i do

4: Compute ↓W (rij, h0)
5: Update Fpressure

i with j’s contributions
6: end for

7: end for

3.6 Internal Force Calculation
The internal force acting on each particle is calculated as the derivative of a general
pair potential ”(r), which governs the interaction between particles within a specified
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cuto! radius rc. The force Finternal
i acting on particle i due to all its neighbors is given

by:

Finternal
i = ↑

∑

j

↓”(rij), (3.5)

where rij = ≃xi ↑ xj≃ is the distance between particles i and j,and ↓”(rij) is the
gradient of the pair potential. This formulation ensures that particle interactions vary
continuously and smoothly with inter-particle distance, which improves numerical sta-
bility, while being spatially restricted to neighboring particles within the cuto! radius
rc, reducing computational cost and reflecting the localized nature of short-range phys-
ical forces. The algorithm for implementing this force calculation is as follows:

Algorithm 6 Internal Force Calculation
1: for each particle i do

2: Initialize Finternal
i = 0

3: for each neighbor j of i do

4: Compute rij = ≃xi ↑ xj≃
5: if rij ↘ rc then

6: Compute ↓”(rij)
7: Update Finternal

i += ↑↓”(rij)
8: end if

9: end for

10: end for

3.7 Time Integration with Verlet
The Verlet method is used to e"ciently integrate the position and velocity of each
particle over time [94]. This method is widely employed in molecular dynamics and
particle-based simulations due to its simplicity, stability, and time-reversibility proper-
ties. The position update follows the equation:

xi(t+!t) = xi(t) + vi(t)!t+
1

2
ai(t)!t2 (3.6)

The Verlet integration method is advantageous because it is symplectic and conserves
energy better than explicit Euler methods, reducing numerical errors in long-term
simulations. Additionally, it does not require storing previous velocity values, making
it computationally e"cient.

By applying this integration scheme, we ensure that each particle follows a smooth
trajectory while maintaining numerical stability, which is essential for accurately simu-
lating the dynamics of the fluid. The motion of the entire fluid is obtained by calculat-
ing the contribution of all physical interactions acting on each particle and integrating
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them over time. Specifically, the total force on each particle is computed by summing
the previously calculated interactions, including the pressure gradient and internal
forces. The resulting total force Fi is then divided by the particle’s mass to obtain the
acceleration, following the expression ai = Fi/mi.

This acceleration is the key link between the computed forces and the resulting par-
ticle trajectories. The particle’s velocity and position are updated at each timestep. In
this way, all individual interactions—pressure, viscosity, and any additional forces—are
consistently combined within the integration loop to produce the global motion of the
fluid.

Therefore, the simulation evolves as each particle continuously updates its position
and velocity based on the cumulative e!ects of all forces from its neighbors. This
process, when applied to every particle in the system, e!ectively models the complete
fluid dynamics, providing a physically coherent and numerically stable representation
of the fluid’s behavior.

Algorithm 7 Time Integration (Verlet)
1: for each particle i do

2: Update position xi(t+!t)
3: Update velocity vi(t+!t)
4: end for

3.8 Conclusion
This chapter has presented a detailed overview of the developed Smoothed Particle
Hydrodynamics (SPH) simulation code, highlighting its key computational stages and
optimizations. Starting with particle initialization, we established a structured ap-
proach to define the initial state of the system, ensuring uniform distribution and
accurate representation of physical properties.

A crucial aspect of the simulation was the e"cient neighbor search algorithm, which
transitioned from an initial CPU-based approach to a highly optimized GPU-accelerated
implementation using the Taichi framework. This optimization significantly improved
computational e"ciency, reducing execution time from several hours to a few minutes,
enabling the simulation of large-scale fluid systems.

Following neighbor detection, the density and pressure calculations were imple-
mented using the Wendland kernel function and the Tait equation of state, ensuring
stability and consistency in fluid behavior. The pressure gradient and internal forces
were then computed, forming the basis for determining the dynamic evolution of the
system. By leveraging optimized kernel functions, we ensured a physically accurate
and computationally e"cient representation of fluid interactions.

Finally, the time integration scheme was implemented using the Verlet method, which
provides a stable and energy-conserving approach to updating particle positions and
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velocities. This method enhances numerical accuracy while maintaining computational
e"ciency, ensuring the reliability of long-term simulations.
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4 Modeling of Surface Tension

Modeling surface tension is a critical challenge in SPH , particularly when simulating
free-surface flows, droplet formation, and multiphase interactions at micro and macro
scales. In conventional SPH formulations, surface tension e!ects are not inherently
represented, often requiring additional force models to capture the cohesive interac-
tions that give rise to phenomena such as droplet stability, interface curvature, and
capillarity. Accurate modeling of surface tension is essential for reproducing real-world
behaviors in applications ranging from microfluidic device design to splash dynamics
and multiphase flow simulations. This chapter addresses this challenge by incorporat-
ing an internal pair potential force into the SPH framework, enabling the representation
of gas-liquid interactions and cohesive forces solely within the liquid phase. This ap-
proach enhances computational e"ciency while maintaining physical fidelity, providing
a robust tool for simulating complex interfacial phenomena without explicitly modeling
the surrounding gas phase

4.1 Pair Potential force
In this thesis, a pair potential force is proposed to facilitate internal interactions among
small liquid volumes. The pair potential force typically captures both repulsive and
attractive forces between particles and is commonly used to describe molecular interac-
tions. It consists of two terms: a repulsive term that prevents particles from occupying
the same space, and an attractive term that accounts in the case of fluids as a cohesive
force. The specific form of the pair potential force equation depends on the chosen
potential function and its parameters. In the case of large potentials, some of them are
not suitable for molecular interaction simulations because their range of attraction is
too large, and their truncated form is too sensitive. Wang et al.’s work [23] proposes a
solution for the potentials in Eq. 4.1, which is computationally e"cient and commonly
used in short-range interaction-based methods as SPH.

”(r) =





εα

(
φ
r

2 ↑ 1
)(

rc
r

2 ↑ 1
)2

for r ↘ rc,

0 for r > rc.
(4.1)

Here ε is the depth of the attractive well, and ε is the interparticle distance where the
potential changes from attractive to repulsive. The cuto! radius of the potential is rc,
where the attractive part of the potential vanishes quadratically, avoiding discontinuity
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in the attractive force. The coe"cient α, described in Eq. 4.2, ensures that the value
of ↑ε remains constant.

α = 2
(rc
ε

)2



 3

2
((

rc
φ

)2 ↑ 1
)




3

(4.2)

We used two interacción distances: the smoothing distance h = 1.8ε for SPH and
the cuto! radius rc = 2.5ε for the pair potential.

These equations contribute to the overall force calculation acting on each particle
and can be used in the internal interaction of a liquid, expanding and contracting the
system, as if the liquid feels the interaction of external air pressure. Therefore, it is
possible to calibrate the value of the surface tension in a droplet by varying the epsilon
constant in the potential, allowing the simulation of the e!ect of atmospheric pressure
(air) on the drop using only the liquid phase. The validation of these equations through
comparisons with empirical values ensures the reliability and accuracy of the simulated
surface tension.

4.2 Numerical Model: Pair Potential into SPH
In the simplest (one-phase) SPH model, free surface phenomena occur as a result of
small variations in pressure and density at the interface of the fluid particles. However,
in these models the changes resulting in the nature of the fluid, such as free surface phe-
nomena or droplet formation, do not account for the interaction between the two fluids
(air and water for example) or provide a physical justification for it. Consequently,
phenomena like the contact angle in droplets cannot be accurately represented, nor
can the formation of small drops caused by splashing.

From a Lagrangian perspective, the curved surface of a droplet is a consequence
of cohesive forces acting between the liquid particles and external gas particles. The
internal forces within the droplet and those applied externally by the gas can reach a
very delicate equilibrium, where cohesive forces play a crucial role in the formation of
droplets at small scales.

One potential solution for representing these phenomena is the use of molecular dy-
namics methods. However, computational limitations make it impossible to accurately
represent even smaller drops.

SPH has advantages for simulations of this type of problems, as it allows, from the
Lagrangian perspective, to represent these cohesive forces, including phenomena that
operate at small (micro) and large (macro) scales.

To accurately simulate the e!ects of surface tension in SPH, we propose using a pair
potential suggested by Wang et al. [23]. This method involves adding an extra force to
the N-S equation, acting between particles, to simulate the cohesive e!ects of internal
phenomena. However, the magnitude of this force needs to be calibrated. In this
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work, we employ the values of surface tension and the Y-L equation for this purpose.
These forces can also be tested in di!erent scale scenarios for validation, along with
the droplet spherization test.

4.2.1 Pair-potential force formulation
The Wang [23] pair potential has been previously employed in simulating cohesive
interactions between fluid particles and has shown promising results.

To determine the value of ε in the pair potential, we numerically evaluate it through
a comprehensive analysis that allows the calibration of the force corresponding to
cohesive interaction in a droplet. For this, we assume that regardless of the number of
particles, i.e., the discretization scale, as observed in figure 4.1, the force term associated
with the simulation volume must remain constant. In other words, the force term per
unit mass of the particles in a given volume should be invariant to the discretization
scale and the physics of the system. In this case, the system’s physics, represented by
the droplet spherization phenomenon, should remain invariant amidst these changes,
thereby conserving the droplet volume in all instances.

To test this assumption, numerical experiments were designed for di!erent discretiza-
tion scales (8K, 27K, 64K, and 125K particles). A value of epsilon was determined
for each scale, describing plausible physical behavior, using droplet spherization as
a benchmark, as mentioned earlier. Fig. 4.2 graphically illustrates these results for
various values of sigma, which determines the number of particles in the simulation.
The analysis of the graph enables the deduction of Eq. 4.4 from the corresponding
curve fitting. Subsequently, for calculating the surface tension in the simulation, the
corresponding viscosity and density values were adjusted for each fluid. The Law of
Laplace Eq. 2.55 was modified into Eq. 4.3, assuming that the pressure di!erence in
the droplet is equal to the sum of internal forces between the particles, divided by the
droplet’s surface area. This allows substituting pressure in terms of the magnitude of
interparticle forces and calculating the corresponding surface tension.

ϑ =

N
b=1 Fab

8◁R
(4.3)

This ensures that the pair potential not only simulates the internal pressure but
also accurately represents the pressure di!erence between the liquid and the surround-
ing gas, making it possible to use this cohesive force at di!erent length scales. This
approach improves the reliability of the numerical method and the computational e"-
ciency by the use of only the liquid phase.

ε = Constant · ε4 (4.4)

The previous Eq. 4.4 was determined for a fixed volume, in this case 2 µL; However,
when the volume increased, because the magnitudes of the forces associated with the
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Figure 4.1: The figure shows how the magnitude of the interparticle force changes as the
discretization is changed, but since the same physical system is being sim-
ulated, the net force must be the same, therefore, c1(f1/m1) = c2(f2/m2),
where ci is a constant

mass changed (due to changing the discretization scale), it became necessary to intro-
duce a term that allows scaling of the equation. The same process was used to find
ε for larger volumes, with the same variation in the number of particles, and it was
observed that the new relationship between ε and ε is Eq. 4.5,

ε =
(Constant) · ε4

L
(4.5)

The dimensional analysis allows to establish ε’s dependence on the simulation’s phys-
ical parameters, obtaining the expression in Eq.4.6.

ε =
Sf · Patm · V

L · np (4.6)

where Sf is a length factor, in meters. In our case, 1.5668→10↑9, Patm is the atmospheric
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Figure 4.2: Relation between ω and ε at di!erent number of particles

pressure, V the volume, and np the number of particles.

4.3 Validation and Discussion
The proposed simulation method for free surface has been validated through various
three-dimensional tests. The SPH particles are initially arranged on a cube lattice
with a spacing defined by ε = L/nx, where nx is the number of particles along L.
Every simulation started from this initial configuration and was allowed to evolve over
time until a stable state was achieved. Subsequently, gravity was either applied or not,
depending on the specific scenario under consideration.

4.3.1 Formation of droplet: gas-liquid interaction
Therefore, in this work, we will take the evolution of particles from a cubic to a spherical
shape in the absence of gravity as a validation test. This spherization process (in a
Lagrangian point of view) is a consequence of the cohesive forces acting in the system
and also replicate the behavior of the liquid by minimizing surface energy. So, during
the process, the kinetic energy of the particles will be monitored, which, in order to be
consistent with physical behavior, should tend to minimize.

Simulations were conducted with an initial volume of 2µL, in the absence of gravita-
tional forces, with particles initially arranged in a cubic configuration and subjected to
the potential given by Eq. 4.1. In order to simulate di!erent fluids, the initial reference

45



values for viscosity and density were changed. Subsequently, the values of the surface
tension were obtained using the Y-L equation, Eq. 4.3

The Fig. 4.3 shows the evolution of 4.3a) water, 4.3b) ethanol, and 4.3c) ethylene
glycol at di!erent time steps of the simulation under the potential Eq. 4.1. From the
figure, the scale of particle velocities represented in the color palette can be observed.
Red indicates the maximum velocity of the system, which in our case is 0.694m/s,
and blue indicates the minimum of ⇐ 0m/s. During the spherization process, par-
ticles begin to move, as can be seen in the variation of velocity in figures 4.3 a), b),
c) during time step 100. Subsequently, they tend towards a velocity close to zero in
the later time steps, aiming to minimize energy and achieve a spherical shape. Addi-
tionally, no residual oscillating fluctuations around the equilibrium point are observed.
Instead, the system tends towards velocities close to zero by time step 2500 in all cases,
demonstrating consistency in the utilized potential function.

Figure 4.3: Relaxation process, from of an initially cubic shape to a droplet. The figures
show snapshots of the droplet at increasing time steps, colored by velocity
a) water, b) ethanol, c) ethylene glycol.

For the cases of water, ethanol and ethylene glycol, the results of evolution of density
during the spherization process are presented in Fig 4.4. It can be observed in the graph
for all cases, small fluctuations in density for the initial time steps, due to the movement
of particles corresponding to the system’s tendency to minimize energy. Subsequently,
the density exhibit physically consistent behavior, with an average density of 987.2 ±
0.51 kg/m3 for water, 771.3 ± 0.25 kg/m3 for ethanol, and 1102.7 ± 0.26 kg/m3 for
ethylene glycol matching the theoretical values.

To determine the droplet’s surface tension, the Eq. 4.3 was employed for each time
step. The results for the analysis of the evolution of surface tension for the three fluids
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Figure 4.4: Density evolution of simulations of 2µL droplets for water, ethanol, and
ethylene glycol with 8k particles

are shown in Fig 4.5. During the initial time steps in the spherization process, a de-
crease in the surface tension value is observed in all three cases, followed by stabilization
at the corresponding value. This decrease is associated with the rearrangement of par-
ticles. They begin the simulation in a cubic arrangement, and during the spherization
process, the system tends to minimize energy, causing particles to move and alter the
value of internal inter-particle forces. This, in turn, a!ects the sum of forces between
all particles and, therefore, the average pressure on the system Eq. 4.3. This e!ect cre-
ates small fluctuations observed in the graph, which then stabilize in the corresponding
values after 1000 time steps.

In Table 4.1, a comparison between simulated and empiric surface tension values for
three di!erent fluids is presented. For water, the simulated value of 73.6 ± 2.9mN/m
closely aligns with the empiric measurement of 72.8mN/m, leading to a relative error of
only 1.19%. Similarly, the simulated surface tension of ethanol, 21.8± 3.5mN/m, and
that of ethylene glycol, 47.3 ± 10mN/m, also show a close correspondence with their
respective empiric values, resulting in relative errors of 1.47% and 1.30% respectively.
Such minimal discrepancies in relative errors underscore the reliability and accuracy of
the simulation. Furthermore, the provided standard deviations indicate the variability
in simulations, with ethylene glycol showing the highest deviation, potentially caused
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Figure 4.5: Graphic of surface tension values for water, ethanol, and ethylene glycol

by di!erences in viscosity, which in this case is an order of magnitude higher than that
of water, but it still managed to spherize. Nevertheless, the observed spherization also
attests to the adaptability and robustness of the employed potential. The referenced,
[101], serve as trusted benchmarks to validate the outcomes of the simulation.

4.3.2 Droplet free-falling at di!erent volumes and number of
particles

To validate the utility of the potential, another test called the droplet fall test was
employed. In these simulations, the process began with a cubic arrangement, allowing
the droplet to stabilize until its spherization, followed by the application of gravity
on the droplet. The surface used in all cases for the collision did not interact with
the droplet, simulating a hydrophobic behavior. In Fig. 4.6, the case of two di!erent
volumes (2µL and 2mL) using 8K particles and water as the fluid is depicted. Fig 4.7
shows the same experiment but with 125K particles.

The behavior of free-falling droplets and their interaction with surfaces can be signif-
icantly influenced by the balance between internal and gravitational forces. This equi-
librium is described by the dimensionless Bond number as previously was described.
For the case with a volume of 2µL, the calculated Bond number was 0.21. This suggests
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Table 4.1: Surface tension values in mN/m: simulated and empirical values. The ref-
erenced values were acquired from [101].

Fluid Simulated

Surface

Tension

(mN/m)

Empirical

Surface

Tension

(mN/m)

Relative Error

(%)

Water 73.6± 2.9 72.8 1.19
Ethanol 21.8± 3.5 22.1 1.47
Ethylene Glycol 47.3± 10 47.9 1.30

that internal forces, primarily associated with surface tension, outweigh gravitational
forces. As a result, the fluid must remain its spherical shape, forming a droplet on
the surface without extensive spreading, as illustrated in Fig. 4.6.b) and 4.6.c). Con-
versely, with a larger volume of 2mL, the Bond number rises to 21. This magnitude
indicates that gravitational forces now surpass internal forces. As depicted in Fig.
4.6.e) and Fig. 4.6.f), the fluid tends to spread across the surface.

In Fig.4.7, simulations for free-falling of the droplets were revisited with a more
refined discretization by increasing the number of particles to 125K, which essentially
o!ers a higher resolution in capturing the fluid dynamics. This refined discretization
resulted in more accurate representations of the physical properties of the fluid. In
this case, as in the previous one, the behavior of spherization and spreading remained
consistently in line with the Bond numbers associated with the volumes. The fluid
must remain in its spherical shape, forming a droplet on the surface without extensive
spreading, as is seen in Fig. 4.7.b) and 4.7.c). Conversely, with a larger volume of
2mL, the Bond number increases to 21. For this case also the gravitational forces
overcome the internals. As shown in Fig. 4.7.e) and Figure 4.7.f), the fluid tends to
spread across the surface.

Analyzing the figures in Fig. 4.6.c) and Fig. 4.7.c), di!erences in contact angles
are observed. Even though they involve the same liquid (water), these di!erences are
associated with the fact that pairwise interactions between the solid and the fluid are
not taken into account in simulations. This absence leads to variations in wetting shape
and contact angle. The interactions between these two phases were modeled using the
gosh particles approach, which produces a repulsive force between the particles near
the boundary, preventing them from nonphysically penetrating through it [91, 102].
However, this approach does not consider the forces between the fluid and surface,
which generate the formation of the contact angle.

Notably, despite the variations in the number of particles associated with changes
in the discretization magnitude, from 8K particles Fig. 4.6 to 125K particles Fig. 4.7,
physical properties such as density and surface tension remained consistent. These
properties are graphically represented in Fig. 4.8 and 4.9.
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Figure 4.6: Graph screenshots of free-falling water volumes simulated with 8k particles.
a) 2µL of water after relaxation, b) small volume touching the surface,
ϑ > g, c) small volume forming a droplet. d) 2mL of water after relaxation,
e) big volume touching the surface, ϑ < g, f) big volume splashing the
surface.

Figure 4.7: Graph screenshots of free-falling water volumes simulated with 125k parti-
cles. a) 2µL of water after relaxation, b) small volume touching the surface,
ϑ > g, c) small volume forming a droplet. d) 2mL of water after relaxation,
e) big volume touching the surface, ϑ < g, f) big volume splashing the sur-
face.
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Fig. 4.8 demonstrates noticeable precision in the average density measurements. For
the 2µL volume before the collision, the density is determined to be 987.2± 0.5 kg/m3

for the case of 8K particles and 991.8± 0.3 kg/m3 for the case of 125K particles, with
a relative error of 1.29% and 0.9%, respectively, over the entire simulation.

Figure 4.8: Density of 2µL and 2mL of water with 8K particles and 125K particles for
each volume.

For the 2mL volume before the collision, the density is determined to be 986.3 ±
0.5 kg/m3 for 8K particles and 990.8 ± 0.4 kg/m3 for 125K particles, with a relative
error of 1.38% and 0.92%, respectively. These results are summarized in Table 4.2. In
this last case, fluctuations in density occur, after the collision as can be seen in the
graphs after 2500 time steps for 8K particles and after 3500 steps for 125K particles.

These fluctuations occur because the density is calculated on average for the entire
set of particles for each time step, and in the case when the Bond number is > 1,
due to spreading, volumes with a low number of particles or small droplets a!ect the
measurement of density.

The consistency in the physical properties, evidenced in the aforementioned figures,
underscores the robustness of the developed method. It’s clear that this approach is
both versatile and precise enough to adapt to varying simulation conditions, a"rming
its applicability and reliability across a range of scenarios.

In Fig. 4.9, shows the results for the surface tension calculation. The values for
the 2mL case were 73.1± 0.46mN/m for 8K particles and 74.8± 2.1mN/m for 125K
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particles, with relative errors of 0.46% and 2.68%, respectively. For the 2µL case, the
surface tension values were 73.6± 2.9mN/m for 8K particles and 73.2± 2.1mN/m for
125K particles, with relative errors of 1.18% and 0.54%, respectively. These results can
also be found in Table 4.2.

Figure 4.9: Graphic of surface tension values changing the number of particles for a
droplet of water at 2µL and 2mL

Similar to the density case, the graph exhibits fluctuations after 2500 time steps for
the 8k particles case and 3500 time steps for the 125k particles case. These fluctuations
are caused because the measurement of surface tension takes into account the radius
of curvature and the average force summation of the entire particle set. In these
experiments, after the droplet spreading, the measurement of the radius is altered,
providing incorrect surface tension values.

4.3.3 Oscilation of droplet: gas-liquid interaction

Typically, the validation of droplet formation is carried out using classical literature,
with Miller’s two-dimensional droplet oscillation model [103] being one of the most
commonly used. However, this model provides equations only for the two-dimensional
case. Recently, Aalilija’s [104] work also proposes a three-dimensional model for the
droplet oscillation. The model solves the Navier-Stokes equation through an energy
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Table 4.2: Surface tension and density values for di!erent volumes and discretizations.
Simulated and empirical values are compared. Reference values from [101]
at room temperature.

Case Density

(kg/m3)
Density

Error (%)

Surface

Tension

(mN/m)

Surface

Tension

Error (%)

2µL, 8k particles 987.2± 0.5 1.29 73.6± 2.9 1.18
2µL, 125k particles 991.8± 0.3 0.90 73.2± 2.1 0.54
2mL, 8k particles 986.3± 0.5 1.38 73.1± 1.1 0.46
2mL, 125k particles 990.8± 0.4 0.92 74.8± 2.1 2.68

balance scheme, obtaining the solution for the radius of the free surface for an incom-
pressible Newtonian liquid when a oscillation is induced. In Aalilija’s work, the solution
of the theoretical model is compared with a numerical Eulerian finite element model
that solves the two fluid phases using a Variational MultiScale (VMS) stabilized finite
element method proposed to solve the Navier-Stokes equations, including both mass
conservation and momentum balance equations.

In this thesis, we use the theoretical model solution obtained in Aalilija’s study as an
additional way to validate our numerical results for a droplet oscillating from a defined
condition to equilibrium in a damped model.

To achieve this, the equations of a Newtonian liquid can be considered through the
Navier-Stokes equations, with density ς and viscosity µ. In the model, the oscillations
are measured over time by spatial evaluation of the surface at the liquid-gas interface
#. The droplet is initially released in the first two modes (n=2) of the equation.

R(0, t = 0) = R0(1 + ωP2cos(0) + 0.2ω2) (4.7)

Where P2 is the second-order Legendre polynomial and in our case, ω = 0.01, the
droplet in the numerical SPH model was defined with a total of 125K particles and a
diameter of 1.37 cm.

Fig. 4.10 presents a comparison between the numerical and theoretical results. In
both cases, the droplet’s equilibrium radius was 0.685 cm. The simulation was ini-
tialized with a small perturbation of 0.006 cm from the equilibrium radius, inducing
oscillations that were compared to the theoretical model.

The results in Fig. 4.10 show that the average period of oscillation in the simulation
was 0.18 s, compared to the theoretical period of 0.15 s. While the values are close
to the theoretical predictions, with similar amplitude and frequency, an exact match
between the numerical and theoretical solutions was not achieved. This discrepancy
can be attributed to the fact that the theoretical model assumes an incompressible
system, whereas the SPH simulations represent a quasi-incompressible system. These
small di!erences in the period cause a slight phase shift between the two datasets.
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Figure 4.10: Graph of the theoretical and numerical droplet oscillations. The numerical
conditions involved the use of 125K particles, with an average oscillation
period of 0.18 s. The theoretical results are obtained from the plotting of
equation (4.7).

4.3.4 Experimental Method
To validate the internal force approach proposed using SPH, we performed experiments
to measure the surface tension of a fluid based on the stalagmometric method [105].
The stalagmometric method is a simple and accurate method to determine the surface
tension of fluids that consists of measuring the weight of a pendant drop falling from
a capillary tube. First, we determined experimentally the surface tension of three
di!erent fluids: distilled water, ethylene glycol and ethanol. Then we defined a method
to compare the experimental results with the simulated results for a pendant drop.

Tate’s Law establishes that the weight of a pendant drop is in an equilibrium state
with the surface tension [105, 106]. This equilibrium state is described through the
following equation

mg = 2◁rϑ, (4.8)

where m is the mass of the drop, g is the acceleration of gravity, r is radius of the tube

54



and ϑ is the surface tension at the fluid-air interface. Therefore, the surface tension of
the drop can be obtained as a function of the mass of the drop and the radius of the
tube

ϑ =
mg

2◁r
. (4.9)

4.3.4.1 Experimental determination of the Surface Tension

To perform the measurements, we prepared an experimental setup that consisted of a
vertical syringe of 1ml connected to a stainless steel tip of 16G, 1.6mm of external
radius, and 1.25mm of internal diameter. The fluid moves along the syringe pushed
by a vertical custom-made injection pump [107], whose injection flow rate was set at
Q = 85.1µl/min and controls the dripping frequency, f = 0.053 drops per second for
distilled water, f = 0.11 drops per second for ethylene glycol and f = 0.14 drops per
second for ethanol, these values ensure the formation of the drops avoiding leakage
through the tip of the capillary. To collect the drops, we set a petri dish at a distance
d = 5 cm from the tip of the tube. The images of the drops were obtained using a
Panasonic Lumix DMC-FZ45 camera with a macros zoom, which records videos at
50 frames per second, and were analyzed using Image J (Fiji version 2.14.0/1.54f)
[108]. The experimental setup is shown in figure. 4.11. Using Tate’s Law, we measured

(a) (b)

Figure 4.11: (a) Photograph of the experimental setup. (b) Close-up of the drop at the
moment of detachment.

experimentally the surface tension for three fluids with di!erent densities: distilled
water, ςw = 998 kg/m3; ethylene glycol, ςeg = 1115 kg/m3; and ethanol at 96%, ςet =
807 kg/m3. The experiments were performed at 18.4↔C. We performed ten repetitions
of each experiment. We collected between eight and twelve drops for each experiment;
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these were weighted with a precision scale (Kern ADJ 200-4) and divided by the number
of drops to obtain the mass m of a single drop. Then, using eq. (4.9), we calculated the
surface tension for each experiment and averaged it over the ten repetitions to obtain
its value for each fluid. Table 4.3 shows the results obtained using Tate’s Law. These

Table 4.3: The table shows the experimental results for the mean surface tension of the
drops for the three di!erent fluids obtained using Tate’s Law, eq. (4.9).
Fluid Tate Law ϑ [mN/m]

[105]
Bibliographical

ϑ [mN/m]

Distilled water 70.9± 4.9 72.8 (20°C) [109]
Ethylene glycol 44.4± 0.5 47.7 (25°C) [109]
Ethanol 25.5± 2.6 22.4 (20°C) [110]

results show that the values are close to those expected [109, 110]. For distilled water,
the accuracy is 2.6 %; however, the error increases to 6.7% for ethylene glycol and
14% for ethanol. The high error in ethanol measurements is likely due to evaporation
between the drop deposition and weighting; ethanol’s high volatility causes mass loss
during this interval, leading to inaccuracies. In the case of ethylene glycol, the error is
due to the high viscosity of the fluid, which may a!ect the detachment of the drop at
the tip. Even though Tate’s Law is a simple and accurate method, some corrections
are recommended to obtain more accurate results. [1, 111–114].

4.3.5 Comparison between the experiment and the simulation
To validate the behavior of the internal force, we developed a method to compare
the images of the drops recorded from the experiments with those obtained by the
simulations. The method involves measuring the ratio, R, between the maximum
diameter reached by the drop before detaching from the tip, D, and the inner diameter
of the tube, d.

R =
D

d
. (4.10)

According to the literature, to obtain accurate results, the ratio between the diameter
of the tube and the ideal diameter of the drop must be within 0.6↑ 0.9 [1]. Therefore,
for the experiments, we selected a tube with an inner diameter of 1.25mm in order
to observe only the interaction of internal forces (associated with surface tension) and
gravitational force, as shown in Fig. 4.12. With smaller tube diameters, capillary e!ects
appear, which are not included in the proposed approximation (solid-fluid interaction),
and corrections are required to obtain accurate surface tension values.

The simulations were conducted with 170K fluid particles and 42K solid particles
(which build the reservoir and the tip where the fluid comes out) with an inter-particles
distance (ε) of 30→10↑6 m. The inner diameter of the simulated tube was set at 240µm,
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Figure 4.12: Comparison of the parameter R = D/d between the experiments (top) and
the simulations (bottom) for distilled water, ethylene glycol, and ethanol

and the wall thickness ratio (outer diameter/inner diameter) was replicated from the
experiment and set at 1.3. A constant acceleration in the z direction of 79m/s2 was
applied to each particle to ensure that the fluids form drops instead of being ejected
as a jet, which occurs when attempting to simulate a diameter greater than 1mm, due
to gravitational forces surpassing internal forces and causing the fluid to fall, it is the
same phenomenon observed in experiments when dripping is not controlled. For each
fluid, we measured the maximum diameter of each drop just before detachment from
the tip, both for the experiments and the simulations. Then, we compared the ratios
R = D/d for the three fluids. The results presented in Table 4.4 show that the ratios
for the experiments and the simulations are very similar, with an error of 0.36% for
distilled water, 4% for ethylene glycol and 2.9% for ethanol. Figure 4.12 compares the
experiments and the simulations of the maximum diameters reached by the di!erent
fluid drops before falling

It can be observed that as the surface tension of the fluids decreases, the maximum
diameters reached (in both the experiments and the simulation) also decrease. This
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Table 4.4: The table compares the maximum ratios reached by the fluid droplets in the
experiments and the simulation.

Fluid Experiment

D/d
Simulation

D/d
Error [%]

Distilled water 2.74± 0.02 2.73 0.36
Ethylene glycol 2.16± 0.08 2.25 4.00
Ethanol 2.00± 0.04 2.06 2.90

behavior occurs because, in fluids with higher surface tension, the cohesive forces are
stronger, leading to a larger diameter before drop detachment compared to fluids with
lower surface tension. The results in Table 4.4 confirm this trend, demonstrating that
the internal forces associated with surface tension behave as expected.

4.4 Conclusion

An internal force has been introduced in the SPH model to replicate the cohesive in-
teractions among fluid particles in a single-particle system, representing a multiphase
(gas-liquid) phenomenon and resulting in surface tension e!ects. The Lagrangian ap-
proach focuses exclusively on the internal interactions within the liquid phase, enhanc-
ing computational e"ciency by circumventing the need to simulate the gaseous phase.
This approach involved determining a constant value of ε within the Wang potential,
which allowed for the replication of droplet spherization as a validation method, as well
as energy minimization and the evolution of surface tension over time. Additionally, it
enabled simulations for Bond numbers both less than and greater than 1. This included
reproducing drop formation on hydrophobic surfaces for a Bond number of 0.21, and
the dispersion of fluid for a Bond number of 21, demonstrating the validity of cohesive
internal forces that can be scaled for smaller or larger volumes.

To validate the model, the evolution of density and surface tension at various dis-
cretization scales was evaluated. In all cases, the values closely matched those reported
experimentally.

Additionally, a comparison with the theoretical droplet oscillation model was car-
ried out, revealing close agreement between the numerical and theoretical solutions.
The pendant drop experiments also produced results consistent with the numerical
simulations for the three fluids studied.

However, the proposed model does not account for the interaction of fluid flow with
hydrophobic surfaces, leading to inconsistencies in the shape of the drop for di!erent
volumes. Therefore, further investigation of this interaction is necessary to improve the
precision of the method. The proposed approach shows promise for various practical
applications, including microfluidic simulation, droplet manipulation, splash simula-
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tion, and the optimization of multiphase systems. Accurate surface tension modeling
is crucial for understanding and optimizing these processes. The research highlights the
practical implications of the developed approach. A similar study is needed to investi-
gate the interaction between solid and fluid phases, which would enable a comparison
of the computational model with experimental setups. The use of SPH in this model
facilitates the physical representation of the liquid without the need for molecular-level
discretization.
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5 Microfluidic simulations

The increasing importance of microfluidic systems in areas such as biomedicine, mate-
rial engineering, and chemical processing [46, 115] has driven the demand for precise
simulation tools to support the research and development of advanced microfluidic
technologies. In this context, the SPH method has established itself as a fundamental
approach due to its ability to accurately capture complex phenomena at microscopic
scales [5, 6, 25]. This is particularly evident in the simulation of fluid-fluid interactions
mediated by interparticle potentials, such as the Wang potential [23].

In this chapter we focus on validating SPH simulations through comparisons with
experiments. Such comparisons provide essential qualitative insights for assessing the
accuracy and robustness of SPH models in reproducing microfluidic phenomena under
various scenarios. By demonstrating the e"cacy of SPH in simulating flows within
microfluidic systems, our study reinforces the reliability of numerical simulations that
incorporate particle interactions mimicking surface tension e!ects. This dual approach
of simulation and experimentation not only fosters confidence in SPH models but also
paves the way for further advancements in microfluidic research and the development
of next-generation devices.

Furthermore, the integration of SPH-based simulations with experimental validation
highlights the potential of combining computational and empirical methodologies to
address challenges in microfluidic systems. This synergy supports the design and op-
timization of microfluidic devices for applications ranging from single-cell analysis to
drug delivery, contributing significantly to the advancement of science and engineering
in this domain.

5.1 Simulated Set up

For the simulations, we use the force interaction (Eq. 4.6) described in the chapter
4, which accurately models the surface tension of water. This variable is especially
relevant in the simulation of fluids at small scales, where surface forces can even out-
weigh gravity (with a Bond number less than 1). Therefore, it is crucial to include this
term in the momentum conservation equation to accurately simulate the dynamics of
microchannels.

We simulated two microchannels with a width of w = 1mm and two di!erent heights,
h = 150µm and h = 300µm. The simulations were conducted with a particle spacing
of ds = 30 → 10↑6 m, using 170 → 103 fluid particles, 105 → 103 solid particles for the
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microchannel of 150µm (Fig. 5.2a) and 111→ 103 solid particles for the microchannel
of 300µm (Fig. 5.2b). These particles were placed in a reservoir to which a constant
force was applied along the z-axis. This reservoir is connected via a "tube" with a
radius of 4 ε to a channel with a height of 5 ε (150µm) and a width of 34 ε ( 1mm),
see Fig. 5.1.

To replicate experimental configurations that use hydrostatic pressures as the driving
force for the fluid displacement [46, 81, 116] a fluid reservoir was positioned at a
fixed elevation above the microchannel to generate the hydrostatic pressure driving
the flow. The direct simulation of a full fluid column of comparable dimensions is
computationally prohibitive due to the large number of particles required to maintain
an adequate interparticle distance for the microchannels.

Therefore, to simulate the e!ect of hydrostatic pressure as the driving force of the
fluid, we introduce a modified hydrostatic acceleration apha for each particle. This
acceleration is computed at each time step using a normalized height ratio defined as

Rz ↑ rz
Rz

, (5.1)

where Rz is the height of the reservoir and rz is the coordinate on the z-axis of the
particle. This ratio is multiplied by a constant fh to control the intensity of the
acceleration. The resulting product is then multiplied by the local density ςa of each
particle and the gravitational acceleration g. The final expression gives the hydrostatic
acceleration (Eq.5.2).

Figure 5.1: Simulation Set up

apa =
ε2 ςa g

ma

(Rz ↑ rz)

Rz
fhẑ (5.2)

62



(a) 150µm of height and 1mm of wide simulted
microchannel

(b) 300µm of height and 1mm of wide si-
multed microchannel

Figure 5.2: Geometries of the simulated microchannels: (a) consists of 105 → 103 par-
ticles; (b) consists of 111→ 103 particles.

where apa represents the acceleration associated with the hydrostatic pressure, fh is
a height factor with units in meters, Rz is the maximum height of the reservoir, and
rz is the height of particle “a" . Therefore, if particle “a" is at the maximum height
of the reservoir (rz = Rz), it will experience no pressure, while if it is at the lowest
position (rz = 0), it will feel the full pressure associated with the height fh. Including
the acceleration (Eq.5.2) in the Eq. 2.63, we have:

dva

dt
= ↑

∑

b

(
pa + pb
ςaςb

)
↓aWab + #ab + Fint + apa (5.3)

#ab =
∑

b

mb

(
41rab ·↓aWab

(ςa + ςb)(r2ab + ↽2)

)
(va ↑ vb) (5.4)
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φ

φr

(
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(ε
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r
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↑ 1

)2
)
r̂ (5.5)

Where Fint is the internal force calibrated in chapter 4 and #ab are the viscous forces
associated with changes in relative velocities of the particle of interest (mathpzca) and
neighboring particles (b).

5.2 Simulation Results
The primary objective of the simulations was to validate the capability of a SPH frame-
work to model microfluidic flow in channels of di!erent heights under varying pressure
gradients. The simulations focused on understanding how a modified hydrostatic pres-
sure, emulated through a height factor fh, influences the fluid front propagation and
internal flow dynamics.

From a theoretical perspective, microfluidic systems are highly sensitive to surface
forces due to their small dimensions, making it essential to include surface tension
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modeling. Since the filling process involves a transient front and a partially filled
microchannel, the flow behavior aligns more closely with Darcy-type or Washburn
models, rather than fully developed Poiseuille flow, which assumes a completely filled
and steady-state regime.

Validation was carried out by comparing the simulated fluid front positions with
theoretical predictions obtained from Eq. 2.37, which relates the advancement of the
fluid front to the pressure drop and channel geometry.

The simulations were performed using a custom-built code in Python, accelerated via
the Taichi library. The Weakly Compressible SPH (WCSPH) method was employed,
incorporating surface tension e!ects via an interaction potential model. Water at 20↔C
was used as the working fluid, with standard density (1000 kg/m3) and viscosity values
(1→ 10↑6mm2/s).

To simulate di!erent driving forces, the height factor fh was varied across three
values: 1 → 10↑5 m, 4 → 10↑5 m, and 8 → 10↑5 m. This variation resulted in di!erent
e!ective pressure gradients along the channel.

The inclusion of surface tension forces and a hydrostatic-like driving pressure enabled
a realistic reproduction of microfluidic phenomena. The systematic variation of fh
allowed the exploration of a wide range of pressure-driven flow conditions, facilitating
the evaluation of the SPH model’s accuracy.

By ensuring a consistent comparison with the theoretical model, the simulations
could be quantitatively validated. This validation is critical for confirming the model’s
predictive capabilities before extending its application to more complex fluid behaviors
or non-Newtonian fluids.

5.2.1 Position vs Time

The evolution of the fluid front position over time is a critical indicator of flow dynamics
within microchannels [81, 117, 118]. In these simulations, the focus was on analyzing
how the fluid advances under di!erent applied pressure gradients, modulated through
the height factor fh.

Fig. 5.3 presents a representative snapshot of the fluid front propagation obtained
from the SPH simulations. The blue arrow indicates the direction of the advancing
front, highlighting the dynamic nature of the filling process. This graphical representa-
tion is useful for illustrating how the SPH method captures the fluid interface evolution
throughout the simulation domain.

The relationship between position and time in laminar, pressure-driven flow inside
microchannels can be predicted using Eq. 2.37. This model accounts for the increasing
hydraulic resistance as the fluid progresses along the channel, predicting a non-linear
trend in the advancement rate due to viscous dissipation.
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Figure 5.3: Snapshot of the fluid front propagation obtained from the SPH simulations.
The filled particles represent the fluid phase, while the hollow indicate the
air phase. The interface between the two phases is clearly visible, and the
direction of fluid movement is indicated by the blue arrow.
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To enable comparison with the theoretical curve presented in Eq. 2.37, the pressure
di!erence was obtained from the SPH equations, incorporating the modified hydrostatic
pressure term used in the simulation. This pressure gradient, together with the same
geometrical parameters used in both the simulation and the theoretical model, allowed
!P to be calculated as a function of fh.

At each time step, the position of the furthest fluid particle along the x-axis, repre-
senting the fluid front, was recorded. This provides a direct measurement of the pene-
tration depth of the fluid into the microchannel as a function of time. For each simu-
lated case, the e!ective pressure drop was calculated based on the imposed hydrostatic-
like force derived from the height factor fh. Fig.5.4 and 5.5 display the comparison
between simulated and theoretical position-time curves (Eq. 2.37) for microchannels
with heights of 150µm and 300µm, respectively.

Each figure includes the theoretical predictions based on Eq. 2.37 (Solid lines) for
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Figure 5.4: Comparison of simulation results and theoretical prediction (Eq.2.37) of
fluid front position over time for a 150µm high microchannel.

Figure 5.5: Comparison of simulation results and theoretical prediction (Eq.2.37) of
fluid front position over time for a 300µm high microchannel.
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di!erent fh values and simulation results show the maximum x-position of the fluid
front at discrete time intervals (Markers). Circles for fh = 1 → 10↑5, squares for
fh = 4 → 10↑5 and triangles for fh = 8 → 10↑5,the x-axis represents time in seconds,
while the y-axis shows the fluid front position in millimeters.

The results demonstrate a non-linear relationship between position and time, con-
sistent with the theoretical model. For all cases, as time progresses, the fluid front
advances at a decreasing rate, attributed to the increase in hydraulic resistance en-
countered by the fluid.

A strong agreement between simulations and theoretical predictions is observed, for
fh = 1 → 10↑5, the advancement is slow, and both theoretical and simulation data
exhibit a gradual increase in position over time. As fh increases to 4 → 10↑5 and
8 → 10↑5, the initial fluid velocities are higher, and the fluid front propagates more
rapidly. Discrepancies between simulations and theoretical curves can be attributed to
numerical resolution and small-scale fluctuations inherent in particle-based methods.

To evaluate the consistency between the theoretical model and simulation data, the
Mean Squared Error (MSE) and coe"cient of determination (R2) were computed for
each value of the height factor fh, across two microchannel configurations. The results
for the 150, µm microchannel are presented in Table 5.1, and those for the 300, µm
microchannel are shown in Table 5.2. These metrics quantify the predictive accuracy
and robustness of the model for capturing the fluid front dynamics under varying
applied force conditions.

Table 5.1: Model validation for the 150µm microchannel
fh MSE (mm

2
) R2

1→ 10↑5 0.0046 0.8534
4→ 10↑5 0.0018 0.9917
8→ 10↑5 0.0004 0.9987

In the 150µm microchannel, increasing the value of fh significantly improves the
agreement between the theoretical prediction and the simulation. At the lowest value,
the model underestimates the e!ect of the applied force, resulting in a larger discrep-
ancy. As fh increases, the model better accounts for the pressure-driven acceleration
of the fluid, particularly in narrow channels where viscous and surface forces are more
dominant. The best agreement is found at fh = 8→ 10↑5 m, with an exceptionally low
MSE (0.0004mm2) and a high R2 of 0.9987, indicating nearly perfect correlation.

In contrast, for the 300µm microchannel, the best performance is observed at fh =
1→ 10↑5 m, with a minimal error and excellent correlation. This suggests that a lower
applied force is su"cient to describe the filling dynamics in wider channels, where
inertial and entrance e!ects are less restricted. Interestingly, increasing fh beyond this
value leads to a slight mismatch, as the model begins to overestimate fluid acceleration,
especially at fh = 8→ 10↑5 m, which shows the highest MSE (0.0037mm2).
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Table 5.2: Model validation for the 300µm microchannel
fh MSE (mm

2
) R2

1→ 10↑5 0.0002 0.9983
4→ 10↑5 0.0004 0.9988
8→ 10↑5 0.0037 0.9956

The simulations capture the expected trend; in the 150µm microchannel, the fluid
front reaches approximately 2.0mm at 0.75s for the highest fh. In the 300µm mi-
crochannel, the fluid front advances further, reaching nearly 3.0mm in around 0.65s,
reflecting the lower hydraulic resistance due to the larger channel height.

These results demonstrate that fh, as a height factor, plays a critical role in tuning
the model for accurate prediction of fluid propagation. In narrower geometries, a higher
force factor is needed to overcome dominant resistance, whereas in larger channels, even
moderate forces su"ce to sustain the flow.

The position-time analysis confirms that the SPH simulations accurately reproduce
the theoretical behavior of pressure-driven flow in microchannels. The methodology
reliably captures the non-linear advancement dynamics and highlights the impact of
varying fh values on flow behavior. These results validate the SPH framework as a
robust tool for simulating microfluidic phenomena under di!erent pressure conditions.

The consistently high R2 values—particularly above 0.99 in most cases—confirm that
the theoretical framework captures the core physics of the system. The mean squared
error remains below 0.005mm2 across all conditions, indicating excellent numerical
fidelity. These findings support the validity of the model and demonstrate its suitability
for simulating pressure-driven flow in microfluidic environments.

5.2.2 !P vs Velocity
A key feature of laminar flow in microchannels is the linear relationship between pres-
sure drop (!P ) and average fluid velocity (v̄), as predicted by the Hagen–Poiseuille
law for Newtonian fluids under fully developed conditions.

However, in the context of channel-filling processes, the flow is not yet fully devel-
oped, and the fluid front is still advancing. Despite this, if the flow remains laminar
and the Reynolds number low, a quasi-steady approximation is valid, allowing the use
of pressure–velocity proportionality to characterize the system dynamics [119].

Fig. 5.6 and 5.7 show the relationship between the e!ective pressure and the average
fluid velocity for the 150µm and 300µm microchannels, respectively. Each point in
the plots represents a di!erent simulation with a distinct fh value, translating into
a di!erent pressure gradient. The x-axis corresponds to the average velocity in mil-
limeters per second , while the y-axis indicates the e!ective pressure in Pascals; the
average velocity was computed by tracking the mean x-component of the velocity of
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fluid particles along the channel.

Figure 5.6: Simulated relationship between e!ective pressure and average velocity for
the 150µm high microchannel.

Both figures exhibit a clear linear trend between the e!ective pressure and the average
velocity, confirming the laminar Newtonian nature of the flow. The linearity also
indicates that viscous forces dominate the flow regime, with negligible inertial e!ects,
as expected at microscale dimensions.

In the 300µm microchannel, for a given pressure, the average velocity is higher
compared to the 150µm microchannel. This behavior is consistent with the theoretical
prediction since hydraulic resistance is inversely proportional to the third power of the
channel height; also, the slope of the pressure-velocity relationship is steeper for the
150µm channel, reflecting higher resistance to flow. The excellent linear correlation
between pressure and velocity in both cases with R2 = 0.996 for 150µm microchannel
and R2 = 0.995 for 300µm microchannel, validates the hypothesis of Newtonian fluid
behavior and laminar flow.

The delta pressure versus velocity analysis corroborates the theoretical expectation
of linearity for Newtonian laminar flow in microchannels. The SPH model reliably
reproduces the expected fluid dynamics for varying pressure gradients and channel
heights, reinforcing its applicability for microfluidic simulations under di!erent oper-
ational conditions. The minor deviations from perfect linearity may be attributed to
local variations in flow velocities due to entrance e!ects and finite-size domain consid-
erations.
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Figure 5.7: Simulated relationship between e!ective pressure and average velocity for
the 300µm high microchannel.

5.2.3 Reynlods vs Time

Another key aspect analyzed in the filling simulations was the estimation of the Reynolds
number associated with the flow. In the context of channel-filling processes, the flow is
not yet fully developed, and the fluid front is still advancing. Despite this, if the flow
remains laminar and the Reynolds number low, a quasi-steady approximation is valid.
As a result, the convective terms in the Navier–Stokes equation can be neglected, which
simplifies both the analysis and the description of the system, allowing it to be treated
under a regime dominated by viscous forces. [119, 120]. For very small organism, e.g.,
bacteria, the Reynolds number is very small, typically in the range of 10↑6 and 106

for a human [121]. Typical Reynolds number in microfluidics are lower than Re < 10
which ensures that the fluid remains in a laminar regime.[122]

These values were calculated using the velocities obtained and plotted as a function
of normalized time, defined as t/tmax, to enable comparison on a common scale. As
observed in the Fig. 5.8, the Reynolds numbers obtained for the microchannel with
a height of h = 150µm exceeded 1 only in the interval t/tmax < 0.2 and exclusively
for the simulated pressures of fh = 4 → 10↑5 m and fh = 8 → 10↑5 m. However,
after t/tmax = 0.2, the Reynolds number drops below 1, indicating that viscous forces
become more significant than inertial forces in this regime. For the simulated pressure
associated with fh = 1 → 10↑5 m, the Reynolds number remained below 1 throughout
the entire filling process, indicating that the flow was dominated by viscous forces.
Overall, the highest Reynolds numbers were obtained for the filling associated with
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Figure 5.8: Estimated Reynolds number as a function of normalized time (t/tmax) dur-
ing the microchannel filling simulations for the 150µm high microchannel.

the highest applied pressure (fh = 8→ 10↑5 m), followed by those corresponding to the
intermediate pressure (fh = 4→ 10↑5 m). The lowest Reynolds numbers were recorded
for the filling related to the lowest pressure (fh = 1→ 10↑5 m).

In the case of the filling simulation for the 300µm microchannel (see Fig. 5.9)
, the highest Reynolds number corresponded to the filling with the highest simu-
lated pressure, followed by the intermediate pressure, and finally the lowest pressure
(fh = 1→ 10↑5 m). Additionally, it was observed that the Reynolds numbers remained
above 1 throughout most of the filling dynamics, with some exceptions: for the highest
simulated pressure (fh = 8 → 10↑5 m), the values dropped below 1 at some points to-
wards the end of the filling; for the intermediate pressure (fh = 4→10↑5 m), the values
stayed above 1 until approximately t/tmax < 0.6; and for the lowest simulated pressure
(fh = 1→ 10↑5 m), the values remained close to 1, primarily for t/tmax < 0.6.

Finally, the Reynolds numbers estimated from the simulation confirmed that the
filling process took place under laminar flow conditions (Re < 2000), as is typical in
microchannel filling processes [123]. Even though the microchannels are highly sensitive
to small changes, these variations do not a!ect the transitions of the Reynolds number,
since it always remains in the laminar regime.
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Figure 5.9: Estimated Reynolds number as a function of normalized time (t/tmax) dur-
ing the microchannel filling simulations for the 300µm high microchannel.

5.2.4 Shear Stress vs Shear Rate
The relationship between shear stress and shear rate is fundamental for character-
izing the rheological behavior of fluids [70]. For Newtonian fluids, this relationship
is expected to be linear, with the slope corresponding to the dynamic viscosity. In-
vestigating this relationship in microchannels allows for the validation of the fluid’s
Newtonian nature and the SPH model’s ability to capture localized shear dynamics
under pressure-driven flow.

For each simulation, the local shear rate was estimated using the expression ϑ̇ =
6||⇁v|| / b, where ||⇁v|| represents the magnitude of the fluid front velocity at each time
step, and b is the height of the microchannel. The corresponding shear stress ↼ was
calculated based on the geometric characteristics of the system and the instantaneous
fluid penetration distance x(t), according to the following expression:

↼ =
!p

4
3ϑ

(
Lb2w
r4

)
+ 2x(t)

b(1↑0.63 b
w)



where !p is the applied pressure drop (associated with each fh), L is the length
of the connecting tube, and r is the tube radius. This formulation accounts for both
the resistance of the connecting tube and the evolving hydrodynamic resistance within
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the microchannel as the fluid advances. Measurements were taken at various positions
along the channel to capture spatial variations in flow conditions.

Fig. 5.10 and 5.11 illustrate the computed shear stress versus shear rate for the
150µm and 300µm microchannels, respectively. Each plot displays data points ob-
tained from di!erent simulations, with circles representing the case fh = 1 → 10↑5 m,
squares for fh = 4 → 10↑5 m, and triangles for fh = 8 → 10↑5 m. A dashed line indi-
cates the global linear fit applied to all data points, where the slope corresponds to
the estimated viscosity ↽ (which corresponds to the ratio between ε and ϑ̇), and the
coe"cient of determination R2 quantifies the goodness-of-fit of the linear model.

Figure 5.10: Shear stress vs. shear rate for the 150µm high microchannel.

The plots reveal a predominantly linear relationship between shear stress and shear
rate for both the 150µm and 300µm microchannels, confirming the Newtonian behavior
of the fluid under the simulated conditions. This linearity supports the assumption
of constant viscosity. The 300 µm microchannel displays a broader range of shear
rates compared to the 150µm channel, a result consistent with its lower hydraulic
resistance and the higher velocities achieved in taller channels. In contrast, the 150µm
microchannel exhibits a more constrained shear rate distribution, reflecting the stronger
viscous damping and more uniform flow conditions imposed by its geometry.

Quantitatively, the estimated viscosity from the global linear fit for the 150µm mi-
crochannel is 1.09mPa · s, with a coe"cient of determination R2 = 0.9738. For the
300µm microchannel, the viscosity is slightly lower at 0.93mPa · s, with a higher
goodness-of-fit (R2 = 0.9968). These values are in close agreement with the theoretical
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Figure 5.11: Shear stress vs. shear rate for the 300µm high microchannel.

viscosity of water at 20↔C (1.00mPa·s) [124], confirming the accuracy of the simulation
framework in reproducing expected rheological properties.

The shear stress versus shear rate analysis confirms the Newtonian behavior of the
simulated fluid across both microchannel geometries. The SPH simulations accurately
reproduce the expected linear relationship, demonstrating the model’s ability to capture
detailed rheological behavior under varying shear conditions. The estimated viscosities
align closely with the theoretical value of water at 20↔C, and the high coe"cients of
determination (R2) reflect excellent agreement with the linear model.

Notably, the high R2 values further reinforce the validity of the Newtonian assump-
tion and highlight the e!ectiveness of the SPH method in capturing the linear viscous
response of the fluid. Minor scatter observed in the data, particularly at higher shear
rates or near the microchannel walls, is likely attributable to local velocity fluctua-
tions and the discretized nature of the SPH approach, where sharp gradients are more
sensitive to particle resolution.

These findings validate the robustness of the SPH framework for microscale flow
simulations, showing that it can accurately resolve spatial variations in stress and
shear rate without introducing numerical artifacts indicative of non-Newtonian e!ects.
The observed consistency in viscosity across di!erent pressures and channel geometries
underscores the reliability of the method for modeling Newtonian fluid dynamics in
confined microfluidic systems.
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5.2.5 Viscosity
In Newtonian fluids, viscosity ↽ remains constant regardless of the applied shear rate
or local flow conditions [70]. Verifying that the viscosity remains spatially uniform
along the microchannel and across di!erent flow regimes is essential for confirming the
Newtonian behavior of the fluid and the reliability of the SPH numerical method.

The viscosity was calculated at di!erent positions along the microchannel, based on
the local values of shear stress and shear rate. Multiple simulations with varying height
factors fh were conducted to evaluate the influence of di!erent pressure gradients on
the viscosity measurements.
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Fig. 5.12 and 5.13 show the viscosity distribution along the microchannel for heights
of 150µm and 300µm, respectively. Each figure presents the viscosity values calculated
at discrete positions along the channel for di!erent values of fh. Circles represent
fh = 1 → 10↑5 m, squares correspond to fh = 4 → 10↑5 m, and triangles indicate fh =
8→ 10↑5 m. A dashed line in each figure shows the average viscosity (↽prom) along with
its associated standard deviation.

Figure 5.12: Evolution of viscosity along the 150µm high microchannel. Average vis-
cosity: 1.02± 0.08mPa s.

The results show that the average viscosity in the 150µm channel is 1.02±0.08mPa s,
while in the 300µm channel it is 0.96± 0.03mPa s. Both values are in excellent agree-
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Figure 5.13: Evolution of viscosity along the 300µm high microchannel. Average vis-
cosity: 0.96± 0.03mPa s.

ment with the theoretical dynamic viscosity of water at 20↔C (1.00mPa s). The small
variations observed along the channel fall within acceptable numerical precision limits
for SPH simulations.

Importantly, no significant variation in viscosity is observed along the length of either
channel (see table 5.3), indicating that changes in shear rate do not a!ect viscosity, as
expected for Newtonian fluids. Furthermore, the relatively low standard deviations ob-
served confirm the consistency and reliability of the numerical approach across di!erent
flow conditions and geometries.

Table 5.3: Viscosity values obtained for di!erent fh in each microchannel
Microchannel Height fh Viscosity Viscosity

(µm) (→10↑5
) (↽ ±!↽) (mPa·s) Average (mPa·s)

150
1 1.02± 0.10

1.02± 0.084 1.04± 0.08
8 1.01± 0.07

300
1 0.96± 0.04

0.96± 0.034 0.98± 0.02
8 0.94± 0.02

To further validate the SPH simulation framework, the viscosity was analyzed for
di!erent Newtonian fluids: water, ethanol, and ethylene glycol. Each of these fluids
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possesses distinct molecular properties that influence their dynamic viscosity, and veri-
fying that the simulations capture these di!erences accurately is essential to assess the
model’s versatility.

At 20↔C, the theoretical dynamic viscosity is approximately 1.00mPa s for water,
1.20mPa s for ethanol, and 16.1mPa s for ethylene glycol[124]. The local dynamic vis-
cosity was calculated along the microchannel for each fluid using the same methodology
applied in the water simulations. The resulting profiles were evaluated to assess spatial
consistency and confirm that each fluid maintained the expected constant viscosity.

Fig. 5.14 presents the viscosity distribution for water, ethanol, and ethylene glycol
along the 300µm high microchannel. In this plot, circles denote water, asterisks repre-
sent ethanol, and crosses correspond to ethylene glycol. The horizontal axis shows the
position along the channel in millimeters, while the vertical axis displays the computed
viscosity in mPa s.

Figure 5.14: Viscosity evolution along the 300µm high microchannel for water, ethanol,
and ethylene glycol. The dotted lines indicate the mean viscosity values
obtained from the simulations for each fluid.

The results show that water maintains a viscosity close to 1.00mPa s along the
channel with minimal variation. Ethanol exhibits a slightly higher viscosity, consis-
tent with its known rheological properties, while ethylene glycol shows a significantly
higher viscosity (approximately an order of magnitude greater) corresponding well with
theoretical expectations. In all cases, the viscosity remains stable along the length of
the microchannel, confirming the absence of shear-rate dependence. The consistency
of these profiles reinforces the Newtonian behavior of the fluids under the simulated
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conditions, and minor fluctuations observed are within acceptable numerical resolution
limits, not a!ecting the overall trends.

The viscosity measurements confirm that the fluid maintains a constant viscosity
along the microchannel, consistent with Newtonian fluid behavior. The SPH simula-
tions accurately reproduce the expected rheological properties, validating the model’s
robustness for studying microfluidic flows under a range of operational conditions. The
viscosity analysis for di!erent fluids confirms that the SPH framework accurately cap-
tures the distinct rheological properties of Newtonian fluids with varying viscosities.

5.3 Nonlinear Behavior Analysis

The aim of this analysis is to characterize the nonlinear behavior of the fluid front
as it advances through microchannels under di!erent applied pressures. In pressure-
driven microfluidic systems, the evolution of the front position over time is governed
by a balance between driving pressure and hydrodynamic resistance due to viscous
dissipation.

Washburn’s law [83] provides a theoretical framework for this behavior, predicting
that in a viscous-dominated regime, the front position x scales with the square root
of time t, i.e., x ⇐ t0.5. Verifying this scaling behavior in the simulations is essential
for confirming that the fluid dynamics are correctly captured, especially under varying
pressure gradients and channel geometries.

The maximum front position along the x-axis was recorded as a function of time
for di!erent applied pressure conditions, which were controlled by adjusting the height
factor fh. To analyze the dynamics of the fluid front, a power-law model of the form
x(t) = A tn was fitted to the simulation data, allowing extraction of the scaling expo-
nent n and prefactor A under each experimental condition.

Fig. 5.15 presents the resulting fits for a range of pressure values and microchannel
heights. The left column corresponds to microchannels with a height of 150µm, while
the right column displays data for microchannels with a height of 300µm. Within each
column, the rows represent increasing inlet pressure values, specifically fh1 = 1→ 10↑5

(top), fh4 = 4 → 10↑5 (middle), and fh8 = 8 → 10↑5(bottom). Each subplot includes
gray markers that indicate the simulated data points for the fluid front position over
time, and a red line representing the corresponding power-law fit. The equation of the
fitted curve is also displayed within each plot for reference.

The fitted results demonstrate a clear trend in the evolution of the scaling exponent
n as a function of pressure. At low inlet pressures (fh = 1 → 10↑5), the exponent is
close to 0.88 for the 150µm channel and 0.87 for the 300µm channel, indicating near-
linear advancement of the fluid front with limited viscous resistance. As the applied
pressure increases, the exponent gradually decreases, approaching values closer to 0.5.
Under the highest applied pressure conditions (fh = 8 → 10↑5), the exponent reaches
approximately 0.58 in the 150µm channel and 0.65 in the 300µm channel.
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Figure 5.15: Empirical fits of fluid front evolution as a function of time under di!erent
pressures and channel heights. Left column: 150µm height; Right column:
300µm height. Rows correspond to increasing pressure (top to bottom).
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This trend highlights the growing influence of viscous dissipation on the system
dynamics. At low velocities, corresponding to low inlet pressures, viscous energy losses
are minimal, allowing the fluid to advance more freely and linearly. In contrast, at
higher velocities, the increased velocity gradients enhance viscous forces, resulting in
greater energy dissipation. This shift in flow regime corresponds to a transition toward
the behavior described by Washburn’s law, where the front position follows a square-
root dependence on time (x ⇐ t0.5).

The comparison between microchannels of di!erent heights further supports this
interpretation. For the same applied pressure, the taller channels (300µm) consistently
exhibit higher fluid front positions and larger prefactor values A in the fitted equations,
reflecting their lower hydraulic resistance relative to the 150µm channels. However, the
overall trend in the exponents n remains consistent between the two channel heights,
confirming that the scaling behavior is predominantly governed by viscous e!ects rather
than by geometric parameters alone.

The nonlinear behavior analysis demonstrates a clear transition toward the viscous
regime predicted by Washburn’s law as the driving pressure increases. The SPH sim-
ulations successfully capture the progressive influence of hydrodynamic resistance and
validate the scaling relationship x ⇐ t0.5 in microfluidic channels. These findings con-
firm that the numerical framework reliably reproduces the complex dynamics of viscous
flow in confined geometries under di!erent pressure conditions.

5.4 Conclusion

The presented numerical model successfully reproduces the fluid filling process in mi-
crochannels, demonstrating strong agreement with theoretical predictions. The SPH
simulations confirm that modifying the pressure factor (fh) results in corresponding
changes in fluid velocity while maintaining a constant viscosity, as expected for New-
tonian fluids. Additionally, the Washburn e!ect was observed in the simulations, a
consequence of the negligible connecting tube in the model. This led to all energy
dissipation occurring within the microchannel. These findings suggest that increasing
the tube radius in experiments could help isolate energy dissipation e!ects within the
channel itself.

The simulations also validated the SPH method for modeling di!erent Newtonian
fluids, including water, ethanol, and ethylene glycol. The results confirm that vis-
cosity remains constant despite variations in pressure, reinforcing the assumption of
Newtonian behavior under the studied conditions. This consistency highlights the ro-
bustness of the SPH approach for capturing microfluidic flow dynamics, particularly
in pressure-driven systems where confinement e!ects and surface interactions play a
crucial role.

Furthermore, the study reveals that microfluidic flows exhibit non-uniform velocity
distributions along the channel, emphasizing the importance of considering local flow
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variations when designing microfluidic systems. This observation is particularly rel-
evant for applications requiring precise control over flow rates and shear conditions,
such as lab-on-a-chip devices and biomedical diagnostics.

A key implication of this work is the demonstration that a single microchannel can
simultaneously experience multiple shear rate and stress conditions. This opens new
possibilities for microfluidic rheometry, allowing for in situ viscosity measurements
without the need for complex channel geometries or additional experimental setups.
By leveraging these variations, local viscosity can be determined within a uniform
microchannel, providing valuable insights into fluid behavior under di!erent shear con-
ditions.

The analysis of the simulation results further indicates that the evolution of the fluid
front is strongly influenced by inlet pressure, hydrodynamic resistance, and viscous dis-
sipation. At low pressures, inertia dominates, leading to higher propagation exponents.
However, as pressure increases, internal friction and hydrodynamic resistance intensify,
stabilizing the flow and reducing the exponent to values near 0.5, characteristic of
the Washburn regime. This transition confirms the theoretical expectations and pro-
vides a quantitative interpretation of how channel geometry and pressure impact filling
dynamics—key aspects for optimizing microfluidic system design.
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6 Microfluidic experiments

In this chapter, we employed a method based on an hydrostatics pressure driven flow
[81] to validate the numerical results obtained in the previous chapter, incorporating an
injection or suction pump to generate the pressure gradient required for fluid movement.
Using image analysis, implemented through a Python-based algorithm, the fluid front
propagation will be tracked to determine its velocity. This data will be used to construct
stress versus shear rate curves, which will subsequently allow the calculation of the
viscosity of the studied fluid. The collected experimental data will be compared with
the simulations presented in Chapter 5.

Additionally, experiments will be conducted to minimize the e!ect of the connecting
tube between the pressure generation source (reservoir or pump) and the microchannel.
The goal is to reduce flow losses associated with the connector to observe nonlinear
behavior, specifically the Washburn phenomenon. This approach will help evaluate
the feasibility of conducting rheometry within the same microchannel without altering
its geometry. For Newtonian fluids, viscosity should remain constant regardless of
velocity variations (and consequently shear rate) along the channel. However, for non-
Newtonian fluids, viscosity is expected to change as a function of these parameters.
This study aims to validate this e!ect and assess the potential of performing in-channel
rheometry for various fluid types.

6.1 Fabrication of the Microchannel
Microfluidic device fabrication requires precision and reproducibility to ensure accurate
experimental results. The fabrication process employed in this study consists of several
stages, including microchannel design, master mold fabrication via high-resolution 3D
printing, PDMS molding, and final device assembly. The methodology adopted allows
for the creation of reliable and high-fidelity microchannels suitable for fluid dynamics
experiments.

6.1.1 Design of the Microchannel
The microchannels were designed using Autodesk Inventor, a professional-grade 3D
CAD software that provides precise control over dimensions, structural details, and
compatibility with additive manufacturing techniques. The design process prioritized
geometrical accuracy to ensure compatibility with the resin-based 3D printing process,
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optimizing both resolution and structural integrity of the microchannel walls. The
dimensions were carefully chosen to balance fluidic behavior representation and man-
ufacturability. Two distinct microchannel geometries were created, both with a width
of 1mm and a length of 40mm, but with di!erent heights of 150µm and 300µm,
respectively (see Fig.6.1).

6.1.2 3D Printing of the Master Mold
The designed microchannels were fabricated using a Prusa SL1S resin-based 3D printer,
which o!ers high-resolution printing capabilities (50µm) suitable for microfluidic ap-
plications. The photopolymer resin used in this process was specifically selected for
its fine detail reproduction, low shrinkage, good mechanical stability after curing, and
chemical resistance. These properties ensure dimensional accuracy, structural integrity,
and compatibility with subsequent soft lithography steps. The resin polymerizes under
a wavelength of 405 nm, ensuring that the microchannel features are well-defined and
stable upon solidification.

After printing, the master molds underwent a post-processing step consisting of
washing and UV curing. The printed parts were first washed in isopropyl alcohol
to remove any uncured resin from the surface, using either ultrasonic agitation or a
mechanical wash station. Subsequently, the parts were fully cured under UV light to
complete polymerization and improve mechanical strength and thermal resistance.

(a) 150µm height and 1mm width 3D-
printed microchannel.

(b) 300µm height and 1mm width 3D-
printed microchannel.

Figure 6.1: Microchannels designed in Autodesk Inventor and fabricated using a high-
resolution resin-based 3D printer.

Post-processing of the printed master mold involved washing the structure thor-
oughly with detergent (Quix) to remove any residual uncured resin. The mold was
then placed in an oven at 70→C for 3 hours to ensure complete evaporation of any
remaining solvents used in the resin curing process. This step is essential to prevent
unwanted chemical interactions between residual solvents and the reactants used in the
subsequent PDMS molding process.
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6.1.3 PDMS Molding

Once the resin master mold was fully prepared and post-cured, Polydimethylsiloxane
(PDMS) was poured over its surface to create a negative mold of the microchannel ge-
ometry. PDMS is widely used in microfluidics due to its excellent optical transparency,
biocompatibility, chemical resistance, and ease of fabrication [43].

The PDMS prepolymer mixture was prepared by combining the base elastomer with
the curing agent in a 10:1 weight ratio. The mixture was thoroughly mixed to ensure
uniform dispersion and then degassed in a vacuum chamber to eliminate air bubbles,
which could otherwise create defects in the mold. This degassing step is critical for
obtaining high-fidelity replicas of the microchannel geometry, as air bubbles could
distort the fine microchannel features.

6.1.4 PDMS Curing

The degassed PDMS mixture was carefully poured over the resin master mold and
placed in an oven for thermal curing. The curing process was carried out at 65→C for
2 hours, allowing for complete cross-linking of the polymer network. This step results
in a robust yet flexible elastomeric structure that accurately preserves the fine details
of the original 3D-printed master mold.

After curing, the PDMS layer was carefully peeled o! from the resin master mold,
ensuring that the microchannel features remained intact. The PDMS replica was then
trimmed to remove excess material and improve its handling during the subsequent
bonding step.

6.1.5 Demolding and Bonding

To create a functional microfluidic device, the demolded PDMS microchannel was
permanently bonded to a glass substrate. This bonding process was achieved using a
Corona Surface heater by Electro tech products, which enhances surface hydrophilicity
and facilitates irreversible adhesion between PDMS and glass [125].

The bonding process consisted of exposing both the PDMS and glass surfaces to an
oxygen plasma treatment for 20 seconds, followed by immediate contact between the
treated surfaces. This process ensures a strong, durable bond while maintaining optical
transparency, allowing for high-quality microscopy-based flow visualization.

The steps from 6.1.3 through 6.1.5 can be repeated using the same resin master mold,
enabling the fabrication of multiple identical microchannels with high reproducibility.

The fabricated microfluidic devices were subsequently subjected to quality control
tests, including microscopic inspection to verify channel integrity and dimensional ac-
curacy. The final devices were then used in experimental setups for fluid dynamics
analysis, ensuring that the microchannels met the required specifications for high-
resolution flow experiments.
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6.2 Experimental Set up
The experimental setup consists of a precision microfluidic pump (TTP Ventus) con-
nected through a tube to a modified 2.5 ml Eppendorf tube with a hole drilled in the
bottom. A microtube (Cole Parmer’s Tygon) with inner and outer radii of 125µm
and 250µm, respectively, is inserted through this hole and connects the Eppendorf
tube to the microchannel. The microchannel itself has a height of 150µm or 300µm,
depending on the experimental setup, with a width of 1mm and length of 4cm.

The microchannel is placed under an inverted microscope (Optek BDS300 Series),
which is equipped with a high-speed camera (AOS X-PRI). This camera captures
images at frame rates ranging from 32 to 1000 frames per second, allowing for a detailed
analysis of the fluid dynamics within the microchannel. The overall setup is illustrated
in Fig. 6.2.

The inlet and outlet of the microchannel are placed as perpendicular orifices at
opposite ends of the channel. The fluid is injected into the microchannel by a pressure-
driven flow, which is regulated by varying the inlet pressure in the TTP-Ventus Pump
control app software (Lee Company Software) at several di!erent levels of injection
of Pressure: Pin = 300Pa, 400Pa, 500Pa, and 700Pa, following the methodology
described in [81] adapted to injection with the pressure pump.

Fig. 6.3 presents a representative image of the fluid front propagation captured
during the experimental phase using a high-speed camera. This visualization provides
a detailed view of the fluid-air interface as it advances through the microchannel under
controlled pressure-driven conditions. The experimental setup employs a 4× optical
magnification and an image resolution of 800×600 pixels, allowing precise observation
of the flow dynamics and the evolution of the fluid front over time. This graphical
representation is essential for understanding the channel-filling process and serves as a
critical reference for validating the numerical simulation results.

6.3 Image Processing
The position x and velocity v of the fluid-air interface front are determined using an ad-
vanced image processing algorithm implemented in Python. The methodology involves
a series of preprocessing and analytical steps to ensure accuracy and reproducibility in
the extracted measurements.

First, a background subtraction technique is applied using the Mixture of Gaussians
(MOG2) method, which e!ectively isolates the motion of the fluid front and enhances
the dynamic region of interest by removing static elements from the image sequence
(as we can see at the left side of the Fig. 6.4). This preprocessing step is crucial
for improving the robustness of the contour detection process by reducing noise and
eliminating non-moving artifacts.

Once the background is removed, the algorithm identifies the external contours in
the processed images using OpenCV’s findContours function; this function identifies
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Figure 6.2: Schematic description of the exprimental setup, where H is the height from
the microchannel to the top of the fluid column, r is the radius of the tube,
lt is the length of the tube, lc is the length of the microchannel, b is the
hiegth of the microchannel, w is the width of the microchannel and x(t) is
the position of the fluid-air interface as a function of time.
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Figure 6.3: Representative image of the fluid front propagation captured during the
experiment using a high-speed camera. The visualization, obtained with
4× optical magnification and an image resolution of 800×600 pixels, shows
the fluid-air interface advancing through the microchannel.

all the contours in the image. Among all detected contours, the one with the largest
area is selected, assuming it corresponds to the advancing fluid front (as shown on the
right side of the Fig.6.4). This assumption is validated by ensuring consistency across
consecutive frames.

To determine the front position, the maximum x-coordinate of the selected contour
is extracted, representing the leading edge of the interface. The vertical coordinate y is
estimated as the midpoint between the minimum and maximum values of the contour
in the vertical direction. The displacement of the front is computed by converting pixel
values to millimeters using a predefined scale factor calibrated from the experimental
setup (approximately 200 pixels per millimeter). The velocity of the front is then
calculated using the formula:

v =
x2 → x1

t2 → t1
(6.1)

where x1 and x2 are the front positions at two consecutive time steps t1 and t2, respec-
tively.

To ensure statistical reliability and reproducibility, the measurements are conducted
across at least three independent video recordings for each experimental condition.
These repetitions allow evaluating the variability of the measurements and improve
the robustness of the results. For each time step, the mean and standard deviation of
the front position and velocity are computed across all recorded videos, ensuring that
the data capture intrinsic fluctuations while maintaining statistical consistency.
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Figure 6.4: Image analysis of the fluid front. On the left the background subtraction is
shown and on the right, the contour with the red analysis point is shown.

The final graphical representation of the results includes the averaged displacement
and velocity of the fluid front over time, along with error bars representing the standard
deviation at each measurement point. This approach ensures that the reported values
are not only representative of a single experiment but are also statistically significant,
accounting for experimental uncertainties and measurement noise.

6.4 Experiments results

6.4.1 Newtonian Results

6.4.1.1 Position vs Time

The relationship between the position of the fluid front and time was experimen-
tally evaluated with water using two di!erent microchannel heights: 150µm and
300µm. The experiments were performed under three di!erent applied pressures:
300Pa, 400Pa, and 500Pa. The fluid used was water, and its front progression was
recorded using a high-speed camera mounted on an inverted microscope. The front
position was determined via advanced image processing that extracted the maximum
x-coordinate of the fluid-air interface.

Each data point in Fig. 6.5 and 6.6 represents the position of the fluid front at a
specific time, averaged over at least three independent measurements per condition.
Error bars indicate the standard deviation, providing insight into experimental repro-
ducibility and uncertainty. The experimental results are compared with the theoretical
prediction derived from pressure-driven laminar flow, using the same equation applied
in the simulation section (Eq. 2.37).
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Figure 6.5: Experimental and theoretical front position over time for the 150µm mi-
crochannel under 300, 400, and 500 Pa.

The Fig. 6.5 and 6.6 show that, for both microchannel heights, the front progresses
faster at higher pressures. This is consistent with theoretical predictions: increasing
the driving pressure reduces hydraulic resistance, resulting in faster fluid propaga-
tion. Notably, the 300µm channel exhibits significantly higher front velocities than
the 150µm channel under equivalent pressure conditions. This di!erence reflects the
lower hydraulic resistance associated with taller channels, which allows for enhanced
volumetric flow and front advancement.

The hydraulic resistance values presented in Table 6.1 provide quantitative support
for the trends observed in Fig. 6.5 and 6.6. For both microchannel heights, it is
evident that the hydraulic resistance increases as the fluid advances, which aligns with
the theoretical expectation that resistance is directly proportional to the front position
x(t).
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Figure 6.6: Experimental and theoretical front position over time for the 300µm mi-
crochannel under 300, 400, and 500 Pa.

In the case of the 150µm microchannel, the hydraulic resistance begins at 3.93 ↑
109 Pa s/m3 when the front has traveled 1,mm, and increases substantially to 1.96 ↑
1010 Pa s/m3 at 5mm. This significant rise in resistance illustrates the growing op-
position to flow as the fluid traverses the channel length. Conversely, in the 300µm
microchannel, the resistance values remain much lower throughout the evaluated posi-
tions, starting at 5.48↑ 108 Pa s/m3 at 1mm and reaching 2.74↑ 109 Pa s/m3 at 5mm.

Table 6.1: Hydraulic Resistance in Microchannels
Microchannel Height (µm) Position x(t) (mm) Resistance (Pa s/m3

)

150 1.0 3.93↑ 109

150 3.0 1.18↑ 1010

150 5.0 1.96↑ 1010

300 1.0 5.48↑ 108

300 3.0 1.64↑ 109

300 5.0 2.74↑ 109

The comparative data in Table 6.1 highlight that, at equivalent positions, the hy-
draulic resistance in the 300µm channel is significantly lower than that in the 150µm
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channel. This explains why, as shown in Fig. 6.5 and 6.6, the fluid front advances more
rapidly in the taller channel. The lower hydraulic resistance in the 300µm configura-
tion reduces the opposition to flow, facilitating faster fluid propagation under the same
driving pressures.

The experimental data generally align well with the theoretical curves, validating the
underlying model. Minor deviations between measured and predicted values can be
attributed to experimental imperfections, such as non-uniform wetting, slight channel
geometry variations, or minor flow disturbances. These small discrepancies highlight
the complexity of replicating ideal conditions in real microfluidic environments, where
surface tension and interactions with channel walls can subtly influence the flow dy-
namics.

The experimental data closely follow the theoretical predictions. To quantitatively
assess the agreement, the Mean Squared Error (MSE) and the coe"cient of determi-
nation (R2) were calculated for each pressure condition. The results for the 150µm
microchannel are in Table 6.2, while those for the 300µm microchannel are presented
in Table 6.3.

Table 6.2: Error metrics for the 150µm microchannel.
Pressure (Pa) MSE (mm

2
) R

2

300 0.0037 0.9991
400 0.0054 0.9985
500 0.0204 0.9947

For the 150µm channel, the MSE values ranged from 0.0037mm2 at 300Pa to
0.0204mm2 at 500Pa, with corresponding R2 values of 0.9991, 0.9985, and 0.9947.
For the 300µm channel, the MSE ranged from 0.0220mm2 at 300Pa to 0.0297mm2

at 500Pa, with R2 values of 0.9950, 0.9905, and 0.9908.

Table 6.3: Error metrics for the 300µm microchannel.
Pressure (Pa) MSE (mm

2
) R

2

300 0.0220 0.9950
400 0.0345 0.9905
500 0.0297 0.9908

These high R2 values in both microchannel configurations confirm the strong pre-
dictive capacity of the theoretical model and validate its applicability in describing the
fluid front dynamics during channel filling. The relatively low MSE values indicate
minimal dispersion between experimental measurements and theoretical predictions.

It is observed that the MSE tends to increase at higher pressures, particularly in
the 150µm channel. This may be attributed to minor experimental uncertainties such
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as slight geometric variations, wetting inconsistencies, or image processing sensitivity
at faster propagation velocities. In the 300µm channel, the MSE values are slightly
higher overall, which could be explained by increased experimental variability at larger
channel heights where the velocity profiles are less confined and subject to more local
fluctuations.

In conclusion, this section confirms that the experimental system reproduces the
expected pressure-position relationship for Newtonian flow in rectangular microchan-
nels. The observed trends reinforce the role of both pressure magnitude and channel
geometry in defining the fluid front dynamics. The experimental agreement with theo-
retical models supports the use of the current setup and methodology for further flow
characterization and model validation.

6.4.1.2 Velocity vs Position

To investigate the internal flow dynamics within the microchannel, a segmented analysis
of velocity as a function of position was performed. This approach was motivated by
the observation that the fluid front did not advance at a uniform velocity, particularly
at higher pressure conditions. The segmented velocity was determined over five sections
of 1mm each, corresponding to the first 6mm of the microchannel length. The results
for both the 150µm and 300µm channel heights are shown in Fig. 6.7 and 6.8.

The Fig. 6.7 and 6.8 represent the average velocity of the fluid front within a given
segment, while the error bars reflect the standard deviation obtained from at least three
repeated experiments. Three inlet pressures were tested: 300Pa, 400Pa, and 500Pa.
As expected, higher pressures yielded higher front velocities throughout the channel
for both geometries.

The 300µm channel showed a more significant velocity drop along its length com-
pared to the 150µm channel, due to the lower hydraulic resistance and higher initial
velocities attained. This pattern indicates that energy dissipation becomes more pro-
nounced as the fluid advances and interacts with the channel walls, particularly under
higher-pressure conditions.

Additionally, the velocity profiles demonstrate a decreasing trend with increasing
position. This is more evident for the highest inlet pressure (500Pa), where the gradient
is steeper. These observations are consistent with theoretical expectations, as the flow
loses kinetic energy due to viscous dissipation and increasing hydrodynamic resistance
with displacement.

This spatial variation in velocity provides strong evidence that the system is not in
steady state, and that internal gradients in velocity are present along the flow path.
Such conditions highlight the importance of local analysis when characterizing microflu-
idic flows, particularly in contexts where uniform shear or constant velocity assumptions
may not hold.
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Figure 6.7: Segmented velocity vs position for 150µm microchannel at three inlet pres-
sures.

6.4.1.3 Shear Stress vs Shear Rate

To investigate the local rheological behavior of the fluid within the microchannel, an
analysis of shear stress (ϑ) versus shear rate (ϖ̇) was performed for both channel heights:
150µm and 300µm. The shear stress was computed using the following expression:

ϑ =
!p[

4
3ω

(
Lb2w
r4

)
+ 2x(t)

b(1↑0.63 b
w)

]

where !P is the applied inlet pressure, L is the length of the inlet tubing, b and
w are the microchannel height and width, respectively, r is the internal radius of the
connecting tube, and x(t) is the instantaneous penetration depth of the fluid front.

The local shear rate was estimated using the average velocity of the fluid front over
each section, divided by the microchannel height, as described by:

ϖ̇ = 6
||ϱv||
b

Measurements were conducted across the first 6mm of the microchannel and divided
into five sections. Within each section, local values of velocity and penetration depth
were obtained through image processing, enabling calculation of both shear rate and
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Figure 6.8: Segmented velocity vs position for 300µm microchannel at three inlet pres-
sures.

shear stress. Each data point on the graph represents a local value averaged within a
1mm segment.

Fig. 6.9 and 6.10 display the resulting shear stress versus shear rate data for the
150µm and 300µm microchannels, respectively. Each color and marker type denotes a
distinct inlet pressure condition: blue circles for 300Pa, green squares for 400Pa, and
red triangles for 500Pa.

Each data point on the graph corresponds to a specific measurement section along
the microchannel. Importantly, the points with the highest shear rate values in each
pressure group correspond to the measurements taken closest to the inlet, specifically
at the 1mm position. This is consistent with theoretical expectations, as shear rate
tends to decrease along the length of the microchannel due to the reduction in fluid
velocity as it progresses downstream.

The data reveal that within a single pressure condition, a range of shear stress and
shear rate values is obtained along the channel length. This variation arises from the
dependence of stress on the penetration depth x(t), which increases over time, and the
simultaneous decrease in velocity due to progressive energy dissipation from hydraulic
resistance. Consequently, even at a fixed inlet pressure, the local flow conditions evolve,
producing spatial variations in the rheological state of the fluid.

Notably, the 300µm channel exhibits relatively stable stress values across di!erent
sections, a behavior attributable to its lower hydraulic resistance compared to the
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Figure 6.9: Experimental shear stress vs. shear rate in the 150µm microchannel.

Figure 6.10: Experimental shear stress vs. shear rate in the 300µm microchannel.
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150µm channel. The taller channel dissipates less energy over the same penetration
depth, resulting in more uniform stress distributions. Conversely, the 150µm channel
shows a more marked decrease in shear rate, indicating greater energy loss and stronger
interaction with channel walls.

This analysis underscores the fact that pressure-driven flow in microchannels does
not produce uniform shear conditions along the flow path. The observed spread of ϑ
and ϖ̇ values within each pressure setting suggests that microfluidic systems inherently
support multiple shear environments simultaneously, even without altering the geom-
etry or inlet conditions. These findings support the potential use of simple straight
channels for microfluidic rheometry under well-controlled experimental conditions.

6.4.1.4 Viscosity

To evaluate the rheological behavior of the fluid under experimental conditions, the
dynamic viscosity was calculated as a function of the axial position along the mi-
crochannel. This was done for both channel heights (150µm and 300µm) and for three
di!erent inlet pressures (300Pa, 400Pa, or 500Pa). The viscosity ε at each position
x was computed using the following expression:

ε =
!P

(
˙x(t)
)[

8
ω

(
Lb2w
r4

)
+ 12x(t)

b2(1↑0.63 b
w)

]

Here, !P is the inlet pressure (300Pa, 400Pa, or 500Pa), ϖ̇(x) is the local shear rate
estimated from the fluid velocity in each segment using Eq. 2.23, and x is the distance
traveled by the fluid front. The term in brackets accounts for both the hydraulic
resistance of the connecting tube and the variable resistance in the microchannel as
the fluid advances. Each data point represents the average viscosity over a 1 mm section
of the microchannel, and the error bars indicate the standard deviation computed from
a minimum of three experimental replicates.

The results shown in Fig. 6.11 and 6.12 confirm the Newtonian behavior of water
under all tested conditions. Despite variations in shear stress and shear rate across the
channel, the viscosity remains consistent along the flow path. The average viscosity
values for the 150µm channel are ε = 1.00 ± 0.04mPa s, 1.05 ± 0.06mPa s, and
0.99±0.06mPa s for 300Pa, 400Pa, and 500Pa respectively. For the 300µm channel,
the values are slightly higher and show more variation: ε = 1.04± 0.12mPa s, 1.06±
0.14mPa s, and 1.06± 0.11mPa s.

The mean viscosity across all conditions and positions is approximately 1.01 ±
0.05mPa s for the 150µm channel and 1.05 ± 0.12mPa s for the 300µm channel,
values that are in excellent agreement with the theoretical viscosity of pure water at
20→C (approximately 1.00mPa s).

This consistency validates the assumption that the fluid behaves as a Newtonian
liquid under the studied conditions, further reinforcing the accuracy of the experimental
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Figure 6.11: Experimental viscosity along the 150, µm microchannel.

Figure 6.12: Experimental viscosity along the 300, µm microchannel.
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methodology and image processing techniques used. The minor variations observed can
be attributed to measurement uncertainties, but they do not indicate any significant
deviation from the expected behavior.

Additionally, this analysis supports the feasibility of using microchannels for rheo-
logical measurements, as it demonstrates that key fluid properties, such as viscosity,
can be reliably extracted from microfluidic experiments. The ability to maintain con-
stant viscosity while observing variations in shear rate is a crucial confirmation that the
flow dynamics are well-characterized and that the system operates within the expected
theoretical framework.

6.4.2 Non Newtonian Results

The study of blood rheology is essential for understanding hemodynamic phenomena
under physiological and pathological conditions. However, the complexity of human
blood, which exhibits non-Newtonian behavior due to the presence of red blood cells,
makes direct experimental and computational modeling challenging. To overcome these
di"culties, various synthetic fluids have been proposed as blood analogs to replicate the
viscoelastic properties and shear-thinning behavior of blood. The works of Brookshier
et al. 1993 [126] and Mann et al. 1990 [127] have demonstrated that an aqueous
solution of xanthan gum and glycerin serves as an excellent blood analog fluid. Xanthan
gum, a polysaccharide with viscoelastic properties, provides shear-thinning behavior
similar to blood, where viscosity decreases with increasing shear rate. Glycerin, on
the other hand, allows for density adjustment, closely matching that of human blood
(approximately 1050 kg/m3), ensuring accurate inertial e!ects in hemodynamic studies.

Brookshier and Tarbell [126] investigated xanthan gum and glycerin solutions over
a shear rate range of 1 s↑1 to 1000 s↑1 and demonstrated that these solutions closely
mimic the complex viscosity of blood at 2 s↑1. Additionally, their optical transparency
makes them well-suited for experimental techniques such as Particle Image Velocimetry
(PIV). Similarly, Mann and Tarbell [127] used non-Newtonian blood analogs in rigid
artery models, highlighting that incorporating viscoelastic components provides a more
accurate representation of blood flow dynamics in large arteries and bifurcations.

Since blood is a non-Newtonian fluid whose behavior varies with hematocrit and
shear rate, it is essential to use analogs that mimic these properties. The combination
of xanthan gum and glycerin in aqueous solution has been experimentally validated
as a reliable substitute, commonly used in fluid mechanics research involving artificial
vascular systems. Its ease of preparation, stability, and similarity to blood rheological
properties make it an optimal choice for in vitro hemodynamic studies.

6.4.2.1 Position vs Time

The propagation of a blood-analog fluid composed of 0.03% xanthan gum and 30%
glycerin was experimentally analyzed in a microchannel with a height of 300µm and
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a width of 1mm. The position of the fluid front was measured at each time step
for three inlet pressures: 300Pa, 500Pa, and 700Pa. Each point corresponds to the
instantaneous location of the fluid front until a total displacement of approximately
16mm was reached.

Figure 6.13: Experimental results showing the non-linear advancement of the xanthan
gum and glycerin solution in a 300µm high microchannel

Fig. 6.13 presents the position of the fluid front as a function of time under the
three pressure conditions. Asterisks represent measurements at 300Pa, blue circles at
500Pa, and yellow plus signs at 700Pa.

While the xanthan solution is non-Newtonian by nature, the nonlinear propagation
observed here is not attributed solely to its rheological complexity. Instead, the non-
linearity arises predominantly from progressive energy dissipation due to increasing
hydrodynamic resistance as the fluid advances.

As the fluid front moves forward, the e!ective flow resistance increases—both from
the cumulative length of fluid in the channel and the greater surface area in contact
with the walls. This additional resistance causes a loss in kinetic energy, reducing the
local velocity.

Because the xanthan solution is a shear-thinning fluid, its viscosity is not constant
but decreases with increasing shear rate. At the beginning of the experiment, the
fluid is driven at higher speeds, generating larger shear rates and, consequently, lower
e!ective viscosity. However, as energy is lost and shear rate decreases, the viscosity
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Figure 6.14: Experimental progression of the xanthan gum and glycerin solution under
varying inlet pressures. The observed decrease in the power-law exponent
suggests a transition toward the Washburn regime at higher pressures.
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increases again, further amplifying the resistance to flow and slowing down the fluid
advance.

This feedback mechanism (where kinetic energy loss leads to a reduced shear rate and
increased viscosity) explains the observed sublinear propagation trend, even without
invoking complex viscoelastic e!ects.

Fig. 6.14 presents the same datasets fitted using a power-law model, each curve was
fitted using a power-law expression of the form:

x(t) = Atm, (6.2)

where m is the propagation exponent and A is a fitting parameter related to the fluid
and channel characteristics. Our experimental results confirm that the fitted exponents
m decrease with increasing pressure: from 0.534 at 300Pa, to 0.408 at 500Pa, and
0.367 at 700Pa. This trend suggests a transition toward a Washburn-like regime, where
flow becomes increasingly governed by viscous dissipation. Initially, the xanthan-gum-
based solution experiences lower resistance due to shear-thinning e!ects, which reduce
its viscosity at higher shear rates. As the front advances and velocity gradients decrease,
the flow stabilizes and becomes more resistive, leading to a slower propagation rate.

The experimental findings confirm that the xanthan–glycerin solution exhibits a non-
linear propagation behavior, accurately described by a power-law model in which the
exponent decreases with increasing inlet pressure. This trend highlights the dominant
role of viscous energy dissipation and shear-thinning e!ects in confined microchannel
flows. As the fluid advances, rising hydrodynamic resistance leads to kinetic energy
loss, reducing the local shear rate and increasing the apparent viscosity—thereby lim-
iting further acceleration. The coupled evolution of viscosity and velocity supports the
interpretation that the observed behavior is governed by the fluid’s rheological response
to flow conditions, rather than solely by its non-Newtonian nature.

Nonetheless, additional experiments are needed to confirm this interpretation. In
particular, control tests using a 30% glycerin solution without xanthan gum should be
performed to isolate the e!ect of shear-thinning behavior from pure viscous dissipation.
Such comparisons would help clarify whether the observed nonlinearity stems from
pressure-dependent viscosity changes or solely from hydrodynamic resistance in the
microchannel.

6.4.2.2 Velocity vs Position

In this section, the local velocity of a xanthan gum and glycerin (30%) solution was
measured along the microchannel at di!erent positions. The measurements were carried
out under three pressure conditions (300Pa, 500Pa, and 700Pa) in a 300µm-high
channel. The velocity at each point corresponds to the mean value within a 1mm
segment, and error bars represent the standard deviation obtained from at least three
experimental repetitions.
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Fig. 6.15 displays the velocity of the fluid as a function of position for each ap-
plied pressure. Circles represent data for 500Pa, crosses for 300Pa, and plus signs
for 700Pa. Each curve shows the spatial evolution of the front velocity as the fluid
propagates through the channel.

The results reveal a distinct non-linear evolution of velocity along the microchannel.
For all pressures, the velocity decreases as the front advances, indicating increasing
resistance over distance. This behavior suggests a loss of kinetic energy as the fluid
progresses, which can be attributed to the cumulative hydrodynamic resistance in the
channel.

Figure 6.15: Velocity evolution as a function of position for a xanthan gum and glycerin
solution in a 300-µm high microchannel. The initial slope of the velocity
profile increases with higher pressure, but gradually diminishes over time,
indicating the influence of non-Newtonian shear-thinning e!ects.

Importantly, while the xanthan-glycerin solution is a known shear-thinning fluid,
the reduction in velocity is not solely due to its non-Newtonian nature. Instead, it
reflects the energy dissipation caused by increased resistance. As the fluid slows down,
the local shear rate decreases, and for a shear-thinning fluid, this leads to an increase
in apparent viscosity further enhancing resistance in a feedback loop. Therefore, the
velocity gradient flattening along the channel can be interpreted as the result of a
progressive loss of kinetic energy rather than a viscoelastic e!ect.

The spatial variation in velocity supports the hypothesis that the nonlinear flow be-
havior of the xanthan-glycerin solution is primarily driven by energy dissipation and
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resistance buildup rather than intrinsic non-Newtonian e!ects alone. The self-regulated
decrease in velocity is tightly coupled with the evolving shear rate and viscosity, rein-
forcing the importance of flow resistance in microfluidic propagation dynamics.

6.4.2.3 Shear Stress vs Shear Rate

The local shear stress and shear rate were experimentally determined for a xanthan
gum (0.03%) and glycerin (30%) solution flowing through a 300µm high microchannel
under three applied pressures: 300Pa, 500Pa, and 700Pa. Each point in the plot
represents an averaged measurement over the same segment of the channel used in the
previous section, and error bars indicate the standard deviation from at least three
experimental repetitions.

The local shear stress (ϑ) at each measurement point was calculated using the fol-
lowing equation:

ϑ =
!P[

4
3ω

(
Lb2w
r4

)
+ 2x(t)

b(1↑0.63 b
w)

]

This expression considers both the hydraulic resistance of the inlet tubing and the
microchannel segment traversed by the fluid at each time step. The pressure drop
(!P ) applied at the inlet is balanced by the total system resistance, which includes
the fixed resistance of the tubing and the dynamic resistance of the microchannel that
varies with the fluid front position x(t). This methodology allows the calculation of
local stress as the fluid progressively fills the channel.

The shear rate (ϖ̇w) at the channel wall was estimated using a corrected form derived
from the power-law model for non-Newtonian fluids:

ϖ̇w =
1

3
ϖ̇a

[
2n+ 1

3n

]

Here, ϖ̇a represents the apparent shear rate, calculated as six times the average
velocity divided by the channel height. Since the apparent shear rate does not directly
account for the velocity profile flattening observed in shear-thinning fluids, a correction
factor based on the flow behavior index (n) is applied to approximate the true wall
shear rate. In this study, a commonly accepted value of n = 0.8 [128, 129], frequently
used for blood analog fluids, was adopted for the correction.

Fig. 6.16 shows the experimental relationship between shear stress and shear rate
for the three pressure conditions. The data are fitted with a power-law function of the
form ϑ = kϖ̇n, where the exponent n reflects the degree of nonlinearity in the fluid’s
response. The fit yielded decreasing values of n with increasing pressure: n = 0.534
(300Pa), n = 0.408 (500Pa), and n = 0.367 (700Pa), confirming the shear-thinning
nature of the fluid.
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Figure 6.16: Shear stress as a function of shear rate for a xanthan gum and glycerin
solution in a 300 µm high microchannel.

The decreasing values of n with pressure suggest that the shear-thinning behavior
of the xanthan–glycerin solution becomes more pronounced at higher pressures. This
is likely due to enhanced alignment of the polymer chains in the direction of flow,
facilitated by stronger shear fields. The fluid, initially more resistant to deformation
at low pressures, becomes progressively less viscous as it flows under higher stress,
characteristic of shear-thinning fluids.

However, this behavior is not solely a material property; it is strongly coupled to the
spatial dynamics of the system. As the fluid front advances through the microchannel,
local stress naturally decreases due to increasing hydrodynamic resistance, which scales
with distance. According to the relation ϑ ↓ 1/xf , where xf is the position of the fluid
front, the reduction in stress leads to a corresponding decrease in shear rate. This dy-
namic evolution reinforces the observed nonlinear trend without requiring viscoelastic
e!ects.

The result is a feedback mechanism: energy dissipation through hydrodynamic resis-
tance causes a drop in stress and shear rate, which in turn alters the local viscosity of
the shear-thinning solution. The e!ective rheological response is therefore not only a
function of the fluid’s material properties but also of the propagation mechanics within
the confined geometry.

The experimental stress–shear rate data confirm that the xanthan–glycerin solu-
tion exhibits pronounced shear-thinning behavior, with the flow exponent n decreasing
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as pressure increases. This indicates a stronger deviation from Newtonian behavior
at higher pressures. Moreover, the results reveal that spatially evolving flow con-
ditions—particularly stress reduction along the advancing front—play a key role in
shaping the apparent rheological response of the fluid. The measured nonlinearity is
not only a property of the fluid but also a consequence of its propagation through a
resistance-dominated microchannel system.

6.5 Conclusion

The experimental results successfully illustrate the fundamental principles of pressure-
driven flow in microchannels and validate the theoretical model describing fluid front
dynamics.The comparison between experimental data and theoretical predictions shows
strong agreement, reinforcing the reliability of the theoretical model. However, minor
deviations were observed, likely due to wetting e!ects, geometric imperfections, or
experimental uncertainties. These discrepancies highlight the complexity of real mi-
crofluidic systems, where interactions between the fluid and channel walls can introduce
slight modifications to the expected behavior.

The findings confirm that the velocity of the advancing fluid front increases with the
applied pressure, as expected from classical fluid dynamics. Additionally, the results
demonstrate that the 300µm microchannel exhibits higher velocities than the 150µm
microchannel under the same pressure conditions, which is attributed to the lower
hydraulic resistance in the larger channel.

The velocity analysis as a function of pressure confirmed the Newtonian behavior
of water within the studied microchannels. The nearly perfect linearity between pres-
sure and velocity supports the theoretical assumption that water’s viscosity remains
constant regardless of the driving pressure. Furthermore, segmenting the analysis into
1 mm sections revealed variations in velocity along the microchannel, particularly at
higher pressures. This suggests that energy dissipation e!ects become more pronounced
as pressure increases, leading to greater velocity di!erences along the channel.

The stress versus shear rate analysis further confirmed variations in local shear condi-
tions within the channel. Di!erent shear rates were observed at the same inlet pressure,
indicating that the flow profile is not entirely uniform along the microchannel length.
However, the stress variations align well with the expected Newtonian behavior, where
stress is directly proportional to the shear rate which is consistent with the microfluidic
simulations .

To verify that viscosity remained constant despite variations in shear rate, an exper-
imental viscosity analysis was performed along the microchannel. The results demon-
strated that viscosity remained stable across the studied sections, confirming that water
behaves as a Newtonian fluid under these conditions. Any minor fluctuations in vis-
cosity can be attributed to experimental uncertainties or slight variations in local flow
conditions.
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The experiments conducted with a xanthan gum and glycerin solution demonstrate
the nonlinear dynamics of shear-thinning fluids in confined microfluidic geometries.
The observed position–time behavior follows a power-law relationship, where the prop-
agation exponent decreases with increasing pressure, indicating a transition toward
the Washburn regime. This trend is consistent with the interplay between increasing
hydrodynamic resistance and the shear-dependent viscosity of the fluid. Rather than
being purely a consequence of the fluid’s non-Newtonian nature, the nonlinear propa-
gation is strongly influenced by progressive energy dissipation along the microchannel,
which reduces the local shear rate and increases the apparent viscosity.

Importantly, the experimental results validate the potential of microchannels to
serve as in-situ rheometers, enabling localized, simultaneous measurements of shear
stress and shear rate under well-controlled flow conditions. This capability o!ers a
powerful approach for characterizing the rheological behavior of non-Newtonian fluids
without requiring complex setups. The findings contribute to the understanding of
pressure-driven microfluidic transport and provide a foundation for the development
of diagnostic and analytical tools in biomedical and soft matter research.

However, to fully confirm the interpretations proposed in the blood analogue section,
further experimental validation is necessary. Future work should include control exper-
iments with Newtonian fluids of similar viscosity, such as glycerin-only solutions, and
expanded measurements across a wider range of pressures and concentrations. These
additional tests will help isolate the e!ects of shear-thinning behavior from those of en-
ergy dissipation and channel geometry, strengthening the conclusions and broadening
the applicability of this microfluidic rheometric approach.

107





7 Conclusions

This thesis presents the development and validation of a SPH framework adapted for
microfluidic applications, integrating an Inter-Particle Force (IPF) model for surface
tension. The proposed approach, based on the Wang potential [23], establishes a phys-
ically consistent methodology for modeling cohesive interactions among fluid particles,
ensuring accurate representation of interfacial phenomena. By using the Lagrangian
nature of SPH, the model accounts exclusively for internal interactions within the liquid
phase, eliminating the need to explicitly simulate the surrounding gas. This refinement
over traditional methods allows for a more direct connection between surface tension
e!ects and energy minimization, providing a robust computational scheme for studying
confined microfluidic flows.

The proposed SPH implementation was rigorously tested through benchmark vali-
dation cases, including droplet spherization, oscillation dynamics, and pendant drop
formation. The results showed strong agreement with experimental data, with rela-
tive deviations in surface tension estimations below 1.4%, confirming the robustness of
the numerical method. Moreover, the simulations accurately captured the impact of
the Bond number on droplet behavior, balancing the contributions of inertial, gravita-
tional, and capillary forces. These benchmarks support the applicability of the model
across a wide range of fluid dynamics problems at small scales.

An advancement of this thesis is the e"cient computational implementation of SPH
for microfluidic flow simulations. Using GPU-accelerated neighbor search algorithms
within the Taichi environment significantly reduced computational time, enabling high-
resolution simulations of microchannel flows. This e"ciency allowed for detailed anal-
ysis of velocity fields, pressure gradients, and energy dissipation mechanisms. The
simulations confirmed the Newtonian behavior of water, showing a clear linear relation-
ship between injection pressure and average fluid velocity, in agreement with classical
theoretical predictions.

This thesis also contributes to the integration of experimental validation, confirm-
ing the model’s accuracy in reproducing microfluidic flow under various conditions.
The experimental analysis of Newtonian and non-Newtonian fluids revealed non-trivial
shear rate distributions and stress-shear rate relationships, challenging conventional
expectations in confined flows. Unlike macroscopic systems where laminar flow typi-
cally produces uniform shear, the results demonstrated that multiple shear and stress
conditions coexist along the same microchannel, without the need to modify the ge-
ometry or forcing. This opens the possibility of using a single straight microchannel
as a rheometric platform, enabling in situ viscosity measurements under variable shear
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conditions.
Moreover, the stress versus shear rate curves obtained from experiments deviated

from the ideal linear trend expected for Newtonian fluids; local stress variations revealed
the presence of shear gradients, likely influenced by flow-wall interactions and energy
dissipation e!ects. These findings suggest that, even for Newtonian fluids, microfluidic
transport involves additional complexities such as localized shear variations that are
not captured by classical models.

The experimental study of a xanthan gum and glycerin solution demonstrated a
nonlinear fluid front propagation in microchannels, resulting from the combined ef-
fects of shear-thinning behavior and progressive hydrodynamic resistance. As the inlet
pressure increased, the propagation exponent decreased from m = 0.534 at 300, Pa to
m = 0.367 at 700, Pa, indicating a transition toward a dissipation-dominated regime.
Velocity profiles and stress–shear rate curves confirmed that, as the fluid advanced,
local velocities and shear rates decreased, leading to an increase in apparent viscos-
ity and reinforcing energy losses. This feedback mechanism reveals that the observed
nonlinearity arises not only from the fluid’s rheological properties but also from spa-
tial variations in stress and flow resistance throughout the channel. These findings
underscore the potential of microfluidic systems as versatile platforms for investigat-
ing non-Newtonian behavior and confinement-induced dissipation, with applications in
biomedical diagnostics, lab-on-a-chip devices, and soft matter research.

Beyond experimental knowledge, SPH simulations provided additional insight into
microfluidic dynamics. The numerical results confirmed the transition from inertia-
dominated to viscous-dominated regimes, reproducing the observed scaling behavior.
As pressure increased, the fluid front propagation exponent converged toward x ↔ t0.5,
consistent with Washburn scaling and confirming the role of viscous dissipation in flow
resistance. These findings underscore the ability of SPH to capture complex microflu-
idic phenomena, combining accurate surface tension modeling, localized shear variation
analysis, and energy dissipation tracking within a single computational framework.

A fundamental contribution of this thesis is the integration of numerical simulations
with experimental and theoretical validation, demonstrating the capacity of SPH to
reproduce microfluidic behaviors with high fidelity. The synergy between computa-
tional models, experimental data, and theoretical predictions confirms the robustness
of the methodology and positions this framework as a versatile tool for the design,
optimization, and analysis of microfluidic systems.

Despite the strengths of this study, some limitations must be acknowledged. First,
the simulations focused primarily on Newtonian and simple shear-thinning fluids; ex-
tending the model to viscoelastic or multi-phase flows remains an open avenue. Ad-
ditionally, while the current setup minimized the influence of the connecting tube,
entrance e!ects and wall interactions could still introduce deviations from idealized
behavior. Future work should include control experiments with Newtonian fluids of
similar viscosity, such as pure glycerin, to isolate the role of non-Newtonian properties.
Further refinements may involve adaptive resolution techniques or coupling SPH with
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experimental data in real-time for closed-loop microfluidic control systems.
The findings of this thesis have significant implications for the design and optimiza-

tion of microfluidic devices, particularly in applications requiring precise control over
shear conditions, interfacial dynamics, and flow resistance. The demonstration that
multiple rheological conditions can be achieved within a single microchannel opens new
possibilities for microfluidic rheometry and soft matter characterization. Furthermore,
the integration of numerical and experimental approaches provides a robust framework
for advancing the field of microfluidics, with potential applications in biomedicine,
materials science, and chemical engineering.

7.1 Furture Work

The results of this thesis highlight the potential of SPH-based simulations for microflu-
idic applications, particularly in scenarios where experimental measurements present
significant challenges. The integration of numerical and experimental approaches has
provided a powerful framework for optimizing microfluidic device design, with applica-
tions ranging from lab-on-a-chip technologies to biomedical diagnostics and chemical
processing. However, several aspects require further investigation to enhance the ac-
curacy and applicability of the proposed model.

A key area for future research involves improving the interaction between solid and
fluid phases to achieve more realistic simulations that better reflect experimental con-
ditions using glass and PDMS microchannels. In the current model, increasing the
applied pressure can lead to fluid particles penetrating the solid boundaries, introduc-
ing inconsistencies in the results. To address this limitation, more advanced solid-fluid
interaction models should be implemented to ensure accurate boundary behavior, par-
ticularly in high-pressure regimes.

Additionally, expanding the SPH framework to simulate non-Newtonian fluids is
crucial for further exploring multiphase interactions in microfluidic environments. The
incorporation of shear-thinning and shear-thickening behaviors would allow the study of
complex rheological properties, such as those observed in biological fluids and polymeric
solutions, providing deeper insight into shear-dependent viscosity variations. There-
fore, it is necessary to modify the code to accommodate non-Newtonian fluids, and
investigating deviations from the linear flow regime in microchannels with constant (as
in these theses) or variable geometries could further improve SPH prediction capabili-
ties in microfluidic applications.

Another important aspect that requires further exploration is the development of
a theoretical model to explain the nonlinear relationship observed in non-Newtonian
fluids. Experimental results demonstrated the expected behavior of stress versus shear
rate, but this behavior changes as a function of applied pressure. A refined theoretical
framework capable of describing this behavior would allow a more accurate calcula-
tion of viscosity as a function of shear rate, improving numerical and experimental
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interpretations of fluid behavior in confined microfluidic systems.
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8 Resumen en castellano

La presente tesis doctoral aborda el estudio de las propiedades reológicas de fluidos,
mediante el desarrollo de metodologías numéricas y experimentales aplicadas a sis-
temas micrométricos. La investigación combina simulaciones avanzadas utilizando la
técnica de Smoothed Particle Hydrodynamics (SPH) con validaciones experimentales,
buscando una caracterización precisa del comportamiento de los fluidos en condiciones
de baja escala y alta sensibilidad a los efectos de superficie.

El trabajo se inicia con el desarrollo de un código numérico propio basado en SPH,
que permite la simulación tridimensional del flujo de fluidos con superficies libres.
Este código fue construido, considerando la eficiente distribución de partículas, la opti-
mización de los algoritmos de búsqueda de vecinos y la correcta implementación de las
ecuaciones de estado, densidad y viscosidad para resolver el movimiento de partículas
en un contexto lagrangiano. La estructura del código garantiza estabilidad numérica y
tiempos de simulación competitivos para sistemas con alta densidad de partículas.

Uno de los principales aportes de la tesis es la implementación de un modelo numérico
para simular la tensión superficial sin necesidad de incluir la fase gaseosa, mejorando así
la eficiencia computacional. Para ello, se propuso el uso de fuerzas de interacción por
pares (pair potential force), adaptadas a la metodología SPH, que permiten replicar
de manera realista los efectos de cohesión interna en la fase líquida. Estas fuerzas
fueron calibradas mediante la ecuación de Young-Laplace para lograr que el modelo
reproduzca con precisión el fenómeno de esferización de gotas. Se realizaron pruebas
a diferentes escalas de discretización y volúmenes, confirmando que la metodología es
estable y reproducible en diferentes condiciones.

La validación del modelo incluyó simulaciones de formación de gotas desde una
configuración inicial cúbica, observando la evolución hacia una forma esférica como
resultado de la acción de las fuerzas internas. Durante este proceso, se monitorizó la
velocidad y la densidad de las partículas, evidenciando un proceso de estabilización que
tiende a minimizar la energía del sistema. Los resultados obtenidos fueron compara-
dos con valores teóricos y bibliográficos de tensión superficial para diferentes fluidos,
incluyendo agua, etanol y etilenglicol, mostrando errores relativos inferiores al 2.7% en
la mayoría de los casos.

Para ampliar la validación, se realizaron experimentos de caída libre de gotas sobre
superficies planas, simulando condiciones hidrofóbicas. Estos ensayos se llevaron a cabo
para volúmenes de 2µL y 2mL, representando casos donde la tensión superficial dom-
ina (Bond número < 1) y donde la gravedad supera a las fuerzas internas (Bond número
> 1). Las simulaciones reprodujeron adecuadamente ambos regímenes, mostrando es-
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ferización y expansión del fluido sobre la superficie según correspondía. Además, se
demostró que la metodología conserva propiedades fundamentales como densidad y
tensión superficial incluso al modificar la cantidad de partículas en la simulación, lo
que valida su escalabilidad y robustez.

Un aspecto destacado de la tesis es la comparación entre las simulaciones numéri-
cas y modelos teóricos de oscilación de gotas. Se utilizó como referencia un modelo
tridimensional propuesto por Aalilija, que describe el comportamiento de oscilaciones
amortiguadas en líquidos newtonianos. Las simulaciones SPH replicaron las oscila-
ciones inducidas por perturbaciones iniciales, mostrando períodos de oscilación simi-
lares a los teóricos y confirmando la capacidad del modelo para representar fenómenos
dinámicos de superficies libres.

Se realizaron experimentos de tensión superficial mediante el método de Tate para
tres fluidos diferentes. Los resultados experimentales mostraron buena concordan-
cia con los valores bibliográficos, con errores aceptables considerando la volatilidad
y viscosidad de los fluidos estudiados. Además, se validó la geometría de las gotas
formadas experimentalmente con las obtenidas en las simulaciones, mostrando exce-
lente correlación en el parámetro geométrico D/d, que relaciona el diámetro de la
gota con el diámetro del tubo. Los resultados anteriores se encuentran en la siguiente
publicación:[https://doi.org/10.1007/s40571-025-00948-7]

Adicionalmente, se realizaron simulaciones del proceso de llenado en microcanales
utilizando el modelo previamente validado. Para ello, se implementó una presión
hidrostática modificada que permitió simular la fuerza impulsora sin necesidad de
establecer condiciones de frontera específicas en la entrada y salida del canal. Los
resultados obtenidos para microcanales de 150µm y 300µm de altura, 1mm de an-
cho y 6mm de largo mostraron que el modelo numérico reproduce con alta precisión
la propagación del frente de fluido bajo diferentes condiciones de presión aplicada.
El análisis cuantitativo mediante el cálculo del error cuadrático medio (ECM) y del
coeficiente de determinación (R2) demostró una excelente correlación entre las simula-
ciones y las predicciones teóricas, con errores mínimos y ajustes superiores al 99% en
la mayoría de los casos. Además, se exploró la relación entre la presión diferencial y
la velocidad promedio del fluido, observando una clara tendencia lineal que valida la
hipótesis de flujo laminar y cuasi-estacionario, incluso durante el proceso transitorio
de llenado. Este comportamiento es coherente con las bajas velocidades observadas y
los números de Reynolds cercanos a la unidad, lo que permite asumir que los efectos
inerciales son despreciables.

En el componente experimental, se diseñaron y fabricaron microcanales con alturas
de 150µm y 300µm, ancho de 1mm y largo de 40mm. Estos microcanales fueron
utilizados para estudiar la propagación de frentes de fluidos bajo diferentes presiones
aplicadas. Los experimentos se llevaron a cabo utilizando agua, como fluido newtoniano
de referencia, y soluciones de goma xantana al 0.03% en combinación con glicerina
al 30%, que actúan como análogos reológicos de la sangre. A través de técnicas de
procesamiento de imágenes, se obtuvieron datos experimentales de posición y tiempo
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del frente de fluido, lo que permitió calcular la velocidad de propagación y, a partir de
ella, determinar el esfuerzo cortante y la tasa de deformación en diferentes secciones
del microcanal.

Con estos datos, se calculó la viscosidad local del fluido mediante la relación entre
el esfuerzo cortante y la tasa de cizalla en cada tramo del canal. Para el caso del agua,
se comprobó que la viscosidad se mantuvo prácticamente constante en todas las condi-
ciones de presión y a lo largo de la longitud del canal, confirmando su comportamiento
newtoniano y validando la metodología experimental, computacional y teórica. Este
resultado demuestra que, a pesar de las variaciones en el esfuerzo cortante y la tasa de
deformación impuestas por los diferentes gradientes de presión, la viscosidad permanece
invariable, como se espera para un fluido newtoniano.

En el caso del análogo de sangre (solución de goma xantana y glicerina), se eviden-
ció que el avance del fluido no sigue una relación estrictamente lineal con el tiempo
(lo que se habia observado previamente en las simulaciones). Esto se atribuye a la
pérdida progresiva de energía durante la propagación, lo que genera un aumento en
la resistencia hidráulica conforme el frente del fluido avanza. Esta dinámica acoplada
afecta simultáneamente a la velocidad y a la viscosidad local del fluido, lo que implica
que la viscosidad es dependiente de la tasa de deformación. El análisis experimental
permitió ajustar los datos a una ley de potencia de la forma x(t) = Atm, observándose
que el exponente de propagación m disminuye a medida que se incrementa la presión
aplicada, lo que indica una aproximación progresiva al régimen descrito por la ley de
Washburn.

En conclusión, la tesis demuestra que es posible modelar de manera precisa y eficiente
las propiedades reológicas y los fenómenos de superficie libre en fluidos utilizando SPH
con fuerzas internas calibradas. La metodología desarrollada es robusta, reproducible y
aplicable a diferentes escalas y condiciones experimentales. Además, la integración de
resultados numéricos y experimentales permite avanzar significativamente en la carac-
terización de flujos microfluídicos complejos, con aplicaciones potenciales en el diseño
de dispositivos médicos, análisis de fluidos biológicos y optimización de procesos indus-
triales que involucren flujos a microescala.
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