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Abstract: The proportional hazards model (PHM) is a vital statistical procedure for condition-based
maintenance that integrates age and covariates monitoring to estimate asset health and predict
failure risks. However, when dealing with multi-covariate scenarios, the PHM faces interpretability
challenges when it lacks coherent criteria for defining each covariate’s influence degree on the
hazard rate. Hence, we proposed a comprehensive machine learning (ML) formulation with Interior
Point Optimizer and gradient boosting to maximize and converge the logarithmic likelihood for
estimating covariate weights, and a K-means and Gaussian mixture model (GMM) for condition
state bands. Using real industrial data, this paper evaluates both clustering techniques to determine
their suitability regarding reliability, remaining useful life, and asset intervention decision rules. By
developing models differing in the selected covariates, the results show that although K-means and
GMM produce comparable policies, GMM stands out for its robustness in cluster definition and
intuitive interpretation in generating the state bands. Ultimately, as the evaluated models suggest
similar policies, the novel PHM-ML demonstrates the robustness of its covariate weight estimation
process, thereby strengthening the guidance for predictive maintenance decisions.

Keywords: conditional-based maintenance; proportional hazards model; multi-covariate scenario;
machine learning, conditional reliability function; remaining useful life; predictive maintenance decisions

1. Introduction

The domain of maintenance has undergone substantial transformations over time, largely
propelled by contemporary technological advancements. Intervention planning has transi-
tioned from traditional corrective methodologies to proactive preventive strategies, and
presently, to predictive strategies. In this latest category, condition-based maintenance (CBM)
plays a crucial role, enabling continuous asset reliability monitoring through sensors [1].
Within CBM, the proportional hazards model (PHM) integrates the vital signals of an asset to
estimate its proportional risk, which by collecting real-time condition data, aids in developing
intervention policies [2].

One essential prerequisite for implementing the PHM is the knowledge of the covariate
weights and the state band ranges that represent the condition of an asset. While these
data are typically readily available for academic or synthetic databases, estimating them
poses a significant challenge in an industrial environment, particularly in complex multi-
covariate scenarios, where the interpretation of numerous covariates becomes less intuitive
and logical.

Recent studies have addressed these challenges. In Ref. [3], a methodology is outlined
for estimating state bands to derive transition probability matrices using K-means and
Gaussian mixture model clustering techniques. Similarly, Ref. [4] proposes a novel ap-
proach leveraging machine learning tools to estimate covariate weights in a multi-covariate
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scenario. Although both models provide significant value in this area, they have not been
integrated yet, and there is still a lack of knowledge on the applicability of these models
when developing a decision rule to generate intervention policies. Furthermore, the behav-
ior of clustering techniques has not been evaluated when facing a realistic environment
where extensive databases are not available.

In this manner, the primary contributions can be outlined as follows:

• Developing a decision rule for predictive asset interventions under a robust PHM-ML
predictive maintenance policy, leveraging condition monitoring and real-time data in
multi-covariate scenarios.

• Evaluating the performance of both clustering algorithms in the band state estimation
process using a real industrial dataset characterized by its limited volume.

• Conducting a comparative analysis of the final intervention decision rules derived
from two models to assess the effectiveness of the covariate weight estimation process.

The subsequent sections of this paper are organized as follows: Section 2 provides a
comprehensive literature review. Section 3 introduces the models that are used. Section 4
elaborates on the case study, presenting two analyses to compare the clustering techniques
and final decision rules. Finally, Section 5 presents conclusions drawn from this work and
considerations for potential future applications.

2. Literature Review

In the following literature review, the key pillars of the research are introduced. First,
an initial context is provided by explaining physical asset management. Then, a more
focused discussion on predictive strategies and tools is presented in condition-based
maintenance and the proportional hazards model. To enhance the CBM-PHM policy, a brief
mention of machine learning tools applied in the industry is included. Within these tools,
emphasis is placed on log-likelihood optimization and its application in PHM and ML, as
well as clustering techniques. Finally, the motivation and gaps detected in the literature are
presented at the end of this section.

2.1. Physical Asset Management

Asset management has played a crucial role in capital-intensive industries, evolving to
encompass various physical, financial, and human assets. In today’s context, effective life-
cycle management is essential, with physical asset management (PAM) playing a pivotal
role in achieving these objectives [5].

In asset-intensive industries, PAM integrates multiple disciplines, involving various
processes, personnel, and technologies, enabling the implementation of PAM on strate-
gic, technical, and operational levels [6]. Extensive literature supports the benefits of
PAM, including improved operational and financial performance, effective decision mak-
ing, enhanced risk management, superior customer service, streamlined processes, and
advancements in growth and learning [7]. Additionally, PAM can be directly linked to
sustainability through life-cycle analysis, emphasizing its importance for companies to
consider and leverage the many benefits it offers [8].

In recent years, PAM has become vital in asset-intensive industries, driven by data
digitization for long-term operational excellence [6]. The emphasis on data-driven decision
making in Industry 4.0 has significantly broadened the application of PAM, particularly
in maintenance, where costs can represent 15% to 40% of total operational costs and their
reduction can be significant, providing compelling reasons for companies to implement
PAM [9,10].

2.2. Condition-Based Maintenance

The maintenance field has seen significant evolution in recent decades, particularly in
asset intervention strategies. Initially, corrective maintenance aimed to reduce service costs
but led to increased downtime. Subsequently, preventive maintenance gained traction,
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scheduling interventions without necessarily maximizing equipment lifespan. In this con-
text, predictive maintenance (PM) emerged to optimize equipment lifespan by predicting
potential failures using sensor data [11].

One classical procedure that utilizes real-time monitoring is condition monitoring
(CM), which involves regularly inspecting the condition of an asset to collect data. However,
classical CM can be inefficient and overly conservative, as it continuously checks if the
monitored element exceeds certain thresholds. While this approach helps to understand
the real-time health of an asset, it cannot make a prediction of imminent failures [2]. This is
precisely why strategies like condition-based maintenance (CBM) have been developed.
CBM can facilitate continuous monitoring without operational interruption by recording
various vital signals, known as covariates. With the appropriate tools, CBM can accurately
predict the instant of failure and prevent it entirely [2]. Despite its potential benefits in
enhancing decision making and improving operational metrics, the feasibility of CBM
can vary across different scenarios due to the higher implementation costs of monitoring
tools [1]. Consequently, this variability has prompted numerous studies in this field.

A thorough investigation in [1] examined the pros and cons of CBM. Their study
focused on data acquisition, processing, and decision making. While CBM streamlines
operations and converts data into insights, it also entails higher initial installation costs,
uncertainties linked with potential failures of condition-monitoring devices, and increased
complexity in real-world scenarios [12].

In Ref. [13], a low-cost vibration measurement system for industrial machinery con-
dition monitoring is developed to implement CBM. Through rigorous evaluation and
validation, including tests on real industrial vibration measurements, the system demon-
strates robustness, reliability, and accuracy. The results highlight the potential for cost-
effective CBM solutions in industrial environments. The authors of [14] developed CBM
and machine learning (ML) tools to be implemented in aircraft fuel systems for ensuring
safety and performance. The study highlights the challenges of using opaque ML algo-
rithms in CBM and discusses the emerging field of explainable AI (XAI) to address these
concerns. Through a review of experimental work, simulation modeling, and AI-based
diagnostics, the authors emphasize the need for transparent maintenance approaches in
complex systems like aircraft fuel systems. In Ref. [15], a feasibility analysis examines the
integration of a waste heat recovery system with a diesel generator to produce hot water in
extreme environments, with a primary focus on reducing greenhouse gas emissions and
ensuring sustainability. Core strategies of CBM are implemented to assess the reliability
and availability of the combined heat and power (CHP) system. Markov modeling and
continuous Markov processes are utilized to model the reliability and availability of the
cogeneration system. The results indicate that incorporating a hot water reservoir enhances
the availability of the cogeneration system.

CBM can leverage data collection to develop maintenance policies and reduce equip-
ment downtime. However, combining CBM with other robust models, such as a PHM, can
further enhance the creation of predictive maintenance policies.

2.3. Proportional Hazards Model

To effectively enhance predictive maintenance strategies, optimizing the decision-
making process is imperative, which involves integrating economic aspects within CBM,
and the proportional hazards model (PHM) plays a central role in this goal [2]. This is a
statistical model that computes the associated conditional hazard level by integrating the
age and condition factors of an asset [16].

The application of the PHM spans various industries including the food, mining,
and transportation sectors [2]. However, its applicability extends beyond these industries.
In Ref. [17], the PHM is used on the financial sector, where the authors focused on adapting
the default weighted survival analysis method to estimate the loss given default for Interna-
tional Financial Reporting Standards impairment requirements. Utilizing survival analysis
with the PHM, they adjusted baseline survival curves for different portfolio segments and
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macro-economic scenarios, showcasing successful application to a dataset from a South
African retail bank portfolio. In the maintenance area, the PHM has been leveraged in
enhancing CBM policies. In Ref. [18], the PHM was integrated with a long short-term
memory (LSTM) network to develop a CoxPHDL for predictive maintenance, aimed at
predicting time between failure (TBF) using deep learning and reliability analysis. Address-
ing data sparsity and censoring challenges in operational maintenance data, CoxPHDL
integrates an autoencoder and exhibits promise in improving maintenance planning and
spare parts inventory management across industries, as demonstrated with real-world fleet
maintenance data.

As is evident in the literature, the PHM proves to be a valuable tool for predicting
equipment hazard conditions. However, there is room for improvement in its predic-
tive performance. By integrating and optimizing CBM with the PHM, it is possible to
enhance CBM strategies by balancing the risk and economic factors. Consequently, this
new approach can leverage real-condition data collection to predict imminent failures, thus
facilitating the development of predictive maintenance policies [2].

The study in [19] introduces a function that relies on optimal risk and Weibull pa-
rameters of components. This optimal risk can be determined using the cost function
proposed by [2], with the fixed-point iteration method outlined in [20] facilitating the
derivation of optimal cost and risk. Consequently, this process yields a warning limit
function, a graphical representation delineating component states into safe, warning, or
failure-prone zones. This function, as described in [2], plays a crucial role in the devel-
opment of the preventive maintenance policies through the construction of decision rule
graphs. A notable example is the computational software EXAKT, which enables data input
for components and computes various metrics such as conditional reliability, remaining
useful life, costs, risk, and a maintenance policy. An application of this is given in [21],
where the authors explore the potential benefits of a CBM policy for military vehicle diesel
engines using the EXAKT software. Through analysis of maintenance records, the study
identifies key covariates influencing engine hazard rates and proposes an optimal decision
model, saving up to 30% in maintenance costs.

As demonstrated in the literature, implementing CBM and PHM can yield robust
policies for predicting imminent failure. However, challenges related to data complete-
ness highlight the necessity for enhanced record-keeping practices. Therefore, this paper
aims to investigate the applicability of PHM and CBM in complex industrial scenarios
and enhance their robustness by integrating machine learning tools. This integration
facilitates the computation of conditional reliability and the generation of a predictive
maintenance policy.

2.4. Machine Learning

Given the nature of CBM, which entails the analysis of large datasets which can
have uncertainties and non-stationary processes, the integration of machine learning (ML)
methodologies has emerged as a potent tool for enhancing data analysis and predictive
capabilities [1]. ML models fall into three categories: supervised learning (SL), in which
algorithms are trained on labeled data with known outputs; unsupervised learning (USL),
where patterns and relationships within data are uncovered without explicit guidance on
desired outcomes; and reinforcement learning (RL), a technique where an agent learns
through interactions with an environment, receiving rewards or penalties based on its
actions [22].

In Ref. [23], they conducted a comprehensive review on the ML tools used in CBM.
The results reveal that neural-network-based models account for 38% of the total studies,
classification models constitute 36%, decision trees represent 22%, ensemble models are
at 21%, while clustering techniques and genetic algorithms together represent 4%. In
terms of dataset composition, a significant majority, amounting to 95%, predominantly
draws from academic settings, synthetic data sources, or open-source projects, with a
mere 4% originating from industrial contexts. Furthermore, the authors offer insights into
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the practical deployment of these methodologies within maintenance policies, with an
estimated 60% directed towards preventive maintenance strategies, 40% towards corrective
measures, while the remainder addresses various other maintenance policy categories.

It is evident that there is a noticeable gap in the utilization of clustering techniques
in CBM applications. Additionally, there is also a gap related to the utilization of real
operational datasets. This can be attributed to significant challenges in integrating co-
variates from real datasets into the models [24]. Consequently, this study addresses this
obstacle by employing optimization and clustering ML techniques while leveraging real
operational data.

2.5. Log-Likelihood Optimization and Its Application in PHM and ML

The primary challenge of applying the PHM in a multi-covariate scenario lies in
estimating the covariate weights, which, in the absence of expert criteria, can be a difficult
task [3]. It has been identified that when dealing with censored or grouped data, obtaining
the characteristic parameters is challenging due to incomplete information. Consequently, a
common approach for estimating these parameters involves maximizing the log-likelihood
function, facilitating their estimation through numerical optimization methods [25].

Several studies have used this method. In Ref. [26], a CBM decision using the PHM
is optimized by maximizing the log-likelihood function, which refines the estimated pa-
rameters resulting in an improvement in predictive maintenance accuracy. The authors
in [27] introduce a novel mathematical model to estimate reliability parameters in main-
tenance, repair, and overhaul (MRO) processes. By proposing a virtual age model and
likelihood functions for parameter estimation, the study demonstrates the inaccuracies of
assuming perfect or minimal overhaul, emphasizing the need to account for imperfections
in MRO processes. In Ref. [28], hidden Markov models (HMMs) are applied in reliability
engineering to estimate system reliability when the system state is unobservable. Through
maximum-likelihood estimation, it derives reliability estimators and introduces new pre-
ventive maintenance strategies based on critical probabilities. Simulation studies evaluate
their efficiency.

The study in [4] employs the maximum log-likelihood method to estimate covariate
weights and Weibull parameters in a multi-covariate scenario, utilizing genetic algorithms
(GAs) and the Interior Point Optimizer (IPOPT) as the solver. The preliminary results show
that the IPOPT surpasses GAs in optimizing the log-likelihood function. However, the
broader implications for reliability metrics and maintenance strategies remain unexplored.
Consequently, this current study seeks to delve into these repercussions.

2.6. Clustering Techniques

Another crucial piece of information that the PHM model relies on is the ranges that
represent the operational states of an asset. In cases where expert criteria are unavailable,
an ML technique, such as clustering algorithms, can prove invaluable in automatically
segmenting these ranges. Clustering algorithms serve as unsupervised learning techniques,
allowing for the identification of common patterns within datasets and organizing them
into distinct subgroups for classification of new data points [29].

K-means, as introduced by [30], is a well-regarded and efficient clustering algorithm,
recognized for its rapid convergence, where “K” clusters are generated, and data points are
assigned to the group whose center of mass they are closest to [31]. Recent applications
of K-means can be found in the literature. In Ref. [32], it enhances wind turbine failure
detection and prediction, overcoming mislabeled or unlabeled data challenges. Ref. [33]
employs K-means for classifying pavement conditions and predicting asphalt pavement
deformations in China, followed by deep learning to enhance failure predictions.

An alternative clustering technique known as the Gaussian mixture model (GMM)
assumes that data points conform to a probability distribution comprised of a linear
combination of normal distributions. Unlike K-means, GMM characterizes each cluster’s
form through its mean and standard deviation parameters. As a result, GMM provides a
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means to assess the probability of data points belonging to particular classes or clusters by
leveraging the underlying probability distribution [34].

The literature reveals several interesting applications of GMMs. In Ref. [35], a GMM is
integrated with a hidden Markov model to create a mixture of Gaussians hidden Markov
model (MoG-HMM) for reliability estimation, specifically targeting few-shot reliability
assessment in long-lifespan mechanical systems. The study illustrates its effectiveness
through analysis of an aerospace bearing dataset, exploring its potential in reliability
assessment. In the medical field, Ref. [36] introduces a novel robot structure capable of
three-dimensional movement and proposes an assist-as-needed (AAN) control strategy
for upper limb rehabilitation training. Utilizing the GMM algorithm, rehabilitation task
stages are classified to provide tailored assistance, enhancing patient independence during
rehabilitation. Experimental outcomes demonstrate the efficacy of the AAN control strategy
in adjusting assistance levels based on patient interaction, thereby facilitating improved
rehabilitation outcomes. Lastly, in [37], the authors develop a lightning damage detection
system for wind turbine blades, employing a Gaussian mixture model (GMM). Through
analysis of SCADA system data, the model automatically identifies blade anomalies caused
by lightning strikes, thereby enhancing detection accuracy. The study suggests that manual
selection of multiple components for the GMM improves anomaly detection accuracy,
ensuring post-strike blade integrity.

Finally, the research conducted in [3] introduces a model designed to estimate covari-
ate bands, aiding in defining state ranges for a multi-covariate PHM. This facilitates the
calculation of the transition probability matrix for conditional reliability and RUL estima-
tion. While the study demonstrates notable enhancement through the utilization of the
Gaussian mixture model (GMM) probability distribution compared to K-means in defining
these bands, the investigation relies on a synthetic database. Therefore, the current study
aims to assess the reliability of the proposed approach using industrial data to verify its
practical applicability.

2.7. Research Motivation

The literature review highlights the potential of various models to enhance the ef-
fectiveness and application of the PHM. In multi-covariate scenarios, employing diverse
tools to obtain covariate weights and define state band ranges can be pivotal, especially
given the lack of coherent criteria for assessing each covariate’s influence on the hazard
rate. However, the absence of in-depth analysis regarding integrating these tools and their
impact on predictive maintenance policies is a notable concern. To address such a gap,
this research integrates and applies these tools to a real industrial dataset to derive inter-
vention decision rules and formulate a predictive maintenance policy using conditional
and real-time data. Additionally, a comprehensive examination of clustering techniques is
conducted to identify the optimal algorithm for the band estimation process and evaluate
the robustness of the covariate weight estimation process by comparing two models with
different covariate selections.

3. Model Formulation

This section explores the basic concepts and techniques needed to develop the analysis,
covering the PHM, covariate weight estimation, the state band estimation process, and
reliability metrics.

3.1. Proportional Hazards Model

The PHM is a statistical tool used to estimate the failure risk of a component [2].
It incorporates both a baseline failure rate and a function that reflects the equipment’s
operating conditions, as illustrated in Equation (1):

h(t, Z(t)) =
β

η

(
t
η

)β−1
exp

(
n

∑
i=1

γiZi(t)

)
, (1)
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where h(t, Z(t)) denotes the conditional probability of failure occurring at time t consid-
ering the covariates Zi(t). The parameter β represents the asset’s failure shape factor, η
signifies the scale life factor, and γi characterizes the weights or influences of life signals
within the model.

3.2. Covariate Weight Estimation

Estimating covariate weights for a multi-covariate PHM presents a challenge due to
the substantial variability introduced by the integration of each covariate. As illustrated in
Equation (2), the “composite covariate” can encompass multiple conditions for analysis:

f (γ, z) = ∑
i∈Z

γiZi(t). (2)

Thus, the estimation process proposed by [4] serves as the backbone for this process,
as it has the capability to work well with multi-covariate scenarios and it is also capable of
automatically defining feasible covariate weights when expert judgment is inadequate due
to a lack of knowledge when dealing with multiple combinations of covariates. Moreover,
the best optimization parameters that achieve the minimum log-likelihood score are utilized.
This entails the selection of the “NS” transformation as a scaler, the Interior Point Optimizer
(IPOPT) as the solver, and IPCRidge to determine the limits of each covariate. In the
subsequent subsection, each of these optimization parameters is explained.

3.2.1. Non-Scalable Transformation

The “NS transformation” introduced in [4] is a nonlinear increasing monotonic func-
tion that has demonstrated superior performance compared to the min–max scaler. This is
depicted in Equation (3):

XScaled =
(X + Xmin)

X∗
max

. (3)

In this context, X∗
max denotes the maximum value obtained by transforming the data

column X + Xmin. Meanwhile, Xmin represents the minimum value within the dataset X
for each selected covariate.

3.2.2. Partial Log-Likehood

Estimating covariate weights involves optimizing a modified version of the partial
log-likelihood proposed by [19,38]. In this research, the negative of the log-likelihood in
Equation (4) is minimized:

LL =
n

∑
i=1

[ln(λt(β−1)
i ) +

m

∑
j=1

γjln(zij)−
λtβ

i
β

m

∏
j=1

z
γj
ij ]. (4)

In this equation, n represents the data count, m indicates the number of covariates,
γj denotes covariate weights, β stands for the shape parameter of the Weibull distribution
(denoted by α where β = α + 1), λ is a dimensionless parameter, ti is the asset’s operating
time, and zij represents the covariate j values from the i asset.

3.2.3. Interior Point Optimizer Solver

The Interior Point Optimizer (IPOPT) is an open-source solver for optimization prob-
lems. It can handle both linear and nonlinear large-scale problems and provides the
advantage of incorporating variable constraints [39]. However, IPOPT requires an initial
seed value to commence the optimization process. Therefore, as depicted in [4], gradient
boosting and component-wise least squares are utilized due to their strong performance
for this research.

3.3. State Band Estimation

Similar to the covariate weights process, dealing with a multi-covariate model often
entails uncertainty in identifying thresholds for the safe or risky operation of an asset.
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Therefore, this subsection aims to aid in this process by leveraging machine learning
algorithms and the methodology outlined in [3] to establish band states that represent the
conditional state of the analyzed equipment, as demonstrated to be effective in situations
where prior knowledge of these ranges is lacking and expert judgment alone is insufficient
to define them.

3.3.1. Clustering Techniques

Two clustering algorithms are employed in this research. These are K-means and the
Gaussian mixture model (GMM). K-means is a clustering algorithm that partitions data
into K clusters through iterative updates based on proximity to cluster centers. On the
other hand, GMM is a probabilistic clustering method that represents a dataset as a mixture
of Gaussian distributions. It estimates parameters such as means and covariances for these
distributions and assigns data points to clusters based on a distribution probability. The
reference studies demonstrate that this distribution can be utilized to select the state ranges
within the PHM, providing a more logical explanation for the chosen limits.

The training process for both models is influenced by the dataset’s size. Larger datasets
prompt the simplification of data using Sturges’s rule, dividing it into subgroups with
representative class marks to streamline computation. In contrast, Sturges’s rule should be
avoided when working with small datasets to avoid possible data bias.

In determining the optimal number of clusters, K-means analysis utilizes the silhouette
index and elbow method. Alternatively, Gaussian mixture model (GMM) analysis relies on
the Akaike information criterion (AIC) and Bayesian information criterion (BIC) values to
determine the optimal cluster number.

3.3.2. Band Estimation Process

The following steps depict the process of obtaining the state bands for each model:
K-means:

1. Selecting the optimal number of clusters: Use Sturges’s rules if necessary. Subsequently,
analyze the silhouette index mean and the elbow method scores. Then, choose the
optimal cluster quantity identified from these scores.

2. Definition of band ranges: After the model’s training and acquisition of each cluster’s
centroids, ranges are marked between the average value of each centroid in the f (γ, z)
axis. The outcomes derived from these band ranges perform as the operational band
states for the PHM.

3. Data state classification: Each data point is classified into its respective state as deter-
mined by K-means.

4. Obtaining the transition and probability matrices: With each data point classified, the
total time in each state is calculated, leading to the derivation of the transition state
rate matrix in Equation (6) and the transition state probability matrix in Equation (7).

GMM:

1. Selecting the optimal number of clusters: Following model training and acquiring the
cluster centroids, obtain the probabilities for each data point belonging to a cluster
from the GMM. These probabilities are then utilized to establish the ranges for each
state. Values on the f (γ, z) axis are arranged in ascending order to match the number
of clusters obtained in the previous step for range definition.

2. Definition of band ranges: Assign each data point to its respective state based on the
classification determined in the previous step. Additionally, if the probability of
belonging to a cluster is less than 1%, utilize a random selection process for data
classification. The outcomes derived from these band ranges operate as the band
states for the PHM.

3. Obtaining the transition and probability matrices: Once all data points are classified,
compute the total time spent in each state to generate the transition state rate matrix
in Equation (6) and the transition state probability matrix in Equation (7).
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3.4. Reliability Metrics

In this section, the reliability metrics for benchmarking the framework are defined.
The metrics include conditional reliability, remaining useful life (RUL), mean time between
interventions (MTBI), mean time between failures (MTBF), maintenance costs, and the
decision rule for defining the maintenance policy.

3.4.1. Conditional Reliability Function

Conditional reliability is an effective tool for illustrating how each state or survival
time affects the operational reliability of equipment, as visualized in Equation (5):

R(t, Z(t)) = exp

(
−
(

t
η

)β

exp

(
m

∑
i=1

γiZi(t)

))
. (5)

This form is often difficult to calculate. Therefore, the procedure outlined in [40] is used.
First, the transition rate matrix Λ is estimated as shown in Equation (6), where nij

represents transitions from state i to j, and Ai represents the total time spent in state i:

Λ = λij(t), λij =
nij

Ai
, i ̸= j, λii = −∑

i ̸=j
λij. (6)

Next, the transition probability matrix for an instant x is computed in Equation (7),
and the risk rate matrix in Equation (8) uses the product-integral method from [40]:

P(x) = exp(Λx) =
∞

∑
i=0

(Λx)i

i!
, (7)

D = h(t, Z(t)) · δij. (8)

The conditional reliability can now be estimated using the expressions in Equations (9)–(11),
which represents the product-integral method with a precision level of ∆, allowing for adjust-
ments to the computational burden:

Le(k) = (I − D(k∆)∆) · (I + Λ∆), (9)

L(k∆, m∆) ≈
m−1

∏
i=k

Le(i), (10)

R(t|x, i) = ∑
i

Lij(x, t). (11)

Basically, this method uses a recursive matrix product to estimate the conditional
reliability at each time step k. It begins with Equation (9), which represents the conditional
reliability matrix for each instant of time k. Then, Equation (10) is used to estimate the
conditional reliability matrix from the instant k to m, using a value of ∆ steps, as this method
is iterative. After obtaining the last conditional reliability matrix, the conditional reliability
can be estimated by summing each element of row i of the last transitional reliability matrix
obtained. This represents a vector of the conditional reliability at time instant t for state x.

3.4.2. Remaining Useful Life

The remaining useful life (RUL) is vital in CBM as it determines the remaining lifespan
of an asset. Equation (12) illustrates the calculation method, which relies on data obtained
from reliability curves:

RUL(t, Z(t)) =
∫ ∞

t
R(t, Z(t)) dt. (12)
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3.4.3. Mean Time between Failure and Mean Time between Interventions

The mean time between failures (MTBF) serves as a metric, representing the average ex-
pected time between equipment failures. Its calculation method, depicted by Equation (13),
relies on values obtained from the conditional reliability and RUL data:

MTBF = η · Γ
(

1 +
1
β

)
. (13)

The mean time between interventions (MTBI) is a metric similar to MTBF but with
broader applicability. It considers uncertainties in the operational environment of an
asset, its autonomy, and the reliability of its inherent components [41]. When addressing
conditional reliability, Equation (14) displays the MTBI encompassing various states of an
asset alongside the survival time t = x:

MTBI(Tp|x, i) =
∫ Tp

x
R(t|x, i) dt. (14)

3.4.4. Maintenance Cost Function

A way to optimize the CBM model is to consider the expected long-term cost [20].
However, this initial approach means the use of a heavy iterative process to obtain the
optimal cost. In consequence, the MTBI approach is used, as depicted in Equation (15):

ϕ(Tp, Z(Tp)) =
Cp · R(Tp, Z(Tp)) + Cc · (1 − R(Tp, Z(Tp)))

MTBI(Tp, Z(Tp))
. (15)

In this context, Cp denotes the preventive maintenance cost, Cc signifies the corrective
maintenance cost, R(t, Z(t)) represents the conditional reliability, MTBI(t, Z(t)) reflects
the expected time between interventions, and Tp indicates the instant when the optimal
cost of ϕ(t) is reached.

3.4.5. Decision Rule

After determining the optimal time and cost, the optimal risk can be obtained by
substituting t in Equation (1) with Tp, as shown in Equation (16):

d∗ =
β

η

(T∗
p

η

)β−1

exp

(
n

∑
i=1

γiZi(T∗
p )

)
. (16)

Subsequently, the proposed PHM-ML model utilizes asset-specific conditional data
to estimate the optimal risk level d∗. This leads to the formulation of the warning limit
function described in Equation (17), which carefully balances both risk and cost factors:

γZ(t) ≥ φ(t) = ln
(

d∗η

βKβ
− (β − 1) ln(t)

)
. (17)

This function enables predictive measures for assets, aiming to prevent imminent
failures by considering both risk and cost implications. It establishes thresholds that rep-
resent the operational condition of assets, facilitating the implementation of predictive
maintenance policies using real-time data. When the data surpass these thresholds, inter-
vention becomes necessary to prevent imminent failure. The number of thresholds varies
based on the operational states identified through the band estimation process, with the
threshold for immediate equipment intervention determined by the state exhibiting the
lowest conditional reliability, i.e., operational state.

3.5. Proposed Model Structure

Figure 1 illustrates the structure of the proposed model, which is designed to generate
a predictive maintenance policy. This model encompasses four key processes: data selection,
covariate weight estimation, covariate band estimation, and reliability metrics derivation.
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Figure 1. Structure of the proposed model to define a PHM decision rule from the selection of
covariates.

In the data selection phase, data are loaded through a user interface, enhancing the
model’s versatility across different databases. Next, covariates are selected and scaled using
the NS transformation. Then, the data are split into training and test sets, and preliminary
Weibull parameters are estimated.

In the covariate weight estimation phase, the covariate weight estimation process is
employed to determine the covariate weights for the proposed PHM-ML model. Initially,
gradient boosting with CWLS is used to establish a preliminary weight solution, and
IPCRidge is utilized to define variable bounds for the optimization process. Subsequently,
IPOPT is applied to minimize the log-likelihood function in Equation (4), thereby obtaining
the Weibull parameters and covariate weights for the model.
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In the covariate band estimation phase, the band estimation process defines the
operational state ranges in the proposed PHM-ML model. Depending on the clustering
algorithm, a different process is applied, as detailed in Section 3.3.2. In summary, both
algorithms must first determine if class intervals are necessary for data segmentation.
Then, the optimal cluster number is identified using the index specific to each clustering
technique. For K-means, the ranges and centroids are obtained, directly representing
the operational state conditions of an asset. In the case of GMM, an additional process
involving the membership probability distribution is applied to define the new ranges
and centroids. Finally, the transition rate and probability matrix are computed for both
clustering algorithms.

As previously mentioned, the key advantage of these estimation processes is their
ability to derive covariate weights and define operational state bands in datasets where ex-
pert criteria are unavailable due to insufficient information and the complexity of covariate
combinations.

In the final phase, reliability metrics such as conditional reliability, RUL, MTBI, and
MTBF are computed to determine the maintenance cost. The optimal risk can be assessed by
identifying the optimal time that minimizes this cost. Using this information, the warning
limit function is calculated to develop the decision rule that defines the final predictive
maintenance policy.

4. Case Study and Results Discussion

The primary aim of this case study is to compare the state band estimation process
using K-means and GMM within a real-world operational database. Building upon the
research laid by [3], which makes a similar comparison in a synthetic dataset, the present
case study takes this a step further in exploring the state band estimation process and how
it can lead to the development of decision rules for predictive maintenance policy when
dealing with an operational dataset from a Chilean energy distribution company.

To rigorously evaluate the performance of both algorithms and discern potential
differences, two distinct models are formulated. The first model leverages the covariate
weights and Weibull parameters supplied by the energy company. In contrast, the second
model uses the covariate weight process to estimate these parameters.

4.1. Pre-Model Preparation

The dataset encompasses operational and maintenance records from 17 transformers,
totaling 93 data points spanning from May 2014 to June 2017. Additionally, the original
dataset includes information on 15 vital signals. However, for the purposes of this research,
only six covariates are considered. These covariates have been identified as the most perti-
nent to the condition of the transformers, based on the expert judgment of the company’s
maintenance manager. Details of these covariates can be found in Table 1.

Table 1. Representation of the dataset.

Date FT Interv ID Dda
(MVA)

Tint
(◦C)

DifT
(◦C)

C2H4
(%)

R.Die
(kV)

%
Hum
(%)

259,180 162,770 0 1 18.1 64 52 2.14 64.19 5.49
259,610 163,210 0 1 16.4 54 35 2.18 64.03 5.44
283,300 186,900 0 1 16.6 59 48 3.33 63.75 10.87
270,580 156,630 0 2 8.9 53 37 1.69 66.29 3.98
271,010 157,060 0 2 12.8 50 29 1.75 65.98 3.93

The columns of the dataset are structured as follows. The Date column is represented
in hours since 1 January 1985. The FT column indicates the operating time in hours since the
transformer’s installation. The Interv column denotes the type of intervention performed
on the transformer, with 1 indicating preventive and 0 indicating corrective interventions.
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The ID column serves as the transformer identifier. Additional columns present covariates
considered in the PHM: Dda for electrical demand in megavolt-ampere (MVA), Tint for
internal temperature in degrees Celsius (◦C), Di f T for the temperature difference between
internal and ambient readings in degrees Celsius (◦C), C2H4 indicating the ethylene gas
percentage in the transformer oil, R.Die for the dielectric strength of the transformer oil in
kilovolts (kV), and %Hum for humidity percentage inside the transformer.

Regarding covariate selection for both models, expert criteria have highlighted the
significance of certain variables in modeling the conditional operation of transformers.
Specifically, C2H4 and R.Die have been identified as primary determinants, while Dda and
Tint are considered secondary covariates of importance. Consequently, the initial model
currently employed within the company integrates these four covariates. To evaluate
performance relative to this first selection, the second model integrates additional covariates,
namely, Di f T and %Hum, alongside the primary covariates C2H4 and R.Die.

For both models examined in this study, the training dataset consists of approximately
65% of the total data, with the testing dataset comprising the remaining 35%. The study’s
time horizon is set at 100,000 h, divided into 500 h intervals. A precision level (∆) of 100 h
is chosen for the conditional reliability calculations to optimize computational efficiency.
Additionally, a preventive-to-corrective cost ratio of 1:7 is applied for the analysis.

4.2. Model 1: Chilean Company’s Covariate Weights

The initial model integrates covariate weights provided by the Chilean energy com-
pany, considered the optimal covariate selection by the expert criteria, which are depicted in
Table 2. These weights were computed using the solver f mincon and the NS transformation
as the scaler.

Table 2. Covariate weights and Weibull parameters obtained by fmincon and NS scaler for Model 1.

β η γDda γTint γc2h4 γR.Die

1.4913 117,531 0.0038 0.4012 0.0404 2.7561

As result of these weights, the composite f (γ, z) is computed and shown in Figure 2.

Figure 2. f (γ, z) using the covariate weights from Table 2.

4.2.1. Covariate Weights and Clustering

The preliminary analysis focused on determining the optimal number of clusters for
both K-means and GMM. Figures 3 and 4 present the respective index results used to
ascertain the optimal cluster numbers.

The initial findings suggest that class intervals can introduce biases when identifying
the optimal number of clusters. Specifically, for K-means, Figure 3a suggests the use
of seven clusters, aligning with the number of class intervals generated for the dataset.
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However, when assessing the silhouette index evolution without applying Sturges’s rule, as
illustrated in Figure 3b, that bias disappears, but now the optimal cluster number becomes
less definitive and relies on more subjective decision criteria. Nonetheless, employing the
elbow method, both with and without class intervals, consistently identifies three as the
optimal number of clusters, as depicted in Figure 3c.

In the case of GMM, utilizing class intervals produces results analogous to those
obtained without class intervals, as illustrated in Figure 4a, suggesting the adoption of
seven clusters. However, employing subjective criteria could justify the selection of three
clusters. In contrast, in the absence of class intervals, the optimal AIC value is achieved
when opting for three clusters, as evidenced in Figure 4b.

As evidenced, both methodologies encounter difficulties when Sturges’s rule is em-
ployed, validating the inherent bias introduced by limited data. Upon eliminating this rule,
GMM exhibits enhanced robustness without necessitating an additional index. Neverthe-
less, three clusters were selected for both models.

(a) (b)

(c)

Figure 3. Indices used to determine the optimal number of clusters using K-means for Model
1. (a) Evolution of silhouette index means using Sturges’ class interval method. (b) Evolution
of silhouette index means considering all the data points. (c) Elbow method using inertia index
considering all the data points.

(a) (b)

Figure 4. Indices used to determine the optimal number of clusters using GMM for Model 1.
(a) Evolution of BIC and AIC scores using Sturges’ class interval method. (b) Evolution of BIC and
AIC scores considering all the data points.
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In the case of the GMM, the process in Section 3.3.2 is followed to generate the proba-
bility of membership in Figure 5a, as well as the discrete probability of non-membership in
Figure 5b,c. Then, Figures 6a and 6b display the cluster boundaries and centroids produced
by K-means and GMM, respectively.

Tables 3 and 4 show the centroids and the ranges of each state for K-means and GMM.
Although the boundary ranges differ, the centroids demonstrate notable similarity. As a
result, this resemblance yields comparable outcomes in the state transition probabilities
matrix for both methodologies, as depicted in Tables 5 and 6. Consequently, it is anticipated
that the ensuing metrics yield analogous results.

(a) (b)

(c)

Figure 5. Joint and discrete probabilities provided by GMM for Model 1. (a) The probability
distribution of the entire GMM model. (b) The discrete probability of a GMM being part of any
cluster. (c) The discrete probability, from a different perspective, of a GMM being a part of any cluster.

(a) Using K-means. (b) Using GMM.

Figure 6. The clustering results using K-means and GMM for Model 1.

Table 3. State band limits for each state using K-means for Model 1.

State Centroid Lower Limit Upper Limit

1 2.79 0 2.85
2 2.92 2.85 2.96
3 3.01 2.96 ∞
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Table 4. State band limits for each state using GMM for Model 1.

State Centroid Lower Limit Upper Limit

1 2.81 0 2.90
2 2.92 2.90 2.93
3 2.99 2.93 ∞

Table 5. Probability transition matrix using K-means for Model 1.

State 1 2 3

1 9.99 × 10−1 1.81 × 10−5 0.00 × 100

2 1.25 × 10−5 9.99 × 10−1 2.19 × 10−5

3 3.67 × 10−6 1.83 × 10−5 9.99 × 10−1

Table 6. Probability transition matrix using GMM for Model 1.

State 1 2 3

1 9.99 × 10−1 1.27 × 10−6 2.54 × 10−7

2 1.36 × 10−6 9.99 × 10−1 2.27 × 10−6

3 6.42 × 10−7 9.62 × 10−7 9.99 × 10−1

4.2.2. Reliability Metrics

Figure 7 shows the conditional reliability obtained from the K-means and GMM
methods where state 1 indicates the most favorable condition from the transformers, and
state 3 indicates the least favorable. Comparing both methods results in comparable
conditional reliability curves, showing a minor difference between states 3 and 2. While
it was expected that the ranges of each state would impact this curve significantly, the
transition probability matrices in Tables 5 and 6 are remarkably similar, as well as the
centroids from both algorithms, suggesting the influences of these parameters on the
dispersion of each curve state.

(a) Using K-means. (b) Using GMM.

Figure 7. Conditional reliability functions using each method for Model 1.

Similar behaviors are observed on the RUL values in Figure 8 for both methods,
showing similar curve state dispersion as found in the conditional reliability. These trends
are also shown in the MTBI and MTBF values.

The analysis of the optimal time obtained through the cost function reveals comparable
outcomes for both algorithms, as demonstrated in Table 7, which exhibit identical optimal
times and show a close similarity between each state time.

Based on these findings, the maintenance policies derived from both methodologies
exhibit striking similarities, as illustrated in Figure 9. Moreover, data points from the test
dataset are overlaid above the decision policy graph: data points representing normal
operations fall below the curve of state 1. Conversely, data points situated between states
1 and 3 indicate a need for caution and preparation for replacement, while those above the
curve of state 3 signify an imminent risk of failure, necessitating immediate intervention.
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(a) (b)

Figure 8. Prediction of RUL using each method for Model 1. (a) Remaining Useful Life prediction
using the K-means method. (b) Remaining Useful Life prediction using the GMM method.

Table 7. Optimal time considering the cost function results using each method for Model 1.

Method State 1 State 2 State 3

K-means 9000 8500 8000
GMM 9000 8500 8000

As observed in Figure 9, both graphs indicate that power transformer 13 requires
immediate intervention at the 20,000 h mark. Conversely, power transformers 14 and 15 are
situated in the caution zone at the 18,000 h and 20,000 h marks, respectively, suggesting a
need for replacement in the near future. As for the remaining transformers, no intervention
is necessary as they are operating within acceptable parameters.

Finally, the policies formulated from both approaches were compared with the main-
tenance policy employed internally by the Chilean company, revealing nearly identical
intervention decisions.

(a) (b)

Figure 9. Warning limit function using each method for Model 1. (a) Warning-limit function using
the K-means method. (b) Warning-limit function using the GMM method.

4.2.3. Results Discussion

Based on the findings of this first analysis, several takeaways emerged:
Initially, it is demonstrated that the quantity of available data plays a pivotal role in

determining the optimal number of clusters. In the context of K-means clustering, the
incorporation of additional indices was found to be essential to avoid subjectivity in cluster
determination. In contrast, GMM demonstrated a higher degree of robustness by solely
relying on AIC and BIC scores for identifying the objective optimal number of clusters.
Consequently, the GMM emerges as a preferable approach for minimizing potential biases
inherent in the data.

Secondly, despite the differences in state ranges produced by the two algorithms,
the reliability metrics generated were remarkably consistent and similar. This result can
be explained by the parallelism observed in the probability transition matrix, which was
largely led by the centroid values of each model. Although these findings are not expected,
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they may be influenced by the selected covariates and weights of this model. Consequently,
in the following analysis, the second model is used to assess whether the selection of
covariates significantly impacts the performance of the resultant policy.

Finally, the collection of the warning limit function can facilitate the development
of a decision rule to intervene with the power transformers and formulate a predictive
maintenance policy, thereby achieving the established goal of this study.

4.3. Model 2: Self-Generated Covariate Weights

In the second model, as stated in the pre-model preparation section, a different com-
bination of significant covariates and less significant ones is employed to assess whether
different performance in reliability metrics can be achieved. Specifically, the covariates Di f t,
C2H4, R.Die, and %Hum are used. Additionally, the optimization parameters utilized
include the IPOPT optimization with the NS scaler and IPCRidge, resulting in the covariate
weights presented in Table 8.

Table 8. Covariate weights and Weibull parameters obtained by fmincon and NS scaler for Model 2.

β η γDi f T γC2H4 γR.Die γ%Hum

2.7895 132,491 0.0974 0.0789 2.3879 0.341

Based on these weights, the composite f (γ, z) is calculated and displayed in Figure 10.
This composition exhibits a distinct structure compared to the one derived from the previous
model, as illustrated in Figure 2.

Figure 10. f (γ, z) using the covariate weights from Table 8.

4.3.1. Covariate Weights and Clustering

Consistent with the previous analysis, the primary focus is on identifying the optimal
number of clusters for both K-means and GMM. Figures 11 and 12 show the respective
index results utilized to determine the optimal cluster configurations.

The trend related to the bias introduced by class intervals remains consistent. For
K-means, Figure 11a suggests seven clusters, aligning with the number of class intervals.
Without applying Sturges’s rule, Figure 11b presents a less definitive optimal cluster
number. As anticipated, the elbow method consistently identifies three clusters as optimal,
as illustrated in Figure 11c.
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(a) (b)

(c)

Figure 11. Indices used to determine the optimal number of clusters using K-means for Model
2. (a) Evolution of silhouette index means using Sturges’ class interval method. (b) Evolution
of silhouette index means considering all the data points. (c) Elbow method using inertia index
considering all the data points.

In the case of the GMM, the use of class intervals reintroduces the previously observed
bias, as illustrated in Figure 12a, suggesting the adoption of seven clusters. However,
subjective criteria could justify opting for two clusters. In contrast, without class intervals,
the optimal AIC value is achieved with two clusters, as shown in Figure 12b. Furthermore,
these results differ from those of the previous model, indicating that changes in covariates
can lead to varying outcomes.

(a) (b)

Figure 12. Indices used to determine the optimal number of clusters using GMM. for Model 2.
(a) Evolution of BIC and AIC scores using Sturges’ class interval method. (b) Evolution of BIC and
AIC scores considering all the data points.

For GMM, the distribution probabilities are shown in Figure 13. Figure14a,b display
the cluster boundaries and centroids generated by K-means and GMM, respectively.

Tables 9 and 10 demonstrate that, despite differences in state and band ranges, the
magnitudes of the centroids are closely aligned. This discrepancy has a negligible impact
on the transition probabilities matrix for both methodologies, as shown in Tables 11 and 12.
Therefore, it is anticipated that the subsequent metrics produce similar results.
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(a) (b)

(c)

Figure 13. Joint and discrete probabilities provided by the GMM model for Model 2. (a) The
probability distribution of the entire GMM model. (b) The discrete probability of a GMM being part
of any cluster. (c) The discrete probability, from a different perspective, of a GMM being a part of
any cluster.

(a) Using K-means. (b) Using GMM.

Figure 14. The clustering results using K-means and GMM for Model 2.

Table 9. State band limits for each state using K-means for Model 2.

State Centroid Lower Limit Upper Limit

1 2.42 0 2.49
2 2.56 2.49 2.59
3 2.63 2.59 ∞

Table 10. State band limits for each state using GMM for Model 2.

State Centroid Lower Limit Upper Limit

1 2.42 0 2.48
2 2.59 2.48 ∞



Machines 2024, 12, 403 21 of 27

Table 11. Probability transition matrix using K-means for Model 2.

State 1 2 3

1 9.99 × 10−1 2.89 × 10−4 7.24 × 10−5

2 9.00 × 10−5 9.99 × 10−1 1.12 × 10−4

3 0.00 × 100 1.42 × 10−4 9.99 × 10−1

Table 12. Probability transition matrix using GMM for Model 2.

State 1 2

1 9.99 × 10−1 3.62 × 10−6

2 5.08 × 10−7 9.99 × 10−1

4.3.2. Reliability Metrics

Figure 15 illustrates comparable behavior between the two clustering methods, with
the exception that GMM has fewer conditional states than K-means. Similar trends are
observed in the RUL values depicted in Figure 16 for both methods.

(a) Using K-means. (b) Using GMM.

Figure 15. Conditional reliability functions using each method for Model 2.

(a) (b)

Figure 16. Prediction of RUL using each method for Model 2. (a) Remaining Useful Life prediction
using the K-means method. (b) Remaining Useful Life prediction using the GMM method.

The analysis of optimal times reveals that the instances where costs are minimized are
clustered closely together for both clustering techniques, as evidenced in Table 13.

Table 13. Optimal time considering the cost function results using each method for Model 2.

Method State 1 State 2 State 3

K-means 23,500 22,500 22,000
GMM 24,000 22,500 -

These findings confirm that maintenance policies derived from both methodologies
share significant similarities, as illustrated in Figure 17. Regarding the intervention policy,



Machines 2024, 12, 403 22 of 27

both decision rules suggest that the power transformers numbered 13, 14, 15, and 16 should
have been subject to an intervention at the 15,000 h mark as they are located in the warning
zone. Meanwhile, only transformer 17 is located in the safe zone. However, due to the
close dispersion of the conditional states, it is also expected to be subject to an intervention
when it surpasses the 15,000 h mark.

(a) (b)

Figure 17. Warning limit function using each method for Model 2. (a) Warning-limit function using
the K-means method. (b) Warning-limit function using the GMM method.

4.3.3. Results Discussion

Based on the findings of this second analysis, several takeaways emerged:
Initially, it is confirmed that the amount of available data significantly impacts the

optimal number of clusters. As seen in both models, K-means necessitates additional indices
to avoid subjective criteria when determining the optimal cluster count. In contrast, GMM
demonstrates greater robustness by relying solely on the AIC and BIC scores. Therefore,
careful selection is crucial when choosing between these algorithms. Overall, GMM proves
to be the preferred option over K-means in this context.

Secondly, this analysis again reveals that the difference between state bands and
centroids has minimal impact on reliability metrics. This second model was essential to
understand that this effect was not caused by the centroid values themselves, but rather by
the closeness in their magnitudes. This is evident in the examples of K-means and GMM,
where the centroid values do not perfectly align.

While both clustering algorithms might suggest minimal difference in application,
previous studies have shown that GMM and K-means can yield different results with
more data. For this paper, GMM is a more suitable choice due to its use of membership
probabilities, which creates more intuitive boundaries.

With the new selection of covariates, the decision rules suggest more aggressive inter-
ventions than the first model. Nevertheless, it still demonstrates that the proposed model
can assist in defining predictive maintenance policies, with its performance dependent on
the conditions alternative.

4.4. Performance Comparison between Both Models

This final section is focused on evaluating the performance of both models by com-
paring their reliability metrics and final decision rules. Through this analysis, a better
understanding of the importance of covariate selection can be obtained, and further in-
sight into the covariate weight and band estimation process can also be gained. Con-
sequently, both models applied in the previous analyses are compared using the GMM
clustering technique.

Table 14 shows the covariate weights obtained from both models. The first notice-
able difference is the significant variance in the β values, indicating that selecting the
covariates of Model 2 leads to an overall worse deterioration of the power transform-
ers compared to those selected in Model 1. However, while the magnitudes of η are
similar between the models, it is noteworthy that Model 2 exhibits a slightly larger value
than Model 1, compensating slightly for the high degradation rate it exhibits. Regarding the



Machines 2024, 12, 403 23 of 27

covariate weights, both models exhibit similar magnitudes for the covariates C2H4 and
R.Die. Furthermore, the covariate R.Die emerges as the most significant covariate with the
highest weight values, partly confirming expert judgment regarding the high significance
of these covariates.

Table 14. Weibull parameters and covariate weights for Model 1 and Model 2.

Model β η γDda γTint γDi f T γC2H4 γR.Die γ%Hum

1 1.4913 117531 0.0038 0.4012 - 0.0404 2.7561 -
2 2.7895 132491 - - 0.0974 0.0789 2.3879 0.341

4.4.1. Covariate Weights and Clustering

As shown in the previous analysis, the composite f (γ, z) of both models can be
compared in Figure 18. It is evident that the selection of different covariates results in
distinct data compositions. In Model 1, the data are more evenly distributed, whereas
in Model 2, the data tend to accumulate in the upper zone. Notably, Model 2 makes
the potential segmentation of the data more visually apparent, which is confirmed in
Figure 19. Furthermore, both models exhibit distinct operational states when using GMM
as the clustering technique, with Model 2 presenting a smaller cluster. This may indicate
that Model 2 favors simplicity compared to the original model based on expert criteria.
However, despite the similar magnitudes of the composites, the results from the previous
analyses suggest that the models yield different outcomes. Finally, the probability transition
matrices are compared in Table 15.

(a) Model 1. (b) Model 2.

Figure 18. f (γ, z) for Model 1 and Model 2 using the covariate weights from Table 14.

(a) Model 1. (b) Model 2.

Figure 19. The clustering results for Model 1 and Model 2 using GMM.
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Table 15. Probability transition matrix for Model 1 and Model 2.

Model State 1 2 3

1
1 9.99 × 10−1 1.27 × 10−6 2.54 × 10−7

2 1.36 × 10−6 9.99 × 10−1 2.27 × 10−6

3 6.42 × 10−7 9.62 × 10−7 9.99 × 10−1

2
1 9.99 × 10−1 3.62 × 10−6 -
2 5.08 × 10−7 9.99 × 10−1 -
3 - - -

4.4.2. Reliability Metrics

Figure 20 compares the conditional reliability of both models, highlighting noticeable
differences. Initially, even though Model 1 exhibits a lower β value than Model 2, it
produces reliability curves with a greater penalization. As observed in the separate analysis
of each model, the combination of η values and the transition probabilities in Table 15
likely resulted in the more optimistic reliability curves seen in Model 2. Furthermore, this
behavior is also reflected in the RUL values shown in Figure 21.

(a) Model 1. (b) Model 2.

Figure 20. Conditional reliability functions for Model 1 and Model 2.

(a) Model 1. (b) Model 2.

Figure 21. Prediction of RUL for Model 1 and Model 2.

Continuing the comparison, Table 16 presents the optimal replacement times, revealing
a notable contrast between the models. This divergence manifests in distinct warning limit
graphs illustrated in Figure 22. Model 2 demonstrates a significantly more aggressive
approach compared to Model 1, necessitating earlier interventions for transformers 13,
14, 15, and 16 at the 15,000 h mark, whereas in Model 1, only transformer 13 requires
intervention at the 21,000 h mark. Additionally, Model 1’s curves exhibit greater dispersion,
offering additional insights into the equipment’s operational states within the caution
zone, whereas Model 2’s curves display less dispersion, suggesting diminished information
quality and a nearly binary decision-making process. Despite these disparities, Model 2,
deemed less optimal according to expert judgment, achieves relatively similar outcomes,
serving as a viable alternative when expert recommendations are unavailable.
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Table 16. Optimal time considering the cost function results for Model 1 and Model 2.

Model State 1 State 2 State 3

1 9000 8500 8000
2 24,000 22,500 -

(a) Model 1. (b) Model 2.

Figure 22. Decision rules under Model 1 and Model 2.

4.4.3. Results Discussion

Based on the results of this final analysis, several insights have emerged:
The comparison between both models across various reliability metrics highlights

the significant impact of selecting different covariates. Even when keeping two covariates
fixed, differences in weights are sufficient to generate distinct data compositions, cluster
numbers, and reliability metrics. This outcome underscores the importance of developing
new strategies for achieving optimal and non-arbitrary covariate selection.

Regarding the results themselves, it was anticipated that the model recommended by
expert criteria would outperform a sub-optimal model. However, while Model 2 yields
more optimistic conditional reliability than Model 1, it fails to capitalize on this optimism
when generating maintenance policies, resulting in a more conservative approach. This
discrepancy may be influenced by data composition or state transition probabilities and
warrants further investigation in future research.

Finally, it is noteworthy that Model 2 is not entirely distant from Model 1’s perfor-
mance, and both models generate feasible policies. This result suggests that in cases where
expert criteria are not available, the proposed model can produce robust results. Moreover,
this finding underscores the capabilities of the covariate weight and band state estimation
processes to adapt to multi-condition scenarios without expert knowledge. This adaptabil-
ity is evident in Model 1, where expert criteria lacked information about covariate values
or state band ranges. Thus, this analysis demonstrates that jointly using these processes
can provide significant value to the maintenance area in scenarios where such information
is absent.

5. Conclusions

This study presents a comprehensive model of clustering techniques to determine
the most suitable algorithm for developing advanced predictive maintenance policies in
multi-covariate scenarios in industries where real-time data are readily available. Two
models were formulated, each featuring distinct covariates and weights. Hence, decision
rules for both models are generated to evaluate their predictive intervention performance.

The in-depth analysis revealed the critical role of data quantity in determining the opti-
mal number of clusters for both techniques. Notably, unlike K-means, GMM demonstrated
greater robustness, eliminating the need for additional indices and subjective criteria.
Moreover, GMM’s cluster segmentation, based on probability distributions, is more inter-
pretable. The study found that the magnitude of data variation has a greater impact than
the state band and centroid values, as shown by the significant similarity of the K-means
and GMM policies. Furthermore, when comparing both models, while the one suggested
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by expert criteria yields a reasonable maintenance policy, the latter demonstrates strong
performance. Especially in cases where expert knowledge is absent, the proposed model
is extremely useful and a vital guide for condition-based maintenance under a predictive
approach. This research also highlights the robustness of the covariate weight and band
state estimation processes in multi-condition scenarios, suggesting their ability to identify
near-optimal solutions regardless of specific covariate selections and their replicability
across different datasets.

In summary, this research has identified the best overall clustering algorithm for a
multi-covariate industrial scenario. It has demonstrated that the condition weight esti-
mation process can achieve robust results, highlighting the potential value of integrating
covariate weight and state band processes. Consequently, further works could prioritize
the implementation of these methods and explore novel approaches for selecting optimal
covariates. Finally, seamlessly integrating all these processes into a PHM-ML scheme
capable of cross-industry applications strengthens the guidance in pursuit of advanced
predictive maintenance decisions.
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