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Resumen

Esta tesis se centra en el estudio de la estabilidad de las soluciones para el problema de valoracion
y cobertura de derechos contingentes en un entorno de tiempo discreto y horizonte finito, bajo
condiciones de prohibicion de ventas en corto. El objetivo primordial consiste en desarrollar un
marco tebrico robusto, basado en perturbaciones Rockafellianas, que permita evaluar la estabilidad
mediante la epi-convergencia. Para ello, se modela la incertidumbre mediante variables aleatorias
con soporte discreto finito, utilizando un arbol de escenarios que seré perturbado para la captura de

eventos criticos o imprevistos.

La metodologia empleada se fundamenta en herramientas del anélisis variacional, especificamente
en los conceptos de epi-convergencia para el estudio del problema de optimizacién primal y de

hipo-convergencia para el anélisis del problema dual.

A través de la construccion de funciones Rockafellianas, se analizan tres escenarios de perturbacion
fundamentales: cambios en la distribuciéon de probabilidad, alteraciones en las restricciones de los

flujos de dinero del derecho contingente y la perturbacion conjunta de ambos factores.

Los resultados obtenidos demuestran que las funciones duales y los valores 6ptimos mantienen
propiedades de estabilidad bajo condiciones de convergencia, mientras que el analisis dual
proporciona una interpretaciéon econémica de los multiplicadores de Lagrange, identificAindolos como
precios sombra de la informacion perfecta y de los flujos de caja en cada nodo del mercado. Ademas,
se construye un ejemplo con soluciones inestables en el que la epi-convergencia falla a pesar de la

proximidad entre las distribuciones de probabilidad.

Palabras clave: derechos contingentes, perturbaciones Rockafellianas,

epi-convergencia, hipo-convergencia, analisis de estabilidad.



Abstract

This thesis focuses on the study of the stability of solutions to the valuation and hedging problem
of contingent claims in a discrete-time, finite-horizon setting under short-selling constraints. The
primary objective is to develop a robust theoretical framework, based on Rockafellian perturbations,
that allows stability to be analyzed through the concept of epi-convergence. To this end, uncertainty
is modeled by random variables with finite discrete support, using a scenario tree that is subsequently

perturbed to capture critical or unforeseen events.

The methodology is grounded in tools from variational analysis, specifically the concepts of
epi-convergence for the study of the primal optimization problem and hypo-convergence for the

analysis of the corresponding dual problem.

Through the construction of Rockafellian functions, three fundamental perturbation scenarios
are examined: changes in the underlying probability distribution, modifications to the cash-flow

constraints of the contingent claim, and the simultaneous perturbation of both factors.

The results show that the dual functions and optimal values preserve stability properties under
suitable convergence conditions. Furthermore, the dual analysis provides an economic interpretation
of the Lagrange multipliers, identifying them as shadow prices of perfect information and of the cash
flows at each node of the market. In addition, an example with unstable solutions is constructed,
illustrating a situation in which epi-convergence fails despite the proximity of the underlying

probability distributions.

Keywords: Contingent claims, Rockafellian perturbations, Epi-convergence,

Hypo-convergence, Stability analysis.
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Glossary

N: Natural numbers without 0.
R+ : [O, +OO)

R: RU{-o00,+00}

h

— : Hypo-convergence.

e .

— @ Epi-convergence.

— @ Convergence in | - |.

| || : Euclidean norm.

| - lloo : Infinity norm.

¢+ Indicator function over C' (0 if z € C, +o0 in other case).
(-,-): The inner product in R™.
i*: the set of children of node i.

j7: the parent node of node j.



Chapter 1

Introduction

It is well known that stochastic optimization problems can be ill-conditioned with respect to
perturbations of the underlying probability distribution, in the sense that small changes in the
probability measure may lead to significant changes in the optimal solutions; see, for instance, the
counterexamples in [T, 2]. Financial market models naturally fall within this setting and may be
particularly sensitive to such ill-conditioning when empirical data are used, as these data may be
corrupted by outliers or other forms of contamination [3, [, [I]. To address this lack of stability,
we use the notions of variational analysis developed in [5], 6] for Rockafellians. Under appropriate
tightness and epi-convergence conditions, these tools provide stability of optimal solutions, possibly
along subsequences [0, [7, 8l [0]. A Rockafellian function embeds an original optimization problem
into a family of perturbed problems, with the original problem recovered at a zero perturbation
vector |8, [0, I]. The use of Rockafellians provides an optimistic perspective based on relaxing the
original problem. In particular, this approach considers favorable perturbations of the problem while
retaining decisions that may remain optimal under the true, uncorrupted probability distribution.
By relaxing rather than tightening the relevant constraints, the resulting distributionally optimistic
formulation can mitigate the influence of adversarial data or endogenous outliers |4 [T, [10]. Another
approach to addressing instability under uncertainty is robust optimization. We do not adopt this
framework because of its fundamentally pessimistic perspective. Robust optimization focuses on
the worst-case realizations within an ambiguity set in order to provide performance guarantees
[4, I1]. In contrast, the Rockafellian framework considered here adopts an optimistic perspective
that is more suitable for retaining potentially desirable decisions when the observed probability
distribution is subject to perturbations. We study the stability of solutions to a discrete-time
contingent claim pricing problem in a financial market with finite horizon and finite discrete support.
We make this choice in order to enable the computational implementation of the optimization models.
Naturally, the constraints associated with this problem consist of initial budget constraints, cash-flow
constraints associated with claim payments, and, additionally, no-short-selling constraints, since the

absence of such constraints may result in degeneracy of the dual problem.



Contingent claims are financial contracts whose payoffs depend on the uncertain realization of
future market states. The study of contingent claim pricing is important for asset and liability
management and for the analysis of financial contracts [12], 13| [I4]. Central to this field is the
Fundamental Theorem of Asset Pricing (FTAP), which establishes a formal connection between the
absence of arbitrage and the existence of an equivalent probability measure under which discounted
asset prices exhibit martingale or supermartingale behavior; see, for instance, [15, 16, I7]. In this
context, a classical problem in mathematical finance is that of a writer of a contingent claim seeking
an optimal investment strategy to hedge future liabilities. This problem is naturally formulated
within the framework of stochastic programming and convex duality [I8| 19 20, 2], 22]. However,
classical financial market models often need to be extended to account for market frictions and
structural restrictions, including partial information, portfolio constraints, and prohibitions on short
selling 23] 24]. For example, regulatory measures or inherent market structures may prohibit short
selling in order to stabilize financial markets during periods of distress. An illustrative example is
provided by the temporary short-selling bans implemented across several European countries during
the sovereign debt crisis of 2011 [25]. Under no-short-selling constraints, the condition of No Free
Lunch with Vanishing Risk (NFLVR) is preserved only if there exists a probability measure under
which the prices of the restricted assets are supermartingales [I5] [26]. This extension of the classical
arbitrage framework requires appropriate duality results to characterize dual solutions in incomplete
or constrained markets [23] 27]. In this thesis, we extend the stability analysis of contingent
claim pricing to both the primal and dual formulations. The primal problem is studied through
epi-convergence of Rockafellians, whereas the dual problem is analyzed using hypo-convergence,
which is the natural variational convergence concept for maximization problems [I0]. This dual
analysis is particularly relevant for interpreting dual variables as shadow prices of information [14]
and for studying the convergence and stability of the corresponding optimal dual solutions. Our
main contribution is methodological. We introduce Rockafellian perturbations into the contingent
claim pricing problem under portfolio constraints and develop a comprehensive stability analysis
for both its primal and dual formulations. We construct Rockafellian perturbations associated
with changes in the underlying probability distribution, perturbations of the claim constraints, and
simultaneous perturbations of both components. For each setting, we establish epi-convergence of
the corresponding sequence of approximating Rockafellians and analyze the resulting stability of the

primal optimal solutions.

On the dual side, we derive explicit dual formulations, establish hypo-convergence of the
associated dual functions, and study the stability of optimal dual solutions. This analysis provides
an economic interpretation of the dual variables as shadow prices. In addition, we identify
conditions under which strong duality holds and characterize situations in which duality gaps
may arise. The perturbations considered were of three types: perturbations of the underlying

probability distribution, perturbations of claim prices, and joint perturbations of the probabilities



and claim prices. These perturbations were chosen because of the rich information provided
by the shadow prices through the dual problem. Regarding perturbations of the probability
distribution, their purpose is to examine situations in which scenarios are underestimated or
overestimated. The corresponding dual values provide relevant information about the resulting
optimization strategies. When the Rockafellian relaxes the primal problem excessively, it gives rise
to wait-and-see dual strategies, that is, strategies in which the portfolio is optimized after observing
the events that will occur. On the other hand, perturbations of claim prices provide important
information through the dual variables interpreted as Lagrange multipliers, while also yielding
supermartingale-type properties as a consequence of the no-short-selling constraints. Finally, when
joint perturbations are considered, the resulting formulation preserves the properties obtained
under the individual perturbations. Beyond these positive stability results, we also investigate the
limitations of the Rockafellian framework. In particular, we construct examples of unstable models
for which epi-convergence fails. These examples illustrate the boundary between well-conditioned
and ill-conditioned contingent claim pricing problems and highlight the conditions under which

Rockafellian perturbations can or cannot provide stability.
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Chapter 2

Preliminaries

We adopt the notation and terminology of [8]. We work in the n-dimensional space R™, and
write x; for the j-th component of a vector € R". The usual inner product is denoted by (, ).
For any m € N, the simplex is denoted by A,,_1 := {p e R : Z;”Zl pj = 1}. The extended real
line is denoted by R := R U {—o00,+00}. We adopt the standard conventions co — oo = oo and
0-00 = 0. For a set C C R, the indicator function vc : R® — R is defined by tc(x) = 0if z € C

and (o (x) = oo otherwise.

For a function ¢ : R® — R, its effective domain and epigraph are defined respectively by
domg:={x € R" | g(z) < o0}, epig:={(zr,a) e R" xR |g(x) < a}.

We say that g is proper if domg # () and g(x) > —oo for all z € R™. We say that g is lower
semicontinuous (lsc) if epig is closed in R™ x R. Equivalently, ¢ is Isc if and only if all its sublevel
sets, {x € R" : g(x) < a}, are closed for every a € R. Another equivalent characterization is that
g is Isc if and only if, for every z € R™ and every sequence (zj)r C R™ with x; — x, one has
g(z) < liminfy_, g(xg). We say that g is convex if epig is a convex set and ¢ is strongly convex,

with modulus 3, if the function g(-) — gH -||? is convex.

Consider a sequence of functions {g” : R* — R,v € N} and a function g : R® — R. We say that

g" epi-converges to g, written g” = g, if at every & € R™, the following two conditions hold:
1. For every z € R™ and (z"),eny C R™ such that ¥ — x, one has liminf,_, ¢”(z") > g(z).
2. For every z € R", there exists (2"),en C R"™ such that ¥ — = and limsup,_, ¢”(z") < g(z).

We say that ¢” hypo-converges to g, denoted by ¢” LN g, if —g¥ S —g.

A sequence of functions {g” : R® — R} is called tight if for every e > 0 there exist a compact set

B. C R™ and an index v, € N such that

inf ¢”(x) < inf ¢" for all v > v,.
Jnf g (m)_xleang (x)+¢e, foralv>uw.

11



Let g : R® — R. The conjugate and biconjugate of g are the functions g*, g** : R® — R defined by

9°(y) = sup {(z,y) —g(x)}, g7 (x):= sup{(z,y) —g"(v)}.
r€eR™ yeR™

We formulate our optimization problems using the concept of a Rockafellian function. Given a
function ¢ : R® — R, to be minimized, a function f: R™ x R™ — R is called a Rockafellian (for ¢)
if

f(0,z) = p(x), Vz € R"™.

For a fixed vector y € R™, the tilted Rockafellian associated with f is defined by

fy(uvx) = f(u,:v) - <y7u>'

Similarly, for a sequence {y”},eny C R™ and a sequence of functions {f"}, the approximating tilted
Rockafellian is defined by

fgl//V(u>$) = fy(ua ZL‘) - (yyau>'

The Lagrangian [ : R x R™ — R associated with f is defined by

l(z,y) = —(f(~2) (y) = inf {f(u,z)—(y,u)}. (L)

uER™

For a fixed multiplier y € R™, the Rockafellian relaxation of the problem mingecgn () is given by

in I(z,y).
min I(z,y)

Optimization over the multiplier 3 yields the dual problem. The dual objective function 1 : R™ — R
is defined by

Y(y) =—f"(y,0)=  inf {f(u,2) —(y,u)},

(u,z)ER™ X R™

and the corresponding dual problem is sup,cgm »(y).

When the function f : R™ x R® — R is convex, so is the following auxiliary function ¢ : R™ — R

d(u) ;= inf f(u,x).

z€R™

Moreover, in terms of the biconjugate, we have

¢™*(0) = liminf ¢(u) = sup V(y).

u—0 yER™M

2.1. Market model and investment problem

We consider the portfolio optimization problem of an investor who seeks to choose a trading
strategy that maximizes the expected terminal value of the portfolio, subject to the constraint of

hedging the cash flows of a given contingent claim.

12



Let (2, A,P) be a probability space and let T' > 0 be a finite time horizon. We work in discrete
time and consider an R%-valued stochastic process ¢ := {& tT:JE)l, where & is deterministic and, for
cach t > 1, & : Q — RY has finite support. The uncertainty in the model is described by the
realizations of the process &, which we refer to as the environment process. This means that we

endow the probability space with the filtration generated by . We denote it by {F; ;‘F:'Bl.

For t € {0,...,T + 1}, we define the history of the environment process up to time ¢ by
fO:t = (50) .. a&t) S R(tJrl)d-
We denote by {S}t}tT:'B1 the process of market prices of the k£ + 1 basic securities, that is,

St(ﬁo:t) = (5197 Stl (50:15)7 sy Stk(g&t))a

where SP denotes the price of a risk-free asset, and for i € {1,...,k}, S¥(&.) is the price of the
i-th risky asset at time f. We assume that all asset prices are strictly positive. We also assume
that the market is arbitrage-free, meaning that there exists no self-financing trading strategy with
zero initial wealth that yields a nonnegative terminal wealth almost surely and a strictly positive

terminal wealth with positive probability.

For each t € {0,...,T}, let G; : R+D4 5 R denote the payoff of the contingent claim at time .
The associated payoff process is therefore G := {G}(&0.¢)},. We assume that G > 0, representing
the initial capital, which may consist of both borrowed funds and capital contributed by the writer,
and that Gy < 0 for t > 1, corresponding to the cash outflows required to meet the claim payments.
The randomness of the contingent claim is entirely determined by the history of the environment

process.

The writer sets up a portfolio to meet the contingent claim with some investment strategy.
For every t € {0,...,T}, let X; be the portfolio allocation at time ¢, which is a function of the
environment process. Therefore, X is adapted to the filtration generated by £. By letting n, € N
denote the size of the support of &, we can represent X; by an element of R#+1m  We denote
then X := (Xo, X1, ..., X7) to the trading strategy over the whole time period. The writer seeks
to maximize the expected terminal wealth of the portfolio by solving the following optimization
problem, with finite dimension n := (k + 1) Np, where Np := thZO ng.

max E(Sti1(6or+1), X1(6o)) (2.1)
s.t. (So, Xo) < Gy

(St(&o:t)s Xe(Co:t) — Xp—1(&0:t—1)) < Gi(o:), VEe{l,...,T} as.
Xi(&ot) >0, VE€{0,....,T} as.

We impose the no—short-selling constraint for technical reasons. Namely, to preserve important

properties of the Rockafellian under perturbations of the probability measure, such as tightness, and

13



to avoid degeneracy in the dual problem (see Remark [4.1)). The investment strategy X is thus a

vector in the following feasible region, which is closed and convex.

X:={X eR": (Sy,X0) <Go, X¢(€o:) >0, VE=0,....,T as.,
(Se(&o:t), Xe(€ot) — Xe—1(80:t-1)) < Ge(&oit), VE=1,...,T as.}.

The last decision X7 guarantees that a terminal wealth is computed from the portfolio position after

paying the claim.

While standard portfolio hedging models in the literature typically liquidate the terminal portfolio
at time T concurrent with the final claim payment, our framework extends the horizon to T'+1. This
choice reflects a scenario where the writer treats the contingent claim as an intermediate liability
within a longer-term investment strategy. Because no claim payments occur at time 71" + 1, the
allocation X7 chosen at time 7' is completely unburdened by hedging constraints. This allows the
writer to optimize the final period’s risk-return profile purely for terminal wealth maximization and

take more aggressive positions.

Remark 2.1

Notice that the feasible set X may be assumed to be compact without loss of generality, and
we shall do so from now on. Indeed, at time ¢t = 0, for every asset ¢ such that 56 > 0,
the constraint (Sp, Xo) < Go implies that X € [0, M{] with M} := Go/Si. Proceeding
inductively, at any ¢ > 0, the constraint (S¢(£o:t), Xt — X¢—1) < Gi(&o.) yields

Gi(&o:t) + (Si(&0:t), Mi—1(€0:4—1))

53600 T

0 < X}(&u) <

14



Chapter 3
Rockafellian perturbations and stability

In the context of the optimal portfolio selection problem , we introduce its primal objective
function. To simplify the notation, we no longer write the environment process £ and remind the
reader that S and X are adapted to it. Written in minimization form, we define ¢ : R* — R by
o(X) := —=E[(S7+1, X7)] + ta(X). We are then interested in the following optimization problem

min (X). (P)

Given that the environment process can follow finitely many trajectories, we can represent the
uncertainty of the model through a tree graph. We add a node at layer t for every realization of &
and an edge for every possible time-transition. Notice that an allocation decision is made at every

non-terminal node. In Figure [3.1] we show an example of such a representative tree.

0 T T+1

g

Figure 3.1: Tree graph representing the scenarios at every time.

In order to examine the stability of the model, we extend the tree just described. We introduce
additional scenarios at time T+ 1, each representing an unforeseen ‘critical’ event. In these scenarios

the value of some, possibly all, risky assets at time T is multiplied by a positive factor. To be more

15



precise, for each added scenario j originating from the parent node j~, the asset ¢ € {1,...,k} is

scaled by a factor né- > 0.

Since, by construction, the terminal nodes of a scenario tree are associated with probabilities,
the introduction of the new scenarios requires a consistent extension of the tree. To preserve the
probabilistic structure, the newly added scenarios are assigned zero probability. They are thus part
of the scenario structure, but they do not alter the original probabilities in the model. Naturally,

when we perturb the problem, we will allow these nodes to have positive probabilities.

The augmented scenario tree is labeled in a top-down manner at time 7'+ 1. In Figure [3.2] we
depict a situation in which one critical scenario is added originating from node 1~ and two critical

scenarios are added originating from node m™.

Jj=m"

Figure 3.2: Same labeled tree, where red connections indicate additional scenarios.

Let m € N denote the total number of terminal nodes after augmentation, and let p € A,,_1 be
the probability vector associated to these nodes. We denote by I the set of indices corresponding to
the original terminal nodes and by I the set of indices associated with the newly added scenarios.
Then, as already explained, we impose p; = 0, Vj € I so that the original optimization problem

is not affected by the mere augmentation of the tree.

In the approximating scheme, however, the probabilities of the scenarios are allowed to change.
We denote by p¥, with v € N, an approximate probability vector, which may assign positive
probabilities to the scenarios in I. In Section we study stability properties via epi-convergence.
Our motivation is that, in practice, the probability vector p can be unknown; instead, one may only

have access to an approximate distribution with an associated vector p”.

16



Remark 3.1

The probability vector p¥ may not accurately represent the true scenario distribution encoded
by p. In particular, p may assign positive probability to scenarios that are not originally
present in the model (scenarios in I), while others that belong to the support of p (scenarios

in I) may have zero probability under p”.

Remark 3.2

Formally, the vector p € A,,_1 is defined for every i € {1,...,m} by

pi = P(the realization of the environment process at time T+ 1 corresponds to node z)

We identify the vector p with the probability measure P. Similarly, in the approximate
schemes, each vector p” is identified with a probability measure P¥. For notational

convenience, expectations with respect to P and P¥ are denoted by EP and EP”, respectively.

3.1. Rockafellian perturbation of the probability distribution

We start by proposing the Rockafellian (for ) f1 : R™ x R™ — R , defined as follows
= 1
fr(u, X) === "(pj + u)(Sr41.(4), Xr(57)) + ra(X) + §9||U||3 + L0 ,400m (P + 1), (3.1)
j=1
where p is the vector defined in Remark and 6 is a positive regularization parameter. The
vector u represents a perturbation in the probability distribution, so that the left-most term is a

perturbation of the expectation in (P)). Indeed, when u = 0, we recover E?[(S7.1, X1)].

Let now p” € A,,—1 be an approximation of p. We define the approximating objective function
¢ :R" - R by
(pV(X) = —Epy[<ST+1, XT>] + Lx(X), (3.2)

and next the approximating Rockafellian (for ¢”) f¥ : R™ x R" — R as

(0, X) = = S0+ ) (Sr1(7), X (7)) + 0 (X) + 20l + s ot 0 + ), (33)

m
j=1

where {6"},en is a family of positive parameters that determines the shape of the regularization

term. We will also study a variation in which the perturbation must be negative, so we define

fi(u, X) = fi(u, X) + )0 0m (), (3.4)

and its approximation

T (u, X) = 7 (u, X) + oo gm (1) (3.5)
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Proposition 3.1

Let 6 — 6 and p” — p. Then the sequence of approximating Rockafellians f} epi-converges

to fi. Moreover, the sequence ff epi-converges to fl.

Proof. (i) We show that Conditions [I| and |2| for epi-convergence hold. Let (u, X) € R™ x R"™ and
(u”, X") C R™ x R™ be such that (v”, X") — (u, X). Since the sets & and [0, +oo[™ are closed, its

indicator functions are lower semicontinuous. Then we have

liminf tfp 4oopm (p” +u”) > Lo oo (P + ), lin_l}inf tx(XY) > wx(X).

V—00

Next, from the convergence of the sequences, we obtain

NE

lim (p% + uf)(=S7+1(4), X7(j7))

—/ y—r00

liurgiogf Z(PJV +ui ) (=ST11(4), X7 (7)) =
=

<
Il
-

(pj +uj){(=ST41(4), X7(57))

I
NE

.
Il
—

Combining all the facts above, we find that liminf, . f{' (v, X*) > fi(u, X).

Consider now (u, X) € R™ x R™. Without loss of generality, assume that p + u € [0, +oo[™ and
X € X so that fi(u, X) < co. For every v € N define X" := X and u” := p + u — p” and note that
u” — u. Then

m m

limsup f{ (u”, X") = lim | > (p; +u)(~Sr41(7), Xr (7)) + %9” > W) ) = fi(u, X).

v—00 j=1 7j=1

We thus conclude that f} epi-converges to f;.

(ii) The epi-convergence of ff follows directly from [I0, Proposition 3.6(b)|, by choosing the
functions go(X) = Lx(X) and gZ(X) = <—ST+1(2‘),XT(’L'7)>. O

Remark 3.3

Notice that the previous epi-convergence is not affected by the market prices in the critical

scenarios. By this we mean that for any values of the scale factors /@é-, epi-convergence holds.
i
J
which p¥ converges to p, then epi-convergence can no longer be guaranteed. This fact is

However, if we perturb those factors and the sequence (k%)” grows faster than the rate at

discussed in more detail in Subsection 3.4

3.2. Rockafellian in claims

We now introduce a Rockafellian perturbation in the set of constraints X of Problem and

proceed to study similar stability properties as in the previous subsection.
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For given functions u; : RN 5 R with ¢ € {0,...,T}, we denote the associated stochastic

process by u := {u(£0:¢)} 1y We define next the perturbed set as

X(u) = {X e R": <S[),X0> < Gy + uo, Xt(f();t) >0, Vt=0,...,T a.s.,
(St(€0:t)s Xi(€o:t) — Xi—1(&0:t—1)) < Gel&o:t) + ue(€ox), VE=1,...,T as.}.

We define the Rockafellian (for ¢) fo : RNT x R — R by
fo(u, X) := =EP(Sp41, X71) + LX(u)(X) (3.6)
We recall the vector p defined in Remark [3.2] and, for an approximation p” of p, the function ¢”

defined in ([3.2)). We define now the approximating Rockafellian (for ¢*) f¥ : RNT x R" — R by

fg(uv X) = —E” <ST+17 XT) + Lx(u) (X) (3'7)

The next result is analogous to Proposition

Proposition 3.2

Let p¥ — p, then the sequence of approximating Rockafellians f5 epi-converges to fa.

Proof. We show that Conditions [I| and [2| for epi-convergence hold. Let (u, X) € RN¥? x R" and
(u”, X¥) C RN x R™ be such that (u”, X”) = (u, X), then liminf,en () (X¥) > tx(y)(X). This
can be seen directly by replacing the term ¢y (,)(X) by ¢ (X, u) in the Rockafellian (3.6)), where

X = {(X,u) e RN 1 (S, Xo) < Go +up, Xi(&o4) >0, ¥Vt =0,...,T as.,
(Se(€0:t), Xe(€ot) — Xi—1(€0:t—1)) < Ge(&o:t) + ue(&ot), VE=1,...,T as.}.

Then, the property follows from the lower semicontinuity of the indicator function. Next, note that
m m
liminf ~EP (St X7) = lim Y pi(=Sr1(), X7()) = Y pi(=Sr41(7): Xr (i),

vV—00 X
j:1 7=1

which allows us to conclude that liminf, , f5(u”, X¥) > fa(u, X).
Consider now (u, X) € RNT x R". Without loss of generality, assume that X € X(u) so that
f2(X,u) < co. For every v € N define X” := X and u” := u, so then
m

limsup /3 (u, X) = lim 3 g (=S (), X2()) = 30y (S (1), X2 7)) = folu, X). O

vV—r00
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3.3. Rockafellian perturbation of the probability and claim

We study now the effect of perturbing both the probability measure and the feasibility set,
combining thus the Rockafellians and from the previous subsections. The goal is to
analyze the effect on the contingent claim of introducing perturbations in the probability measure
and see if the stability that both Rockafellians have is maintained. We thus consider the Rockafellian
(for ) f3: R™ x RV x R™ — R defined as

Fa(u, v, X) = = (0 + 1)) (Sra(5), Xr (7)) + o) (X) + GHUH2+Lo+oo[m(P+U)+L} o0,0)m (W),
7=1

(3.8)
and the approximating Rockafellian (for ¢¥) f¥ : R™ x RNT x R® — R defined by

14 s — 1 14 14
f3 (u,0, X) = (P +u;){ST+1(7), X7 (7)) +ea(w) (X) +50 ][54 (0,400 (P +10) + 1 — o0 opm (1)

.M3

<
I
-

(3.9)

The next result is analogous to Propositions [3.1] and [3:2]

Proposition 3.3

If p¥ — p and 0¥ — 0, then the sequence of approximating Rockafellians f§ epi-converges to
the Rockafellian fs.

Proof. We show that Conditions [I| and [2] for epi-convergence hold. Let (u,v, X) € R™ x RNT x R”
and (u”,v”, X¥) C R™ x RNT x R" be such that (u”,v”, X¥) — (u,v, X). Since the sets | — oo, 0]™
and [0, +-oo[™ are closed, the functions ¢j_ gjm(u) and ¢ 4o (p + u) are Isc and, by the same

argument used in Proposition 3.1, it follows that ¢y, (X) is Isc.

From the convergence of the sequences, we have

1

liyrr_1>i£f Z(p}' +uf)(=Sr1(4), X7 (5 7))
=

lim (p% + uf)(=Sr+1(4), X7(j 7))

v—0o0

<.
Il
—

[
Ms

(pj + uj)(=S141(5), X (7)),

<.
Il
—

from which we conclude that liminf, o f¥(u”,v”, X") > f3(u,v, X).

Let now (u,v,X) € R™ x RNT x R". Without loss of generality, we assume that X € X (v),
p+u € [0,+00[™ and u < 0 so that f3(u,v, X) < co. For every v € N, we define X" := X, v” := v
and u} := min{0, p; +u; —p7} for every j € {1,...,m}. Note that u” <0, u”+p” > 0 and v’ — u
Then

m
limsup f5 (u”, 0", X¥) = tx)(X) + Zyli_g)lo(pj”- +min{0, pj + u; — pi })(—=Sr+1(j), X7(37))

vV—00 j=1
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m

+ lim 0" Z(min{(),pj +u; —pj )2

V—Nw
7j=1

= fs(u, v, X). O

3.4. Failure of epi-convergence under perturbations of critical

scenarios

While probability convergence often implies solution proximity, this property can fail if
catastrophic events carry vanishingly small probabilities but arbitrarily large impacts (see the
example in [3]). We formalize this instability below, noting that it does not invalidate our previous
results since it relies on a different perturbation mechanism than Section . Recall that I denotes

the set of catastrophic nodes, while I denotes the set of original nodes.

Proposition 3.4

Suppose p¥ — p and the asset prices in the critical scenarios are scaled by (ﬂé)” such that
liminf, ¢y pj’{(/{;)" > 0 for some j € I and some risky asset 4. Then, in such setting with
critical events, any approximating Rockafellian fails to epi-converge to a Rockafellian of the

original problem.

Proof. Let S7.,(j) denote the asset prices in scenario j at time 7"+ 1, explicitly indicating their
dependence on v. That is, for every j € I, St(j) = (/@;)”ST(j*).

To show that epi-convergence fails, we test Condition |l| at v = 0 for an X € X where X} is
strictly positive in at least one critical scenario. Let X¥ — X and assume liminf,cy f¥(0, X¥) < 00

without loss of generality. We have that

hrynelI\Tnffl’(O X") —hmlnf Zp] =Sr10), Xr(G7))

_hmlnf <Zp] ST—H XT +Zp] ST+1( ),X%(]_»)

Jel jel

=2 _pi{=Sr1 (), Xr(57)) + it 3 pf (=575, X7(7)

Jel Jel
The first term matches f(0, X) for any Rockafellian f. However, evaluating the second term under

our growth assumption reveals that

liryﬂeglfzpj =S741(0), X7(G7)) < Z hryne%\?f ) ST(T) - (X3(7))” <0,
jeIl jGI 1=0
which prevents lim inf,cy £7(0, X¥) > (0, X) from holding. Thus f* 5 f fails. O
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This phenomenon underscores the boundaries of the stability framework under Rockafellian
perturbations. As will be illustrated in Subsection [6.1} introducing catastrophic events with
vanishing probabilities but unbounded asset prices yields a sequence of problems where the
probability distributions converge to the baseline model, yet the optimal solutions remain unstable.
Consequently, the approximating Rockafellian functions fail to preserve stability in the sense of

epi-convergence.
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Chapter 4
Dual stability and shadow prices

We now turn to the dual problems associated with the Rockafellians introduced in Section [3]
We interpret the dual variables as shadow prices, study the stability of the dual functions through
hypo-convergence, and establish strong duality together with a characterization of the duality gap
whenever strong duality fails. Before proceeding, we comment on the role of the no short-selling

constraint imposed on the investment problem.

Remark 4.1

The no-short-selling constraint X > 0 is crucial for ensuring that the dual problem remains
non-trivial. In contrast, the primal problem is well-defined under the no-arbitrage assumption.
Indeed, if this constraint is removed from , the feasible set loses compactness and thus
admits a recession direction d € R"™ satisfying (Sop,dp) < 0 and (S, d; — dy—1) < 0 for every
te{l,...,T}, with (Sp41(j),dr(j7)) > 0 for some scenario j € {1,...,m}. Consequently,
the dual function degenerates: for the probability-perturbation Rockafellian, choosing 4; = 0

and 4y = —py, for all k # j yields
<Y (o + ) ge(X + M) — (y,@) = p; g;(X + M) — (y,8) — —o0
k=1

as A — 0o, which implies 11 = —oo. The same direction d prevents the approximating tilted

Rockafellian from being tight.

4.1. Probability perturbation

4.1.1. Lagrangian and dual problem

We study the dual problems through the Lagrangians associated with the Rockafellians f; and
fl, defined in (3.1} and (3.4)), respectively. Cases 1.1 and 1.2 correspond to f; with § =0 and 6 > 0,
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respectively, while Cases 2.1 and 2.2 correspond to fl under the same distinction. For convenience,
we define the function g;(X) := (=S74+1(j), X7(j 7)), and note that g;(X) < 0 for every X € X,

since asset prices are nonnegative and short-selling is prohibited.
Case 1.1: Lagrangian associated with f; and 6 = 0.

For any X € R" y € R™, the Lagrangian associated with f; is given by
W(X,) = inf (il X) = (g} = cx(X) + 3 hi(X,0),
j=1

with the functions

i, if g;(X) >y,
hy(X,y) = Py, if g;(X) > y;

—00, if g](X) < Yj-
Then, the dual function is given by

—o0, if gj(X) < y; for some X € X and j € {1,...,m},

Y1(y) = min (X, y) =
XeR > ie1 Py, if gi(X) > y; for every X € X and j € {1,...,m},

and the set of maximizers of ¢ is

min i), lfp 0,
argmax¢1(y) = H;ﬂzlyj, where Yj _ { zEX g]( >} 5 #*

yeRr™ | — 0o, mingex gj(x)], if p; = 0.
Case 1.2: Lagrangian associated with f; and 6 > 0.
For any X € R™ y € R™, the Lagrangian associated with f; is given by
m
WX y) =D hi(X,y) + ta(X),
j=1

where

h(X.y) = 3005 + y;pj, if 9;(X) €ly; + Op;, +o0],
p;g;(X) — 55 (y; — g;(X))?, if g;(X) €] — 00, y; + Op;].

Despite not having an explicit formulation of the dual function, we have that

sup ¢1(y) € [W, V],
yeR™

where V' := minyex ¢(X) and W := > 1", pjminyex g;(X). This result is formally presented in
Theorem

Case 2.1: Lagrangian associated with f; and 6 = 0. In this case, the Lagrangian takes the

form

~ m _ B i, lf (X Z i
hW(X,y) = tx(X) + Z hi(X,y), where h;j(X,y)= b5y gj.( ) >y
e pigi(X), if g;(X) <yj,
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and the dual function is given by

q/;l(y):)?é%lnll X,y) _m1 Z_: (X,y) —mmZp]mm{g]( ) Y5 }-

Moreover, we have

arygeglgm/h(y) ={y e R™: ¢i(y) = min (X))}

More analytically, it can be proved that

{y eR™:y; >0, Vj € Jy} Cargmaxip(y) C {yeRm:ij max  g;(X), Vj€J+},
yeR™ Xe€arg min ¢
(4.1)
where J; :={j € {1,...,m} : p; > 0}.

The second inclusion follows by contradiction. Suppose that there exists a component y; that
does not satisfy the condition. Then, there exists some X € argmin¢ such that y; < g;(X).
Consequently,

m
) = i} < mi igi(X) =11(0
D1y mm ij min{g;(X), y;} )I}lé%;pggg( ) = ¥1(0),
which contradicts the optimality of y.
Case 2.2: Lagrangian associated with f; and 6 > 0.

In this case, the Lagrangian takes the form

m

L(X,y) = Z

where
5003 + yjpj, if g;(X) €ly; + Op;, +o0),
hi(X,y) = 4 pigi(X) — & (y; — 9;(X))?, if g;(X) € [yj, 5 + Oy,
p;g;(X), if g;(X) €] — o0, y;].

Regarding the dual function, we have

~ R™, if p; # 0,
argmax 1 (y) = II7L,Y;,  where Y; = ey #
yekm R, if p; = 0.

The calculations can be found in Appendix [A]

Remark 4.2

We point out that the same formulas apply for the dual functions, if we consider the

approximating Rockafellians f{" and ff and replace p with p”.
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4.1.2. Tightness of approximating tilted Rockafellian

In this section, we are interested in studying the tightness of the approximating tilted Rockafellian

fglj'/(u7X) = ff(uﬂ X) - <yl/7u>v

with f} defined in (3.3). This is an important property which is used for establishing the
hypo-convergence of the dual functions, see [I0, Thm. 5.1]. It turns out that tightness may fail
when the regularization parameters ¥ = 0. However, we still have hypo-convergence of the dual

functions, as shown in Theorem [£.1]

Lemma 4.1: Tightness of the approximating tilted Rockafellian

Let { f;’y},jeN be the approximating tilted Rockafellian associated with f{.
(1) If liminf,en 67 > 0 and y” — y, then {f;. },en is tight.
(11) Let liminf,en 0¥ = 0 and ¥ — y.
(a) If there exist X € X and j € {1,...,m} such that g;(X) < y;, then the sequence

{fy}ven is not tight.

(b) If y; < minxex g;(X) for every Vj € {1,...,m}. Define J as the set of indexes
where equality holds and if y; " y;,Vj € J, then {f}. },en is tight.

. J

Proof. (i) Set ¢ := %lim inf, ¥ > 0 and choose vy € N such that 8” > ¢ and [|y” — y|/c < 1 for every

v > .

For each X € X and v > 1, the map u — f, (u, X) is strongly convex with modulus #” > ¢ on

its effective domain {u € R™ : p¥ 4+« > 0}. Its unique minimizer is

yi — 9;(X)

ﬁ?(X):max{ey, —p]V-}, Vie{l,...,m}.

From the compactness of X', we have that G := max; maxxex |g;(X)| < co. Combining this with

7| < ly;l +1, 0¥ > ¢, and p} € [0,1], we have

G 1
@%(X)| < R := max{w, 1}, Vo > v, VX € X, Vi€ {L,...,m).
c
Set B := [-R, R]™ x X, compact as a product of compact sets. By construction, the infimum of Ty

over R™ x R” is attained inside B for every v > 1, so for any € > 0,

i f VI/ X - i f Vl/ X < i f Vl/ X .
X = i R X) S el X+

which implies directly that {f}\},en is tight.
(ii)(a) Suppose that liminf§” = 0, ¥ — y and there exist X € & such that g;(X) < y; for at

least one j € {1,...,m}.
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e If 0 = 0 for infinitely many terms, then, by selecting the corresponding subsequence (which,

for convenience, we continue to index by v), we obtain that
m
Foo(u, X) = (04 +uj)g;(X) — wjyf = ijgg ) + uj(g;(X) — y5). (4.2)
7=1
Noting that g;(X) — y; <0 for v large enough, taking u; — oo, the tightness fails.

e If 6V > 0 for all v > 1y, since liminf,cy 6" = 0, there exists a subsequence (we continue to

index by v) 6¥ — 0. Using the results obtained in (i) for the optimal value in u, we have that

Vg X
ﬁ?(X):max{ijegi](), —pj”}—>oo

and, as before, the tightness fails.

(ii)(b) Let y; < minxex g;(X) for all j, and {y"},eny C R™ is a sequence such that y? 7 y; for
every j € J, then
_p;/7 if 0¥ = 0,
= v (X
max{yjé?(), —p;f} , if6”>0.
Since yj < y; < minxex gj(X), it follows that

N

57(X) € [-pj,0] € [-1,0]

in both cases. Therefore, taking B = & x [~1,0], the sequence {f,.} is tight.
O

Remark 4.3

For the approximating Rockafellian f¥, defined in (3-7)), the sequence { f?’ju}l,eN is also tight
for any sequences {y”} C R™ and {#”} C R;. Indeed, the same argument used for X
in Lemma Ffl_7| applies. In the perturbation space, we have —p7 < u; < 0. Thus, since
p” € Ay —1, we define U := [—1,0]" and set B := U x X. Then, for all v € N and € > 0, we
obtain

inf % (u, X) < inf Y o(u, X
(u,l)l(:l)Eny (u )_(u,X)gll%me"fy (w, X) +e
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4.1.3. Hypo-convergence of dual functions

Theorem 4.1: Hypo-convergence of Dual Functions

Let {p”},en be a sequence of probabilities converging to p and let {6}, cn be a sequence of

regularizing parameters converging to 6.

(1) If § = 0, then the approximating dual function ¢} associated with f} hypo-converges
to the dual function v; associated with f; (as in Case .

(11) If 6 > 0, then the approximating dual function ¢} associated with f} hypo-converges
to the dual function 1; associated with f; (as in Case|l1.2)).

(111) The approximating dual function 1[111’ associated with ff hypo-converges to the dual
function v, associated with f; (as in Cases and [2.2)).

Proof. (i) We note that dom(—%1) = {ye€R™:y; <minxexg;j(X)Vje{1,...,m}}. From
Proposition the epi-convergence f{ 5 fy follows. Furthermore, considering any sequence

{y”}ven C R™ such that y7 7 y; with y € dom(—4)1), we have that {f.} is tight by Lemma
Finally, hypo-convergence of the dual functions then follows from [I0, Theorem 5.1(a)].

(ii)-(iii) From Proposition the epi-convergence fI = f; follows. Moreover, tightness of { fov}
holds in Case by Lemma [£.1.2] (since liminf, #” > 0) and in Cases and by Remark

Hypo-convergence of the dual functions then follows from [10, Theorem 5.1(a).

O
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4.1.4. Strong duality

Theorem 4.2: Strong Duality

Let V := minxcx ¢(X) denote the primal value, and define the wait-and-see value
m
3= ; min g;(X).
w 2“ min g;(X)
]:

(1) In Cases and the dual value equals V. Strong duality holds.

(1) In Case the dual value equals W, and the duality gap V — W is non-negative. The
gap vanishes if and only if there exists X* € X such that

g;(X™) = )1?61% gj(X) for every j with p; > 0.

(111) In Case the dual value sup,, ¥1(y) lies in [W, V]. Strong duality holds whenever a
common minimizer X* as in (ii) exists; in particular, the regularization term does not

introduce a new duality gap beyond the wait-and-see gap of Case

Proof. (i) By the calculations of Casesand 0 € argmax ;. Evaluating ¢ at y = 0 and using
gi(X) <0 on X, both cases reduce to ;(0) = minyey >_;pjgi(X) = V. Hence sup, Pi(y) =V.

(ii) The argmax of 1, in Case consists of vectors y with y; = minxcx g;(X) for every j with
pj > 0, whence

sup Uiy Z pj min g;(X) = W.

The inequality V' > W follows from Ej pjgj( ) > Zj p; minxs g;(X’) for every X € X, by taking

the infimum on the left.

Suppose first that some X* € X satisfies g;(X*) = miny g;(X) for every j with p; > 0. Then
V < >,pjgi(X*) = W, which combined with V' > W gives V.= W. Conversely, if V = W and
X* €argming, then0 =V - W = Zj:pj>0 p;(g;(X*) —minx ¢;(X)), and since each summand is
non-negative with p; > 0, we conclude g;(X*) = miny g;(X) for every j with p; > 0.

(iii) The inequality sup,i1(y) < V is weak duality. For the lower bound, the inequality
Y1(y) > L(y) == >_; minx hj(X,y) (pointwise minimization) combined with the maximum-over-y
calculation, and defining m; as m; := miny g;(X), we obtain sup, L(y) = >_;pjm; = W gives
sup, ¢1(y) = W.

Suppose now that a common minimizer X* exists, that is, ¢;(X*) = m; for every j with p; > 0.
Choose y = m (so y; = m;). Then at X*, the lower-region branch of h; gives h;(X*,m) = pjm;.
For any other X € X, g;(X) > m;, and since h;(-,m) is non-decreasing in g;, hj(X,m) > p;m;.
Hence 91 (m) = Zj pjm; = W =V, establishing strong duality. O
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Remark 4.4: Strict duality gap in Case 1.1

The duality gap in Case is strictly positive whenever the family {g; : p; > 0} does not
admit a common minimizer in X'. This is the generic situation: if, at some parent node i € I,
two children with positive probability favor different optimal allocations of X7(7), then no
common minimizer exists. The gap vanishes only in degenerate cases: for example, when,
at every parent node, the price vectors S741(j) corresponding to all children with positive

probability induce the same optimal allocation.

Remark 4.5: Regularization and the duality gap in Case 1.2

Theorem iii) shows that the regularization parameter 6 does not by itself create a duality

gap. When a common minimizer exists, strong duality holds for every 8 > 0. In the absence of
a common minimizer, the gap of Case [I.2]is strictly between 0 and V — W; the regularization
acts as a partial convexifier of the optimal value function ¢(u) = minx fi(u, X). We suspect
that as § — oo the gap closes. Indeed, note that for every fixed y, and for sufficiently
large 6, only the second branch of h;(X,y) is active since g;(X) is bounded on X. Hence,
hi(X,y) = pjg;(X) — %(yj — gj(X))Z. As 8 — oo, for every fixed y € R™ and X € X,
2 (¥ — 9 (X))2 — 0. Finally, h;(X,y) — p;g;(X) as § — oo, which motivates the conjecture
that the duality gap vanishes in the limit. A closed-form expression for the dual value in this

regime is not known to us; a complete characterization is left for future work.

4.1.5. Shadow prices

In this section, we analyze the economic interpretation of the dual variables viewed as shadow
prices associated with the constraints. Recall that the primal problem is in minimization form, so

dual variables expressing prices appear with the opposite sign.

Case . Let y* be an optimal solution of the dual problem. By Theorem ii),

m
— su =-W = i max (S 1), X1 (7~
sup t1(y) ;pa max(Sr41(), Xr (7)),
so —W is the expected value of the wait-and-see strategy: in each scenario j, the maximum portfolio
value attainable when the realization is observed before the allocation. Theorem [4.2{(ii) thus identifies
the duality gap as the expected value of perfect information: the cost of being unable to anticipate

future realizations. By Remark [4.4] this gap is strictly positive in generic markets.

For each j with p; > 0, the component —y; = maxxex(Sr+1(j), X7(j7)) is the maximum
portfolio return attainable in scenario j, the value of having perfect information conditional on
scenario j. For j with p; = 0, the variable y; does not contribute to the dual value and admits any

value in (—oo, minyxex g;(X)].



Case . The regularization term %HHUH% penalizes deviations of the probability vector from p.
By Remark [£.5] the regularization does not introduce a new duality gap; rather, it partially closes
the wait-and-see gap of Case Economically, the penalty makes the dual problem less responsive

to extreme reallocations of probability mass, dampening the wait-and-see anticipation effect.

Case[2.1] In this case, after some simple computations, it can be proved that

{y eR™:y; >0, Vj € Jy} Cargmaxip(y) C {y eR™:y; >  max g;(X), Vje J+}.
yERm X €argmin ¢

This shows that the dual is always solvable at y* > 0. Moreover, due to Theorem |4.2(i), the dual
admits solutions with negative components. For such components, the value —y7 > 0 represents the

maximum price the investor is willing to pay for additional information in scenario j.

Case . Here arg max 1;1 = R’". The regularization term, combined with the constraint u < 0,
removes the incentive to acquire additional information: every dual optimum satisfies y* > 0, and

the implicit information price is zero.

By Theorem (i), Cases and exhibit no duality gap. The constraint « < 0, which forbids
redistributing probability mass to scenarios with higher expected payoff, eliminates the wait-and-see

channel from the dual.

4.2. Claim perturbation

4.2.1. Dual function

For the claim perturbation, the dual function can be computed directly from a linear programming
reformulation of , without resorting to a Lagrangian.

Let It := {j~ : j = 1,...,m} denote the set of parent nodes of the terminal scenarios, and
recursively [, := {i” i € Ly 1} for t =T —1,...,0, so |Ip] = 1 (the root) and |I;| = n;. We label
the nodes of the event tree level by level from Iy to I, and within each level from top to bottom,

indexing the strategy X blockwise by Uf:o 1.

In this notation, reads as the linear program

min ¢/ X subject to AX <b, X >0,
XeRn

where ¢ € R, b € RN (with Np =1+ Zthl ny), and A € RNTX" are given blockwise by

Go
v i€l tef0 ..., T~ 1} . (G1())ier,
C; = _ . |
— X jei+ PiST+1(j), 1€ Ir, :
(Gr(i))icty
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SE(k), kel, j=k,

A,w- =
—SF(k), kel, j=k,

0, otherwise.
Under this construction, ¢!’ X = > pi(=S7+1(5), X7 (7)) = p(X) and {X > 0: AX <b} = X.
The Rockafellian (3.6) perturbs the right-hand side of the constraints: fo(u, X) = ¢’ X +

Lix>0, AX<b+u}(X). The associated dual function follows by direct computation:

valy) = inf {2 X) = (o)} = fnf (FX = sup (y.u)

=y'b— tiary<ey (V) — tiy<oy (¥),

where the second equality uses sup,>x_p(y,u) = (y, AX —b) for y < 0 (+00 otherwise), and the

inner minimization over X > 0 is bounded below iff ¢ — ATy > 0.

Remark 4.6: Dual function of the approximating Rockafellian

The dual function of is

Py (y) = y" b — tpary<oy (¥) — tiy<oy (),

where ¢” € R is given blockwise by ¢ = 0 for i € Iy with ¢t < T, and ¢} = — .+ P} ST+1(J)
for ¢ € Ip.

4.2.2. Tightness of the approximating Rockafellian

In this section, we are interested in studying the tightness of the approximating tilted Rockafellian
fgl/jl’(uv X) = fé/(u’ X) - <yya u>v

with f¥ defined in (3.7))

Lemma 4.2: Tightness of {f}.}

Let {y*} C RMT be a sequence satisfying ¢ < 0 and ATy” < ¢ for all v > v, and let
{ f;y}yeN denote the tilted approximating Rockafellian associated with (3.7). Then { f;V}VEN
is tight.

Proof. At (u,X) = (—b,0), the constraints of (3.7) read X =0>0and AX —b=—b<u=—b, so
both are satisfied and f5(—b,0) = 0. Hence

oo (=0,0) = —(y”, =b) = (y")"0.
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By Remark [£.6] and dual feasibility of 3",
inf  fy(u, X) = ¢5(y") = ()70
(u,X)ERNT xR"

Setting B := {(—b,0)} (compact, a singleton, independent of ¢), we obtain for every £ > 0 and every
v > o,

inf fl(u,X) = inf Yo(u, X) < inf Yo(u, X) +e. O
(u,X)€B fy ( ) (u, X)ERNT xRn fy ( ) (u,X)ERNT xRn fy ( )

4.2.3. Hypo-convergence of dual functions

Lemma 4.3: Existence of an interior dual direction

There exists d € RV7 with d < 0 and A”d < 0 componentwise.

Proof. We construct d recursively, backward in t. For each i € I, set d; := —1, so the block of ATd
at i reads (ATd); = Sr(i)d; = —S7(i) < 0 (using Sr(i) > 0 componentwise). Inductively, suppose
d; < 0 has been chosen for every j € I;1. For each i € I,
(ATd); = Sy(i)d; — Y _ Sipa(4)d;,
jeit
and the second term is strictly negative (componentwise) by the induction hypothesis. Choosing d;

sufficiently negative ensures (A7d); < 0 componentwise. The resulting vector satisfies d < 0 and
ATd < 0. O

Theorem 4.3: Hypo-convergence of Dual Functions

If p* — p, then the dual function ¢ of (3.7)) hypo-converges to the dual function v, of (3.6).

Proof. Epi-convergence f¥ % f, holds by Proposition By Theorem 5.1(a) in [10], it suffices to
exhibit, for every y € dom(—2), a sequence y” — y for which {f;. } is tight.

Fix y € dom(—12), so y < 0 and ATy < c. Let d be the vector from Lemma and set

¢/ —q
(ATad),

€y = mlaxmax{o, } ) y =y +eud.

By construction ATy” < ¢”, and since y <0, d <0, £, > 0, also y” < 0. As ¢ — ¢, the ratio inside
the max tends to max{0, ¢/ — ¢;)/(ATd);} =0, so &, — 0 and y* — y. Tightness of {fyv} follows
from Lemma O
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4.2.4. Strong duality

Theorem 4.4: Strong Duality

The dual value coincides with the primal value: sup, ¥2(y) = minx p(X).

Proof. We follow Theorem 3 in [28], which yields strong duality once we show that the optimal value

function ¢a(u) := inf xcrn fa(u, X) is convex, proper, and lower semicontinuous on RAT,

Properness. The Rockafellian fo(u, X) = ¢I' X + L{x>0, AX<btu}(X) never takes the value —oo,
so neither does ¢o. Moreover, ¢2(0) = minxecx ¢(X) is finite by feasibility of .

Convezity. fa is jointly convex in (u, X) (linear part plus indicator of a convex set), and ¢ is the

inf-projection of a jointly convex function onto u, hence convex.

Lower semicontinuity. For each u € RNT with X(u):={X >0: AX < b+ u} # (), the same
recursive argument as in Remark[2.1] (with b replaced by b+u) shows that X (u) is compact; otherwise
¢2(u) = +o00. Moreover, on any compact set K C RVT, the union |J,,c x X (u) is bounded uniformly.

Consequently, the inf-projection ¢g is lower semicontinuous (|6, Theorem 1.17]).

Since ¢z is convex, proper, and lsc, #5* = ¢9, and in particular sup, ¥2(y) = ¢5*(0) = ¢2(0) =
miny ¢(X). O

Proposition 4.1

Suppose that p” — p. Then the approximating dual function —¢%(y) = =y b+ 4y <y (y)+
Liy<o}(y) is tight

Proof. Let S(c) = argmaxo(y), where we regard S : RNT = RMT as a set-valued mapping and
note that S(c) is nonempty by the Strong Duality Theorem Let y € S(c) a solution, then by
Theorem 2.4 [29], there exist a solution y” € S(c”) such that ||§ — y”||cc < Ljc — ¢”||

Note that, since p* — p it follows that ¢ — ¢. Finally, taking B. = B[y, 1], there exist vy € N
such that S(¢”)NB. # 0 for all v > 1. Hence, for every € > 0, inf,cp. —¢%(y) < infycrm —12(y)” +
e, Yv>u ]

1],
<

Remark 4.7
Let {y”, v € N} be the solutions of the approximating dual problems, then, by Proposition

and Theorem every cluster point of {¢”, v € N} are maximizers of 12 and sup 1§ — sup .
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4.2.5. Shadow prices

The dual variables y* = (yg,{y:(i)* }icr,, t>1) are Lagrange multipliers associated with the
cash-flow constraints. Since the primal is in minimization form and the constraints are of < type,

y* <0.

For each non-terminal node i € I, the quantity A\¢(i) := —y:(i)* > 0 is the shadow price of cash
at node i: the marginal increase in — min ¢ = maxE(S711, X7) produced by relaxing the cash-flow

constraint at ¢ by one unit. Strong duality (Theorem 4.4) then gives the decomposition

?gXE<ST+1;XT> = — m)}n (p(X) = — Sllp wg ZZ At Gt
t=0 el

expressing the optimal portfolio value as an inner product of node-level shadow prices and the

contingent claim’s cash flows.

Dual feasibility ATy* < ¢ admits a clean economic reading in terms of the deflators A. Translating

the block-row constraints gives

>3 Sia(d) A (), iel, tefo,...,T -1}, (4.3)
jeit

i)=Y pjSra(h), i€ lIp. (4.4)
jeit

The interior condition (4.3)) is a supermartingale property (up to normalization) of the deflated price
process: the deflated price at a parent node dominates the sum of deflated prices at its children. The

terminal condition (4.4) closes the recursion against the probability-weighted terminal asset prices.

This supermartingale structure is the discrete-time skeleton of the dual representation in LP
developed in Section [5 where it becomes a property of measures absolutely continuous with respect

to P.

4.3. Joint perturbation

In the case of the Rockafellian defined in (3.8)), the same observation as in Remark holds,

arising from the combination of the two previously defined Rockafellians.

4.3.1. Dual function

In this section, we show that the dual function can be computed directly, without explicitly using

the Lagrangian formulation.
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Recall A € RINV1)X7 and b € RVT from Subsection We define the linear cost vector ¢(u) € R™
by
0, Viel, Vte{l,..,T —1},

=2 jei+ (Pj +u;)ST1(j), Vi€ Ir,
so that ¢(u)' X = - > i1 (pj + ) (ST+1(5), X7(57)). Then we compute the dual function of (3.8)
Case 1l: =0

7,&3(3/72) = ulvnf).( f3(uvva) - <y7u> - <Z,"U>

= inf c(w)TX — (y,u) — (z,v)
X>0

—p<u<0
AX <b+w

- Xzo,i—npfguso (C(U)TX e = UZSX)I()—ZJ<Z’ v>>
inf x>0, —p<u<o c(u)TX — 2TAX 4+ 2Tb — (y,u), if 2 <0
—o0 in other case
inf x>0 —p<u<o(c(u) — AT2)TX + 270 — (y,u), if 2 <0
—oo in other case
inf_p<u<o 2Th — (y,u), if 2 <0 and ATz < ¢(u) Vu such that —p <u <0

—o00 in other case

Note that c(u) is decreasing in the sense that ¢(0) < c(u) for all u such that —p < u < 0,
where the inequality is understood componentwise. That means the condition A7z < ¢(u) for all u

such that —p < u < 0 is equivalent to ATz < ¢(0). With this, we obtain

inf_p<yu<o 2Th — (y,u), if 2 <0 and ATz < ¢(u) Vu such that —p < u <0
—oo in other case

inf_,<u<o27b— (y,u), if 2 <0 and ATz < ¢(0)

—oo in other case

2Th + > jes Py, if 2 <0 and ATz < ¢(0)

—o00 in other case

Where J = {j : y; < 0}. In this case
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argmax 13(y, z) = 7L, Y; x arg max{zTb, s.t. ATz <¢(0),2 <0}, with Y; =

R, if p; # 0,

R, if p; = 0.
(4.6)
Note that z is a solution to the dual problem of right-side Rockafellian.
Case 2: >0
P3(y,z) = inf fa(u,v, X) — (y,u) — (z,v)
u,v, X
1
= b )X ()~ (z0) + 0l
X>0
—p<u<0
AX <b+w
= inf c(u)T X — (y,u) + 1t9||uH2 — sup (z,v)
X>0,—p<u<0 ’ 2 VSAX—b
inf x>0, p<u<o c(u)'X — 2TAX + 270 — (y,u) + $0|u||?, if 2 <0
—o00 in other case
infxzoyfpgugo(c(u) — ATZ)TX + ZTb - <y,u> + %9”’&”27 if z < 0 (4 7)
—o00 in other case
inf_p<u<o 27 — (y,u) + 30ul|?, if 2 <0 and ATz < ¢(0)
—o0 in other case
2T+ inf_pey<o 30|ul|® — (y,u), if 2 <0 and ATz < ¢(0)
—o0 in other case
_ 2Th + >y infoyi<ui<o %GUJQ —yjuj, if 2 <0 and ATz < ¢(0)
—o00 in other case
2Th + > i1 hj(y), if 2 <0 and ATz < ¢(0)
—o00 in other case
Where

0, if % >0
hi(y) = =554, if 4 € [—p;, 0]

5007 +yipj, if 4 < —p;
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Finally,

RT, if p; # 0,

R, if p; = 0.
(4.8)

Remark 4.8

Similarly, the dual function of (3.9), when 6” = 0, is given by ¥%(y,2) = 276 + ZjeJ piy; —

LT < (0)}(2) — t{z<0y(2), where ¢”(u) € R™ is the vector, given blockwise by

arg max 13(y, z) = 7L, Y; x arg max{zTb, s.t. ATz <¢(0),2 <0}, with Y; =

0, viel, vte{l,.,T—1},
=2 jeir (P +u3)Sr41(j), Vi€ Ir.

In the case #” > 0, the dual function is ¥%(y,2) = 27b + > PE () — ara<er o)y (2) —
L{z<0}(2), where
0, if 4 >0
hj(y) = § -2, if % € [-p4,0]
30p +yspy, i G < —pf

J

\. J

Remark 4.9

Note that the dual functions of the Rockafellian and the Approximating Rockafellian
(13.9) require the constraint uw < 0. Otherwise, since c¢(u) is decreasing, there exists some
u* € R™ such that (c(u*)—ATz) < 0 and letting X tend to infinity in for the Rockafellian
perturbation with 8 = 0, or in the case # > 0, the dual functions become degenerate,
that is, ¥3 = —o0.

4.3.2. Tightness of approximating Rockafellian
In this section, we are interested in studying the tightness of the approximating tilted Rockafellian
fyr v (0,0, X) = f3(u,v, X) — (y”, u) — (2", v)

with f§ defined in (3.9))

Lemma 4.4: Tightness of {f}, ..}

Let {2} € R be a sequence such that z¥ < 0 and ATz < ¢¥(0) for v > vy, let {y*} C R™
a sequence and let { fl'/’u’zy}l,eN the tilted Approximating Rockafellian of f* (3.9). Then the
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[ family {f;. v }ven is tight. ]

Proof. Let € > 0 and the sequence {z"},¢cn satisfies 2 < 0 and AT 27 < ¢#(0) for v > vy, we define
B. = {-b} x [-1,0]™ x {0} (independent of ¢), then

1
inf  fr, v(u,v,X) = 2Th4+  inf 50”Hu||2 —(y¥, u)

(U,U,X)EBE v —p¥ <u<0
- lnf Vu v u, 'U’ X
(u,0,X)ERM XRNT xRn fy o~ ( )
< inf for v (U0, X) + € Vv > 1
(u,0,X)ER™M xRNT xR ’
Note that this proof works regardless of whether 8 > 0 or ¥ = 0. O

4.3.3. Hypo-convergence of dual functions

Theorem 4.5: Hypo-convergence of Dual Functions

If 0¥ converges to 6 and p” converges to p, then the dual function of (3.9)) hypo-converges to
the dual function of (3.8). Furthermore, for any sequence {y”, 2"} that converges to y,z €
dom(—13), we have that ¥ (y", 2") = ¥3(y, 2).

Proof. Note that since p¥ — p and 8 — 0 we have that the epi-convergence of f” to f is given by
Proposition Let (y, z) € dom(—13), since {f;v .v }uen is tight for sequence 2” such that 2* <0
and AT2¥ < ¢¥(0) for v > 19 and ¢”(0) converge to ¢(0), then exist z¥ such that converge to z (The
proof of the existence of this sequence is identical to the one given in Lemma and we can chose
any sequence {y”} that converge to y. Then, {f;. v} is tight for the sequence {y", 2"}, en. Finally,
using [10, Thm. 5.1] the result follows. O

4.3.4. Strong duality

Theorem 4.6: Strong duality

The dual value of (3.8]) coincides with the primal value, regardless of whether § = 0 or 6 > 0.

Proof. By Theorem (4.4)), the problem
max z'b
2€RNT

st. ATz <¢(0), 2<0

has the same optimal value as the primal problem. Recalling that argmax1s is characterized
by for 8 = 0 and by (4.8) for # > 0, with both characterizations being equivalent. Hence, for

39



any y € R, the value of the dual function v3(y, z) remains unchanged. Therefore, the dual optimal

value coincides with the primal optimal value. ]

Proposition 4.2

Suppose that p* — p. Then the approximating dual function —%(y, z) is tight.

Proof. Similar as in Proposition the problem max, pny 27 b s.t. ATz < ¢”(0),z < 0 has the
same Lipschitz properties in the set of optimizers. Then, since p* — p, we have ¢”(0) — ¢(0), there

exists a compact set B such that, for any y € R, —%(y, 2) is tight. O

Remark 4.10

Let {(y”,2"),v € N} be the solutions of the approximating dual problems, then, By

Proposition and Theorem every cluster point of {(y”,2"),v € N} are maximizers
of ¥3 and sup ¥§ — sup 3.

4.3.5. Economic interpretation

The interpretation of the dual variables is similar to that presented previously, since
arg max ¢3(y, z) can be decomposed as R’ x arg max v (z), where z corresponds to the dual variable
associated with the claim perturbation. Therefore, in both cases (f = 0 and 6 > 0), the information
provided by y is the same as in case 2.2 of Section [£.1.5] while the information provided by z coincides
with that described in Section [£.2.5
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Chapter 5

Supermartingale property and equivalent

dual formulation

Consider the classical Lagrangian associated with the claim perturbation introduced in Section[3.2]
with the duality pairing defined by (a,b) = E[ab]. To ensure that the duality pairing is well-defined,
we consider perturbations u € LP(Q, A, P) and multipliers A € L%(Q, A,P), where p and ¢ are
conjugate exponents satisfying % + % = 1. The Lagrangian is then given by

T T

HX, A 1) = —E[(Sry1, X1)] + Mo (S0, Xo) — Go) + Y E[N((S1, Xp — Xio1) = Go)] = > E[(ie, Xo)].
=1 =0

Let us examine the necessary conditions for the infimum over X to be finite. Isolating the terms
involving Xg yields

XlglgRER)\oSO — Ho — IE[)qSl ’ fg],X0>].

For this infimum to be finite, the term inside the inner product must vanish almost surely. Since
po > 0, we have E[A\1S1 | Fo] < XAoSo. Analogously, optimizing over X; for t € {1,...,7 — 1}
yields the conditions E[A\i+1Si41 | Fi] < AeS;. Optimizing over X results in E[Sr41 | Fr] < ApSt.

Consequently, the dual problem associated with the Lagrangian is given by

T
max - — XoGo — ;E[/\th] (5.1)
s.t. E[}\t+15t+1 | ]:t] < \S;, Vte {0, T = 1}, (5.2)
E[ST+1 | Fr] < ApSt. (5.3)

We now derive an equivalent formulation of the dual problem (5.1) in terms of risk-neutral
measures. This characterization enables us to establish a connection with the mathematical

finance literature, specifically with the Fundamental Theorem of Asset Pricing under short-selling
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prohibitions [I5], following an approach similar to that of [23]. Before doing so, we present a couple

of definitions.

Definition 5.1

A discounted market is a market where there exists an asset whose value is equal to one at
every time t € {0,...,7 + 1} and for every possible scenario. Since S is a risk-free asset, the
normalization is obtained by dividing all the assets by the value of S? for each period ¢, thus
obtaining:

S?(&O:t) = 17 vt e {077T+1}7 vé.():t-

Definition 5.2
Let M be the set of finite measures defined by

M = {Q ~P:Q(Q) < oo, {Si}L, is a Q-supermartingale, and %ST > E[ST41 | ]:T}} ,

where @Q is the normalized probability measure defined by Q(A) = % for all A € F.

Theorem 5.1

Consider a discounted market. Assume that the optimal portfolio satisfies X > 0 almost

surely for all ¢ € {0,...,T} (i.e., the risk-free asset is strictly held in the portfolio). Then,
the dual problem (5.1)-(5.3)) is equivalent to

T

sup — Q tl 0 o
Sup, ;E [Gi] - Q) (5.4)

Remark 5.1

As noted in the modeling discussion, the condition X > 0 is not an explicit restriction
hardcoded into the dual optimization problem itself. Instead, it is an interiority condition
on the primal optimal allocation. By complementary slackness, this condition nullifies the
corresponding Lagrange multipliers for the short-selling constraint on the risk-free asset
(19 = 0), which structurally forces the dual state-price density process (M)l to be a pure

P-martingale rather than a supermartingale.

Proof. (i) Let @ € M. We construct a vector A that is feasible for the dual problem ({5.1))—(5.3).
Let Ay := % be the Radon-Nikodym derivative and Ay = E[Ar | 7] for t € {0,...,T — 1}. Then
% = ]EE\ATT] =:vp and 1y = ﬁ. Since Q € M, constraint (5.3]) holds by definition. Let us now
verify that (\;)L_, satisfies the constraints in (5.2)).




For t € {0,...,T — 1}, we have to prove
E[A+1Se41 | Fi] < AeSe = E[NSy | Fi- (5.5)
For this, note that by Bayes’ rule for conditional expectations under a change of measure:
Elvi181 | 7] = Elor | FJE?(Si | Fi],
which, upon multiplying both sides by E[Ar], is equivalent to
E[\i+1Se1 | Fi] = EDr | FJEQ[Si11 | Fil. (5.6)
On the other hand, we have
E[wS; | Fi) = E[vr | FJEC[S, | Fi].
Then, multiplying by E[Ar], we obtain
E[\S: | Fi] = ElAr | RIEQLS, | Fi) (5.7)
Combining and , proving is equivalent to proving
Elxr | FIE?(Se | Fi) < Evr | FIEQ(S: | Fil

which always holds since A > 0 and Q € M, meaning {S;}]_, is a Q-supermartingale.

(ii)) Now, let us prove that if A\ is optimal solution for problem ([5.1)—(5.3), then there exists a
measure @ € M.

Let Q(A) = fA Ar dP for all A € F, then the condition %ST > E[St41 | Fr] holds by definition.

Let us prove that, for all ¢ € {0,...,T — 1} the following holds
EQ[S,41 | Fi] < E9[S, | ] = S..
Note that, for all A € F;
/ A Sy dP > / At+1St4+1 dP
A A

= / E[Ai+1S41 | Fi) dP

E[E\r | Fii1] S | Fr] dP

E[E[ArSit1 | Feqa) | Fi] dP

I
e

E[\rSpsy | Fi] dP = / MEC[S,41 | Fi] dP. (5.8)
A
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Where the last equality in (5.8)) follows by the condition X? > 0 for all t € {0, ..., T} together with
complementary slackness; from this, we obtain that E[\41 | 7] = A¢, which means that (\;)L_, is

a true P-martingale. Then,

/ A (S — E9[S1 | Fi]) dP > 0.
A

Since A € F; is arbitrary, if Ay > 0 it follows that
Sy — EQ[StH | Ft] >0 P-as.,

and note that \; # 0 a.s., since the market is discounted and from (5.3), we obtain that Ap > 1,
and by (5.2) we obtain that (\;)I_, > 1. O

The result obtained here is analogous to that in [23]. The primary distinction lies in the modeling
perspective: while [23] formulates the problem from the viewpoint of the contingent claim’s writer,
the characterization in Theorem|5.1]is derived from the perspective of an investor seeking to maximize

expected terminal wealth.

Furthermore, this characterization provides a bridge between our duality framework and the
Fundamental Theorem of Asset Pricing. Because a no-short-selling constraint is imposed on the
portfolio, the absence of arbitrage is known to be equivalent to the existence of at least one

supermartingale measure (see [15]). In our setting, these pricing measures are explicitly determined

by the optimal dual variables of problem ({5.1)—(5.3]).

Remark 5.2

The interiority condition X > 0 almost surely for all £ € {0,...,7} in Theorem is
superfluous if short selling of the risky assets is permitted. In an unconstrained market, the
inequalities in the dual constraints and tighten into equalities. Consequently, the
normalized price process {St}tT:O becomes a true Q—martingale, and the proof of Theorem

carries through directly upon replacing the respective inequalities with equalities.
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Chapter 6

Numerical examples

6.1. Failure of epi-convergence

In Section [3.4, we showed that the convergence of the underlying probability measures alone
does not guarantee the stability of the associated Rockafellian functions, if other components of
the market are perturbed at the same time. We now illustrate this phenomenon with an explicit
example in which, although the perturbed probabilities converge to the original distribution, the

corresponding optimal solutions fail to converge.

The perturbation consists of introducing catastrophic events with vanishing probabilities but
sufficiently large asset prices to alter the investor’s optimal decisions. Despite becoming increasingly
unlikely, these events have a persistent effect on the objective function, causing the investor to switch
from a fully risk-free portfolio to one invested entirely in the risky asset. This example provides a

concrete illustration of the instability proved in Proposition

Consider a market with two assets and horizon T' = 2. For t € {0,1,2, 3}, the random variables

& are i.i.d. and distribute as & ~ Ber({—1,1},p). The dynamics of the assets are the following
= Sp: risk-free asset with dynamics SP,; = (1 +7)57.
= S} risky asset (stock) with dynamics St (0:441) =S¢ (€0it) + 1+ 041

We consider the following parameters

Table 6.1: Parameters of the model
r P u o S9 Ss Go Gy Go

0.005 | 0.5 | 991 | 91.03 | 1 | 8041.14 | 100000 | —50000 | —50100

The tree illustrating the stock prices is shown in Figure [6.1} Connections in red correspond to

realizations of & = —1, and those in blue correspond to & = 1.
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t=0,

59 = 1.000
9=1.
t=1,

59 =1.005
t =2,

59 =1.010
t =3,

0 _

5§ =1.015

Figure 6.1: Stock prices represented in a tree

The solution to the investment problem, that is the minimizer of ¢(X) = —E[(S741, X7)]+tx(X)
is shown in Figure[6.2] The results indicate that the risky asset is unattractive and all the money is

invested in the risk-free asset.

t=0 x©%=100000
- x1=0.000
t =1 x0=50249 x0=50249
- X1 =0.000 x1=0.000
t=2

Figure 6.2: Solution to the initial problem

We introduce now a catastrophic event. From each node at time ¢ = 2, we add an additional
successor node. If the probability of a parent node is p;, the catastrophic successor is assigned
probability p;¢”. The remaining probability, p;(1 — ¢”), is distributed among the two original
successors nodes proportionally to their original probabilities. At the catastrophic node, the value
of the risky asset S' is multiplied by the factor k” = (1+#/q"), where ¢” is any sequence converging

to 0 and x > 0.0075. Figure[6.3]illustrates the resulting tree in the case of ¢ = 0.001 and x = 0.0075.

46



t=0,

59 = 1.000
9=1.
t=1,

59 =1.005
t =2,

59 =1.010
t =3,

0 _

5§ =1.015

Figure 6.3: Example of perturbed market with ¢* = 0.001 and x = 0.0075

We define the perturbed problem as the one minimizing ¢”(X) = —EP"[(Sty1, X7)] + ta(X),
where p” is the probability as in Remark after the introduction of the catastrophic nodes.
Notice that the ‘original’ problem of minimizing ¢(X) is recovered if ¢ = 0, given the convention
0-00 = OEl Therefore, the question of interest lies in the convergence of the minimizer X* of ¢”
towards the minimizer X of ¢. Before the perturbation, the coefficient of X1(j) in the objective
function is

S 55hali) = 1(SHG) + w).
iejt
After introducing the catastrophic nodes, this coefficient becomes

Loci,. q’u

Z(ST(J)(l +K) + ) + 1
Thus, the expected payoff associated with the risky asset increases at every node, creating an
incentive to invest more heavily in it. Consequently, the optimal solutions differ significantly from

those of the original problem, yielding the behavior shown in Figure [6.4] for every v € N.

t=0 Xx©%=100000
X1 =0.000
t=1 x0=50249 x0=50249
- X1 =0.000 x1=0.000
t=2

Figure 6.4: Solution to the perturbed problem for any v € N

We emphasize that, although the perturbed market converges to the original one, the

corresponding optimal solutions do not converge to an optimal solution of the original problem.

'To be more precise, the original problem is equivalent to the perturbed one with ¢” = 0.

47



Since lim, o ¢Kk" = k > 0, it follows from Proposition [3.4] that the Rockafellian associated with
the perturbed problem does not epi-converge to the Rockafellian of the original problem. Moreover,
in this example, the sequence of optimal solutions of the perturbed problems fails to converge to an

optimal solution of the original problem.

This example highlights the limitations of the stability framework based on Rockafellian
perturbations. By introducing catastrophic events with vanishing probabilities but unbounded stock
prices, one obtains a sequence of optimization problems whose underlying market models converge
to the original one, while their optimal solutions remain unstable. At the same time, the associated

Rockafellian functions fail to be stable in the sense of epi-convergence.

6.2. Dual stability

Now, we analyze the convergence of the dual values associated with claim perturbations defined in

Section[3:2] To this end, we consider the same market model as before, with the following parameters

Table 6.2: Parameters of the model
T P 12 g 58 S& G() G1 G2

0.005 | 0.5 | 109.91 | 91.03 | 1 | 8041.14 | 100000 | —50000 | —50100

As in Section [3] we consider a critical event in which the value of the risky asset is multiplied by

k = 0.5 with probability ¢".

For this example, we consider the values ¢¥ € {0, 1072, 1073, 1074, 10_5} . and with ¢¥ =0 we

recover the original case.

The corresponding dual solutions can then be represented as follows.

Solution components Deviation from the original solution
0F I I I I I 100 I[k\ [ [ [ [ [
o s s 1 - - 4 —
—0.5 - —t D I \\Ll___J_L___L'l.___Il
o 5gﬁ 10— L
E . 15 Treedi,
C§ 5 I, § """" T R S
—1.5 I/I 7§ 1072 -
/I B St Lalie
-2y | | | | | Bl 10-3 | | - -
1 2 3 4 5 6 7 1 2 3 4 5 6 7
component index component index
original -U- ¢=10"2 s g=10"3 -@-g=10"%

Figure 6.5: Dual solution convergence
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Each curve in the graph on the left represents a dual solution corresponding to its probability
q. In this example, the approximate dual solutions converge to the original dual solution, as
illustrated in Figure by Remark Igl implies that supyj — sup2. As a consequence, the
dual problem is stable with respect to critical event, recovering the original solution when the

approximate probabilities converge to the original probability .
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Chapter 7

Conclusions and further research

In this work, we provide a new framework for analyzing the stability and robustness of
discrete-time contingent claim problems over a finite horizon. We use Rockafellian perturbations to
embed the wealth maximization problem of the writer into a family of perturbed models and show the
stability of this class of perturbations. We provided theoretical guarantees for the epi-convergence
of tilted Rockafellians and the hypo-convergence of dual functions, ensuring that dual approximate
solutions converge to the real solution under conditions of tightness and convergence of probability.
The dual analysis provides a rich economic interpretation of the multipliers by viewing them as
shadow prices, while also establishing a connection with the Fundamental Theorem of Asset Pricing
(FTAP).

Future work has different edges. The first potential line of research is on relaxing the
no-short-selling condition. The no-short-selling condition was enforced to ensure the tightness of
approximating tilted Rockafellians and in order for the dual problem to be well defined. Exploring
alternate regularity conditions to accommodate short positions without inducing model collapse
would significantly enlarge the variety of solvable problems. The second line consists of extending
this framework to a continuous-time setting, transitioning from finite discrete support to prices
driven by semimartingales. Finally, a further avenue for future research is to consider alternative
objective functions incorporating risk aversion, such as the Conditional Value-at-Risk (CVaR) or

expected gain-loss criteria.
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Appendix A

Computations for Section 4.1.1

Case Let X € X and p+ u € [0,400[™, in other case, the Lagrangian I(X,y) = oo and let
0 =0, then

inf f(u, X) = (u,y) = inf Y (pj +u;)(=Sr41(5), X (7)) =y
j=1

= i%fzpj<_ST+l(j)vXT(j_)> +ui((=S7+1(5), X7(37)) — v5)
=1

Consequently, if (—=S741(5), X7(j7)) —y; < 0 for any j, then taking u; — oo, we have h;(X) =

—o0, and if (=S741(j), X7(j 7)) —yj > 0 we take u; = —p; and h;(X,y) = pjy;. Then

hi(X,y) = {pjyj, if (—S741(7), Xr(7)) —y; >0

—00, in other case

Case Following the previous calculations, in the case, when (—S741(j), X7(57)) —y; <0,

the minimum is reached at v = 0, and

hj(Xay) =

DjYj, if (=S7r41()), Xr(57)) —y; >0
pj(—S74+1(j), Xr(j7)), in other case

Case

. e . _ 1
inf f(u, X) = (w,y) = inf > (p +u) (=741 () Xr (7)) — wgys + 5003
<u i
—p<u 4

= inf Y " pi(=Sr1(5), Xr (7)) + wi((=Sr1(5), Xr(37)) —y5) + %Gui
7=1

Let bj := (=S7+1(9), X7 (7)) — 1;, then
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If =% > —pj, then w; = =2 and hi(X,y) = pi(~Sr1(h), Xr(i7)) — oy —
(=S741(4), Xr(57)))%

If %j < —pj, the minimum is attained at u; = —p; and hj(Xay) = %91)? + Y;jp;
Then
hi(X,y) = 1002 + yipj, if (=S711(7), Xr(57)) €ly; + Opj, +0]
Pi{=S1+1(7), X7 (5 7)) = g5(yj + (ST1(5), Xr(57)))%, if {(=S141(j), X7 (5 7)) €] — 00, y; + Op;]

Case 2.2
If —p; < 2 <0, hj(X) = pj{=Sr11(1)s Xr(i7)) — 25 (yj — (—=Sr41(3), Xr(§7)))?, the case

%bj < —pj is the same as the previous one, and finally the case %bj > 0 is minimized by v = 0 and

h](X) = pj<—ST+1(j)a XT(]7)>
Then

3005 +yjpj, it (=S141(4), Xr(57)) €ly; + Opj, +o0]
hi(X,y) = pi(=S11(5), X0 (7)) — 25 (w5 + (Sr1(3), Xo(G7)))?, if (—=Sr41(4), X (7)) € [y5. 5 + Opj]
pi(=S111(7), Xr(7)), if (=S1r41(5), X1 (7)) €] — 00, y5(
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