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Abstract

Analytic QCD represents QCD frameworks in which the running coupling parameter
has the same analytic properties as the spacelike dimensionless physical quantities
such as (derivatives) of current correlators, structure functions, dressing functions
of propagators, etc. Stated otherwise, the running coupling in analytic QCD is an
analytic (holomorphic) function in the plane of complex squared momentaQ2 (≡ −q2)
except on the timelike semiaxis Q2 < −M2

thr (where Mthr ∼ 10−1 GeV). On the other
hand, in the usual perturbative QCD the running coupling does not possess these
holomorphic properties; on the contrary, it has unphysical (Landau) singularities,
usually on the positive Q2 axis in the infrared regime 0 < Q2 < 1 GeV2. As a
consequence, the perturbative QCD fails in the evaluation of low-energy physical
QCD quantities. In this work, we review various analytic QCD models, and apply
them to low-energy QCD phenomenology.
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Resumen

QCD anaĺıtico corresponde a un topico de QCD en el cual el acoplamiento que corre
con la enerǵıa es un parametro que posee las mismas propiedades anaĺıticas que las
cantidades f́ısicas (medibles) tipo-espacio, tales como (derivadas de) correlador de
corrientes, funciones de estructura, parte adimensional de propagadores, etc. En
otras palabras, el acoplamiento que corre en QCD anaĺıtico es una función anaĺıtica
(holomorfica) en el plano complejo del momentum al cuadrado Q2 (≡ −q2), excepto
en el semieje tipo-tiempo Q2 < −M2

thr (donde Mthr ∼ 10−1 GeV). Por otro lado, en la
QCD perturbativa, el acoplamiento que corre no posee dichas propiedades holomor-
ficas, sino que posee una singularidad (Landau) no f́ısica, ubicada en el eje positivo
de Q2 en el régimen infrarojo 0 < Q2 < 1 GeV2. Como consecuencia, la teoŕıa de
perturbación en QCD falla, que es, resultados erróneos para cantidades f́ısicas de baja
enerǵıa. En esta Tésis, revisarémos varios modelos de QCD anáıtico y los aplicaremos
a fenomenoloǵıa de bajas enerǵıas.
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Introduction

It is well known that the perturbative approach to QCD (pQCD), while working well
in evaluation of physical quantities at high momentum transfer (|q2| & 101 GeV2),
becomes increasingly unreliable at low momenta (|q2| ∼ 1 GeV2). One of the main
reasons for this is the singularity structure of the pQCD coupling parameter apt(Q

2) ≡
αs(Q

2)/π at spacelike low momenta q: (0 <) Q2 ≡ −q2 ∼ 1 GeV2. This singularity
structure does not reflect correctly the analyticity structure of the (to be evaluated)
spacelike observables F(Q2). The latter, by the general principles of the (local)
quantum field theory [13,14], must be analytic functions in the entire Q2 plane except
on the cut on the negative semiaxis: Q2 ∈ C\(−∞, 0]. Qualitatively the same analytic
properties should have also the coupling parameter A1(Q2) that is used (instead of
apt(Q

2)) to evaluate the spacelike observables F(Q2).

The first such analytic version (Analytic Perturbation Theory - APT) was constructed
in by Shirkov, Solovtsov et al. in late nineties where the discontinuity function of
pQCD ρ

(pt)
1 (σ) = Imapt(Q

2 = −σ − iε) was kept unchanged on the entire negative
axis in the Q2-plane. Later on, other analytic QCD models were constructed, which
fulfill certain additional physically motivated restrictions.

In this thesis, we review the subject of analytic QCD and various applications of it in
low-energy QCD phenomenology, referring to works of various authors and including
the works by this author.

In Part 1 of this thesis, we first review the usual perturbative QCD (pQCD), sub-
sequently we present the APT of Shirkov, Solovtsov et al., and then present other
analytic QCD models (including one co-authored by this author [54]). In Part 2 we
present applications of analytic QCD models to low-energy QCD phenomenology:
the gluon propagator in the Landau gauge (including our work in arXiv form [69], to
be submitted); calculation of the binding energy of heavy quarkonia and extraction
of the masses of heavy quarks (one work co-authored by this author [105]); and deep
inelastic scattering (including our work to be submitted [149]).
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PART 1. Running Coupling
Constant in QCD
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Chapter 1

Running Coupling Constant in
perturbative QCD

In this chapter we present the theoretical background in the description of QCD
interaction. We will introduce the running coupling constant in the well known
perturbative QCD that arises from the treatment of renormalization approach. After
that, we will present several representative QCD models in the dispersive approach,
namely Analytic Perturbation Theory (APT) and delta models. Later on we include
of some other types of models.

1.1 Introduction

Perturbative quantum chromodynamics (pQCD) is a good tool for test the high
energy processes that involves hadrons. This theory, based on the SU(3) gauge sym-
metry, describe the strong interaction between quarks (constituents of hadrons).
In this chapter, we will review the main steps of the renormalization approach on how
to obtain the the pQCD coupling constant, and with this, an explicit dependence on
transferred momenta (valid only for large momentum transfer Q2).
We will analyze the applicability of perturbative expansion in QCD (pQCD), where
asymptotic freedom and confinement are reviewed. In the last case, Landau pole
become relevant.
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1.2 Renormalization Theory

The renormalization procedure arises from the problem of how to deal with infini-
ties in quantum fields theories (from loops in the perturbative expansion). In this
sense we redefine the parameters and fields that appear in the original Lagrangian
(unrenormalized or bare parameters), in order to obtain finite observables.
In the renormalization technique, we must evaluate some divergent integrals via reg-
ularization method. Here appears the ultraviolet cut off ΛUV →∞ and an additional
parameter µ which has its origin in the dimensionality in the aforementioned regu-
larization method (both parameters have dimension of mass). Therefore, our renor-
malized parameters like coupling constant, masses and fields will depend on these
quantities.
Of course, physical quantities D (like Adler function) in principle cannot depend on
the choice of µ, but approximately they have some residual dependence on µ and on
the renormalization scheme (RS) that tells us how to remove ΛUV .
The condition of µ-independence of D can be implemented with the renormalization
group equation (RGE), taking into account that D depends on an energy scale Q2

characteristic of the process in question. Since D is dimensionless, it is a function of
Q2/µ2 and αs(µ

2). By convention, the dependence on energy in perturbation theory
of QCD is classified in two different regions, namely Euclidean region Q2 = −q2 > 0
(or spacelike) and Minkosky region Q2 = q2 > 0 (or timelike).
The RGE for the observable is the following:

µ2 d

dµ2
D(Q2/µ2, a) ≡

(
µ2 ∂

∂µ2
+ µ2 ∂a

∂µ2

∂

∂a

)
D = 0, (1.1)

where by convenience we use for the running coupling constant the notation a(µ2) =
gs(µ

2)2/(4π2) .
It can be rewritten in terms of t = ln(Q2/µ2):(

− ∂

∂t
+ β(a)

∂

∂a

)
D(et, αs) = 0, (1.2)

where

β(a) = µ2 ∂a
2

∂µ2
(1.3)

The beta function β(a(µ2)) here is considered to be known, and leads to the following
implicit solution for a(µ2):

t ≡ ln

(
Q2

µ2

)
=

∫ a(Q2)

a

dx

β(x)
, a(µ2) ≡ a. (1.4)
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Here, a(µ2) is related to the unrenormalized (bare) constant a0 ≡ a(ΛUV ) in the
standard way

a0 = a(µ2)Zg

(
a(µ2),

µ2

Λ2
UV

)
(1.5)

Here Zg is the renormalization constant that reflects the scale dependence.

1.3 The Beta Function

The differential equation that defines the beta function is given in Eq. (1.3), and at
µ2 = Q2 is

β(a(Q2)) = Q2∂a(Q2)

∂Q2
, (1.6)

Now, in perturbation theory, we can solve it if we find their respectively renormal-
ization constant that arise from either the quark gluon vertex, or ghost-ghost gluon
vertex, or three gluon vertex, etc... In this calculus we have (with space dimension
d = 4 − ε) α0

s = µεαsZg and we find from a series of diagrams the perturbative de-

pendence in the form: Zg = 1 +
∞∑
n=1

C
(n)
j αns .

Therefore, the beta function takes the form of the corresponding perturbation expan-
sion [with the notation: a(Q2) ≡ αs(Q

2)/π = gs(Q
2)2/(4π2)]

β(a) = −
∞∑
j=2

βj−2a
j (1.7)

with (from Zg calculus):

β0 =
1

4

(
11− 2

3
nf

)
,

β1 =
1

16

(
102− 38

3
nf

)
,

β2 =
1

64

(
2857

2
− 5033

18
nf +

325

54
n2
f

)
,

β3 =
1

256

[(
149753

6
+ 3564ζ3

)
−
(

1078361

162
+

6508

27
ζ3

)
nf

+

(
50065

162
+

6472

81
ζ3

)
n2
f +

1093

729
n3
f

]
(1.8)

where ζν is the Riemann zeta function, in particular ζ3 ' 1, 202057; nf = number of
active quarks flavors .
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This result is in the MS scheme. The first two beta coefficients (β0 and β1) are
scheme independent, we say they are universal (only if quarks are massless). While
the next coefficients (β2, β3, . . .) are scheme dependent (or scheme sensitive).
The first consequence of the use of non-Abelian theory (QCD) was seen in the beta
function, because at one loop it is evident that β0 coefficient in QED and QCD have
the opposite signs for nf ≤ 33/2 ≈ 16 (and nf = 8 for two-loop β1 coefficient). This
is a consequence ofthe asymptotically freedom of QCD, that is the beta function has
a stable UV fixed point.

1.4 Running Coupling

Combining Eq. (1.6) and (1.7) we have

Q2 ∂a

∂Q2
= −

∞∑
j=2

βj−2a
j. (1.9)

The beta function (on the right hand side of (1.9)) is usually written as a truncated
perturbation series of coupling a, the resulting differential equation for a is then
solved, either analytically (if possible) or numerically.
For example, the one-loop order equation can be integrated∫ a(Q2)

a(µ2)

da

a2
= −β0

∫ 1
2

ln(Q2/µ2)

0

dln(Q2/µ2), (1.10)

giving the well known solution

a(Q2) =
a(µ2)

1 + β0a(µ2)ln(Q2/µ2)
. (1.11)

It is usual to re-express (in a more modern notation) this quantity in terms of a new
invariant mass parameter Λ (∼ 10−1GeV)

a(Q2) =
1

β0ln(Q2/Λ2)
, Λ2 = µ2e−1/(β0a(µ2)). (1.12)

With the explicit value of β0 this become

a(Q2) =
12

(33− 2nf )ln(Q2/Λ2)
(1.13)

One way to solve the RGE to two loops is iterating with respect to the one-loop
formula, which gives us an approximate coupling as an expansion in powers of L−1,
where L ≡ ln(Q2/Λ2), and explicitly we obtain

a(2)(Q2) =
1

β0L

(
1− β1

β2
0

ln(L)

L

)
(1.14)
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this approximation is valid for L� 1, that is the high energy region.
The iterative method can be performed to any loops, and is straightforward to find
the next level, that is to three loops in the form

a(3)(Q2) =
1

β0L

(
1− β1

β2
0

ln(L)

L
+
β1ln2(L)− β1ln(L) + β2β0 − β2

1

β4
0L

2

)
(1.15)

and in the analogous way, we have for four loop case

a(4)(Q2) =
1

β0L

{
1− β1

β2
0

ln(L)

L
+

1

β2
0L

2

[
β2

1

β2
0

(ln2(L)− ln(L)− 1) +
β2

β0

]
+

1

β3
0L

3

[
β3

1

β3
0

(
−ln3(L) +

5

2
ln2(L) + 2ln(L)− 1

2

)
−3

β1β2

β2
0

ln(L) +
β3

2β0

]}
(1.16)

There is a way to find the two loop coupling as a solution of RGE exactly. RGE to
two loop lead a transcendental equation. Namely, integrating (1.9) we have∫ a(Q2)

a(µ2)

da

a2
(

1 + β1
β0
a
) = −β0

∫ 1
2

ln(Q2/µ2)

0

dln(Q′2/µ2). (1.17)

So, the transcendental equation gets the form

ln(Q2/µ2) = C +
1

β0a(Q2)
+
β1

β2
0

ln(a(Q2))− β1

β2
0

ln

(
1 +

β1

β0

a(Q2)

)
, (1.18)

here C contains the coupling in µ2.
Now we want to introduce ( in the same way as in the one-loop case) a new invariant
mass parameter Λ, given by

ln(Q2/Λ2) =
1

β0a(Q2)
− β1

β2
0

ln

(
β1

β2
0

+
1

β0a(Q2)

)
,

Λ2 = µ2exp

[
C − β1

β2
0

ln(β0)

]
. (1.19)

At this stage, we need to invert this relation, but this is difficult and serious problems
related to the singularity structure appear(we lose an explicit form for the singulari-
ties).
The solution was made with the help of the so-called Lambert W function defined by

W (z)exp[W (z)] = z (1.20)

10



The singularity structure of the Lambert function is made up of infinite number of
branches; it satisfies the following symmetry relation: W ∗

−n(y∗) = Wn(y).
With this function the solution to the coupling is

a(2)(Q2) = − 1

c1

1

1 +W∓1(z±)
, (1.21)

where c1 = β1/β0, Q2 = |Q2|eiφ, and the upper sign refers to the case 0 ≤ φ ≤ +π,
the lower sign to −π ≤ φ ≤ 0, and

z± =
1

c1e

(
|Q2|
Λ2

)−β0/c1
exp

[
i

(
±π − β0

c1

φ

)]
. (1.22)

This idea can be extended to the three-loop case, using an approximation via Padé
for the beta function

βapp(a) = −β0a
2(Q2)

1 + (c1 − c2/c1)a(Q2)

1− (c2/c2
1)a(Q2)

. (1.23)

With this, the solution of the coupling to three loops in terms of the Lambert function
takes the form

a(3)(Q2) = − 1

c1

1

1− c2/c2
1 +W∓1(z±)

(1.24)

The Lambert functionW = W (z) is defined via the inverse relation (1.20), cf. Fig. 1.1(a).
The two branchesW∓1(z) of the Lambert function are related via complex-conjugation

-4 - 3 - 2 -1
W

-0.5

-0.4

-0.3

-0.2

-0.1

0.1

0.2

z

Ha L

z � W e
W

z � -1�e

-0.35 -0.30 -0.25 -0.20 -0.15 -0.10 -0.05
z

-5

-4

- 3

- 2

-1

1

y

Hb L solid line: y � W
-1Hz L

Hdo tte d line :L y � -1

Hdashe d line :L y �

c2

c1
2

- 1

-1�e

È
z HuL L

È

Figure 1.1: (a) The defining relation z = WeW for the Lambert function W (z), for −1/e < z < 0;
(b) The branch W−1(z) for the same z-interval; when c2 < 0, the denominator of Eq. (1.24) becomes
zero at a z(uL) in this interval.

W+1(z∗) = W−1(z)∗, and the point z = −1/e is the branching point of these functions.
In the interval −1/e < z < 0, W−1(z) is a decreasing function of z, cf. Fig. 1.1(b).
When z → −0, the scale Q2 tends to Q2 → +∞, and W−1(z)→ −∞, this reflecting
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the asymptotic freedom of apt(Q
2) of Eq. (1.24). In our considered case of low-energy

QCD (i.e., with number of quark flavors nf = 3), the solution (1.24) has unphysical
(Landau) singularities along the positive Q2 axis, for any c2. An extension of such
beta function to the effective four- and five-loop case, such that the solution is explicit
and involving Lambert functions, was made in [2]. For more details on the Lambert
functions, we refer to Refs. [2–6].

1.5 Thresholds

Until now, the coupling that we are considering has been running in the whole range
of energy without taking into account the heavy mass thresholds. The latter provide
us a more accurate formula for the running coupling.
In order to incorporate these mass (decoupled) effects, we note that the flavor depen-
dence (nf ) is via the beta coefficients (1.8). We will consider the following convention:
nl massless quarks with mq � µ (nl = nf − 1), and the n′f th quark flavor has a mass
mh that is supposed to be much larger than the energy scale µ.
The most simple way to consider the mass effects is by imposing continuity on the
coupling in the Euclidean region at threshold scales µthr ∼ mh. Introducing the
notation

a(Q2) ≡ fNf (Q
2/Λ2

nf
) , (1.25)

at positive “threshold” values Q2 = µthr = Q2
nf−1 7→nf > 0 chosen to be for nf = 4, 5, 6

the squares of the current heavy quark masses mh: mc ≡ m4, mb ≡ m5 and mt ≡ m6,
respectively [7]

fN−1(m2
N/Λ

2
N−1) = fN(m2

N/Λ
2
N) (N ≡ nf = 4, 5, 6) . (1.26)

Further, it is assumed that, for complex Q2, the values of a(Q2) involve the scale ΛNf

determined by the absolute value |Q2|

a(Q2) = fN(Q2/Λ
2

N) for : m2
N < |Q2| < m2

N+1 . (1.27)

In a more rigurous way, we need to take the matching between the coupling in the
QCD and a coupling in an effective theory. In this way, we have an effective theory
with nl flavors by requiring consistency with the nf QCD theory at an energy that
corresponds to the heavy mass threshold µ(nf ) = O(mh). Following the formulae
in [8, 10, 11] up to three loops, and taking explicit formulas to four loops from [12]
we have the matching scale µ(nf ) in units of the RG-invariant MS mass µh = mh(µh)

a′

a
= 1− a`h

6
+ a2

(
`2
h

36
− 19

24
`h + c2

)
+ a3

[
− `3

h

216

− 131

576
`2
h +

`h
1728

(−6793 + 281nl) + c3

]
, (1.28)

12



Table 1.1: Comparison between different values of the lambda QCD for nf = 3, 4, 5
in the MS scheme and the different values of the coupling at three loop order in the
threshold masses.

Method
Lambda QCD Running Coupling (3 loops)

Λ5 Λ4 Λ3 a(nf=5)(m2
b) a(nf=4)(m2

b) a(nf=4)(m2
c) a(nf=3)(m2

c)
Decoupled 0.208 0.289 0.329 0.0713 0.0714 0.1220 0.1223
Shirkov 0.208 0.287 0.326 0.0712 0.0712 0.1216 0.1216

where `h = ln[(µ(nf ))2/µ2
h], a

′ = a(nl)(µ(nf )), a = a(nf )(µ(nf )) and

c2 =
11

72
, c3 = −82043

27648
ζ(3) +

564731

124416
− 2633

31104
nl. (1.29)

Here, ζ is Riemann’s zeta function (ζ(3) ≈ 1.202 057). And in terms of the pole mass
Mh with Lh = ln[(µ(nf ))2/M2

h ]

a′

a
= 1− aLh

6
+ a2

(
L2
h

36
− 19

24
Lh + C2

)
+ a3

[
− L

3
h

216

− 131

576
L2
h +

Lh
1728

(−8521 + 409nl) + C3

]
, (1.30)

where

C2 = − 7

24
, C3 = −80507

27648
ζ(3)− 2

3
ζ(2)

(
1

3
ln 2 + 1

)
− 58933

124416
+
nl
9

[
ζ(2) +

2479

3456

]
. (1.31)

In order to test the first model (more easy) with the rigorous analysis of the treatment
of the thresholds, we obtained the values of MS lambda at k = 3, 4, 5 (flavors).

In Table 1, the value for Λ5 was taken from the well-known world average value of the
coupling: a(nf=5)(M2

z ) = 0.118/π that implies: Λ5 = 0.208 in the MS renormalization
scheme to three loops order.
Besides, the values of the more simple approach differ by about 1% with respect to
the last method. This small effect in the coupling implies that when we will work in
analytic QCD models, we prefer the more simple method and therefore we define the
coupling as a ”global” in the form

aglob.(Q2) = anf=3(Q2; Λ3)Θ(Q2 ≤ m2
4) + anf=4(Q2; Λ4)Θ(m2

4 ≤ Q2 ≤ m2
5) +

anf=5(Q2; Λ5)Θ(m2
5 ≤ Q2 ≤ m2

6) + anf=6(Q2; Λ6)Θ(m2
6 ≤ Q2)(1.32)
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1.6 Confinement and Asymptotic Freedom

In QCD we have a familiar behavior of the running coupling that decreases logarith-
mically at large momentum transfer Q2 →∞ (see Eq. (1.12)). It is familiar because
the perturbation theory is reliable at these scales, so this is only a consequence of a
mathematical procedure. On the other hand, the theoretical explanation of this fact
is that the interaction at small distance is negligible.
We can see this effect in the beta function too. The asymptotic freedom occurs if
β0 > 0, that is for nf ≤ 16, therefore the asymptotic freedom in QCD is valid since
nf ≤ 16.
Asymptotic freedom is inherent in the nature of nonabelian Yang-Mills theory, be-
cause of gauge boson self-interactions.
On the contrary, when we go to low energy scales, the running coupling constant
begins to increase, and perturbative QCD becomes unreliable. Such growth of the
coupling explains the nature of the strong interaction.
Confinement in QCD means that free quarks and gluons cannot be observes in the
real world.
Confinement is a tendency of the perturbative coupling; in the next section we will
see that is natural to have an infrared (IR) fixed point, i.e. that the running coupling
freezes at Q2 → 0.
In Fig. (1.2) we can see the perturbative running coupling at three flavors in a wide
region of energy scale. From here is evident the aforementioned properties of asymp-
totic freedom and confinement are evident confirmed by the experiments (we used
the normalization at nf = 5 from the world average value).
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Figure 1.2: Runing coupling constant versus Q2, compared with different experiments
from different sources taken from Ref. [15]

1.7 Landau Poles

The one-loop running coupling constant (1.12), has a pole singularity at the space-
like point Q2 = Λ2 due to the logarithmic behavior called ”Landau pole”. Here the
application of perturbative expansion is not reliable.
A similar phenomenon we can see at two loop (see Eq. (1.14)) a(2)(Q2) ∼ 1/

√
ln(Q2/Λ2),

where a pole and a branching point appear. When we go to higher orders, the sin-
gularities at spacelike Q2 ∼ Λ2 remain.
Based on these arguments, at Q2 ≈ 3GeV2 scales, the perturbative QCD (pQCD)
coupling a(Q2) is marginally reliable; at Q ≈ 1 GeV it is unreliable. This is so be-
cause the pQCD coupling a(Q2) suffers from unphysical (Landau) singularities at low
spacelike q2 (≡ −Q2), i.e., at 0 < Q2 < Λ2 where Λ2 ∼ 10−1 GeV2; for Q2 ∼ 1 GeV2

it is dangerously close to these singularities, and thus unreliable.
The aforementioned Landau singularities are not physical because they do not possess
the analytic properties of the spacelike observables D(Q2) (such as the Adler func-
tion), the latter properties being dictated by the general properties of quantum field
theories [13, 14] including causality. Namely, D(Q2) must be an analytic function in
the entire complex Q2 plane, with the exception of the timelike semiaxis Q2 < −M2

thr,
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where Mthr ∼ 10−1 GeV is a particle production threshold. Specifically, the evalu-
ation of spacelike quantities D(Q2) in pQCD, as a (truncated) power series of the
perturbative running coupling (couplant) apt(κQ

2) ≡ αs(κQ
2)/π (with κ ∼ 1), does

not respect these important analytic properties of D(Q2)
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Chapter 2

Analytic Perturbation Theory
(APT)

2.1 Introduction

The analytic perturbation theory (APT) was introduced by Shirkov and Solovtsov
[16–19] (for more details see the reviews in Refs. [20, 21]). This was the first QCD
model based on the dispersion relation or Källen-Lehmann representation to the run-
ning coupling, and represents one of the most known analytic QCD models (analytic
in the sense that the coupling a(Q2) is analytic/holomorphic function).
We saw that in the IR domain, the RGE method gives us nonphysical (Landau) sin-
gularities, and the main idea of all analytic models is to eliminate them.
The Källen-Lehmann representation can be derived by applying the Cauchy theorem,
choosing an appropriate contour in the complex Q2-plane displayed in Fig. (2.1).

Taking f(Q′2) ≡ a(Q′2)
Q′2−Q2 in Fig. (2.1) we get the following analytic coupling:

A1(Q2) ≡ a(Q2)(an.) =
1

π

∫ ∞
0

dσ
ρpt1 (σ)

σ +Q2
, (2.1)

where

ρpt1 (σ) ≡ 1

2i
[a(−σ − iε)− a(−σ + iε)] = Im(a(−σ − iε)). (2.2)

This new coupling is called APT analytic coupling. Via this dispersive approach all
the unphysical singularities are removed in a natural way, and it is straightforward
to generalize this approach to any powers. In this sense, the new analytic version of
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Q′2

f(Q′2)

Q′2 − plane

Figure 2.1: Contour needed to derive the analytic APT coupling (with radius r 7→ ∞)

the powers of the coupling are in general nonpowers [16,19,20,22–25] and obeys the
following linear operation (that is, in the region: Q2 ≡ −q2 ∈ C (−∞,∞]) AE:

AE[an(l)] = A(l)
n (Q2) ≡ 1

π

∫ ∞
0

dσ
ρ

(l)
n (σ)

σ +Q2
. (2.3)

Here, the spectral density generalized to l-loops and takes the form

ρ(l)
n (σ) = Im[an(l)(−σ − iε)]. (2.4)

In analogous way, we can find the running analytic coupling in the Minkowskian
region (s = q2 > 0) via linear operation AM

AM [an(l)] = A(l)
n (s) ≡ 1

π

∫ ∞
s

dσ
ρ

(l)
n (σ)

σ
, (2.5)

Now, these two analytic couplings can be related one to another via the following two
integral transformations: D̂ from Minkowski to Euclidean and R̂ from Euclidean to
Minkowski.

D̂[A(l)
n ] = A(l)

n ≡ Q2

∫ ∞
0

dσ
A

(l)
n (σ)

(σ +Q2)2
,

R̂[A(l)
n ] = A(l)

n ≡
1

2πi

∫ −s+iε
−s−iε

dσ
A(l)
n (σ)

σ
, (2.6)
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Re[s]

Im[s] s− plane

−s− iε

−s+ iε

Figure 2.2: Contour for R̂ transformation

where the contour of Fig. (2.2) was implemented to the case of R̂ transformation.

2.2 Physical Observables in APT

The Adler function D(Q2) represents a typical observable in physical processes in the
spacelike regime (Euclidean region). In the standard perturbative QCD the Adler
function takes the form [22,26]

D(Q2) =
∑
n

dna
n
(l)(Q

2), (2.7)

where the renormalization point µ2 = Q2 is understood.
With this form of the Adler function, the analytization of this quantity is direct via
the aforementioned (defined in the last section) linear transformation AE[D] ≡ DA,
with

DA = AE

[∑
n

dna
n
(l)(Q

2)

]
=

∑
n

dnAE[an(l)(Q
2)]

=
∑
n

dnA(l)
n (Q2). (2.8)

We can perform the second step since the coefficients dn are independent of the
momentum transfer Q2. In general, we must take such a step in the dispersive
approach.
In an analogous way, we can deal with observables in the timelike regime (Minkowski
region) such as Drell function R(s). In the perturbative expansion in QCD, this
function is given by

R(s) =
∑
m

rma
m
(l)(s), (2.9)
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where the condition µ2 = s was assumed.
The analytization in the timelike region is made with the help of the aforementioned
linear operation AM [R] ≡ R

R = AM

[∑
m

rma
m
(l)(s)

]
=

∑
m

rmAM [am(l)(s)]

=
∑
m

rmA
(l)
m (s). (2.10)

where rm coefficients are s independent.
Now, the connection between these two quantities is like in the case of the coupling
in the two regimes

R̂[DA] = R; D̂[R] = DA (2.11)

2.3 Nonpower Expansion

In the previous section, analytic Adler and Drell functions in terms of analytic cou-
pling were presented, these expansions incorporate a linear transformation upon pow-
ers of coupling resulting in nonpower analytic couplings (given by Eq. (2.6)). This
gave the explicit expressions in (2.8) and (2.10) which were obtained in [19,23,26]
We can find recursive relation based on the renormalization group (since we can
analytize the beta function) for higher orders of the analytic coupling

1

k

dA(l)
k (Q2)

dlnQ2
= −

n∑
j=1

βj−1A(l)
k+j(Q

2);
1

k

dA
(l)
k (s)

dlns
= −

n∑
j=1

βj−1A
(l)
k+j(s). (2.12)

It is often more easy to use this relation for calculations of higher orders instead of
use the dispersive approach directly.
We present below the derivation of the first relation in (2.12). In pQCD we have

dak(Q2)

dln(Q2)
=

dak

da

da

dln(Q2)
= kak−1β(a)

= −kβ0a
k+1 − kβ1a

k+2 − kβ2a
k+3 + · · · . (2.13)

Applying the imaginary part on both sides of (2.13) and taking Q2 ∈ C & Q2 =
−σ − iε (dln(Q2)→ dlnσ), we obtain

1

k

dImak(−σ − iε)
dlnσ

= −
∑
n≥1

βn−1Im
[
ak+n(−σ − iε)

]
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=⇒ 1

πk

∫ ∞
0

dσ
σ d
dσ

Imak(−σ − iε)
σ +Q2

= −
∑
n≥1

βn−1Ak+n(Q2), (2.14)

and we can rewrite the l.h.s of (2.14) in the following form:

1

πk

∫ ∞
0

dσ
σ d
dσ

Imak(−σ − iε)
σ +Q2

= − 1

πk

∫ ∞
0

dσImak(−σ − iε) d
dσ

(
σ

σ +Q2

)
=

1

πk

∫ ∞
0

dσ
(−Q2)

(σ +Q2)2
Imak(−σ − iε)

=
1

πk

d

dlnQ2

∫ ∞
0

dσ
Imak(−σ − iε)

(σ +Q2)

=
1

k

dAk(Q2)

dlnQ2
(2.15)

Therefore with (2.14) and (2.15) we obtain the first recursion relation in (2.12). The
procedure to find the recursion relation in the Minkowski region can be performed in
an analogous way.
The relations (2.12) are valid also in any other analytic QCD model, and define the
power analogous Ak as combination of logarithmic derivatives dnA1(Q2)/d(lnQ2)n;
this construction of Ak’s in general analytic QCD models was proposed and presented
in Refs. [35,36].

2.4 One-Loop APT Coupling

A first (and more basic) application of the dispersion relation is for the running
coupling to one-loop order (1.12).
The spectral density is given by [20,21]

ρ
(1)
1 = Im

[
1

β0ln(−σ/Λ2)

]
=

1

β0

Im

[
1

ln(σ/Λ2)− iπ

]
=

π

β0(ln2(σ/Λ2) + π2)
. (2.16)

We replace this in (2.3). The analytic coupling to one loop is

A(1)
1 (Q2) =

1

β0ln(Q2/Λ2)
− 1

2πi

∫
dQ′2a(Q′2)

Q2 −Q′2

=
1

β0ln(Q2/Λ2)
− 1

β0

(
Λ2

Λ2 −Q2

)
, (2.17)
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where for simplicity, we apply the Cauchy theorem, with the second term in the r.h.s.
of (2.17) corresponding to the residue in the Landau pole Q2 = Λ2. Therefore, the
analytic coupling corresponds to perturbative coupling minus the Landau pole.
In the Minkowskian region, we apply the relation (2.5) or the transformation R̂ (see
Eq. (2.6)) upon (2.17), and this gives

A
(1)
1 (s) =

1

πβ0

arctan

(
π

ln(s/Λ2)

)
=

1

πβ0

arccos

(
ln(s/Λ2)√

ln(s/Λ2) + π2

)
(2.18)

The expressions for higher orders are found via recursive relations (2.12) taking into
account that β0 6= 0 and βi>0 = 0:

A(1)
2 (Q2) =

1

β2
0

(
1

ln2(Q2/Λ2)
− Q2

Λ2(Q2/Λ2 − 1)2

)
,

A(1)
3 (Q2) =

1

β3
0

(
1

ln3(Q2/Λ2)
− 1

2

Q2/Λ2(1 +Q2/Λ2)

(Q2/Λ2 − 1)3

)
(2.19)

and for the Minkowski coupling

A
(1)
2 (s) =

1

β0

1

ln2(s/Λ2) + π2
,

A
(1)
3 (s) =

1

β3
0

ln2(s/Λ2)

(ln2(s/Λ2) + π2)2
, (2.20)

where from (2.12) we used (iteratively) to one loop

A(1)
2 (Q2) = − 1

β0

dA(1)
1 (Q2)

dln(Q2/Λ2)

A(1)
3 (Q2) = − 1

2β0

dA(1)
2 (Q2)

dln(Q2/Λ2)
=

1

2β2
0

d2A(1)
1 (Q2)

dln(Q2/Λ2)2

...

A(1)
k (Q2) =

(−1)k−1

βk−1
0 (k − 1)!

dk−1

dln(Q2/Λ2)k−1
A(1)

1 (Q2); k ≥ 2 (2.21)

and

A
(1)
k (s) =

(−1)k−1

βk−1
0 (k − 1)!

dk−1

dln(s/Λ2)k−1
A

(1)
1 (s); k ≥ 2 (2.22)

We compare the analytic couplings in the Euclidean and Minkowskian regions (see
Fig. 2.3), by summarizing the following properties:
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• There is an IR fixed point, that is A1(0) = A1(0) = 1/β0, with β0 = 1
4
(11 −

2nf/3).

• Asymptotic freedom is satisfied: A1(∞) = A1(∞) = 0

• In general, the coupling (at any order) changes when we go from the Minkowskian
to Euclidean region. This property is known as ”distorting mirror”.

• Higher order analytic couplings by construction are different from powers of A1

(or A1). Therefore, we have an expansion in nonpower function.
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Figure 2.3: Analytic couplings in APT to one-loop order for spacelike A1(Q2) and
timelike U1(s) ≡ A1(s) in the left panel. In the right panel we show the higher powers
A1(Q2)2, A1(Q2)3 (dashed lines) compared with the nonpower analogous a2(Q2),
a3(Q2) (lines), and analogously for the timelike couplings

.

2.5 Two-Loop APT Coupling

We know the exact solution for the two-loop running coupling constant in pQCD
via Lambert function as in Eq. (1.21). Unfortunately, the APT analytization of the
two-loop running coupling has no simple solution. Therefore, we can only extract
numerical information with the following spectral function (we will show another
way to obtain the analytic two-loop form in general, where we generalize the analytic
nonpowers with the power index real and noninteger):

ρ̃(2)
n (t) =

(
1

c1

)n
Im

[
−1

1 +W1(z(t))

]n
, (2.23)

with

z(t) =
β0

ec1

exp

[
− t

c1

β0 + iπ

(
β0

c1

− 1

)]
(2.24)
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and
t = ln(

σ

Q2
), σ = Λ2et.

In this particular case. we used in the analytic coupling the change of variable σ → t,
this leave the spectral function unchanged (ρ̃

(2)
1 (t) = ρ

(2)
1 (σ)) and

A(`)
n (Q2) =

1

π

∫ ∞
0

ρ
(`)
n (σ)

σ +Q2
dσ =

1

π

∫ ∞
−∞

et

et +Q2/Λ2
ρ̃(`)
n (t)dt. (2.25)

That is general to `-loops.
In order to obtain an explicit formula for the analytic running to two loops, we have an
alternative form (although it is not exact) which is using the iterative solution (1.14)
for the coupling; the spectral function is given in this case by

ρ(2)(σ) =
1

β0

I(t)

I2(t) +R2(t)
(2.26)

with

I(t) = π +
c1

β0

arccos

(
c1/β0 + t√

(c1/β0 + t)2 + π2

)

R(t) = t+
c1

β0

ln

(√
(c1/β0 + t)2 + π2

c1/β0

)
(2.27)

This is an alternative approximate solution for the two.loop APT analytic coupling.

2.6 Thresholds in APT (Global APT)

As was mentioned in the previous section, the threshold effects will be introduced via
global running coupling given by Eq. (1.32) in their continuous form (1.25)-(1.27).
This was motivated by Shirkov et al. where the coupling is considered at the one-
and two-loop level only, therefore this implementation of the thresholds is formally
valid for the underlying pQCD coupling a(Q2).
In this sense, we have the spectral density in the continuous form (for n-th power)

ρglob.n (σ) = ρ
nf=3
n (σ; Λ3)Θ(σ ≤ m2

4) + ρ
nf=4
n (σ; Λ4)Θ(m2

4 ≤ σ ≤ m2
5) +

ρ
nf=5
n (σ; Λ5)Θ(m2

5 ≤ σ ≤ m2
6) + ρ

nf=6
n (σ; Λ6)Θ(m2

6 ≤ σ), (2.28)

where ρ
nf
n (σ,Λnf ) = Im

{
an(−σ − iε,Λnf )

}
and a(Q2,Λnf ) = fnf (Q

2/Λ2
nf

).
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Figure 2.4: Global spectral density of the first and second powers, ρ1,2(Q2), at one-
loop level corresponding to three flavors comparing with (global) and without (dashed
lines) taking threshold into account

With the corresponding global analytic coupling

Aglob.n (Q2) =

∫ ∞
0

ρglob.n (σ)

σ +Q2
dσ (2.29)

The global analytic effective charges in the Minkowskian region is, by the same taken

Aglob.
n (s) =

∫ ∞
s

ρglob.n (σ)

σ
dσ. (2.30)

2.7 Fractional Analytic Perturbation Theory (FAPT):

From integer to general powers counting

The procedure to generalize the analytization of of powers aν in APT to any ν ∈ R
(i.e., noninteger) is via Laplace representation in APT, and was called fractional
analytic perturbation theory or FAPT [28, 29] (for a general analytic QCD model
this was performed in [27]).
First, to one loop the Laplace representation is written in the following way (for
convenience we will use L ≡ ln(Q2/Λ2)):

A1(L) =

∫ ∞
0

e−tLÃ1(t)dt, (2.31)

where

Ã1(t) =
1

β0

[
1−

∞∑
m=1

δ(t−m)

]
. (2.32)
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Using this idea we can generalize (where the clue is to replace (k − 1)! 7→ Γ(ν) for
the continuation in the index ν) (2.21) in the form (k 7→ ν)

Aν(L) =
1

βν−1
0 Γ(ν)

(
− d

dL

)ν−1

A1(L) =
1

βν−1
0

∫ ∞
0

e−Lt
tν−1

Γ(ν)
Ã1(t)dt. (2.33)

Therefore, the Laplace transform of the analytic image of the effective coupling Aν(L)
is given by

Ãν(t) =
tν−1

βν−1
0 Γ(ν)

Ã1(t) =
tν−1

βν0 Γ(ν)

(
1−

∞∑
m=1

δ(t−m)

)
. (2.34)

Finally, combining Eqs. (2.34) and (2.33) gives the result

Aν(L) =
1

βν0

(
1

Lν
− 1

Γ(ν)

∞∑
m=1

e−mLmν−1

)

=
1

βν0

(
1

Lν
− e−L

Γ(ν)
Φ(e−L, 1− ν, 1)

)
, (2.35)

where Φ(z, ν − 1, 1) is the Lerch trascendental function. We can to rewrite (2.35)
noticing that Φ(z, ν, 1) = Liν(z)/z, where Liν(z) is the polylogarithmic function

Aν(L) =
1

βν0

(
1

Lν
− Li1−ν(e

−L)

Γ(ν)

)
. (2.36)

In an analogous way, we find the analytic coupling in the Minkowskian region (with
for convenience we take instead of Q2: Ls ≡ ln(s/Λ2), s > 0)

Aν(Ls) =
sin[(ν − 1) arccos(Ls/

√
π2 + L2

s)]

πβν0 (ν − 1)(π2 + L2
s)

(ν−1)/2
. (2.37)

From these analytic couplings (2.36) and (2.37) we can extract the following prop-
erties:

• The analytic coupling satisfies a symmetric relation (for ν = m ≥ 2,m ∈ N)

Am(L) = (−1)mAm(−L),

Am(Ls) = (−1)mAm(−Ls). (2.38)

• The asymptotic condition is (ν = m,m ∈ N)

Am(−∞) = Am(−∞) =
1

β0

δm,1,

Am(∞) = Am(∞) = 0. (2.39)
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• Am+2 has m zeros at positive L in the vicinity of the point L = 0.

• For negative index, corresponding to ”inverse nonpower” (that is the analyti-
zation of a−ν(Q2)) the expression are given by

A−ν(L) = βν0

(
Lν − Liν+1(e−L)

Γ(−ν)

)
,

A−ν(Ls) = βν0

(
(π2 + L2

s)
(ν+1)/2 sin[(ν + 1) arccos(Ls/

√
π2 + L2

s)]

π(ν + 1)

)
.(2.40)

• In the point L = 0 we have

Aν(0) = −ξ(1− ν)

β0Γ(ν)
; Aν(0) =

sin[(ν − 1)π/2]

βν0 (ν − 1)πν
, (2.41)

or, relating these two quantities

Aν(0) =

[
(ν − 1)ξ(ν)

2ν−1

]
Aν(0) (2.42)

Another analytization that can be obtained in FAPT is that of the terms containing
logarithmics: aν ln(a) or the more general expression aν lnk(a). These expressions
appear typically in perturbation expansion of some observables (for example when
we solve the renormalization group equations).
For convenience (for more understanding of the analytization procedure) we rewrite
the logarithmic terms as derivatives of the running coupling in the form

aν lnk(a) =
dk

dνk
aν . (2.43)

The analytization can be applied directly to aν(Q2) due to linearity of the differential
operator, therefore

Lν;k(L) ≡
[
dk

dνk
aν(L)

]
an

=
dk

dνk
Aν(L). (2.44)

2.7.1 Two-loop FAPT and higher orders

Theoretically speaking, the higher orders can be made based on the one-loop coupling,
in order to find an explicit expression (numerically, we can do it without problem by
numerical evaluation of the dispersion integral).
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At two loops for example, from RGE we have a transcendental equation for the
two-loop pQCD running coupling a(2)

1

β0a(2)

+
c1

β0

ln

[
β0a(2)

1 + c1/β0a(2)

]
= L. (2.45)

As a consequence, we can express a(2) as a power series in the one-loop running
coupling: a(1) = 1/(β0L)

a(2) = a(1) + c1a
2
(1)ln(β0a(1)) + c2

1a
3
(1)[ln

2(β0a(1)) + ln(β0a(1))− 1]

+O(a4
(1)ln

3(a(1))). (2.46)

Therefore, the analytization gives us [28,29]

A(2)
1 (L) = A(1)

1 (L) + c1A(1)
2 (L)ln(β0) + c1

d

dν
A(1)
ν (L)

∣∣∣∣
ν=2

+c2
1A

(1)
3 (L)(ln2(β0) + ln(β0)− 1) + c2

1

d

dν
A(1)
ν (L)

∣∣∣∣
ν=3

(ln(β0) + 1)

+c2
1

d2

dν2
A(1)
ν (L)

∣∣∣∣
ν=3

+ · · · (2.47)

2.8 Global FAPT: Crossing thresholds

The generalization of taking the thresholds into account is straightforward, with the
global analytic coupling being a generalization of Eqs. (2.29)- (2.30) by substitution
n 7→ ν

Aglob.,(`)ν (L) =

∫ ∞
−∞

ρ
glob.,(`)
ν (Lσ)

1 + eL−Lσ
dLσ,

Aglob.,(`)
ν (Ls) =

∫ ∞
Ls

ρglob.,(`)ν (Lσ)dLσ, (2.48)

where L ≡ ln(Q2/Λ2
3), Lσ ≡ ln(σ/Λ2

3) and as in Eq. (2.28)

ρglob.,(`)ν (Lσ) = ρ(`)
ν (Lσ; Λ3)Θ(Lσ < L4) + ρ(`)

ν (Lσ; Λ4)Θ(L4 ≤ Lσ < L5)

+ρ(`)
ν (Lσ; Λ5)Θ(L5 ≤ Lσ < L6) + ρ(`)

ν (Lσ; Λ6)Θ(L6 ≤ Lσ),(2.49)

and LN ≡ ln(Λ2
N/Lambda

2
3), ρ

(`)
ν (Lσ; ΛN) ≡ Ima(−σ−iε; ΛN)ν [we recall: a(Q2,ΛN) =

f(Q2/Λ2
N)].
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Finally, in the analogous procedure as before (in the global APT), we have for the
terms involving logarithms of the pQCD coupling:

Aν,k(L) =

∫ ∞
−∞

ρ
glob;(`)
ν,k (Lσ)

1 + eL−Lσ
dLσ, (2.50)

and

Aν,k(L) =

∫ ∞
Ls

ρ
glob;(`)
ν,k (Lσ)dLσ, (2.51)

the spectral density here is ρ
glob;(`)
ν,k (Lσ) = Im{a(Lσ)ν lnka(Lσ)}.
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Chapter 3

Other Analytic QCD Models

3.1 Introduction

Most of the analytic QCD (anQCD) models suffer from one or both of the following
problems:

• Analytic QCD models with few free parameters usually severely underestimate
the experimental value of the (strangeless) semihadronic tau decay ratio rτ . For
example, (F)APT gives values for rτ by at least 10σ below the experimental
value, cf. Ref. [30,37]. The value of rτ is at present the most precisely measured
low-energy QCD observable, with the squared momentum of the process s =
|Q2| = m2

τ ≈ 3 GeV2.

• The deviation of the analytic coupling A1(Q2) from the perturbative coupling
apt(Q

2), at high Q2 � Λ2, can be appreciable: A1(Q2) − apt(Q
2) ∼ (Λ2/Q2)k

(k = 1, or 2, ...); in (F)APT k = 1. This implies that such analytic QCD models
give nonperturbative contributions ∼ (Λ2/Q2)k which are at least partly from
the ultraviolet (UV) regime. Such UV nonperturbative contributions are in
disagreement with the Operator product expansion (OPE) philosophy of the
ITEP (Institute of Theoretical and Experimental Physics) group [38], which
stipulates that the nonperturbative contributions come only from the infrared
(IR) regime.

The perturbative coupling a(Q2) ≡ αs(Q
2)/π has singularities (cut) along the real

Q2 axis at Q2 ≤ Q2
b (∼ Λ2) in the complex plane, where Q2

b is the branching point.
Application of the Cauchy theorem gives the following general dispersion relation for
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a(Q2):

a(Q2) =
1

π

∫ +∞

−Q2
b−η

dσ
ρ

(pt)
1 (σ)

(σ +Q2)
, (3.1)

where ρ
(pt)
1 (σ) = Im a(Q2 = −σ − iε) is the perturbative discontinuity function,

and η → +0. In the previous chapter we saw the (F)APT model of Shirkov and
Solovtsov [16, 22, 30] and this consists of removing the offending cut at positive Q2

(0 < Q2 ≤ Q2
b), i.e., for −Q2

b ≤ σ < 0 we have the form (2.1). In analogous way, the
higher order couplings An (n = 2, 3, . . .) are given by Eq. (2.3).
As mentioned before, once the parameter Λ (the MS Λ-scale is referred to in this
notation, for convenience) is adjusted in APT so that the high-energy QCD phe-
nomenology is reproduced. However, then the value of the semihadronic tau decay
ratio rτ (strangeless and massless) is predicted to be about 0.14, much lower [36,37]
than the well measured experimental value rτ ≈ 0.203 ± 0.004. Another possibly
unattractive aspect of APT is that its coupling A1(Q2) has singularities along the
entire nonpositive Q2 axis (Q2 ≤ 0, i.e., σ ≥ 0) in the complex Q2-plane. This does
not reflect closely the analyticity properties of spacelike observables D(Q2) which
have nonanalyticity cut along negative Q2 axis starting at a negative threshold value
−M2

thr: Q2 ≤ −M2
thr (i.e., σ ≥ M2

thr). The value of the threshold mass Mthr is
typically (multiple of) a mass of light mesons. One possibility to incorporate such
behavior in the analytic coupling is to eliminate certain IR interval 0 ≤ σ < M2

thr

of the cut in the dispersive relation (2.1), resulting in a “modified” APT (mAPT)
coupling

A(mAPT)
1 (Q2) =

1

π

∫ +∞

M2
thr

dσ
ρ

(pt)
1 (σ)

(σ +Q2)
. (3.2)

Such type of change was proposed in Refs. [32].1 In general analytic QCD the appli-
cation of the Cauchy theorem gives the following general dispersion relation for the
analytic (holomorphic) A(Q2):

A1(Q2) =
1

π

∫ +∞

M2
thr

dσρ1(σ)

σ +Q2
, (3.3)

where ρ1(σ) ≡ Im(Q′2 = −σ − iε).
In Ref. [40] (motivated by the work of Peris [41]), it was pointed out that the
coupling (3.2) and (3.3) is a Stieltjes function, and that, as a consequence, the para-
diagonal Padé approximants [M − 1/M ](Q2) of such a coupling systematically con-

1The authors of [32] used for A1, before eliminating an IR-cut, a “second” APT model [31], which
is obtained by minimal analytization of the right-hand side of the following form of the perturbative
renormalization group equation (RGE): d ln a/d lnQ2 = −β0a− β1a

2− β2a
2− · · · . Their numerical

analysis is then performed at the one-loop level.
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verge to the exact values A1(Q2) when the Padé index M increases.2 The latter fact
was checked numerically, and it was also shown there that the aforementioned Padé
approximations are equivalent to approximating the mAPT discontinuity function
ρ

(mAPT )
1 (σ) ≡ ImA(mAPT )

1 (−σ− iε) = ρ
(pt)
1 (σ)Θ(σ−M2

thr) by a sum of M delta terms

1

π
ρ

(mAPT)
1 (σ)[M−1/M ] = Θ(σ −M2

thr)× Im a(Q2 = −σ − iε) (3.4)

≈
M∑
n=1

f 2
nΛ2δ(σ −M2

n) =
m∑
n=1

f 2
nδ(s− sn) , (3.5)

where s = σ/Λ2, sn = M2
n/Λ

2 and fn are positive dimensionless quantities, and
Mthr ≈ M1 < M2 < · · · . Stated otherwise the [M − 1/M ] Padé approximation to

A(mAPT )
1 is

[M − 1/M ]A(mAPT )
1

(Q2) =
1

π

∫ ∞
0

dσρ
(mAPT )
1 (σ)[M−1/M ]

σ +Q2

=
M∑
n=1

f 2
nΛ2

Q2 +M2
n

=
M∑
n=1

f 2
n

s+ sn
. (3.6)

Therefore, it was argued that, although a sum of delta functions appears to be a very
crude approximation for the (continuous) function ρ

(mAPT )
1 (σ), it gives increasingly

better expressions for the coupling A1(Q2) when the number M of deltas in the
sum (3.5) increases. We only know the approximate behavior of the true ρ1(σ) at

high σ � Λ2 [ρ1(σ) ≈ ρ
(pt)
1 (σ)], and we do not know the behavior in the IR regime

σ ∼ Λ2. Therefore, as was also argued in Ref. [40], in the regime of low positive σ
we can expect that parametrization of the true ρ1(σ) in terms of one or a few delta
functions may lead to a reasonably realistic behavior of A1(Q2) at low |Q2|. We will
show in the next sections the construction of a model by parametrization via one and
two deltas and finally the construction, in this kind of models (analytic models in
general), of analytic analogous Aν(Q2) [and Aν(s)] of powers apt(Q

2)ν (where ν can
be noninteger).

2Padé approximant [N/M ](x) to a function f(x) is, by definition, a ratio PN (x)/QM (x) of
polynomials of degree N and M , respectively, such that the Taylor expansions of [N/M ](x) and of
f(x) around x = 0 agree up to (and including) the term ∼ xN+M .
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3.2 One-delta Analytic QCD model

This model was introduced in Ref. [53].
One delta function in the IR regime of σ’s is used in the form:

ρ1δ
1 (σ) = πf 2

1 Λ2 δ(σ −M2
1 ) + Θ(σ −M2

0 )× ρ(pt)
1 (σ) , (3.7)

= πf 2
1 δ(s− s1) + Θ(s− s0)× r(pt)

1 (s) , (3.8)

where s = σ/Λ2, s1 = M2
1/Λ

2, s0 = M2
0/Λ

2, and r
(pt)
1 (s) = ρ

(pt)
1 (σ) = Im a(Q2 =

−σ − iε). We may expect3 0 < M1 < M0, i.e., the actual threshold mass is M1. The
discontinuity function ρ1(σ), Eq. (3.7), is depicted in Figs. 3.1 (a), (b), for the choice
of two sets of values of the parameters (M1, M0 and Λ), which will be motivated
later.

Figure 3.1: The discontinuity function ρ1(σ), Eq. (3.7) taking from Ref. [53], for the values of scale
parameters Λ = 0.487 GeV and: (a) M1 = 0.371 GeV and M0 = 0.956 GeV (s1 ≡ M2

1 /Λ
2 = 0.581

and s0 ≡ M2
0 /Λ

2 = 3.858); (b) M1 = 0.612 GeV and M0 = 1.275 GeV (s1 ≡ M2
1 /Λ

2 = 1.579 and
s0 ≡ M2

0 /Λ
2 = 6.862). For comparison, perturbative discontinuity function ρpt

1 (σ) at positive σ is
also included as a dotted curve [in β2 = β3 = · · · = 0 renormalization scheme (RSch), and with
nf = 3].

A physical interpretation of the ansatz (3.7)-(3.8) is also possible: If the discontinu-
ity function ρ1(σ) is to simulate, in the first approximation, the spectral functions
ρD(σ) = Im D(Q2 = −σ − iε) of spacelike observables D(Q2), the delta-term in
Eqs. (3.7)-(3.8) and in Figs. 3.1 can be regarded as a narrow width approximation
(NWA) of the dominant low-energy resonance.4 For an application of NWA ansatz
directly to the spectral function of the vector current-current correlator (⇔ Adler
function), see Ref. [41].

3Although we do not impose the condition 0 < M1 < M0, it will turn out to be true in our
model.

4For two simpler-minded analytic QCD models involving delta-function in ρ1(σ), see Refs. [35,36].
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Furthermore, in Ref. [42] a similar idea was applied directly to the spectral function
v1(σ) of the vector current-current correlator. The ansatz for v1(σ) there is similar
to the ansatz (3.7)-(3.8). However, instead of approximating the low-energy regime
(σ < M2

0 ) by a simple delta function, the known measured low-energy values of v1(σ)
of the ALEPH and OPAL collaborations [43–45] were used. The threshold value of the
onset of perturbative QCD (M2

0 ), and the perturbative coupling strength (⇔ Λ) were
then fixed by two conditions: the correct measured value of the (strangeless) rτ has
to be reproduced, and the higher-twist terms of the resulting massless Adler function
have no terms of dimension two (∝ 1/Q2). The work of Ref. [42] is a generalization
and refinement of an earlier work Ref. [46].

The dispersion relation applied to the discontinuity function (3.7)-(3.8) then gives us

the following expression for the analytic coupling A(1δ)
1 (Q2):

A(1δ)
1 (Q2) =

1

π

∫ +∞

0

dσ
ρ1δ

1 (σ)

(σ +Q2)
=

f 2
1

u+ s1

+
1

π

∫ ∞
s0

ds
r

(pt)
1 (s)

(s+ u)
, (3.9)

where we use the notation

u = Q2/Λ2, s = σ/Λ2 . (3.10)

In the renormalization scheme (RSch) with the beta function coefficients β2 = β3 =
· · · = 0, the discontinuity function is explicitly known in terms of Lambert function
W±1 Eqs. (1.21)-(1.22), Ref. [4] (see also Refs. [5, 6] on the use of Lambert functions
in evaluation of the n-loop coupling)

r
(pt)
1 (s) = Im

 1

c1

1[
1 +W−1

(
1
c1e
s−β0/c1 exp[−iπ(β0/c1 − 1)]

)]


= Im

−1

c1

1[
1 +W+1

(
1
c1e
s−β0/c1 exp[+iπ(β0/c1 − 1)]

)]
 , (3.11)

where s = σ/Λ2, and β0 and c1 = β1/β0 are the two (universal) coefficients in the
renormalization group equation and nf = 3 is taken. It is in this renormalization
scheme that we will asume the form (3.8) of the discontinuity function, and con-

sequently, the form (3.9) of A(1δ)
1 (Q2). The Λ scale appearing implicitly in these

expressions and in Eq. (1.22) is the Lambert Λ, and it is related with the MS scale
Λ at nf = 3 via

Λ ≈ Λ exp(0.3205) . (3.12)

The coupling a(Q2) in the β2 = β3 = · · · = 0 renormalization scheme has a Landau cut

along 0 < Q2 < Q2
b , where Q2

b is the branching point Q2
b = Λ2sb, where sb = c

−c1/β0
1 ≈
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0.635 when nf = 3. The perturbative coupling a(Q2) in this renormalization scheme is
known (1.21)-(1.22). It can be numerically checked that the dispersion relation (3.1)
holds for a(Q2) in this renormalization scheme, using for the discontinuity function
the expressions (3.11) at s ≡ σ/Λ2 > 0, and for −sb < s ≡ σ/Λ2 < 0 the expression

r
(pt)
1 (s) = Im

 1

c1

1[
1 +W−1

(
−1
c1e
|s|−β0/c1 + iε

)]
 . (3.13)

One peculiar feature in most of the analytic QCD models is that at large |Q2| (� Λ2)
the analytic coupling A1(Q2) differs from the perturbative coupling a(Q2) by an
inverse power of Q2:

|A1(Q2)− a(Q2)| ∼
(

Λ2

Q2

)k
(|Q2| � Λ2) . (3.14)

In APT ( [16–25]), and in the “second APT” [31], this power is k = 1, i.e., relatively
large deviation.

However, power deviations (3.14) are not in accordance with the philosophy of the
operator product expansion (OPE) as promoted by the ITEP group [38]. According
to that philosophy, all nonperturbative contributions such as (Λ2/Q2)k to (inclusive)
observables originate from the infrared (IR) regimes |Q2| . Λ2. Consequently, the
OPE of spacelike inclusive observables is interpreted in this approach as superposition
of perturbative contributions coming from the ultraviolet regime |Q2| � Λ2 (Wilson
coefficients) and nonperturbative contributions coming from the IR regime (vacuum
expectation values of operators). Once we have power deviations of the type (3.14),
this implies that a theory with such A1(Q2) will give us, in evaluations of inclusive
spacelike observables, nonperturbative terms (of the type Λ2/Q2) coming at least
partly from the UV regime, thus contravening the ITEP philosophy.

More specifically, the authors of Ref. [47] argued in the following way that the terms
∼ (Λ2/Q2)k in the deviation Eq. (3.14) contravene the ITEP philosophy of OPE.
Namely, let us consider the leading-β0 summation of an inclusive spacelike observable
D(Q2)

D(LB)(Q2) ≡
∫ ∞

0

dt

t
FD(t) a(tQ2eC) . (3.15)

Here, FD(t) is the characteristic function of the observable and C = −5/3. The

quantity tQ2eC is the square of internal loop momenta appearing in the resummation.
In the UV regime t > 1, the deviation (3.14) then produces power term contributions
of UV origin in the observable (see also Ref. [48])

δD(LB)(Q2) ∼ (Λ2/Q2)k
∫ ∞

1

dt

tk+1
FD(t) ∼ (Λ2/Q2)k . (3.16)
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For more discussion on these aspects, we refer to Ref. [39]. The aforementioned OPE
condition then implies

|A1(Q2)− a(Q2)| <
(

Λ2

Q2

)k
(|Q2| � Λ2; k = 1, 2, . . .). (3.17)

This condition can be interpreted as a requirement that the analytic QCD model
be formally perturbative (analytic) QCD at high momenta. We want to construct
here a simple analytic QCD model with the discontinuity function ρ1(σ) of the type
(3.7) which is as close as possible to perturbative QCD (in renormalization scheme
β2 = β3 = · · · = 0) [53]. In such a model, all the measured values of the high-energy
QCD observables (with |Q2| > 101 GeV2) are then reproduced just as in perturbative
QCD. In such a model, we have to ensure only that the values of the well measured
low-energy observables, particularly rτ (with |Q2| = m2

τ ≈ 3 GeV2), are reproduced.

We will construct here an analytic QCD model of Eqs. (3.7)-(3.9), which only ap-
proximately fulfills the condition (3.17), namely for k = 1, 2.. The best low-energy
condition is the reproduction is the measured value of the canonical (V + A) non-
strange and massless semihadronic τ -lepton decay ratio rτ , [43–45].5 When we remove
the (measured) strangeness-changing contribution, the color and CKM factors and
the electroweak effects, and the chirality-violating higher twist (quark mass) contri-
butions, the following value is obtained (cf. [60,62,133], and Appendix B of Ref. [39]
for details):

rτ (4S = 0,mq = 0)exp. = 0.203± 0.004 . (3.18)

Numerical analyses of the measured data indicate that the chirality-conserving higher-
twist effects, such as gluon-condensate contributions, are negligible in the case of the
considered V +A decay channel. Although such analyses have been performed within
pQCD+OPE approach, we will assume that they remain valid when an analysis is
performed with the presented anQCD two-delta model + OPE. This assumption
appears to be reasonable because the considered anQCD couplingA1(Q2) is very close

to the pQCD coupling a(Q2) (in the considered scheme) at momenta |Q2| >∼ 1 GeV2.
Therefore, in the calculation of the discussed rτ , Eq. (3.18), in the presented anQCD
model, the (chirality-conserving) higher-twist contributions will be ignored. We note
that the model of Eqs. (3.7)-(3.9) at first contains three free dimensionless positive
parameters (f 2

1 , s1, s0), in addition to the energy scale parameter Λ. The parameters
f 2

1 , s1 will be fixed by requiring: the condition that

|A1(Q2)− a(Q2)| ∼
(

Λ2

Q2

)3

(|Q2| � Λ2). (3.19)

instead6 of the generic ∼
(

Λ2

Q2

)1

. The scale Λ is obtained by the requiring the correct

5The “canonical” means that the normalization is used such that (rτ )pt = a+O(a2).
6This condition, with k = 3, is also fulfilled in the model for A1(Q2) of Ref. [33].
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perturbative QCD value of A1(Q2) at Q2 = (3mc)
2. This is approximately the highest

value of Q2 where the number of active quark flavors can still reasonably safely be kept
nf = 3 in perturbative QCD with four-loop RGE-running and three-loop matching
conditions [12].7

A consistent accounting of the threshold effects fully within analytic QCD, when
nf 7→ (nf + 1), is not yet known for general analytic QCD models. However, in APT
of Refs. [16, 30], such an accounting can be made systematically as was presented in
Section 2.6 for APT (namely global APT) and in Section 2.8 for FAPT (namely global
FAPT). This threshold matching procedure could be implemented also in the present
model (in the renormalization scheme β2 = β3 = · · · = 0) by making ρ1(σ) accordingly
step-like discontinuous at σthr’s. However, by assuming that at Q2

thr = (3mc)
2 the

present nf = 3 analytic QCD model merges with perturbative QCD does not result
in any appreciable error, due to the condition that in the relation (3.14) we have
k = 3.

Throughout this model, we assume that we are in the regime of three active quark
flavors (nf = 3), and that the three quarks u, d and s are (almost) massless. The
“approximate perturbative QCD” condition k = 3 in Eq. (3.19) can be expressed via
the following two conditions:

1

π

∫ +s0

−sb
ds r

(pt)
1 (s) = f 2

1 , (3.20)

1

π

∫ +s0

−sb
ds s r

(pt)
1 (s) = s1f

2
1 , (3.21)

where sb = c
−c1/β0
1 = Q2

b/Λ
2, Q2

b being the (Landau) branch point of a(Q2) in the
complex Q2-plane. Conditions (3.20)-(3.21) mean that the coefficient at (Q2/Λ2) and
(Q2/Λ2)2 in the deviation A1(Q2) − a(Q2) is zero, respectively. Equations (3.20)-
(3.21) were obtained by subtracting Eq. (3.9) from Eq. (3.1)

a(Q2)−A1(Q2) = − f 2
1

u+ s1

+
1

π

∫ +s0

−sb
ds

r
(pt)
1 (s)

(s+ u)
, (3.22)

and expanding in powers of (1/u) = (Λ2/Q2).

In addition to the two conditions (3.20)-(3.21), there is a condition that the theory
merge with the perturbative coupling at higher renormalization scales µ2. Since we do

7If we apply the four-loop RGE-running in MS renormalization scheme with three-loop matching
conditions according to Ref. [12] at Q2 = (κmc)

2 and Q2 = (κmb)
2, and choose a fixed initial value

a(m2
c ,MS;nf = 3) = 0.12945 at the initial Q2

0 = m2
c [which gives: a((3mc)

2,MS;nf = 3) = 0.07245,
i.e., the value we use in this paper], we obtain the values αs(M

2
Z ,MS) = 0.1190, 0.1191, 0.1193, when

choosing for the threshold parameter κ the values κ = 3, 2, 1, respectively. For the quark masses we
use the values mc = 1.27 GeV and mb = 4.20 GeV [49].
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not yet know a consistent exact threshold conditions within analytic QCD models, we
assume that our analytic QCD model couplingA1(µ2) has the number of active quarks
nf = 3 up to the renormalization scale (RScl) µ2 = (3mc)

2 (with mc ≈ 1.27 GeV) and
that at that scale it practically merges with the value of the perturbative coupling
a((3mc)

2; β2 = β3 = · · · = 0;nf = 3) such as implied by the high energy QCD
experiments. Specifically, high energy QCD implies a(M2

Z ,MS) ≈ 0.119/π, Ref. [49].
We then run this value, by perturbative four-loop RGE in MS renormalization scheme,
down to renormalization scale µ2 = (3mc)

2, and incorporate quark thresholds at
µ2 = (3mq)

2 (q = b, c) by three-loop matching conditions Ref. [12]. We obtain in
this way apt ≡ a((3mc)

2,MS, nf = 3) = 0.07245. Changing renormalization scheme
from MS to β2 = · · · = 0 by the subtracted form (Ref. [51], Appendix A there) of the
integrated perturbative QCD RGE (see Ref. [52], Appendix A there) then results in8

ain ≡ a((3mc)
2; β2 = 0, β3 = 0, . . . ;nf = 3) = 0.07050 . (3.23)

As stated above, we require that A1(µ2) of our analytic QCD model, at µ2 = (3mc)
2,

agrees with the value Eq. (3.23), i.e., the analytic QCD model merges with pertur-
bative QCD starting at the scale µ2 = (3mc)

2 upwards

A1(µ2 = (3mc)
2) = ain (= 0.07050) . (3.24)

This then fixes our Lambert scale Λ (Λ ≈ 0.487GeV).
One may worry that the replacement of the presented analytic QCD model by per-
turbative QCD at Q2 ≥ (3mc)

2 [and with nf = 3 7→ 4 perturbative threshold at
Q2 = (3mc)

2] may not be a good approximation, i.e., that the analytic coupling
A1(Q2) of the theory, say at fixed nf = 3, behaves at high scales Q2 ∼ M2

Z signifi-
cantly different than the perturbative coupling a(Q2). It turns out that this is not
the case. Namely, if we formally keep fixed nf = 3 (in order not to worry about
threshold effects in analytic QCD), the perturbative RGE-running (in the renormal-
ization scheme β2 = · · · = 0) from the initial value a((3mc)

2;nf = 3) = 0.070502 =
0.221487/π [Eq. (3.23)] at the scale Q2 = (3mc)

2 to the high final scale Q2 = M2
Z gives

the value a(M2
Z ;nf = 3) = 0.033694 = 0.105852/π. The analytic coupling, for both

representative values of parameter s0 used later in this model (s0 = 3.858, 6.862),
gives the same value 0.221487/π at Q2 = (3mc)

2, and almost the same values at
Q2 = M2

Z : A1(M2
Z) = 0.105853/π, 0.105856/π, respectively.9 This strongly indicates

8We use for the MS beta function β(a(Q2)) at Q2 = (3mc)
2 and nf = 3 the Padé [2/3]β(a) based

on the 4-loop polynomial MS beta function; if using the latter (polynomial) form, we obtain slightly
different value ain [ ≡ a((3mc)

2;β2 = 0, β3 = 0, · · · ;nf = 3)] = 0.07054. It appears that, at such
relatively large values of a, the Padé [2/3]β(a) is a better approximation to the full (yet unknown)

MS beta function.
9The values of A1(Q2), for various values of the parameter s0, differ from the values of the

perturbative coupling only at lowQ2 < 10 GeV2; for example, the relative difference a(Q2)/A1(Q2)−
1 is a monotonously decreasing function of Q2 for Q2 < 10 GeV2; in the interval 1 GeV2 < Q2 <
5 GeV2 it falls from 0.02 to 0.0004 when s0 = 3.858, and from 0.05 to 0.001 when s0 = 6.862.
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Table 3.1: The dimensionless nonnegative parameters s1 = M2
1/Λ

2 and f 2
1 as func-

tions of the cutoff parameter s0 = M2
0/Λ

2 (> 0). The scale Λ is practically in-
dependent of s0: Λ ≈ 0.487 GeV. The penultimate column shows the leading-β0

resummed (LB) contributions to rτ ; in parentheses the leading order (LO) contri-
bution. The last column shows the sum of the LB and the beyond-the-leading-β0

contribution (LB+bLB) to rτ ; in parentheses the LO and beyond-leading-order con-
tribution (LO+bLO) to rτ (for details on rτ , see the next section).

s0 s1 f 2
1 r

(LB)
τ (r

(LO)
τ ) r

(LB+bLB)
τ (r

(LO+bLO)
τ )

1.958 0.0000 0.1721 0.2522 (0.1315) 0.2399 (0.1892)
2.000 0.0121 0.1732 0.2509 (0.1315) 0.2386 (0.1893)
3.000 0.3117 0.1970 0.2290 (0.1316) 0.2166 (0.1915)
3.858 0.5812 0.2156 0.2156 (0.1317) 0.2030 (0.1939)
4.000 0.6267 0.2186 0.2137 (0.1317) 0.2010 (0.1943)
5.000 0.9523 0.2387 0.2016 (0.1319) 0.1885 (0.1975)
6.000 1.2861 0.2576 0.1916 (0.1321) 0.1781 (0.2006)
6.862 1.5788 0.2732 0.1844 (0.1323) 0.1704 (0.2030)

that A1(Q2) of the analytic QCD model presented in this here, at both mentioned
values of s0, is practically indistinguishable from the perturbative a(Q2) at scales
Q2 > (3mc)

2. This conclusion even gets generalized to any higher order couplings of
this analytic QCD and the perturbative QCD.

Altogether, the three conditions (3.20), (3.21), and (3.24) eliminate three of the four
otherwise free parameters s0, s1, f

2
1 ,Λ

2 of our analytic QCD model. We are thus left
with only one free parameter, e.g., the dimensionless parameter s0 in Eq. (3.9) for
A1(Q2). In Table 3.1 we present the numerical dependence of the parameters s1, f

2
1 on

s0. It turns out that the value of the scale Λ ≈ 0.487 GeV is practically independent
of the value of s0, it varies by less than 0.1% for the range of the s0-values presented in
Table 3.1, the reason being that A1((3mc)

2) = a((3mc)
2) (= 0.07050) behaves at such

scales practically as perturbative coupling a due to “approximate perturbative QCD”
conditions (3.20)-(3.21).10 In the last two columns of Table 3.1 are included various
evaluated contributions to the strangeless and massless semihadronic tau decay ratio
rτ

11, see Appendix B of Ref. [53].

10For example, for the two input values s0 = 3.858, 6.862 used later in the text, we have Λ =
0.48679, 0.48687 GeV, respectively; the perturbative value of Λ (at nf = 3) is ΛpQCD = 0.48676
GeV.

11The value of s0 = 3.858 results from the requirement of the reproduction of the central value of
the experimental result rτ (∆S = 0,mq = 0)exp = 0.203 ± 0.004 when the leading-β0 (LB) and the
beyond-the-leading-β0 (bLB) contributions are evaluated and added together.
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In Table 3.1 we see that the cutoff parameter s0 = M2
0/Λ

2 cannot fall below s0 ≈ 1.96
because in such a case s1 = M2

1/Λ
2 turns out to be negative and the coupling acquires

a Landau singularity (at Q2 = −s1 > 0). In Appendix B of Ref. [53] we calculate
the inclusive low energy observable is calculated, in particular (for our purpose) the
semihadronic tau decay ratio rτ (ratio between decays τ− → ντX (or τ− → ντγ)
and τ− → ντe

−νe (or τ− → ντe
−γ)) in two different ways, first in the case when the

leading-β0 resummation is performed (s0 = 3.858) in the evaluation, and in the case
when it is not performed (s0 = 6.862).

3.3 Two-delta Analytic QCD model

This model was introduced in Ref. [54]. It is an improvement of the one-delta QCD
model, in the sense that ρ1(σ) ≡ ImA1(−σ − iε) is the low-σ unknown regime by
two deltas. The ansatz for the discontinuity function ρ1(σ) ≡ Im A1(Q2 = −σ − iε)
(for σ > 0) agrees with the perturbative counterpart ρ

(pt)
1 (σ) ≡ Im a(Q2 = −σ − iε)

at sufficiently high scales σ ≥ M2
0 (M2

0 ∼ 1 GeV2); and in the low-scale regime
0 < σ < M2

0 its otherwise unknown behavior is parametrized as a linear combination
of (two) delta functions

ρ
(2δ)
1 (σ; c2) = π

2∑
j=1

f 2
j Λ2 δ(σ −M2

j ) + Θ(σ −M2
0 )× ρ(pt)

1 (σ; c2) (3.25)

= π
2∑
j=1

f 2
j δ(s− sj) + Θ(s− s0)× r(pt)

1 (s) , (3.26)

where we denoted s = σ/Λ2, sj = M2
j /Λ

2 (j = 0, 1, 2), and r
(pt)
1 (s; c2) = ρ

(pt)
1 (σ; c2) =

Im a(Q2 = −σ − iε; c2). Here, Λ2 (
<∼ 10−1 GeV2) is the Lambert scale appearing

in expression (1.24) for a. The underlying pQCD coupling is taken in the more
general form (1.24) with the scheme parameter β2 (≡ β0c2) nonzero in general [cf.
Eqs. (1.22)-(1.23)].
The aforementioned branching point of nonanalyticity z(sL) = −1/e corresponds (as
was seen at the final paragraph in Section 1.4), according to Eq. (1.22), to the scale

Q2(sL) = Λ2sL with sL = c
−c1/β0
1 (sL = 0.6347 when nf = 3), and the interval Q2 ∈

(0,Λ2sL) represents the interval of the unphysical (Landau) singularities of a(Q2) of
Eq. (1.24). If the scheme parameter c2 is chosen to be negative (this will be our case),
then there is an additional pole-type Landau singularity 12 at a somewhat higher

12I wanted to recall at this point that this aforementioned singularity is an additional non-physical
pole.
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scale Q2(uL) = Λ2uL (⇔ z = z(uL) = −u−β0/c1L /(c1e)) at which the denominator of
Eq. (1.24) becomes zero, cf. Fig. 1.1(b), i.e., when

−1 + c2/c
2
1 = W−1

(
−1

c1e
|uL|−β0/c1 + iε

)
. (3.27)

When nf = 3 and c2 = −4.76 (this will be our central choice of the scheme later), we
get uL = 1.0095 (> sL). For this case, the underlying pQCD coupling a is presented
in Fig. 3.2(a) as a function of z (for −1/e < z < 0, i.e., sLΛ2 < Q2 < ∞), and in
Fig. 3.2(b) as a function of t = − ln(−z) = 1.266 ln(Q2/Λ2) + 1.575.
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Figure 3.2: (a) The perturbative coupling a of Eq. (1.24) as a function of z, for −1/e < z < 0;
(b) as a function of t = − ln(−z). The curves are for the case of nf = 3 and c2 = −4.76 (⇒ t =
1.266 ln(Q2/Λ2) + 1.575).

It can be checked that, as a result of application of the Cauchy theorem to the function
a(Q

′2)/(Q
′2 − Q2) in the complex-Q

′2 plane, the following dispersion relation for a
holds:

a(Q2; c2) =
1

π

∫ ∞
σ=−Q2

min−η
′
dσ

Im a(−σ − iε; c2)

(σ +Q2)
=

1

π

∫ ∞
s=−umin−η

ds
r

(pt)
1 (s; c2)

(s+Q2/Λ2)
,

(3.28)
where η, η′ → 0, and the integration covers the entire cut, i.e., starting at a sufficiently

low negative value σmin = −Q2
min (Q2

min
<∼ 1 GeV2). The perturbative discontinuity

function is denoted as r
(pt)
1 (s; c2) = Im a(Q2 = −sΛ2 − iε; c2). Since the cut of the

coupling a(Q
′2, c2), Eq. (1.24) with c2 < 0, includes also the pole Q

′2
L = uLΛ2 of

the coupling, the contour of integration in the complex (Q
′2/Λ2)-plane is of the type

as presented in Fig. 3.3 (with the outer radius going to infinity). Therefore, the

41



Q
2
/Λ

2

Q’
2
/Λ

2
(=−s) plane

sL Lu

C

C C

C

C

C

C

Figure 3.3: The path of contour integration in (Q
′2/Λ2)-plane leading to the expres-

sion (3.29).

dispersive relation (3.28) obtains a slightly generalized form

a(Q2) =
1

π

∫ ∞
s=−sL−η

ds
r

(pt)
1 (s; c2)

(s+Q2/Λ2)

+
∆u

2π

∫ π

Φ=−π
dΦ eiΦ

a
(
(uL + ∆ueiΦ)Λ2; c2

)
[(Q2/Λ2)− uL −∆ueiΦ]

(3.29)

=
1

π

∫ ∞
s=−sL−η

ds
r

(pt)
1 (s; c2)

(s+Q2/Λ2)
+

Res(z=uL)a(zΛ2; c2)

(−uL +Q2/Λ2)
. (3.30)

In Eq. (3.29), ∆uΛ2 is a sufficiently small (but otherwise arbitrary) radius of integra-
tion around the point uLΛ2 in the complex Q

′2-plane, cf. Fig. 3.3. In Eq. (3.30), this
integration is expressed by the residue of the function a(zΛ2) at this point.

The perturbative discontinuity function r
(pt)
1 (s; c2) = Im a(Q2 = −sΛ2−iε; c2), which

is nonzero for −sL < s < +∞, has the specific form

r
(pt)
1 (s; c2) = Im

(−1)

c1

1[
1− (c2/c2

1) +W+1

(
−1
c1e
|s|−β0/c1 − iε

)]
 (s < 0) , (3.31)

= Im

(−1)

c1

1[
1− (c2/c2

1) +W+1

(
−1
c1e
|s|−β0/c1 exp(iβ0π/c1)

)]
 (s > 0).(3.32)

The analytic (spacelike) coupling A(2δ)
1 (Q2; c2) of the two-delta anQCD model is con-

structed on the basis of the discontinuity function (3.25)-(3.26) [cf. Eq. (3.32)] using
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the dispersion relation (3.3). This gives

A(2δ)
1 (Q2; c2) =

2∑
j=1

f 2
j

(u+ sj)
+

1

π

∫ ∞
s0

ds
r

(pt)
1 (s; c2)

(s+ u)
, (3.33)

where u = Q2/Λ2.

In the presented two-delta anQCD model, we will consider the first three quark
flavors to be massless, and will consider that the momenta in the nf = 3 regime
in the anQCD model reach up to the threshold |Q2| = (2mc)

2 (≈ 6.45 GeV2).
Further, the anQCD model will be constructed in such a way as to practically
merge with pQCD at such sufficiently high momenta. Therefore, we will consider
that the value of the Lambert scale Λ2 used in our analytic coupling A1(Q2; c2)
coincides with the perturbative Lambert scale Λ2, the latter being determined by
the condition a(MS)(M2

Z) = 0.1184/π, i.e., by the central value of the world aver-
age [56] in the same way as for one delta approach. Therefore, Λ2 is determined by

RGE-evolving this a down to a(MS)((2mc)
2;nf = 3), using the four-loop polynomial

form of β(MS)(a), and the three-loop matching conditions [12] at quark thresholds
µ2 = (2mq)

2 (q = b, c); and then changing from the MS scheme to the ”Lambert”
scheme [≡ (c2, c3 = c2

2/c1, . . .)] defined by the beta function (as explained, e.g., in
Refs. [39, 53]).

The conditions we impose to fix the parameters are the following:

1. The analytic coupling A1(Q2; c2) acquires the aforementioned pQCD value of
the scale Λ2 of a(Q2; c2;nf = 3)

Λ2 = Λ2
pt(nf = 3) . (3.34)

2. While in general we expect A1(Q2; c2) to differ from a(Q2; c2) at Q2 > Λ2 by
∼ (Λ2/Q2)1, we impose the condition

A1(Q2; c2)− a(Q2; c2) ∼ (Λ2/Q2)nmax with nmax = 5 . (3.35)

The condition (3.35) represents in practice four conditions (like in the case of one
delta nmax = 3 implies two conditions).

These conditions appear when we subtract from the perturbative coupling (3.30) the
analytic coupling (3.33)

a(Q2; c2)−A1(Q2; c2) =
Res(z=uL)a(zΛ2)

(u− uL)
−

2∑
j=1

f 2
j

(u+ sj)
+

1

π

∫ s0

sL−η
ds

r
(pt)
1 (s; c2)

(s+ u)
.

(3.36)
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Table 3.2: Values of the parameters of the considered 2δanQCD model. We consider
c2 = −4.76 (M0 = 1.25 GeV) as the central representative case. The Lambert
scale values in the corresponding cases are for the QCD coupling parameter value

α
(MS)
s (M2

Z) = 0.1184.
c2 = β2/β0 s0 s1 f 2

1 s2 f 2
2 Λ [GeV] M0 A1(0)

-2.10 17.09 12.523 0.1815 0.7796 0.3462 0.363 1.50 0.544
-4.76 23.06 16.837 0.2713 0.8077 0.5409 0.260 1.25 0.776
-5.73 25.01 18.220 0.3091 0.7082 0.6312 0.231 1.15 1.00

Expanding the left-hand side in powers of (1/u) = (Λ2/Q2), the imposition of the
condition (3.35) gives us the conditions that the terms of∼ (Λ2/Q2)1+k (k = 0, 1, 2, 3,)
in this expansion are zero, i.e., we have the following four conditions

1

π

∫ s0

sL−η
ds sk r

(pt)
1 (s; c2) + (−uL)k Res(z=uL)a(zΛ2) = sk1f

2
1 + sk2f

2
2 . (3.37)

Altogether, Eqs. (3.34) and (3.37) represent five conditions. Once the scheme c2

parameter is chosen, we have altogether six parameters in the model: f 2
1 , f 2

2 , s1,
s2, s0, and the scale Λ. Therefore, yet another condition should be imposed. This
condition is chosen to be the reproduction of the correct value of rτ (∆S = 0,mq =
0)exp = 0.203± 0.004.
The scheme parameter c2 (≡ β2/β0) can still be varied. Guided by various physical
considerations, we can restrict the pQCD-onset scale M0 to be M0 ≤ 1.5 GeV, and
the coupling at Q2 = 0 to be not too large: A1(0) ≤ 1.0. This gives us the variation
of c2 in the interval −5.73 < c2 < −2.1. In table 3.2 we present the results for the
parameters of the model for three different c2 in this interval. Our preferred choice
is c2 = −4.76 where M0 = 1.25

For historical reasons, we conserve the notation An(Q2) for the first and the most
popular model based on the spectral perturbative representation of the coupling that
is APT. Therefore hereafter we use the superscript (1δ) or (2δ) for the model based
on one or two deltas respectively.

3.4 Effective charge

We can define a coupling directly from the experiment, without resorting to the
(not well defined) perturbation expansion in powers of a in the whole energy range.
Therefore, we expect to obtain a ”real” (or physical) coupling and in principle this
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should be finite (or zero) as the momentum goes to zero.
In this sense, the new coupling is defined as [63]

aeff (s) = R(s) =
∑
m

rma
m
(`)(s), (3.38)

that is the ”physical coupling”, where R(s) is, for example, the Drell ratio(e+e−

annihilation into hadrons) that is defined in the timelike region. We can go from
timelike to spacelike region with the integral relation (2.6).
The most notable properties of this approach can be summarize as follow:

1. It includes both, the perturbative and nonperturbative effect (completely).

2. It is analytic in the whole momentum range.

3. It has a finite value at zero momentum scale (freezing).

4. It is analytic across the quark threshold flavor and nonsingular.

5. It is different for each observable, this implies that we lose the prediction for
other observables.

The disadvantage (5) has a simple solution, since we can relate two different couplings
via perturbation expansion, but of course, the accuracy will depend on how many
terms we consider, and how weak or strong are the nonperturbative contributions
which cannot be accounted for in the perturbation expansion.

3.5 ”Massive” Perturbative QCD

In order to obtain a “regular” coupling (that is finite at zero momentum energy) the
author of Ref. [65] proposed a simple change in the momentum:

Q2 7→ Q2 +m2
gl. (3.39)

The mass scale m2
gl is, in principle, (in this ansatz) a constant and is associated with

an “effective gluonic mass”.
The one-loop (` = 1) expression takes the simple form

A(`=1)
1,MPT (x; ξ) =

1

β0ln(ξ + x)
, (3.40)

where the dimensionless variables are ξ =
m2
gl

Λ2 = e1/β0acrit ; acrit = A1,MPT (0; ξ) and
x = Q2/Λ2.
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And at two-loop level

A(`=2)
1,MPT (x; ξ) =

as

1 + asβ0ln(1 + φx) + as
β1
β0

ln[1 + asβ0ln(1 + φx)]
, (3.41)

where the logarithm for low-energy scales is written as ln(ξ+x) = lnξ+ ln(1 + ξx) =
1

asβ0
+ ln(1 + ξx), and φ = 1/ξ.

As this model is analytic, the higher power analogs of the coupling A(`=1)
1,MPT (x; ξ) are

constructed with the nonpower series mechanism presented in Section 2.3, which is
applicable to any analytic QCD model (not just APT) as explained in Refs. [35,36].
This simple analytic QCD model instead of removing the Landau singularities, moves
them to low negative (timelike) Q2. In this way, if the dynamical gluon mass is mgl,
then the (Landau) pole becomes Q2

p = Λ2 −m2
gl, having two possibilities:

m2
gl →

{
> Λ2 ⇒ Q2

p < 0 (MPT )
≤ Λ2 ⇒ Q2

p ≥ 0 (MPT + FAPT )
(3.42)

On the other hand, if Q2
p−m2

gl > 0, we can use FAPT (with MPT) in order to remove
this pole. In the first case (Q2

p−m2
gl < 0) we do not have a pole in the physical region

(in the Euclidean regime of course), therefore MPT is sufficient.
We have typically Qp ≤ 300MeV and mgl = 700− 1000MeV.
This model was applied with a preliminary estimation in the polarized Γp−n1 (Q2) form
factor of the Bjorken Sum Rules, giving a very good agreement in comparison with
JLab data [65].

3.6 Non integer Powers: A general treatment

This formalism was introduced in Ref. [27].
Strictly speaking, the dispersion relation (3.3) in a general analytic QCD model
(beyond APT) involves the discontinuity function

ρ1(σ) = Im A1(Q2 = −σ − iε) , (3.43)

defined for σ ≥ 0; usually, the discontinuity cut is nonzero below a threshold value
−σ ≤ −M2

thr where Mthr ∼ Mπ. Therefore Q2 can have any value in the complex
plane except the cut (−∞,−M2

thr]. The logarithmic derivatives are defined as

Ãn+1(Q2) ≡ (−1)n

βn0n!

∂nA1(Q2)

∂(lnQ2)n
, (n = 0, 1, 2, . . .) . (3.44)
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We note that for n = 0 equation (3.44) gives Ã1 ≡ A1. We can write the logarithmic
derivatives in the following form:

Ãn+1(Q2) =
1

π

∫ ∞
0

dσ

σ
ρ1(σ)

1

βn0 Γ(n+ 1)

dn

d(ln z)n

(
z

1 + z

) ∣∣∣
z=σ/Q2

. (3.45)

It turns out that the integrand is the known polylogarithm function

dn

d(ln z)n

(
z

1 + z

)
=

(
z
d

dz

)n ∞∑
m=1

(−1)m+1zm =
∞∑
m=1

(−1)m+1mnzm = (−1)Li−n(−z) ,

(3.46)
which brings equation (3.45) in the following form:

Ãn+1(Q2) =
1

π

(−1)

βn0 Γ(n+ 1)

∫ ∞
0

dσ

σ
ρ1(σ)Li−n(−σ/Q2) . (3.47)

This relation is valid for n = 0, 1, 2, .... Analytic continuation in n 7→ ν gives us13 the
logarithmic noninteger derivatives

Ãν+1(Q2) =
1

π

(−1)

βν0 Γ(ν + 1)

∫ ∞
0

dσ

σ
ρ1(σ)Li−ν

(
− σ

Q2

)
(−1 < ν) . (3.48)

We note that the integral converges for ν > −1. Namely, at high σ (|z| � 1 where

z ≡ σ/Q2) we have in the integrand of equation (3.48): ρ1(σ) ≈ ρ
(pt)
1 (σ) ∼ ln−2 σ ∼

ln−2 z and Li−ν(−z) ∼ ln−ν z (for noninteger ν). Therefore, the integral converges at
σ →∞ if ν > −1. The integral obviously converges at low σ, too.

In principle, a continuation to arbitrary ν, as performed by the transition from equa-
tion (3.47) to equation (3.48), could in principle miss some terms, such as terms
proportional to sink(νπ). However, such terms will be excluded because they are
finite oscillatory when ν → ±∞.

It is interesting that the recursive relation

Ãν+2(Q2) =
(−1)

β0(ν + 1)

d

d lnQ2
Ãν+1(Q2) , (3.49)

which for positive integer ν = n = 0, 1, 2, . . . is a direct consequence of the definition
(3.45), remains valid even for noninteger ν as a consequence of the relation (3.48)
and the known14 relation z(d/dz)Li−ν(z) = Li−ν−1(z).

13In Mathematica [55], the Li−ν(z) function is implemented as PolyLog[−ν, z]. However, at large
|z| > 107, PolyLog[−ν, z] appears to be unstable. For such z we should use the identities relating
Li−ν(z) with Li−ν(1/z), which can be found, for example, in [57].

14This relation can be obtained, for example, by applying d/d ln z to the power series Liν′(z)ser. =∑∞
m=1 z

mm−ν
′
.
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We can recast the result (3.48) into an alternative form involving the spacelike cou-
pling A1 instead of the discontinuity function ρ1(σ). This can be performed in the
following way.

We can use the following integral form of Li−ν function 15 [58] appearing in equation
(3.48):

Li−ν(z) =
z

Γ(−ν)

∫ ∞
0

dt t−ν−1

(et − z)
=

z

Γ(−ν)

∫ 1

0

dξ

1− zξ
ln−ν−1

(
1

ξ

)
(ν < 0) . (3.50)

The last expression on the right-hand side was obtained by the change of variable
t = ln(1/ξ). Since we have in our result (3.48) Li−ν with −1 < ν (and not just:
−1 < ν < 0), we extend the integral representation to higher ν > 0. This is achieved
by using in equation (3.50) the aforementioned relation (d/d ln z)Li−ν = Li−ν−1. We
thus obtain, for ν = n + δ, with 0 < δ < 1 and n = −1, 0, 1, 2, . . ., the following
integral form, [59]:

Li−n−δ(z) =

(
d

d ln z

)n+1 [
z

Γ(1− δ)

∫ 1

0

dξ

1− zξ
ln−δ

(
1

ξ

)]
. (3.51)

Inserting the representation (3.51), for ν = n + δ, into our general formula (3.48),
and exchanging the order of integration, gives us

Ãν+1(Q2) =
1

βν0 Γ(n+ 1 + δ)Γ(1− δ)

(
− d

d lnQ2

)n+1 ∫ 1

0

dξ

ξ
ln−δ

(
1

ξ

)
×∫ ∞

0

dσρ1(σ)

π(σ +Q2/ξ)
. (3.52)

The last integral over dσ is the spacelike coupling A1(Q2/ξ) due to the dispersion
relation (2.1). Therefore, we obtain the alternative form of the result (3.48), for
ν = n+ δ, with 0 < δ < 1 and n = −1, 0, 1, 2, . . .,

Ãν+1(Q2) ≡ Ãn+1+δ(Q
2)

=
1

βν0 Γ(1 + ν)Γ(1− δ)

(
− d

d lnQ2

)n+1 ∫ 1

0

dξ

ξ
A1(Q2/ξ) ln−δ

(
1

ξ

)
(3.53)

=
1

βν0

Γ(1 + δ)

Γ(n+ 1 + δ)

sin(πδ)

(πδ)

(
− d

d lnQ2

)n+1 ∫ ∞
0

dt

tδ
A1(Q2et) , (3.54)

15Equation (3.50) can be proven by expanding the integrand in powers of e−t and using the basic

integral expression for the Γ(ν
′
) function (where ν

′ ≡ −ν > 0):
∫∞

0
du e−uuν

′−1 = Γ(ν
′
). In this

way, the (convergent for |z| < 1) series
∑∞
m=1 z

mm−ν
′

is generated, which is just the polylogarithm
function Liν′ (z) ≡ Li−ν(z).
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where the last form (3.54) was obtained from the previous one by the substitution
t = ln(1/ξ) and using the identity Γ(1 + δ)Γ(1− δ) = πδ/ sin(πδ).

Furthermore, for the special FAPT case the explicit result obtained in [28] is satisfied

Ãν+1(Q2)(FAPT,1−`) = Aν+1(Q2)(FAPT,1−`) =
1

βν+1
0

(
1

lnν+1(Q2/Λ2)
− Li−ν(Λ

2/Q2)

Γ(ν + 1)

)
,

(3.55)
where the scale Λ appears in the one-loop FAPT analytic coupling A1(Q2)(FAPT,1−`)

and in its discontinuity function ρ1(σ)
(1−`)
pt

A1(Q2)(FAPT,1−`) =
1

β0

(
1

ln(Q2/Λ2)
− Λ2

(Q2 − Λ2)

)
, (3.56)

ρ1(σ)
(1−`)
pt = Imapt(−σ − iε)(1−`) = ImA1(−σ − iε)(FAPT,1−`)

=
1

β0

Im
1

(ln(σ/Λ)− iπ)
=

π

β0

1(
ln2(σ/Λ) + π2

) . (3.57)

When replacingA1(Q2/ξ) in the integrand of the expression (3.53) by the second term
of the expression (3.56) for A1(Q2/ξ)(FAPT,1−`), and using the integral form (3.51) for
Li−ν , we obtain immediately

1

βν0 Γ(1 + ν)Γ(1− δ)

(
− d

d lnQ2

)n+1 ∫ 1

0

dξ

ξ
ln−δ

(
1

ξ

)
1

β0

(−1)Λ2

(Q2/ξ − Λ2)

=
(−1)

βν+1
0 Γ(ν + 1)

Li−ν(Λ
2/Q2) . (3.58)

On the other hand, when replacing A1(Q2/ξ) in the integrand of the expression (3.54)
by the first term of the expression (3.56) for A1(Q2/ξ)(FAPT,1−`), we obtain in a direct
manner16

1

βν0

Γ(1 + δ)

Γ(n+ 1 + δ)

sin(πδ)

(πδ)

(
− d

d lnQ2

)n+1 ∫ ∞
0

dt

tδ
1

β0

1

[t+ ln(Q2/Λ2)]

=
1

βν+1
0 lnν+1(Q2/Λ2)

. (3.59)

16 We can use the integration variable y = t/t0, where t0 = ln(Q2/Λ2), and the exact solution of
the following integral: ∫ ∞

0

dy

yδ(y + 1)
=

π

sin(πδ)
, where 0 < δ < 1 .
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Combining the results (3.58) and (3.59), we obtain the full result (3.55) for Aν+1(Q2)
in the one-loop approach of FAPT, for any noninteger ν such that −1 < ν (when ν is
nonnegative integer, the limit δ → 0 can be made in the derivation). This (one-loop
FAPT) result, was obtained for the first time by Bakulev, Mikhailov and Stefanis
(BMS) in [28]. The result (3.55) is explicit and allows us to apply it even for ν ≤ −1,
and even for complex ν; this is a kind of analytic continuation in ν. We can thus
use this result, by adding and subtracting it from of our general integral expression
(3.48), thus extending the ν-regime of applicability of our expression

Ãν+1(Q2) = Ãν+1(Q2)(FAPT,1−`) +
1

π

(−1)

βν0 Γ(ν + 1)

×
∫ ∞

0

dσ

σ

[
ρ1(σ)− ρ1(σ)

(1−`)
pt

]
Li−ν

(
− σ

Q2

)
(−2 < ν) , (3.60)

where Ãν+1(Q2)(FAPT,1−`) and ρ1(σ)
(1−`)
pt are given in equations (3.55) and (3.57),

respectively. Now the integral converges also for −2 < ν < −1, because, due
to asymptotic freedom, the difference [ρ1(σ) − ρ1(σ)

(1−`)
pt ] behaves at large σ as

∼ ln lnσ/ ln3 σ and not as 1/ ln2 σ. Further, the expression (3.60) implies that Ã0(Q2)

[≡ limν→−1Ãν+1(Q2)] = 1 for all complex Q2, because: Li−ν(z)/Γ(ν + 1) → 0 when

ν → −1, and Ã0(Q2)(FAPT,1−`) ≡ 1.
In turns out that the relations (2.12) between the logarithmic derivatives of A1 and
it was shown there that the power analogs An = (an)an are valid in any anQCD,
not only (F)APT, as pointed out in Refs. [35, 36]. In Ref. [27] these relations are
generalized to n 7→ ν (real ν), and the power analogs Aν ≡ (aν)an can be constructed

as linear combinations of Ãν+m’s:

Aν = Ã+
∑
m≥1

k̃ν(m)Ãν+m, (3.61)

where the coefficients k̃ν(m) were obtained in [27] for general ν.

3.6.1 An Equivalent Formulation

The central results (3.45) and (3.60) were obtain above in the way presented in
Ref. [27]. However, we can obtain the formula (3.45) in an alternative way, using
Laplace transforms.
We can apply the same idea of Ref. [28] (see Section 2.7 for details), where
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A1(L) =

∫ ∞
0

e−LtA′1(t)dt. (3.62)

Applying this to (3.44) we find a more simple form, where the derivatives converts to
powers of t in the Laplace transform. Therefore, we not have problem to make the
analytic continuation from n to ν (ν ∈ <), taking into account that Γ(n) = (n− 1)!

Ãn+1(L) =
1

βn0 Γ(n+ 1)

∫ ∞
0

tne−LtA′1(t)dt

→ 1

βν0 Γ(ν + 1)

∫ ∞
0

tνe−LtA′1(t)dt (3.63)

The general dispersion representation (3.3) then gives for the Laplace transform

A′1(L) = − 1

π

∫ +∞

M2
thr/Λ

2

dsr1(s)
∞∑
m=0

(
−1

s

)m+1

δ(t+m), (3.64)

where r1(s) is the dimensionless discontinuity (spectral) function, i.e. r1(s) ≡ ρ1(σ =

Λ2s). Hence, Ãν+1(L) of (3.63) can be written in terms of the spectral function, too

Ãν+1(L) =
1

βν0 Γ(ν + 1)

∫ ∞
0

tνe−Lt

(
− 1

π

∫ +∞

M2
thr/Λ

2

dsr1(s)
∞∑
m=0

(
−1

s

)m+1

δ(t+m)

)
dt

=
1

πβν0 Γ(ν + 1)

∞∑
m=0

(−1)m
∫ ∞

0

dttνe−Ltδ(t+m)

∫ +∞

M2
thr/Λ

2

ds

sm+1
r1(s)

=
1

πβν0 Γ(ν + 1)

∞∑
m=0

(−1)m
∫ ∞

0

dttνe−Ltδ(t+m)

∫ +∞

Ls0

dLse
−mLsr1(Ls)

=
(−1)ν

πβν0 Γ(ν + 1)

∫ +∞

Ls0

dLsr1(Ls)
∞∑
m=0

(−eL+Ls)m

m−ν

=
(−1)ν

πβν0 Γ(ν + 1)

∫ +∞

Ls0

dLsr1(Ls)Li−ν(−eL+Ls), (3.65)

where Ls0 ≡ ln(M2
thr/Λ

2) and we used from the definition of polylogarithmic function
that Li−ν(−z) =

∑∞
m=0m

ν(−z)m.
The expression (3.65) coincides with (3.48) and we demostrated that both approaches
give the same result. Therefore, one has the freedom (choice by convenience) to start
with the discontinuity function or the Laplace representation of the analytic model.
Any analytic QCD model is defined either by ρ1(σ), or Ã1(Q2).
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3.7 General Evaluation Approach in Analytic QCD

Model

The truncated pQCD series

D
[N ]
pt (Q2) = aν(Q2) + d1a

ν+1(Q2) + d2a
ν+2(Q2) + . . .+ dN−1a

ν+N−1(Q2), (3.66)

of a spacelike observable D(Q2) is evaluated in general anQCD model as

D
[N ]
pt (Q2) = Aν(Q2) + d1Aν+1(Q2) + . . .+ dN−1Aν+N−1(Q2),

= Ãν(Q2) + d̃1Ãν+1(Q2) + . . .+ d̃N−1Ãν+N−1(Q2), (3.67)

where the aforementioned connections between Aν′ and Aν′′ ’s are used in the corre-
spondingly truncated form (truncated at ∼ Ãν+N−1 ∼ Aν+N−1)

Aν+K = Ãν+K +
N−1−K∑
m=1

k̃ν+K(m)Ãν+K+m, (K = 0, 1, . . . , N − 1), (3.68)

and the corresponding inverse relations are

Ãν+K = Aν+K +
N−1−K∑
m=1

kν+K(m)Aν+K+m, (3.69)

with the coefficients kν+K(m) and k̃ν+K(m) obtained in Ref. [27] (see also Ref. [66])
for the general case of real index ν.
Further more, when ν is integer and the truncation index N is even, a generalization
of the diagonal Padé method (Refs. [66,67,132]) is a very efficient evaluation method
of D(Q2) in any analytic QCD, it gives a convergent sequence of values as N(= 2M)
increases. The latter method, which was introduced in Ref. [68] in the context of
pQCD, usually fails in pQCD due to the vicinity of the Landau singularities (they
are absent in analytic QCD).

52



53



PART 2. Applications of Analytic
QCD Models
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Chapter 4

The Gluon Propagator

This chapter is mainly based on the work of Ref. [54].

4.1 The Perturbative Scenario

Our first task is to derive the Gluon Propagator in analytic QCD models in two dif-
ferents ways, beginning with the usual dispersion relation (or unsubtracted dispersion
relation), and after that with the subtracted dispersion relation.
In QCD we have the gluon propagator in the Landau gauge

Dab
µν(q) = δab(gµν − qµqν/q2)D(−q2), (4.1)

with the propagator in the space-like momentum notation (that is Q2 ≡ −q2)

D(Q2) =
1

Q2
Z(Q2). (4.2)

The propagator is normalized at a Euclidean (spacelike) point Q2 = µ2, in the form:
Z(Q2) ≡ d(Q2/µ2)|Q2=µ2 = 1.
On the other hand, we can give an extension of this formula for a possible presence
of a gluon mass. This we will discuss in a model where a dynamical gluon mass is
introduced, reflecting strong interaction effects in the infrared; this propagator is

D(Q2) =
Z(NP )(Q2)

Q2 +M(Q2)2
(4.3)
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In general, the propagator is obtained perturbatively from the Callan-Symanzik equa-
tion (or invariance under the renormalization group equation (RGE)) with a mass
scale dependence too. And in general this mass is renormalization scale dependent.
We will focus for the moment on the non-massive gluon propagator, with the RGE
solution in the form,

Z(Q2) = exp

(∫ apt(Q2)

apt(Q2
0)

γv(x)

β(x)
dx

)
. (4.4)

The anomalous dimension (in the Landau gauge) and the beta function have in
perturbative QCD (pQCD) the following form:

γv(apt) = −
(
γ0apt + γ1a

2
pt + . . .

)
, (4.5)

β(apt) = −
(
β0a

2
pt + β1a

3
pt + . . .

)
, (4.6)

where γ0 = (13 − 4nf/3)/8, γ1 = (531/8 − 61nf/6)/16 and β0 = (11 − 2nf/3)/4,
β1 = (102− 38nf/3)/16.
As a consequence, the gluon propagator residue (dressing) function (dimensionless)
at N-loop level has the following expression:

Z(Q2) = cv

N−1∑
n=0

dna
n+ν
pt , (4.7)

where ν = γ0/β0, and cv is a constant that depends on the initial condition.
In order to prove Eq. (4.7), first we note that the ratio between N-loop anomalous
dimension and beta function can be rewritten as a ratio of two polynomials, which
can always be written in the partial fraction form, as we show below

γv(apt)

β(apt)
=

N−1∑
n=0

γna
n+1
pt

N−1∑
n=0

βna
n+2
pt

=
γ0

β0apt

1 +
N−1∑
n=1

(γn/γ0)anpt

1 +
N−1∑
n=1

(βn/β0)anpt


=

γ0

β0apt

N−1∑
n=0

An
1 +Bnapt

=
N−1∑
n=0

Ãn
apt
−

N−1∑
n=0

ÃnBn

1 +Bnapt
(4.8)
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Where Ãn ≡ (γ0/β0)An. In the partial fraction approximation we have additional

constraints, namely in the limits of apt. When apt → 0 ⇒
N−1∑
n=0

An = 1; and when

apt →∞⇒
(
Ã0 = γN−1/βN−1;B0 = 0

)
.

Using Eq. (4.4), the residue function Z(Q2) obtains the form (with notation: apt =
apt(Q

2) and apt,0 = apt(Q
2
0)):

Z(Q2) = exp

{∫ apt

apt,0

(
N−1∑
n=0

Ãn
x
−

N−1∑
n=0

ÃnBn

1 +Bnx

)
dx

}

=
N−1∏
n=0

(
apt
apt,0

)Ãn ( 1 +Bnapt
1 +Bnapt,0

)−Ãn
'

(
apt
apt,0

)ν ( 1 + d1apt + d2a
2
pt + . . .

1 + d1apt,0 + d2a2
pt,0 + . . .

)
= cv

N−1∑
n=0

dna
n+ν
pt (4.9)

We note that: ν ≡
N−1∑
n=0

Ãn = (γ0/β0)
N−1∑
n=0

An = γ0/β0. Also, we performed an expan-

sion in the third line of Eq. (4.9), resulting in d1 ≡ −
N−1∑
n=0

ÃnBn, d2 ≡ (1/2)
N−1∑
n=0

ÃnB
2
n(1+

Ãn), etc... .
And we have a factor that depends on initial condition at Q2 = Q2

0, that is: cv =
{aνpt,0(1 + d1apt,0 + d2a

2
pt,0 + . . .)}−1

4.2 The Gluon Propagator Revised

4.2.1 Gluon Propagator (GP) by M. Frasca

Mapping the IR region by Massless Scalar Field

The main goal of his work is to analyze the infrared limit of quantum field theory.
In the case of Yang-Mills theory, it is possible to make a map from solution of the
IR Yang-Mills theory to a λφ4 theory taking some restrictions into account (for more
details we refer to Refs. [70,71] , especially to Ref. [72] ), namely we must choose the
gauge boson Aaµ with some components being zero and all others being equal, and
λ = Ng2, where g is the coupling constant.
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The equivalence between Yang-Mills (QCD without quarks) and λφ4 theories is ex-
act at the classical level, but does not hold at the quantum level (due to quantum
fluctuations). In the latter case, the author uses the functional integral form in the
limit λ→∞.
Based on this model, the gluon propagator in the infrared limit (that is the two-point
Green function) is given by [70,71]

Dgl(t) ≡ G(t) = θ(t)

(
2

λ

)1/4

sn

[(
λ

2

)1/4

t, i

]
, (4.10)

where

sn(u, i) =
2π

K(i)

∞∑
n=0

(−1)ne−(n+1/2)π

1 + e−(2n+1)π
sin

[
(2n+ 1)

πu

2K(i)

]
, (4.11)

is the Jacobi sinoidal elliptical function and K(i) ∼ 1.3111028777 is a constant.
There is another solution, t 7→ −t, and it represents the backward propagating Green
function (gluon propagator).
The solution (4.10) can be inserted in the expression for the scalar field

φ(t) =
∞∑
n=0

an

∫
dt′G(t− t′)(t− t′)nj(t′)

=
∞∑
n=0

an

(
2

λ

)n+2
4

I(t, λ) (4.12)

where

I(t, λ) =

∫
dt′θ(t1)sn(t1, i)t

n
1j

(
t−
(

2

λ

)1/4

t1

)
(4.13)

The important thing here is that the propagator can be expressed as an asymptotic
series with respect to λ. In this sense, the Fourier transform of the gluon propagator
is given by an expansion in λ, too

Dgl(ω
2) ≡ G(ω) =

∞∑
n=0

Bn

ω2 − ω2
n + iε

(4.14)

with the coefficient

Bn = (2n+ 1)
π2

K2(i)

(−1)n+1e−(n+1/2)π

1 + e−(2n+1)π
, (4.15)

and where the mass spectrum in the IR limit (where all the higher corrections are
neglected, therefore we consider only the leading order term) is of the form

ωn =

(
n+

1

2

)
π

K(i)

(
λ

2

)1/4

Λ (4.16)
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with Λ is a constant.
In this approach, the gluon propagator in the IR limit is

Dgl(ω) =
∞∑
n=0

(2n+ 1)
π2

K2(i)

(−1)n+1e−(n+1/2)π

1 + e−(2n+1)π

1

ω2 − ω2
n + iε

(4.17)

where the mass spectrum ωn is given by (4.16), with the replacement λ → Ng2 as
was mentioned.
Due to the fact that the ghost field decouples in the IR, its propagator is that of a
free particle

DG(ω,k) =
1

|k|2 − ω2 − iε
(4.18)
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Figure 4.1: Comparison of the Yang-Mills Gluon propagator, between lattice simula-
tion [75] and this method, taken from [70].

In Fig. (4.1) we see that this method agrees well with lattice [75] at very low ener-
gies and high energies, but in the intermediate region (0.1 − 10 GeV) there is some
disagreement.

Källen-Lehmann Representation (K-L) to GP

In this case, the idea is to compare the K-L representation with the method presented
in the previous section. Considering a theory with a mass gap, the propagator have
a pole in Q2 = −m2

0. And their K-L representation takes the form [74]

D(Q2) =
Z0

Q2 +m2
0 − iε

+

∫ ∞
m2

1

dµ2 σ(µ2)

Q2 + µ2 − iε
(4.19)

60



with m0 < m1 and Z0 a renormalization constant. In this form, we need to isolate
the gluon mass (m0) in the IR limit, that is, the spectral function must vanish there
σ(0) = 0. This implies that the propagator is

D(Q2 → 0) =
Z0

m2
0

+

∫ ∞
m2

1

dµ2σ(µ2)

µ2
= constant (4.20)

And in the UV limit (Q2 →∞) we deduce the well known condition:

Z0 +

∫ ∞
m2

1

dµ2σ(µ2) = 1 (4.21)

In the formalism based on the method of the previous section, we have the spectral
function σ(µ2) =

∑
n Znδ(µ

2 −m2
n), and looking at Eq. (4.21) we have two possibili-

ties:

1. Positivity condition for spectral representation implies that all Zn’s are positive.

2. With (4.21) we have the condition
∑

n Zn = 1 and this implies that the Zn’s
have alternating signs.

The conditions (4.20) and (4.21) show the agreement with the method of mapping
the IR sector.
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Figure 4.2: Comparison between DSE simulation and this method taken from [72].
The normalization of the curve of this method is adjusted so that it coincides with
SDE result at q2 = 0.

The comparison between DSE [73] and this model [70, 71] is depicted in Fig. (4.2),
and the agreement is evident.
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4.2.2 Running Gluon Mass and Lattice by Bicudo and Oliveira

The basis of this work is to consider three different scenarios [76] (IR and UV con-
stant gluon mass and momentum-dependent gluon mass, see the subsections below)
assuming the existence of a dynamically generated gluon mass as a function of the
momentum [77]. They justified it in a frame beyond the perturbation theory where
the mass appears by diffractive phenomena [78] and inclusive radiative decays of
J/ψ and Υ [79].
The lattice calculations (as in the works by Bogolubsky et.al. [80]) are performed
with the following bare lattice propagator inspired by the one-loop results [76]:

D(Q2)latt. =
K

Q2

(
ln
Q2

Λ2

)−γ
, (4.22)

where the renormalized propagator is D(Q2) = ZRD(Q2)latt.. The renormalization
constant ZR comes from the fit of the parameters K and Λ in (4.22). The simulation
performed by the author is presented in Fig. 4.3 for the gluon propagator D(Q2) and
in Fig. 4.4 for the gluon dressing function Q2D(Q2), where they fix the renormaliza-
tion constant at µ = 3GeV.
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Figure 4.3: Lattice simulation for the gluon propagator D(Q2) taken from [76]

In this lattice calculus, the Gribov copies are not taken into account, because they
do not change significantly the gluon propagator, i.e., these contributions are within
the statistical errors.
In the following, we will present the two different scenarios , where one of them can
be analyzed in the two limits of the momentum (IR and UV), given three different
scenarios altogheter.
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Figure 4.4: Lattice simulation for the gluon dressing function Q2D(Q2) taken from
[76]

Table 4.1: The fit value for different parameters found in [76]
D(0) included[MeV] D(0) excluded[MeV]

(Qmin = 0) (Qmin > 0)
Qmax ∼ 500 ∼ 500

Z 4.044(78) 4.49(10)
M 648(7) 723(11)

Constant Gluon Mass

In this first and more simple case, we take Eq. (4.3) with M and Z constant in certain
momentum range where the approximation is valid (Q2

min ≤ Q2 ≤ Q2
max). These can

be fit with the lattice results for the two limiting momentum scales.
This gives a good agreement at low energies, but at high energies the approximation
fails.

IR constant gluon mass

In this case they found two different values for the constant, depending on whether
they take (Qmin = 0) or do not take (Qmin > 0) the zero momentum point into
account. The different fits are given in Table 4.1, where both methods are feasible
up to Q ∼ 500MeV.

• UV gluon constant mass:
Unfortunately in this case the gluon mass takes negative values (after a fitting
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procedure): M2 < 0, which is in contradiction with physical principles of QFT.
Other work takes the ansatz [81, 82]:

D(Q2) =
Z

Q2 +M2

{
Q2M2

(Q2 +M2)ln
√
Q2 +M2

}γ

(4.23)

Here, the mass takes a non-vanishing positive value, but in principle we want
to have a zero gluon mass in the UV region and the only possibility to have
such a scenario is with the mass that depends on the momentum region and
this is presented in the next subsection.

Momentum-Dependent Gluon Mass

In order to have an agreement of the expression of the gluon propagator with the
lattice date, a good approximation to the gluon dressing function and the mass in
the two limits is given by

Z(Q2) =
Z0

[A+ ln(Q2 +m2
0)]γ

, (4.24)

M2(Q2) =

{
Q2 Q2 � ΛQCD

Q2lnQ2 Q2 . ΛQCD.

Here, γ = 13/22 is the anomalous gluon dimension and m2
0 ≈ 1.6GeV2.

The form of the gluon effective mass in the low energy regime comes from the works
of Cornwall [77].
Now, we present the other well known models in order to incorporate the aforemen-
tioned gluon mass. The usual perturbative QCD (pQCD) and the analytic methods
(lattice and Dyson-Schwinger (DS) approach):

• M2(Q2) pQCD inspired:
A good approximation from the pQCD point of view is to translate the Landau
pole to the origin. This is made by changing the effective coupling given in the
gluon dressing function by

Z(Q2) = z

[
ln

(
1 +

Q2

Λ2

)]−γ
(4.25)

Hence the gluon propagator is

D(Q2) =
z

Q2

[
ln

(
1 +

Q2

Λ2

)]−γ
(4.26)
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Therefore, the gluon mass is defined by taking the lattice propagator

D(Q2) =
z

Q2 +M2(Q2)

[
ln

(
1 +

Q2

Λ2

)]−γ
(4.27)

Unfortunately, here Qmin = 3GeV in order to recover the perturbative behavior.

• M2(Q2) from lattice and DS results:
The dressing function is taken from the decoupling solution of the DS equa-
tions [83–87] which are solved numerically, and the best numerical fit of this
solution gives the form

Z(Q2) =
z0

lnγ
(
Q2+rm2

0

Λ

) (4.28)

And for the numerical fit of the gluon mass, we present two cases:

– Aguilar & Papavassiliou: They make a naive extension of the perturbative
dressing function toward the IR [84–87], keeping Z(Q2) always finite:

M2(Q2) = m2(Q2,m2
0)

 ln
(
Q2+f(Q2,m2

0)

Λ2

)
ln
(
f(0,m2

0)

Λ2

)
 (4.29)

where

f(x,m2
0) = ρ1m

2
0 + ρ2m

2(x,m0), m2(x) =
m4

0

x+m2
0

(4.30)

Here ρ1 = 1/2; ρ2 = 5/2 and M2
pert(q

2) runs from ∼ 1.2GeV for Q2 = 0

and down to zero for
√
Q2 ∼ 932GeV.

– Decoupling-type solution of the gluon-ghost DSE: Here the gluon mass
was found as a decreasing function of Q2, becoming massless in the UV
region, and the explicit form is the following

M2(Q2) =
m2

0

Q2 +m2
0

(4.31)

The fits can’t distinguish between (4.29) and (4.31), finding m0 =
671(9)MeV. Besides, these two functional forms have a good behavior in
the range of

√
Q2 from 0 to 4.2GeV.
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4.2.3 Running coupling via the dressing functions by von
Smekal and Lerche

In the Landau gauge, in the Wick-rotated formulation (q2 7→ −Q2, where q2 is in
Minkowski metric, and Q2 in Euclidean), and in the theory with the UV cutoff Λuv,

the gluon propagator has the form (4.2) with Z(Q2) ≡ Z
(Λuv)
gl (Q2), and the ghost

propagator is

DG(Q) = −Z(Λuv)
gh (Q2)

1

Q2
. (4.32)

We introduced the superscript (Λuv) which indicates that the theory has the UV
momentum cutoff Λuv.

The first and the second Kugo-Ojima (KO) [88] criterium for confinement can be
expressed, respectively, as

lim
Q2→0

Z
(Λuv)
gl (Q2)/Q2 < ∞ (KO1) , (4.33a)

Z
(Λuv)
gh (0) = ∞ (KO2) . (4.33b)

However, the first condition gets additionally restricted by the conclusion of Zwanziger
[89] about the effects of proximity of the Gribov horizon −∂µDµ(A) = 0 in the Landau
gauge formulation for the generating functional

lim
Q2→0

Z
(Λuv)
gl (Q2)/Q2 = 0 . (4.34)

The conditions (4.33b) and (4.34) imply that in the Dyson-Schwinger equation (DSE)
for the gluon propagator, in the Landau gauge, the loop contribution with ghost prop-
agators is the dominant one in the IR regime. In the work [90] it was demonstrated
that in this approximation in the Landau gauge, the DSE’s for the ghost and gluon
propagators have a solution which has the scaling behavior in the IR regime

Z
(Λuv)
gl (Q2) ∼ (Q2)2κ , Z

(Λuv)
gh (Q2) ∼ (Q2)−κ , (4.35)

where 1/2 < κ < 1. It is interesting that the Gribov approach [91] gives such a
scaling solution as well, with κ = 1.

The renormalization group (RG) equation for the gluon and ghost propagator residues
(dressing functions) has the form(

Λuv
∂

∂Λuv

+ β(g)
∂

∂g
− 2γgl,gh(g)

)
Z

(Λuv)
gl,gh (Q2) = 0 , (4.36)
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where Λuv is the UV cutoff of the theory (renormalization scale), and γgl and γgh are
the respective anomalous dimensions, and g = g(Λuv). The solution is (where we
replace the UV cutoff Λuv by the usual notation µ, the UV renormalization scale of
the theory)

Z
(µ)
gl (Q2) = exp

{
−2

∫ g(Q)

g(µ)

dḡ
γgl(ḡ)

β(ḡ)

}
≡ Z3(Q, µ) , (4.37a)

Z
(µ)
gh (Q2) = exp

{
−2

∫ g(Q)

g(µ)

dḡ
γgh(ḡ)

β(ḡ)

}
≡ Z̃3(Q, µ) , (4.37b)

The usual multiplicative normalization constants are Z3(µ) = Z3(µ,Λuv) and Z̃3(µ) =

Z̃3(µ,Λuv). In the exponentials of the expressions (4.37), the integration in the IR
regime is not well known. Therefore, in Ref. [90], the integral in the regime ḡ = g(K)
with Q < K < Λir (Λir = ΛQCD ∼ 1 GeV) is parametrized in power series of (Q2/Λ2

ir)

Z
(µ)
gl (Q2) = exp

{
−2

∫ g(Λir)

g(µ)

dḡ
γgl(ḡ)

β(ḡ)

}[
e0

(
Q2

Λ2
ir

)ε0
+ · · ·

]
, (4.38a)

Z
(µ)
gh (Q2) = exp

{
−2

∫ g(Λir)

g(µ)

dḡ
γgh(ḡ)

β(ḡ)

}[
d0

(
Q2

Λ2
ir

)δ0
+ · · ·

]
, (4.38b)

For the running coupling a(Q2) = g(Q)2/(4π2) we have in general

a(Q2)

a(Λ2
ir)

= Z(Λir)
g (Q2)−2 =

Z
(Λir)
gl (Q2)Z

(Λir)
gh (Q2)2

Z̃
(Λir)
1 (Q2)2

, (4.39)

where Z̃
(Λir)
1 (Q2) ≡ Z̃1(Q,Λir) is the gluon-ghost vertex renormalization parameter.

This parameter is in the Landau gauge equal to one, at all energies, i.e., nonrenor-
malization of the gluon-ghost vertex takes place in the Landau gauge to all orders in
perturbation theory, Refs. [90, 92].
A central assumption in this approach is that in nonperturbative effects of the IR
regime do not change this conclusion, i.e., Z̃Λir

1 (Q2) = 1 remains unchanged at low
|Q2|. Therefore,

a(Q2)

a(µ2)
= Z

(µ)
gl (Q2)Z

(µ)
gh (Q2)2 , (4.40)

where we replaced Λir by a general UV renormalization scale µ. The DSE’s in the
Landau gauge, in the mentioned ghost dominance approximation, and under the
condition that the ghost-ghost-gluon vertex is of the tree-level form in the symmetric
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configuration [Aµ(Q2;Q2, Q2) = iQµ, nonrenormalization of the vertex, [92]], give as
a solution the gluon and ghost residue functions in the IR regime (4.38) with

δ0 = −κ, ε0 = 2κ , 1/2 < κ < 1 . (4.41)

This, in conjuntion with the relations (4.38), implies the relations (4.35). The rela-
tions (4.35) imply in Eq. (4.40) that the running coupling freezes in the IR

lim
Q→0

a(Q2) = a0 <∞ , (4.42)

where a0 6= 0.

If, on the other hand, the horizon condition (4.34) were not fulfilled, but rather the
more general confinement condition (4.33a) (finite gluon propagator in the IR, in the
Landau gauge), then DSE’s satisfying such conditions also exist [85] and give in the
IR regime the behavior

Z
(Λuv)
gl (Q2) ∼ (Q2)1 , Z

(Λuv)
gh (Q2) ∼ (Q2)0 . (4.43)

This is a so called decoupling behavior, and it gives, according to the relation (4.40):
a(Q2)→ 0 when Q2 → 0.

4.2.4 Gauge Invariant Truncation Scheme By Aguilar and
Papavassiliou

This approach is based on pinch technique and the correspondence with background
field method (BFM), where the DSEs are derived by an expansion about the free-field
vacuum.
The (fundamental) problem that arise from the DSE is the choice of a self-consistent
truncation scheme [85] as a consequence of the aforementioned expansion. In this
sense, the authors of Ref. [85] want to show that the application of a novel gauge-
truncation scheme to DSE leads, in Landau gauge(LG), to an infrared finite gluon
propagator and a divergent ghost propagator, in qualitative and quantitative (ap-
proximately) agreement with recent lattice data of Refs. [93, 94].

In this scheme the new DS series are [95] (with the notation: D(Q2) ≡ ∆(Q2) =
Zgl(Q

2)/Q2 for the gluon propagator and DG(Q2) for the ghost propagator)

∆−1(Q2)Pµν(Q) =
Q2Pµν(Q) + i

∑4
i=1(ai)µν

[1 +G(Q2)]2
, (4.44)

iD−1
G (P 2) = P 2 + iλ

∫
k

Γµ∆µν(K)Γν(P, k)DG(P +K),

iΛµν(Q) = λ

∫
K

H(0)
µρDG(K +Q)∆ρσ(K)Hσν(K,Q),
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Figure 4.5: The new DSEs for the gluon-ghost system.

where Pµν = gµν − QµQν
Q2 is the transverse projector, λ = g2CA, G(Q2) is the gµν

component of the auxiliary two point function Λµν(Q). The function Hσν appears
as a consequence of the Slavnov-Taylor identity (STI) at all orders that is respected
by the standard three-gluon vertex, and is related to the full gluon-ghost vertex by
QσHσν(P,R,Q) = −iΓν(P,Q,R).
In order to satisfy the Ward identities, there appears an explicit condition upon ai’s
(these coefficients appear when we consider the gluon propagator to first order as is
shown in Fig. 4.5), i.e., a presence of massless pole term 1/Q2.
Longitudinally bound-state poles are known to be instrumental for obtaining ∆−1(0) 6=
0.
With this, the authors of Ref. [85] find integral equations which are solved numeri-
cally. In the solution, the renormalization constants are fixed in the usual way

∆−1(µ2)
∣∣
µ2∼M2

z
= µ2, D−1

G (µ2)
∣∣
µ2∼M2

z
= µ2, G(µ2)

∣∣
µ2∼M2

z
= 0. (4.45)

They found an IR behavior of the gluon propagator given by

∆−1(0) =
λ(Tg + Tc)

[1 +G(0)]2
, (4.46)

where

Tg =
15

4

∫
k

∆(k)− 3

2

∫
k

k2∆2(k), (4.47)

Tc = −2

∫
k

DG(k) +

∫
k

k2D2
G(k).

We can verify the pQCD behavior of this limit. We have the general perturbative
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gluon propagator:

∆−1
pert(Q

2) = Q2 + iΠ(Q2) = Q2

∞∑
m=0

δ̃mlnm(Q2/µ2)αms (4.48)

⇒ ∆pert(Q
2) = (Q2)−1

∞∑
n=0

δnlnn(Q2/µ2)αns

Here we have
∫
k

∆(k) ∼
∫
k

lnnk
k2

for n = 1, 2, . . . (the procedure for (DG)pert(k) is the
same). Therefore, the pQCD gluon propagator in the IR has the well known limit

∆−1
pert(0) = 0 (4.49)

However, non-perturbatively ∆−1(0) does not have to vanish, provided that the
quadratically divergent integrals defining it can be properly regulated and made fi-
nite, without introducing counterterms of the form m2

0(Λ2
UV )A2

µ, which are forbidden
by the local gauge invariance of the fundamental QCD Lagrangian. Motivated by
these arguments, the Tg constant is regularized only where pQCD does not hold, in
the form

16π2T regg =
15

4

∫ s

0

dyy[∆(y)−∆pert(y)]− 3

2

∫ s

0

dyy2[∆2(y)−∆2
pert(y)], (4.50)

and analogously for Tc.

Figure 4.6: Left Panel: The Gluon propagators obtained from the solution of the DSE
system(continuous line) compared to lattice [94]; the dashed line is the perturbative
behavior. Right Panel: The ghost propagators from DSE (continuous line), the one-
loop result (dashed line), and the corresponding lattice data [94] .

The procedure in order to fix the s variable is the following [85]: (i) Choose a
boundary condition: ∆(0) = C > 0; (ii) Obtain with the aforementioned assumption
a regularized gluon propagator: ∆−1

reg(0); (iii) Check that ∆−1
reg(0) = C−1 is satisfied;
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if it is not, follow with the next step: (iv) Choose a new C and repeat the procedure.
Of course, there always exists the possibility to fix s and see what is the value for
∆(0).
Results: C = 14.7GeV−2 ⇒ s ≈ 10GeV2 (this is the preferred value for C from
lattice simulations at the origin, see Left Panel in Fig. 4.6).
We note that if C increases, s decreases (for example, with C = 50GeV−2 ⇒ s ≈
1GeV2).
From the fitting it was deduced:

∆−1(Q2) = a+ b(Q2)c−1 ⇒


a b c

Lattice 0.07 0.15 2.54
DSE 0.07 0.77 2.01

(4.51)

This approach satisfies the Kugo-Ojima confinement criterium [88] in the form (that
are essentially (4.33a) and (4.33b) without the effects of Gribov copies as in (4.34)):

• The non-perturbative gluon propagator being finite in the IR, is automatically
less singular than a single pole (this criteria was checked above).

• The non-perturbative ghost propagator should be more singular in the IR than
a simple pole.

In order to check the second criterium for DSE, we must to have γ > 0 in P 2DG(P 2) =
c1(P 2)−γ and the authors of Ref. [85] found from the fit (see the Right Panel in
Fig. 4.6) the value γ = 0.02 within the range P 2 ≤ 10GeV2. Therefore, this approach
satisfied the second criterium, too, although at the borderline of balidity.
It is interesting that there is another better fit, that is

P 2DG(P 2) = κ1 − κ2ln(P 2 + κ3) (4.52)

where κ1 = 1.3, κ2 = 0.05 and κ3 = 0.05, and this does not fulfill the KO cri-
terium (4.33b).

4.3 Calculus with Variuos Dispersion Relations in

FAPT

Now, we want to analyze the analyticity of the Gluon propagator in two different
approaches, namely the subtracted and unsubtracted dispersion relation.
The subtracted concept is based on the idea of removing possible non-analytic con-
tributions (singularities) to the gluon propagator.
It is interesting to evaluate both methods for the gluon propagator D(Q2), and for
its dressing function Z(Q2) ≡ Q2D(Q2).
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4.3.1 Unsubtracted Dispersion Relation

For the first case D(Q2) we have the imaginary part (using Eq. (4.7)) given by:

ρD(σ) ≡ ImD(−σ − iε) = −cvP
[

1

σ

]
Im

{
N−1∑
n=0

dna
n+ν
pt (−σ − iε)

}
+ πcvδ(σ)×

Re

{
N−1∑
n=0

dna
n+ν
pt (−σ − iε)

}

= −cv
1

σ

N−1∑
n=0

dnρ
(pt)
n+ν(σ) + cvπδ(σ)

N−1∑
n=0

dnr
(pt)
n+ν(σ). (4.53)

Here, by definition, the discontinuity function in terms of the perturbative coupling
is ρ

(pt)
n+ν(σ) = Im {apt(−σ − iε)} and r

(pt)
n+ν(σ) = Re

{
an+ν
pt (−σ − iε)

}
.

With this, the analytic gluon propagator is

D(an.)(Q2) =
1

π

∫ ∞
0

dσρD(σ)

σ +Q2

= −cv
1

π

N−1∑
n=0

dn

∫ ∞
0

dσ
1

σ

ρ
(pt)
n+ν(σ)

σ +Q2
+ ∆δ(Q

2)

= cv
1

Q2

N−1∑
n=0

dn
1

π

∫ ∞
0

dσρ
(pt)
n+ν(σ)

σ +Q2
− cv

1

Q2

N−1∑
n=0

dn
1

π

∫ ∞
0

dσρ
(pt)
n+ν(σ)

σ
+ ∆δ(Q

2)

=
1

Q2
cv

N−1∑
n=0

dn
(
An+ν(Q

2)−An+ν(0)
)

+ ∆δ(Q
2) (4.54)

In the last line we used the dispersion relations for the analytic coupling An+ν given
by the well known Frectional Analytic Perturbation Theory (FAPT). And we note
that ∆δ(Q

2) = 0 (that corresponds to the second term in the r.h.s of (4.53) integrated
as in (4.54)).
On the other hand, if we apply the (unsubtracted) dispersion relation to Z(Q2) =
Q2D(Q2) (instead of D(Q2)), we have (following the same procedure as before):

Z(an.)(Q2) =
1

π

∫ ∞
0

dσρZ(σ)

σ +Q2

= cv
1

π

N−1∑
n=0

dn

∫ ∞
0

dσρ
(pt)
n+ν(σ)

σ +Q2

= cv

N−1∑
n=0

dnAn+ν(Q
2) (4.55)
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In this case the gluon propagator takes the form (the tilde superscript is only to
differentiate from the first case):

D̃(an.)(Q2) ≡ 1

Q2
Z(an.)(Q2) =

1

Q2
cv

N−1∑
n=0

dnAn+ν(Q
2). (4.56)

4.3.2 Subtracted Dispersion Relation

Here we follow the analogous way as in the previous subsection, but now we subtract
by hand a possible non-analytic term in the propagator at Q2 = κ2, we have for the
first case:

D(Q2) = D(κ2) +
κ2 −Q2

π

∫ ∞
0

dσρD(σ)

(σ + κ2)(σ +Q2)

= D(κ2)− cv
κ2 −Q2

π

N−1∑
n=0

dn

∫ ∞
0

dσ
1

σ

ρ
(pt)
n+ν(σ)

(σ + κ2)(σ +Q2)

= D(κ2) + cv

N−1∑
n=0

dn

{
1

Q2

1

π

∫ ∞
0

dσ
ρ

(pt)
n+ν(σ)

σ +Q2

−κ
2 −Q2

Q2κ2

1

π

∫ ∞
0

dσ
ρ

(pt)
n+ν(σ)

σ
− 1

κ2

1

π

∫ ∞
0

dσ
ρ

(pt)
n+ν(σ)

σ + κ2

}

= D(κ2) +
1

Q2
cv

N−1∑
n=0

dn
(
An+ν(Q

2)−An+ν(0)
)

+
1

κ2
cv

N−1∑
n=0

dn
(
An+ν(0)−An+ν(κ

2)
)
. (4.57)

And for the second case (subtracted dispersion relation applied to Z(Q2) = Q2D(Q2)):

Z(an.)(Q2) = Z(an.)(κ2) + (Q2 − κ2)
1

π

∫ ∞
0

dσ
ρZ(σ)

(σ + κ2)(σ +Q2)

= Z(an.)(κ2)− (Q2 − κ2)cv

N−1∑
n=0

dn
1

π

∫ ∞
0

dσ
ρ

(pt)
n+ν(σ)

(σ + κ2)(σ +Q2)
.(4.58)

At this stage, it is easy to relate with the FAPT analytic coupling if we note that

An+ν(Q
2)−An+ν(κ

2) = −(Q2 − κ2)
1

π

∫ ∞
0

dσρptn+ν(σ)

(σ +Q2)(σ + κ2)
. (4.59)
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So, we have finally

Z(an.)(Q2) = Z(an.)(κ2) + cv

N−1∑
n=0

dn(An+ν(Q
2)−An+ν(κ

2)). (4.60)

So the gluon propagator takes the form (the tilde superscript is only to differentiate
from the first case):

D̃(an.)(Q2) ≡ 1

Q2
Z(an.)(Q2) =

κ2

Q2
D̃(an.)(κ2) +

1

Q2
cv

N−1∑
n=0

dn(An+ν(Q
2)−An+ν(κ

2))

(4.61)
It is interesting to note that, if we take the limit κ2 = 0 we recover Eq. (4.54).

4.3.3 Non-Zero Dynamic Mass of Gluon

Following the same steps as in the previous subsection, we can find an explicit ex-
pression to the massive gluon propagator. Starting from Eq. (4.3) in the dispersion
relation we obtain:

D
(an.)
MG (Q2) = cv

N−1∑
n=0

dn
1

Q2 +M2

(
An+ν(Q

2)− 1

π
P

[∫ ∞
0

dσρ
(pt)
n+ν(σ)

σ −M2

]
+ r

(pt)
n+ν(M

2)

)
(4.62)

We note that, when the gluon mass vanishes, we recover the unsubtracted gluon prop-
agator (4.54). Another interesting point here is the limit when the mass parameter
tends to zero (note that we take the propagator in the form (4.4) and with the final
expression (4.7), so we are neglecting the mass term effects in the Callan-Symanzik
ecuation) we find

D
(an.)
MG (Q2) ≈ cv

N−1∑
n=0

dn
1

Q2 +M2

(
An+ν(Q

2)−An+ν(−M2)
)

(4.63)

≈ cv

N−1∑
n=0

dn
1

Q2 +M2

(
An+ν(Q

2)−An+ν(0)
)
. (4.64)

On the other hand, when we perform the analytization of dressing funtion Z(Q2),
instead of D(Q2), we obtain

D̃
(an.)
MG (Q2) ≈ cv

N−1∑
n=0

dn
1

Q2 +M2
An+ν(Q

2). (4.65)
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4.3.4 Numerical Results

Before presenting our results, we note that our results should be compared with the
lattice data for the unquenched case (Nf = 3), Ref. [97], in the available interval

of Q ≡
√
Q2: 0.1 GeV < Q . 10 GeV. This is so because the (F)APT formalism

requires Nf ≥ 3. Namely, the thresholds in the (F)APT formalism are understood to
be implemented in general at Q2 = m2

q (mq is the corresponding quark mass) in the
underlying pQCD coupling a(Q2), and the latter coupling has Landau singularities
at energies 0 < Q2 . m2

s (ms is the strange quark mass) and even at Q2 > m2
s.

We work with the gluon propagator (4.3), which has FAPT-holomorphic dressing
function (4.56) and a dynamical gluon mass M , Eq. (4.65). The free parameters are
cv and M . We are choosing certain two points of the (low-Q) lattice data and adjust
the free parameters (cv and M) so that our curve goes through these two points; the
two chosen points are also varied, so as to obtain (visually) the best curve. This
approach is applied in the analytic (FAPT) and in the pQCD case.

In this context, we mention that a variant of APT was applied to the dressing function
in Ref. [96], but in a more naive manner since the FAPT approach was not known at
the time; and the dynamical gluon mass effect was not included.
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Figure 4.7: Analytic gluon propagator (4.3) with the dynamical effective gluon mass
parameter M = 0 and cv = 5.10 (continuous line), in comparison with unquenched
lattice data taken from Ref. [97], where Nf = 2 + 1. Further, the (two-loop) pQCD
result is presented as well, with cv = 4.55 (dashed line).
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Figure 4.8: The same as in Fig. 4.7, but now the dynamical effective gluon mass
parameter M is nonzero: the analytic propagator (4.3) (continuous line) has M2 =
0.382 GeV2 and cv = 6.81. The pQCD result (dashed line), i.e., Eq. (4.65) with (4.7),
has M2 = 0.211 GeV2 and cv = 4.98.

In Fig. 4.7, we compare with the lattice data at low positive Q2 (Q ≡
√
Q2) when

fixing M = 0 in D(Q2) of Eq. (4.3), while the other parameter cv is fixed by a lattice
point. We include also a (two-loop) pQCD result, where in a(Q2) we use the same
Lambert scale: ΛL.(Nf = 3) = 0.581 GeV.

In Fig. 4.8 both parameters, M and cv, are varied in Eq. (4.3) so as to get the best
possible agreement with the lattice data. For additional comparisons, a representative
pQCD curve with M 6= 0 [i.e., Eq. (4.65) with (4.7)] is included, where we use the
aforementioned Lambert scale.

In Fig. 4.7 we see that the analytization alone (and M = 0) gives us results which
are good down to approximately 0.8 GeV; this is an improvement with respect to
pQCD. But we wanted to go beyond and see what is the effect of including a (small)
dynamical effective mass M of gluon, Eqs. (4.65) and (4.3). We find that the best
mass parameter is M2 ≈ 0.382 GeV2, see Fig. 4.8. It turns out that this value is
consistent with the values of M obtained in Refs. [76].1

We see from Fig. 4.8 that the massive FAPT-analytic version is applicable for mo-

1In Refs. [76], M(Q2) and Z(Q2) were considered as Q2-dependent functions with specific
Ansätze, and the resulting propagator was fitted to the lattice results.
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menta down to Q ≈ 0.4 GeV (Q2 ≈ 0.15 GeV2), but not below that. This is consistent
with the conclusions about the applicability of the APT approach in Bjorken Polar-
ized Sum Rule at low Q, Ref. [98], where the authors included other nonperturbative
effects via higher-twist terms.

We note that in our approach, when we want to reproduce lattice results for lower
momenta Q, the mass parameter M is getting bigger and is accompanied with a worse
behavior at higher Q values. Therefore, we intend to improve this approach in the
future, by using a Q2-dependent dynamical mass M(Q2) of the gluon. However, the
applicability of (F)APT will probably restrict from below the values of Q: Q > Qmin

(> 0).

4.3.5 Summary

In this work, we evaluated the gluon propagator in the Landau gauge at low spacelike
momenta Q2. We used the two-loop solution of the Callan-Symanzik equation for
the dressing function Z(Q2). The nonperturbative effects were incorporated in the
form of the analytization procedure aν(Q2) 7→ Aν(Q2) for the (noninteger) powers of
the QCD coupling a(Q2), within Fractional Analytic Perturbation Theory (FAPT)
with Nf = 3; and by incorporation of a constant dynamical effective gluon mass
M in the propagator. The obtained expression Eq. (4.3) has two free parameters:
the normalization constant cv and the dynamical gluon mass M . We compared the
obtained results with the unquenched lattice results (Nf = 3) at low positive Q2.
In comparison with pQCD results, the analytization clearly improved the behavior
of the propagator at low Q. The additional introduction of the dynamical effective
gluon mass further improved the low-Q behavior. We used the FAPT with Nf = 3,
because in FAPT it is apparently not possible to define unambiguously the theory
for Nf < 3.

The main results can be summarized as follows:

1. We performed an analytization procedure (numerical FAPT) for the dressing
function of gluon propagator in the Landau gauge. The dressing function was
obtained from the two-loop Callan-Symanzik equation, and this (pQCD) pro-
cedure introduces one free parameter cv which is an overall normalization con-
stant.

2. In addition, we introduced a (constant) dynamical effective gluon mass M in
the propagator, as suggested by various DSE studies of gluon propagator in the
Landau gauge.

3. We compared the obtained results with the unquenched lattice data of the
propagator, by varying the free parameters cv and M .
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4. In the nonmassive (M = 0) case, the analytic gluon propagator is in agreement
with the unquenched lattice data down to Q2 ≈ 0.6 GeV2 (Q ≡

√
Q2 ≈ 0.8

GeV), while the massive (M > 0) analytic gluon propagator agrees with the
lattice data down to Q2 ≈ 0.15 GeV2 (Q ≈ 0.4 GeV).

5. The values that we found for our fit are cv = 5.10 for the nonmassive case; and
cv = 6.81 and M2 = 0.382 GeV2 (M ≈ 0.62 GeV) for the massive case, where
this value of the dynamical effective gluon mass M is similar to the values found
in the literature.

We intend to continue this work in various directions: perform the analytization
procedure within other QCD models such as the two-delta analytic QCD model of
Ref. [54] and the analytic QCD models with effective mass in the coupling (cf. Refs. [99–
104]); allow Q2-dependence in the dynamical effective gluon mass M ; and compare
with DSE results (numerically and theoretically).
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Chapter 5

Heavy Quarkonia

5.1 Introduction

We will apply two anQCD models of (apt)an. ≡ A1, namely APT of Chapter 2,
and the 2δanQCD model of Section 3.3, to evaluations of the perturbation series of
the binding energy Eqq̄ of heavy quarkonia (Υ(1S) and J/ψ(1S)) and of the quark
pole mass mq based on the work of Ref. [105]. In this way, we will evaluate the
masses of these quarkonia Mqq̄ = 2mq +Eqq̄ as functions of the (MS) quark mass mq.
In the APT model of analytic QCD, we will need to evaluate not just the integer
power analogs (anpt)an.APT ≡ A(APT)

n (hereafter through this chapter we will use this
notation in order to not distinguish with general analytic models), but also the analogs

of the logarithmic terms (anpt lnk apt)an.APT ≡ A(APT)
n,k (Q2) whose evaluation uses the

approach of FAPT (see Chapter 2.7).

As input parameter we use the renormalon-free quark mass mq (≡ mq(µ
2 = m2

q)) of

the corresponding quark q = b, c (also called the MS quark mass), and the anQCD
coupling of the model. Since the quarkonia masses are well measured, we can extract
the values of mq. We also perform the same analysis in pQCD in the corresponding
renormalization schemes.

We will evaluate the binding energy Eqq̄ and of the quark pole mass mq, in terms of the
mass mq and of the couplings. Furthermore, we explain how the cancellation of the
leading infrared renormalon in the sum 2mq +Eqq̄ allows us to separate the ultrasoft
from the soft part of the binding energy. The numerical results and the extractions
of the masses mb and mc will be presented. The evaluations are performed in the
two aforementioned analytic models (F)APT and 2δanQCD, and in pQCD in the
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corresponding two renormalization schemes (MS, and in the scheme of 2δanQCD
called here the Lambert scheme). And Finally we summarize our results and draw
certain conclusions.

The higher order couplings Aν ≡
(
aνpt

)
an

in 2δanQCD model are obtained according
to the construction for general anQCD models, for general (noninteger) ν and for the
couplings Aν,k ≡

(
aνpt lnk apt

)
an

.

The analytization of expansions now consists simply in the replacements

aνpt(µ
2) 7→

(
aνpt(µ

2)
)

an
= Aν(µ2) , (5.1a)

aνpt(µ
2) lnk apt(µ

2) 7→
(
aνpt(µ

2) lnk apt(µ
2)
)

an
= Aν,k(µ2) . (5.1b)

In the FAPT procedure of Chapter 2.7, applicable only in APT, usually the truncation
in the loop expansion (≤ a`+1

pt ) is applied to the running coupling apt(µ
2), which is then

reflected in the spectral functions Im aνpt(−σ−iε) and Im[aνpt(−σ−iε) lnk apt(−σ−iε)]
that take the ”simple” form:

aνpt(Q
2) =

1

π

∫ ∞
σ=−Λ2

L−η

dσ Im aνpt(−σ − iε)
(σ +Q2)

, (5.2)

and η → +0. And

(
aνpt(Q

2)
)((F)APT)

an
≡ A((F)APT)

ν (Q2) =
1

π

∫ ∞
σ=0

dσ
Im aνpt(−σ − iε)

(σ +Q2)
. (5.3)

5.2 Perturbation expansion for heavy qq̄ ground

state energy

5.2.1 General formulas

The analysis of nonrelativistic potential is the starting point for the determination of
the ground state energy of q̄q and thus of the mass of such systems. The main input
in these calculations is the mass mq(m

2
q) (here denoted simply as mq), also called MS

quark mass. The masses of the heavy quarkonia q̄q [Υ(1S) when q = b, J/ψ(1S)
when q = c] are well measured, and this allows us to extract the corresponding mass
mq. By evaluating an observable, such as the quark-antiquark binding energy here,
within anQCD models, at least part of the (chirality-conserving) nonperturbative
effects get included in the leading-twist term via the analytization.
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The coefficients in the (leading-twist) perturbation expansion of the ground state
binding energy Eqq̄ (i.e., with: n = 1 and ` = 0) of heavy quarkonium qq̄ in powers
of apt were obtained up to all terms O(a4

pt) in Ref. [106], the terms O(a5
pt ln apt) in

Ref. [107], and all terms up to O(a5
pt) (including logarithmic) are given in Ref. [108].

The last term (∼ a5
pt) is now completely known since the parameter a3 from the static

potential is now known, Refs. [109, 110]. The general structure of the (leading-twist
term of the) ground state binding energy in pQCD is

E
(pt)
qq̄ = −4

9
mqπ

2a2
pt(µ

2)
{

1 + apt(µ
2)
[
K1,0 +K1,1Lpt(µ

2)
]

+ a2
pt(µ

2) [K2,0

+K2,1Lpt(µ
2) +K2,2L

2
pt(µ

2)
]

+ a3
pt(µ

2)
[
K3,0,0 +K3,0,1 ln apt(µ

2)

+K3,1Lpt(µ
2) +K3,2L

2
pt(µ

2) +K3,3L
3
pt(µ

2)
]

+O(a4
pt)
}
, (5.4)

where

Lpt(µ
2;m2

q) =
1

2
ln

(
µ2

((4π/3)mq)2a2
pt(µ

2)

)
, (5.5)

µ2 is the (square of the) renormalization scale, mq is the pole mass of the quark,
and the coefficients Kj,k can be obtained by combining the results of the mentioned
literature. The typical scale of the process is a soft reference scale Q2

s (≡ −q2), which
is a typical quark-antiquark momentum transfer inside the quarkonium (Q2

s ∼ m2
qα

2
s)

and can be fixed by convention. The soft renormalization scale µ2 ≡ µ2
s can then be

varied around Q2
s

µ2 ≡ µ2
s = κQ2

s (κ ∼ 1;Q2
s ∼ m2

qα
2
s) . (5.6)

The quarkonium mass is then

Mqq̄ = 2mq + Eqq̄(mq) . (5.7)

In principle, the input quantity here could be the quark pole mass mq. However, this
mass mq, in contrast to the mass mq, suffers from the strong infrared renormalon
ambiguity (at Borel parameter value b = 1/2,⇒ δmq ∼ ΛQCD). This ambiguity must
cancel in the physical sum [Eq. (5.7)].

It is more convenient to use as input a renormalon ambiguity-free input mass, such
as mq, and we will do this.

In the case of the bottom quark, before we relate the pole mass mb with the mass
mb, at renormalization energies µ = mb where Nf = 4 (and where the charm quark
mass is considered zero, i.e., decoupled), the effects δmb of the nonzero massa mc 6= 0
have to be subtracted, and they are [111]

(δmb)mc = (δmb)
(1)
mc + (δmb)

(2)
mc ≈ 0.025± 0.005 GeV . (5.8)
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These effects were calculated in Ref. [111] in pQCD, at the hard renormalization scale
µ2 = m2

b . We checked that they do not get significantly modified in APT and in the
2δanQCD model.

The pole mass mq and the mass mq are then related via the relation

mq − δmq

mq

= 1 +
4

3

(
apt(m

2
q) + r1a

2
pt(m

2
q) + r2a

3
pt(m

2
q) + r3a

4
pt(m

2
q)
)

+O(a5
pt) , (5.9)

where δmq is zero when q = c, and is given by Eq. (5.8) when q = b

δmq ≡
{

(δmb)mc (q = b)
0 (q = c)

}
. (5.10)

The coefficient R0 = 4/3 was obtained in Ref. [112]. Also the coefficients r1(m2
q), and

r2(m2
q) are known (Refs. [113], [114–116], respectively) they are given in Eqs. (A.1)

in Appendix A, and Nf in these coefficients is the number of flavors of quarks lighter
than q. Specifically, the values are: r1 = 7.739 and r2 = 87.224 for Nf = 3; and
r1 = 6.958 and r2 = 70.659 for Nf = 4. On the other hand, in Appendix A we
estimate the values of r3 to a reasonably high level of precision (with less than 4 %
uncertainty) by a method which uses the structure of the leading infrared renormalon
(at b = 1/2) of the quantity mq/mq: r3(Nf = 3) = 1339.4, r3(Nf = 4) = 987.3.

While the relation (5.9) is written here at the “hard” renormalization scale µ2 = m2
q,

it is straightforward to reexpress the sum on the right-hand side of Eq. (5.9) at a
different, lower, scale µ2. In Appendix A this reexpression is presented explicitly,
under the assumption that during the lowering of the scale, m2

q → µ2, we do not
cross the quark threshold. The goal is to express in the perturbation expansion of
the binding energy (5.4), where the renormalization scale is soft, the pole mass mq

via the mass mq, and for this we need the relation (5.9) at the soft renormalization
scale. It turns out that for the bb̄ system the hard scale is mb ≈ 4 GeV, i.e., the scale
where Nf = 4; and the soft scale, Eq. (5.6), is µs ≈ 2 GeV, i.e., the scale where it
is more reasonable to expect Nf = 3.1 In this case, we take into account also the
(three-loop) quark threshold transition Nf = 4 7→ 3 at µ2 = (2mc)

2, Ref. [117]. We
thus obtain the relation (5.9) reexpressed at the soft scale µ2

s of Eq. (5.6)

mq(m
2
b ;µ

2
s) = δmq +mq

{
1 +

4

3
apt(µ

2
s)
[
1 + apt(µ

2
s)r1(µ2

s) + a2
pt(µ

2
s)r2(µ2

s)

+a3
pt(µ

2
s)r3(µ2

s)
]

+O(a5
pt)
}
. (5.11)

Further, the renormalization scheme can also be varied in this relation and in the
relations (5.4)-(5.5), i.e., the changes of the scheme parameters cj = βj/β0 (j = 2, 3)

1Usually, the quark thresholds are taken at 2mq. In the case of Nf = 4 7→ 3 transition, this is
about 2.5 GeV, above the soft scale of the bb̄ system.
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from the usual MS scheme to other schemes affect correspondingly the values of the
coupling apt(µ

2
s) and of the coefficients. We recall that in (F)APT the chosen scheme

here is c2 = c3 = · · · = 0; in the 2δanQCD model and in Lambert pQCD, the scheme
is c2 = −4.76+2.66

−0.97 and cj = cj−1
2 /cj−2

1 for j ≥ 3. The relationship between apt’s at
two different scales and in two different renormalization schemes is summarized in
Appendix B, where we also summarize the (three-loop) connection of apt’s across the
quark threshold.

After performing all these transformations, we can rewrite the original expansion
(5.4) for Eqq̄ in terms of the mq ≡ mq(m

2
q) mass, with the coupling apt at any soft

renormalization scale µs and in any chosen renormalization scheme (c2, c3, . . .)

E
(pt)
qq̄ (Q2

s;m
2
q;Nf = 3) = −4

9
(mq + δmq)π

2a2
pt(µ

2
s)
{

1 + apt(µ
2
s)
[
K1,0 +K1,1Lpt(µ

2
s)
]

+a2
pt(µ

2
s)
[
K2,0 +K2,1Lpt(µ

2
s) +K2,2L2

pt(µ
2
s)
]

+ a3
pt(µ

2
s)
[
K3,0,0 +K3,0,1 ln apt(µ

2
s)

+K3,1Lpt(µ
2
s) +K3,2L2

pt(µ
2
s) +K3,3L3

pt(µ
2
s)
]

+O(a4
pt)
}
, (5.12)

where µ2
s = κQ2

s (κ ∼ 1 being the soft renormalization scale parameter), and the
logarithm contains now mq mass

Lpt(µ
2
s;m

2
q) =

1

2
ln

(
µ2
s

[(4π/3)(mq + δmq)]
2 a2

pt(µ
2
s)

)
. (5.13)

We note that the new (renormalon-ambiguity-free) mass which appears naturally in
this expansion is not exactly the mass mq, but rather

m̃q ≡ mq + δmq =

{
mb + (δmb)mc (q = b)
mc (q = c)

}
, (5.14)

where (δmb)mc is given by Eq. (5.8) when q = b.

The mentioned soft “process scale” Q2
s (∼ m2

qα
2
s) can be regarded, at least formally, to

be a variable complex scale. Therefore, the binding energy Eqq̄(Q
2
s;m

2
q) is, formally, a

spacelike observable analytic in Q2
s; and the dependence on the renormalization scale

parameter κ disappears when the number of terms in the expansion is infinite. The
analytization of E

(pt)
qq̄ (Q2

s;m
2
q) of Eq. (5.12), according to Eqs. (5.1) [or, in (F)APT:

Eq. (5.3)], then leads to

E
(an)
qq̄ (Q2

s;m
2
q) = −4

9
m̃qπ

2
{
A2(κQ2

s) +
[
K1,0A3(κQ2

s) +K1,1B3,1(κQ2
s)
]

+
[
K2,0A4(κQ2

s) +K2,1B4,1(κQ2
s) +K2,2B4,2(κQ2

s)
]

+
[
K3,0,0A5(κQ2

s) +K3,0,1A5,1(κQ2
s)

+K3,1B5,1(κQ2
s) +K3,2B5,2(κQ2

s) +K3,3B5,3(κQ2
s)
]

+O(A6,4)
}
, (5.15)
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where we use, for simplicity, the general notation of Eqs. (5.1a)-(5.1b) for Aν ’s (ν = k
integer now) [in (F)APT: Eq. (5.3)], and denote by Bn+2,j the following:

Bn+2,j(κQ
2
s) =

(
an+2

pt (κQ2
s)

1

2j
lnj
(

κQ2
s

((4π/3)mq)2a2
pt(κQ

2
s)

))
an

=
1

2j

j∑
s=0

(
j
s

)
(−2)s f̄ j−s(κQ2

s)An+2,s(κQ
2
s) , (5.16)

where f̄ ≡ ln[κQ2
s/(4π/3)2/m2

q], andAn+2,s are defined as: An+2,s ≡ (an+2(Q2)lnsa(Q2))an.
In FAPT we have

An,s(Q2) =
1

π

∫ ∞
0

dσIm {anlnsa(Q′2 = −σ − iε)}
σ +Q2

. (5.17)

In general anQCD, such as 2δanQCD, we have (3.61). On the other hand, An,k(Q2) ≡(
an(Q2)lnka(Q2)

)
an

are obtained by the use of the relation

An,k(Q2) =
∂k

∂νk
An+ν(Q

2)

∣∣∣∣
ν=0

, (5.18)

where this relation is the consequence of the identity

anlnka ≡ ∂k

∂νk
an+ν

∣∣∣∣
ν=0

. (5.19)

Here, j = 1, . . . , n, therefore Bn+2,j(κQ
2
s)→ 0 faster than a2

pt(κQ
2
s) when |Q2

s| → ∞,
by asymptotic freedom.

The relation (5.11) in its analytized form is

mq(m
2
b ;µ

2
s) = δmq +mq

{
1 +

4

3

[
A1(µ2

s) + r1(µ2
s)A2(µ2

s) + r2(µ2
s)A3(µ2

s)

+r3(µ2
s)A4(µ2

s)
]

+O(A5)
}
. (5.20)

Since this relation includes at its highest order the term ∼ A4 (∼ a4
pt), in general

analytic QCD it is consistent to use in Eq. (5.20) for the expressions An (n = 1, 2, 3, 4)

those given in Eq. (3.61) with the sum there truncated at (and including) Ã4 (∼ A4 ∼
a4

pt). On the other hand, the expression (5.15) for the binding energy includes at its
highest order the terms ∼ A5 (more precisely, ∼ A5,3), therefore it is consistent to use
there for the expressions An (2 ≤ n ≤ 5) those of Eq. (3.61) [or Eqs. (??)] with the

sum truncated at (and including) Ã5, and expressions An,k of Eq. (5.18) truncated

at (and including) ∂kÃν+5/∂ν
k|ν=0 (∼ anpt lnk apt), where k = 1, 2, 3.
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The mentioned soft reference scale Q2
s (∼ m2

qα
2
s) can be fixed in pQCD, by convention,

by the condition that all the logarithmic terms in the expansion (5.12) disappear

Q2
s,pt = (4π/3)2m̃2

qa
2
pt(Q

2
s,pt) , (5.21)

where m̃q is defined in Eq. (5.14). This type of condition, in analytic QCD, would
correspond to fixing the soft reference scale Qs by requiring Bn+1,j(Q

2
s) = 0, for

various n’s and j = 1, . . . , n. This fixing is not unique since it depends on n and j.
Our convention will be that the leading logarithmic term in Eq. (5.15) is zero at such
scale

B3,1(Q2
s) = 0 . (5.22)

It will turn out that this condition has a solution in the case of bb̄ (Υ(1S)) in the
2δanQCD model, but not in J/ψ(1S) in that model, and not in any case of the
(F)APT model. In such respective cases, we will use simply the following simpler
analogs of the pQCD condition (5.21):

Q2
s = (4π/3)2m̃2

qÃ2(Q2
s) (J/ψ(1S) in 2δanQCD) , (5.23)

Q2
s,((F)APT) = (4π/3)2m̃2

qA
((F)APT)
2 (Q2

s,((F)APT)) ((F)APT) . (5.24)

These measures of the typical momentum scale of the (nonrelativistic) quark inside
the quarkonium are rather low, ≈ 2 GeV in Υ(1S), and . 1 GeV in J/ψ(1S). In
pQCD such scales are problematic, because they are not far away from the unphysical
(Landau) singularities of apt(Q

2); in analytic QCD models, no such problems appear
in principle.

5.2.2 Separation of the soft and ultrasoft contributions

The pole mass mq and the static potential V (r) both contain the leading infrared
renormalon (b = 1/2) singularities, and cancellation of these singularities takes place
in the sum 2mq + V (r) [118,120,121]. As a consequence, this cancellation must take
place also in the quarkonium mass 2mq+Eqq̄ [111,119,122,145–147], more specifically,
in the sum 2mq + Eqq̄(s) where Eqq̄(s) = 〈1|V (r)|1〉 [∼ V (rs)] is the soft part of the
binding energy Eqq̄, and |1〉 denotes the (ground) state of the quarkonium. The
typical soft distance rs in the quarkonium is ∼ 1/

√
Q2
s ∼ 1/(mqπa), where a = apt

or A1. Since V (rs) ∝ 1/rs, we have Eqq̄(s)/mq ∼ V (rs)/mq ∝ 1/(rsmq) ∼ (πa). This
leads to the so called “power mismatch” in the renormalon cancellation in the pQCD
expansion of the sum (2mq + Eqq̄(s))/mq [124] (see also: [122]): the terms ∼ an in
2mq/mq tend to cancel numerically the terms ∼ an+1 in Eqq̄(s)/mq. Therefore, since
the binding energy Eqq̄ is now known up to ∼ a5

pt, it is very convenient to have the
relation mq/mq up to ∼ a4, i.e., to have a good estimate for the coefficient r3 and
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to use it, so that the effects of renormalon cancellation in 2mq + Eqq̄(s) can be seen
numerically more clearly. This was the main reason for performing the analysis in
Appendix A resulting in estimates of r3, Eq. (A.13). This cancellation, term by term,
should be numerically more precise (at sufficiently high orders) if the renormalization
scales µs used in mq/mq and in Eqq̄(s)/mq [Eqs. (5.11) and (5.12)] are taken to be
equal. This renormalon cancellation will be our guiding principle for the separation
of the soft (s) and the ultrasoft (us) part in the binding energy

Eqq̄ = Eqq̄(s) + Eqq̄(us) . (5.25)

Typical us scales are µus ∼ mqα
2
s, and the us part of the binding energy is∼ mqa

5 ln a.
We can parametrize the s-us separation by a dimensionless parameter ks/us such that
the s-us factorization scale µf is written as

µf = ks/usmqαs(Qs)
3/2
[
≈ ks/us(QsQus)

1/2
]
, (5.26)

where Qus ∼ mqα
2
s is a (chosen) us reference scale. It is expected that usually

ks/us ∼ 1, but it does not have to be so always. The us part can be rewritten, in
terms of ks/us as (cf. Ref. [145])

E
(pt)
qq̄ (us) = −4

9
m̃qπ

2
[
K3,0,0(us)a5

pt(µ
2
us) +K3,0,1(us)a5

pt(µ
2
us) ln apt(µ

2
us) +O(a6

pt)
]
,

(5.27)
and in analytic QCD correspondingly

E
(an)
qq̄ (us) = −4

9
m̃qπ

2
[
K3,0,0(us)A5(µ2

us) +K3,0,1(us)A5,1(µ2
us) +O(A6)

]
,(5.28)

where µus = κusQus is a us renormalization scale (κus ∼ 1), and the two us coefficients
are

K3,0,1(us) = 7.098π3 , K3,0,0(us) =
[
27.512 + 7.098 lnπ − 14.196 ln(ks/us)

]
π3 .
(5.29)

The expansion of the soft (s) part Eqq̄(s) of the binding energy is then, according to
Eq. (5.25), the same as the expansions (5.12) and (5.15), with the exception of the
replacements2 of two coefficients K3,0,0 and K3,0,1

E
(pt,an)
qq̄ (s) = E

(pt,an)
qq̄ (K3,0,0 7→ K3,0,0 −K3,0,0(us);K3,0,1 7→ K3,0,1 −K3,0,1(us)) .

(5.30)
The s-us factorization, i.e., the parameter ks/us, will then be determined, in each
model, by requiring that the leading infrared renormalon cancellation in 2mq+Eqq̄(s)

2The coefficients K3,0,0(us) and K3,0,1(us), representing the leading part of the (quasi)observable
Eqq̄(us), are renormalization scale (µus) and scheme independent.
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be exact at the last available order, i.e., that the O(a4) term in 2mq(Q
2
s,m

2
q) and the

term O(a5)3 in Eqq̄(s;Q
2
s;m

2
q) cancel exactly.

The us part of the quarkonium mass, Eqq̄(us;Q
2
us;m

2
q), will be evaluated in each

case according to a procedure which takes into account those problems of low-scale
evaluations which appear in the considered model (2δanQCD, pQCD, (F)APT).

We recall that the binding energy Eqq̄(s) is a Euclidean quantity because it depends
on spacelike quark-antiquark momentum transfer q (q2 = −~q2 ≡ −Q2 < 0). Analy-
tization of such quantities must follow the procedure (5.1). On the other hand, the
quark pole mass mq is a Minkowskian quantity because it depends on the timelike
pole momentum (q2 ≡ −Q2 = m2

q > 0). We note that our analytization procedure
for the quark pole mass is again the procedure (5.1): anpt(m

2
q) 7→ An(m2

q) in the re-
lation (5.9) [and then reexpressing An(m2

q) via Ak(µ2
s)’s at a lower soft scale µ2

s, for
renormalon cancellation]. This procedure, for the Minkowskian quantities, is analo-
gous to the fixed order perturbation theory (FOPT) in pQCD, Ref. [123], where the
couplings in the corresponding contour integral, on the contour Q2 = m2

q exp(iφ), are
Taylor-expanded around the spacelike point Q2 = m2

q > 0. As a result, the kinematic
π2-terms appear in the expansion coefficients rj.

Another analytization of the pole mass expansion would involve contour integration
of the corresponding Euclidean quantity with (exact) RGE-running couplings along
the contour, cf. Ref. [125]. This procedure is analogous to the Contour Improved
Perturbation Theory (CIPT) in pQCD; in such a case, the aformentioned π2 terms
are effectively resummed, Refs. [126,127]. We decided not to pursue this CIPT type of
analytization, because it is technically more demanding due to the additional running
of the mass factor mq(µ

2); and because in this approach the renormalon cancellation
mechanism, due to the mentioned resummations, probably changes its practical form.
This problem remains to be addressed in the future.

5.3 Numerical results

5.3.1 Bottom mass extraction

In this section, we extract from the mass of bb̄ quarkonium the mass mb ≡ mb(m
2
b) in

(F)APT, 2δanQCD model, and in pQCD in two renormalization schemes (MS and
in the Lambert scheme of 2δanQCD). For this, we use the relation between mb and
the well-measured mass of the bb̄ quarkonium Υ(1S) [56]

2mb(m
2
b ;µ

2
s) + Ebb̄(s;Q

2
s;m

2
b ;µ

2
s, Nf = 3) + Ebb̄(us;Q

2
us;m

2
b ;µ

2
us) = M

(exp)
Υ(1S) . (5.31)

3The latter term includes all O(a5 lnk a) terms (k = 0, 1, 2, 3).
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The dependence on the (soft) renormalization scale µ2
s = κsQ

2
s in the pole mass mb

and in the soft binding energy Ebb̄(s) occurs due to the truncation of the series for
these two quantities. For the same reason, the ultrasoft binding energy Ebb̄(us) has
strong dependence on the ultrasoft renormalization scale µ2

us (= κusQ
2
us) due to the

drastic truncation of this quantity at its leading order (∼ a5 ln a). As mentioned in
the previous Section, the separation of the s and us parts of the binding energy will
be performed here by determining the s-us separation parameter ks/us, Eqs. (5.25)-
(5.30), by the requirement of cancellation of the leading renormalon in 2mb +Ebb̄(s).

In contrast to the other three models, (F)APT gives a very small central value for the
s-us separation parameter ks/us ≈ 6×10−10. This reflects the difficulty in the (F)APT
scenario to exactly enforce the leading renormalon cancellation of the ∼ A4 term of
2mb with the corresponding ∼ A5 term of Ebb̄(s). If, on the other hand, we impose
in (F)APT the condition ks/us ∼ 1, more specifically the central value ks/us = 1 and
variation in the interval (0.1, 10.), the results change somewhat, the central extracted
value of mb increases by about 0.050 GeV, and the absolute values of the us part
of the binding energy and of various other uncertainties of mb get reduced. We
will consider in (F)APT only the natural range ∼ 1 of the s-us separation parameter,
ks/us = 1.0+9.0

−0.9, rather than the exceedingly small values of ks/us required by the exact
renormalon cancellation. In the other three models (2δanQCD, and in Lambert and
MS pQCD), the renormalon cancellation is imposed without any problems, resulting
in the values of ks/us within the interval between 10−1 and 101.

In the previous section we mentioned that we take Nf = 3 for the number of active
flavors in the binding energy, i.e., in this case the mc mass is considered to be infinite
(decoupled). It turns out that, while the effects of the finiteness of mc cannot be
neglected in the relation between mb and mb, Eqs. (5.8)-(5.9), these effects can be
safely neglected in the binding energy Ebb̄(Nf = 3); cf. Ref. [111] based on Refs. [113,
128,129].

Application of the formalism described in Chapter 2 and 3 for the calculation of the
couplings of the analytic QCD models (F)APT and 2δanQCD, and in Sec. 5.2 for the
calculation of 2mb, Ebb̄(s) and Eb̄b(us) in terms of these couplings, then gives us the
following results (see Ref. [105] for details):

mb((F)APT) =

{
4.155± 0.002(us) +

(
+0.005
−0.004

)
(s/us)

+

(
−0.019
+0.020

)
(Λ)

+

(
−0.004
+0.002

)
(µs)

∓ 0.005(mc)

}
GeV (5.32a)

= 4.155± 0.022 GeV , (5.32b)

with Qs,((F)APT) = 1.60; GeV and ks/us = 1.0.
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mb(2δanQCD) =

{
4.353 +

(
−0.068
+0.071

)
(us)

+

(
+0.015
−0.016

)
(s/us)

∓ 0.005(αs)

+

(
−0.023
+0.034

)
(c2)

+

(
+0.017
−0.025

)
(µs)

∓ 0.005(mc)

}
GeV(5.33a)

= 4.353± 0.084 GeV , (5.33b)

with Qs = 2.08 GeV and ks/us = 0.238.
We will comment on the above uncertainties below. For completeness, we give here
also the results of the same kind of analysis in pQCD, first in the Lambert renormal-
ization scheme (i.e., the scheme as used in 2δanQCD: c2 = −4.76, cj = cj−1

2 /cj−2
1 for

j ≥ 3); and in the (four-loop) MS scheme:

mb(pQCDLamb.) =

{
4.382 +

(
−0.091
+0.097

)
(us)

+

(
−0.013
+0.017

)
(s/us)

± 0.010(αs)

+

(
+0.027
−0.008

)
(c2)

+

(
−0.002
−0.041

)
(µs)

∓ 0.005(mc)

}
GeV(5.34a)

= 4.382± 0.111 GeV , (5.34b)

with Qs,pt = 1.73 GeV and ks/us = 0.306.

mb(pQCDMS) =

{
4.505 +

(
−0.177
+0.200

)
(us)

+

(
−0.082
+0.084

)
(s/us)

+

(
+0.031
−0.027

)
(αs)

+

(
−0.004
−0.075

)
(µs)

∓ 0.005(mc)

}
GeV (5.35a)

= 4.505± 0.231 GeV , (5.35b)

with Qs,pt = 1.87 GeV and ks/us = 0.248.
The value of the s-us separation parameter ks/us was determined in all cases by the
aforementioned renormalon cancellation in the sum MΥ(1S)(s) = 2mb + Ebb̄(s; ks/us),
except in the (F)APT case, as discussed above. Below we present these resulting
sums

MΥ(1S)(s; (F)APT) = 8.361 + 0.993 + 0.107 + 0.006− 0.013 GeV (5.36a)

Ebb̄(us; (F)APT) = 0.006∓ 0.003 GeV ,

(mb = 4.155 GeV, ks/us = 1.0) ; (5.36b)
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MΥ(1S)(s; 2δanQCD) = 8.756 + 0.868 + 0.151 + 0.040 + 0.000 GeV (5.37a)

Ebb̄(us; 2δanQCD) = −0.355± 0.151 GeV ,

(mb = 4.355 GeV, ks/us = 0.238) ; (5.37b)

MΥ(1S)(s; pQCDLamb.) = 8.814 + 0.925 + 0.107− 0.031 + 0.000 GeV(5.38a)

Ebb̄(us; pQCDLamb.) = −0.355± 0.201 GeV ,

(mb = 4.382 GeV, ks/us = 0.306) ; (5.38b)

MΥ(1S)(s; pQCDMS) = 9.060 + 0.991 + 0.136− 0.109 + 0.000 GeV (5.39a)

Ebb̄(us; pQCDMS) = −0.617± 0.394 GeV ,

(mb = 4.505 GeV, ks/us = 0.248) ; (5.39b)

We can see from Eqs. (5.36a)-(5.39a) explicitly that for the chosen corresponding
central values of the parameter ks/us the renormalon cancellation is exact in the last
term [the fifth term, named t5(s)] in the sum for the soft mass MΥ(1S)(s), except in
the case of (F)APT where ks/us = 1.0 was chosen and the cancellation in t5(s) is
approximate.

The extracted values of mb, Eqs. (5.32)-(5.35), have a strong uncertainty coming
from the ultrasoft (us) regime and from the related s/us separation. The origin of
this uncertainty lies in the strong dependence of the us binding energy Ebb̄(us;µ

2
us)

on the us renormalization scale µus and on the s-us separation parameter ks/us,
cf. Eqs. (5.26)-(5.29). The behavior of the us binding energy Ebb̄(us;µ

2
us) in the

three models (2δanQCD, and pQCD in the two schemes), as a function of the us
renormalization scales µus in the low-momentum regime, is presented in Fig. 5.1(a),
and in the case of (F)APT in Fig. 5.1(b). In the 2δanQCD model and in pQCD, we
do not consider the scales µus below (µus)min = 1.1 GeV, because at µus ≈ 1.1 GeV

the coupling A5(µus) (= Ã5(µus) in our approach) in the 2δanQCD model reaches a
local maximum, indicating that the model may not necessarily give reliable values of
A5 and A5,1 below such scales. Therefore, in general, we will not consider µus lower
than 1.1 GeV, in the 2δanQCD model and in pQCD. Ebb̄(us;mu

2
us) in 2δanQCD

reaches a local minimum at µus slightly above 1.1 GeV. Therefore, we estimate the
us part of the binding energy in the 2δanQCD model in the following way [we use
the notation Ebb̄(us;µ

2
us)]:

Ebb̄(us; 2δanQCD) =
1

2

[
Ebb̄(us;Q

2
s) + (Ebb̄(us))min

]
±1

2

[
Ebb̄(us;Q

2
s)− (Ebb̄(us))min

]
,

(5.40)
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Figure 5.1: (a) Ultrasoft binding energy Ebb̄(us) (in GeV) as a function of the us
renormalization scale µus, for the central input values of the 2δanQCD model for the
Υ(1S) system (mb = 4.353 GeV; ks/us = 0.238; c2 = −4.76; s0 = 23.06): solid line
for 2δanQCD; dashed line for Lambert pQCD (c2 = −4.76); dash-dotted line for the
four-loop MS pQCD (c2 = 4.471). For all three curves the same mb and ks/us values
are used. Also included are the properly rescaled 2δanQCD couplings A5 and A5,1

as functions of the scale µ (= µus). (b) Same as in (a), but for the (F)APT model
(with c2 = 4.471), with the corresponding central values of that model (mb = 4.155
GeV and ks/us = 1). In all the curves Nf = 3 was taken.

where the soft reference scale Qs was determined by the condition (5.22), and gave
Qs ≈ 2.08 GeV.

In the two pQCD approaches, Ebb̄(us) decreases monotonously when µus decreases
below the soft reference scale Qs,pt of Eq. (5.21). For pQCD in the Lambert scheme
(c2 = −4.76), with central values of the input parameters, the soft reference scale
turns out to be Qs,pt ≈ 1.73 GeV, and the us binding energy at (µus)min = 1.1 GeV
reaches the value of −0.56 GeV. In the MS scheme, however, Ebb̄(us; 1.12GeV2) ≈
−1.5 GeV, which is exceedingly low and indicates failure of the method already at
such scales, due to vicinity of Landau singularities of the running coupling.4 There-
fore, in MS we take as the minimal acceptable scale (µus)min = 1.2 GeV, where
Ebb̄(us; 1.22GeV2) ≈ −1.0 GeV (and Qs,pt ≈ 1.87 GeV) when the central values of
the input parameters are used. Thus, in pQCD we estimate the us binding energy as

Ebb̄(us) =
1

2

[
Ebb̄(us;Q

2
s,pt) + Ebb̄(us; (µ2

us)min)
]
±1

2

[
Ebb̄(us;Q

2
s,pt)− Ebb̄(us; (µ2

us)min)
]
,

(5.41)

4 It turns out that the Landau cut in the perturbative coupling apt(µ
2) starts in the four-loop

(Nf = 3) MS scheme already at about µ = ΛL ≈ 0.607 GeV. In the Lambert scheme [Eq. (1.24)
with the central value c2 = −4.76] there is one pole at µ = Λp ≈ 0.262 GeV; the cut begins at an
even lower value µ = ΛL. ≈ 0.208 GeV. The 2δanQCD coupling A1(µ2) has, of course, no Landau
singularities (poles and cuts), although it almost coincides with the Lambert pQCD coupling apt(µ

2)
at higher scales |µ2| > 1 GeV2, Ref. [54].
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with (µus)min = 1.1 GeV and 1.2 GeV in the Lambert and MS schemes, respectively.

In the (F)APT case, on the other hand, Qs is fixed according to Eq. (5.24) and
gives, for the central input parameter values, the value Qs,((F)APT) ≈ 1.60 GeV. In
(F)APT no practical problems appear at scales µus < 1.1 GeV. Ebb̄(us, (F)APT)
reaches a moderate maximum value of 0.009 GeV at µus ≈ 0.7 GeV for the chosen
central value ks/us = 1.0. Therefore, we estimate the us part of the binding energy
in (F)APT in the following way:

Ebb̄(us; (F)APT) =
1

2

[
Ebb̄(us;Q

2
s,((F)APT)) + (Ebb̄(us))max

]
±1

2

[
Ebb̄(us;Q

2
s,((F)APT))− (Ebb̄(us))max

]
. (5.42)

In Eqs. (5.32)-(5.35), the uncertainties in mb originating from these determinations
of the us binding energy are denoted by the subscript (us).

The related uncertainties for the extracted values of mb originate from the variation
of the s-us separation parameter ks/us, and are denoted by the subscript (s/us) in
Eqs. (5.32)-(5.35). The parameter ks/us was varied in such a way that the last [fifth,
t5(s)] term in the series for the soft mass MΥ(1S)(s) [cf. Eqs. (5.36a)-(5.39a)] varies
between the penultimate term t4(s) of these series, and its negative −t4(s), these
two cases correspond to the upper and the lower entry of (s/us) uncertainty of mb,
respectively. In the (F)APT case the exact renormalon cancellation was not achieved
and the parameter ks/us was varied between 0.1 and 10, i.e., ks/us = 1.0+9.0

−0.9.

The other uncertainty in the determination of mb comes from the uncertainty of the
Λ scale. In (F)APT it comes from Λ5 = 0.260 ± 0.030 GeV and is denoted by the
subscript (Λ) in Eq. (5.32a). In the 2δanQCD model and in the two pQCD approaches
(the Lambert scheme and MS scheme), this uncertainty comes from αs(M

2
Z ; MS) =

0.1184± 0.007 [56] and is denoted by the subscript (αs) in Eqs. (5.33a), (5.34a), and
(5.35a).

Yet another uncertainty of mb, in the 2δanQCD model and in Lambert scheme pQCD,
comes from the variation of the (Lambert) renormalization scheme parameter c2 =
−4.76+2.66

−0.97, and is denoted in Eqs. (5.33a) and (5.34a) by the subscript (c2). The
scheme in (F)APT was fixed by the underlying pQCD solution: c2 = c3 = · · · = 0,
i.e., effectively the two-loop solution.

The uncertainty due to the variation of the soft renormalization scale µs was denoted
in Eqs. (5.32)-(5.35) by the subscript (µs). We varied µ2

s around the central value
(Q2

s)centr. of the soft reference scale, between 2(Q2
s)centr. and (1/2)(Q2

s)centr.. The scale
(Q2

s)centr. is determined by Eqs. (5.21), (5.22) and (5.24) in pQCD, 2δanQCD and
(F)APT, respectively, for central values of the input parameters mb, ks/us, etc.
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Finally, the uncertainty δmb(mc 6= 0) = ±0.005 GeV due to nonzero c mass [Eq. (5.8;
cf. also Eqs. (5.11)-(5.14)] results in the uncertainties ∓0.005 GeV of mb, denoted in
Eqs. (5.32)-(5.35) by the subscript (mc).

We see in Eqs. (5.32)-(5.35) that the largest resulting uncertainty in the determina-
tion of mb is the one originating from the uncertainty of the determination of the us
binding energy (except in (F)APT where |Ebb̄(us)| values are small). These uncer-
tainties are larger in the two pQCD approaches, due to the influence of the nearby
(unphysical) Landau singularities in the running couplings. The contribution of the
us regime to the quarkonium mass, in the 2δanQCD model and in pQCD, increases
the predicted value of mb. This is so because the us binding energies are in these
cases significant and negative; cf. also Fig. 5.1(a). If we had ignored the existence and
separation of the us contributions, i.e., if we had used in the entire binding energy
Ebb̄ simply a common soft renormalization scale µs ∼ Qs, the predicted values of
mb in the 2δanQCD model and in Lambert and MS pQCD would have decreased,
by −0.068, −0.091, and −0.177 GeV, respectively, as can be deduced from the us-
origin uncertainties in Eqs. (5.33a)-(5.35a). On the other hand, in (F)APT the choice
µus = Qs,((F)APT) would only slightly increase the central value of mb, by 0.002 GeV
[cf. Eq. (5.32a)], basically because the values of |Ebb̄(us)| in (F)APT are much smaller;
cf. Fig. 5.1(b).

We wish to address here briefly the question of nonperturbative (NP, higher-twist)
contribution to the quarkonium mass. In the heavy quark system such as bb̄, the
NP contribution can be estimated, and in the leading order it comes from the gluon
condensate and is given by [130]

Ebb̄(us)
(NP) ≈ mbπ

2 624

425

(
4π

3
mb

)−4
1

a4
pt(µ

2
us)
〈αs
π
GµνG

µν〉 . (5.43)

The factor 1/a4
pt(µ

2
us) in (four-loop) MS pQCD is unreliable for realistic us scales

µus ≈ 1 GeV, due to the vicinity of the Landau singularities (cf. footnote 4). In the
2δanQCD model, for purposes of estimation, we replace 1/a4

pt(µ
2
us) by 1/A4(µ2

us) or

by 1/Ã4(µ2
us). In the interval (1.1 GeV < µus < 1.3 GeV) we have A4 ∼ Ã4 ∼ 10−4;

the couplings A4 and Ã4 cover in this interval the values between 0.5 × 10−4 and
2 × 10−4. For these values, and using the central value of the gluon condensate
〈(αs/π)G2〉 = 0.009 GeV2 [131] (cf. also Refs. [133] and [132]), and for mb = 4.3
GeV, we obtain the following estimate:

Ebb̄(us)
(NP) = 0.05+0.05

−0.02 GeV . (5.44)

This effect is relatively small and has large uncertainties. If we take it into account,
then the central extracted values of mb in this subsection decrease somewhat, the
decrease being (4mb)(NP) ≈ (−0.025−0.025

+0.010) GeV.
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We wish to comment briefly on the following aspect: the results of this subsection
show that the extracted values mb and various uncertainties δmb are similar in the
2δanQCD model and the corresponding Lambert pQCD. The main reason for this
lies in the fact that the scheme parameters (cj, j ≥ 2) are the same in both frame-
works, and that the two corresponding running couplings practically merge at high
momenta |Q2| > Λ2: A1(Q2) − apt(Q

2) ∼ (Λ2/Q2)5. Nonetheless, the evaluation
methods for these two cases differ somewhat due to the different types of truncations
involved. In pQCD, the quantities 2mb and Ebb̄ were calculated as truncated series
of powers anpt, truncated at a4

pt and a5
pt, respectively. In the 2δanQCD model, they

were effectively calculated as series in logarithmic derivatives Ãn, truncated at Ã4

and Ã5, respectively; namely, the analytic power analogs An in 2mq were evaluated

as a series in Ãk’s up to k = 4, and in Ebb̄ as a series in Ãk’s up to k = 5.

For comparison, we present in Table 5.1 a list of extracted values of mb (and mc)
by various methods in the literature: lattice calculations, sum rules (pQCD+OPE),
and from meson spectra (pQCD). The latter pQCD calculations account for the
renormalon cancellation, but most of them either do not consider the ultrasoft con-
tributions, or they include them unseparated from the soft contributions (using the
same scale in the soft and the ultrasoft). We can see that (F)APT results agree with
those of the usual pQCD calculations of the quarkonium spectrum and those of the
sum rules (pQCD+OPE). The 2δanQCD results are incompatible with those results,
but are compatible with the results of lattice calculations. The same can be claimed
for the estimates of our pQCD approach (in the Lambert and MS schemes), but the
uncertainties there, coming principally from the ultrasoft sector, are larger, especially
in MS scheme.

5.3.2 Charm mass extraction

In this case, qq̄ = cc̄, and the quarkonium mass is now MJ/ψ(1S) = 3.0969 GeV [56].
We basically repeat the analysis as in the case of bb̄. There are some differences,
though (see Ref. [105]):

• The relation (5.9) is now at Nf = 3; therefore, the transition to the relation at
the soft renormalization scales, Eq. (5.11), which is also at Nf = 3, has now no
threshold transition complication.

• The typical soft reference scales [Eqs. (5.21) and (5.23)] are now significantly
lower: Qs ≈ 1 GeV or even lower (in the bb̄ case we had: Qs ≈ 2 GeV). This,
in conjunction with our suggestion that the considered models 2δanQCD and
pQCD (in the Lambert and MS schemes) are not necessarily to be trusted at
scales below 1.1 GeV, implies that the typical soft renormalization scales µs
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should be chosen significantly higher than Qs. We choose µ2
s = (3 ± 1)Q2

s in
these three models. In this case, the lowest possible soft scale, (µs)min =

√
2Qs

is slightly above 1.1 GeV. In (F)APT, the soft renormalization scale will also
be varied in this way, giving, however, somewhat lower central value for the
renormalization scale:, µs =

√
3Qs,((F)APT) ≈ 1.004 GeV.5 The scale variation

µ2
s = (3 ± 1)Q2

s results in small uncertainties (δmc)(µs) of the extracted mass
mc, but these uncertainties may be underestimated because µ2

s > Q2
s.

• In general, the cancellation of the leading renormalon now implies for the s-us
separation parameter ks/us such values for which the absolute values of Ecc̄(us)
are significantly smaller than in the bb̄ case, and consequently, the us ambigui-
ties are smaller. Since we now use for the central choice of the soft renormaliza-
tion scale µ2

s = 3Q2
s, Ecc̄(us) is calculated in the 2δanQCD model and in pQCD

in the following way:

Ecc̄(us) =
1

2

[
Ecc̄(us; 3Q2

s) + Ecc̄(us; 1.12GeV2)
]

±1

2

[
Ecc̄(us; 3Q2

s)− Ecc̄(us; 1.12GeV2)
]
, (5.45)

where the soft reference scale Qs in the 2δanQCD model is determined by
Eq. (5.23)6 and in pQCD by Eq. (5.21). In (F)APT, we do not have practical
problems at low scales µ < 1.1 GeV, and the us energy as a function of low
scale µus turns out to have a moderate local maximum and a moderate local
minimum; hence we use

Ecc̄(us; (F)APT) =
1

2
[Ecc̄(us)max + Ecc̄(us)min]± 1

2
[Ebb̄(us)max − Ecc̄(us)min] ,

(5.46)
where these values are quite small: in the central case (mc = 1.257, ks/us = 1.0),
the local maximum is Ecc̄(us)max ≈ +0.003 GeV and is reached at µus ≈ 0.71
GeV, and the local minimum is Ecc̄(us)min ≈ −0.006 GeV and is reached at
very low scale µus ≈ 0.11 GeV [cf. Fig. 5.2(b)].

• The exact renormalon cancellation requirement in (F)APT gives again an ex-
ceedingly small value of the s-us separation parameter, ks/us ≈ 3 × 10−9. In
(F)APT we vary the parameter ks/us again around its central chosen value 1.0,
in the interval between 0.1 and 10.x, just as it was done in the bb̄ case of
(F)APT.

The described behavior of the Ecc̄(us;µ
2
us) in the analytic 2δanQCD model and in

pQCD in the two schemes, as a function of the ultrasoft scales µus, is presented in

5If we used in (F)APT a lower definition of the central renormalization scale, µs = Qs,((F)APT)

(≈ 0.58 GeV), the predicted central value of mc would go up by only 0.005 GeV.
6Note that in the 2δanQCD model in the cc̄ case the condition (5.22) cannot be fulfilled.
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Fig. 5.2(a), and in the case of (F)APT in Fig. 5.2(b). Comparing Figs. 5.2(a) and
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Figure 5.2: (a) Ultrasoft binding energy Ecc̄(us) (in GeV) as a function of the us
renormalization scale µus, for the central input values of the 2δanQCD model for the
J/ψ(1S) system (mc = 1.266 GeV; ks/us = 4.06; c2 = −4.76; s0 = 23.06): solid
line for 2δanQCD; dashed line for Lambert pQCD (c2 = −4.76); dash-dotted line for
the four-loop MS pQCD (c2 = 4.471). For all three curves the same mc and ks/us
values are used. Included are the properly rescaled 2δanQCD couplings A5(µ2

us) and
A5,1(µ2

us) as functions of the scale µus. (b) Same as in (a), but for the (F)APT model
(with c2 = 4.471), with the corresponding central values of that model (mc = 1.257
GeV and ks/us = 1). In all the curves Nf = 3 was taken.

(b), we see that |Ecc̄(us)| ∼ 10−2-10−1 GeV in the 2δanQCD model, and ∼ 10−3 GeV
in (F)APT. Furthermore, comparing with the corresponding curves in Figs. 5.1(a)
and (b) for the bb̄, we can see that in the 2δanQCD model and in the two pQCD
approaches, the absolute values |Ecc̄(us)| are by almost two orders of magnitude
smaller than |Ebb̄(us)|, principally because the renormalon cancellation gives us in the
two cases significantly different s-us separation parameter values: ks/us(cc̄) = 4.06
and ks/us(bb̄) = 0.238. Further, the values of |Eqq̄(us)| (for q = c, b) in pQCD are
larger than in the 2δanQCD model, especially in MS pQCD. In the (F)APT case, the
values of |Eqq̄(us)| (q = c, b) are quite small, being in cc̄ case smaller by almost one
order of magnitude. All this is reflected also in the numerical results of this and of
the previous subsection.

The resulting extracted values of mc are

mc((F)APT) =
{

1.257∓ 0.002(us) ∓ 0.002(s/us) ∓ 0.011(Λ) (5.47a)

∓0.002(µs)

}
GeV = 1.257± 0.012 GeV , (5.47b)

with
√

3Qs,((F)APT) = 1.00GeV and ks/us = 1.0.
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mc(2δanQCD) =

{
1.266± 0.003(us)± 0.007(s/us)∓ 0.005(αs)+

(
−0.014
+0.003

)
(c2)

(5.48a)

+

(
−0.002
+0.005

)
(µs)

}
GeV = 1.266± 0.017 GeV , (5.48b)

with
√

3Qs = 1.42 GeV and ks/us = 4.06.

mc(pQCDLamb.) =

{
1.265± 0.001(us)+

(
+0.021
−0.021

)
(s/us)

∓ 0.004(αs)

±0.000(c2)+

(
−0.003
+0.015

)
(µs)

}
GeV (5.49a)

= 1.265± 0.027 GeV , (5.49b)

with
√

3Qs = 1.38 GeV and ks/us = 5.59.

mc(pQCDMS) =

{
1.272∓ 0.011(us)+

(
+0.066
−0.075

)
(s/us)

∓ 0.002(αs) (5.50a)

+

(
−0.003
+0.017

)
(µs)

}
GeV = 1.272± 0.078 GeV , (5.50b)

with
√

3Qs = 1.58 GeV and ks/us = 3.08.
Below we show the renormalon cancellation in the sum for the soft mass MJ/ψ(1S)(s) =

2mc + Ecc̄(s) for the central input values of parameters mc, µs (=
√

3Qs) and ks/us;
separately we present also Ecc̄(us).

MJ/ψ(1S)(s; (F)APT) = 2.513 + 0.354 + 0.146 + 0.062 + 0.023 GeV (5.51a)

Ecc̄(us; (F)APT) = −0.001± 0.004 GeV , (5.51b)

with mc = 1.257 GeV and ks/us = 1.0.

MJ/ψ(1S)(s; 2δanQCD) = 2.531 + 0.296 + 0.157 + 0.103 + 0.000 GeV(5.52a)

Ecc̄(us; 2δanQCD) = 0.010∓ 0.006 GeV , (5.52b)

with mc = 1.266 GeV and ks/us = 4.06).

MJ/ψ(1S)(s; pQCDLamb.) = 2.530 + 0.293 + 0.161 + 0.099 + 0.000 GeV(5.53a)

Ecc̄(us; pQCDLamb.) = 0.013∓ 0.003 GeV , (5.53b)
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with mc = 1.265 GeV and ks/us = 5.59.

MJ/ψ(1S)(s; pQCDMS) = 2.544 + 0.302 + 0.185 + 0.099 + 0.000 GeV(5.54a)

Ecc̄(us; pQCDMS) = −0.034± 0.024 GeV , (5.54b)

with mc = 1.272 GeV and ks/us = 3.08.

The nonperturbative (NP) contribution coming from the gluon condensate, cf. Eq. (5.43)
for the bb̄ system in the previous subsection, is unreliable for the lighter cc̄ system,
since the next-to-leading corrections are in this case large and tend to make the result
unreliable, cf. Ref. [148].

Comparing the results for mc in this subsection with those for mb in the previous
subsection, we see that the soft-ultrasoft separation parameter ks/us in the 2δanQCD
model and pQCD is now larger: ks/us ≈ 3-5, while in mb case we had ks/us ≈ 0.2-0.3.
This is a consequence of the requirement of the leading renormalon cancellation. As a
result, the ultrasoft contributions to the J/ψ(1S) mass are by an order of magnitude
smaller (in absolute value) than those to the Υ(1S) mass, surprisingly. The extracted
values of mc thus suffer from less (ultrasoft) uncertainty than the extracted values
of mb. On the other hand, in (F)APT, the ultrasoft sector is always suppressed, a
consequence of the suppressed (F)APT couplings in the infrared.

The extracted values of mc obtained in this work, in all four models, are compati-
ble with all those obtained in the literature (from lattice, sum rules, and spectrum
calculations), as can be seen from Table 5.1.

5.4 Summary

The use of the analytic QCD models was motivated by the fact that the typical soft
(s) momentum scales Qs in the ground bound states of quarkonia are low (Qs ≈ 2
GeV and 1 GeV, for bb̄ and cc̄, respectively), and that the typical ultrasoft (us) mo-
mentum scales Qus are even lower. This, in conjunction with the fact that Landau
singularities of the pQCD coupling apt(Q

2) reach relatively high momenta: Q ≈ 0.61
GeV in the usual (four-loop) MS scheme (with c2 ≡ β2/β0 = 4.471), and Q ≈ 0.26
GeV in the Lambert scheme (c2 = −4.76). So we can apply in analytic QCD gener-
ally more natural renormalization scales at which the pQCD couplings are sometimes
“out of control.”
Analytic QCD approaches which at high energies follow the pQCD behavior closely
(such as the 2δanQCD model) indicate that the ultrasoft regime in the Υ(1S) quarko-
nium (bb̄) is important. Our approach, together with the leading renormalon cancella-
tion condition, gives us clues about how to estimate the effects of the ultrasoft regimes

99



in pQCD. In both the 2δanQCD model and in pQCD we obtain, as a consequence,
extracted values of mb which are significantly higher (mb ≥ 4.3 GeV) than most of
those (mb ≈ 4.2 GeV) obtained in the sum rule approaches (which use pQCD+OPE)
and in the usual pQCD calculations of meson spectra. These approaches usually
either do not include the ultrasoft contributions, or they include them unseparated
from the soft contributions (i.e., the ultrasoft and soft scales are set to be equal).
As an additional consequence, the uncertainties in the extracted values of mb in our
approach are dominated by the ultrasoft sector and are, especially in pQCD in the
MS scheme, larger than in the usual pQCD approaches. Further, the extracted values
of mb in the 2δanQCD model, mb ≈ (4.35 ± 0.08) GeV, are compatible with those
of lattice calculations; cf. Table 5.1. On the other hand, the 2δanQCD model indi-
cates that the ultrasoft regime in the J/Ψ(1S) quarkonium (cc̄) is less important,
principally because the leading renormalon cancellation condition results in smaller
ultrasoft coefficients in this system. The extracted values, mc ≈ (1.27 ± 0.02) GeV,
are compatible with those of pQCD (or pQCD+OPE) approaches, and those of the
lattice calculations. On the other hand, the (F)APT of Shirkov et al., suppresses
the infrared contributions because the higher order couplings in (F)APT are more
strongly suppressed in the infrared than the 2δanQCD couplings. The extracted
values in (F)APT, mb ≈ (4.16 ± 0.02) GeV and mc ≈ (1.26 ± 0.01) GeV, are com-
patible with those obtained from the sum rules and from the usual pQCD spectrum
calculations.
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Chapter 6

Deep Inelastic Scattering

The goal in this chapter is to apply FAPT to the calculation of moments of structure
functions, and to see the effects of analytization in low-Q2 region of DIS [149]

6.1 Elastic Electron-Muon Scattering

The process of initial interest is the e−µ scattering, since this process will give us the
notion of how to deal with the calculus of cross sections and how relate this simple
process (simple in the sense of that is the well known special case of lepton-lepton
scatternig) with others more complicated.
In Fig.1 we show the scattering of e(k) + µ(p)→ e(k′) + µ(p′) in the lowest order of
perturbation theory.
We know that the nonpolarized cross section is proportional to the square of the
amplitude summed over final spins and averaged over initial spins, this can be written
as

dσ =
1

4

∑
r,s,r′,s′

|Fsr;s′r′ |2 ≡
(
e2

q2

)2

LµνM
µν , (6.1)

where Lµν is the symmetric electronic (leptonic) tensor:

Lµν = 2
[
k′µkν + k′νkµ + (m2

e − kk′)gµν
]

= 2

[
k′µkν + k′νkµ +

q2

2
gµν

]
, (6.2)

and Mµν is the symmetric muon tensor:

Mµν = 2

[
p′µpν + p′νpµ +

q2

2
gµν

]
. (6.3)
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Figure 6.1: The lowest order contribution (one-photon exchange approximation) for
eµ scattering amplitude.

Contracting these two tensors (neglecting the electron mass in the ultrarelativistic
limit and considering the system such that the muon is in the rest frame: pµ = (M,~0)),
the following nonpolarized cross section is obtained

dσ

dΩ
=

{
α2

4E2 sin4(θ/2)

E ′

E
cos

(
θ

2

)}
×

(
1−

q2 tan2
(
θ
2

)
2M2

)
, (6.4)

where θ is the scattering angle of the electron and α = e2/4π is the electromagnetic
fine structure constant. And we separate the cross section in two factors, the first
one representing the typical non-structure contribution and the second factor appears
due to the spin-1/2 nature of the muon.
Similar to the eµ → eµ scattering case is the e+e− → µ+µ− scattering, whose non-
polarized cross section is obtained in a similar way

dσ

dΩ
=

α2

4q2
(1 + cos2 θ), (6.5)

where q2 = s is the square of the e+e− energy in the center of mass system of e+e−,
and θ is the angle between e+ and µ+ in this system.

102



6.2 Electron-Neutron Scattering

6.2.1 Elastic e-n Scattering

The process of interest as a first approximation to the deep inelastic scattering (DIS)
is the elastic en scattering (in general lepton-hadron) depicted in Fig. 2.
The matrix elements of the vertex function have the general covariant structure

ū(P ′)Γµu(P ) = ū(P ′)
[
Aγµ +BP ′µ + CPµ + iDP ′νσµν + iEP νσµν

]
u(P ), (6.6)

with constants A,B,C,D and E depending on Lorentz-invariant quantities, namely
the momentum transfer square q2 and the nucleon (hadron) mass M2

N .
The general expression (6.6) can be reduced to a more compact structure when
taking into account the gauge invariance

ū(P ′)Γµu(P ) = ū(P ′)
[
A(q2)γµ + iB(q2)qνσµν

]
u(P ). (6.7)

Using (6.7) in the cross section calculus, we identify

Wµν =
1

2

∑
S,S′

[ū(P ′)Γµu(P )]
>

[ū(P ′)Γµu(P )]

≡
(
−gµν +

qµqν
q2

)
W1(Q2) +

(
Pµ − qµ

P · q
q2

)(
Pν − qν

P · q
q2

)
W2(Q2)

M2
N

,(6.8)

where

W1(Q2) = (−q2)
(
A(q2) + 2MNB(q2)

)2
= Q2

(
A(Q2) + 2MNB(Q2)

)2
,

W2(Q2) = 4M2
N

(
A2(Q2) +B2(Q2)Q2

)
, (6.9)

with the spacelike notation for the momentum transfer energy Q2 = −q2 (> 0). We
note that the gauge invariance relation is satisfied qµWµν = qνWµν = 0.
The leptonic part is the same as before (see Eq. (6.2) where k 7→ p), with me 6= 0 for
the moment.
Finally, the unpolarized cross section is obtain in the form

d2σ

dE ′dΩ
=
E ′

E

α2

Q4
LµνWµν , (6.10)

in the n-rest frame (or laboratory system), where Pµ = (MN ,~0), pµ = (E, ~p) and
p′µ = (E ′, ~p′). This can be written in the well known ”Rosenbluth formula” form as
in QED:

d2σ

dE ′dΩ
= 4E ′2

α2

Q4

[
2 sin2

(
θ

2

)
W1(Q2) + cos2

(
θ

2

)
W2(Q2)

]
. (6.11)
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nn
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Figure 6.2: Elastic en scattering amplitude in the lowest order approximation.

Here, θ is the angle between the electrons (initial and final) in the n-rest frame.
The main difference between the behavior of cross sections in the case of scattering
on a pointlike particle (lepton) µ and a particle with internal structure (hadron) n
is the strong dependence on Q2 in the W1,2 functions (later we will identify them in
terms of structure functions).

6.2.2 Inelastic e-n Scattering

In the inelastic case, the change in comparison with the general structure of the
expression (6.8) is that now the Lorentz invariant quantities (q2 and P · q) are inde-
pendent of each other. Therefore, we express Wµν in the general case as (maintaining
the gauge, parity and time invariance)

Wµν =

(
−gµν +

qµqν
q2

)
W1(Q2, ν) +

(
Pµ − qµ

P · q
q2

)(
Pν − qν

P · q
q2

)
W2(Q2, ν)

M2
N

,

(6.12)
where the explicit Lorentz invariant independent quantities are

q2 = (p− p′)2 = −Q2, ν = P · q. (6.13)

The leptonic (tensor) is given by (6.2) (with k 7→ p, k′ 7→ p′). When we replace these
expression for Wµν in (6.12) and for Lµν in (6.2) replacing into the unpolarized cross
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Figure 6.3: Inelastic en scattering amplitude to the lowest order approximation.

section (6.10) we obtain

d2σ

dE ′dΩ
=

E ′α2

EQ4
2(2pµpν − gµνp · p′)

[(
−gµν +

qµqν
q2

)
W1(Q2, ν)

+

(
Pµ − qµ

P · q
q2

)(
Pν − qν

P · q
q2

)
W2(Q2, ν)

M2
N

]
, (6.14)

where pµ = (E, ~p) and p′µ = (E ′, ~p′).
We neglect the electron mass and take into account that we are working in the
laboratory system, i.e., the nucleon is at rest before the collision: Pµ = (MN ,~0), ν =
P · q = MN(E −E ′). Finally, we introduce the angle θ in the form: ~p · ~p′ = EE ′ cos θ
(scattering angle of the electron with respect to the initial direction), which implies
Q2 = 4EE ′ sin2(θ/2).
With the considerations presented above, the scattering cross section is:

d2σ

dEdΩ
= 4E ′2

α2

Q4

[
2 sin2

(
θ

2

)
W1(Q2, ν) + cos2

(
θ

2

)
W2(Q2, ν)

]
. (6.15)

Using this final expression we can extract the structure functions W1,2 from the
experiment, where the (partial) cross section is measured at various θ and E ′.
We can consider the same process, but from another point of view (other formalism),
Using the local current operators:

Wµν(P, q) =
1

4π

∑
pol.

∫
d4xeiq·x〈P |Ĵµ(x)Ĵν(0)|P 〉

=
1

4π

∑
pol.

∫
d4xeiq·x〈P |[Ĵµ(x), Ĵν(0)]|P 〉, (6.16)
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where |P 〉 is the vector state of the nucleon with momentum P and Ĵ is the elec-
tromagnetic current operator. In fact, from here it is straightforward to find the
general structure (6.12) due to electromagnetic current conservation (qµWµν = 0 as
was noted before) and it is straightforward to find the cross section (6.15).
This form, in terms of an algebra of local current, will be useful in the Operator
Product Expantion (OPE) formalism.
In order to obtain the structure function information from the experiment, it is con-
venient to choose as the second parameter the ratio x = Q2/2ν (as was noted by
Bjorken [156]) rather than ν; x is called the Bjorken or scaling variable.
It is possible to deduce the range of the Bjorken variable 0 < x ≤ 1 from the following
properties:

1. Elastic Scattering:

x =
Q2

2ν
=
−q2

2P · q
=
−q2

−q2
= 1

2. For the lighter produced state (MX > MN):

x =
Q2

2ν
=

Q2

M2
X −M2

N +Q2
=

1

1 +
M2
X−M

2
N

Q2

≈ 1− M2
X −M2

N

Q2
.

This last approximation was made in the high energy assumption (Q2 � 0)
and implies that x ≤ 1.

3. From (2) and with the physical range: Q2 > 0 and M2
X −M2

N > 1 we have
x > 0.

With this new variable x, we define (for convenience) the new structure functions

F1(Q2, x) = MNW1(Q2, x),

F2(Q2, x) =
ν

MN

W2(Q2, x), (6.17)

and we define
y ≡ ν

MNE
, (6.18)

that is the fraction of the energy that the electron transfers to the hadron (nucleon).
We will give an interpretation of x when we consider the parton model.
The cross section can be written in terms of the Bjorken variable

d2σ

dE ′dΩ
=

E ′

2πMNEy

d2σ

dxdy
, (6.19)
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where

d2σ

dxdy
=

8πMNEα
2

Q4

[
xy2F1(Q2, x) +

(
1− y − MNxy

2E

)
F2(Q2, x)

]
. (6.20)

The first experiment on charged lepton DIS at SLAC in 1968 [158] (and these data
confirmed the convenience of the choice of the new variable x) provided us the fol-
lowing information for Q2 > 1GeV2:

F1(Q2, x) ≈ F1(x),

F2(Q2, x) ≈ F2(x),

and
F2 ≈ 2xF1.

We will see that these results can be confirmed theoretically, the first one via Bjorken
scaling property and the second one with the Callan-Gross relation.

6.3 The Parton Model

The SLAC experiment (that Bjorken scaling take place) can be explained by the
following proposal by Feynman [157]: “each hadron (in SLAC there were protons as
target hadrons) contains some constituents called partons as pointlike spin-1/2 free
objects”.
We can formulate the parton model by considering the hadron (nucleon) as being
made up of (three) partons, each of them participating in the scattering with e−. Since
each parton is assumed to be a point-like object with spin 1/2, it takes on the role
of µ− in the e−µ− scattering, where now ν = MN(E −E ′) and Q2 = 4EE ′ sin2(θ/2).
Eq. (6.4) can be written as

dσi
dΩ

=
α2q2

i

4E2

1

sin4(θ/2)

[
cos2(θ/2)− q2

2M2
i

sin2(θ/2)
]

1 + 2E
Mi

sin2(θ/2)
, (6.21)

where qie0 is the electric charge and Mi the mass of the parton i.
At this point arises an evident problem: the partons can’t stay at rest as we have
assumed until now (in the laboratory system). It is easy to see this problem taking
the momentum of parton i by

Pi,µ = ξiPµ + ∆Pi,µ. (6.22)

Here, the first term in the r.h.s of (6.22) represents the fraction of the hadron mo-
mentum that carries the parton i and the second term is the motion of the parton
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inside the nucleon.
In order to solve the aforementioned problem, we can find a system where the nucleon
has a very fast motion, called “Lorentz system” or “infine momentum frame”(see [150])
depending on the literature.
In this assumption the partons move very slow with respect to the hadron (nucleon
in our case).
Taking the approximation of massless partons Mi ≈ 0 as a good estimate in compar-
ison with the experiment, we obtain

dσi
dQ2

=
4πα2qi
Q4

(
(p+ Pi)

4 + (p′ − Pi)4

2(p+ Pi)4

)
≡ 4πα2qi

Q4

(
s2
i + u2

i

2s2
i

)
, (6.23)

where the Mandelstam variables (that are the invariant quantities in our process) are

si = (p+ Pi)
2 = (p′ + P ′i )

2,

ui = (p′ − Pi)2 = (p+ P ′i )
2. (6.24)

We can change to a new frame system, namely “Breit system”, where:

qµ = (0, 0, 0,
√
−q2) = (0, 0, 0,

√
Q2),

Pµ = (P̃ , 0, 0,−P̃ ); P̃ �MN ; P 2 = 0 ≈M2
N . (6.25)

From Eq. (6.23), with conditions (6.25), the elastic electron-parton scattering can be
rewritten as

dσi
dQ2

=
4πα2q2

i

Q4

(
s2 + u2

2s2

)
. (6.26)

6.3.1 Callan-Gross Relation

In order to compare with inelastic scattering, we need to rewrite (6.26) in terms of x
and y. For this purpose, we note that P ′2i ≈ 0 = (Pi+q)2 = (ξiP +q)2 ≈ 2ξiP ·q+q2,
that leads to the following important result:

ξi =
Q2

2P · q
= x. (6.27)

This means that the Bjorken variable x represents (only in the Breit system) the
fraction of the total hadron momentum that carries the struck parton i.
Based on this conclusion, we have

dσi
dxdy

= δ(ξi − x)
dσi
dy

. (6.28)
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And as Q2 = 2(P · q)x = 2MN(E − E ′)x = 2MNExy = sxy, we have

dQ2 = sxdy = s
Q2

s+ u
dy. (6.29)

Therefore, putting (6.28) and (6.29) into (6.26), we obtain

dσi
dxdy

=
2πα2q2

i

Q4

(s2 + u2)

s2
δ(ξi − x)

Q2s

s+ u
. (6.30)

Finally, we sum over all partons i and all possible fractions of momentum ξi, with∫ ∞
0

dξif(ξi) (6.31)

where f(ξi) is the weight function or the distribution of probability to find a parton
i with momentum ξiP in the hadron.
From these considerations, the total cross section is given by

d2σ

dxdy
=

2πα2s

Q4

(s2 + u2)

s2

∑
i

fi(x)q2
i x. (6.32)

On the other hand, when rewriting (6.20) in terms of invariant variables, we have

d2σ

dxdy
=

4πα2s

Q4

[
xy2F1(Q2, x) +

(
1− y − xyM2

N

s

)
F2(Q2, x)

]
(6.33)

From the fact that F1,2 are dimensionless, it is natural to assume that they depend
on x (that is known as ”scaling” and was found by Bjorken [156] and Feynman [157]
in terms of the quark parton model (QPM)):

F1(Q2, x) = F1(x); F2(Q2, x) = F2(x). (6.34)

Using this, and equating (6.32) with (6.33), we obtain

F1(x) =
1

2

∑
i

fi(x)q2
i ; F2(x) =

∑
i

fi(x)q2
i · x. (6.35)

Therefore, we deduce the well known Callan-Gross relation [159] (as was noted be-
fore):

F2(x) = 2xF1(x) (6.36)
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6.4 DGLAP Equations

6.4.1 Motivation

First, we will show the central reason for the need to consider gluons (i.e., QCD) in
our description of DIS.
We denote by q(x) (q̄(x)) the momentum distribution function for a quark flavor q
(antiquark q̄), where q = u, d. The structure functions are

F ep
2 (x) =

∑
qp(x)q2

i x =
4

9
(up(x) + ūp(x))x+

1

9
(dp(x) + d̄p(x))x,

F en
2 (x) =

∑
qn(x)q2

i x =
4

9
(un(x) + ūn(x))x+

1

9
(dn(x) + d̄n(x))x. (6.37)

Due to the isospin symmetry, we can relate the momentum distribution functions of
the quarks inside the proton (p) with the quarks inside the neutron (n) in the form:
up(x) = dn(x) ≡ u(x) and dp(x) = un(x) ≡ d(x). Therefore, the total structure
function is given by

F2(x) =
1

2
(F ep

2 (x) + F en
2 (x))

=
5

18
[(u(x) + ū(x)) + (d(x) + d̄(x))]x. (6.38)

Now, the total moment due to the partons (P
(parton)
µ ) which we have considered until

now is

P (parton)
µ =

∫ 1

0

dx(xP (parton)
µ )[u(x) + ū(x) + d(x) + d̄(x) + s(x) + . . .]. (6.39)

This implies ∫ 1

0

dxx[u(x) + ū(x) + d(x) + . . .] = 1 (6.40)

Therefore with (6.38), we obtain

18

5

∫ 1

0

dxF2(x) = 1 (6.41)

When we test experimentally, we sum over all possible x values of the structure
function, and the result is one half, instead of 1 as in (6.41). We have an expression
for the total momentum that is incomplete. Therefore, we need to add to the total
momentum the momentum carried by the interaction partons, i.e., “gluons”.
With this, we conclude that we must take the radiative corrections to the DIS into
account, and with this we will obtain the well known DGLAP (Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi) integro-differential equations.
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Figure 6.4: The first Feynman diagrams for radiative corrections in DIS, where DIS
involves scattering of photon off a quark. We denote by q, p, P and K the four-
momenta of the photon, quark, hadron and gluon respectively. a) free quark (parton
model); b) and c) radiation of a gluon (“gluon Bremsstrahlung”) for the incoming
and outgoing quark respectively, d) and e) first correction to the quark propagator,
and f) gluon loop for quark-photon vertex.

6.4.2 DGLAP: Taking Radiative Corrections Into Account

As mentioned, DGLAP equations are the radiative corrections to the distribution
functions in the parton model of DIS. For this purpose, we take the lowest correction
(leading order in perturbation theory). This is the emission of a gluon before and
after the photon interaction with the quark (parton) in question inside the hadron.
We identify this as “gluon Bremsstrahlung” (like in QED). This contribution is shown
in Fig. 6.4b and Fig. 6.4c, respectively. Hereafter we use the notation q, p, P and K
for the four-momenta of the photon, quark, hadron and gluon respectively.

These two first corrections are governed by the following current operators:

J (b)
µ (x) =

∫
ψ̄(x)QfγµS(x− y)

λa

2
gGa

νγ
νψ(y)d4y,

J (c)
µ (x) =

∫
ψ̄(y)

λa

2
gγµG

aνS(y − x)Qfγ
µψ(x)d4y, (6.42)

where S(x − y) is the quark propagator, Ga
µ(x) the gluon field, λa the Gell-Mann
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matrices, and Qf the electric charge of the quark with flavor f .
Here we have eigenvalues and not operators, since when the quarks are free particles,
we can replace the nucleon state |N〉 by free quark state |ψ〉 in the hadronic function
(Ĵµ|ψ〉 = Jµ|ψ〉). The current correlator in the nucleon is

Wµν =
1

2π

∫
d4xeiqx

1

2

∑
pol.

〈N |Ĵµ(x)Ĵν(0)|N〉,

=
1

2π

∫
d4xeiqx

1

2

∑
pol.

∑
part.

Jµ(x)Jν(0). (6.43)

Neglecting the quark masses and replacing (6.42) in (6.43) (Jµ(x) = J
(b)
µ (x)+J

(c)
µ (x))

we have

Wµν =
g2Q2

f

3(2π)3
SµνΘ(k0)Θ(p0 + q0 − k0)δ(k2)δ[(p+ q − k)2], (6.44)

where Sµµ and pµpνSµν (since we contract the hadronic with the leptonic part, only
these two quantities survive in the calculus) in terms of Mandelstam variables are
given by

Sµµ = −8

(
2ν −Q2

t
+

t

2ν −Q2
+

2Q2(2ν + t)

t(2ν −Q2)

)
= −8

(
s

t
+
t

s
− 2

Q2u

st

)
, (6.45)

pµpνSµν = −4(2ν + t) = 4u (6.46)

where

t = (p− k)2 ' −2p · k,
s = (p+ q)2 ' 2p · q,
u = (q − k)2 ' −2p · (q − k),

Q2 = −q2 ' 2(q + p) · (p− k). (6.47)

Combinig (6.45) and (6.46) with (6.44), we obtain

pµpνWµν =
4

3
αs
Q2
f

8π
2ν,

W µ
µ =

4

3
αs
Q2
f

4π

(
2

1 + x2

1− x
ln

(
λ2x

Q2

)
− 1

1− x
+ 4

x

1− x

)
, (6.48)

with x = Q2/2ν, λ2 is the cutoff that appears from −λ2 in the integral.
In this treatment with gluons, there appears an explicit dependence on Q2 as a new
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variable in the structure functions [160].
In order to identify the structure functions F1,2, we write

Wµν =

(
−gµν +

qµqν
q2

)
F1 +

1

ν

(
pµ − qµ

p · q
q2

)(
pν − qν

p · q
q2

)
F2. (6.49)

This is the same expression as the one obtained by inserting (6.17) into (6.12) but
now we forget the factor 1/MN for convenience, since we are taking massless quarks.
Comparing (6.48) with (6.49), we obtain

pµpνWµν =
Q2

8x3
(F2 − 2xF1) =

4

3
αs
Q2
f

8π
2ν,

W µ
µ = −3F1 +

F2

2x

=
4

3
αs
Q2
f

4π

(
2

1 + x2

1− x
ln

(
λ2x

Q2

)
− 1

1− x
+ 4

x

1− x

)
. (6.50)

Therefore

F1(x,Q2) = −1

2
W µ
µ +

2x2

Q2
pµpνWµν ,

F2(x,Q2) = −xW µ
µ + 12

x3

Q2
pµpνWµν . (6.51)

In Eqs (6.50)-(6.51) we can see an explicit violation of the Callan-Gross relation (6.36).
Generalization of (6.35) when we introduce the Q2 dependence gives (X = Q2/2PN ·q,
x = Q2/2p · q and Qi the charge of the ith parton)

F2(X,Q2) =
∑
i

fi(X,Q
2)Q2

iX

=
∑
i

∫ 1

0

dξifi(ξi, Q
2)Q2

i ξiδ(ξi −X) (6.52)

where

pµ = ξiPµ,

∫ 1

0

dξif(ξi) = 1. (6.53)

Here, ξi represents the fraction of the total momentum (hadron momentum) that
carry the parton i, and f(ξi) is the density of probability to have a parton i with
momentum pµ = ξiPµ.
Each quark has its own structure function in the form (6.52). Therefore, if we want
to obtain the nucleon structure function, we need to sum over all quark structure
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functions:

F2(X,Q2) =
∑
i

∫ 1

0

dξiF
i
2(ξi, Q

2)Q2
i ξiδ(ξi −X)

=
∑
i

∫ 1

0

dξifi(ξi)ξi

∫ 1

0

δ(X − xξi)F i
2(ξi, Q

2), (6.54)

since x = X/ξi.
Now, we need an explicit form of the Q2-dependence of the structure function. From
(6.50) and (6.51), we have F i

2 = F2 from the first radiative correction (corresponding
only to gluon Bremsstrahlung, i.e., diagrams b and c in Fig. 6.4)

∆F2(x,Q2) =
4

3
αsx

Q2
f

4π

(
6x+ 2

1 + x2

1− x
ln

(
λ2x

Q2

)
− 1

1− x
+

x

1− x

)
' −4

3
αsQ

2
f

x

2π

1 + x2

1− x
ln(λ2Q2) (6.55)

valid for Q2 � 1GeV2.
Therefore, the Q2 variation gives: (the variation is between two energies Q2

in and
Q2
fin)

∆F2(x,Q2
fin, Q

2
in) ≡ ∆F2(x,Q2

fin)−∆F2(x,Q2
in)

=
∑
i

∫ 1

0

dξif(ξi)ξi

∫ 1

0

dxδ(X − xξi)∆F i
2(x,Q2

fin, Q
2
in)

=
4

3
αs

1

2π

∑
i

Q2
i

∫ 1

X

dξif(ξi)
X

ξi

1 + (X/ξi)
2

1− (X/ξi)
ln

(
Q2
fin

Q2
in

)
(6.56)

Finally, including the corrections d, e and f of Fig. 6.4 we obtain:

∆F2(x,Q2
fin, Q

2
in) =

4

3

αs
2π

∑
i

Q2
i ln

(
Q2
fin

Q2
in

)∫ 1

X

dξif(ξi)
X

ξi

[
1 + (X/ξi)

2

1− (X/ξi)

]
+

, (6.57)

where for a regular function F (z) we have introduced the notation∫ 1

0

F (z)

[
1 + z2

1− z

]
+

=

∫ 1

0

F (z) [F (z)− F (1)]
1 + z2

1− z
. (6.58)

From (6.56) (not forgetting where this expression arises from), we have:

x∆F i
2(x,Q2

fin, Q
2
in) =

4

3

αs
2π

ln

(
Q2
fin

Q2
in

)∫ 1

x

dξiF
i
2(ξi)

x

ξi

[
1 + (x/ξi)

2

1− (x/ξi)

]
+

. (6.59)
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Introducing the notation y ≡ ξ = ξi (hereafter, we will omit the index ”i”), t(Q2) ≡
ln
(
Q2

Q2
0

)
and Pqq(z) ≡ 4

3

[
1+z2

1−z

]
+

, we rewrite (6.59)

∆F2(x, t)

∆t
=
αs
2π

∫ 1

x

dy

y
F2(y)Pqq(x/y). (6.60)

Therefore, for small ∆t, we have a coupling αs that depends on Q2 too (from pQCD).
And transforming from discrete to continuum, we obtain the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) integro-differential [161] equations for F2(x, t):

dF2(x, t)

dt
=
αs(t)

2π

∫ 1

x

dy

y
F2(y, t)Pqq

(
x

y

)
(6.61)

Due to the fact that DGLAP equation is restricted to the perturbative regime, the
strong coupling must be small. This implies that radiative processes appear at high
and therefore take place (appear physically) only for very short time.
In this sense, Pqq represents the probability that the struck quark inside the hadron
appears (or that the hadron splits up). For this reason we call Pqq “splitting function”.
In general, it is straightforward to see that Pab corresponds to the breaking up of a
parton of kind “a” into a parton of kind “b” when Q2 increases. From the general
expression for the DGLAP equation

∂F2(xb, Q
2)

∂lnQ2
=
αs(Q

2)

2π

∑
b

∫ 1

xb

Pab

(
xb
xa

)
F2(xa, Q

2)
dxa
xa

. (6.62)

It is convenient to define the following complete quark and anti-quark distributions
[q(x) =

∑
i qi(x) and q̄(x) =

∑
i q̄i(x), respectively]:

Σ(x) = q(x) + q̄(x),

∆ij(x) = qi(x)− qj(x),

∆̄ij(x) = q̄i(x)− q̄j(x),

V (x) = q(x)− q̄(x),

G(x) = gluon distribution. (6.63)

Note that Σ(x) transforms as a singlet in the flavor symmetry group SU(4) of (u, d,
c, s); and ∆ij(x), ∆̄ij(x) and V (x) are non-singlet under flavor symmetry. Therefore,
Σ(x) is called singlet distribution function, and ∆ij(x), ∆̄ij(x) and V (x) non-singlet
distribution functions. They have their corresponding DGLAP equations

d∆ij(x, t)

dt
=

αs(t)

2π

∫ 1

x

dy

y
∆ij(y, t)Pqq

(
x

y

)
,

dΣ(x, t)

dt
=

αs(t)

2π

∫ 1

x

dy

y

[
Σ(y, t)Pqq

(
x

y

)
+ 2NfG(y, t)PqG

(
x

y

)]
,

dG(x, t)

dt
=

αs(t)

2π

∫ 1

x

dy

y

[
Σ(y, t)PGq

(
x

y

)
+G(y, t)PGG

(
x

y

)]
, (6.64)

115



Z

1− Z
a)

Z

1− Z
b)

Z

1− Z

c)

Z

1− Z
d)

Figure 6.5: All processes to first order that describe the splitting functions: a) Pqq(Z),
b) PqG(Z), c) PGq(Z), d) PGG(Z)

where the splitting functions PqG, PGq and PGG correspond to the remaining pro-
cesses that were not considered until now (see Fig. 6.5). The splitting functions were
calculated in [161].
The relation between SFs (e.g. F2) and parton distribution functions (qi, G) is in
general a convolution

F2(x,Q2) = x

∫ 1

0

dy

y

∑
i

e2
i qi(y,Q

2)Cq

(
x

y
, a(Q2)

)
+
∑
j

e2
jG(y,Q2)Cg

(
x

y
, a(Q2)

)
,

(6.65)
where Cq and Cg are the (Wilson) coefficient functions which will be consider in the
next sections. At the parton level Cq(z, a) = δ(1− z), Cg = 0, while at the beyond-
the -parton level we have

Cq(z, a(Q2)) = δ(1− z) +
1

2
a(Q2)C1

q (z) +O(a2),

Cg(z, a(Q2)) =
1

2
a(Q2)C1

g (z) +O(a2), (6.66)

where, us usual, a(Q2) ≡ αs/π.
The SF F2(x,Q2) has the nonsinglet (NS) and singlet (S) part, F2 = FNS

2 + F S
2 . For

x ≥ 0.25 only the NS part contributes. We will approximate F2 ≈ FNS
2 .

The experimental evidence of the scaling behavior as well as their violation is de-
picted in Fig. 6.6. We see that at high energies (Q2 & 10GeV2) the structure func-
tion F2(x,Q2) (of the proton) is approximately independent of Q2 for x & 0.005.
Therefore, the parton model is applied in this range of Q2 and x: Q2 > 10GeV2 and
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x > 0.005.
For very small x (x . 0.005), F2(x,Q2) increases as Q2 increases (in the regime of
high energies). On the other hand, for large x (x & 0.7), F2(x,Q2) decreases as
Q2 increases. In this last range, parton model is not valid and we must consider
another approach, namely QCD [inclusion of interactions between partons (quarks)]
via gluons.

6.5 OPE and DIS

We will deduce in a more clear way (in order to find the generalization) the expansion
into bilocal operators known as operator product expansion [163] (OPE). We start
with the free field case.
The considered hadronic tensor is

Wµν =
1

2π

∫
d4xeiqx

1

2

∑
pol

〈N |Ĵµ(x)Ĵν(0)|N〉

=
1

2π

∫
x2≥0

d4xeiqx
1

2

∑
pol

〈N |[Ĵµ(x), Ĵν(0)]|N〉, (6.67)

where in the second line we used 〈N |Ĵµ(x)Ĵν(0)|N〉 = 0 if x2 ≥ 0.

For free fields we have the current ˆ̄Jµ(x) = ˆ̄ψ(x)γµψ̂(x). Therefore:

[Ĵµ(x), Ĵν(0)] = ˆ̄ψ(x)γµS(x)γνψ̂(0)− ˆ̄ψ(0)γνS(x)γµψ̂(x), (6.68)

where the quark propagator is

S(x) ≡ {ψ̂(x), ˆ̄ψ(0)} = (iγµ∂
µ +m)i∆(x)

≈ γµ∂
µ 1

2π
ε(x0)δ(x2), (6.69)

where the last approximation was made for x2 7→ 0 and ε(x0) ≡ sgn(x0) is the sign
function.
With this propagator we obtain

[Ĵµ(x), Ĵν(0)] =
(

ˆ̄ψ(x)γµγλγνψ̂(0)− ˆ̄ψ(0)γνγλγµψ̂(x)
) 1

2π
∂λε(x0)δ(x2). (6.70)

Performing a translation by −x/2 (since we have translation invariance) in the argu-
ments

[Ĵµ(x), Ĵν(0)] =
1

2

(
[Ĵµ(x/2), Ĵν(−x/2)] + [Ĵν(x/2), Ĵµ(−x/2)]

)
, (6.71)
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Figure 6.6: Non-singlet proton structure function F2(x,Q2) versus Q2. The authors
(see Ref. [162] and reference therein), in order to present this plot without over-
lappings, multiplied F2(x,Q2) by 2ix , where ix is the number of x bin (ix = 1 for
x = 0.85, etc., up to ix = 24 for x = 0.00005).
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and using the relation of gamma functions:

γµγλγν = (sµλνβ + iεµλνβ)γβ, (6.72)

we obtain

〈N |[Ĵµ(x/2), Ĵν(−x/2)]|N〉 =
1

2π
∂λε(x0)δ(x2)

{
sµλνβ〈N | ˆ̄ψ(x/2)γβψ̂(−x/2)

− ˆ̄ψ(x/2)γβψ̂(−x/2)|N〉+ iεµλνβ〈N | ˆ̄ψ(x/2)γ5γ
βψ̂(−x/2)

− ˆ̄ψ(x/2)γ5γ
βψ̂(−x/2)|N〉

}
. (6.73)

The first term corresponds to the UV divergencies (purely perturbative), and the sec-
ond one (the term in {. . .}) is a finite part (nonperturbative). All divergent factors
will be absorbed into the well-known Wilson coefficient.
In order to extract the coefficients, we expand the bilocal operator ˆ̄ψ(x/2)ψ̂(−x/2)
into a sum of local operators, by performing a translation (due to translation invari-
ance of the theory, like Schŕ’odinger picture in quantum mechanics), and obtain

Wµν =
1

2π

∫
x2≥0

d4xeiqx
∑
nodd

1

n!

n∏
j=1

(x
2

)µj
sµαν

β 1

2

∑
pol

〈N |Ôµ1µ2...µnβ|N〉
1

π
∂α(ε(x0)δ(x2))

(6.74)

where Ôµ1µ2...µnβ(0) = ˆ̄ψ(0)
←→
∂ µ1

←→
∂ µ2 . . .

←→
∂ µnγβψ̂(0), with

←→
∂ µ ≡ ∂µ −

←−
∂ µ.

Now, as a consequence of Lorentz covariance we can use the following expansion:

1

2

∑
pol

〈N |Ôµ1µ2...µnβ(0)|N〉 = A(n) · Pµ1Pµ2 · · ·PµnPβ + · · · . (6.75)

where we neglect the singular terms, which are less important in the Bjorken limit.
Using this one obtains

Wµν =
1

2π

∫
x2≥0

d4xeiqx
∑
nodd

1

n!

[
x · P

2

]n
sµαν

β PβA
(n) 1

π
∂α(ε(x0)δ(x2)). (6.76)

When this is rewritten with the help of Fourier transform of∑
nodd

1

n!

[
x · P

2

]n
A(n)

n!
= −

∫
dξeix·ξPf(ξ), (6.77)

we obtain

Wµν = −2

∫
dξ sµαν

β Pβf(ξ)(q + ξP )αδ
[
(q + ξP )2

]
ε(q0 + ξP0)

= −2 sµαν
β Pβf(x)

x

Q2
(q + xP )α, (6.78)
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where the second line is obtained since (q + ξP )2 ≈ −Q2 + 2νξ = Q2

x
(ξ − x).

Finally, due to the current conservation (qµLµν = qνLµν = 0) and the fact that we
are interested in WµνL

µν (which is proportional to the cross section) we discard terms
proportional to qµ (or qν) in Wµν , thus obtaining

Wµν ≈ −2
x

Q2
f(x)

[
−gµν(xM2 + ν) + 2xPµPν

]
≈ −2

x

Q2
f(x) [−νgµν + 2xPµPν ] (6.79)

We discard such terms also in the general form of Wµν in (6.49):

Wµν = −gµνF1(x,Q2) +
1

ν
PµPνF2(x,Q2). (6.80)

Comparing (6.79) with (6.80) we obtain

F1(x,Q2) = −2
x

Q2
νf(x),

F2(x,Q2)

ν
= −4

x2

Q2
f(x). (6.81)

Therefore, the Callan-Gross relation [159], Eq. (6.36), is satisfied (scaling behavior
holds for free field as was seen above)

6.5.1 Generalization: Taking quark interaction into account

In the bilocal operator, we need to expand now, in covariant derivatives D̂µ in (6.75),

instead of the usual derivatives ∂µ. For simplicity we take
←→
∂ µ ∼ 2∂µ 7→ 2D̂µ.

Therefore, in general (6.74) takes the form

Wµν =
1

2π

∫
d4xeiqx

∑
j,n

{
−gµνxµ1xµ2 · · ·xµninC(n)

1,j (x)

+ (gµµ1gνµ2x
µ3 · · ·xµn) in−2C

(n)
2,j (x)

} 1

2

∑
pol

〈N |Ô(n),j
µ1...µnβ

|N〉, (6.82)

since Wµν ∼ gµν , PµPν ; sµαν
β Pβ ∼ gµν , gµµ1gνµ2 . The interaction implies new

divergencies, in this sense we replace in the general case the terms of the type:
1
π
∂α(ε(x0)δ(x2)) 7→ inC

(n)
1,j (x), in−2C

(n)
2,j (x), and Ô

(n)
µ1...µnβ

7→ 2n

2n!
D̂µ1 . . . D̂µnγβ = Ô

(n),j
µ1...µnβ

.

As Ô
(n),j
µ1...µnβ

change the flavor of a quark and act on the gluon, we have three pos-
sibilities for this: an SU(3) singlet operator (operator that acts upon quark states
j = S); and SU(3) octet operator (operator that acts upon quark states and can
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change the flavor j = NS); and the operator related to gluon states (j = G).
As in the previous subsection, we take (6.75) to the leading term (A(n) 7→ A(n),j). In
the momentum space we obtain

Wµν =
1

2π

∑
j,n

[
−gµν

(
2q · P
Q2

)n
(Q2)n

(
∂

∂q2

)n ∫
d4xeiqxC

(n)
1,j (x)

+
PµPν

2q · P

(
2q · P
Q2

)n−1

(Q2)n−1

(
∂

∂q2

)n−2 ∫
d4xeiqxC

(n)
2,j (x)

]
A(n),j. (6.83)

Comparing (6.83) with (6.80) we obtain the general structure function

F1(x,Q2) = 2
∑
j,n

x−nC̃
(n)
1,j (Q2)A(n),j,

F2(x,Q2) = 4
∑
j,n

x−n+1C̃
(n)
2,j (Q2)A(n),j, (6.84)

where

C̃
(n)
1,j (Q2) =

1

4π
(Q2)n

(
∂

∂q2

)n ∫
d4xeiqxC

(n)
1,j (x),

C̃
(n)
2,j (Q2) =

1

16π
(Q2)n−1

(
∂

∂q2

)n−2 ∫
d4xeiqxC

(n)
2,j (x). (6.85)

As we noted before, the Wilson coefficients C̃
(n)
1,j and C̃

(n)
2,j are obtained from pQCD

(in general they are divergent functions) and are independent on the hadronic con-
tribution. A(n),j are obtained by non-perturbative methods.
It’s usual to rearrange the general expression for Wµν using the relation

T {Jµ(x)Jν(0)} − T {Jµ(x)Jν(0)}† = ε(x0) [Jµ(x), Jν(0)] , (6.86)

where T . . . denotes the time ordered function, and ε(x0) is the sign function and for
the Compton scattering is equal to one (x0 > 0)

Tµν = i

∫
d4xeiqx〈p|T

{
Ĵµ(x)Ĵν(0)

}
|p〉. (6.87)

This implies

Tµν =

(
−gµν +

qµqν
q2

)
F̃1(x,Q2) +

(
pµ − qµ

p · q
q2

)(
pν − qν

p · q
q2

)
F̃2(x,Q2)

p · q

≡
(
−gµν +

qµqν
q2

)
F̃L(x,Q2)

+

(
−gµν + pµpν

4x2

q2
− (pµpν + pνpµ)

2x

q2

)
F̃2(x,Q2), (6.88)
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where F1,2(x,Q2) ≡ 1
π
ImF̃1,2(x,Q2), since Wµν = 1

π
ImTµν , and for convenience we

choose a new structure function F̃L ≡ F̃2 − 2xF̃1 (it measures how much the scaling
is violated).
With the help of projector operators pµpν and gµν , we find

F̃L
2x

=
4x2

Q2
pµpνTµν ;

F̃2

2x
= − F̃L

2x
− gµν

2
Tµν . (6.89)

Therefore, the problem is reduced to calculate terms of the form T {Jµ(x)Jν(0)},
since we will have:

i

∫
d4xeiqx〈p|T

{
Ĵµ(x)Ĵν(0)

}
|p〉 =

∑
i

[
C̃i(Q

2, µ2)Ôi(µ
2)
]
, (6.90)

where C̃i(Q
2, µ2) = i

∫
d4xeiqxCi(x, µ

2) are the Wilson coefficients.

6.5.2 Renormalization Group of Wilson Coefficient

The renormalized Wilson coefficients are

C̃
(n)
i,j (Q2, g, µ)R =

∑
k

Z
(n)
jk (g0, µ)C̃

(n)
i,k (Q2, g0), (6.91)

where g = g(g0, µ
2, Q2) and i = 1, 2.

From independence of renormalization scale µ we obtain (hereafter we omit subscript
”R”)

d

dµ
C̃

(n)
i,j (Q2, g, µ) = 0. (6.92)

From here, it’s straightforward to deduce the RGE for the Wilson coefficients∑
l

[(
β(g)

∂

∂g
+ µ

∂

∂µ

)
δjl + γ

(n)
jl

]
C̃

(n)
i,l (Q2, g, µ) = 0, (6.93)

where

β(g) =
∂g

∂µ
, γ

(n)
jl = −µ

∑
k

∂Z
(n)
jk

∂µ

(
Z

(n)
jk

)−1

kl
. (6.94)

Rewritten in terms of t ≡ 1
2
lnQ

2

µ2
, we have

∑
l

(
d

dt
δjl + γ

(n)
jl

)
C̃

(n)
i,l (ḡ(g, t)) = 0, (6.95)
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giving

C̃
(n)
i,l (Q2, g, µ) =

∑
k

C̃
(n)
i,k (Q2, g, µ)e−

∫∞
0 dt′γ

(n)
k,l (ḡ(g,t′)). (6.96)

To the lowest order we have γ
(n)
k,l = d

(n)
k,l ḡ

2 + . . ., ḡ2 = g2

1+2β0g2t
, and we obtain

C̃
(n)
i,l (t, g) =

∑
k

C
(n)
i,k (Q2, g, µ)

(
ḡ2(g, t)

g2

)d(n)k,l /2β0

∼
∑
k

a
(n)
i,l

(
ḡ2(g, t)

g2

)d(n)k,l /2β0

. (6.97)

The last approximation was made for the high energy limit t� 1; x ≡ cte.

6.5.3 Moments of Structure Functions

We have identified in Eqs. (6.84) the structure functions in terms of Wilson coef-
ficients. But a natural question arises: what is the explicit relation between these
coefficients and the splitting functions? If we can answer this, the meaning of OPE
will be clear (at least in the formal sense). A more general question that concerns us
is what is the corresponding DGLAP equation?
In order to give an answer, we note that the inverse of Eqs. (6.84)are

2
∑
j

C̃
(n)
1,j (Q2)A(n),j =

1

2πi

∫
C
F1(z,Q2)zn−1dz = 4

∫ 1

0

F1(x,Q2)xn−1dx,

4
∑
j

C̃
(n)
2,j (Q2)A(n),j =

1

2πi

∫
C
F2(z,Q2)zn−2dz = 4

∫ 1

0

F2(x,Q2)xn−2dx.(6.98)

Defining the moments of structure functions formally as

Ma(n,Q
2) =

∫ 1

0

Fa(x,Q
2)xn−2dx = 2πi

∑
j

C̃
(n)
a;j (Q2)A(n),j (6.99)

we obtain:
∂Ma(n, t)

∂t
=
αs(t)

2π

∑
j

Ma,j(n, t)D
(n)
j , (6.100)
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where a = 1, 2 (or L, 2) and j = S;NS;G (the corresponding part of a that we are
considering) and

D
(n)
NS = −8π2γ

(n)
NS =

∫ ∞
0

dzzn−1Pqq(z),

D
(n)
S = −8π2γ

(n)
S =

∫ ∞
0

dzzn−1

(
Pqq(z) PqG(z)
PGq(z) PGG(z)

)
,

D
(n)
G = −8π2γ

(n)
G =

∫ ∞
0

dzzn−1PGG(z). (6.101)

The advantage of the moments approach is obvious, instead of integro-differential
DGLAP equations we now have ordinary differential equations.

6.5.4 Anomalous Dimensions and Wilson coefficients

Figure 6.7: The lowest order contribution to the anomalous dimension, where (a) is
γ0,n
qq , (b) γ0,n

qG , (c) γ0,n
Gq and (d) γ0,n

GG. This figure was borrowed from [152]

In this subsection we only give a hint on how to obtain the anomalous dimensions
γ

(n)
j and Wilson coefficients, because the details go beyond the scope and purposes

of this presentation.
When we renormalize the composite operator and obtain the corresponding RGE, we
have the anomalous dimension (as perturbation expansion)

γ
(n)
NS(g) = −µ d

dµ
lnZ

(n)
NS = γ0,n

NS

g2

16π2
+O(g4),

γ
(n)
ab (g) = −

(
µ
d

dµ
lnZ(n)

)
ab

= γ0,n
ab

g2

16π2
+O(g4), (6.102)
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where a, b = q,G. The corresponding diagrams for one loop are shown in Fig. (6.7).
This gives (the calculation was performed to LO in Ref. [164]; and to NLO in
Ref. [165])

8π2γ0,n
NS = 2CF

{
4S1(n) + 1− 2

n(n+ 1)

}
,

8π2γ0,n
qG = −4nf

n2 + n+ 2

n(n+ 1)(n+ 2)
,

8π2γ0,n
Gq = −16

3

n2 + n+ 2

n(n2 − 1)
,

8π2γ0,n
GG = 6

{
1

3
+ 4S1(n)− 4

n(n− 1)
− 4

(n+ 2)(n+ 1)

}
+

4

3
nf , (6.103)

where

Sα(n) =
n∑
k=2

1

kα
. (6.104)

The calculus of the Wilson coefficients is more cumbersome, but the usual way is
to calculate the virtual Compton amplitude Tµν , and A(n),j stands for the matrix
element of the spin n non-singlet operator between quarks. The result in MS is given
by (performed by several authors at NLO in Ref. [166] and NNLO in Ref. [167])

C
(1)
NS(n) = CF

{
2S1(n)2 + 3S1(n)− 2S2(n)− 2S1(n)

n(n+ 1)
+

3

n
+

4

n+ 1
+

2

n2
− 9

}
.

(6.105)

6.6 Jacobi Polinomial Method

Once we know the moments, we can represent the SF F2(x,Q2) with the help of
Jacobi polynomials Θαβ

n (x) expansion method developed in Refs. [168], truncated at
n = Nmax:

F2,NS(x,Q2) = ωαβ(x)
Nmax∑
n=0

Θαβ
n (x)

n∑
j=0

C
(n)
j (α, β)M2,NS(j + 2, Q2). (6.106)

Here ωαβ(x) = xα(1 − x)β is the weight function and the parameters α, β will be
obtained by fitting. The Jacobi polynomials Θαβ

n (x) appearing in the expansion are
given by

Θαβ
k (x) =

k∑
j=0

C
(n)
j (α, β)xj. (6.107)
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They satisfy the orthogonality relation:∫ 1

0

ωαβ(x)Θαβ
k (x)Θαβ

l (x) = δkl. (6.108)

If we know the moments M2,NS(n,Q2), we obtain the SF F2,NS by evaluating the
inverse Mellin transform (inverse of Eq. (6.99)). Choosing a convenient contour, it is
given by

F2,NS(x,Q2) ≡M−1
{
M2,NS(n,Q2)

}
=

1

2πi

∫ c+i∞

c−i∞
x−nM2,NS(n,Q2)dn, (6.109)

where the integration is along a vertical line through Re(n) = c. This integral allows
direct numerical integration, leading to SF F2.
Of course, the extension of the others SF, namely the complete F1,2 (or FL,2, and
taking all S,NS and G part) is a direct replacement in formula (6.106) (directly in
the sense of only change the prescriptions).

6.7 Analytic model in DIS

For our test of DGLAP (see Ref. [149] for details), we use the evolution of moments
up to next-to-leading order. The non-singlet part of the moment, i.e., M2,NS up to
this order is given by (solving the renormalization group equation for moments)

M2,NS(n,Q2)

M2,NS(n,Q2
0)

=
1 + C

(1)
2,NS(n)apt(Q

2)/4

1 + C
(1)
2,NS(n)apt(Q2

0)/4

(
1 + (β1/β0)apt(Q

2)/4

1 + (β1/β0)apt(Q2
0)/4

)p(n) [
apt(Q

2
0)

apt(Q2)

]dNS(n)

'
1 +

(
C

(1)
2,NS(n) + β1

β0
p(n)

)
apt(Q

2)/4

1 +
(
C

(1)
2,NS(n) + β1

β0
p(n)

)
apt(Q2

0)/4

[
apt(Q

2)

apt(Q2
0)

]δNS(n)

. (6.110)

Here:

δNS(n) = −dNS(n) = γ
(0)
NS(n)/2β0, (6.111)

p(n) =
1

2

(
γ

(1)
NS(n)

β1

− γ
(0)
NS(n)

β0

)
. (6.112)

We consider in the evolution (6.110) the scale Q2
0 as a reference scale at which the

parton distribution functions (PDFs) are regarded as functions in x with parameters
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which are fixed by the data. In particular, we use in the present work the data-based
MSTW PDFs (see Ref. [169]), where:

xuv(x,Q
2
0) = Aux

η1(1− x)η2(1 + εu
√
x+ γux), (6.113)

xdv(x,Q
2
0) = Adx

η3(1− x)η4(1 + εd
√
x+ γdx), (6.114)

The values of Au,d, ηk (k = 1, ..., 4), εu,d and γu,d can be found in [169].
The implementation of APT analytic model is quite direct, rewriting Eq. (6.110) in
the form:

M2,NS(n,Q2) =
apt(Q

2)δNS(n) +
(
C

(1)
2,NS(n) + β1

β0
p(n)

)
apt(Q

2)δNS(n)+1/4

apt(Q2
0)δNS(n) +

(
C

(1)
2,NS(n) + β1

β0
p(n)

)
apt(Q2

0)δNS(n)+1/4
M2,NS(n,Q2

0).

(6.115)
The analytization then gives

M
(an.)
2,NS(n,Q2) =

A(2)
δNS(n)(Q

2) +
(
C

(1)
2,NS(n) + β1

β0
p(n)

)
A(2)
δNS(n)+1(Q2)/4

A(2)
δNS(n)(Q

2) +
(
C

(1)
2,NS(n) + β1

β0
p(n)

)
A(2)
δNS(n)+1(Q2)/4

M
(an.)
2,NS(n,Q2

0),

(6.116)
where L0 = ln(Q2

0/Λ
2) and αs(Q

2
0) is a constant number given by fit of data. This

analytic version of the evolution of moments can be applied at low energies without
problems, since no Landau singularities appear.
We can use either the Jacobi Polynomial expansion (6.106), or directly in the inverse
Mellin transform (6.109).

6.7.1 Numerical Result for pQCD and APT

Accuracy of the Jacobi Polynomial Method in x Variable

The evaluation of Structure Functions depends on the method we are using, and in
this way it is indispensable to test the accuracy of our parametrization.
We used the Jacobi Polynomial method which gives us a good prediction for the evo-
lution, as has been shown in previous works (see Refs. [168]). This method is applied
directly on the Bjorken variable, but it affects the Q2-dependence indirectly.
Therefore, it is necessary to verify the x-range applicability of the JP method. For
this we must compare the JP approach (6.106) with respect to the “exact” numerical
SFs, “exact” in the sense of the exact inverse Mellin moments via Eq. (6.109). We
solved Eq. (6.109) numerically, but only to one-loop due to technical limitations.
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Figure 6.8: Non-singlet structure function F2(x) versus x at (a) LO , at energy scale
Q2 = 0.3GeV 2 and (b) Q2 = 100GeV 2. The solid line represents the pQCD, the
dashed line the FAPT in the JP method; and the dotted lines the corresponding
exact Inverse Mellin transform behavior.
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Figure 6.9: Non-singlet structure function F2(x) versus x at LO , at energy scale (a)
Q2 = 0.3GeV 2, and (b) Q2 = 100GeV 2. The solid line represents pQCD, the dashed
line FAPT in the JP method; and the dotted lines represent the corresponding exact
Inverse Mellin transform.

In Fig. 6.8 the accuracy is apparently perfect. So, in order to clarify it, we perform
a zoom in x, going to lower and lower x-region (∼ 10−2). We see in Fig. 6.9 that JP
method gradually loses precision starting at x ∼ 0.02. Also, we can see that in this
range, the difference between these two methods is approximatly 5%.

Numerical Structure Function F2(x,Q2)

The accuracy of the SF approximation by a finite number of Jacobi polynomials
(Nmax) depends on the choice of the weight function parameters. Therefore, we test
the non-singlet SF given by the MSTW data, searching at Q2 = Q2

0 for the minimum
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of:

χ2
α,β =

∣∣∣∣∣F
(theor.),Nmax
α,β

F (exp.)
− 1

∣∣∣∣∣
2

. (6.117)

Here, we use Eqs. (6.99) and (6.110) at Q2 = Q2
0: F (x,Q2

0) ≡ F (exp.)(x,Q2
0) =

1
6
x∆(x,Q2

0), and from Eq. (6.106) we define F
(theor.),Nmax
α,β (x,Q2

0) ≡ FNmax
α,β (x,Q2

0).
For different values of Nmax, we find the values of α and β that provide us with the
best fit to the data.
We found at one loop: Nmax = 13, α = 0.01124 and β = 3.033 for χ2 ≈ 10−9, and at
two loops (of course for even PDFs only): Nmax = 13, α = 0.001 and β = 3.2314 for
χ2 ≈ 10−9, too.
For the evolution of the non-singlet moments, we need to take into account the values
of Λ

nf=3
1,2 at leading and NL order, which were taken from the data in [169], where:

α
(1loop)
s (Q2

0 = 1GeV 2) = 0.68183 ⇒ Λ
nf=3
1 = 0.359 and α

(2loop)
s (Q2

0 = 1GeV 2) =

0.49128⇒ Λ
nf=3
2 = 0.359.

The couplings in pQCD and FAPT were calculated with the Mathematica package
developed by Bakulev and Khandramai in Ref. [170], where the quarks thresholds
were accounted for, leading to the global couplings. This was described briefly in
Sec. 2.8.
With these considerations, we put Eqs. (6.110) and (6.116) in Eq. (6.106), obtaining
the evolution of SFs up to NLO in pQCD or FAPT, respectively. We represent the
obtained results in Fig. 6.10 in the range 0.25 ≤ Q2 ≤ 100GeV 2, and in 6.11 as a
function of x.
First, in Fig. 6.10 we fix x at two differents values: x = 0.25 in (a.1) and (b.1),
x = 0.7 in (a.2) and (b.2), where (a) and (b) represent the LO and NLO, respectively.
In Fig. 6.11 we fix Q2 at two different values: Q2 = 100GeV 2 in (a.1) or (b.1),
Q2 = 0.3GeV 2 in (a.2) or (b.2), where (a) and (b) represent the LO and NLO,
respectively.

We deduce the following main reasons for taking (F)APT seriously into account:

1. The stability of FAPT at low energies (Q2 < 1GeV 2) is evident (see Fig. 6.10)
this could give us some evidence of confinement, with F2(Q2 = 0) ∼ constant
(which is almost independent of x).

2. F2(x,Q2) at x fixed, is almost constant in the entire range of energies.

3. At high energies (Q2 ∼ 100GeV 2) we found that pQCD and FAPT are in agree-
ment, see Fig. 6.11.
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Figure 6.10: Non-singlet structure function F2(x) versus Q2 at (a) LO and (b) NLO.
The Bjorken parameter is x = 0.25 in (a.1) and (b.1), and x = 0.7 in (a.2) or (b.2).
The solid line represents the pQCD and the dashed line the FAPT behavior.

It would be interesting to clarify in the future in more detail the behavior at very low
energies (Q2 ∼ 0.3GeV 2). In Fig. 6.11 we can see that F2 takes negative values at low
x. This problem is more pronounced in the case of pQCD, where negative values start
at x ≈ 0.2, while in FAPT at x ≈ 0.05. In this regime of low x, the Jacobi Polynomial
method is not reliable. However, the method is not the main factor responsible for
the negative values. Namely, we have seen that at very low x the Jacobi Polynomial
method has a reasonable precision of about 5%. Moreover, the complete structure
function includes the singlet and nonsinglet parts. Here we only took the nonsinglet
part into account, since the complete SF is more cumbersome and is out of the scope
and purpose of this analysis. Therefore, as this approximation is valid only at large
values of x (x ≥ 0.25), we must eventually incorporate the singlet part. Until now,
this is the principal explanation for the appearance of negative values, and we will
include the singlet part in future works. Another important issue is to add the Target
Mass Contribution (TMC) and Higher Twist Contributions (HT) in our calculus, and
test with other analytic QCD models that were mentioned in Chapter 3.
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Figure 6.11: Non-singlet structure function F2(x) versus x at (a) LO and (b) NLO.
The energy scale is Q2 = 100GeV 2 in (a.1) or (b.1) and Q2 = 0.3GeV 2 in (a.2) or
(b.2). The solid line represents the pQCD and the dashed line the FAPT behavior.
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Appendix A

Renormalon-based estimate of
∼ a4

pt coefficient

The term r3 in the expansion of mq/mq in Eq. (5.9) can be estimated by a method
closely related with the approach presented in Sec. II of Ref. [145]. The pQCD
version of the sum in Eq. (5.9) can be reexpressed in terms of apt(µ

2) at any other
renormalization scale µ2

S ≡ mq

mq

− 1 =
4

3
apt(µ

2)
[
1 + apt(µ

2)r1(µ2) + a2
pt(µ

2)r2(µ2) +O(a3
pt)
]
,(A.1a)

r1(µ2) = κ1 + β0Lm(µ2) , (A.1b)

r2(µ2) = κ2 + (2κ1β0 + β1)Lm(µ2) + β2
0L

2
m(µ2) , (A.1c)

(4/3)κ1 = 6.248β0 − 3.739 , (A.1d)

(4/3)κ2 = 23.497β2
0 + 6.248β1 + 1.019β0 − 29.94 , (A.1e)

where Lm(µ2) = ln(µ2/m2
q), while β0(Nf ) and β1(Nf ) are the renormalization scheme

independent coefficients (1.8). Here, Nf = N` is the number of light active flavors
(quarks with masses lighter than mq).

Since r1 and r2 are explicitly known, the Borel transform BS(b) is known to order
∼b2

BS(b;µ) =
4

3

[
1 +

r1(µ2)

1! β0

b+
r2(µ2)

2! β2
0

b2 +O(b3)

]
. (A.2)

The function BS(b) has renormalon singularities at b = 1/2, 3/2, 2, . . . ,−1,−2, . . .
[171–173]. The behavior of BS near the leading infrared (IR) renormalon singularity
b = 1/2 is determined by the resulting renormalon ambiguity of mq. This ambiguity
δmq is a (QCD) scale which, having the dimension of energy and being renormaliza-
tion scale and scheme independent, must be proportional to the QCD scale ΛQCD:
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δmq = const× ΛQCD [174]. This scale can be expressed in terms of apt(µ
2) and µ (µ

being any renormalization scale) in the form

Λ = const×µ exp

(
− 1

2β0apt(µ)

)
apt(µ)−νc−ν1

[
1 +

∞∑
k=1

(2β0)kν(ν − 1) · · · (ν − k + 1)c̃ka
k
pt(µ)

]
,

(A.3)
where

ν =
c1

2β0

=
β1

2β2
0

, (A.4a)

c̃1 =
(c2

1 − c2)

(2β0)2ν
,

c̃2 =
1

2(2β0)4ν(ν−1)

[
(c2

1 − c2)2 − 2β0(c3
1 − 2c1c2 + c3)

]
, (A.4b)

c̃3 =
1

6(2β0)6ν(ν−1)(ν−2)

[
(c2

1 − c2)3 − 6β0(c2
1 − c2)(c3

1 − 2c1c2 + c3)

+8β2
0(c4

1 − 3c2
1c2 + c2

2 + 2c1c3 − c4)
]
. (A.4c)

The above constants, expressed in terms of β0 and of cj = βj/β0, appear in the
expansion of the residue of the Borel transform BS(b;µ) at the pole b = 1/2

BS(b;µ) = Nmπ
µ

mq

1

(1− 2b)1+ν

[
1 +

∞∑
k=1

c̃k(1− 2b)k

]
+B

(an.)
S (b;µ) , (A.5)

where B
(an.)
S (b;µ) is analytic on the disk |b| < 1 and can be expanded in powers of b.

The form of the representation (A.5) is called bilocal and was proposed in Ref. [146].
We can assume that the coefficients c̃k are known up to k = 3, because the coefficient
c4 = β4/β0 (in the MS scheme) is known to a large degree by Padé-related methods
of Ref. [175]

β4 =
1

45
(A4 +B4Nf + C4N

2
f +D4N

3
f + E4N

4
f ) (A.6)

with A4 = 7.59 × 105, B4 = −2.19 × 105, C4 = 2.05 × 104, D4 = −49.8, and
E4 = −1.84. This gives c4 = 123.7 for Nf = 3, c4 = 97.2 for Nf = 4, and c4 = 86.2
for Nf = 5. The residue parameter Nm can be determined with high precision by
using the idea of Refs. [176], i.e., by calculating:

Nm =
mq

µ

1

π
RS(b = 1/2) , (A.7)

where
RS(b;µ) ≡ (1− 2b)1+νBS(b;µ) , (A.8)
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and the first coefficients in the expansion in powers of b of this quantity are known
from the known coefficients r1 and r2. We can use a combination of truncated per-
turbation series and Padé approximants [1/1] for RS(b), as presented in Ref. [177],
and obtain

Nm ≈ 0.575(Nf = 3) , ≈ 0.555(Nf = 4) , ≈ 0.533(Nf = 5) . (A.9)

with the uncertainties in these values of roughly ±0.020.

In the bilocal expansion (A.5), the analytic part B
(an.)
S (b;µ) can be taken as a poly-

nomial in b, i.e., a truncated expansion in powers of b. The coefficients of the latter
expansion can be related with rj(µ

2)’s by equating the expansion of Eq. (A.5) in
powers of b with the expansion (A.2), resulting in

B
(an.)
S (b;µ) = h

(m)
0 +

∑
k≥1

h
(m)
k

k! βk0
bk , (A.10a)

h
(m)
k =

4

3
rk − πNm

µ

mq

(2β0)k
∑
n≥0

c̃n
Γ(ν + k + 1− n)

Γ(ν + 1− n)
, (A.10b)

where, by convention, r0 = c̃0 = 1. The numbers c̃n of Eqs. (A.4), which enter the
sum in Eq. (A.10b), are known only up to n = 3, because, in MS, only ck up to k = 4
are reasonably known (c4 approximately, as mentioned). For Nf = 3, these values
are: c̃1 = −0.1638, c̃2 = 0.2372, c̃3 = −0.1205 (and ν = 0.3951). For Nf = 4, they
are: c̃1 = −0.1054, c̃2 = 0.2736, c̃3 = −0.1610 (and ν = 0.3696). And for Nf = 5
they are: c̃1 = 0.0238, c̃2 = 0.3265, c̃3 = −0.2681 (and ν = 0.3289). Therefore, the
sums in (A.10b) are truncated at n = 3.

Theoretically, the pole closest to the origin in B
(an.)
S (b;µ) is at b = −1, at least

in the large-β0 approximation.1 Since in B
(an.)
S (b;µ) the coefficients h

(m)
k (µ2) for

k = 0, 1, 2 are known [because r1(µ2) and r2(µ2) are known], we can construct the
Padé [1/1]

B
(an.)
S

(b) and check the pole of it. It turns out that this Padé, at the natural

scale µ = mq, has the pole at b = −1.09,−0.96,−1.12, for Nf = 3, 4, 5, respectively,
reflecting correctly the theoretical expectation.2 We can extend further this reason-
ing and obtain the next coefficient h

(m)
3 (at µ = mq) by requiring that the Padé

[2/1]
B

(an.)
S

(b) has the pole at b = −1. This gives us

h
(m)
3 (m2

q) = −25.18(Nf = 3) , −28.28(Nf = 4) , −35.62(Nf = 5) . (A.11)

1Nonetheless, there is a possibility that at two-loop order the kinetic term contributes to an IR
renormalon at b = +1 in BS(b), cf. Ref. [178].

2However, the µ dependence of this position is rather strong. For example, when µ2 varies by 10
% around mq2, the pole position in [1/1] varies between −1.6 and −0.7 in the Nf = 3 case, between
−1.2 and −0.7 in the Nf = 4 case, and between −1.26 and −1.00 in the Nf = 5 case.
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If constructing with these values of h
(m)
3 the other possible Padé approximant of index

3, namely [1/2]
B

(an.)
S

(b), it turns out that the nearest to origin pole of such Padé is

then at b = −1.003,−1.001,−1.008, for Nf = 3, 4, 5, respectively. This indicates that

the obtained values of h
(m)
3 , Eq. (A.11), are consistent.3 Using these values, we obtain

from the relation (A.10b) (with the natural choice µ2 = m2
q) at k = 3 an estimate for

r3

4

3
r3(m2

q) = h
(m)
3 (m2

q) + πNm(2β0)3

3∑
n=0

c̃n
Γ(ν + 4− n)

Γ(ν + 1− n)
. (A.12)

This gives us numerically the following estimates (we recall that Nf ≡ N` = 3, 4, 5
for c, b, t quark, respectively):

4

3
r3 = 1785.9(Nf = 3) , 1316.4(Nf = 4) , 920.1(Nf = 5) . (A.13)

The principal origin of the uncertainties in these expressions is the uncertainty in the
residue parameter Nm (roughly ±0.020, i.e., less than 4 %), implying an uncertainty
in r3 of a few percent (below 4 %).

An analysis similar to this one has been performed in Ref. [147]. There, however,

the term c̃3 and the coefficients h
(m)
k were not included in the analysis. The results

of Ref. [147] are: (4/3)r3 = 1818.6, 1346.7, 947.9., for Nf ≡ N` = 3, 4, 5, respectively.
These results are by about 2-3% higher than ours [Eq. (A.13)]. In another approach,
applying the effective charge method (ECH) of Refs. [180] to a Euclidean analog of
the quantity mq, an approach using the idea of Ref. [181] extended in Ref. [125] to the
mass-dependent Minkowskian quantities, the authors of Ref. [127] obtained for these
coefficients the estimates 1281.05, 986.097, 719.339, respectively. These quantities are
by about 22-28% lower than ours. On the other hand, the corresponding estimates
in Ref. [125] are 1544.1, 1091.0, 718.74, respectively.4

3We used for the MS scheme coefficient c4 the estimated values (A.6), with c4 = 123.7, 97.2, 86.2,
for Nf = 3, 4, 5, respectively, from Ref. [175]. Simpler Padé-based estimates of c4 were obtained
in Ref. [179]: c4 = 40, 70 for Nf = 4, 5, respectively (and a large negative and uncertain value
c4 = −850 for Nf = 3). The c4 = 40 value (for Nf = 4) in this case differs substantially from the
value c4 = 97.2. If we repeat for the c4 = 40 value (Nf = 4) the same procedure described above,

we obtain c̃4 ≈ 0.0055 (for c4 = 97.2 we got: c̃4 = −0.1610); hence the expressions of h
(m)
k (m2

q)
of Eq. (A.10b) change, and the pole of [1/1]

B
(an.)
S

(b) becomes b ≈ −5.9 (before: b ≈ −0.96), not

close to the theoretical pole b = −1. Furthermore, from the requirement that [2/1]
B

(an.)
S

(b) has the

pole at b = −1 we now get h
(m)
3 (m2

q) = 4.10 (before: −28.28), and using this value of h
(m)
3 in the

Padé [1/2]
B

(an.)
S

(b) we obtain the pole nearest to the origin b = 1.94 (before: b = −1.001). This

indicates that the estimate c4 = 40 (for Nf = 4) is not giving results consistent with the theoretical

expectations of the renormalon structure of B
(an.)
S .

4At the time, the coefficient r2 was not known, and the authors of Ref. [125] used in the estimates
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of (4/3)r3 the analogously ECH-estimated values of (4/3)r2 = 124.1, 97.729, 73.616, respectively (the
exact values are 116.30, 94.21, 73.43).
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Appendix B

Variation of pQCD coupling with
scales and schemes

In this appendix we give the relation between a0 ≡ apt(Q
2
0; c

(0)
2 , c

(0)
3 , . . .) and a ≡

apt(Q
2; c2, c3, . . .), where the latter is expressed as power expansion of the former

a = a0 + a2
0(−x) + a3

0(x2 − c1x+ δc2)

+a4
0

(
−x3 +

5

2
c1x

2 − c(0)
2 x− 3xδc2 +

1

2
δc3

)
+a5

0

[
x4 − 13

3
c1x

3 +

(
3

2
c2

1 + 3c
(0)
2 + 6δc2

)
x2

+(−c(0)
3 − 3c1δc2 − 2δc3)x+

(
1

3
c

(0)
2 δc2 +

5

3
(δc2)2 − 1

6
c1δc3 +

1

3
δc4

)]
+O(a6

0) , (B.1)

where we denote

a ≡ apt(Q
2; c2, c3, . . .) , a0 ≡ apt(Q

2
0; c

(0)
2 , c

(0)
3 , . . .) , (B.2a)

x ≡ β0 ln
Q2

Q2
0

, δck ≡ ck − c(0)
k . (B.2b)

For the purposes of our paper, it is sufficient to consider in the above relation (B.1)
terms up to (including) terms ∼ a4

0.

The three-loop threshold connection of apt in the MS scheme at the threshold scale
µ2

thr = (Kmc)
2 (where K ∼ 1; usually K = 2) can be written as the following relation

between apt(µ
2
thr + 0;Nf = 4) ≡ a+ and apt(µ

2
thr − 0;Nf = 3) ≡ a−:

a+ = a−
[
1 + x1a− + x2a

2
− + x3a

3
− +O(a4

−)
]
, (B.3)
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where

x1 = −k1 , x2 = −k2 + 2k2
1 , x3 = −k3 + 5k1k2 − 5k3

1 , (B.4)

and the coefficients kj were calculated in Ref. [117]

k1 = −1

6
`h , k2 =

1

36
`2
h −

19

24
`h +

11

72
,

k3 = − 1

216
`3
h −

131

576
`2
h +

(−6793 + 281N`)

1728
`h

+

(
−82043

27648
ζ(3) +

564731

124416
− 2633

31104
N`

)
, (B.5)

where `h = ln(µ2
thr/m

2
c) = lnK2, and N` in Eq. (B.5) is the number of light quark

flavors, i.e., N` = 3 in the considered case of transition from Nf = 4 to Nf = 3.
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[57] A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Tran-
scendental Functions, Vol. I , McGraw-Hill Book Company, Inc., New York-
Toronto-London. 1953; note that they use for Liν′ (z) the Lerch function notation:
Liν′ (z) = z Φ(z, ν

′
, 1) ≡ F (z, ν

′
).

[58] A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev, Integrals and Se-
ries, Vol. 3: More Special Functions , New York, Gordon and Breach (1989);
I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, series, and Products , 7th
edition, edited by A. Jeffrey and D. Zwillinger, Academic Press, London, 2007

[59] A. V. Kotikov, V. G. Krivokhizhin and B. G. Shaikhatdenov, arXiv:1008.0545
[hep-ph], Phys. Atom. Nucl. 75, 507 (2012)
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