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Resumen

En esta tesis proponemos un algoritmo eficiente de separacion primal-dual para resolver inclusio-
nes monotonas restrictas que incluyen un cono normal a un subespacio vectorial cerrado. Nuestro
algoritmo incorpora una proyeccién adicional sobre un conjunto de restricciones, el cual representa
informacién a priori en la solucién. Este trabajo se divide en dos partes. En la primera parte,
estudiamos el caso en que el subespacio vectorial es todo el espacio, demostrando convergencia
débil de nuestro método, como también convergencia acelerada y convergencia lineal bajo corres-
pondientes hipétesis adicionales sobre los operadores y parametros del algoritmo. En la segunda
parte, consideramos el caso general y demostramos convergencia débil de nuestro método median-
te la caracterizacién de soluciones de la inclusién, usando la técnica de la inversa parcial de un
operador. La eficiencia de nuestro método se ve reflejada en el contexto de optimizacién convexa
con restricciones lineales afines y de subespacio vectorial. El uso de la informacién a priori per-
mite la factibilidad de las iteraciones primales en un subconjunto de restricciones y el uso de la
inversa parcial de un operador permite explotar la estructura del subespacio vectorial. Estas dos
caracteristicas de nuestro método mejoran la eficiencia con respecto a varios métodos clasicos en la
literatura. Finalmente, también aplicamos nuestro método al problema de asignacion de trafico en
redes de transporte con expansion de capacidad de arco bajo incertidumbre, en el cual mostramos
la ventaja de usar la estructura del subespacio vectorial del problema.



Abstract

In this thesis we propose an efficient splitting algorithm for solving constrained primal-dual mono-
tone inclusions with a normal cone to a closed vector subspace. Our algorithm incorporates an
additional projection onto a set of constraints, which represents a priori information on the so-
lutions. This work is divided in two parts. In the first part, we study the case when the vector
subspace is the whole space, in which we provide weak convergence of our method, as well as
accelerated convergence and linear convergence under corresponding additional hypotheses on the
operators and step sizes of the algorithm. In the second part, we consider the general case and
we demonstrate weak convergence of our method by characterizing the solutions to the inclusion
using the partial inverse operator. The efficiency of our method is illustrated in the context of
convex optimization with affine linear constraints and vector subspace constraints. The use of the
a priori information allows the feasibility of primal iterations in a subset of constraints and the use
of the partial inverse operator allows to exploit the vector subspace structure. These two features
of our method improve the efficiency with respect to several methods in the literature. Finally, we
also apply our method to solve the traffic assignment problem with arc-capacity expansion on a
network with minimal cost under uncertainty, in which we show the advantage of using the vector
subspace structure of the problem.
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Chapter 1

Introduction

This thesis is devoted to the resolution of constrained composite primal-dual monotone inclu-
sions involving a normal cone to a closed vector subspace. The problems of monotone inclusion and
convex optimization have applications in many fields of engineering and applied mathematics, such
as image processing, inclusions and evolution problems, variational inequalities, learning, partial
differential equations (PDE’s), game theory, among others (see [2,3,32,33,40]). In the formula-
tion, we assume that solutions belong to an a priori information set which is modeled by the set
of fixed points of an averaged nonexpansive operator 1. This feature explains the terminology of
“constrained” inclusion. For instance, if T = Py, where C' is a closed convex set, the a priori in-
formation is given by C. On the other hand, if T = (Id +A)~!, where A is a maximally monotone
operator, the a priori information set is A=1({0}) and we aim at solving a common solution of
two monotone inclusions. In addition, in the context of convex optimization, the vector subspace
structure included in our formulation model intrinsic properties of the solution, as regularity in
PDE’s or signal processing, and nonanticipativity in stochastic problems.

In this thesis we propose generalizations to classical primal-dual splitting algorithms for mono-
tone inclusions [12, 14, 46, 48], by introducing additional projections onto the a priori information
set and the vector subspace. We put special attention to convex optimization problems with
vector subspace constraints and a priori information on the solution. In this context, we aim
at developing efficient methods which take into advantage the a priori information on the solu-
tions and the vector subspace structure of the problem and generalize several algorithms in the
literature [12, 14,20, 29, 48].

In the particular case of convex optimization problems with affine linear constraints, the a
priori information may model a selection of the constraints, which leads to a redundancy in the
formulation with numerical advantages. Indeed, the proposed method incorporates a projection
onto the selection of the constraints, which imposes partial feasibility of the primal iterates and
improves the efficiency of the method. In addition, the proposed method exploits the vector
subspace structure via the partial inverse operator, first introduced in [46]. The application of this
technique also shows numerical improvements with respect to available methods in the literature.

In the case when the vector subspace is the whole space and under strong monotonicity as-
sumptions, we prove acceleration of the proposed method by choosing appropriate stepsizes. We
generalize the result obtained in [20, Section 5.1 & Section 5.2] in the optimization context.



The proposed algorithm is applied to several problems as constrained LASSO, constrained ¢!
minimization, and capacity expansion problem in traffic networks. We provide numerical com-
parisons with available methods in the literature in each context [12,20,29, 48] and we show the
advantage of the additional projection onto the priori information set and the partial inverse tech-
nique.

In the engineering application devoted to capacity expansion problem in stochastic traffic net-
works, the vector subspace models nonanticipativity in the expansion decision. We consider dif-
ferent formulations of vector subspaces and we compare our method in each of these formulations
for several random generated instances.

In this chapter we define the main inclusion problem, we briefly review the state of the art
of primal-dual methods for solving monotone inclusions problems and non-differentiable convex
optimization problems, and we discuss the specific objectives of this thesis.

1.1. Notation and Preliminaries

In this section, we define the concepts that were used throughout this thesis, including some
basic facts.

Let H be a real Hilbert space. We denote the scalar product of H by (-|-) and its norm
associated by | -||. The class of bounded linear operators from #H to a real Hilbert space G is
denoted by L(H,G) and if H = G this class is denoted by L£L(H). Given L € L(H,G), its adjoint
operator is denoted by L* € L(G,H). The projection on a nonempty closed convex subset C C H
is defined by Pc: x € H — argmin, . [ly — z|| and its normal cone is the operator defined by

_ < i
Nc:’H:{’H:xHchz{{gueH|(vyec) (uly—a) <0} ifzxeC

ifeéC.

Let M: H = H a set-valued operator. We denote by dom M = {x € H|Mz # @} to the
domain of M and by zer M = {z € H|0 € Mz} to the set of the zeros of M. On the other
hand, we denote by ran M = {u € H|(Izx € H)u € Mz} to the range of M and by graM =
{(z,u) € H x H|u € Mz} to its graph.

The inverse operator of M is defined by M~': H = H: ur {z € H|u € Mx}. The resolvent
of M is the operator defined by Jy; = (Id + M)~! where Id it is the identity operator in H. We
have the following identity

(VA>0) Jypy—1 =Id =AJy-1pr0 (A1), (1.1.1)
which is deduced from [6, Proposition 23.7(ii)]. Also, M is monotone if
(V(z,u) € graM)(V(y,v) € graM) (x —y |u—v) >0 (1.1.2)

and maximally monotone if there exists no monotone operator N: H = H such that graM C
gra N. Or equivalently, if

(V(x,u) € H?) {(z,u) € graM < (V(y,v) € graM) (z—y|u—wv)>0}.
Moreover, M is p-strongly monotone (with p > 0) if

(V(x,u) € gra M)(V(y,v) € gra M) (x —y |u—v) > pllz —y|. (1.1.3)



An operator R: ‘H — H is nonexpansive if
(Ve e H)(Vy € H) |Rz — Ryl < [l —yl|. (1.1.4)

and quasinonexpansive if (1.1.4) is satisfied for every x € H and every y € Fix R := {x € H|Rx =
x}. Moreover R: H — H is strictly quasinonexpansive if

(Vz € H\Fix R)(Vy € FixR) ||Rz —y|| < ||z — y]|. (1.1.5)

An operator T: H — H is a-averaged for some « € |0, 1] if there exists a nonexpansive operator
R: H — H such that T = (1 — o) Id +aR, or, equivalently, if [6, Proposition 4.35]

11—«
|

(Ve e H)(Vy € H) [Tz —Ty|* < |z —yl* - (Id =T)z — (Id =T)y| (1.1.6)

(07

On the other hand, T: H — H is f—cocoercive for some 5 > 0 if

(Ve e H)(Vy € H) (x—y|Tx—Ty) > B||Tz — Tyl (1.1.7)

and is firmly nonexpansive if it is %—averaged7 or equivalently [6, Remark 4.34(iv)], if it is 1-

cocoercive. We have that for every nonempty closed convex subset C C H, P¢ is firmly nonexpan-
sive [6, Proposition 4.16]. Note that a firmly nonexpansive operator is strictly quasinonexpansive.

Let A: H = H be a monotone operator, then for every z € H, Jax is a singleton. Indeed,
let (y1,%2) € H? such that y; € Jax and yo € Jax. Then v —y; € Ay; and & — y € Ays. By
monotonicity of A, 0 < (—y2 +va2 | y1 — v2) = —|ly1 — y2||*>. Hence y; = y2. In addition, if A is
monotone, then J4 is firmly nonexpansive [6, Proposition 23.8(i)]. Furthermore, if A is maximally
monotone, then dom J4 = H [6, Proposition 23.8(ii)].

Let V be a closed vector subspace of . The partial inverse of A: H = H with respect to V,
denoted by Ay, is defined by [46]:

(V(z,y) € H?) y€ Ayx & Pyy+ Pyox € A(Pyaz + Pyoy). (1.1.8)

The parallel sum of two operators A: H = H and B: H = H is the operator defined by
AOB:= (At + B H) L H=H.

Given f: H — [—00,+00], the Fenchel conjugate of f is the function defined by f*: u € H —
sup{(u | z) — f(x) |z € H} € [—o0,+0o0], and if f: H — |—o0,+o0] is proper (i.e. dom f :=
{r e H| f(z) < 400} # @), we define the subdifferential of f as the set-valued operator defined
by

Of HaH:z—{ueH|VyeH)(u|y—=z) < fly) — f(x)}. (1.1.9)

The set of lower semicontinuous, convex and proper functions f: H — ]—o0, +00] is denoted by
I'o(H). On the other hand, a proper function f: H — |—o0,+0o0] is p— strongly convex (with
p = 0) if

(Ve € dom f)(Vy € dom f)(VA € [0,1])  f(Az + (1 = N)y) < Af(x) + (1= A)f(y)

A1 =X
ALy
For every A > 0 and f € TI'o(H), the proximity operator is defined by
2
prox,;: H — H: z + argmin + f(y) ¢ . (1.1.10)
ye’H 2)\



The fact of that the proximity operator is well-defined it follows from [6, Corollary 11.16(i)].

Let f € T'o(H). Then 9f is maximally monotone [6, Theorem 20.25], f* € T'g(H) [6, Corol-
lary 13.38], (8f)~" = af* [6, Corollary 16.30], and (VA > 0) Jrgy = prox,; [6, Example 23.3].
Note that in this case the identity (1.1.1) is read as

(VA>0) proxy;. =Id =Aproxy-1y0(A7"1d). (1.1.11)

When C' C H it is a nonempty closed convex of H, we have that No = 0vc and Jy, = Pc, where

N 0 ifeedl
@ +oo ifz ¢ C.

Moreover, for f and g in I'g(H), we denote by fOg: x — inf{f(y) + g(x — y) |y € H} the infimal

convolution of f and g.

Let see the notion of convex cone. A subset C' C H it is a cone if C = R4, C = {;\x |z €
C' A X > 0}. Then, H is a cone and is easy to see that the intersection of an arbitrary family of
cones is a cone. Therefore, the following notion is well defined. The conical hull of C' is intersection
of all cones in H containing C| i.e., the smallest cone in H that contains C. It is denoted by cone C'.

Let C' be a nonempty convex subset of H. The strong relative interior of C' is
sriC = {z € C| cone(C — x) =span (C — z)}, (1.1.12)

where, for every C' C H, Span C' denote the closure of the vector subspace of H smallest containing
C, that is, the closed vector subspace of H smallest containing C.

Let f and g in Tg(#H). We have that if 0 € sri(dom f* — dom g*), then [6, Proposition 15.7(1)&
Proposition 25.32]

a(f0g) = (9f)0(9g) (1.1.13)
and if 0 € sri(dom f — dom g), then [6, Proposition 15.7(i)& Theorem 15.3]
(f+g)=["0Og" (1.1.14)

1.2. Main Problem

The main problem in this thesis is the following.

Problem 1.2.1 Let ‘H and G be real Hilbert spaces, let V' C H and W C G be closed vector
subspaces, let T: H — H be an a—averaged operator with a € ]0, 1], let L € L(H,G) be such that
ranL C W,let A: H=H, B: G =G, and D: G = G be maximally monotone operators, and let
C:H — H be a f—cocoercive operator. Suppose that A, B~!, and D are p, x, and d—strongly
monotone operators respectively, where (p, x) € [0, +00]? and (6, 3) € ]0, +00]®. The problem is to
solve the primal and dual inclusions

find z € FixT suchthat 0e€ Az + L*((BOD)(Lx)) + Cz + Nyzx (P)

—L*u € Ax + Cx + Nyzx

D
Lz € B~'u+ D™ 1u, (D)

find w e W suchthat (Jz€FixT) {

under the assumption that (P)-(D) admit solutions.



In the case when A = 9f, B = 99, C = Vh, and D = 9¢, where f € I'((H), g € T'v(G),
h: H — R is a differentiable convex function with 3~!—Lipschitz gradient, and ¢ € T((G) is
d—strongly convex for some (4, ) € 10, +oo]2, the Problem 1.2.1, under the corresponding qualifi-
cation conditions

0 € sri(V —dom(f + (¢gO¢) o L))
0 € sri(dom g + dom ¢ — L(dom f)) N sri(dom ¢* — dom £*), (1.2.1)

reduces to the composite constrained convex optimization primal problem

find T € FixT Nargmin f(x) + (¢O0¢)(Lx) + h(x), (1.2.2)
eV

together with the dual problem (by [6, Proposition 13.24(i)&] and (1.1.14))

find w € W Nnargmin g*(u) + (f*Oh* Oy o )(—L*u) + " (u). (1.2.3)
ueg

Indeed, from [6, Proposition 27.1], [6, Theorem 16.47], and (1.1.13) we have that
argmin(f + (900 o L+ h+1y) = zer(df + L* o (9g00¢) o L + Vh + Ny). (1.2.4)

In addition, by [6, Corollary 18.17], Vh is f—cocoercive.

1.3. State of the art

The present section is devoted to review the existing methods in the literature for solving
Problem 1.2.1 in special instances. In addition, we briefly describe the specific objectives of this
thesis.

1.3.1. State of the art for the case V =H

In this section we consider the Problem 1.2.1 when T'=1d, W = G, and V = H. In this case
the problem reduces to the primal-dual inclusion

find x€#H suchthat 0¢€ Az+ L*((BOD)(Lzx)) + Cz, (1.3.1)
—L* A

find we G suchthat (Jz€H) u € Av Ow (1.3.2)
u € (BOD)(Lx)

The previous primal-dual inclusions are studied in [48], where the following algorithm to solve
(1.3.1)-(1.3.2) is provided.

Theorem 1.3.1 [48, Theorem 3.1(i)] Let 2° € H, let u® € G, and let (1,7) €]0,+oc[* such that
2Amin{3,8} > 1, where A = min{r =1,y 1}(1 — /77| L||2). Consider the routine

oF = Joa(2F — 7(L*uF + CzF))
(Vk € N) | % = 22F+1 — 2P (1.3.3)
uktl = J,YB—l(Uk +y(Lz* — D~uF))

Then, there exists (Z,u) solution to (1.3.1)-(1.3.2) such that z* — T and u* — 7.



When B: u — {0} and

g ifu#0,

it follows that BOOD = J,g-1 = D=1 = 0. Therefore, the algorithm (1.3.3) reduces to the classical
Forward-Backward splitting algorithm [3], which converges to a solution of the following inclusion
problem

D:uw{g ifu=0 (1.3.4)

find x €H suchthat 0€ Az + Cx. (1.3.5)
The problem in (1.3.5) has been studied in [3,25,36].

Note that C' and D! are ! and 6! —Lipschitz, respectively. Then, we can use the following
method proposed in [26], which solves (1.3.1)-(1.3.2) when C' and D~! are in general monotone
Lipschitzian operators.

Theorem 1.3.2 [26, Theorem 3.1(ii)] Let v € ]0,(1+ X)~'[, where A = max{1/8,1/6} + ||L||,
let x° € H, and let u® € G. Consider the following routine

pf = Jya(z® —~(Ca* + L*u"))

P = Jyps (6 +(Lak — D-Tuk))

#M = pp —y(Lp5 + Cpy — L*uk — Cat)
ulbtt = pk +y(Lpf — D7'p5 — La* + D~ 1ut).

(Vk € N) (1.3.6)

Then, there exists (T,7) solution to (1.3.1)-(1.3.2) such that z* — % and u* — 7.
When C' = 0 and D is defined by (1.3.4), the algorithm (1.3.6) reduces to the method proposed
first in [14].

Note that although the method (1.3.6) solves a more general case (when C' is Lipschitz), in the
context of our Problem 1.2.1 it does not use the cocoercivity of C' as in the algorithm (1.3.3).

In the context of convex optimization, in this case the problem (1.2.2)-(1.2.3) reduces to the
primal-dual problem

mil;ie%ize f(x)+ (g00)(Lx) + h(z), (Po)
mi%iergize g (u) + (f*OR*)(—=L*u) + £*(u) (Do)

and (P9)-(Dy) can be solved by (1.3.3) and (1.3.6) using Jpy = prox;. A classical method for
solving (Py)-(Dy) is the Alternating Direction method of Multipliers (ADMM) [33]. The ADMM
consider the following equivalent problem

minimize f(z) + (¢O¢)(y) + h(z),

(z,y)EHXG
Lz=y

from which define the augmented Lagrangian:

(V7 >0) Ly(w,y,u) = f@) + (g0O@) +h(@) + {u| Le —y) + |La—y[%  (137)
Given (2°,1°,u%) € H x G x G, ADMM iterates
2P+l = argmin, .4, £ (2, y*, u®)
= argmin, ey {f(2) + h(z) + (u* | La) + || Lz — y*|?}
(Vk € N) | y*™ = argmin, g L, (2", y, uF) (1.3.8)

= argmin g {(g00)(y) — (u* | y) + 3| La*** — g}
WFHL = ok oy (Lo +l — kL,



Note that the first step in the algorithm (1.3.8) is not easy to calculate in general since it depends
on L and f 4+ h. In addition, the algorithm is efficient only in particular cases: when f + h is a
quadratic function, L*L = ald for some o # 0 or L*L is invertible, etc. This disadvantage of
ADMM, in the context of convex optimization, is solved by the algorithms (1.3.3) and (1.3.6) since
they split the influences of L, f, and g(O¢ at each step, simplifying the computation of iterations.
It should be noted that, in this case, the method (1.3.3) exploit the cocoercivity of Vh, while the
method (1.3.6) uses only the fact that Vh es Lipschitz, although the latter implies the cocoercivity
of Vh [6, Corollary 18.17].

When h = 0 and £ = 140y, the problem (7)-(Dy) reduces to

miniegn_[ize f(z) + g(Lx), (1.3.9)
mininglize 9" (u) + f*(—L*u). (1.3.10)
ue

An efficient algorithm for solving the previous problem is proposed by Chambolle-Pock [20], which
provides an accelerated algorithm that has convergence rate of O(1/k) in the case when some of
the non-differentiable functions involved in (1.3.9)-(1.3.10) is strongly convex. More precisely, we
have:

Theorem 1.3.3 Suppose that f and g* are p and x— strongly convez, respectively, where (p,x) €
[0,400])®. Let 20 and T° in H such that 2° = 7°, and let u° € G. Let (Ti)ren and (yi)ren be
sequences in |0, +00[ such that ToYo||L||? < 1, and let (0x)ken CJ0,1]. Consider the routine

uMt = prox,, .. (u¥ + v, LT*)
(Vk € N) 2t = prox,, ¢(zF — 7 L*ub ) (1.3.11)

TR+l = pk+1 + ek(xk-i-l _ xk)_
Then the following holds:

(i) [20, Theorem 1(c)] Suppose that (p,x) = (0,0), To%l||L||> < 1, and 6 = 1. Then there
exists (T,1) solution to (1.3.9)-(1.3.10) such that z*¥ — 7 and u* — 4.

(ii) [20, Theorem 2] Suppose p >0, x =0, and 1ov0||L||* = 1. Define

1
m, Tk+1 = 9k7k7 Yk+1 = ’Yk/ak,

Then (z*) converges with rate O(1/k) to the unique primal solution T € H to (Py). More
precisely, we have (Ve > 0)(INy € N)(VE > Ny)

~ 1+¢ (||J?—a:0|2 HLH2 ~ )
k 2 02
T z||° < + |t —u ,
H | k2 2 g 2 | H

(Vk €N) 6 = (1.3.12)

for some dual solution u to (D).
(iii) [20, Theorem 3] Suppose p >0, x > 0, and 1970/ L||* = 1. Define

2. /7Y
p= ||T7|X' (1.3.13)

If we take 6, = 0 €)1+ p) "1, 1], 7 =7, and v = with

r=2 and y=L, (1.3.14)

2p 2x



we obtain convergence of rate O(w*/2) in the iterations, with w = (14 6)/(2+ u) < 1. More
precisely, for the unique primal-dual solution (Z,%) to (Py)-(Dy), we have

(Vk>1) plla® =& + (1 —w)xllu® —al* < w*(plla” - 2]* + x|Ju® - a[]*).

Suppose that g = ¢y for some b € G in (1.3.9)-(1.3.10). In this case (7o) reduces to the convex
minimization problem with affine linear constraints:
mini%ize f(z). (1.3.15)

AS
Lx=b

Using the identity (1.1.11), we have that prox,, .- = Id —yproxs, o (Id /y) = Id —vb. Then,

for the methods (1.3.3),(1.3.8), and (1.3.11), the dual variable update reads
ub Tt = uk 4 ~(L7* — 1),

where Z* is the iteration associated with the primal solution. Therefore, the constraint is imposed
via the lagrange multiplier update and we do not necessarily have that primal iterations of previous
methods satisfy the affine linear constraint [18] (i.e., Lz* # b). The latter makes algorithms
inefficient in general, as will be illustrated later in the numerical experiences.

If the projection onto L~ ({b}) is computable, we can ensure feasibility in the primal iterations.
Indeed, note that the problem (1.3.15) is equivalent to

inimi -1 Id ). 1.3.1
minimize ¢z @ (@) + f(Id ) (1.3.16)

Then, the algorithm (1.3.11) for solving problem (1.3.16) reads as

uP = prox,, . (uF + 4, z")
(Vk € N) zhtl = PL—I({b})(Ik - TkukJrl) (1317)
fk-i—l —_ xk'H + Qk(xk'H _ l‘k),
Hence, for every k € N, LzF+1 = b. However, Pp-1((p)) cannot always be calculated efficiently or
explicitly, due to the bad conditioning of the matrices involved.

1.3.2. Objectives for the case V =H
The objectives of this first part are the following:

(i) The main objective is propose an efficient convergent algorithm that solves the Problem 1.2.1
in the case V' = H. In the context of the problem in (1.2.2) when T' = P, we expect to
obtain a generalization of [20,29] by including a projection step onto C, which ensures that
the primal iterates belong to C.

(ii) In the context of the problem in (1.3.15), set H = RN, G = RM L € RM*N and b € RM.
Let R € R™N and ¢ € R™ (with m < M) be a selection of rows of L and the corresponding
components of b, respectively, such that Pr-1. is computable. Through the implementation
of a numerical example in (1.3.15), we aim at improving the efficiency of the algorithm
(1.3.11) for solving (1.3.15) by adding the projection onto R~!c in the primal iterates of the
algorithm (1.3.11), which ensures the feasibility of primal iterates in R~ !c.

(iii) Under additional hypotheses on the parameters and operators, study accelerated convergence
and linear convergence of the proposed projected algorithm.



1.3.3. State of the art for the case V C H

Consider a proper closed vector subspace V. C H, T = Id, and W = §G. In this case the
Problem 1.2.1 can be written equivalently as

find z€#H suchthat 0€ Azx+ %L*((QBDQD)(LLC)) + %NV(Id z)+Cx (1.3.18)

—(1/2)L*u € Az + Cx

u € (2B02D)(Lz), (1.3.19)

find we g suchthat (JzeH) {

where we used that, for every A > 0, A(BOD) = (AB)O(AD). Then, the problem (1.3.18)-(1.3.19)
is a particular instance of [48, Problem 4.1] with m = 2, L1 = L, and Ly = Id. Thus, (1.3.18)-
(1.3.19) can be solved from the algorithm in [48, Theorem 3.1]. In addition, since C' is monotone
Lipschitz, we can also apply the algorithm in [26, Theorem 3.1].

The disadvantages of the previous algorithms is that they do not exploit the vector space struc-
ture and use Ny as any monotone operator. By introducing product space techniques, previous
algorithms include additional dual variables, generating high dimensional and slow methods in
general.

When B =0 and D is defined by (1.3.4), the problem (1.3.18)-(1.3.19) reduces to
find z €#H suchthat 0¢€ Az + Cz+ Nyuz, (1.3.20)

which can be solved by [12,13]. In [12], two splitting algorithms are proposed to solve the inclusion
(1.3.20) by characterizing its solutions and taking advantage of the fact that V' is a closed vector
subspace. The first algorithm is the following.

Theorem 1.3.4 [12, Theorem 4.2] Lety € ]0,2[, let o = max {2/3,2v/(v + 26)}, let {\n},en C
10,1/a[, and let (an)nen and (byn)nen be sequences in H. Suppose that

Z An(1l —a),) = o0 and Z An(Jlan| + 1bnll) < +oo.

neN neN
Let zg € H and consider the routine

zr = Py
yr = (T — 21) /7
(Vk € N) | s =z — vPv(Cxg + ag) + Yy
pr = Jya(sk) + by
21 = 26 + M (Pk — Tk)-

Then the sequences (zp)ren and (yx)ren are in V. and V=, respectively, and there are T € H
solution to (1.3.20) and y € V+ N (AT + Py CZ) such that
(i) zx =T and y, — 7.
(i) xp+1 — i — 0 and yer1 — yx — 0.

(iii) > An [Py (Cy — CF)|* < +00.
neN

10



To study the second algorithm in [12], the partial inverse operator of a maximally monotone
operator is introduced to characterize the solutions to (1.3.20). This operator is first defined
by Spingarn [46]. From this characterization, the following theorem provides an algorithm that
converges to a solution to problem in (1.3.20).

Theorem 1.3.5 [12, Theorem 5.2] Let v > 0, let ¢ € 0,max{1,3/v}[, let {0n},cny C

e, (28/7) — €], let {\}nen C [6,1], let mg € V, and let yo € V*. For every n € N, consider
the routine

Step 1 . Find (pn,qn) € H? such that x, — 5, YPyCxp + YYn = P + Yqn and

PVJ-pn )
On .

PVQn
On

+ Pqun cA <Pvpn +

Step 2 Define xp11 = Ty + My (Pydn — @) and Ynt1 = Yn + A (Pyidn — Yn)-
Go to step 1.

Then, the sequences (n)nen, (Yn)nen are in V. and V=*, respectively, and there are T € H
solution to (1.3.20) and y € VX N (AT + Py CZ) such that

(i) xx, =T and y, — 7.
(i) xp+1 — 2 — 0 and yg+1 — yx — 0.

(ZZ’L) PyCx, — PyC7T.

It is important to note that the sequence (d,,)nen in Theorem 1.3.5 can be defined in order to
accelerate the convergence of the algorithm. However, as shown in [46], Step 1 in the previous
Theorem 1.3.5 is not always easy to compute. As a consequence of Theorem 1.3.5 by setting d,, = 1,
we have the following particular case where Step 1 can be obtained explicitly when the resolvent
of A is computable.

Corollary 1.3.6 [12, Corollary 5.3] Let v € 10,28[, let g € V, let yo € V*, let € €]0,1], and
let {\n},en C [e,1]. Consider the following routine.

Sp = Tn — YPyCxy + vyn
Pn = JyASn

Yn+1l = Yn + )\Tn(PVpn *pn)
Tnt1 = T + A (Pypn — Tn)

(Vn €eN) (1.3.21)

Then, the sequences (T, )nen and (Yn)nen are in V and V =+ respectively. Moreover, there are T € H
solution to (1.3.20) and § € VN (AT + Py CZ) such that

(i) xn =T and y, — 7.
(”) Tn4+1 — Tn — 0 and Yntl — Yn — 0.

(ZZ’L) PyCx, — PyCT.

1.3.4. Objectives for the case V C H

The objectives for the second part of this thesis are:

11



(i)

(i)

Characterize the solutions of Problem 1.2.1 in their full generality by using the partial inverse
operator, as it has been used in [1,12,13] for solving particular instances of Problem 1.2.1.

Generalize the results obtained in the case V = H, by considering the a priori information
modeled by FixT and proposing a weak convergent primal-dual algorithm for solving Prob-
lem 1.2.1 separating the iterates that belong to V with those that belong to V=, as it is
shown in algorithm (1.3.21).

The purpose of including the operator T" in the inclusion is the same as in the objectives
of the previous section, i.e., in the case when T' = Px, where C' C H is a nonempty closed
convex, the idea is incorporate this projection in the primal iterates of the proposed algorithm
in order to ensure feasibility in the iterations at least in C' and thus generate more efficient
methods.

Perform numerical experiences applying the proposed algorithm to the context in (1.2.2)
when V is a proper closed subspace, comparing its efficiency with methods already existing
in the literature.

Apply the proposed method to the arc capacity expansion problem in stochastic traffic net-
works and illustrate the advantages of the vector subspace structure of the problem.

12



Chapter 2

Monotone inclusions with a priori
information

2.1. Summary

In this chapter we provide a convergent algorithm for solving the Problem 1.2.1 in the case
when V' = H, which reduces to the following primal-dual monotone inclusion problem

find =z € FixT such that 0e€ Az + L*((BOD)(Lx)) + Cx (2.1.1)
find weW suchthat (JoePixr) { ©USAe+Cw (2.1.2)
u € (BOD)(La).

The operator T represents a priori information on the solutions and has a practical use in the
context of convex optimization. Namely, when T is the projection onto a closed convex set C, the
proposed method allows that primal iterates belong to C.

The main result of this chapter is the following generalization of Theorem 1.3.3.

Theorem 2.1.1 Let vy € ]0,28[ and 79 € |0,20][ be such that

, /1 1\/1 1
I < (TO _ 25) (7 _ 25) (2.1.3)

and let (z°,2°,u°) € H x H x G such that T° = 2°. Let (O)ren, (Vr)ren, and (Ty)ren be sequences
in 0, 1], ]0, 28] and ]0, 28], respectively, and consider

= J,, g1 (uF + v (LT" — D~F))
uk+1 — PV nk—i—l

PPt = T a(x® — 7 (LA kY + Cab))
Ik+1 — Tkarl

(keN) |, _ " (2.1.4)
kT VITeoTe
Tht1 = OkTh
Ve+1 = Y/ Ok

Ek'H — xk—i—l T ek(pk'H _ xk)
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Then, the following hold.

(1) Suppose that (p,x) = (0,0), set 6 = 1, 7 = 7, v = v, and assume that (2.1.3) holds
with strict inequality. Then, there exists a solution (Z,u) to problem (2.1.1)-(2.1.2) such that
ok — T and v — 7.

(11) Suppose that p >0, x =0, D! =0, and assume that (2.1.3) holds with equality. Then for
the unique solution T to problem (2.1.1), we have (Ve > 0)(INy € N)(Vk > Np)

e d+e (]2 —z°  28)L)? e
ot -l < Lt (Bl U o ),

k2 p*7e P2 (28 — 10
where W is a solution to problem (2.1.2).

(1) Suppose that p > 0, x > 0, and define

2./
M—J and a:min{ Hp HX }

L] P+ x+i5

Set 0, =6 € |(1+ )1 1], 71, = 2Bu/(p + 48p), and v, = 26/ (1 + 46X). Then, for the
unique solution (T,u) to problem (2.1.1)-(2.1.2), we have (Vk € N)

(- + 2) ol (o L) ot o

<ot ((or ) 0l + (v 22) 1o =),
where w = (1+6)/(2+ ) E}(lJra)*l,&[,

In the previous results, the weak convergence of the algorithm in (2.1.4) is provided by (1) when
there is no presence of strong monotony in the operators A and B~!. In the case when A is a p—
strongly monotone operator, (11) claims that the sequences generated by (2.1.4) converges in a rate
of O(1/k). Finally, we prove that if A and B~! are p and x— strongly monotone, respectively, we
obtain convergence of rate O(w*), where w € ]0, 1] depends of the parameters of (2.1.1)-(2.1.2).
We observe that the uniqueness of solutions in (11) and (111) is deduced from the strong monotony
of the corresponding monotone operators.

Moreover, by setting T = Id, the proposed method generalizes [48] in the case of monotone
operators, and [29] in the case of convex functions. In addition, when C' = D~! = 0, we have that
B = = +oo. Therefore, (11) and (111) generalizes the results in Theorem 1.3.3 in the cases when
p>0orx>0.

In order to test the efficiency of our method, we compare our algorithm (2.1.4) with respect
the Chambolle-Pock’s algorithm (1.3.11) in the problem of minimize the ¢*-norm subject to affine
linear constraints:

Problem 2.1.2 Let R € R™ ¥ such that ker RT = {0}, let S € R™¥ let ¢ € R™, and let
d € R™. The problem is to

minimize ||z]|; st. Rrx=c¢ and Sz =d,
z€ERN

under the assumption that solutions exist.
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In this application, we consider T' = Pg-1., which is computable by the hypothesis on the matrix
R. The results show that by increasing the number of constraints on which it is possible to project
(i.e. when m increases), the percentage of improvement in the computational time with respect to
the Chambolle-Pock’s method increases.

2.2. Article: “A Projected Primal-Dual Method for Solving
Constrained Monotone Inclusions”

Abstract

In this paper, we provide an algorithm for solving constrained composite primal- dual mono-
tone inclusions, i.e., monotone inclusions in which a priori information on primal-dual solutions is
represented via closed and convex sets. The proposed algorithm incorporates a projection step onto
the a priori information sets and generalizes methods proposed in the literature for solving mono-
tone inclusions. Moreover, under the presence of strong monotonicity, we derive an accelerated
scheme inspired on the primal-dual algorithm applied to the more general context of constrained
monotone inclusions. In the particular case of convex optimization, our algorithm generalizes sev-
eral primal-dual optimization methods by allowing a priori information on solutions. In addition,
we provide an accelerated scheme under strong convexity. An application of our approach with
a priori information is constrained convex optimization problems, in which available primal-dual
methods impose constraints via Lagrange multiplier updates, usually leading to slow algorithms
with unfeasible primal iterates. The proposed modification forces primal iterates to satisfy a se-
lection of constraints onto which we can project, obtaining a faster method as numerical examples
exhibit. The obtained results extend and improve several results in the literature.

2.2.1. Introduction

This paper is devoted to the numerical resolution of composite primal-dual monotone inclusions
in which a priori information on solutions is known. The a priori information on primal-dual
solutions is represented via closed and convex sets in primal and dual spaces, following some ideas
developed in [15,47]. We force primal-dual iterates to belong to these information sets by adding
additional projections on primal-dual iterates in each iteration of our proposed method.

The advantage of our formulation is illustrated in composite convex optimization with affine
linear equality constraints. In this context, the primal-dual methods proposed in [20,21,29,31,35,
37,48] impose feasibility through Lagrange multiplier updates. A disadvantage of this approach
is that such algorithms are usually slow and their primal iterates do not necessarily satisfy any of
the constraints (see, e.g., [18]), leading to unfeasible approximate primal solutions. By projecting
onto the affine subspace generated by the constraints, previous problem is solved. However, in
several applications this projection is not easy to compute because of bad conditioning on the
linear system (see, e.g. [17]). In this context, the a priori information on primal solutions can be
set as any selection of the affine linear constraints. Indeed, since any solution is feasible, we know
it must satisfy any selection of the constraints. Even if in the previous context the formulation
with a priori information may be seen as artificial, it allows us to propose a method with an
additional projection onto an arbitrary selection of the constraints, which improves its efficiency
(see Section 2.2.5). This method forces primal iterates to satisfy the selected constraints, which
can be chosen in order to compute the projection easily.

In this paper, we provide a new projected primal-dual splitting method for solving constrained
monotone inclusions, i.e., inclusions in which we count on a priori information on primal-dual solu-
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tions. We also provide an accelerated scheme of our method in the presence of strong monotonicity
and we derive linear convergence in the fully strongly monotone case. In the case without a priori
information, our results give an accelerated scheme of the method proposed in [48] for strongly
monotone inclusions. A similar approach in the case without a priori information is used in [9]
with a different way to set the step-sizes in order to exploit the strong convexity of the problem.
In the context of convex optimization, our method generalize the algorithms proposed in [20, 29]
and [37] without inertia, by incorporating a projection onto an a priori primal-dual information set.
Our method is applied in the context of convex optimization with equality constraints, when the
a priori information set is chosen as a selection of the affine linear constraints. The advantages of
this approach with respect to classical primal-dual approaches are justified via numerical examples.
Our acceleration scheme in the convex optimization context is obtained as a generalization of [20],
complementing the ergodic rates obtained in the case without projection in [21] and, as far as we
know, have not been developed in the literature and are interesting in their own right.

The paper is organized as follows. We set our notation and we give a brief background in
Section 2.2.2. We propose our algorithm and the main results in Section 2.2.3, together with
connections with existing methods in the literature. In Section 2.2.4, we apply previous results
to convex optimization problems with equality affine linear constraints. Numerical experiences
illustrating the improvement in the efficiency of the algorithm with the additional projection are
performed in Section 2.2.5. We finish with some conclusions in Section 2.2.6.

2.2.2. Notation and Preliminaries

Throughout this paper, H and G are real Hilbert spaces. We denote the scalar products of
H and G by (- | -) and the associated norms by || - ||. The projector operator onto a nonempty,
closed, and convex set C' C H is denoted by Pc and, for a set-valued operator M : H == H, we
use ran(M) for the range of M, gra(M) for its graph, M~ for its inverse, Jy;y = (Id +M)~! for
its resolvent, and O stands for the parallel sum as in [6]. Moreover, M is p-strongly monotone
for p > 0 iff, for every (z,u) and (y,v) in gra(M), (z —y | u—v) > p|lz —y||?, it is p—cocoercive
iff M~ is p—strongly monotone, M is monotone iff it is p-strongly monotone with p = 0, and it
is maximally monotone iff its graph is maximal, in the sens of inclusions in H x H, among the
graphs of monotone operators. The class of all lower semicontinuous convex functions f : H —
(—00, +00] such that dom(f) = {x € H: f(x) < +o0} # @ is denoted by I'o(H) and, for every
f € To(H), the Fenchel conjugate of f is denoted by f*, its subdifferential by df, and its proximity
operator by proxy, as in [6]. We recall that (0f)~' = 9f* and Jy; = prox;. In addition, when
C C H is a nonempty, closed, and convex set, we have that Jp,, = prox,, = Pc, where ¢ is
the indicator function of C, which is 0 in C' and 400 otherwise. Moreover, for f,g € To(H), we
denote by fOg: @ — infyey (f(y) + g(z — y)) the infimal convolution of f and g. Moreover,
if 0 € sri(dom f* — dom g*), where sriC stands for the strong relative interior of a nonempty
set C' C H, we have 9(fOg) = (0f)O(9g) [6, Proposition 15.7(i)& Proposition 25.32]. Given
a €]0,1[, an operator T: H — H satisfying FixT # @ is a—averaged quasi-nonexpansive iff, for
every € H and y € Fix T, we have || Tz — y||* < ||z —y||* — (:52)[lz — Tz||>. We refer the reader
to [6] for definitions and further results in monotone operator theory and convex optimization.

2.2.3. Problem and Main Results

We consider the following problem.

Problem 2.2.1 Let T: H — H be an a—averaged quasi-nonexpansive operator with « €]0, 1, let
V be a closed vector subspace of G, let L: H — G be a nonzero linear bounded operator satisfying
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ranL C V,let A:H = H and D: G = G be maximally monotone operators which are p and
d—strongly monotone, respectively, and let B : G = G and C': H — H be x and —cocoercive,
respectively, for (p, x) € [0, —|—oo[2 and (4,3) €10, +oo]2. The problem is to solve the primal and
dual inclusions

find 2 € FixT suchthat 0€ Ai+ L*(BOD)(Lz) + Ci& (P)
—L*t e Az + Cz

@€ (BOD)(Lz), (D)

find 4€V suchthat (32 €FixT) {

under the assumption that solutions exist.

When A = 9f, B = dg, C = Vh, and D = 9¢, where f € T'o(H), g € T9(G), h: H - Ris a
differentiable convex function with 3~!—Lipschitz gradient, and ¢ € T'o(G) is §—strongly convex,
Problem 2.2.1 reduces to

find #e€FixTnN armgen;in F(z) := f(x) + (¢0¢)(Lx) + h(zx) (Po)

together with the dual problem

find @€V Nargming®(u) + (f*OR*)(—L u) + £*(u), (Do)
ueg

assuming that some qualification condition holds. Note that, when T' = Py, any solution to (P)
is a solution to mingex F(x), but the converse is not true. The set X in this case represents an
a priori information on the primal solution. As you can see in the next section, an application of
this formulation is constrained convex optimization, in which X may represent a selection of the
affine linear constraints. Even if, in this case, the formulation can be set without considering the
set X, its artificial appearance has a practical relevance: the method obtained include a projection
onto X which helps to the performance of the method as stated in numerical section.

When p=x =0,V =G and T = Id, (Py)-(Dy) can be solved by using [26, Theorem 4.2]
or [37, Theorem 5]. In the last method, inertial terms are also included. In the case when ¢£* = 0,
the algorithm in [29] can be used and if £* = h = 0, (Py)-(Dy) can be solved by [14,20] or a version
of [20] with line-search proposed in [38]. In [20], the strong convexity is exploited via acceleration
schemes. Moreover, when T" = Px, X C H is nonempty, closed and convex, V = G and £* = h =0,
(Po)-(Dy) is solved in [18, Theorem 3.1]. When p > 0 or x > 0, ergodic convergence rates are
derived in [21] when V = G and T =1d. In its whole generality, as far as we know, (Py)-(Dy) has
not been solved and strong convexity has not been exploited.

In Problem 2.2.1, set T = Id, and, for every i € {1,...,m}, let L;: H — G; be linear and
bounded, B;: G; = G; and D;: G; = G; be maximally monotone operators such that D; is
strongly monotone, let w; > 0 be such that ZZ’;I w; = 1, and set

V=G=G1®---0Gn
L:H—G:o— (Lha,...,Lyx)
B: (u1,...,Um) = w1 Biug X - X Wy B,
D: (ugy.. . tum) = wiDiug X - X Wy Dyt
Then, Problem 2.2.1 reduces to [26, Problem 1.1] (see also [48, Problem 1.1]). We prefer to set

m = 1 for simplicity. In [26], previous problem is solved when C is monotone and Lipschitz by
applying the method in [47] to the product primal-dual space. Accelerated versions of previous
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algorithm under strong monotonicity are proposed in [10] and a different approach for exploiting
strong monotonicity is used in [9] in this case. An inertial version in the previous context is
developed in [8]. The cocoercivity of C is exploited in [48], where an algorithm is proposed for
solving Problem 2.2.1 when p=x =0,V =G and T = Id. In the following theorem, we provide
an algorithm for solving Problem 2.2.1 in its whole generality with weak convergence to a solution
when the step sizes are fixed. Moreover, when A or B~! are strongly monotone (p > 0 or x > 0),
we provide an accelerated version inspired on (and generalizing) [20, Section 5.1]. Finally, we
generalize [20, Section 5.2] for obtaining linear convergence when p > 0 and x > 0.

Theorem 2.2.2 Let vy €]0,20[ and 19 €]0,25] be such that

1 1 1 1
i< (z-5) (G- %) (22.)

and let (2°,2° u%) € H x H x G such that z° = 2°. Let (0)ren, (Yr)ken and (Ti)ren be sequences
in ]0,1], ]0, 28] and ]0,20[, respectively, and consider
Mt = Lot + e (La* — D7)
=Py
(Vk € N) p’;;ll = Jfk,égk — i (L*ub+ 4 Ozb)) (2.2.2)
%k-&-l S O (p"H! — k).
Then, the following hold.

(1) For every k > 1 and for every solution (&,4) to Problem 2.2.1, we have

E_ A2 E A2 1 a2
¥ — u® —u -z 2 /1 1
It =2 I o BB e (L L)
Th Vi Th T 208
||77’“CJrl —ﬁH2 k+1 k2 ( 1 1 >
+ 2xye + DI R et ) (= = =
(2xm + 1) o In [ %
+ 2<L(pkJrl — ;vk) | 7]]”1 — ﬁ> - 20k_1<L(pk — xkil) | nk — 11>
— 20k 1| L|l|Ip* — 2| InF T — W (2.2.3)

(11) Suppose that (p,x) = (0,0), set O =1, 7, = 7, v = v and assume that (2.2.1) holds with
strict inequality. Then, there exists a solution (Z,) to Problem 2.2.1 such that x* — % and
uf — a.

(111) Suppose that p >0, x =0, and D~! = 0. If we set

1
(VkeN) 6, = Vi Tht1 = ks Vet1 = Yo/ Ok, (2.2.4)

and we assume that (2.2.1) holds with equality, we obtain, for every solution (Z,4) to Prob-
lem 2.2.1, (Ve > 0)(INy € N)(Vk > Np)
2)
(1v) Suppose that p > 0 and x > 0 and define

2 1+6<Hx0—33| 26 L||?
<
2,/
M—J and a:min{ 1P X } (2.2.5)

2

Ha:k—a?

) Huo_ﬂ

k? P73 p*(28 — 1o
— Azl pP+45 X+ 15
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If we setGkEGE](l—i—a)_l,lL T =T and Y, = v with

26 200
=7 d ~= , 2.2.6
ptagp T it oy (2.2.6)

we obtain linear convergence. That is, for every k € N,
I 112
(X(l—w)—kE) +(p+46>||x — &

<ot (e )

where w = (1+6)/(2+a) € |(1+a)71,0].

(o) b -al).

Proof. (1): Fix k € N and let (Z,4) be a solution to Problem 2.2.1. We have & € FixT, 4 € V
and, using BOD = (B~' + D71)7!, we deduce —(L*@ + C%) € A% and LZ — D~ '4 € B~ 4.
Moreover, it follows from (2.2.2) that

xk;]:k‘“ Lkt — Oz € Apk+1 0o
T 227
Therefore, since A and B~! are p and y-strongly monotone, respectively, we deduce
k_ o k+1 k_
<$ p _L*(uk+1_a) pk+1_A>+<U n +L(§:k_i) nk+1_A>
Tk Yk
—(C2¥ —Cz | p" — &) — (D" — Dt | gt —a)
~112 N
> p [P =2+l —al? (2.2.8)
The cocoercivity of C and D~!, and ab < Ba? + b?/(4f3) yield
(Cab — Ca | pFt! —3) = (Ca¥ — O | pFH! — ) + (C2F — C3 | 2F — )
> —||Ca® — Ca||[p"*! - 2| + B||Ca* — Ca?
a2
- 4/3 3
and, analogously, (D~ u" a|ntt —a) > —W. Hence, by using [6, Lemma 2.12(i)]
n (2.2.8), we deduce
k_ 412 k_ 2
zh— 3 uf— 4 A )
H ” + ” H <2p+ ) Hpk-i-l ! + (2X+ ) ||77k+1 _u||2
Tk Tk Yk
+ 2 [<L pkJrl ) |uk+1 11> <L(:17 ) |17’CJrl A>}
1 1
k:+1 k: 2 kJrl k 2 ). 229
et (Do ) et (B ) 22
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Moreover, (2.2.2), ran(L) C V and (u* —n*)i>1 C V* yield, for every k > 1,

(L™ =) | o —a) = (L@E" = 2) 9" —a)

_ <L(pk:+1 _ ) | whtl 7ﬂ> _ <L(ack 7@ | nk+1 7a>
— -1 (L(" — 21 [ 9P — @)

= (LM =2 | g =) = 01 (L(PF — 2570 | T — )

_ <L(pk+1 — k) [kt - i) — Op 1<L(pk gk ly | gt - uk>
— Op—1 (L(p" — 2 1) | nF — @)

> (L —a®) [ —a) = e | L[Ip" — 2"l =P
— 05— 1<Lp—z )\17 —u>

which, together with (2.2.9), yield (2.2.3).

(11): For every k € N, it follows from Theorem 2.2.2((1)), p=x=0,0, =1, 7 =7, % =7

e N 1/ O et G Bt et G
T y o T « T v
||77k+1—ﬁ||2 k+1 ez (L 1 k+1 k2 (1 1
B LA B ) R VA G
+ 2<L(pk+1 . xk k+1 > 2<L(pk . mk—l) | 77k . a>
—2||L|l|]p* — ="~ 1||H77’<+1 —u¥|
B2 [t — | 111
+ U CE e )
T y vo20 v
1—a« ka _ k112 k+1 _ i 2 1 1
o T % T 20

+2<L(pk+1 —xk) | 77’”1 u> — 2<L pF — 2k ) | 1] - u>
—v|[L|P[p" — 2%, (2.2.10)

> Il

where the first inequality follows from the a—averaged quasi-nonexpansiveness of T and the
firm nonexpansiveness of Py, and the last inequality holds for every v > 0. If we let ¢ =

K% — %) (% - —) IIL|| ] (25 T) > 0, and we choose v = (% — 5 — €)' > 0, we have
v|[L||? = (% - 25) — ve(L 35)- Hence, from (2.2.10) we have

T T

2
xT

& — T—a\ lzk — k12 lluk — k)2
. o (L) R o
T T (&% T Yy

1 _
Fellt P v (- o) It - ot @210

|| k+1 5,

where, for every k € N,

E__ a2
1o I =il
v

_ . 1 _
AL~ | )+ (3 g ) - ot
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Note that from (2.2.1) we have, for every k € N,

k;fﬁ 2 . L 2
T, > In . [ +2<L(pk7xk71)|nk7u>+ 1|| ||1 ”pkf
T (-4)
>H77k*ﬁ”2 U L(pF — k1 E__ a LI2lpk — k=12
2T+ (L@" =" 1) [ 0" = a) + Y| L7 [lp" — 2|
1 . _
> ;Hn’“ —a+7Lp" -2 >0,

xk71H2

and, hence, from (2.2.11) we deduce that (Tj, + ||p* — #|2/7)ren is a Féjer sequence. We deduce
from [6, Lemma 5.31] that (7*)zen and (p*)ren are bounded,

k+1

zF —pF =0, uk—nk—>0, n —u* =0, and pF—ab-

Lo (2.2.12)
Therefore, there exist weak accumulation points  and @ of the sequences (p*)reny and (7%)ren,
respectively, say p*» — Z and n*» — @ and, from (2.2.12), we have u*» — @, uF»+1 —~ g phr — 7,
phntl ~ gz gke=l ~ 7 and zFr = gk 4 pFn — 2F»~1 ~ 7. Since T and Py are nonexpansive,
Id —T and Id — Py are maximally monotone [6, Example 20.29] and, therefore, they have weak-
strong closed graphs [6, Proposition 20.38]. Hence, it follows from (2.2.12) that (Id —T)p* — 0
and (Id —Py)n* — 0 and, hence, (Z,u) € FixT x V. Moreover, (2.2.7) can be written equivalently
as
(,Ukn’wk?n) c (M + Q)(pkn"l‘l’nkn"rl)’

where M : (p,n) — (Ap + L*n) x (B~'n — Lp) is maximally monotone [14, Proposition 2.7(iii)],
Q: (p,n) — (Cp, D7) is min{f, § } —cocoercive, and

=
wk = uk—g"“ + L(xk _pk+1 +pk - xk—l) + D—lnk+1 _ D lyk.

{Uk — zltopttt LH(uF ! — g tl) 4 Ophtl - Ok

It follows from [6, Corollary 25.5] that M + @ is maximally monotone and, since (2.2.12) and the
uniform continuity of C, D and L yields v*» — 0 and w*» — 0, we deduce from the weak-strong
closedness of the graph of M + Q that (Z, @) is a solution to Problem 2.2.1. Let (&, %) be a solution
to Problem 2.2.1 and consider the Hilbert space ‘H & G with the following inner product:

((I): (He g =R
((z,u), (2, u))) — % (x,2') + % (u,u’y, (2.2.13)

and the succession defined by:

2

Hpk—ff k. k NP/
(VkeN) ag:="Tp+ = (", n") = (2,0) 300
1 1
k k— ko k k—
FALOF = [ =)+ (5 - g0 ) Ik - ot

By (2.2.11), it follows that (ay) is decreasing and, therefore, it converges. Furthermore, by (2.2.12),
the last two terms of (aj,) converge (to zero). Then, [ (p¥,n*) — (2, 4)||3,qq also converges. Thus,
by the Opial’s lemma [42], there exists (%, @) solution to Problem 2.2.1 such that (p¥,7n*) — (2, 4).
Then, 2* = 2F — pF 4 p* — & and v = u¥ — 9% 49 — 4.
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(11): Fix k € N. Since p > 0, § = 400, x = 0, we obtain from Theorem 2.2.2((1))

2k — 2112 uF — a2 r k+1 _ 412 k+1 _ 412
e N Ul RPN SE st N TN st
Tk V& Tk Tk+1 Tk Ve+1
+ 2<L(pk+1 _ l'k) | ,r}kJrl _ a> _ 20k—1<L(pk _ zkfl) | ,r]k _ a>
kb1 kg2 (L1 _ 02 LIl — k=12 9.9.14
# I = (= ) = O n P - 2 221

where we use 2ab < a?/v + vb%. Moreover, it follows from (2.2.4) that

1
(k€ N) (14 2pm) 2 — (14 20m)8, = — = 4L
Tk ek ’)/k

which, combined with (2.2.14), yields

E_ A2 ka2 k+1 A2 k+l o2
¥ -z u® —1u 1 -z -1
| [ [ (IIp [ I )

Tk Vi O Tyl V41
+ 2<L(pk+1 o {Ek) | 77k-‘rl o ,&> o 29k71<L(pk _ :Ek_l) | nk _ ,&>
AR ATE O S S WY LI2IIpkE — zF=112 291
i | ( 2/3) e 7 e (22.15)
Now define ) )
kA kA
(VkeN) Ay = = 2] | [lu*—a (2.2.16)
Tk Yk

Dividing (2.2.15) by 7% and using 07 = Tg+1, we obtain from the nonexpansivity of Py and T
that

A  Appr | 2 " 2 - X
fzi—k—(L(pk“—x’“)|nk+1—u>— (L(pF — ¥ 1) | pb — )
Tk Tk+1 Tk Tk—1
k+1 k|2 k k—1)|2
Ip"* — " i o Ip* — 27|
— |1 -= ] - L|*———. 2.2.17
+ 72 ( 25) Y Tr|| L] 7z ( )
In addition, (2.2.1) with equality reduces to
1 1)\ 1 To
LPP=(—-=)— < LIP=(1-2%]). 2.2.18
= (- 55) % & izl (1-32) (22.18)
Since, for every k € N\ {0}, vk = Y070 and (7 )ken is decreasing (see (2.2.4)), we have from
(2.2.18) that
L2 =qonllL)? = (1-22) < (1- %2 2.2.19
w2l =sonllofP = (1= 75) < (1- 721, (22.19)
and (2.2.17) yields
2
Ak . Ak-}-l Hpk-l-l _ ka % ||pk _ Z‘k_lH2 Th—1
— = + 3 =z )= (- =5
Tk Tht1 T 25 TE 4 20
2 2
+ f<L(pk+1 — a:k) | pktt — 11> - <L(pk — xkil) | nk — ﬁ>. (2.2.20)
Tk Tk—1
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Now fix N > 1. By adding from k = 0 to k = N — 1 in (2.2.20), defining p° := 2°, 27! := 2%, and
T_1 := 79, we obtain from u" = Pyn", and ran L C V that

N _ ,.N—1[2
A(JZA]V+W<1_77;;>+2<L(pN_xN—l)|uN_a>

T0 TN TN-1 TN -1
AN L 2 N
> Ay JL, [

™ (1-55)

LN TN I [ =@
—_ N — TN—1
TN (1- 28 ) YN

2 N a2
) > Iz . il (2.2.21)
™~

where the last inequality follows from (2.2.19) and (2.2.16). Multiplying (2.2.21) by 7% and using
(2.2.18), we conclude that

2 2 — || L|? X
||JCN_:CHST;V<|\T5 *u{” [ — 4

- 2) . (2.2.22)
%)

The result follows from limy_,o, Np7y =1 [20, Corollary 1].

(1v): Fix k € N. Note that (2.2.6) yields (g - %) (5 - ?15) — |L|). From (2.2.9), u*+! =

Pyn**! and ran L C V, we have
o —a* " — 2" [ph ! — 22 I+ — af?
> (2 1 2 1
P = G e
2
I A S R el Sy S
2 T 2 2 )
+ (L(pFTt —7*) | pFtt —a). (2.2.23)
Hence, by defining
(VkeN) Q4 := (X + ﬂ) b — a2+ (p+ £ ) Ja* — 22 (2.2.24)
45 43 ’

multiplying (2.2.23) by u and using (2.2.5), (2.2.6), u**! = Pyn**! ran L C V, and the nonex-
pansivity of T and Py, we have

Qe > Q1 + pup|[p" = 2" + ||t — @) + p|p*H - 2F||
JrXanH _ uk||2 +M<L(pk+1 7#) | nk+1 . ﬁ>

> (14 a)Qpq1 + p||pk‘L1 - kaQ + x”uk+1 — ukH2
+ (LT —7) | P — @), (2.2.25)
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Moreover, for every w, A > 0 we have

M<L(pk+1 ) | k+1 f[,>

k+1 k k+

= (LM =) [ —a) — pb(L* — ) | WM 4
= p(LP*T — %) | —a) —wp(L(p" — 2" | uF - a)
w,u<L(p gkt |uk+1 Wk
(- ><<k 1) )
> (L — |u o a) — wp(L(pF — 2FY) | uf — )

Hp — )
—wmu( L

Al =l
—(G—w)MIILH( e

= p(LP" = 2b) | WP — i) —wp(Lph — ") | uF —a)

o =t 7wl - ]
oz = =
ot i
(0wl (2.2.26)
By choosing A = w\/z, from (2.2.25), (2.2.26) and (2.2.5), we obtain
Q> it + <1 +a— 1) Qi1 erHpk+1 — ZL’k||2
w w
+ ,u<L(pk+1 — Py [ uPtt — a) — w,u<L(pk e N T @) (2.2.27)
—whp|p* — l,k71||2 _ <9w“’) X || - u||2
Since 6 € |(1 + «)~*, 1], by setting w = ;—I-ﬁ €](1+a)™,6[, we have 1 + a — % _ 9;0.) > 0.
Hence, since (2.2.24) yields Q41 > x [[uf*? — AH , from (2.2.27) and 6 < 1 we have
Qk 2 : _12
S i (2229

-|-,u<L AR )|uk+1—ﬁ>—wu<L(p e T —a).

Moreover, using p® = 2% =: =1, multiplying (2.2.28) by w™* and adding from k =0to k = N —1,
we conclude from the definition of p that
Q> w Ny +w Ny ||pN _ xN—le +Mw—N+1<L(pN _ xN—l) | uN — ﬁ>

>w Ny +w N, ||pN _ N—1H2

gy (R )

2

)

=w Ny —w Nt XHU —ﬁ‘
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or, equivalently,

(e g5 -

2+( 4%) o =4 2)

> (X(l —w)+ 45) lu® —

2

which proves the linear convergence since w < 6 < 1. J

Remark 2.2.3 (1) Note that condition (2.2.1) implies that the whole sequence satisfies

, (1 1\/1 1
e = (-5 (£-3)

under the additional assumptions on the sequences (yx)ren and (7x)keny made in each part.

(1) In the case when T'=1d, V = G, A+ C is strongly monotone, and C is monotone and
B~!—Lipschitz, different step-sizes are considered in [9]. The choice of step-sizes in [9] coincide
when C = 0, but the sequence (0x)ren is strictly larger that our sequence for the same 79
when C' # 0. Therefore, for the same initial 79 > 0, our step-sizes (7 )ren are smaller than
those in [9], leading to a better estimation when C' is cocoercive.

(1) Condition (2.2.1) is weaker than the condition needed in 48] Indeed, this condition in
our case reads 2pmin{f3,d} > 1, where p = min {7,771} (1 - \/T’YHL‘ ), which implies
2min{é, 8} > % > max{vy, 7},

(1 - 26) > VPl and  (1- ) > VAL,

Thus, by multiplying last expressions we obtain

(1-55) (1= 55) > mliP

which implies (2.2.1). Our condition is strictly weaker, as it can be seen in Figure 2.1, in
which we plot the case |L||=1and § =5 =0b, for b=1,b=1/2 and b = 1/4. That is, we
compare regions

R, = {(T,»y) e [0,20] x [0,20]: min{1 _T\/ﬁ, ! _;/ﬁ} > 2117}

So={rneo2xp.28: (1- ) (1-2) >}
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Figure 2.1: We plot regions Ry, in blue and Sy, in orange. Left: case b = 1, Center: case b = 1/2,
Right: case b = 1/4. Note that in the case 7 = 7 the regions coincide.

(v) Tt is not difficult to extend our method by replacing the averaged quasi-nonexpansive operator

(vin)

T by (ak)ren—averaged quasi-nonexpansive operators (T )gen varying at each iteration and
satisfying supyey ar < 1. Indeed, as in [25], we have to assume that z* — Tjz® — 0 and
2 — 1z implies © € NpenFix Ty, which is satisfied in several cases. In particular, if
we set, for every k € N, 7, €]0,2¢[ and T} := Jy pm(Id =, N), where M: H = H is
maximally monotone and N: H — H is &-cocoercive, we have that Ty, is v /2 —cocoercive
and Ngen Fix Ty = zer(M + N). Therefore, our method using these operators leads to the
common solution to zer(M + N) and zer(A + L* o Bo L 4+ C). Previous example can also be
tackled by Theorem 2.2.2 if we use v, = and Ty, =T := Jya(Id —yN). We prefer to keep
the constant operator case for avoiding additional hypotheses and for the sake of simplicity.

The method proposed in [10] is an accelerated version of the method proposed in [26] under
the assumption that A+ C' is strongly monotone. Of course, this weaker assumption can also
be used in our context, but we prefer to keep the statement of Theorem 2.2.2 simpler.

Theorem 2.2.2((111)) generalizes the acceleration scheme proposed in [20] to monotone inclu-
sions with a priori information and we obtain an accelerated version of the methods in [48]
in the strongly monotone case when 7" = Id and V = G. These accelerated versions, as far
as we know, have not been developed in the literature.

In the context of primal-dual problem (Pg)-(Dy), (2.2.2) reduces to

77’f+1 = Prox., - (uk + ’yig(Lfk - Ve (uk)))

w1l = py k1
(Vk € N) p"t = prox,, ; (aF — 7 (L*uFt! + Vh(2h))) (2.2.29)
S AL |
p
ph+l = pk+1 4 ek(pk+1 _ fk)’

and our conditions on the parameters coincide with [21,37]. Without strong convexity of f
and g*, we deduce from Theorem 2.2.2((11)) the weak convergence of the sequences generated
by (2.2.29), generalizing results in [18,29,37]. When f or g* is strongly convex, Theo-
rem 2.2.2((111)) yields an accelerated and projected version of [29]. When V =G and T =1d,
this result complements the ergodic convergence rates obtained in [21] and generalizes [20].
When ¢* =0,V =G, T=1d, and f and ¢g* are strongly convex, Theorem 2.2.2((1v)) yields
non-ergodic linear convergence of [29], complementing the ergodic linear convergence in [21].
The advantage of the algorithm (2.2.29) with respect to [20,29] is that primal-dual iterates of
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the former are forced to be in X x V when T' = Px. This feature leads to a faster algorithm in
the context of constrained convex optimization, by choosing X to be some of the constraints.
This can be observed in the particular instance developed in [18] and in Section 2.2.4, in
which we provide some numerical simulations.

2.2.4. Application to Constrained Convex Optimization

In this section, we explore the advantages of the proposed method in constrained convex opti-
mization.

Problem 2.2.4 Let f € To(RY), let R and S be m x N and n x N real matrices, respectively,
and let ¢ € R™ and d € R™. The problem is to

min f(z) st. Rr=c Sz=d, (2.2.30)

z€RN

under the assumption that solutions exist.

Note that (2.2.30) can be written equivalently as min,cg~ f(x) +tgpy (L), where L: x — (Rx, Sx)
and b = (¢,d) € R™™. Assume 0 € sri(L(dom f) — b). Note that, since ProX,,: = = Id —~b
[6, Proposition 24.8(ix)], the method proposed in [20, Algorithm 1] in this case reads: given
20 =2 H and u° € G,

uFtl =P (L% —b)
(Vk € N) okl =pr o (@ xk — T LFk ) (2.2.31)
gl =gkt gk,

where y7||L||> < 1. The constraint is imposed via the Lagrange multiplier update in the first step
of (2.2.31). This implies that the primal sequence {x*}.cy does not necessarily satisfy any of
the constraints. For ensuring feasibility, we should project onto L~!b by considering the problem
mingcpny f(x) + tp—15(z). However, this is not always possible since, in several applications, the
matrices involved are singular or very bad conditioned (see discussion in [17,18]). If it is difficult
to compute P71, but we can project onto R™1c, we can rewrite (2.2.30) as the problem of finding
& € Fix Pp-1.Nargmin, cpn f(2)+tgpy (L), whichis (Pg) when T' = Pg-1., h = 0,£ = 17y and g =
tgp}- Next corollary follows from Theorem 2.2.2, (2.2.29) and Pg-1.:  — x— R*(RR*)"'(Rx —¢),
when RR* is invertible.

Corollary 2.2.5 Let v >0 and 7 > 0 be such that y7||L||* < 1 and let (2°,7° u®) € RN x RV x
R™*" be such that x° = 2°. Consider the routine

uFtl = 4 ~(LzF —b)
karl — pI‘OX % k _ +L*u k+1)

(Vk S N) $k+1 — k;+1 R*(RR*) (Rpk-',-l _ C) (2232)
.’i‘k+1 — xk-‘,—l _|_pk+l .

Then, there exist a solution & to Problem 2.2./ and an associated multiplier @ such that =¥ — &
and v* — 4.

2.2.5. Numerical Experiences

In this section, we consider some particular instances of Problem 2.2.4. We consider the case
when f = || - |1 € To(RY), N = 1000, 7 = ﬁ and the relative error in (2.2.32) is 7, =
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\/Iuk+1uk|2+|xk+l$kl2, for every k € N. We set v = 1072 and (2°,2°,u") = (0,0,0) € RY x

Tk |2+ [*]*
RY x R™*" and, in each test we show the average execution time and the number of average
iterations of both methods, obtained by considering 20 random realizations of matrices R, S and
vectors ¢ € R™ and d € R™. The random generated matrices and vectors are obtained via the
rand function of matlab. PCP and CP denote the algorithms (2.2.32) and (2.2.31), respectively.

Test 1. In Problem 2.2.4; Table 2.1 show the efficiency of CP and PCP for the case m = 1 and
n = 100.

Table 2.1: Average time and number of iterations when m = 1 for obtaining r; < e.

m—1 n—100 e=10"" e=5-10""° e=10"°
' iter | time (s) | iter | time (s) | iter | time (s)
PCP 9265 22.28 14570 37.02 46191 116.26
CP 9732 23.04 15718 39.21 50544 | 125.49
Y%improv. 4.8 3.3 7.3 5.6 8.6 7.4

We see that both algorithms are similar in terms of the execution time and the number of
iterations, with a small advantage for the PCP algorithm. In addition, by decreasing the tolerance
e, the percentage of improvement, computed as 100 - (zcp — pcp)/zcp, slightly increases.

Test 2. In Problem 2.2.4, Table 2.2 show the efficiency of CP and PCP for the case m = 10
and n = 100.

Table 2.2: Average time and number of iterations when m = 10 for obtaining 7, < e.

e=10" e=5-10" e=10""°
m =10, n =100 iter | time (s) | iter | time (s) | iter | time (s)
PCP 6865 18.65 10229 27.86 22855 65.05
CP 9280 | 23.72 16033 | 39.13 | 49526 | 129.78
Yoimprov. 26.0 21.4 36.2 28.8 53.9 49.9

In this case, there are clear differences between both algorithms and, as before, PCP is more
efficient as tolerance decreases. In fact, when tolerance is 107°, there is an improvement of ap-
proximately 50% with respect to the CP in the execution time and the number of iterations is less
than a half.

Test 3. Finally, in Problem 2.2.4, Table 2.3 show the efficiency of CP and PCP for the case
m = 30 and n = 100.

Table 2.3: Average time and number of iterations when m = 30 for obtaining rj < e.

e=10" e=5-10"° e=10"
m =30, n =100 iter | time (s) | iter | time (s) | iter | time (s)
PCP 5146 7.68 7143 10.67 13421 19.70
CP 9941 12.93 16438 21.37 50841 64.23
Y%improv. 48.2 40.6 56.5 50.1 73.6 69.3

We note that the improvement in execution times are considerably higher than in the previous
cases. For example, in the case of e = 1074, the improvement increases by approximately 20%
with respect to the case m = 10 and by approximately 40% in the case of m = 1. As in the
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previous cases, if we decrease the tolerance to 107°, PCP has better efficiency reaching almost
70% improvement with respect to CP. Table 2.4 summarizes the percentage of improvements for
each test.

Table 2.4: Comparison of improvement of average iterations and average times.
m=1 m =10 m = 30
iter | time (s) | iter | time (s) | iter | time (s)
e=10"" 4.8 3.3 26.0 21.4 48.2 40.6
e=5-10"" | 7.3 5.6 36.2 28.8 56.5 50.1

e=10"° 8.6 74 53.9 49.9 73.6 69.3

% improv.

We observe a better relative performance of PCP with respect to CP for larger values of m.
Note that, the larger is m, the larger is the proportion of constraints on which we project.

2.2.6. Conclusions

In this paper, we provide a projected primal-dual method for solving composite monotone
inclusions with a priori information on solutions. We provide acceleration schemes in the presence
of strong monotonicity, and we derive linear convergence in the fully strongly monotone case.
The importance of the a priori information set is illustrated via a numerical example in convex
optimization with equality constraints, in which the proposed method outperforms [20].
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Chapter 3

Monotone inclusions with a priori
information and vector subspaces

3.1. Summary

In this second part, we consider the Problem 1.2.1 in the general case. The first important
result obtained is the following characterization of the solutions to Problem 1.2.1, using the partial
inverse technique introduced in [46].

Proposition 3.1.1 Let 7 > 0 and consider the inclusion

—PyL*v € TA)VZ +17PyCPyz

LPyz € (1B) v+ (1D) 1. (Zr)

find (z,v) € Fix(PyTPy + Py.) x W s.t. {

Then the following assertions hold.
(1) If (z,u) € H x G is a solution to (P)-(D), then
(Fy eVt (x+7(y — Pyr(L*u+ Cx)),7u) is a solution to (Z,).

(1) The set of solutions to (Z,) is nonempty.
(1) If (z,v) € H x G is a solution to (Z.), then (Pyz,v/T) is a solution to (P)-(D).
The relevance of the previous result is the fact that the solutions of the coupled inclusion (P)-(D)

are obtained explicitly from the solutions of an auxiliary inclusion, which does not contain the
normal cone of V' and admits solutions since we assume the existence of solutions to (P)-(D).

The second result provides a weak convergent algorithm for solving Problem 1.2.1.

Theorem 3.1.2 In the context of Problem 1.2.1, let 2° € V, let T° = 20, let 4y € V1, let u® € G,
let 7 €10,28], and let v €]0,28] be such that

|L||? < C - 216) (i - 215) : (3.1.1)



Consider the following routine:

Nt = J g1 (uF + y(LT" — D))
Wbt = Pkt

2 =ak + ryP — 7Py (L*uktt 4+ CaF)
wk“ = JTAEk

rFtl = ppht!

gt = Py Tkt

yk—i-l — yk 4 (rk+1 _ wk+1)/7_

FhHL gkl 4kl gk

(Vk € N) (3.1.2)

Then there exists (Z,u) € (V NFixT) x W solution to (P)-(D) such that x* — z and u* — 2.

The algorithm (3.1.2) is inspired in the algorithm (2.1.4), which coincide with (3.1.2) when V = H
and there is no presence of strong monotony (p = x = 0). Moreover, in the case without a priori
information (7' = Id ), we generalize the algorithm in [12] by taking B = D! = 0, which generalize
the classical method of partial inverses [46].

When T is weak-weak continuous, we also deduce that Tr* — Z. For example, if H is finite di-
mensional and T" = P¢ where C' is a nonempty convex closed set. In this case, we obtain a sequence
that belongs to the subset of constraints C' and that converges to a solution to Problem 1.2.1. This
fact produces a faster convergence as will be shown later in the numerical applications.

We apply the proposed algorithm in two convex optimization problems. The first is the con-
strained LASSO [34], in which we see that our algorithm without a priori information improve the
efficiency of the algorithms in [12,48]. This is explained by the fact that our algorithm exploit
the vector subspace structure of the problem. The results show that if the vector subspace is
larger, then the percentage of improvement in execution time increase. The second problem is the
constrained ¢! minimization, where we use our algorithm with a priori information. The results
show that by increasing the number of affine linear constraints considered as a priori information,
the percentage of improvement with respect to the Chambolle-Pock’s method increases, following
a behavior similar to the algorithm (2.1.4).

Finally, we use the proposed algorithm for solving the arc-capacity expansion problem in trans-
port networks [22]. This problem consists in find the optimal investment decision in arc capacity
and network flow operation under an uncertain environment, in order to minimize the operational
cost along with the cost of expanding the arc capacity by imposing a non-anticipativity constraint
in the expansion capacity vector, a demand constraint on the route flow vector, and a constraint
associated with the arc capacity limit.

We compare our vector subspace formulation with respect to the formulation that does not use
vector subspaces in two particular networks. The percentage of improvement in computational
time when we use proper vector subspaces is up to 26,75%, which occurs when we consider the
larger network and when there are more scenarios for the problem.
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3.2. Article: “Primal-Dual Partial Inverse Splitting for
Constrained Monotone Inclusions”

Abstract

In this work we study a constrained monotone inclusion involving the normal cone to a closed
vector subspace and a priori information on primal solutions. We model this information by
imposing that solutions belongs to the fixed point set of an averaged nonexpansive mapping. We
characterize the solutions using an auxiliary inclusion that involves the partial inverse operator.
Then, we propose the primal-dual partial inverse splitting and we prove its weak convergence
to a solution of the inclusion, generalizing several methods in the literature. The efficiency of the
proposed method is illustrated in two non-smooth convex optimization problems whose constraints
have vector subspace structure. Finally, the proposed algorithm is applied to find a solution to a
stochastic arc capacity expansion problem in transport networks.

3.2.1. Introduction

In this paper we propose a convergent algorithm for solving composite monotone inclusions
involving a normal cone to a closed vector subspace and a priori information on the solutions.
Monotone inclusions model several applications such as evolution inclusions [3,28,43], variational
inequalities [6,32], partial differential equations (PDEs) [2,33,40], and various optimization prob-
lems. In particular, when the monotone operators are subdifferentials of convex functions, the
inclusion we study reduces to an optimization problem with a vector subspace constraint and a
priori information. This class of problems appears in PDEs [41, Section 3], signal and image pro-
cessing [4, 23, 30], and stochastic traffic theory [22,45], among other fields. In the aforementioned
applications, the vector subspace constraint models intrinsic properties of the solution, as regu-
larity in PDEs and image processing, or non-anticipativity in stochastic problems. In turn, the
a priori information can be used to reinforce feasibility in the iterates, resulting in more efficient
algorithms, as explored in [19].

Our problem, in the particular case when the vector subspace is the whole space, can be solved
by the algorithm in [19]. This method uses the a priori information to improve the efficiency,
generalizing the algorithm in [48] for monotone inclusions and in [29] for convex optimization.

In addition, when no a priori information is considered, the methods proposed in [12,46] solve
particular instances of our problem using the partial inverse introduced in [46]. This mathematical
tool exploits the vector subspace structure of the inclusion and has been used, for example, in
[1,13]. Our problem in the more general context without a priori information can be solved by
algorithms in [14, 26, 48], using product space techniques without special consideration on the
vector subspace structure. The product space formulation generates methods that include updates
of high dimensional dual variables at each iteration, which reduce their performance.

The objective of this paper is to provide an algorithm for solving the inclusion under study in its
full generality, by taking advantage of the vector subspace structure and the a priori information of
the inclusion. Our method is obtained from the combination of the algorithm in [19] with partial
inverse techniques developed in [12,13,46]. We illustrate the advantages of the partial inverse
approach and the use of the a priori information by means of numerical experiences on constrained
convex optimization. In this context, the a priori information is modeled by a set formed by some
of the constraints of the problem and the additional projections in our method improve the speed
of the convergence with respect to existing methods.
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The paper is organized as follows. In Section 3.2.2, we set our notation and preliminaries.
In Section 3.2.3, we formulate our problem, we characterize the solutions by using the partial
inverse operator, we prove the weak convergence of our algorithm, and we discuss connections
with existing methods in the literature. In Section 3.2.4, we implement the proposed algorithm
in the context of constrained convex optimization. In particular, in Section 3.2.4 we compare the
performance of our method with classical algorithms used in the field for the constrained LASSO
problem and in Section 3.2.4 for the constrained ¢! minimization problem. Moreover, we apply our
method to the engineering application of stochastic arc capacity expansion in a transport network
in Section 3.2.4 [22]. Finally, we provide our conclusions and perspectives in Section 3.2.5.

3.2.2. Notation and Background

Let ‘H be a real Hilbert space. We denote the scalar product of H by (-|-) and its norm
associated by | -||. The class of bounded linear operators from #H to a real Hilbert space G is
denoted by L(H,G) and if H = G this class is denoted by L£L(H). Given L € L(H,G), its adjoint
operator is denoted by L* € L£(G,H). The projection operator onto a nonempty closed convex
set C' C H is denoted by Pr and the normal cone to C is denoted by No. Let A: H = H
be a set-valued operator. We denote by gra A its graph, by A~! its inverse operator, and by
Ja = (Id +A)~1 its resolvent, where Id is the identity operator on H. Moreover, A is p-strongly
monotone for p > 0 iff, for every (z,u) and (y,v) in gra A, we have (z —y | u—v) > p|lz — y|°,
it is monotone iff it is p—strongly monotone with p = 0, and it is maximally monotone iff there
is no exists a monotone operator B such that gra A C gra B. Let V be a closed vector subspace
of H. The partial inverse of A with respect to V | denoted by Ay, is the operator whose graph
is graAy == {(z,u) € H x H : (Pyx+ Pyru, Pyu+ Pyrx) € graA} [46]. Let T: H — H. The
set of fixed points of T is denoted by FixT. The operator T is a-averaged for some « € |0, 1] iff,
for every (z,y) € H?, we have || Tz — Ty|* < [lz — y[|* = (:22) |(Id —T)z — (Id —T)y||* and it is
B—cocoercive for some 3 > 0 iff, for every (z,y) € H?, we have (x —y | Tx — Ty) > B||Tx — Ty|>.
The class of lower semicontinuous convex proper functions f: H — ]—oo, +00] is denoted by T'o(H).
The subdifferential of f € T'o(H) is denoted by df and for every A > 0, the proximity operator on
x, denoted by prox, s z, is the unique minimizer of A\f + || - —z[[*/2. For further information on
convex analysis and monotone operator theory, the reader is referred to [6].

3.2.3. Problem and Results

We consider the following composite primal-dual inclusion problem with a priori information.

Problem 3.2.1 Let H and G be real Hilbert spaces and let V' C H and W C G be closed vector
subspaces. Let T: H — H be an a—averaged nonexpansive operator for some a € ]0,1[, let
L € L(H,G) be such that ran L C W, let A: H = H, B: G = G, and D: G = G be maximally
monotone operators, let C: H — H be a S—cocoercive operator, and suppose that D is §—strongly
monotone for some (4, ) € ]0, +oo]2. The problem is to

—L*u € Ax + Cx + Nyx

find (z,u) € FixT x W such that B o ()
Lx € B~'u+ D1,

under the assumption that (Z) admits solutions.

Consider the case when W = G, A = 0F, B = 0G, C = VH, and D = 9¢, where F € T'((H),
G € Ty(G), H: H — R is a differentiable convex function with 3~!—Lipschitz gradient, and
£ € Ty(G) is d—strongly convex. By defining GO/ as the infimal convolution of G and ¢, it
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follows from A(GOY) = ((0G)~! + (9¢)~1)~1 [6, Proposition 15.7(i) & Proposition 25.32] that
Problem 3.2.1 reduces to the constrained optimization problem

find x € FixT Nargmin F(z) + (GO/)(Lx) + H(x), (3.2.1)
zeV

under standard qualification conditions. Note that from [6, Corollary 18.17], VH is S—cocoercive.
In the case when T = Pc for some nonempty closed convex set C, (3.2.1) models optimization
problems with a priori information on the solution [19]. Moreover, (3.2.1) models the problem
of finding a common solution to two convex optimization problems when T is such that FixT =
arg min @, for some convex function ® (e.g., if T = proxg, Fix T = arg min ®). Analogously, we can
incorporate a priori information on solutions and we can find common solutions to two problems
in the context of monotone inclusions.

In the particular case when V. = H, W = G, and T = Id, [48] solves Problem 3.2.1, and
the corresponding optimization problem can be solved by the method proposed in [29]. Previous
methods are generalizations of several classical splitting algorithms in particular instances, such
as the proximal-point algorithm [39,44], the forward-backward splitting [36], and the Chambolle-
Pock’s algorithm [20]. In [19], previous methods are generalized for solving Problem 3.2.1 in the
case when W C G and T is a general averaged nonexpansive operator.

In the case when V' C H, the algorithms proposed in [12,46] solve Problem 3.2.1 in particular
instances, exploiting the vector subspace structure by using the partial inverse of a monotone op-
erator. A convergent splitting method generalizing the partial inverse algorithm in [46] is proposed
in [12] and solves Problem 3.2.1 when B = 0. The algorithms proposed in [14,26, 48] solves Prob-
lem 3.2.1 when W = G and T = Id, using product space techniques without special consideration
on the vector subspace structure of Ny. The resulting method involves higher dimensional dual
variables to be updated at each iteration, affecting the performance of the algorithm.

In this section we provide our algorithm to solve Problem 3.2.1 in its full generality. Our
method exploits the vector subspace structure and the a priori information of the inclusion. We
first characterize the solutions to Problem 3.2.1 as solutions to an auxiliary monotone inclusion
and then, we obtain our algorithm by applying the method in [19] to that inclusion, guaranteeing
its convergence.

Characterization of solutions

In this section we prove that Problem 3.2.1 is equivalent to an auxiliary constrained monotone
inclusion that does not include the normal cone to the closed vector subspace V. In order to
construct this inclusion, we first identify the a priori information Fix T with the fixed point set of
a suitable averaged nonexpansive operator.

Proposition 3.2.2 Let T: H — H be an a—averaged nonexpansive operator, for some « € |0, 1],
and define
M:=PyoToPy+ Py.. (3.2.2)

Then, the following holds.
(1) M is a—averaged.

(1) FixM = P,;'(VNFixT) = (VNFixT) + V+.
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Proof. (1): Let (r,z) € H?. Since T is a—averaged, Py is linear and nonexpansive, and Id —M =
Py —PyoToPy=Pyo(ld —T)o Py, we have
|Mz — Mz|*> = |PyTPyx + Pyix — PyTPyz — Pyoz|?
= |PyTPyz — PyTPyz||> + || Pyrx — Pyoz|?
<||TPyx —TPyz|*> + |Pyrz — Pyoz|?

11—«

< ||Pyx — Pyz||* - ( ) |(Id =T)Pya — (Id —T)Py z||?

+ ||PvLJ,‘ — PvLZH2

11—«
<l ol = (S5 ) IRV d ~T)Pva — Po(td ~T)Pea?

1—
— o —al = (5% ) 1 =AM - (1a -0l
!
(11): Since Problem 3.2.1 has solutions, Fix Py N FixT = V N FixT # &. Then, by [6, Proposi-

tion 4.49 (i)], it follows that Fix(PyT) = V N FixT. Therefore, for every z € H we have

z€FixM <— z2=PyTPyz+2— Pyz
<= Pyz e Fix(PyT) = (VNFixT)
and the result follows. O

The following proposition characterizes the solutions of Problem 3.2.1.

Proposition 3.2.3 In the context of Problem 3.2.1, let M be the operator defined in (3.2.2), let
7 > 0, and consider the inclusion

—PyL*v e (tA)yz+17PyCPyz

LPyz € (rB) v+ (rD)" 1. )

find (z,v) € Fix M x W s.t. {

The following assertions hold.
(1) If (z,u) € H x G is a solution to (I), then

(FyeVvh) (z+7(y—Pyo(L*u+Cx)),Tu) is a solution to (I,).

(1) The set of solutions to (Z,) is nonempty.
(m) If (z,v) € H x G is a solution to (Z,), then (Pyz,v/T) is a solution to (I).

Proof. (1): Let (z,u) € H x G. Note that

B'4+D'=(B'+D Yo (r'1d)o(rld)
=B 'o(r'd)+D o (r71d)) o (r1d)
= ((rB)"' + (rD)"") o (1d).
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Therefore, (x,u) is a solution to (Z) if and only if (z,u) € (V NFixT) x W and there exists
y € Nya = V= such that

Ly € B'u+D 'y Lz € (rB)"!(ru) + (rD) ™! (tu)

{—TPV(L*u +Cz) € (tA)yz
Lz € (tB)~!(ru) + (rD)~(1u)

—PyL*v € (TA vz+ 1Py CPyz (324)

LPyz € (1B) v+ (1D)" 1w, o
where z := 2+ 7(y — Py (L*u+ Cz)) and v := 7u € W. In addition, since Pyz =z € FixT NV,
Proposition 3.2.2((11)) yields z € Fix M.

(11): It is clear from the assumptions in Problem 3.2.1 and (1).

(111): Suppose that (z,v) € Fix M x W is a solution to (Z.). Then, Proposition 3.2.2((11))
yields (Pyz,v/7) € (V NFixT) x W. Moreover, by setting  := Pyz, u := v/7, and y =
Pyi(fz+ L*u+ CPyz) € V*, (3.2.4) yields (3.2.3) and the result follows. O

Algorithm and convergence

In this section we propose the primal-dual partial inverse algorithm for solving Problem 3.2.1,
which is derived from [19, Theorem 3.1] applied to (Z,).

Theorem 3.2.4 In the context of Problem 3.2.1, let 2° € V, let T° = 20, let y° € V1, let u® € G,
let T €]0,28], and let v €]0,24[ be such that

IL|* < (i - 21ﬁ> (i - 215) : (3.2.5)

"t = J, g1 (uF +y(Lz* — D 1uk))

uk+1 — PWnk+1

Z* =2k + 7yF — 7Py (L uF + O2F)
k+1 _ 7k

(VkeN) | “ewr _ ];];Awiﬂ (3.2.6)

oFtl = Py Trktl

YRl = gk (PR k)

FhHL gkl |kl k]

Consider the following routine.

A~

Then there exists a solution (T,4) to Problem 3.2.1 such that (z*,u*) — (2,7).

Proof. For every k € N, define z* := zF 4+ 7y¥, pF := vk 4+ ryb, ZFH1 .= 2FHL L phtl _ 2k and
2% := 20, Note that {r*}ren C V, {2¥}ren C V, and {y*}ren € VL. Hence, since for every k € N,
r* = Pyp* and z*F = Py 2%, it follows from (3.2.6) that

2R = PyTrktl 4 ryhtl = PyTPyphtt 4 Pyuphtt = Mpkt?

(Vk € N) { Pyhtl = phtl okl gk gkt
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In addition, Pyz° = Py 2% = 2° = 2° from (3.2.6) and [13, Proposition 3.1(i)] we deduce
SIS Ry 2

— opR L Rt |k

= 2Py —Id)J 2% + Py o2k

= Jiray, 2" (3.2.7)

Note that
Jyp1 =7(1d +yB~ )
= ((Id +yB™ ) o (7~ lId))
= (r7'1d +v TB) n=!

(T (Id +7v(7B)~ )) !
JT,Y -10 (TId)

1

Define A = (TA)V7 = 7B, C =rPyCPy,D=17D,L=LPy, o= Ty € ]0,274], and for every
k € N, v¥ = 7u* and ¢¥ = 0. Thus, from Pj; = Py and the linearity of Py, and Py, we deduce
that (3.2.6) reduces to

C’”‘l J 51 (v* +o(Lz" — D~ k)
okt PW<k+1
(VE€N) | phtl = Jz(zF — (L% 4 C2%)) (3.2.8)
Zk+1 — Mpk—i-l
ZhHL Skl gkt ok

In addition, we have that A and B are maximally monotone operators [6, Proposition 20.44(v ) &
Proposition 20.22], D is 74- strongly monotone, L is a bounded linear operator such that ran L C
ran L C W, and by Proposition 3.2.2((1)), M is a—averaged. Moreover, since Py is nonexpansive
and Py, = Py, for every (z,y) € H x H we have

<éa: —Cy|az— y> =7(CPyx — CPyy | Pyxz — Pyy)
Z Tﬁ”CPVw - CPVy||2
> 7||PyCPyx — PyCPyy|®

B~ =~
= —|[Cx — CylP?,
.

which implies that C is é—cocoercive. Furthermore, from (3.2.5) we obtain

’
~ 1 1 1
IZI2 < e < (1 - 25> (3-55) (3.29)

and 1 €10,28/7|. Altogether, since Proposition 3.2.3((11)) yields the existence of solutions to

find (z,v) € Fix M x W such that { SLivedz+ (2 (3.2.10)

Lze B v+ D!
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it follows from [19, Theorem 3.1(ii)] that there exists (2, ) € Fix M x W solution to (3.2.10) such
that (2%, v%) — (2,7). Therefore, u* = v¥ /7 — ¥/7 =: 4 and, from weak continuity of Py, we have
2% = PyzF — PyZ =: 7 . Finally, Proposition 3.2.3((111)) implies that (z,7) € (V NFixT) x W is
solution to Problem 3.2.1 and the result follows. O

Remark 3.2.5

(1) When T is weakly continuous, we have Tr* — ', where (r*)cy is defined in

(3.2.6). Indeed, by the proof of [19, Theorem 3.1(ii)], the sequence (p*)xen in the algorithm
(3.2.8) satisfies that p* — 2¥ — 0. Then p¥ = pF — 2% 4+ 2¥ — Z and, since Py is weakly
continuous, it follows that r* = PypF — P,z = Z. Thus, since ¥ € FixT, TrF — TZ = 7.

This fact helps to obtain a faster convergence in the context of convex optimization with
affine linear constraints, as we will see in our numerical experiences. Indeed, in this case
{Tr*}ren C C, where C represents some selection of the affine linear constraints, which
impose feasibility of the converging iterates explicitly.

(1) If H is finite dimensional and T = P for a nonempty closed convex C' C H, we deduce
Tr* — 7 from Remark 3.2.5((1)) and the fact that Pc is continuous.

(111) When V = H, we have that V+ = {0} and Py, = Id. Thus, the algorithm (3.2.6) reduces to

(Vk € N)

= g (uF 4+ y(LTF — D7 1ut))
uF L = Pt

whtt = JoA(2F — 7(L*ukt + C2F))
.I‘k+1 — ka+1

FhHL gkl g okl gk

9

which is the algorithm proposed in [19, Theorem 3.1] when the stepsizes 7 and ~ are fixed.

(1v) When T =1d, W = G, and B = D~! = 0, we have that for every A > 0, Jyp = Id. Then,
the algorithm (3.2.6) reduces to

(Vk € N)

78 =2k 4 1yt — 7Py Ok
wk+1 — ‘]TAZk
$k+1 — vak+1

yk+1 — yk + (xk-i-l _ wk-i—l)/T’

which is the algorithm proposed in [12, Corollary 5.3] without relaxation (A, = 1).

(v) In the context of the convex optimization problem (3.2.1), the proposed algorithm (3.2.6)

reduces to

(Vk € N)

nF = prox. q. (uf + y(LT* — VIrub))
ukHl = Pyt
ZF =2k + ryF — 7Py (L*uFT + VH (2F))
k1 _ ~k
:)k+1 _ ﬁﬁf}(gff (3.2.11)
ghtl = pyTrktt
yk+1 — yk + (rk-&-l _ wk+1)/7_
L — gkl kel gk

In particular, when 7' =1d, V. = H, W = G, and ¢ = 1{g}, we deduce that the algorithm
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(3.2.11) is equivalent to

u:H :kproxyc* (kiikl—i— yLz") .

ZF =a® — 7(L*utt + VH(z"))

(R EN) | Dot D ot (3.2.12)
T = oghtl _ gk

which is an error-free version of the algorithm proposed in [29, Algorithm 3.1]. If additionally
H =0, the method (3.2.12) reduces to [20, Algorithm 1].

3.2.4. Numerical Experiences and Applications

In this section, we illustrate the efficiency of the proposed method in three instances. In the
first instance we consider a non-differentiable constrained convex optimization problem without
including a priori information on the solution (7" = Id), called constrained LASSO [34]. The
constraint is given by the kernel of a linear operator and we apply our primal-dual method exploiting
the vector subspace structure of the problem. For the second test, we depict the advantage of
including such a priori information in a constrained ¢!-minimization problem, in which this feature
is represented by a selection of the constraints. The last experience is an application of the proposed
method to the capacity expansion problem in transport networks. We solve the two-stage stochastic
arc capacity expansion problem over a directed graph using our primal-dual partial inverse method.
The problem is to find the optimal investment decision in arc capacity and network flow operation
under an uncertain environment. All proposed algorithms are implemented in MATLAB and run
in a Mac mini (2018) 3 GHz 6-Core Intel Core i5 8GB RAM.

Constrained LASSO
We consider the following problem
1
minimize afz|; + = | Az — b||3, (3.2.13)
Foto ?

where a > 0, A € RP*" R € R™*" satisfies ker R = {0}, and b € RP. Note that, by setting
f =« - |l1, the problem in (3.2.13) can be written in at least three equivalent manners:

1 1
mineiRrglize fz) + 592(Ax) + §L{U}(Rx), where go = || - —b||3; (3.2.14)
o
1
minimize f(x) + h(z), where h = —||A(-) — bl|3, (3.2.15)
z€ker R 2
and L
minimize f(x) + g1 (Az), where g; = =|| - —b]|3. (3.2.16)
xrcker R 2

Observe that f € To(R™), g1 € To(RP), and go = 291 € To(RP). We have that h: R* — R is a
differentiable convex function with ||AT A||— Lipschitz continuous gradient. Therefore, the problem
in (3.2.14) satisfies the hypotheses in [48, Corollary 4.2(i)]. Thus, since [6, Proposition 24.8(i)] yields
(Vy > 0) prox,,, : @+ (z+7b)/(y+1), the primal-dual method proposed in [48, Corollary 4.2(i)]
reduces to

et = prox, ., (@ — ZATof — ZRTv5)
yk =22k — o

o = 2(vk + 01 Ay — 01b) /(01 + 2)
v§+1 = vk + oy RyF,

(Vk € N) (3.2.17)
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where (29, v9,09) € R™ x RP x R™ and the strictly positive constants 7, 01, oo satisfy the condition

VEo[[A? + Zoo|[L]]? < 1. In addition, by setting V = ker R, the problem in (3.2.15) satisfies
the hypotheses in [12, Proposition 6.7] and the Forward-Backward method with vector subspaces
reduces to

wk‘*‘l = prOXTO“L'Hl (!L‘k + )\yk — >\Pker RVh(ka))
(Vk € N) 2Pt = P gt , (3.2.18)
yk+1 — yk + (x’“‘l _ wk“‘l)/)\

where z° € ker R, y° € (ker R)*, and A € ]0,2/|ATA||[. Moreover, by setting H = R", G = R?,
and V' = ker R, the problem in (3.2.16) satisfies the hypotheses in (3.2.1) which is a particular
instance of Problem 3.2.1. Therefore, from (3.2.11) we obtain the following result in the case
T=1d.

Proposition 3.2.6 Let {z°,7°} C ker R such that 2° = 7%, let y° € (ker R)*, let u® € R?, and
let (1,7) €10, +00[* such that 7||A||2 < 1. Consider the following routine

uf = (uf +y(AT" — 1) /(v + 1)
7 =a2% + 1yF — T Per rATUFHL
w’“‘l = pI‘OXTa‘ A %’k
(Vk € N) oA PkeerL“ (3.2.19)
Y = gk (R k) /r
Fhtl — g k+l _ ok

Then there exists x € ker R solution to (3.2.16) such that z* — x.

Note that RRT is invertible since ker RT = {0}. Then, by [6, Example 29.17(iii)], we have
Pirr = Id —RT(RRT)™'R. On the other hand, by [6, proposition 24.11 & Example 24.20], we
have

(V7 >0) prox t = (ProX, | )iz, (3.2.20)

|- ll1
where
z+7 foe<—71
prox, . :  — 40 ifx e [—7,7] (3.2.21)

r—71 ifx>T.

For each method, we obtain the average execution time and the average number of iterations from
20 random instances for the matrices A, R, and b, using a = 1. We measure the efficiency for
different values of m, n, and p. We label the algorithm in (3.2.17) as PD generalized, algorithm in
(3.2.18) as FB with subspaces, and algorithm in (3.2.19) as PD with subspaces. For every algorithm,
we obtain the values of 7, v, A, 01, and o2 by discretizing the parameter set in which the algorithm
converges and selecting the parameters such that the method stops in a minimum number of
iterations. This procedure is repeated for every dimension of matrices and vectors. In particular,
we fix 01 = o9 for the method in (3.2.17). The results are shown in Table 3.1.
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(n,p,m) PD with subspaces | FB with subspaces | PD generalized
(500, 250, 25) 0.639 (3284) 3.900 (21059) 1.317 (4469)
(500, 250, 50) 0.822 (3565) 5.014 (22145) 1.254 (5081)
(500, 250, 100) 1.289 (3523) 7.056 (21374) 1.817 (5527)
(500, 750, 25) 0.488 (2184) 3.615 (16577) 1.012 (2991)
(500, 750, 50) 0.579 (2229) 1.197 (16445) 0.862 (3063)
(500, 750, 100) 0.854 (2117) 6.345 (15853) 1.129 (3066)
(1000, 500, 50) 3.032 (3910) 16.781 (40199) | 4.665 (11125)

(1000, 500, 100) 5.278 (9716) 27.937 (51287) 5.591 (12615)
(1000, 500, 200) 10.830 (9036) 57.976 (48314) 7.283 (13014)
(1000, 1500, 50) 6.252 (4869) 44.335 (34553) 7.610 (6378)
(1000, 1500, 100) 7.911 (4992) 54.217 (34507) 8.691 (6484)
(1000, 1500, 200) 11.570 (4642) 79.844 (32110) 9.882 (6169)

Table 3.1: Average execution time (number of iterations) with relative error tolerance e = 1076,

We observe a substantial gain in efficiency when we use PD with subspaces with respect to the
other two methods. The number of iterations is reduced in 25—30% with respect to PD generalized.
The construction of PD with subspaces exploiting the vector subspace and primal-dual structure of
the problem explains these benefits. However, the computational time used by PD with subspaces
is larger than that of PD generalized when the vector subspace is smaller (m = 200). The presence
of two projections onto ker R at each iteration of PD with subspaces explains this behavior.

Constrained ¢! minimization

In this subsection, we consider the following problem

minimize «f|z|1, (3.2.22)
z€R™
Rx=0
Mx=c, Nx=d
where o > 0, R € R™*" gatisfies ker RT = {0}, M € R™2X" satisfies ker M T = {0}, N €
RP=mi=m2)xn with p > my 4+ mo (when p = my + mo, we remove the constraint Nz = d),
ceR™, and d € RP~™ ™2, By defining f = af| - [|1, g1 = t5} with bT = (cT,d"), go = L{ey With
T=3B",0"), AT =[MT|NT],and KT = [AT|R"] the problem in (3.2.22) can be written in the
following three equivalent manners:

minimize f(x) + g2(Kz) (3.2.23)
reR™
minimize f(z) + g1(Ax) (3.2.24)
find x € Fix Py;-1,. Nargmin f(z) + g1 (Az). (3.2.25)
r€ker R

We assume that b € ran A for the existence of solutions to problem (3.2.22). Note that f € T'g(R"™),
g1 € To(RP~™1) and go € I'g(RP). To solve the problem in (3.2.23) we use the method proposed
by Chambolle-Pock [20, Algorithm 1] (algorithm (3.2.12) with H = 0), which reduces in this case

to
uFtl = b 4 y(KZF — e)
(Vk € N) et = prox, ., (% — 7K TuM ) (3.2.26)
Fhtl _ 9 ktl _ ok
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where (20,7%,u0) € R™ x R™ x RP satisfies 20 = 2°, and (7,7) € |0, +-00[* satisfies 7| K2 < 1.

On the other hand, in order to solve the problems in (3.2.24) and (3.2.25), we use the algorithm
in (3.2.11) with W = G, £ = 140}, and H = 0. We deduce the following convergence results from
Theorem 3.2.4 for the cases with and without a priori information, represented by M ~'c.

Proposition 3.2.7 Let {2°,7} C ker R such that 2° = 7°, let y° € (ker R)*, let u® € RP—™1,
and let (1,~) €10, +00[* such that 7y||A||2 < 1. Consider the following routine

uFtt = uF + y(AZF — D)
ZF = 2% + 7(yF — Peor pATuFT)

(Vk € N) Wit = PrO%ral| * (3.2.27)
xk+1:Pkeer, ! o
yk+1 — yk- + (xk+1 _ wk-+1)/7_

ZhHl g ktl _ gk

Then there exists © € R™ solution to (3.2.24) such that 2% — .

Proposition 3.2.8 With the same hypotheses as the Proposition 3.2.7, consider the following
routine

uFtt = uF + ~y(AZ* —b)

ZF = 2% + 7(yF — Peor gATuFT)

whtl = proxmuﬁ_”1 Z"

(Vk € N) rktl = Pier pw +1
xk+l - P’kerRF)M*IC"JC—"_1
yk+1 — yk + (,,Jq-i—l _ wk+1)/7_
FEHL = gkl 4kl ok

(3.2.28)

Then there exists x € R™ solution to (3.2.25) such that 2% — .

It follows from kerM'T = {0} that MM is invertible, and we have Py 1.: 2 + = —
MT(MMT)"Y(Mx — ¢) [6, Example 29.17(iii)].

For the numerical experience, we set n = 1000, p = 100, and = 1. In Table 3.2 we illustrate,
for each method, the average execution time and the average number of iterations for 20 random
instances of K and b € ran A. For every instance, we set R as the last m; rows of K with
my € {1,10,20,40} and we apply the algorithm in (3.2.28) selecting M as the first my rows
of K with my € {1,10,20,30,50}. For every algorithm, we obtain the values of 7 and ~ as in
Section 3.2.4.

Algorithm mi; =1 mq1 = 10 mq1 = 20 mq = 40

Chambolle-Pock 8.374 (28905) | 7.915 (26716) | 7.611 (25960) | 7.754 (26378)
(3.2.27) 4.807 (29559) | 6.123 (27002) | 6.372 (26143) | 7.205 (24455)
(3.2.28) with mo =1 | 4.533 (27491) | 6.664 (25886) | 7.052 (25034) | 8.368 (23492)
(3.2.28) with mo = 10 | 4.209 (21877) | 6.279 (22292) | 6.627 (21847) | 7.490 (19715)
(3.2.28) with mo =20 | 3.826 (19703) | 5.871 (20546) | 6.353 (20469) | 6.921 (18073)
(3.2.28) with mo = 30 | 3.768 (18608) | 5.827 (19725) | 6.365 (19947) | 6.891 (17466)
(3.2.28) with mg = 50 | 4.023 (17914) | 6.050 (19253) | 6.591 (19529) | 7.093 (16988)

Table 3.2: Average execution time (number of iterations) with relative error tolerance e = 1075.
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We observe that the vector subspace structure of algorithm in (3.2.27) provides an improvement
up to 43% in computational time with respect to Chambolle-Pock’s splitting. The improvement is
larger when the vector subspace is larger (m; = 1). This improvement reduces to 7% for smaller
vector subspaces (m; = 40). Moreover, by including the a priori information via the projection onto
M~'¢, we observe an important reduction on the number of iterations for achieving convergence
with respect to the algorithm in (3.2.27), following the same behavior perceived in [19]. We explain
this behavior from Remark 3.2.5(1), since % := Py;-1.7% — 2 and (Z¥)reny € M~ 'c. Indeed, the
method forces iterations to satisfy at least a selection of the constraints and its efficiency increases
as we enlarge the selection mo. In fact, we obtain 7% of improvement on number of iterations
when ms = 1 and 39% when my = 50 with respect to the algorithm in (3.2.27). The improvement
is again more important when the vector subspace is larger. Moreover, for larger values of mo, the
computation of Py;-1. becomes more time expensive, increasing the total computational time in
(3.2.28). In the case when mg = 1, even if there is a reduction in iterations, there is a slight increase
on the average execution time because of an additional projection onto ker R at each iteration.

Capacity expansion problem in transport networks

In this section we aim at solving the traffic assignment problem with arc-capacity expansion
on a network with minimal cost under uncertainty. Let A be the set of arcs and let O and D
be the sets of origin and destination nodes of the network, respectively. The set of routes from
0 € O tode D is denoted by Roq and R := U, qycoxpRod is the set of all routes. The arc-route
incidence matrix N € RI4IXIEl is defined by N, := 1, if arc a belongs to the route r, and N, := 0,
otherwise.

The uncertainty is modeled by a finite set Z of possible scenarios. For every scenario & € =,
pe € [0,1] is its probability of occurrence, hoq¢ € Ry is the forecasted demand from o € O to
d € D, cq¢ € Ry is the corresponding capacity of the arc a € A, t5¢: Ry — Ry is an increasing
and xq¢—Lipschitz continuous travel time function on arc a € A, for some x,¢ > 0, and the
variable f,. ¢ € R4 stands for the flow in route r € R.

In the problem of this section, we consider the expansion of flow capacity at each arc in order
to improve the efficiency of the network operation. We model this decision making process in a
two-stage stochastic problem. The first stage reflects the investment in capacity and the second
corresponds to the operation of the network in an uncertain environment.

In order to solve this problem, we take a non-anticipativity approach [22], letting our first
stage decision variable depend on the scenario and imposing a non-anticipativity constraint. We
denote by x,¢ € Ry the variable of capacity expansion on arc a € A in scenario £ € = and the
non-anticipativity condition is defined by the constraint

N = {:I: (= R‘A|X|E| . (V(g’g/) c EZ) Te = 375/}7

where z¢ € RIAl is the vector of capacity expansion for scenario ¢ € Z and we denote fe € RIEI
analogously. We restrict the capacity expansion variables by imposing, for every a € A and £ € =,
Tae € [0,M,], where M, > 0 represents the upper bound of capacity expansion on arc a € A.
Additionally, we model the investment cost of expansion via a quadratic function defined by a
symmetric positive definite matrix Q € RIAXMI,

Problem 3.2.9 The problem is to

(Nf£)a 1
minimize Zpg lz /0 toc(2)dz+ §schx5

(@ HeWnDIE)xRIE F2 " | T
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s.t. (Vf € E)(Va € .A) (fo)a — Tq ¢ < Ca & (3229)

(V¢ € E)(V(0,d) € O x D) > fre = hoae. (3.2.30)
r€Roq
where D :=X__,[0, M,], and we assume the existence of solutions.

The first term of the objective function in Problem 3.2.9 represents the expected operational cost
of the network. The optimality conditions of the optimization problem with this objective cost
related to the pure traffic assignment problem, defines a Wardrop equilibrium [7]. The second term
in the objective function is the expansion investment cost. Constraints in (3.2.29) represent that,
for every arc a € A, the flow cannot exceed the expanded capacity cq ¢ + x4, at each scenario
¢ € 2, while (3.2.30) are the demand constraints.

We solve Problem 3.2.9 following the structure of the problem in (3.2.1) with 7" = Id. We
consider the following two equivalent formulations.

Primal-Dual Formulation

Note that Problem 3.2.9 can be equivalently written as

(Z»f)glg'r“l‘ig}ifﬂe{\mﬁl F(l‘, f) + G(L(m, f)) + H(q:, f>7 (P)

where

(VeeE) V= { fFeR: (Vo,d) e OXxD) ¥, cp fr= hod,g}
A= (DEAN) x (X V)

F .= LA

(Ve €E) O = {(z,u) € R x RMI : (Va € A) ug — g < cag) (3.2.31)

G = IXe e Oc
L: (x, f) = (w¢, N fe)ee=

(Nfe)a 1 -
H: (z,f)— pr Z /0 tac(2)dz+ 5T¢ Que | .

=S acA

Observe that F' and G are lower semicontinuous convex proper functions, and L is linear and
bounded with || L|| < max {1, || N||}. Moreover, we have that H is a convex function with gradient
Lipschitz. Indeed, since (t4,¢)qca,ccz are increasing, f — N f is linear, and @ is definite positive,
we conclude that H is a separable convex function. On the other hand, by the chain’s rule, the
fundamental theorem of calculus, and by defining

P: f = (peN T (tae((Nfe)a))aca)cez,
it follows that

VH: (z,f) = <(p€Q“f€)gea ; (pENTV%(Nfg))5€E>

= ((peQre)ges (1) - (3:2:32)
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Then, for every (z, f) and (z/, ) in RMIIEI x RIEIZI we have

IVH(x, ) = VH(' f)IIP = Y IpeQlae = 2N + IpeN T (tag (N fe)a) = tae (N fDa))aeall®

£EE

<> (IQIIQ% =P+ INTI? D0 X2 el Naol Pl fe — fé||2>
e acA

<D PEUQIPllwe — el + INT PN max x3 el fe — £I1%)
EEE

<> pg max{ QI |IN* max x ¢ Hllwe — a¢ll® + [1fe — fel*)
EEE

< max (pg max{[|QII” |N||4Taneajixi,§}> I ) = @ £ (3:2:33)

Thus, VH is Lipschitz continuous with constant
-1 2
= m IN|2 m } . 3.2.34
p™ =max (ps aX{HQII IV* max xa,¢ ) (3.2.34)

Altogether, (P) is a particular instance of problem in (3.2.1) with V = RMHIEIXRIEI= and £ = 14,
Therefore, from the algorithm in (3.2.12) we obtain the following result.

Proposition 3.2.10 Let (29, f°) and (Eo,fo) in RIAIEL x RIBIEL sych that (20, f0) = (fo,fo),

let (p°,u®) € RIAIENx RIMIEI tet 7 € 10,28], and let v € ]0,+00[ such that Tymax {1, |N|?} <
1—17/2B. Consider the following routine:

For every £ € =
.~ _ —k
(pe™ uf™h) = (B, uf) — vPo, (v (PE, uk))
2" =ab — 7(p* + (peQxf)¢ez)
(Vk € N) o= fF = r(NTuF 4 () (3.2.35)

k+1 ~k
€T + :PD\E\mNm

(vee=) i =Py fE
FhAl _ 9o k+l _ ok
k+1

| =t

)

Then there exists (Z, f) solution to Problem 5.2.9 such that (z*, f*) = (Z, f).
Remark 3.2.11 Note that the projections appearing in (3.2.35), (Pe,)ee=, Ppi=inn, (PVQ)&E
can be computed efficiently.

(i) Let ¢ € Z and let (z,u) € R4 xRMI. We deduce from [6, Proposition 29.3 & Example 29.20]
that Po, (2, u) = (Pa,(®,u))aca, Where

TatUa—Ca, za+ua+6a,s> ifu, —x, —c,>0:
(Va c A) paé(z,u) = {( 2 ) 2 ) a a a,§ 5

(TasUa), otherwise.
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(ii) Let £ € E and note that

V;r = X Vg,
(0,d)eOXD

where, for every (0,d) € O x D, Voqe == {f € R‘f”d‘ | > rer,, fr = hodg}. It follows
from [6, Proposition 29.3] that

Py f = (fod)oco = (Pv,y fod)oco- (3.2.36)
3 deD deD

For every (o,d) € O x D, the projection Py,,. can be computed efficiently by using the
quasi-Newton algorithm developed in [27].
(iii) Note that i
DEINN = X C,
acA

where, for every a € A, C, = {y € [0, M,]IE | (V(¢,¢") € Z2) ye = yer}. It follows from [6,
Proposition 29.3] that Ppi=ziqpn: € = (Za)aca — (P, Za)aca and

(Va e A) Pe,:yr— mid(0,7, M,)1, (3.2.37)

where 1 = (1,...,1)T e RFl 5 = é > ee= Ve, and mid(a, b, ¢) is the middle value among a,

b, and c. In order to prove (3.2.37), let a € A, y € RIEl and z € C,. Then z = 51 from
some 7 € [0, M,]. Hence, defining A = mid(0,7, M, ), we have that

(= A)T(y— A1) =D (zc — M) (ye — A)

ge=
=m=ANIEF-A)
n|Z[y if 7<0
=<0 it 7 €[0,M,]
(n—My)IE(G— M) if 7> M,
<0.

On the other hand, it is clear that A € [0, M,].

Primal-Dual Partial Inverse Formulation

For the second equivalent formulation of Problem 3.2.9 consider the closed vector subspace
S = {f e RIFIEL: (v¢ € E)(V(0,d) € Ox D) Y fre= o}
r€Ryq
70
and let f° defined by
(V€ € E)(V(0,d) € O x D)(Vr € Roa) f2e = hoae/|Rodl,
which satisfies (3.2.30). Then, under the notation in (3.2.31), the Problem 3.2.9 is equivalent to

minimize ﬁ(x, f+ fb) + G(L(z, f + fb)) + H(x, f + J?O)a (Pv)
(z,f)EN XS
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where F' = Note that, the difference with respect to (P) is that in (Py) we propose

DIZ XRIJ:?HE\ .
a vector subspace splitting on function F' defined in (3.2.31).

In addition, observe that F and G(- + L(0, fb)) are lower semicontinuous, convex, and proper,
and H(- + (0, f°)) is convex differentiable with 3~!—Lipschitz gradient. Thus, (Py) satisfies the
hypotheses of problem (3.2.1) with V"= N'x S and £ = ¢{oy. Hence, by using [6, Proposition 29.1(i)]
in (3.2.11) with 7' = Id, we obtain the following result.

Proposition 3.2.12 Let (20, f) and (EO,?O) in N'x S such that (2, f°) = (Eo,fo , et
(p°,uf) € RMIEL 5 RIAIEL et (y0,g0) in Nt x St let 7 € ]0,28[, and let v € ]0,+o0| be
such that Tymax {1, ||N||?} < 1 —7/28. Consider the following routine:

B = pF 4 4zt )
u* =uk +yNf
(VE€E) (pETuftt) = (BE, @k + YN F2) — vPo, (v (BE, @k + YN f2))
aka =2k +7yF — TPy (PF T + (ngac’g)geE)
fk _ fk +Tgk _ TPS(NTukJrl +,L/}(fk + J’cb))
ZkJrl = PD\E\ik
(VEEeN) | -1 = Pz (f5 + f°) — O (3.2.38)
.’I,‘k+1 — P'/\J/rzk—i_l
fhHL = pgghtl
yk+1 — yk 4 (l.kJrl _ Zk+1)/’r
gk+1 — gk 4 (fk+1 _ £k+1)/7_
TR _ gpkt1 _ ok
?k+1 _opktl _ fk

Then there exists (Z, f) solution to Problem 5.2.9 such that (z*, f*) — (Z, f).

Remark 3.2.13 The projections in (3.2.38) are explicit. Indeed, for every = € RIIIEl we have, for
every £ € 2, (Pyx)e = % >erez Te and (Ppizjz)e = (mid(0, 24,6, Ma))aca. Moreover, for every
f € RIEIEI we have, for every (0,d) € O x D and 7 € Roa, (Psf)r = (fre — ﬁ Y renr,, Ir.)ees
and (PRLRHE\f)T = (max{O, fryg})geg.

Numerical experiences

In this subsection we compare the efficiency of the algorithms in (3.2.35) and (3.2.38) to solve
the arc capacity expansion problem. We consider two networks used in [22]. Network 1, represented
in Figure 3.1, has 7 arcs and 6 paths and Network 2, in Figure 3.2, has 19 arcs and 25 paths.

en

Figure 3.1: Network 1.
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Figure 3.2: Network 2.

In our numerical experiences we set ps = 1/|Z|, (c¢)ecz as a sample of the random variable
100 - b+ d - beta(2,2), where

b (1,1,2,2,1,1,1) in Network 1
1\ (10,4.4,1.4,10,3,4.4,10,2,2,4,7,7,7,7,4,3.5,2.2,4.4,7) in Network 2

and
(15,15,30,30,15,15,15) in Network 1

d={(15,6.6,2.1,15,4.5,6.6,15,3,3,6,10.5,
10.5,10.5,10.5,6,5.25,3.3,6.6,10.5) in Network 2,

and (h¢)ecz as a sample of the random variable
(R4, h1s5) ~ (150,180) + (120,96) - beta(5,1) in Network 1

h =< (h12, k13, has, has) ~ (300,700,500, 350)
+(120, 120, 120, 120) - beta(50,10)  in Network 2.

We set the capacity limits (M,)qeca = 0d, where 6§ = 40 in Network 1 and # = 200 in Network 2.

We also set Q@ = Id € RMIXII and, for every a € A and ¢ € Z, the travel time function is
tae: wr> Mg (1+0.15u/cq ), where

~ (6,4,3,5,6,4,1) in Network 1
" 1(7,9,9,12,3,9,5,13,5,9,9,10,9,6,9,8,7,14,11) in Network 2.

We implement the algorithms in (3.2.35) and (3.2.38) for different values of |Z|. We obtain the
following results by considering 20 random realizations of (c¢)eez and (he¢)ec=.
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Network 1 = =1 =] =3 =] =5 =] =10
algorithm (3.2.35) | 0.082 (1143) | 0.731 (3217) | 1.363 (4199) | 4.388 (5698)
algorithm (3.2.38) | 0.075 (1160) | 0.607 (3284) | 1.008 (4294) | 3.485 (5804)

% improvement of time 8.54% 16.96% 19.44% 20.58%

Network 2 E[=1 5 =3 =5 5[ =10
algorithm (3.2.35) | 0.864 (4801) | 10.195 (27285) | 16.166 (27660) | 45.327 (39790)
algorithm (3.2.33) | 0.637 (4816) | 7.627 (28147) | 12.069 (28835) | 33.204 (40848)

% improvement of time 26.27% 25.19% 25.34% 26.75%

Table 3.3: Average execution time (number of iterations) with relative error tolerance e = 10710,

Note that the algorithm with vector subspaces in (3.2.38) is more time efficient compared to the
classical primal-dual algorithm in (3.2.35). Indeed, the percentage of improvement reaches up to
26.75%, for the larger dimensional case of Network 2 and Z. It is worth to notice that the number
of iterations is lower in average for the approach without vector subspaces, but it is explained by
the subroutines that compute the projections onto (V§+)5€5, which lead to a larger computational
time by iteration. In order to show the difference of both algorithms, in Figure 3.1 and Figure 3.2
we illustrate the relative error depending on the execution time for the best and the worst instance
respect to convergence time.

Figure 3.4: Relative error in Network 2 (semilog) with |Z| = 3 (left) and |E| = 10 (right).
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3.2.5. Conclusions

We propose a primal-dual method with partial inverse for solving constrained composite mono-
tone inclusions involving a normal cone to a closed vector subspace. When the monotone operators
are subdifferentials of convex functions, our method solves composite convex optimization prob-
lems over closed vector subspaces. We also incorporate a priori information on the solution of the
monotone inclusion, which produces an additional projection step in the primal-dual algorithm.
Either this projection or our vector subspace approach produces significant gains in numerical
efficiency with respect to the available methods in the literature.
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Chapter 4

Conclusions and perspectives

In Chapter 2, we provide a projected primal-dual splitting method for solving composite mono-
tone inclusions with a priori information on solutions, generalizing various methods in the litera-
ture [9, 20,29, 48]. Moreover, in the presence of strong monotonicity, we prove accelerated conver-
gence of the primal iterates generated by our method, generalizing [20, Theorem 2] and giving an
accelerated version of the method proposed in [48] for strongly monotone inclusions. Finally, we
demonstrate linear convergence in the fully strongly monotone case, generalizing [20, Theorem 3]
and complementing the ergodic linear convergence in the case without projection in [21].

The importance of the a priori information set is illustrated via the minimization problem of
the norm of ¢! with affine constraints, in which the proposed method outperforms [20]. In fact, the
greater the selection of constraints on which it is possible to project, the greater the percentage
of improvement of the proposed method with respect to the Chambolle-Pock’s method [20]. In
addition, the percentage of improvement is greater as the tolerance for the methods increases,
reaching up to 69,3% of improvement on the computational time.

In Chapter 3, we provide a primal-dual method of partial inverses to solve monotone inclusions
with vector subspaces and a priori information on solutions, generalizing the proposed method in
Chapter 2 when the step sizes are fixed.

The efficiency of the proposed method is illustrated in two non-differentiable convex optimiza-
tion problems. The first is the constrained LASSO [34], in which we compare our method without
a priori information with respect to the methods in [12] and [48]. We conclude that when the
vector subspace constraint is a larger set, the improvement on the computational time is larger
with respect to [48]. This behavior is due to the fact that our algorithm requires calculating the
projection on the vector subspace, which is more expensive in time as the subspace is smaller.
The second application is the constrained ¢! minimization problem, in which we use the a priori
information. We observe that the proposed method provides an improvement up to 43% in com-
putational time with respect [20] and the improvement is larger when the vector subspace is larger.
Moreover, as is perceived in Chapter 2, by including the a priori information via the projection
onto a selection of affine linear constraints, we observe an important reduction on the number of
iterations with respect to the algorithm without such information.

As an engineering application, we solve the arc-capacity expansion problem in a network. We
conclude that by introducing a proper vector subspace in the formulation, there is up to 26.75%

o1



of improvement with respect to the formulation without subspaces. In general, the percentage of
improvement is greater in the larger network and when there are more scenarios for the problem.

As a perspective we will further study the accelerated convergence and linear convergence of the
primal-dual splitting method of partial inverses proposed in Chapter 3. An possible hypothesis to
obtain these types of convergence is the strong monotonicity of the maximally monotone operators
involved in the problem, varying the step sizes as the algorithm in [20].

An interesting generalization to study is the case when the operator C' in Problem 1.2.1 is
monotone and Lipschitz. This allows us to generalize the inclusion problem studied in [26], as well
as the problem in [13], which include a vector subspace in the inclusion.

Another possible research topic is to consider non-monotone operators in the inclusion or with
weaker hypotheses than monotony, such as hypomonotone operators.

Finally, note that the a priori information has been used in the context of convex optimization
with affine linear equality constraints. However, we can also consider convex non linear constraints
of the form {z|g(r) < a} for a convex ls.c. function g. In the case when P <, cannot be
calculated efficiently, the study of other techniques for solving this problem are part of further
research.
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