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Abstract

In this master thesis we develop a versatile computational tool, the Dynamic Matrix
Method, that enables a systematic study of the propagating spin waves normal modes
of a wide class of extended ferromagnetic nanostructures. A generalization of the
method to account for magnonic crystals is included. We provide a detailed analytical
treatment of the magnetic dipole-dipole interaction. The method was applied in the
study of different kinds of magnetic systems, with an emphasis on understanding the
physics behind spin wave non-reciprocal phenomena. The results obtained in this work
showcase the potential of the Dynamic Matrix Method as a powerful research tool in

magnonics and other related areas.
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Introduction

Magnonics is a young field of research in condensed matter physics with a strong
interdisciplinary character that nourishes from the conversation of fundamental
research in magnetism, the design of metamaterials, and the perspective of future
technological applications. It is mainly concerned with magnons (the quanta of
spin waves), and their use for transmitting, storing, and processing information.
Its object of study, spin waves, are collective excitations of the magnetic order.
The propagation of spin waves has a precessional nature mediated by an array of
physical processes that emanate from the interactions of the underlying atomic
magnetic moments. Here, the interplay between the short-range exchange interac-
tion and the non-local magnetic dipole-dipole interaction plays a predominant role.
Spin-waves can exhibit complex band-structures and various ways of manipulating
their behavior, which represent the main attraction for the scientific community.
Among their many salient features, spin waves have a strong anisotropic dispersion.
For example, in an in-plane magnetized ferromagnetic thin film, the spectra of the
spin waves differ significantly depending on whether the propagation is parallel
(backward volume modes) or perpendicular (Damon-Eshbach modes) to the equilib-
rium magnetization. Moreover, spin waves have the ability to transport energy and
angular momentum without the motion of electrons, which enables Joule-heat-free
transport at high frequencies [1]-[4]; they have the potential to operate over a wide
range of frequencies with a large group velocity; and their wavelengths can also
be much shorter than the electromagnetic waves at the same gigahertz frequency
[5], thereby offering excellent prospects for magnonic-device miniaturization [6].
The interdisciplinary aspects of the broad field of magnonics are summarized in
some excellent works that highlight the role of spin waves in different areas like
magnon spintronics [2], [7], spin caloritronics [8], magnonic logic circuits [9],
[10], metamaterials and magnonic crystals [10]-[12], spin textures [13], [14],
magnonic-phononic crystals [15], [16], among others.




With the hopes of developing magnonic devices at the nanoscale as a viable alter-
native to electronics, fueled by promises of technological breakthroughs, a surge
of current research has been directed to the spin-wave properties of magnetic
nanostructures. There is an ongoing exploration in search of novel behaviors and
ways to tinker known properties of spin waves, a necessary step for envisioning
and designing magnonic devices, where non-reciprocal phenomena play a pivotal
role. Frequency non-reciprocity (a situation where the wave dispersion depends
on the sign of the wave vector), in particular, opens the gate for spin-wave caustics
with highly non-reciprocal focusing patterns, the excitation of non-trivial localized
modes, and motivates the investigation of magnonic crystals. An overview of the
topics mentioned above is given in the following paragraphs. These topics will
highlight the need for flexible theoretical tools for solving and understanding, in a
systematic way, the spin-waves dynamics of a wide range of magnetic systems.

To begin with, non-reciprocal spin-wave propagation has been observed in mag-
netic systems with broken symmetries, where two counter-propagating waves
exhibit different dynamic features (amplitude, frequency, or phase) at the same
wave vector magnitude. A great variety of magnonic structures manifest this
non-reciprocal effect [17], such as heavy-metal/ferromagnet interfaces [18]-[24],
non-centrosymmetric chiral magnets [25]-[30], curvilinear magnetic shells [31],
[32], magnetization-graded ferromagnetic films [33], ferromagnetic bilayers [4],
[14], [34]-[42], bilayered magnonic crystals [43], [44], and arrays of magnetic
nanopillars coupled by dipolar interaction [45], among others. From a technological
point of view, non-reciprocity turns out fundamental to envision magnonic applica-
tions, for instance, in circulators, isolators, phase shifters, and logic devices [46]-
[50]. Indeed, under proper conditions, the non-reciprocal magnon propagation
can even be forbidden in one direction, and the system may behave as a magnonic
diode [14], [34], [47]. In most of these systems, the origin of the non-reciprocity
lies in the dipole-dipole interaction, while in ferromagnet/heavy-metal bilayers and
non-centrosymmetric crystals, the cause can be found in the Dzyaloshinskii-Moriya
interaction, which is outside the scope of this thesis. In antiferromagnetically
coupled bilayers (synthetic antiferromagnets), an appreciable non-reciprocity in
frequency is observed due to the dynamic dipolar interaction [4], [14], [34]-[42],
[50]. This non-reciprocity can be comparable to the one induced by the interfacial
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Dzyaloshinskii-Moriya interaction in thin ferromagnetic layers, but it becomes more
prominent for thick films [42], [50].

Moving on, in optics, the concept of caustics is linked to enveloped rays, which
can be achieved either through reflection or refraction in curved objects [51]—
[53]. Caustics have been extensively studied in several fields of mathematics, and
theoretical physics [54]-[57], and also in the main fields of condensed matter
physics, such as phononics [58]-[62], plasmonics [63], [64], electronics [65]-[68]
and magnonics [68]-[78]. In such cases, one relevant physical ingredient is the
anisotropy of the system, which causes the group velocity to point in a different
direction compared to the phase velocity of the associated wave. In the context
of spin-waves, highly focused beams have been observed [68]-[79], where non-
reciprocity is an essential feature for creating and controlling caustic spin waves.
The spin-wave asymmetry causes a crucial modification in the iso-frequency curve
formed in the wave-vector space, where caustics appear at points at which its
curvature is zero, resulting in a divergence in the power flow [77]. Nevertheless,
even when the curvature is small, but nonzero, a substantial focusing of the energy
can also be reached (we speak of caustic-like or focalized waves) [70], [78].

Next, spin waves are susceptible to the magnetic texture and the internal field
landscape, and hence they are prone to propagate in a localized way. If the
magnetic material presents a domain wall (a kind of texture), localized modes are
excited and channeled along the domain wall center [4], [79]-[84]. However, the
channeling of spin waves may be compromised if the magnetic texture changes,
making the stability of the domain wall a problem. Another example is given by a
magnetic system with one or two finite dimensions, for which the demagnetizing
field is reduced at the edges, and, consequently, edge modes are excited [85]-[87].
It should be noted that such edge modes may be challenging to detect due to the
small regions of the magnet where the spins are precessing. Nonetheless, these
drawbacks can be overcome by proper material manipulation, where a gradual
change in some magnetic parameters may be the key to the steering of spin-waves
without relying on unstable domain walls or low cross-section edge modes. In
these cases, the propagation of waves can be confined to nano-scale channels,
which is fundamental for the development of magnonic devices [47]-[49], [70],
[78], [88], [89]. Exploring gradual changes in a given physical property is not a




new business. Indeed, inside a conventional step-index optical fiber, the index of
refraction is controlled using different dielectric materials, usually with a high-index
core covered with another material of smaller index [90], which allows channeling
the light due to the total internal reflection phenomenon [91]. In graded-index
optical fibers, the index of refraction changes continuously and is more noticeable
at the center of the dielectric material, which helps to bend the light into the fiber
axis [92], [93]. A similar phenomenon should be expected for spin waves, as has
been observed at the interface of materials with different saturation magnetization
[94]-[96]. However, owing to their strongly anisotropic nature, the refraction of
spin-waves is a highly nontrivial issue that depends on several factors such as the
frequency, angle of incidence, magnetic parameters or external field [97], [98].
Indeed, under proper conditions, the refraction can even be negative [96], [99],
[100]. In the realm of graded-index magnonics, the main idea is to manipulate the
internal field landscape to create potential wells that allow steering the spin-waves
[98], [101]. This graduation can be realized in several ways, for instance, by
changing the applied field, magnetic parameters, or shape of the material. For finite
nano-magnets, the nonuniform demagnetizing field creates the proper conditions
to channel spin waves because the internal field acts as a confining potential well,
leading to wave localization [102]-[106] and mode quantization [107], [108]. It is
also possible to manipulate the already nonuniform internal field by introducing
gradual changes in the magnetization saturation [109]-[111]. Other graded-index
magnonics systems have been fabricated, with graduation either in the anisotropy
constant [112]-[115], or in the exchange coupling strength [116]-[118].

Finally, magnetic materials with periodically modulated properties (magnonic crys-
tals) represent another venue of research with promising perspectives of data
processing applications [2], [9], [12]. The spin-wave spectra of magnonic crys-
tals exhibit well-defined frequency band-gaps, frequency intervals over which the
propagation of waves is forbidden, which sets them apart from other non-periodic
systems. An essential advantage of magnonics crystals lies in its incredible reper-
toire of possible designs [2]. For instance, magnonic crystals can be created by
modulating the geometry [119]-[128], the magnetic properties [129]-[138] or by
coupling different systems [24], [139]-[141]. In two-dimensional bicomponent
magnonic crystals, it has been experimentally demonstrated that the spin-wave
spectra change significantly depending upon the direction of the external bias field
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[137]. The magnonic band gaps in these crystals can also be controlled by the filling
fraction, the lattice constant, and the applied magnetic field [133], [134], [137].
For dipolar spin waves (crystals with large lattice constants), the widths and center
frequencies of the band gaps decrease and increase, respectively, with increasing
applied magnetic field [129], [131], [133], while in the case of exchange spin
waves (small lattice constant), the band-gap widths are independent of the field
strength [134]. All in all, this vast array of properties illustrated in the previous
paragraphs open up many opportunities for engineering magnonic bands.

In this thesis, we are interested in the theoretical study of the normal modes of
propagating spin waves along the symmetry axes of certain kinds of extended
ferromagnetic nano-structures (stripes and layers). Our theoretical inquiry proceeds
in the framework of micromagnetism under the lenses of a semi-analytical theory
called the Dynamic Matrix Method. Roughly speaking, this method is a way to
extend solutions of low-dimensional systems to 3D systems in the form of finite-
dimensional eigenvalue problems. In a sense, this theoretical method is similar
to what is done in micromagnetic simulations. However, this method exploits the
assumed physical symmetries to maintain a distinctive theoretical character and
thus should not be thought of as a merely numerical tool. Hence, the purpose of
this thesis is to develop the Dynamic Matrix Method, extend it to tackle periodic
systems (adapting the so called Plane Wave Method), and then apply it to solve the
spin-wave dynamics of many ferromagnetic nanostructures in different coupling
configurations. For example, we study how the non-reciprocal phenomena in a
ferromagnetic film can be modified by grading its magnetization saturation or how
the band gaps in a coupled bilayer magnonic crystal are affected by modifying
its geometric parameters. Among the systems explored in this thesis, we found
magnetization-graded ferromagnetic films and stripes, coupled bilayer magnonic
crystals, and synthetic antiferromagnets, for which various properties are studied
such as frequency non-reciprocity, band gaps, localization, and focalization of
waves. The relevance of this work lies in the development of a versatile theoretical
tool that is able to describe the spin-wave dynamics of a wide range of magnetic
systems: thick or thin, with uniform or graded parameters, or even magnonic
crystals; among various possible geometric and coupling configurations. When
we speak of versatility, we do not refer exclusively to the scope of applications
as previously illustrated, but also to the relative ease with which the method can




be extended to consider other kinds of systems and interactions, fertile ground
for future research, as we discuss in chapter 5. Although similar results can
be obtained from micromagnetic simulations, the semi-analytical character of
the Dynamic Matrix Methods allows, on the one hand, to heavily cut down the
required computational time, and on the other, to contrast the numerical results
with analytical expressions for the different interactions, as is demonstrated in
chapter 4. The calculations found in chapter 3, related to the Dynamic Matrix
Method, are the main result of the thesis work.

The thesis is organized as follows. In chapter 2 a brief overview of micromagnetism
is given, followed by a discussion of spin-waves dynamics and its underlying inter-
actions in the micromagnetic regime. Chapter 3 gives a detailed treatment of the
Dynamic Matrix Method and its extension to periodic systems. Chapter 4 shows
how the above method can be applied in current research in magnonics, such as the
study of i) spin-wave frequency non-reciprocity in magnetization-graded ferromag-
netic films, ii) the magnon band structure of a coupled bilayer magnonic crystal,
iii) spin-wave focusing in synthetic antiferromagnets, and iv) the propagation of
localized spin-wave modes within magnetization-graded stripes. Finally, chapter 5
presents the conclusions of the thesis work and offers perspectives for future lines
of research.
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Micromagnetism

Micromagnetism is a mesoscopic theory of magnetism. That is, a theory concerned
with a medium scale between atomic and bulk physics, usually in the nanoscale.
We say that a theory or calculation about magnetic matter is micromagnetic when
the atomic structure is ignored in favor of a continuum approach. Micromagnetism,
then, stands as a translation from quantum to classical physics. The classical frame-
work enables further analysis of inherently quantum mechanical phenomena, such
as spin and magnetic order, that does not yield easily to theoretical developments in
its original quantum description. In practice, we are trading the difficulties brought
about by noncommutative algebras for the nonlinearity of partial differential equa-
tions. However, the trade-off is particularly convenient when dealing with the
Dynamic Matrix Method, the main topic of this thesis (see Chapter 3).

The Landau-Lifshitz equation can correctly describe the dynamics of spin waves
in ferromagnetic nanostructures. In this differential equation, an effective field
captures the various physical processes by which the magnetic moments interact
between them and with their environment. We consider four kinds of interac-
tions: (i) Zeeman, (ii) anisotropy, (iii) dipolar, and (iv) exchange. The Zeeman
interaction refers to the coupling of a magnetic moment with an external field.
Anisotropy is a (phenomenological) umbrella term that considers the atomic and
macroscopic structure of the material. The dipolar interaction refers to the classical
magnetic dipole-dipole interaction. Exchange, like spin, is an inherently quantum
phenomenon and has no classical analog. For the moment, it is enough to think
of it as strongly coupling spins parallel to each other. In this chapter, we motivate
the Landau-Lifshitz equation using variational methods. Also, we show how the
underlying interactions can be taken to the continuum and written as an effective
field in the micromagnetic approach.




Regarding the organization of this chapter. First, in Section 2.1 we review some
basic concepts of magnetism. Then, in Section 2.2 we study the dynamics of spin
waves. Finally, in Section 2.3 we consider the Zeeman, anisotropy, exchange, and
dipolar interactions.

2.1 Basic concepts

The fundamental concept in the study of magnetic materials is the magnetic moment
p. In an atom, this vector quantity has two contributions: (i) orbital angular
momentum, related to the spatial symmetries of charged particles (think of a
current loop), and (ii) spin angular momentum, related to the internal symmetries
of particles. Hence we write u = vJ, where ~ is the giromagnetic ratio and J the
total angular momentum.

One way of classifying magnetic materials is to look at their response to an external
magnetic field. In most cases, the magnetic moments are the only relevant contribu-
tions to the atomic magnetic moment. It turns out that, under an applied external
field, the electronic (orbital) spin magnetic moment aligns (anti-) parallel to the
field, which later gives rise to what is called (diamagnetic) paramagnetic behavior.
In weakly interacting systems, the bulk behavior depends exclusively on the inter-
play of these two opposing tendencies. As a general rule, when the atomic magnetic
moment ground state is not zero, paramagnetism is the significant contribution, and
we see a net magnetization parallel to the applied field. In such a case, we speak
of a paramagnetic material. On the other hand, if the atomic magnetic moment
ground state is zero, the atomic spin must be zero; thus, there is no paramagnetism,
so that diamagnetism prevails, and we see a net magnetization antiparallel to the
applied field. Hence, we speak of a diamagnetic material. In both cases, there is no
spontaneous magnetization at zero applied field. In contrast to the previously dis-
cussed systems, ferromagnets present a spontaneous magnetization at zero applied
field. This effect is present because the exchange interaction strongly couples the
atomic magnetic moments in ferromagnets. In these materials, exchange favors a
ground state of (locally) parallel spins, allowing for long-range magnetic order, i.e.,
spontaneous magnetization. Ferromagnetism is, in fact, a state of magnetic matter,

8 2 Micromagnetism




with a phase transition at high temperatures, where spontaneous magnetization is
lost. Thus, in the process of cooling a hot ferromagnet, there is a transition from
a state of high symmetry (magnetic moments are oriented randomly and isotropi-
cally) to a state of lower symmetry (magnetic moments align themselves parallel
to an arbitrary direction). The temperature at which certain magnetic materials
undergo such a change of their magnetic properties is called Curie Temperature.
This transition is an example of spontaneous symmetry breaking.

We are interested in ferromagnetic materials (e.g., Permalloy, Cobalt, and Nickel).
Depending on the prevalent behavior of the electrons on a ferromagnet, two kinds
of models are available for their description: localized and itinerant magnetism. In
the localized models, the ferromagnet is seen as a fixed lattice of magnetic moments
(i.e., each electron is attached to an atom). On the contrary, itinerant models
consider conduction electrons that generate displaced bands that, in the end, are
responsible for magnetization. In this thesis, we work with localized models of
magnetism in the micromagnetic regime.

In the continuum limit, we work with a magnetization density M : R* — C?,
defined as the mesoscopic average of the magnetic moments p in a lattice. Namely;,
M(r) = > Ay p/AV, where AV is a volume centered at r that is big enough to
ignore the discrete nature of the lattice but small enough for other interactions,
aside from exchange, to play a significant role. At microscopic scales, exchange
reigns supreme, as it is by far the strongest interaction, aligning all magnetic
moments parallel to each other in their vicinity. This, save some pathological
cases, justifies thinking of M as a continuous function. As we zoom out and pass
thorough the nanoscale, other forces begin to exert their influence. For example,
the magnetic dipole-dipole interaction would rather have the magnetic moments
oriented in such a way as to form closed magnetic loops. This energetic competition
forces the magnetization to bend, forming textures and domain walls. In general,
the magnitude of the magnetization, M = |M|, is temperature dependent (heat
provokes random misalignments from the ground state). In this thesis, however, we
will always remain in the low-temperature regime, and thus take M to equal the
saturation magnetization Mg of the material (the maximum magnetization that can
be achieved in a ferromagnet). Complex functions are assumed from the beginning,
as they facilitate the symbolic manipulations.
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2.2 Dynamics

For our purposes, a magnon is an excitation of the ground state ferromagnetic
order (picture a lattice of aligned magnetic moments where one of them flips).
In the context of low temperature and low energy excitations, we refer to the
(macroscopic) collective excitations of the ferromagnetic order (or magnetization,
in the micromagnetic regime) as spin waves. A natural question to ask is, how
do these waves propagate in a given magnetic material? We start an answer by
pondering about the dynamics of a spin under an external magnetic field, then
deviating a bit by considering the related question of what is the ground state of
a ferromagnet, and then coming up with an answer in the form of a differential
equation.

2.2.1 Spin precession

Consider a single fixed spin S under an external magnetic field H. The Hamiltonian
is known to be H = —~yuoS - H, with v being the absolute value of the gyromagnetic
ratio. In the Heisenberg picture of quantum mechanics, the time evolution of
the spin operator S is given by dS/dt = i[H,S]. From the commutation relation
[S-H,S] =ivS x H, it follows that

d
—S = —vueS x H. 2.1
7 VoS X (2.1)

Now that we have derived the dynamical equation for the spin operator, we switch
to a classical description; that is, we treat operators as if they were vector variables.
The dynamical equation tells us that, for a constant field H, the spin S precesses
around the axis defined by H with constant magnitude S. The equilibrium condition,
dS/dt = 0, is given by S x H = 0. In particular, since the energy is equal to
—~vupS - H, the only stable equilibrium, a configuration that (locally) minimizes
energy, corresponds to the spin being aligned parallel to the external field.
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Now, we consider a harmonic linear perturbation around the stable equilibrium
Seq- Namely, S(t) = Seq + se’?, where s is a vector coefficient perpendicular to Se,.
Replacing in the dynamical equation, to first order in s, we have that

ws = 1yuoH X s. (2.2)

This equation represents an eigenvalue problem on s, with the associated character-
istic equation

w 1ryH

det = 0, (2.3)

—iyH w

which has w = yH as a physical solution. Regarding the role of damping, we
consider the modified dynamic equation

d d
%S = —y1pS X H+ aS X %S, (2.4)

where « is a phenomenological (fixed by experiment) damping parameter. Doing
the same linear perturbation, we see that solving the modified eigenvalue problem
is equivalent to making the substitution H — H + iwaSeq/ in the previous charac-
teristic equation, and hence w — Sw, where = (1+iaSeq)/ (14 o*SZ,). Performing
a series expansion on «, we have that Re(f) = 1 — o*SZ,. This last term suggests
that, regarding the study of normal modes, damping is a second-order perturbation
and is henceforth omitted in this thesis.

2.2.2 Landau-Lifshitz equation

This section considers the general problem of equilibrium in a magnetic solid with
constant saturation magnetization, see the books by Gurevich et al. [5] and Aharoni
[142]. We seek conditions that (a well-behaved) magnetization function must
satisfy to guarantee an equilibrium configuration. In particular, we are interested in
the extrema of the energy functional. This is a task most suited to the calculus of
variations.

For simplicity, instead of working with the magnetization function, we will use an
arbitrary function and later make the required substitutions. Henceforth we omit
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the use of differentials in integral expressions, as their use is clear from the context.
Consider a functional U given by

U(n) = /Q u(m, Vn) + ¢ w(n), (2.5)

where u is an energy density, w is a superficial energy density, and n : R® — R3 is
a well-behaved function under the constraint » = 1. This is formally the same as
deriving the Lagrange equations of a constrained mechanical system from Hamilton’s
Principle of Least Action. Following the approach outlined in Lemos [143], let
® : R — R be a real function such that ®(¢) = U(n + en) for ¢ > 0, where
7 : R> — R? is a well-behaved function, and let 6U/én = (d®/de).—o be the
functional derivative of U respect to 7. We have that

dd ou _ ou  __ ow _
<d€ >eo -, (6’?7 o) v”) * om " =0
ou ou _ R ou ow\ _
=/, (877 -V a(Vn)) 1 Jao (”' N an) A

Due to the constraint = 1 the spatial components of the variation 7 are not

independent. We use the Lagrange multipliers method to take this into account. The
constraint n = 1 holds over any variation of 7, in particular |n + en7|* = 1. It follows
that (d®/de).—o remains invariant inde the substitution ¢ — &' = & + e [, 1 - 7,
where A\ € R is the Lagrange multiplier. By imposing the equilibrium condition
oU/om = 0 and making the substitution ® — &’ it follows [143] that the equilibrium
configuration of n must satisfy the differential equation

ou ou
oy +An =0, (2.8)
on " a(vm)
with boundary condition
ou ow
fi - 4 = 0. (2.9)
(Vn) = In
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Taking the vector product of the above equations with 7 and then setting n = M /M,
we obtain Brown’s equations of equilibrium:

ou ou
M .7 | = 2.1
. (81\/[ v 8(VM)> / (2.10)
for M € (), and
Mx (a2 L ow)_ (2.11)
OVM) oM /) '

for M € 0. We note that Brown’s equations are a necessary but not sufficient
condition for stable equilibrium. Henceforth, we will assume that every equilibrium
is stable unless otherwise stated.

Comparing Brown’s (bulk) equation with the condition of equilibrium of spin
precession in section 2.1, we see that the magnetic field H can be replaced by an
effective field

ou ou
Hf=—-———+V" : 2.12
poHegs V7 VM) (2.12)
where care was taken with the sign of the expression so that ;,)H = —0u/0M in the

case of an external field. This definition motivates us to postulate an analogous re-
placement in the equation of motion. Thus, we obtain the Landau-Lifshitz equation
of motion

%M = —yM x Heg. (2.13)

In what follows, we denote the effective field simply by H.

2.3 Energies and fields

The manifestation of magnetic properties in condensed matter can be explained by
the collective behavior of magnetic moments. This section will describe some of the
different types of interactions by which magnetic moments interact between them
and their environment. These interactions are first considered in a discrete system
(localized magnetism) and then transferred to the continuum (micromagnetic
regime). We follow the treatment given by Aharoni [142].
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2.3.1 Zeeman interaction

The energy of a magnetic moment p in an applied magnetic field Hy, called Zeeman
interaction, is given by £y = —uop - Hz. Thus, in the micromagnetic regime, the
Zeeman energy of a ferromagnet €2 is given by

By — —MO/QM Hy. (2.14)

It is easy to see that the formula for the effective field does indeed give the desired
answer.

2.3.2 Anisotropy interaction

The anisotropy energies are associated with preferential directions of the mag-
netization. There exist various kinds of anisotropy, the most common being the
magnetocrystalline anisotropy due to the spin-orbit interaction. Electronic orbits are
constrained to the crystal lattice, and due to their interactions, spins prefer to align
in specific directions. Thus, there are directions in which it is easier to magnetize a
crystal. This difference is expressed as a direction-dependent energy term. Usually,
the magnetocrystalline energy is weak compared to the exchange energy. However,
since the exchange is isotropic, the magnetization’s direction is uniquely determined
by the anisotropy and the ferromagnet’s shape (dipolar interaction). Although
first principle computations for the spin-orbit interaction are feasible, as with the
exchange integrals, their precision is not always adequate. Thus, the anisotropy
energies are written as phenomenological expressions, power series that consider
the crystal symmetry, whose coefficients are taken from experiment. Individual
expressions can be written for only some crystal symmetries.

The anisotropy of a hexagonal crystal, called uniaxial anisotropy, is a function of
only one parameter, the angle between the a-axis and the magnetization. It is
an experimental fact that the energy is symmetric concerning the (perpendicular)
plane of the hexagonal lattice, so that odd powers of the cosine of the angle can
be discarded from the energy series expansion. For cubic crystals, we talk of cubic
anisotropy. The series expansion should be invariant under permutations of the
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crystallographic axes c;, ¢y, cg (with ¢; - ¢; = 9;;). Again, odd powers are discarded.
Also, the lowest-order combination, 37, (M - ¢;)2 = M2, is a constant, and hence is
omitted. The combined energy series expansion, to the first non-vanishing order, is
then given by [144]

K,
By =— qu2/(M a)? uM”‘/ZL S (M- ¢;) ](M-ci)z. (2.15)
Y E=)

=1

Here the first term accounts for a uniaxial anisotropy of constant K, while the
second stands for a cubic anisotropy of constant K.. In a lot of hexagonal crystals,
the a-axis is an easy axis (K, > 0); that is, the energy is minimized when the
magnetization is parallel to a. If K. > 0, the easy axes are the cubic crystallographic
axes. While, if K. < 0, the easy axes are along the crystal diagonals (e.g. the (111)
direction).

The effective anisotropy field is given by uoH, = —0u,/0OM, where u, is the
anisotropy energy density (F, = [, u,). Thus,

S 1=1

2K,
H, = M- a)a— (M - c; M - ¢c;)c;. (2.16)
ﬂoM2( N0M4ZL§;@ ’ ] ( )

2.3.3 Exchange interaction

The origin of ferromagnetism lies in the exchange interaction, which appears by
the tendency of the electrons to reduce the Coulomb interaction. Exchange has
no classic analog since it is caused by the overlap of neighboring wave functions.
Because of Pauli’s exclusion principle, the antisymmetric character of the electronic
states gives way to a coupling between the spin state and the spatial wave function.
Namely, if two electrons have parallel spins (symmetric spin state), they tend to
repel each other, a characteristic of antisymmetric spatial wave functions, which
reduces the average electrostatic energy. This reduction in energy favors both
parallel spin alignment and the surge of a magnetic moment in atoms and ions in
their ground states.
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In a model of localized magnetism the exchange interaction is often described in
terms of the Heisenberg Hamiltonian,

Hex = — > JiiSi - S;, (2.17)
)
where S; is a spin localized at the i-th lattice point, and J;; is the exchange integral
that gives the intensity of the coupling between spins ¢ and j. Usually, it is considered
that J;; = J for near neighbors (nn), and J;; = 0 otherwise. J is positive for
ferromagnets, which favors parallel alignment, and negative for antiferromagnets,
but that is outside the scope of this thesis.

Misaligned spins in a ferromagnet always carry a heavy energy cost due to exchange.
Starting from the Heisenberg Hamiltonian and aiming for the continuum limit, we
treat operators as vectors and write S, - S; = S%cos ¢;;, where ¢;; is the angle
between the spins. Since the exchange interaction is robust at short range, the nn
angles are always small, |¢;;| < 1, such that to first order we have

JS?
Eex - T Z ¢3j, (218)

where we have omitted a constant term that corresponds to the ground state (all
spins point in the same direction). This term plays no role in the calculations
performed in this thesis, and hence is omitted, which is equivalent to redefining
the energy zero. We note that the previous discussion also holds for the more
encompassing concept of magnetic moment g.

Now, to take the continuum limit, we assume a unitary magnetization distribution
m such that m(r;) = p,, where p, is the unitary magnetic moment at site i.
Then, we fix the lattice ¢ and write m(r; + r;;) = p;, where r;; is the relative
position of site j respect to site i. For nn lattice sites, we have that |¢;;| < 1, thus
|6i;] = lm(r;) —m(r; +r;;)|, and hence |¢;;| = |r;; - (Vm)(r;)|. The exchange energy
can then be written as

JS? ,
Eex = T ZZ |I'7;j . (Vm)(rz)| , (219)

I'Z]
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where the first sum runs over the lattice sites, while the second one runs over its nn
sites. For crystals with cubic symmetry, the sum over the nn sites results in

> vy - (Vm)(r)[? = 2a°¢|[Vm(r;) |, (2.20)
where ¢ is the number of atomic sites in a cubic cell of side a. For a simple cubic

lattice ¢ = 1, for a bbc ¢ = 2, and for a fcc lattice ¢ = 4. In this way, when taking the
continuum limit of the lattice sum, the exchange energy can be written as

Fox = Aex/ Vm]|2. (2.21)
Q

Here Ay is the so-called stiffness constant of the ferromagnet and is defined by
Aex = JS?c/a for materials with crystalline cubic structure. For hexagonal crystals,
like cobalt, A.x = 41/2J52%/a. The exchange length, /., = \/ 2Aex/ o M2, is usually
taken as a natural scale for length.

Finally, the exchange energy density is given by ue(Vm) = Ael||Vm||2. The
effective exchange field is given by Hey = V - Quex/0(VM). Thus,

Hey = p10l2, VM, (2.22)

where we have used that M = M m.

2.3.4 Dipolar interaction

The dipolar or magnetostatic energy has its origin in the classical interaction
between magnetic dipoles inside a magnetic material. An excellent book in classical
electromagnetism is that of Zangwill [145]. Consider a lattice of localized magnetic
dipoles, with u, the magnetic moment of site 7, and h; the field in site ¢ due to all
other dipoles. In the absence of thermal fluctuations, the potential energy of the
system is

Egp = —2 5" p; - hy, (2.23)

where the 1/2 factor is introduced to avoid the double counting of interactions.
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Now, picture a “physically small" sphere centered at site ¢ of radius R, more signif-
icant than the unitary cell but not too large, to ensure a uniform magnetization
inside the sphere. Then, when computing the field at site i, we take all the dipoles
outside the sphere as a continuum. Thus, the field h; can be evaluated by taking
the field Hg;p, of a continuum material, substracting the field due to the continuum
material inside the sphere (—M/3), and adding the field h, due to the discrete
dipoles inside the sphere. Namely, h;, = Hy;, + %M + h!, where

1  3(w, Ty
h! (—’f,j Ly :””). (2.24)
Tij<R

i g
4 T T

Inside the sphere 7 the dipoles are constant (Mj = u,), so that

h o= P ( Rl B > | (2.25)
Tij<R

Y 4 o

Here, the symbol ® stands for tensor multiplication. For example, X - (r ® r) = zr.
Assuming that the magnetization distribution M can be approximated by a constant
inside the sphere, we can see that h; = A -M, where A is a tensor that only depends
on the crystal symmetry, which is null for cubic symmetries. Indeed, if the crystal has
cubic symmetry, the sum over the mixed components (e.g., z;;¥;;) cancels out since,
for any term in the sum, there is an equal and opposite contribution. This holds
for almost any other symmetry. Furthermore, in a cubic symmetry, the cartesian
coordinates z,y, z are interchangeable, so that 3«7, /r); = > 1/r};, similarly for
other components, and hence the above sum is equal to zero. For other kinds of
symmetries, the sum is not zero. Finally, substituting these expressions into the
dipolar energy and replacing the sum by an integral (continuum limit), we get that
the magnetostatic energy can be written as

1
Fap =~ /Q M. (Hdip +IMAA- M) | (2.26)
The second term is proportional to the saturation magnetization squared, M2, which
is a function of temperature but not of space. Thus, it can be omitted, implying
only a zero magnetostatic energy redefinition. The last term, M - A - M, has the
form and behavior of an anisotropy (A is not a function of space, only of the crystal
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structure), thus it is absorbed in the anisotropy energy and is not considered as part
of the dipolar term. In this way, the magnetostatic energy is reduced to

Ho
Egiy = —E/QM.Hdip, (2.27)
where
v , 1
Hep(r, 1) = —E/QM(I-,t)-v (,r_r,> (2.28)
"M A’ - M(r'
_ Vv /V (r,t)_j{ i (r',t) (2.29)
4n \Ja |r—1| o0 |r—1/|
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Dynamic Matrix Method

In low-dimensional magnetic structures, that is, systems with at least one of the sides
comparable with the typical exchange length /., of the material, simple functional
assumptions about the magnetization can accurately describe the dynamical state
of the system. Concretely, regarding the mathematical modeling, the far edges
of the sample are assumed to be at infinity, while the spatial dependence of the
magnetization between the close boundaries is assumed to be constant. As way of
illustration, imagine a spin near the center of a thin ferromagnetic layer. The spins
at the far edges are too weakly coupled to exert a significant influence; thus, they
are ignored. On the other hand, meaningful variations of the magnetization along
the film’s thickness (on the scale of /.,) come at a heavy energy cost; hence it is
reasonable to expect the low energy modes to be uniform along this direction.

However, what happens with an extended 3D magnetic structure? No simple
assumptions can be made a priori, as it is no longer possible to ignore the modulation
of the magnetization along the bounded directions. Solving the related system of
partial differential equations with their boundary conditions is usually not feasible
using simple analytical expressions.

One possible way forward is to leave the continuous nature of the problem on the
wayside and consider a related discrete problem instead. We start from a semi-
analytical theory called the Dynamic Matrix Method (DMM) [144]. This method
dictates slicing an extended magnetic structure 2 into N (low-dimensional) micro-
magnetic cells Q! ... Q¥ that are coupled by exchange and dipolar interactions.
Assuming we know how to solve the low-dimensional systems and how to describe
their interactions, the discrete problem reduces to a finite-dimensional eigenvalue
problem. Of course, the continuum problem is expected to correspond to the limit
behavior of the discrete problem as N — oo, though convergence is usually reached
rather quickly.
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This chapter is organized as follows. Section 3.1 provides a detailed description of
DMM, as applied to different classes of extended magnetic structures; later, we use
the Plane Wave Method to generalize DMM for the treatment of periodic systems
(magnonic crystals). In Section 3.2 we derive the required analytical expressions
for the Zeeman, anisotropy, exchange, and dipolar interactions.

3.1 Eigenvalue Problem

The study of magnetization dynamics in the framework of classical mechanics leads
naturally to a system of partial differential equations. By making use of two different
kinds of approximations,

1. first-order perturbation theory; and
2. discretization into micromagnetic cells;

we can (1) linearize our system of differential equations and give it the algebraic
structure of an eigenvalue problem; and (2) reduce the dimension of the resulting
vector space from uncountable to countable, and then, finite. We require of an
extended magnetic system 2 C R? that:

1. If  is unbounded in some direction, then it is invariant under continuous or
discrete translations along that direction;

2. ) can be partitioned into a finite number N of cells Q!, ... Q¥ whose geome-
try exhibits continuous translation symmetry.

Since we have a finite number NV of cells, we can label them by assigning each one
an integer p € {1,..., N}. Thus, the magnetization of the u-th body is denoted by
M* : R?® — C3. As part of the discretization into micromagnetic cells, we take the
equilibrium configuration and magnetic parameters of each cell to be uniform or
periodic. In general, the equilibrium configuration is not the same for every cell, so
we introduce a right-handed orthonormal basis €/, e}, €5 such that e} points in the
direction of the equilibrium configuration of M*. By convention, unless otherwise
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stated, the spatial components of vectors and tensors are taken with respect to the

local basis of each layer. That is, A} =€ - A¥ and B};" = e, - B - €.

Different kinds of interactions are accounted through the effective magnetic fields
H* : R3 — C? that are relevant for describing the magnetization’s temporal evolu-
tion. The dynamics of the yu-th cell is modeled by the Landau-Lifshitz equation

d
T M(r, 1) = =M (r, £) x H"(r, 1), (3.1)

where + is the absolute value of the gyromagnetic ratio. To linearize the equations of
motion, both the magnetization and the effective fields are written in terms of static
(zeroth order) and dynamic (first-order) magnetization components; higher-order
terms are neglected. We also assume that the dynamic magnetization components
behave like monochromatic plane waves, with the wave vector k confined to the
symmetry axes (extended directions). Thus,

M (r,t) = ME, + melr—0 (3.2)

and
H"(r,t) = HE, + hte'tr—h), (3.3)

where m*, h#* € C? are perpendicular to the equilibrium direction (H%, || M%), and
MY, is equal to the saturation magnetization M{'. By keeping terms up to first order
in m* and h*, we obtain the following system of linear equations,

wm = iypup(HY X ¥ + 0¥ x M), (3.4)

for1 < pu<N.

3.1.1 Continuous Symmetry

Here we assume the magnetic parameters are uniform along the extended directions;
that is, all translation symmetries are continuous. By means of dynamic multi-
element tensors A’ a convenient linear structure is assumed for the dynamic
components of the effective field, namely h* = — 3> A#” - M". With this in mind,
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the above system of linear equations [see Eq. (3.4)] becomes homogeneous and can
be interpreted as an eigenvalue problem of the form Tm = wm, where T € £(C?Y)
is a linear operator acting on the vector m, where m™ = (m{,...,m¥ mi ..., mi).

Concerning the canonical basis of C*, the matrix representation of T is given by

,
—MEARY —HEGS,, 1<qg<N<[<2N
Ty =iypgx § % edd =4= - (3.5)
MPAY + HES,,,, 1<I<N<g<2N
| MEAY, N <q,l <2N

where = ¢ (mod N) and v =1 (mod N).! Equivalently
Ty = vyHo ((_1)j_1ng5uu5ij + (—1)i_1MsﬂA§Ljy) : (3.6)

where 1 <i,j <2and1 < pu,v < N are integers uniquely defined by ¢ = (2—i) N+ pu
and ! = (j —1)N + v, for each 1 < ¢q,I < 2N. Here §;; stands for the Kronecker
delta symbol.

3.1.2 Discrete Symmetry

Now we study the spin wave propagation along (one-dimensional) periodic systems
(magnonic crystals), where a generalization of the previous discussion is needed.
We adapt the first-order perturbation by explicitly writing out the Fourier expansions
of M{,, m", HL , and h*; a common approach known in the literature as the Plane
Wave Method. It follows that

M (r, 1) = 37 NI ()G 1 37 it ()0t Gm—st) (3.7)

nez nez

Here (mod N) signals that we are working in modular arithmetic under the identification y+ N =
i, in other words, ;1 = ¢ (mod N) if and only if ;1 — ¢ is an integer multiple of N
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Here G, = (27 /a)X is the reciprocal lattice vector, where we have assumed the
periodicity to be along the z-axis. A similar structure is given for H”. A slight
generalization of the dynamic multi-element tensor approach yields

h*(n) = -3 Y T"(n,p) - m"(p). (3.8)

v=1 peZ

Hence, concerning the magnetization’s Fourier coefficients, we obtain the following
homogeneous system of linear equations

N
win® (n) = iyuo ) (ﬁ’é‘q(n —p) x " (p) + Mby(n—p) x Y~ > T"(p,q)- ffl”(a)) :
pEZ v=1q€Z
(3.9)

for 1 < u < N and n € Z. In order to obtain a finite-dimensional eigenvalue
problem (because computational resources are finite), we need to consider only
a finite-dimensional subspace of reciprocal space. Thus, we discard higher order
Fourier coefficients after a certain threshold ¢, for ¢ a nonnegative integer. Taking
this truncation into account, the above linear system can be read as an eigenvalue
problem of the form Tm = wm, where T € £(C?N(¢+1) is a linear operator acting
on the dynamic magetization vector m, where

m” = (imj(—c),....mi(c),...,ml (=c),...,m (c),

A generalization of Eq. (3.6) leads to

T, = iypo ((—1)j1Heq(n — p)0ubi; + (1) > M (n — u)rg;”(u,p)> , (3.11)
where 1 <i4,7<2,1<pu,v<N,and —c < n,p < c are integers uniquely defined

byq=(2c+1)((2—i)N+pu)+(n+c+1)andl = 2c+1)((j —1)N+v)+(p+c+1),
foreach 1 < ¢,l <2N(2c+1).
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3.2 Effective Fields

Various kinds of interactions play a role in how spins are coupled with each other
and their ambient. For this thesis, we consider Zeeman, anisotropy, exchange,
and dipolar interactions. In the context of the DMM, the different ways that
micromagnetic cells can be coupled are collected in effective fields. That is, H* =
H; + HY, + HY + HY. . Furthermore, the equilibrium condition requires that

dip*
HY, = (e5 @ ef) - (Hz + Hi,, + HE o + Hi4;,), while the dynamic multi-element
tensor can be decomposed as A" = ALY + ALY + Al . Here, the Zeeman interaction

is accounted for by a static external field H;. As for anisotropy, we note that the
field expressions given in chapter 2 already have an adequate form. We perform a
first order perturbation in Eq. (2.16) and obtain that h, = —A, - m, where

2K, 2K, &
A= — a®a+ (Meq - ¢;)%c; ® ¢;
M pg M ;g; (Mea -

+2(Meq - ¢;)(Meq - €i)c; @ ¢|  (3.12)

To take into account the interaction between different cells, we write AY =, A,.
Exchange and dipolar interactions require further treatment, which is given in the
forthcoming subsections.

Before getting ahead of ourselves, it proves convenient to introduce the follow-
ing notation. Henceforth, when writing down integral expressions, we omit the
differential elements to visualize the formulas easily. Regarding the geometry of
the micromagnetic cells, we denote by [, the operator that integrates a function
over the pu-th cell cross-section. For example, if we deal with ferromagnetic stripes,
J,n corresponds to the integral of a function 7 over an interval determined by a
rectangle cross-section.

3.2.1 Exchange Interaction

Exchange interaction is considered by employing two terms. One of them is associ-
ated with the exchange interaction within each cell. This inner exchange field of the
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p-th cell is equal to ¢2, V2M*. However, since overall this expression is not constant
along the cell’s cross section, the effective exchange field is defined as the cross
section average, that is, Hg,, = (/, (2, V*M*)/([,). The other term is related to the
exchange interaction between neighboring cells. In this case, the exchange energy
density between two neighbor cells is €., = —J* /(M MY)M* - M, where J" is
a coupling parameter. Note that ;oHL,, = — >, (6" /0M*) /b, where b stands for
the length of the cross-section traverse to the contact interface. Taking into account

both contributions, i.e., adding them together, it follows that

J

A" = (2 k25, —
ex ex K ,LLOMSMMSI/b

(81 + 0up—1), (3.13)

and
J

ng—ex — m Z(du,u—l—l + 6;4,1/—1)95. (3.14)

If the system is divided into many cells, the continuous approach allows establishing
that J = 2A /b [4], where A, is the exchange constant of the magnetic material
defined in the continuous limit.

3.2.2 Dipolar Interaction

The magnetic field HY generated by the micromagnetic cell )" is given by

dip
v \% , 1
Hgig(r,t):—E/WM (r’,t).V’<‘r_r/‘>, (3.15)
!/, V(5 - V(4!
_ Vv / \Y M(r,t)_y{ a' - MY (1, 1) | (3.16)
4r \Jor  |r—1/| oov v —r'|

(x) + by (x)eiler=,
where the spatial dependence of Hgg?dip and héﬁ is restricted to the bounded di-
rections. This spatial dependence is a consequence of the translation-invariant

If there is no periodicity, we can say that Hé’;ﬁ(r, t) = Hgdip

symmetry along the extended directions. However, we note that these functional
forms do not fit well with DMM, which forces us to consider their cross-section
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averages. Thus, we define the dynamic demagnetlzmg tensor A’ in relation to the

dip

p-th cross section average of the magnetic field hY Namely, we set

d1p

/ h{)(r) = —A% - m". (3.17)

As for the effective equilibrium field Hy, , it is worth noting that in the null wave-
vector limit, we have

(v) _ v v
S L H{ gip(r) = — lim Al - M, (3.18)

so that we have

ng dip — ( ) Z/ Heq d1p ) (3.19)
- 11{12’(1) Z Ad1p (320)

In other words, the null wave-vector limit of the dynamic demagnetizing tensor is
precisely the static demagnetizing tensor. Hence, we only focus on the dynamic
case.

Nevertheless, what happens in the presence of periodicity? The previous discussion
can be easily adapted for the Fourier coefficients of the effective field. A look at Eq.
(3.7) tells us to make the substitution k — k + G,, for the dynamic component, and
to describe the equilibrium component as if it were dynamic under the identification
k = G,,. It follows that

I"&‘Z)( p) =0y Ag‘l’; , (3.21)
k—k+G,,
and
H’é‘q dlp — — lim ZI‘dlp M” ( ). (3.22)

k—0

Hence, once we have the solutions for the uniform problem, we obtain the solutions
for its periodic counterpart for free.
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In the following, we find explicit expressions for the dynamic demagnetizing tensors.
Two systems are under consideration, namely coupled uniform layers and coupled
uniform stripes.

Layers Consider that our magnetic system () is such that it can be partitioned
into N uniform thin layers Q*, ... QV. By considering equation (3.16), we have
that V- M”(r,t) = ik - m”e** " and fi - M (r, t) = sgnly — (y* + d/2)][(M&), +
mYe'r=<t] Then, it follows that

\Y ’[:keik'r/ }A’eik-r/ y'+d
b () = / / ~ / -m”e kT 3.23
dlp(y) 47_‘_ u R2 |r _ r/‘ R2 |r — r/‘ / m e 9 ( )
y'=y"
. yV+d
_ zk2—|]—€V ik/ eFlv=v'| _ go—klu—v' . m”, (3.24)
y' =yV

where we have used [[*°_dxdz e'@o+%2) |\ [z F 2§ 22 = 2me WV HY® 1\ /g2 42,
Hence, solving equation (3.17) we arrive to

el — gV
e kly =y

y®k+k®y_k®k
kd

k k2 )
(3.25)

A, = (1 — cosh kd) (57' Ry —isgn(p —v)

for y # v, and
(3.26)

l—e®/  k®k k®k
AﬁfST(y@Y‘ i2 ) =

for ;4 = v. To solve Eq. (3.26) it is crucial to take into account the singularity in
(3.24) aty = ¢/ and write [, [, n(y — y') = lim_o+ J5 (I~ + [ ) dy/'dy n(y — o).

Stripes Now, consider that 2 can be partitioned into N thin stripes Q... QY.
We will consider expressions of the form [, [, n(p — p’), where the v-integral is over
the primed coordinates, the u-integral is over the non-primed coordinates, and 7 is
a well-behaved function with a singularity at the origin. Thus

/ St +b oy +d b pd /
l//ﬁﬁr—p%=/ / /n/<@dx@M$Mp—pL (3.27)
B dxhv SyHv 0o Jo
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for u # v, and

b—6 b+ pb46 Yy—e€ d+o
/ / np—p') = lim / / ( / + / >dy’dx’dydfv np—p'), (3.28)
wJuv €,0—=01 J§ 5 -0 —0 y—+e

for p = v, where (d2", dy"”) represents the relative position of the pu-th stripe
respect to the v-th stripe. It is interesting to consider the effect of changing the
order of derivation and integration. If ;1 # v, the operators commute. However, if
i = v, it follows from the above equation that

Yy—e€

(3.29)

[0 7)o oy [ [ i
p p § me —p —Y6’51_I>%+6 s Lraxr mp —p

Now, to compute the equilibrium field and demagnetizing tensor, we start from Eq.

y'=yte

(3.15), thus
\% . 1 .
h(V) - _ // tkr’ 7/ . v —ik-r
dip 47T<1/R2€ v r — 1’| e
k+V .
_! 5 </(zk + V) Ko(k|p — p’\)) -m”. (3.30)
Eq. (3.30) follows by noting that V|r — r'| = —V’|r — r/|, commuting the operators

[V = V Jg, using the identity [ dz €'*%/y/22 + b* = 2K(|ab|) for a,b € R,
invoking the product rule Ve’ *n(p) = %7 (ik+V)n(p) in succession, and canceling
out the exponentials. Then, by using Eq. (3.17),

AR — /M/VK(p— P)+6.,90F. (3.31)

Here the innermost v-integral is over the primed coordinates, the outermost -
integral is over the non-primed coordinates, and the tensor field K is defined

1 K (kp)
K(p)—QWbd(Ko(kp)kQ?kJrz o/ kop+pok)
Ki(kp) ... . . . Ks(kp)
+ ;/k XRX+IRY) — pi//@ p®p>, (3.32)
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with K denoting the [-th Bessel function of the second kind. Equation (3.31) is
obtained by considering the derivatives K| = —K; and K| = (K, + K3)/2, the
identity 2K, (r) = x(Ky — Ky)(x), and using the commutation property shown
in Eq. (3.29), wherein the resulting integrals are evaluated by taking Ki(z) =
1/x + O(x). Note that K is symmetric and traceless, so that the demagnetizing
tensor Ay is symmetric, with trace 1 if 4 = v and trace 0 otherwise, as expected
[Henry16, Newell93]. Also, K,.(z,y) = K,.(y,z). Thus, in solving [, [, K(p — p'),
only four components need be considered: K,,, K,,, K,. and K,. Here, the spatial
components are taken concerning the X, ¥, Z basis.

Assuming there exists a tensor field J such that K = 0,,0,,J, it follows from
equations (3.27) and (3.28) that

1

A= > (2—3s)(2 = 3[t[)I (02" + sb, oy"” + td), (3.33)
s,t=—1
for i1 # v, and
d+6 d—o aJ y—e€ b+6 b—6
P & o O ; —n m — (p—p’
Adip =9 © g+ lim, (J(p 2l | +d lim ay(p Al ) 334
y'=—68ly=4 y'=y+e/ lx'=—0lx=0

for y = v.

However, no elementary representation of J exists because Bessel functions do not
have enough antiderivatives. On the other hand, it is possible to seek a solution in
their series expansions. Known series expansions of K,, K; and K5, around z = 0,

are
Ko(2) = —ap — In (g) +0(2)?, (3.35)
Ki(z) = % + (—% + ag +In (g)) g + 0(2)?, (3.36)
Ky(z) = % - % + 0(2)?, (3.37)
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where o stands for the Euler-Mascheroni constant (= 0.577). Hence, to first order,
K is determined by

Klon) =g |l ] e @99
Kay(,y) = Flbd ’f;ﬁfi/yz ~ <x22fygz)2>’ (3.39)
Ka-(2,y) = 2ng x2iy2 — %Qx> — igzszz(%y), (3.40)
K..(z,y) = _zizcz [aE +In (g) + %111(332 + y2>] : (3.41)

with J given by

1 k? 22 4 ¢? Y y* — 2 2
Jox(,y) = v (1 + DR > [xy arctan (;) -+ 1 ln(x +y )

1

1 22— K2zt — ’
el ) = 5 [( ;T )t (E)

ry Koty 4 ay 2 | 2
+<2 I >ln(a: +97)], (3.43)

k. [ 32%y — o 3ry? — 3 L2 39,2
Jes) = e [P nctan (1) 4 2 (a4 7) - 2

2mbd 6 T 12 2 24
"
_ %szz(x,y), (3.44)
k2 25 EN\ 22?23y — ay’ Y
Jzz ’ - = T 1A 1 PN t -
@9 = =5 KO‘E TR (2)) 1 T e <x)
6r°y® —at =yt
n I In(2* +¢?)|. (3.45)
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For 1 # v, explicit formulas for the demagnetizing tensor follow immediately from
Eq. (3.33). The self-interaction case (i = v) requires a little more computational
effort. Using equation (3.34), the components of the demagnetizing tensor Agi‘lf) are
computed, this is

1 d b d 1 (d b 9 0

(Agip)ax = - [2arctang + Elnb — Elnd—l— 5 <E — g> ln(b +d )]
bdk? k b d b?

- 187 [—25 + 12a + 121n 3 + 83 arctan 7 + 6? Inb

d? d? b? 9 0
_Qﬁlnd—l— (6 + =i 3@) ln(b +d ))] (3.46)
and

bdk? k b d d
(Agg)zz = — 2 [—25 -+ 120&E + 121n 5 + 8 <g - g) arctan E

b2 d2 2 d2 ) )
+Qﬁlnb+ 2b—21nd+ (6 —-— — —) ln(b +b )] , (3.47)

and that (A5’

dip)ey = (Agf)z- = 0. It is worth mentioning that the second term in

di
Eq. (3.34) vanishes for 311)11 components.

The previous approximation holds as long as the relative distance between two
sub-stripes falls below a certain threshold. In the case of self-interaction (u = v), it
is expected that the threshold surpasses the characteristic length of the sub-stripes,
namely, the diagonal /b2 + d2. We define the threshold as the value z at which
the relative error of any of the K, K, or K, series expansion surpasses 0.05. This
condition happens first for K, at around z = 1/3. Note that the argument of the
Bessel functions is z = k|p — p’|. Thus, in the wave-vector regime k& < 30radum™?,
this approximation holds for sub-stripes at a relative distance of no more than 11 nm.
For relative distances more significant than 11 nm, a mean value approximation can
be used in its place.
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Applications of the theory

This chapter focuses on studying the dynamic phenomena in given systems by
modifying their geometry or magnetic parameters. We will consider certain types of
nanostructures that can be solved with the theoretical tools developed in Chapter 3.
Ferromagnetic films, bilayer magnonic crystals, synthetic antiferromagnets, and
ferromagnetic stripes will be addressed. We will discuss frequency non-reciprocity,
band gaps, focalization, and localization of the spin waves. The Dynamic Matrix
Method is used to solve the propagating spin-wave normal modes of the proposed
systems in various settings. Then, equipped with the analytic expressions obtained in
the previous chapter, we deepen the discussion of the underlying physical processes
responsible for the dispersion relations and magnetization profiles. We want to
highlight that the magnetic parameters for each section are not precisely the same
because such sections represent different systems where the calculations were
realized in different stages of this thesis. Also, we compare some results with
micromagnetic simulations, where a reference is mentioned in each case.

This chapter is organized as follows. In Section 4.1 we study the spin-wave frequency
non-reciprocity in magnetization-graded ferromagnetic films. Section 4.2 addresses
the band structure of a bilayer magnonic crystal. In Section 4.3 we are concerned
with the focusing of spin waves in synthetic antiferromagnets. Finally, Section 4.4 is
about the localization of spin waves in magnetization-graded stripes.
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4.1 Spin-wave non-reciprocity in
magnetization-graded ferromagnetic films

DOI

Here we study the spin-wave dispersion relation of magnetization-graded ferro-
magnetic films. In particular, we are interested in the emergence of frequency
non-reciprocity and the role played by the long-range dipole-dipole interaction.
We consider thick ferromagnetic films so that the Dynamic Matrix Method is used
to calculate the SW spectra because such a method takes into account the non-
homogeneous dynamic magnetization profiles along the film thickness.

(@) Multilayer structure (b) Magnetization-graded film
high M,

Thickness

Thickness

™ low M,

Fig. 4.1: (a) Thin film with graded magnetization along the thickness. This system is
considered as a multilayer structure with varying saturation magnetization char-
acterized by a profile M;(y). (b) Ferromagnetic film with a continuous variation
of Ms. The insets show a schematic representation of the profile of M;(y) along
the thickness d;, where an increase of the saturation magnetization is given from
the bottom to the top of the film. The equilibrium magnetization points along z
and the spin waves always propagate along z, so that the so-called magnetostatic
surface spin wave (MSSW), or Damon-Eshbach mode, will be considered.

To describe the spin-wave spectra of magnetization-graded films, we use typical
parameters for Permalloy; Aex = 11 pJ/m, and +/27 = 28.02 GHz/T. In the cases
where the saturation magnetization is varied, it will change from A = 800 kA/m
up to M = 1600 kA/m. On the other side, for the case of constant )/, a saturation
magnetization of 800 kA/m will be assumed.

The system under consideration is shown in Fig. 4.1, wherein Fig. 4.1(a) a multilayer
system is shown, which is composed of sublayers with different magnetic properties.
Then, by using the idea of the dynamic matrix method, the continuous variation
of the magnetic characteristics is reached, as shown in Fig. 4.1(b). In the current
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case, Damon-Eshbach modes are studied, where the spin-wave propagation is given
perpendicular to the equilibrium magnetization.

In order to corroborate the theoretical results, we first analyze the case of uniform
saturation magnetization (M = 800kA /m) in a thick film of thickness d; = 60 nm.
The case is depicted in Fig. Fig. 4.2(a), where the low-frequency mode is illustrated
for an external field ;i oH, = 1.5 mT applied along the z-direction. This field value
is chosen as the minimal stabilization field in the micromagnetic simulations (some
details of the simulations can be found in Refs. [33]). Here, the FM film has been
modeled as a single layer with N = 1 (dotted line), two coupled layers with N = 2
(dot-dashed line), etc. The different cases quickly converge as N increases, as shown
in the inset in Fig. 4.2(a), where the frequency reaches a constant value around
N = 5. Therefore, employing this test of convergence, we can demonstrate that the
theory can describe the SW dynamics of a thick ferromagnetic film, which is also
verified by the micromagnetic simulations [33]. At N = 1, the dispersion assumes
constant dynamic magnetization across the film. However, when the modulation
along the thickness is allowed by increasing IV, the dispersion dramatically changes.
The first out-of-phase higher-order modes become less energetic than the coherent
one (mode oscillating in phase) due to the dipolar contribution that favors the
out-of-phase magnetic oscillations. Thus, while at low wave vectors the uniform
mode is the less energetic one, at higher wave vectors a kink develops (around
|k| ~ 3 rad /um in Fig. 4.2) above which the low-frequency mode is now the out-
of-phase one, where the precession of the outer sublayers are out of phase. Hence,
the kink point represents the point around which the uniform and out-of-phase
mode have the same energy, and the critical point at which the kink occurs is
strongly dependent on the film thickness since at higher (lower) thicknesses, this
kink point is given by lower (higher) frequency. Of course, because the in-phase
and out-of-phase modes usually can not have the same energy (or frequency), the
kink point is also seen as an anticrossing point.

In order to look at the SW precessional amplitudes at different sublayers of the film,
the system is divided into N = 30 sublayers so that the thickness of each sublayer
is d = 2 nm (being the total thickness d; = 60 nm). Thus, the sublayer-dependent
precessional amplitudes can be clearly observed in Figs. 2(b-c) for k = +20 rad /um,
a wave-vector magnitude that lies within the range of Brillouin light scattering
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Fig. 4.2: (a) Spin-wave dispersion for a ferromagnetic film with constant saturation mag-
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netization and total thickness d; = 60 nm, which is divided into N sublayers.
The inset illustrates the mode evaluated at k£ = 20 rad /um as a function of the
number of sublayers, where a convergence is observed. (b,c) Depth-dependent
magnetization precession for cases k¥ = +20 rad /um, where N = 30 was chosen.
Note that m/; and m/ correspond to the dynamic magnetization components that
are perpendicular to the equilibrium magnetization, which is pointing along z.
Also, the index u goes from 1 to IV, denoting thus the position of a given sublayer.
(d) Comparison with micromagnetic simulations [33]. For the simplest case of
uniform magnetization along the thickness, the frequency dispersion is clearly
reciprocal.
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measurements. We observe that the modes exhibit heterosymmetric profiles along
the thickness [144], [146], together with a slightly different quantization condition
of the standing waves in the perpendicular direction (y-axis), while the spin waves
are propagating along the film’s plane. In other words, for the first standing mode,
the single node does not lie precisely at the center of the film. This behavior
agrees with recent results described in Ref. [146]. Besides, we note that at |k| =
20 rad /um, the modes with £ < 0 and £ > 0 exhibit a different profile along
the thickness, as they obtain a larger amplitude at the upper (lower) interface
at negative (positive) wave vector. The standing character of the SWs can be
explained through the dynamic dipolar interaction since, in essence, this asymmetric
localization appears due to the asymmetry of the dipolar field within the film, which
becomes prominent for thick films [144], [147], [148]. Thus, effectively the
dynamic magnetization amplitude tends to compensate the dipole field asymmetry
by increasing its amplitude on one side of the film [148]. Furthermore, since
the dipolar interaction is k-dependent, the node positions and amplitudes of the
standing modes are also k-dependent, indicating a connection between propagating
(in-plane) waves and the perpendicular standing SWs. If the thickness is reduced
(comparable with the exchange length), then the magnetization amplitudes on top
and bottom are approximately equal, in such a way that the non-reciprocity is also
reduced. Due to the breaking of symmetry along the thickness, non-reciprocity
in frequency for two counterpropagating SWs is expected [148], as long as the
FM film is thick enough so that the spin-wave amplitude is non-uniform along the
thickness®.

After describing the SW dynamics in the case of a homogeneous FM film, we will
now address that of a system with graduated magnetization. Fig. 4.3 shows the
SW spectra for different systems with N = 30, where the breaking of symmetry
along the thickness has been included through a variation on M;. Three cases are
explored: Case 1: A smooth change of M whose profile is asymmetric with respect
to the film thickness. Case 2: A smooth change of M around the center of the
film thickness. Case 3: A linear variation of the saturation magnetization along
the thickness. In all cases, the low frequency mode (Mode 1) at £k = 420 rad /um
corresponds to an out-of-phase one. Case 1 is illustrated in Fig. 4.3(a), where the

INevertheless, if some interfacial effect, such as those induced by interfacial anisotropies or spin
pumping, a notable non-reciprocity in the SW amplitudes can be observed [3], [149].
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Fig. 4.3: Figure (a) shows the spin-wave dispersion of a d; = 60 nm film for Case 1, where
a smooth change of M is given in the top of the film. In (b) the Case 2 is depicted,
where there is a smooth change of the saturation magnetization at the center of
the film. Figure (c) illustrates Case 3, where a linear variation of the saturation
magnetization is given. The saturation-magnetization profiles are shown in the
respective insets. The right and left figures show the precessional amplitudes
for the individual cases at k¥ = £+20 rad /um, where the time ¢ = 0 has been
highlighted (see filled black dots) to see the phase of the modes. The color
code represents the numerical simulations, where the brighter color indicates a
maximum of the response.

smooth change in M influences the SW dynamics since the symmetry along the
thickness has been broken. For waves propagating along x, the frequency of Mode
1 is reduced in comparison to a counterpropagating wave so that the localization of
the SW is different as well, as shown in the left side of Fig. 4.3(a). Interestingly, the
second mode also manifests non-reciprocity, which can be explained by analyzing
the precessional amplitudes of Mode 2, as shown on the right side of Fig. 4.3(a).
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Here, it is easy to note that the second mode at £k = —20 rad /um manifest a
coherent precession, with different magnetization amplitudes along the thickness,
while for waves propagating at k£ = 20 rad /um, the mode is the one with two nodes.
Thus, it can be inferred that the nature of the non-reciprocity of the second mode
for Case 1 is mainly because the nature of the SW localization has been radically
modified by inverting k.

Case 2 is depicted in Fig. 4.3(b). For such saturation-magnetization profile, it is
evident that the first mode manifests a slightly larger non-reciprocity than Case 1.
Nevertheless, Mode 2 is almost symmetric concerning the wave-vector inversion,
which can be understood by analyzing the SW amplitudes at £ = +20 rad /um,
since for both counterpropagating waves, the excitations are of the same nature
with similar precession amplitudes. Case 3 is shown in Fig. 4.3(c), which is quite
similar to Case 2. A possible explanation for this unexpected behavior may be the
localization of the maxima of the precessional amplitude since for both cases; these
maxima are given in the bottom and top sides of the film, where )/ is the same for
Case 2 and Case 3. Note that overall the frequency non-reciprocity is accomplished
of a non-reciprocity of the magnetization precession amplitude [see the top and
bottom faces in Figs. 2(b) and (c)] so that the output signal amplitude (of a given
measurement) will be asymmetric for the wave-vector inversion. This property is
helpful for spin-wave logic, and switch applications [3], [9], and spin-wave isolators
[150], where the spin-wave amplitude is wave-vector dependent.

To deeply understand the non-reciprocity induced by the graduation of M, the first
mode of Case 1 will be analyzed from the point of view of the dipolar interaction.
From the precessional amplitudes shown in Fig. 4.4(a-b), it can be inferred that
the role of the bottom and top sublayers is preponderant for the occurrence of
spin-wave non-reciprocity. Therefore, the dipolar interaction between layer u =
30 and v = 1 will be analyzed. The components of the dipolar field acting in
sublayer 1 due to sublayer v are given in Egs. (3.25) and (3.26). Here, it is
evident that the terms that induce non-reciprocity are the ones proportional to
ik, in such a way that if the non-reciprocal parts of these fields are defined as

rdp = —(ROY+FOR) - AL - mer=") then the relative orientation of field
hf’l?_’dlip (non-reciprocal dipolar field acting on sublayer ; = 30 due to sublayer v = 1)
and the dynamic magnetization of the sub-layer 30 can be analyzed. Fig. 4.4(c)
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Fig. 4.4: (a) and (b) show the precessional amplitudes for Case 1. In (c) and (d) the
relative orientation of the dynamic magnetization of sublayer ;4 = 30 and dipolar
field hf’l(r) dllp (see text for details) is shown for k£ > 0 and k& < 0, respectively. The
dipolar interaction between sublayer ;» = 1 and p = 30, as a function of the wave
vector, is depicted in (e), where an evident reduction of the dynamic dipolar
energy is observed for k£ > 0, in agreement with the relative orientations between

the dynamic stray field and the dynamic magnetization shown in (c).

and (d) show the field hi?_’éip and the dynamic magnetization of sublayer ;, = 30 at

k = +20 rad /um. At k < 0, it is noted that the in-plane dynamic magnetization

30,1
hnr dip

to in-plane components increase the energy of the system. Nevertheless, the out-of-

m>Y is opposite to the field ( )z, in such a way that the dipolar interaction due
plane components reduce the energy since the dipolar interaction and the dynamic
magnetization are parallel. On the other hand, the opposite happens at k£ > 0.
However, by noting that the in-plane components of the dynamic magnetization
and the dynamic stray field are the ones that dominate the interaction between
sublayers 1 and 30 (63?1;1) then one can conclude that f(+k) < f(—k). Here
cgip = (#0/2)m* - A*” - m”. This is shown in Fig. 4.4(e), where an evident reduction

of the dipolar interaction is given for k& > 0.

Fig. 4.5 shows the frequency shift Af = f(—k) — f(+k) between two counter-
propagating SWs, for the first mode and three different thicknesses d, = 30, 60 and
120 nm. The insets in each figure depict a reduced range of wave vectors, which
is the typical range proved by Brillouin light scattering measurements [151]. The
overall behavior of the A f shows two critical wave vectors where the frequency shift
becomes zero [see points A and B in Fig. 4.5(a)]. As the thickness increases point A
appears at lower k values so that it is imperceptible for thicker films. Critical point A
corresponds to the kink discussed above, which indicates the wave vector where the
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Fig. 4.5: Frequency shift Af of Mode 1 as a function of the wave vector for Cases 1, 2
and 3. (a), (b) and (c) show the frequency shift for d; = 30 nm, d; = 60 nm and
dy = 120 nm, respectively. The insets illustrate the range of k-values proved by
Brillouin light scattering measurements.

branch changes its phase, while point B is related to decreasing the dipolar energy
as k increases. One can see that the thickness is very relevant for manipulating the
magnitude of the frequency shift since if the sample is too thin or thick, then A f is
small in both cases. Thus, an optimal film thickness induces a large magnitude of
the frequency shift.

Conclusions The spin-wave dynamics of a ferromagnetic film with graded mag-
netization saturation have been studied utilizing the Dynamic Matrix Method. It
is demonstrated that the properties of the SWs in these films are notoriously mod-
ified compared to films with uniform magnetization. Interesting non-reciprocal
and particular localization properties have been found, where a notable frequency
shift is predicted, which is attributed to the dipolar interaction that is enhanced
when a breaking of spatial symmetry along the thickness is present. An arbitrary
profile of the saturation magnetization or any other magnetic parameter (surface
anisotropy, exchange constant, etc.) can be described with the method developed
here. Controlled by the graded profile, it is possible to obtain two counterpropagat-
ing waves where the phase of the mode can be radically different, depending on
the SW propagation direction. Thus, this work proposes a way to tune the dynamic
properties of SWs by introducing graduation of the magnetic properties, which is
considered relevant for applications of magnon-based devices.
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4.2 Band structure of a one-dimensional
bilayer magnonic crystal
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In this section, the dynamic properties of a bilayer one-dimensional bi-component
magnonic crystal (MC) are studied using theoretical tools shown in chapter 3 for
periodic systems (see Section 3.1.2). We could say that we use the periodic extension
of the Dynamic Matrix Method for NV = 2. Diverse geometrical configurations are
analyzed, where the band structure of these MCs and spatial profiles of the collective
modes are discussed.

Fig. 4.6: (a) Overview of a 1D bi-component bilayer MC. The collective modes propagate
along z, whereas the equilibrium magnetization is pointing along x. y is the
normal axis. As reference, the top (bottom) MC layer is labelled v = 1 (v = 2).
(b) Cross-section of a bilayer MC. Layer v has magnetic components A, and B,
the width of the material A, being w,. Also, a displacement parameter A is
introduced to describe an indirect coupling between layers 1 and 2. a is the lattice
parameter, which is assumed to be the same for both MCs, and s is the thickness
of the non-magnetic spacer.

The periodic bilayer system is shown in Fig. 4.6, where the geometrical parameters
of the structure are defined. Standard values of Cobalt and Permalloy[152] are used
for both bi-components. Specifically, the magnetic properties of material A; = A, =
A [Permalloy (NigoFeqo)] are M2 = 750 kA/m and ¢4, = 6.1 nm, whereas for material
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B; = By = B (Cobalt), they are M? = 1200 kA/m and ¢2_= 4.7 nm. For both materi-
als, an effective gyromagnetic ratio v = 0.01856 GHz/G and thickness d; » = 10 nm
are used. Also, the lattice parameter of the crystal is « = 300 nm, and the separation
of the layers is s = 1 nm. As can be seen in Fig. 4.6, the Damon—Eshbach modes
(SW propagation perpendicular to the equilibrium magnetization) are studied. Note
that the equilibrium magnetization is pointing along the stripes of the 1D bilayer
MC, and this state is stable in the absence of an external field, unlike the backward
volume configuration (equilibrium magnetization perpendicular to the stripes),
where a non-zero external field is required to make such a configuration stable.
Therefore, in what follows, a zero bias field is assumed. To systematically study the
band structure of a bilayer 1D bi-component MC, different coupling configurations
were analyzed by (i) independently switching on and off the interlayer and dipolar
interactions; (ii) varying the width w, so that the transition from two coupled MCs
(MC/MC) to an MC coupled with a ferromagnet (MC/FM) could be considered; and
(iii) varying the displacement parameter A [see Fig. 4.6(b)].

Role of interlayer interactions Fig. 4.7(a—c) shows the SW dispersion curves of a
monolayer MC, an exchange-coupled bilayer MC and a dipolar-coupled bilayer MC,
respectively. Here, the first BG (1% BG) has been highlighted. In all three cases, the
width of material A is half of the lattice parameter (w; » = a/2). In the dispersion
curves, the points at £ = 7/2a (around 5.2 rad/um) have been highlighted to
analyze the spin-wave profiles at such wave vectors [see Mode I, Mode II, Mode
I1I, and Mode IV in Fig. 4.7(a)]. In Fig. 4.7(a), the bands of an isolated MC show a
typical SW spectrum, which is characterized by the emergence of magnonic BGs
that are induced by the periodic magnetic contrast (periodic variations of M and
lex) along z. The real part of the in-plane magnetization component (Re[m®]), in
arbitrary units, is plotted at k = w/2a, where one sees that the low-frequency mode
(Mode I) is mainly located in the low M material (central lighter part), whereas
the high-frequency modes (Modes II, III, and IV) are located in both materials A
and B. The SW localization observed for the low-frequency mode can be explained
by the fact that the frequency of a continuous Py (evaluated at k = 7 /2a) is close to
Mode I, unlike the Cobalt dispersion that is given at higher frequencies. Hence, the
oscillations in the Cobalt are forced by the magnetization oscillations in Py.[138]
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Fig. 4.7: SW dispersion curves of (a) a monolayer 1D bi-component MC, (b) an exchange-
coupled bilayer MC and (c) a dipolar-coupled bilayer MC. The point & = 7/2a is
highlighted in the dispersion curves for the first four branches (Modes I, II, III,

and IV), whereas the real part of the in-plane magnetic components (Re [mﬁﬂ])

are shown in the panel to the right of each plot. Dynamic components m,(z'/) are

expressed in arbitrary units. In (a)—(c) the first band gap is highlighted

Suppose one MC layer is coupled with another bi-component MC via the interlayer
exchange interaction (with J = 0.5 mJ/m?). In that case, the modes that are
oscillating in phase (the phase will be associated to the in-plane magnetization
components) do not noticeably change their frequency compared with those for the
monolayer MC [see Modes I, II and III of Fig. 4.7(a) and (b)]. Nevertheless, at a
given frequency, the out-of-phase modes appear so that the SW spectrum is now
altered. These out-of-phase branches are located at high frequencies [see Mode IV
in Fig. 4.7(b)] because the dynamic interlayer energy is also high when the in-plane
components of the magnetization are antiparallel (out-of-phase character). Below
of the out-of-phase modes, the band-gap widths of a monolayer MC and a bilayer
MC have the same magnitude [see 1% BG in Fig. 4.7(a) and Fig. 4.7(b)].
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Fig. 4.8: Dispersion relation in a coupled bilayer system. Three cases are depicted, where
the interlayer interaction is reduced from J = 1 mJ/m? up to J = 0.25 mJ/m?.
Under the reduction of the interlayer exchange energy, the out-of-phase mode is
shifted down in frequency, while the in-phase mode is not notoriously modified.

If now the dipolar interaction is considered with the interlayer exchange interaction
switched off, the SW dispersion curves of the bilayer structure are considerably
modified. In this circumstance, the modes with an out-of-phase character are now of
low energy because the dynamic magnetization follows a flux-closing, thus reducing
the stray field or dynamic dipolar interaction. Thus, such modes are excited at low
frequencies. This behavior is observed in Fig. 4.7(c) and their respective spin-wave
profiles. The reduction of energy of the out-of-phase modes is also present in a
continuous bilayer system. Fig. 4.8 shows the dispersion relation of a simple Py/Py
structure, where it is observed that under the reduction of the interlayer exchange
constant .J, the out-of-phase modes shift down in frequency. An exciting feature
of the SW dispersion is that the in-phase mode is not notoriously modified with
the modulation of J so that even at J = 0, the dispersion of such mode is almost
unaltered. This behavior is also observed in Fig. 4.7(c) (see the thick shaded line
in the range k = 0 and k = 7/a), where the in-phase mode in the low-frequency
range follows the trend of the in-phase mode shown in Fig. 4.7(b) in the same
k-range. Band gaps are also modified in the case illustrated in Fig. 4.7(c), where
it is observed that a mini-band gap (with a BG width < 0.4 GHz) is now the first
BG. Interestingly, this mini-band gap appears out of the Brillouin zone edges and is
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formed by the interaction of fast and slow waves propagating with different group
and phase velocities. This behavior has been previously observed in bilayered MCs
with micron-size periodicity, where the coupling between MCs is provided via the
microwave electromagnetic fields.[153], [154] However, as will be shown in the
following sections, under realistic values of the interlayer strength J, low-frequency
in-phase modes will be mainly obtained and, therefore, for such frequency regime,
the interlayer exchange interaction will be particularly analyzed.

From these results, one can observe that the influence of both dipolar and ex-
change interactions modifies the band structure of the bilayer MC enormously.
These changes in the SW spectra, together with its great versatility regarding the
manipulation of magnetic and geometric parameters, motivate the study of these
multilayers structures as there are many ways to control the propagation of the
collective spin modes, such as i) modifying the properties of the spacer (for instance,
by enhancing or depleting the interlayer exchange interaction), ii) changing the
manner of coupling between the MC layers (see the following sections), iii) induc-
ing an antiparallel alignment of the magnetizations, iv) changing from DE to the
backward volume geometry (magnetization parallel to the SW propagation), where
the edge modes are prominent, etc.

Variation of width w; This section describes the transition from an MC/MC to an
FM/MC system. For the analysis, the width w; (width of material A of layer 1) is
varied. Fig. 4.9 shows the SW spectra for different values of w;, from a/2 to 0, whe
a = 300 nm. In Fig. 4.9(a—c), the interlayer exchange constant is J = 0.5 mJ/m?,
whereas in Fig. 4.9 (d-f), J = 1 mJ/m?. In comparing Fig. 4.9(a-c) and Fig. 4.9(d-
f), the low-frequency mode is noted to be slightly influenced by the increase in the
interlayer exchange interaction, whereas the high-frequency modes are different. In
the instances displayed in Fig. 4.9(a—c), there are many high-frequency branches in
the range 11-15 GHz, whereas in Fig. 4.9(d-f) only two modes are observed in the
same range. Because the interlayer exchange is reduced in Fig. 4.9(a—c), the dipolar
interaction becomes more relevant and tends to reduce the frequency (or energy)
of the out-of-phase modes (see discussion in Sec. ??A). Overall, the reduction in the
frequency of the modes leads to flat modes just above the first BG. Nonetheless, if
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Fig. 4.9: Band structure of the collective SWs for different values of w;: the exchange
constant is (a—c) J = 0.5 mJ/m? and (b-f) J = 1 mJ/m?. In (d), the modes at
the edges of the first band-gap have been highlighted.

the interlayer exchange coupling is even lower, the reduction in the frequency of
the flat modes similarly decreases the BG width as in Fig. 4.7(c).

The first BG is highlighted in the dispersion curves (Fig. 4.9), where it is seen that
the BG width is reduced as w; decreases [Fig. 4.9(a—c)], whereas in Fig. 4.9(d-f)
a non-monotonic behavior is seen because at w; = 75 nm the BG width is higher
than that for w; = 0 and w; = 150 nm. This peculiar behavior is observed in
Fig. 4.10, where the width and center of the first BG are depicted as a function of
w;. In Fig. 4.10(a) is observed that at J = 0.5 mJ/m? (solid line), the BG width
decreases if w; is reduced, while at higher values of J (dashed and dotted lines),
a non-monotonic behavior is obtained. Note that the increase of the BG width is
accompanied by a shift to higher frequencies of the BG center [see Fig. 4.10(b)]
when w; goes to zero. By comparing a bilayered MC with a monolayer MC (dots
in Fig. 4.10) one can see that the BG width is more significant for a bilayer and
that its center is located at higher frequencies. The latter can be understood due
to the dipolar interaction since overall, the band-gap edges are modes oscillating
in phase. Therefore the interlayer dipole-dipole interaction represents an extra
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Fig. 4.10: Plot (a) shows the band-gap width as a function of w; for different values of
the exchange constant (lines), while dots illustrated the case of a monolayer
magnonic crystal (monolayer MC). In (b) the band-gap center against w; is
depicted.

energy contribution that shifts the BG edges, and hence the BG center, to higher
frequencies. To understand the physical mechanism that governs the behavior of
the BG when w; is modulated, the interlayer exchange energy density €, (z) is
analyzed. From Sec. 3.2.1, one can demonstrate that

€me(2) = _Msl(z)JMSQ(z) {mi(z)mz(z) + mi(z)mz(z)} : (4.1)

Then, this interaction is averaged in the unit cell so that €, = (1/a) [ €inc(2)dz.
Fig. 4.11 shows ¢;,; as a function of w; evaluated at the BG edges [modes I,,.x and
II,in shown in Fig. 4.9(d)], where it is observed that as w; decreases the interaction
energy €, of both modes I,,,x and II,;, increases. The reason behind the increase of
€in When w; decreases lies in the fact that the dynamic magnetization components
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are not completely parallel if w; < a/2. For instance, at w; = a/2 one can observe
that m!(z) and m?(z) are practically parallel (see SW profiles at w; = a/2 = 150 nm
in Fig. 4.11). Nevertheless, when w; < a/2 the dynamic magnetization components
are not completely parallel anymore (see SW profiles at w; = 0 and w; = 75
nm), in such a way that now ¢, is higher according to Eq. (4.1). Note that the
maximum separation of the modes I,,,x and II,;, occurs at around w; = a/4 (75
nm), which is consistent with the highest BG width value obtained in Fig. 4.10(a).
This maximum BG width will be located at w;= 75 nm as long as the modes at
the BG edges correspond to the in-phase ones. In the case of J = 0.5 mJ/m?
[solid line in Fig. 4.10(a)], it is possible to show that the dynamic magnetizations
of mode II,;, are oscillating out of phase; therefore, in this case, the interlayer
dipolar interaction influences the frequency position of such mode inducing, thus, a
monotonic decrease of the BG width.

Non-reciprocal properties are also observed when the symmetry along the thickness
is broken [see Fig. 4.9(b,c) and 4.9(e,f)], so that two counterpropagating collective
SWs, with wave vectors of the same magnitude, exhibit non-reciprocity in frequency
due to the dipolar interaction.[4], [43], [140], [148] The exciting result is that the
low-frequency mode behaves almost reciprocally, whereas the high-frequency modes
are non-reciprocal. This behavior is understood by noting that the interlayer dipolar
interaction depends on the sign and magnitude of the wave vector [see Egs. (3.25)
and (3.26)]. At k = 0, the interlayer dipolar interaction becomes zero and increases
non-monotonically with magnitude &.[33] Therefore, because the high-frequency
modes are coupled with high values of the lattice vector G, these modes are
influenced more by the dipolar interaction, and consequently, they are more non-
reciprocal than the fundamental mode. If the contrast between materials A and B
increases, the non-reciprocal behavior of the SW spectra becomes more evident (not
shown), since the interlayer dipolar fields that induce the non-reciprocity depend
on the magnetic contrast.

Variation of the displacement parameter A Next, the band structure of the bilayer
MC is analyzed for different values of the displacement parameter A. The modes
as a function of k£ are shown in Fig. 4.12, where A varies from zero to a/2 for
two settings of the exchange constant, J = 0.5 mJ/m? and J = 1 mJ/m?. As
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Fig. 4.11: The interlayer energy density €;,, of modes I,ax and II;, as a function of width
ws is depicted. The SW profiles for cases wy = 0, wy; = 75 nm and w; = 150 nm
are shown.

expected, the dispersion is modified significantly when A increases; here, the most
striking result is the reduction of the first BG, reaching a null BG width at A = a/2.
Furthermore, one can see that the SW dispersion is always reciprocal in frequency.
This result is expected because the increase of A does not break symmetry along the
thickness. In other words, the change of sign in k is analogous to rotating the bilayer
system 180° around an in-plane axis and, since there is no breaking of symmetry
along the thickness, both cases (k and —k) turn out be similar. The width and center
of the first band gap are illustrated in Fig. 4.13 as a function of the displacement
A for different values of the interlayer exchange constant. In Fig. 4.13(a) it is
observed that when A increases the BG width always decreases, reaching the zero
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Fig. 4.12: Band structure of the collective SWs for different values of A. In (d), the modes
at the band-gap edges are highlighted (see Fig. 4.14).

value at A = a/2, while the BG center [see Fig. 4.13(b)] shifts up in frequency
depending of the magnitude of .J. The notorious contrast in the behavior of the
forbidden band between the cases J > 0.75 mJ/m? and J = 0.5 mJ/m?, as seen
in Fig. 4.13, is related to the different oscillatory characteristics of the modes at
the BG edges. While in the latter case, the high-frequency BG edge (Mode II,i,)
is an out-of-phase oscillatory state, the former cases correspond to in-phase states.
Therefore, this oscillatory characteristic of the modes induces different behaviors of
the forbidden band.

To understand the behavior obtained in Figs. 4.12 and 4.13, the absolute values of
the in-plane magnetization components (|mY|) at the 1% BG edges are calculated
for different values of A. In Fig. 4.14(a,b), one can see that the standing wave
character of Mode I,,., exhibits an explicit node in a zone with high saturation
magnetization (darker color), whereas Mode II,,.,x has a node in a zone with low
saturation magnetization (lighter color). This behavior is similar to a monolayer
bi-component MC (not shown). In Fig. 4.14(b), the zone with reduced M; along the
thickness has been outlined with a dotted rectangle (in which the node appears).
When A increases, the zones with reduced saturation magnetization along the

4.2 Band structure of a one-dimensional bilayer magnonic crystal 53




(a) S
N25F
i 0T A
IC_D.2-0}\77777777 7777777\*2;\:\17:77777 777777777777
g RSCY
=5k NG Nee ]
'U . [ | | | | AN
2 ol J = 0.5 mJ/m? RS
@) ' | —————— J= 0.75 mJ/m2 ‘ \ A\ ‘
M 0.5f ======- J=1mJ/m”> NN -
s J = 125 m /)’
O.O-I 1 1 1 1 1

0 15 30 45 60 75 90 105 120 135 150
A [nm]

Fig. 4.13: Width (a) and center (b) of the first bang gap as a function of A for different
values of the interlayer exchange constant.

thickness become narrower [Fig. 4.14(b,d,f,h)]. Therefore, the node of Mode II,,,;, is
shifted to the point that defines the center of the low saturation magnetization part
(center of dotted rectangle). At A = a/2 (150 nm), there is no area with reduced
M; along the thickness, and hence there is no longer a node. Thus, the standing
character of Mode II,,;, is lost as the BG is closed, causing the SWs to propagate.
An analogous analysis can be done for Mode I,,.x, for which the node is located in
the zone with high M; along its thickness. Note that at A = a/2, Modes I,,x and
II,in have the same energy (or frequency) [Fig. 4.12(c,f)]. This behavior is evident
from Fig. 4.14(i,j) as the localization of Mode I,,,x of layer 1 (2) is the same as
Mode II,;, in layer 2 (1). The analysis of the second BG becomes complex because
there is a hybridization of the in-phase and out-of-phase modes due to the dipolar
interaction [see Fig. 4.12(a—c)]. Also, the modes evaluated at the second BG edges
[see Fig. 4.12(d-f)] exhibit nodes in both low and high saturation magnetization
zones (not shown). Therefore, the previous discussion of the 15 BG width as a
function of A does not apply for the second BG.
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Fig. 4.14: Absolute value of the in-plane SW amplitudes of modes I,ax and II,;, for differ-
ent values A. In (a), the node is located in the high saturation magnetization
zone, whereas in (b), the node is located in the low M, zone. The dotted rectan-

gles in (b), (d), (f), and (h) outline the zone with low saturation magnetization

along the thickness. Dynamic components m,(z'/) are expressed in arbitrary units.

Conclusions The dynamic magnetic properties of a coupled bilayer MC have
been studied. The bilayer MC’s band structure exhibits striking features compared
to a monolayer MC. The out-of-phase modes induced by the interlayer dipolar
interaction emerged above the first BG by reducing the interlayer exchange coupling.
Under certain conditions, these high-frequency modes can be flat or non-reciprocal.
Interestingly, the collective modes’ non-reciprocal properties are preponderant
for the high-frequency modes, whereas the fundamental mode remained almost
reciprocal. In addition, the band-gap widths can, in various ways, be modulated to
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increase in magnitude or decrease to zero. The bilayer MCs can thereby manipulate
the propagation of the collective spin waves in several ways and thus are considered
excellent candidates in the design of reconfigurable spin-based devices.

4.3 Spin-wave focusing induced by
dipole-dipole interaction in synthetic
antiferromagnets

DOI

In this section, we use the dynamic matrix method to study the focusing features of
the spin-waves induced by the dipole-dipole interaction in synthetic antiferromag-
nets. With the help of micromagnetic simulations, the focused waves are analyzed
in different types of antiferromagnetically coupled bilayers. First, the antiparallel
state is induced by introducing a non-magnetic layer providing a negative interlayer
exchange constant. Then, the antiparallel state of the bilayer is stabilized through
an exchange bias coupling, where a unidirectional anisotropy is induced by the
interaction between the ferromagnet and an antiferromagnetic layer. Finally, the
spin-wave dispersion and focusing properties of a magnetization-graded synthetic
antiferromagnet are discussed.

To systematically study the band structure of a synthetic antiferromagnet, we will
use the standard values for Permalloy and Cobalt. Specifically, the saturation
magnetization of Py is MY = 800 kA/m, while the exchange constant ALY =
7.5 pJ/m. [155] For Cobalt the saturation magnetization and the exchange constant,
respectively, are M° = 1400 kA/m and AS° = 28 pJ/m. [156] We use an effective
gyromagnetic ratio v = 0.01856 GHz/G for both materials, while the thickness of
the non-magnetic spacer is s = 1 nm. We will use an interlayer exchange constant
of Jinter = —0.1 mJ/m? that favors an antiparallel state of the magnetizations. Note
that such an antiparallel equilibrium state can be stabilized at small external fields
(even at zero field); therefore, in what follows, a small field of 2 mT will be used.
Also, to consider the dynamic evolution of the magnetization along the thickness,
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(a) Line-Source excitation

Fig. 4.15: Schematic representation of the spin-wave propagation in a synthetic antiferro-
magnet. Magnetization of the upper layer points along +x, while the magneti-
zation of the bottom layer is oriented along —x. In (a), the SW propagation is
excited utilizing an external line source, while in (b), a point-source excitation
is applied. For case (b), the highly focused SWs generated by the non-reciprocal
properties of the spin waves are schematically represented.

the number of divisions used is N = 26. Because we want to enhance the non-
reciprocal properties of the system, we will consider that the magnetizations are

always in-plane.

Spin-wave dispersion and iso-frequency curves Figs. 4.16(a), 4.16(b) and 4.16(c)
shows the dispersion of the SWs for d; ; = 2, 12 and 24 nm, respectively. In such
dispersions, the SWs are propagating along the z-axis, while the magnetizations
of both layers are pointing along +z and —xz (see Fig. 4.15). We note that the
spin-wave dispersion becomes asymmetric when the thicknesses of the magnetic
layers increase at moderated wave vectors (k < 20 rad/um), which is correlated
with the dipolar interaction that also increases with the thickness and, at the same
time, induces the non-reciprocity in the SW propagation[42], [50] (such wave
vector range can be probed by inelastic Brillouin light scattering experiments).
When both layers are in an antiparallel state, there is a propagation sense where
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Fig. 4.16: Figures (a)-(c) shows the dispersion relation of the spin waves for synthetic
antiferromagnets with different thicknesses, while the insets depict the frequency
non-reciprocity Af as a function of the wave vector for the first two modes
labeled as Mode I and II. Figures (d)—(i) show a contour plot generated at a
fixed frequency in k-space of Mode I [(d)-(f)] and Mode II [(g)—-(i)]. In these
figures, the red arrows (that are included by hand) illustrate the orientation of
the group velocity (v,) of the spin waves.

the dynamic stray fields induced by layer 1 (2) are disposed so that they are always
parallel to the local dynamic magnetization of layer 2 (1). Thus, the dynamic
dipolar interaction is considerably reduced (and consequently, the frequency is
reduced) when the wave propagates in some particular direction.[42] To analyze
the propagation in all directions, we have generated a contour plot in k-space at
fixed frequencies (isofrequency curves). Figs. 4.16(d)—(f) show the isofrequency
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curves (also called slowness surfaces) for the low-frequency mode (Mode I) are
depicted as a function of the in-plane wave vector, where the group velocity vector
v, is denoted by the red arrows that are normal to the isofrequency curves.

Due to the degrees of freedom of the magnetization dynamics in a bilayer system, at
least two modes with different oscillation phases can be excited. Furthermore, if the
thicknesses of the FM layers increases, several higher modes can be observed at low
frequencies, since as the thickness increases, the dynamical energy (or frequency) of
such modes is reduced. Fig. 4.16(c) shows the case where three modes are observed
between the range of 0 - 50 GHz. Nevertheless, for the sake of simplicity, we will
focus on the first two low-frequency modes. In Figs. 4.16(g)—(i), we can see the
evolution of the isofrequency curves for Mode II at different film thicknesses. Here,
in comparison with Mode I, we can see that the focusing properties of the spin-wave
propagation are entirely different. In Fig. 4.16(g), we observe highly focused waves
that result from the flattening on the left and right parts of the slowness surfaces
(see red arrows in the isofrequency curves evaluated at 16 GHz) and propagate in
both +z and —z directions. As the thickness increases, interference patterns can
be induced along both directions [see red arrows in Fig. 4.16(i)]. The notorious
change in the curve evaluated at f = 22 GHz [in Fig. 4.16 (i)] occurs since Mode
IT hybridizes with the next high-frequency mode so that a drastic change of the
dispersion and phase occurs. This effect is also observed in the frequency shift A f,
shown in the inset of Fig. 4.16(c), where at about £ = 9 rad/um the frequency shift
of Mode II is drastically reduced.

According to the behavior observed for the isofrequency curves of Mode I, it is clear
that such curves are very similar to the one obtained in heavy-metal/ferromagnet
alloys, where the interfacial DM interaction induces unidirectional caustic beams
in the Damon-Eshbach geometry.[17], [77] The case illustrated in Fig. 4.16(d),
for instance, is similar to the one with a small Dzyaloshinskii-Moriya constant
(D), while the case shown in Fig. 4.16(f) is following larger values of the DM
strength. Despite these similarities, both systems present notable differences. For
instance, synthetic antiferromagnets are not restricted to ultrathin films (as in heavy-
metal/ferromagnet alloys). Indeed, non-reciprocal and focusing properties are
enhanced when the thickness increases. Also, because several paths can reach the
antiferromagnetic state, there are varied alternatives to manipulate the focalization

4.3 Spin-wave focusing induced by dipole-dipole interaction in 59
synthetic antiferromagnets




of the spin waves. In this sense, it is feasible to cancel the focalization of the waves
just changing the magnitude of the external field since the bilayer becomes parallel
at high fields, and then, the system loses the non-reciprocal properties. An exciting
aspect of our system is that the unidirectional steering of the waves is achieved
mainly for the low-frequency mode since the high-frequency one presents focalized
propagation of waves in both directions (+z and —z). However, this focalization
of the high-frequency modes is not a trivial result, since even when the frequency
shift A f is similar in magnitude [see insets in Figs. 4.16(a) and (b)], the focusing
properties have different characteristics.

Exch Exch + Divol Exchange + Dipolar
xchange xchange + Dipolar + Nonreciprocity
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Fig. 4.17: Schematic representation of the isofrequency curves for a single FM layer when
(a) only exchange and (b) exchange plus dipolar interaction are active. In
case (c), the isofrequency curve is depicted for an antiferromagnetically coupled
bilayer, where the dynamic dipolar coupling induces non-reciprocity in frequency.

To understand the formation of highly focused spin waves, we will analyze the main
interactions that control the magnonic dispersion. In one isolated ferromagnetic
layer where the exchange interaction dominates, the isofrequency curves will be
a circle (frequency is proportional to £?), so that the curvature is constant. Con-
sequently, the energy propagates homogeneously in all in-plane directions [see
Fig. 4.17(a)]. When the dipolar interaction is active, backward volume and Damon
Eshbach modes (wave vector parallel and perpendicular to the magnetization, re-
spectively) have different features, and the isofrequency curve presents a variable
curvature, as shown Fig. 4.17(b). In such a case, caustic waves may appear, where
the highly focused waves propagate reciprocally.[11], [157], [158] Instead, in a syn-
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thetic antiferromagnet, the dynamic dipolar interaction induces different dispersion
properties for BV and DE modes and also induces non-reciprocity in frequency.[42]
Such non-reciprocity implies a distortion in the shape of the isofrequency curve,
where (under a significant non-reciprocity) the part with the lowest wave-vector
magnitude will look like a bump, as shown in Fig. 4.17(c). The critical point now is
that the part with the bump entails a change of sign in the curvature so that there
are some regions where the curvature will be zero, and therefore non-reciprocal
caustic waves are formed. Thus, the strongly anisotropic dispersion induced by
the dipolar interaction in a synthetic antiferromagnet can be helpful to steer spin
waves, allowing a concentration of the energy. Also, since a synthetic ferromagnet
can be stabilized in varied ways, there are many degrees of freedom to control the
causticity and the focusing of the spin waves.

In Fig. 4.16 we analyzed the antiparallel configuration stabilized by a negative
interlayer exchange constant. Nonetheless, such an antiferromagnetic state can
be stabilized by other means. The following example will analyze the focusing
properties when the antiferromagnetic state is reached by coupling an FM layer (Co)
with an antiferromagnetic (AFM) film. In Fig. 4.18(a), a schematic representation
of the system is shown, where the Co layer is pinned along —z, via an exchange bias
field juo Hgg = 15 mT, while the Cobalt and Permalloy films are coupled through an
interlayer exchange Jiyer = 0.001 mJ/m?, so that the Py layer is almost free. Note
that in this case, the interlayer exchange coupling is very different in comparison
with the structure shown in Fig. 4.16, since here the system does not require a
negative (and strong) Jir to reach the antiferromagnetic state. Namely, even
at Jier = 0, the bilayer will be in an antiferromagnetic state for small external
fields. In small fields, the magnetizations of both layers are pointing along —uz,
while for high values of the external field, both magnetizations can follow the
field direction (+x). In the intermediate case (uoH = 2 mT), the upper layer of
Permalloy can follow the field (which is applied to +x), while the Co layer remains
pinned along —z. Thus, an antiparallel alignment of the magnetizations is reached
for this system. Figs. 4.18(b)—(d) shows the isofrequency curves of the first Mode at
three different thicknesses and evaluated at poH = 2 mT. For simplicity, we show
only the low-frequency mode since the second mode (not shown) exhibits similar
properties in comparison with the case illustrated in Fig. 4.16. Here, we can see
that the evolution of the curves is different in comparison with the system studied
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(a)

Co layer is pinned along —x via
interface exchange coupling.

Fig. 4.18: In (a), the schematic representation of the system is shown. The external field
is applied along +x so that the Py layer is also oriented along +x, while the
Co layer is pinned along —x due to the exchange-bias coupling at the FM/AFM
interface. In (b), (c) and (d) the isofrequency curves for d; » = 2 nm, 12 nm and
24 nm are depicted, respectively.

in Fig. 4.16. At small thicknesses, the isofrequency curve at 3 GHz exhibits three
zones with slight curvatures [see red arrows of the group velocity in Fig. 4.18(b)]
so that we can predict three focalized waves. These focusing effects change as
the frequency increases since the isofrequency curves do not have a range of
wave vectors with small curvatures at significant frequencies (higher than 6 GHz).
Interestingly, at larger thicknesses, the unidirectional propagation of the focused
waves is allowed and slightly varies as the frequency increases [see Figs. 4.18(c)
and (d)]. In Figs. 4.18(d), the direction of the group velocity is highlighted, where
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Fig. 4.19: In figure (a), the dispersion relation of a typical bilayer Co/NM/Py system is
shown, while in (b) and (c), the dispersion of a bilayer with the graduation of
the saturation magnetization is depicted. The insets in (a)—(c) illustrate the
saturation magnetization as a function of the thickness. Upper plots illustrate the
SW profiles calculated at £ = +25 rad/um. In (d) and (e), the iso-frequencies of
Mode I are shown, while in (f) the iso-frequencies curves are given for Mode II.
The shaded areas in (a)—(c) illustrate the range of frequencies used to calculate
the isofrequency curves in (d)—(f). The thickness of both the Co and Py layer is
60 nm, where each FM layer has been divided into 13 sublayers.
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Magnetization-graded synthetic antiferromagnets Finally, we will consider a more
particular case, where both FM layers’ saturation magnetization will be graduated
to modify the non-reciprocity of the spin waves and their respective focalization
properties. Here, to enhance the effect of the magnetic graduation, each FM film has
a thickness of 60 nm. Fig. 4.19 illustrates three different cases where the saturation
magnetization varies across the thickness of the entire structure. Sublayers between
n = 1 and 13 correspond to the bottom layer, while the sublayers labeled between
n = 14 and 26 correspond to the upper layer. For the case without graduation,
where M changes abruptly between two values [Fig. 4.19(a)], one can appreciate
a notable non-reciprocity of the fundamental mode (Mode I), while the upper-
frequency modes have almost symmetric dispersion. An exciting aspect of the thick
bilayer systems is the wide range of frequencies (0-6 GHz) where the SWs have a
large group velocity at negative wave vectors, and such behavior is enhanced as the
thicknesses increase.[4] Note that the magnitude of the spin-wave group velocity
is about 7 km/s in the range of frequency between 0-7 GHz, which is connected
with the strong non-reciprocity induced by dipolar interaction in thick films. Such
order of magnitude has been previously reported in magnetic systems.[159], [160]
By analyzing the SW profiles (upper plots of Fig. 4.19), we can establish that
in Fig. 4.19(a) the second mode (and some of the other high-frequency modes)
corresponds to an excitation of the upper FM layer. Therefore, such mode has the
same energy for the two counterpropagating waves, since if the excitation is given
only in one FM layer, the symmetry along the thickness is not broken, and therefore
SWs propagating along +z and —z have the same dynamic energy or frequency.
Now, under a different profile of variation of the saturation magnetization [see
Figs. 4.19(b) and (c)], the dispersion is not significantly modified at frequencies
lower than 5 GHz, so that the degree of the SW focalization of the fundamental mode
is similar either with or without graduation of M;. Nevertheless, the high-frequency
modes are modified since they are non-reciprocal when the saturation magnetization
varies along the thickness. Because the mode is mainly excited in one layer, it is
expected that the variation of M; induces non-reciprocity of the SWs since now the
symmetry is broken along the thickness where the amplitude of the magnetization
oscillations is remarkable. Figs. 4.19(d) and (e) depict the isofrequency curves
of Mode I. Here, we see that Mode I has similar focalization characteristics at
low frequencies (lower than 5 GHz), even when the saturation magnetization
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has been varied across the thickness. This behavior is in concordance with the
slight modification of the non-reciprocal properties of Mode I. Nevertheless, the
isofrequency curves change at high frequencies because the second mode reduces its
frequency at +k or —k depending on the type of graduation. This effect is observed
in Fig. 4.19(e), where at 6 GHz the isofrequency curve is modified at negative wave
vectors since the fundamental mode hybridizes with Mode II. The isofrequency
curves of Mode II are shown in Fig. 4.19(f), where one can see that the non-
reciprocity of the mode strongly influences its focusing properties. For instance, at 6
GHz, the curves depicted for Mode II indicate that it is possible to create non-trivial
interference patterns since spin waves with different wavelengths are propagating
at the same frequency.[77] It is worth mentioning that the results presented in
Fig. 4.19 are not notoriously modified if the magnetization profile change abruptly
or gradually (not shown). Namely, if a gradual (abrupt) magnetization change
is considered in Fig. 4.19(a) [Figs. 4.19(b) and (c)], the SW dispersion does not
significantly change, unless the magnetization graduation is extended along the
whole thickness.

Overall, it is observed that magnetic graduation can be an essential ingredient in
controlling the spin-waves focalization. In realistic materials, such magnetic gradu-
ation can be implemented in multilayered structures,[113], [114], [161]-[165] in
which extended interfaces are created by either directly tuning the thicknesses of the
magnetic layers[114], [162], [163] or by interdiffusion via heat-treatment.[113],
[161], [164], [165] Also, over the last few years, the realization of vertically graded
thin films has been achieved in epitaxial compositionally graded alloy films, where
graduation of the exchange strength,[116] and saturation magnetization[110] can
be induced along the thickness. Here, the depositions are performed at room tem-
perature by sputtering deposition,[110], [116], [166] while the graded layers are
fabricated by co-sputtering, keeping the power of one material fixed while changing
that of the other to achieve the intended composition profile.[110], [116], [166]

Conclusions We have theoretically addressed the focusing spin-wave properties
for synthetic antiferromagnets. By analyzing the isofrequency curves, we have
observed that the bilayer systems show a focalized spin-wave propagation when
such waves are excited by a single point source. We have also analyzed the role of
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magnetic layer thicknesses and magnetic grading on focusing properties, and, as a
general result, we have seen that the focalization characteristics of the fundamental
and high-frequency modes are entirely different. Depending on the frequency range,
it is possible to create highly-focused spin waves where the low-frequency mode
only influences the focalization properties. In contrast, the focusing properties of
the high-frequency modes are a superposition of more than one mode, exhibiting
thus a more complex propagation. Finally, we can conclude that bilayer systems are
excellent candidates for inducing and controlling highly focused spin waves and
non-reciprocal interference patterns, which are essential for a new generation of
magnonic devices such as demultiplexers, circulators, and isolators.

4.4 Propagation of localized spin-wave modes
within magnetization-graded stripes

This section studies the localized propagation of spin-waves in magnetization-graded
ferromagnetic (FM) stripes. Here, we employ the dynamic matrix method in such
a way that the stripe system is divided into many coupled small strips. Therefore,
it turns out to be trivial to incorporate graduation of magnetic properties along
the stripe width, which allows us to analyze the influence of the graduation on the
localization of the spin waves. The system under consideration is shown in Fig. 4.20.
Here, we highlight the geometrical properties [see Fig. 4.20(a)] and the use of the
DMM in Fig. 4.20(b).

Like the previous sections, typical values for Permalloy (Py: NigyFeyo) will be used.
Namely, the saturation magnetization of Py is M}Y = 800 kA/m, while the exchange
constant AYY = 9.9 pJ/m. Also, the gyromagnetic ratio is v = 185.66 GHz/T, and
the stripe thickness is d = 1 nm. Regarding the discretization of the ferromagnetic
stripe, such a system is divided into small sub-stripes so that b = 4 nm. This size
is less than the exchange length (/.x = 4.96 nm), which is also verified utilizing a
convergence test. Namely, if b < 4 nm the SW spectra do not notoriously change.

The transition from a stripe to a thin film is first studied to identify the nature of
the calculated spin-wave modes. For this purpose, a bias field of H# = 300 mT is
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(a) Ferromagnetic stripe

(b) Magnetization-graded strlpe

A

Fig. 4.20: (a) Ilustration of the coordinate system and the main geometrical parameters of
a magnetic stripe. Figure (b) shows a schematic representation of the dynamic
matrix approach, where the system is divided into many sub-stripes, which allow
to include magnetic graduation along the width. The color graduation represents
the variation of the magnetic properties along the stripe width.

applied along the z axis, while the spin waves propagate along z. The idea here is
to study the so-called Damon-Eshbach configuration (M L k), for which the modes
can effectively exhibit a notable localization in some zones of the stripe width.
In backward-volume configuration (M || k) instead, the modes do not present a
significant localization, even if there is magnetic graduation along the stripe width.
Therefore, in what follows, the equilibrium magnetization is always pointing along
r (p = w/2), while the propagation is along the long stripe axis z. Open circles in
Figs. 4.21(a)-(d) describe the SW dispersion of a thin film, while lines correspond to
the modes of the FM stripe, for which the first five low-frequency modes are plotted.
By analyzing the spin-wave profile across the width (upper 3D plots of Fig. 4.21),
it is observed that the magnetic excitations depicted in Fig. 4.21(a) correspond to
edge modes (labeled as EM1 and EM2), which are not degenerate at small widths.
One can note that EM1 and EM2 have in-phase and out-of-phase characteristics,
respectively. Similar to the perpendicular standing spin-wave modes in a thick FM
film, the out-of-phase mode presents higher dynamical energy than the in-phase one,
which is correlated with the dynamic exchange interaction between the magnetic
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Fig. 4.21: Figures (a)-(d) shows the dispersion relation of the spin waves for a stripe with
different widths w. Open circles show the SW dispersion of an FM thin film, while
the lines are the modes of a magnetic stripe. To illustrate the bandstructure of
the stripe system, the first five modes have been considered. Upper 3D graphics
correspond to the spin-wave profiles along the width for zero wave vector, where
the dynamic magnetization components are calculated in arbitrary units. EM
and BM are referred to as edge and bulk modes, respectively.

moments. As the width increases, however, the modes become degenerate since
the exchange energy of mode EM2 is reduced. Thus, both edge modes have the
same frequency for wider stripes since they are too far away from each other [see
Figs. 4.21(c) and (d)]. These low-frequency edge modes are associated with the
reduction of the internal field at the edges of the stripe since the surface magnetic
charges generate a demagnetizing field that is strong at the edges and opposite to
the external field. Therefore, the internal field (external field minus demagnetizing
field) is reduced in magnitude at the stripe edges, allowing thus the excitation
of low-frequency modes in such zones. If the stripe width increases, the higher-
frequency modes are observed in the frequency range shown in Fig. 4.21. Here, the
third bulk mode (BM1) is localized mainly in the stripe center [see upper profile
in Fig. 4.21(b)] so that as the stripes’ width increases, such a mode should match
with the one of an FM film. This behavior is clearly observed in Figs. 4.21(d),
where at w = 1000 nm, the third (BM1), fourth (BM2), and fifth (BM3) modes
match with the thin-film mode. This matching of the modes is an expected behavior
since the mode quantization due to the geometrical confinement becomes irrelevant
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for large values of w. In fact, in a standard physical picture, the bulk standing
SW modes in a magnetic stripe exhibit different frequencies due to term of the
type k1 = nw/wes,[167] where k, is the quantized wave vector along the stripe
width, and wes is an effective stripe width (proportional to w) that considers the
dipolar boundary conditions at the stripe edges. Thus, upon increasing w, the term
k1, = nm/wes tends to zero, and all standing waves are excited close to the n = 0
mode, which corresponds to the mode of the infinite film.

The results presented in Fig. 4.21 confirm the validity of the theoretical method,
where edge and bulk modes have been identified, connecting the bulk modes with
the one of an FM thin film. Furthermore, due to the reduction of the internal
field at the rim of the stripe, low-frequency edge modes are excited, while the
high-frequency ones present non-zero amplitude oscillation in both the center and
edges of the FM stripe. The idea is to change the magnetic properties along the
stripe width to obtain a localized propagation of spin waves. Note that the edge
modes already provide a scenario for localized propagation due to a locally reduced
internal field. Nonetheless, creating a sample with perfect edges is not a simple
task. Such edges typically present an unavoidable roughness or defects that can
prevent the natural behavior of the spin waves traveling in such zones. Another
option mentioned already above is to induce domain walls, where such walls allow
to induce channeled SWs within the domain walls.[13] However, domain walls
strongly depend on the material and are not robust against external magnetic fields.
Besides, due to the nature of the formation of the walls, it is not easy to modify its
shape, for instance, to bend the wall in arbitrary directions. Therefore, alternative
ways to channel the SWs are of interest, and, in this context, magnetic graduation
is proposed as a potential alternative for creating a localized propagation of waves.
More precisely, the influence of magnetization gradation along the stripe width
on the mode profiles will be studied. Besides the principle feasibility of this route,
an immediate question is to how large extent the magnetic modulation has to be
chosen to create a notable SW localization? That question will be addressed in what
follows.

Fig. 4.22 shows the case where the saturation magnetization presents a non-
monotonic profile along the stripe width (for the case of w = 200 nm), with a
M; reduction in the central part [see Fig. 4.22(b)]. The fractional reduction of the
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Fig. 4.22: SW spectra of a magnetized-graded stripe. In (a) the spin-wave dispersion is
shown, where the bulk mode BM1 is the lowest-frequency mode. Figure (b)
shows the saturation magnetization profile, where a reduction of M is included.
Figures (c), (d) and (e) depict the SW profiles along the stripe width for modes
BM1, EM1 and EMZ2; respectively. Dynamic magnetization components m_ and
m,, are calculated in arbitrary units.

saturation magnetization is given by AM;/M™ = 0.5 (50%), where M is the
reference value of the saturation magnetization of Py (800 kA/m), while A M corre-
sponds to M minus the value of saturation magnetization evaluated at the center
of the stripe. Overall, the SW bandstructure is notably modified in the presence
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of such magnetization profile as shown Fig. 4.22(a). Indeed, the frequency of the
bulk modes is reduced, which is connected with the decrease of the saturation mag-
netization at the stripe center. Band BM1 corresponds to the low-frequency mode,
which has a pronounced localization at the stripe center as shown by Fig. 4.22(c).
The edge modes are slightly modified, and now EM1 is excited at less frequency
than mode EM2. In Figs. 4.22(d) and (e), it is observed that EM1 has a small
magnetization oscillation amplitude in the stripe center (zone with reduced M),
which increases its dynamical energy and, hence, the frequency of EM1 is lower
than for EM2. The localization of the mode labeled as BM1 is a remarkable result
in Fig. 4.22 since it demonstrates that a localized propagation of SWs is achievable
in magnetization-graded FM stripes. Nonetheless, the reduction of a 50% of the
saturation magnetization (AM;/M™ = (.5) is a significant change of magnetic
properties. Therefore, it is of interest to investigate what is the M reduction re-
quired to reach a reasonable localization degree. Fig. 4.23 shows the absolute value
of the out-of-plane component of the dynamic magnetization of mode BM1 as a
function of x evaluated at £ = 0. Here, it is possible to see how the SW localization
evolves as A M, /M is reduced. Under a reduction of a 30% (AM, /M = 0.3), the
bulk mode BM1 is still mainly localized within the FM stripe center. Nevertheless,
when the reduction is only 20% (or less), the mode is no longer localized in the
stripe center. Here, the edge modes dominate (frequency of EM1 and EM2 are
comparable with BM1), and consequently, the main oscillation amplitude is given at
the stripe edges. Also, the case AM,/M™ = 0.2 depicts a more asymmetric profile
along the stripe width (see Fig. 4.23), which is due to the hybridization between
bulk mode BM1 and the edges modes. The hybridization, thus, limits the possible
localization of SWs within the center of the stripe. Nevertheless, for the small width
of 200 nm, the hybridization problem is overcome only via a significant reduction
of the saturation magnetization, as shown in Fig. 4.23.

Thus, it is still possible to create localized modes slightly modifying the saturation
magnetization (less than 20%).

For the previous system shown in Figs. 4.22 and 4.23, the stripe width is small
enough (w = 200 nm) to allow the hybridization of bulk mode BM1 with the
edge modes. Therefore, in such a case, a significant reduction of the saturation
magnetization is needed to localize the first bulk mode, as shown Fig. 4.23. On the
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Fig. 4.23: Absolute value of the out-of-plane dynamic component of the magnetization (for
mode BM1) as a function of x for different values of the fractional reduction
of the saturation magnetization AM;/M!. Open circles depicts the case of
uniform saturation magnetization.

other side, the localization properties of BM1 (evaluated at £ = 0) are shown in
Fig. 4.24, where a wider stripe with w = 1000 nm is considered. Here, it is evident
that BM1 is channeled around the zone with reduced M, without the influence of
the edge modes. Also, if the magnetization profile of mode BM1 is evaluated at
k # 0, the spatial structure of BM1 along the stripe width remains almost unaltered,
so the discussion presented here applies to any wave vector state in the range
|k| < 30 rad/um. The insets of Fig. 4.24 depict the cases where the saturation
magnetization is reduced by 15% (left) and 5% (right). Surprisingly, even when the
reduction of the saturation magnetization is small, the bulk mode is able to present
a notable degree of localization. One may observe in Fig. 4.24 that as M, decreases,
the localization in the center of the stripe is enhanced, while the oscillations outside
this center region are more strongly suppressed. As a reference, the case of constant
saturation magnetization is shown (see open circles in Fig. 4.24).

It is worth mentioning that the results reported here also apply to thicker stripes
(d < 10 nm), as long as the dynamic magnetization does not vary across the stripe
thickness. Namely, the degree of localization of the SW modes in such thicker
stripes is similar to the one reported here for ultra-thin stripes. Besides, if the
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Fig. 4.24: Absolute value of the out-of-plane dynamic component of the magnetization (for
mode BM1) as a function of z for different values of the fractional reduction
of the saturation magnetization AM,/M!f. The insets show the saturation
magnetization profiles for the cases of AM; /MSref = 0.15 (left) and AM; /MS}ref =
0.05 (right). Open circles depicts the case of uniform saturation magnetization.

graduation position along the stripe width changes, the localization of the magnetic
excitations also changes. For instance, if the graduation is active just on one edge
of the stripe, a robust localization of an edge mode will be induced in such a
graduated part (not shown). However, a real complication in guiding localized edge
modes is that they are susceptible to scattering due to roughness or imperfections
in the sample. In order to avoid these undesirable effects, it has proposed the
use of spin waves with topological properties. In this case, unidirectional modes
protected to backscattering can be excited in the interface between two systems
characterized by collective excitations with different topologies.[86] On the other
hand, the experimental viability to create graduated samples is currently feasible.
For instance, the realization of vertical graduation along the thickness in thin films
is achieved in epitaxial compositionally graded alloy films by co-sputtering, keeping
the power of one material fixed while changing that of the other to achieve the
intended composition profile.[110], [116], [166] Combinatorial material deposition
can also be employed to fabricate samples with lateral gradients. A review of this
method is found in Ref. [168], which typically results, however, in extended thin
films. To achieve lateral gradients within single mesoscopic or nanoscopic structures,
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lithographic masks can be used to manipulate the structures locally. Such a route
was successfully used by co-authors of this paper on FeAl-alloys.[169] A direct
way to locally change magnetic properties employing a focused ion beam has been
demonstrated in Ref. [170] and Ref. [171], and could be employed similarly to
realize the graded structures suggested in this paper.

Conclusions We have theoretically studied the spin-wave spectra of a magnetization-
graded ferromagnetic stripe. A localized spin-wave propagation has been obtained
by modifying the saturation magnetization along the stripe width. The relation
between the fractional decreases of the saturation magnetization and the degree of
localization has been explored. It is demonstrated that channeled spin waves can
be excited in magnetization-graded ferromagnetic stripes, even when the saturation
magnetization is reduced by less than 10%. These results are relevant for future
applications associated with magnonic waveguides at the nanometer scale.
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Conclusions and
Perspectives

Here we distill the main conclusions of this thesis. We have developed and extended
a powerful theoretical tool, called the Dynamic Matrix Method, that is able to
describe the spin wave dynamics of various extended ferromagnetic nanostructures.
The theory is versatile enough to treat multilayered (or striped) ferromagnetic sys-
tems in different geometric and coupling configurations, where the individual layers
can be thick or thin and uniform, graded or periodic in their magnetic parameters.
We have successfully applied the method in thick layers, magnetization-graded lay-
ers and stripes, bilayered magnonic crystals, and synthetic antiferromagnets. Due to
the semi-analytical character of the theoretical model, the spin-wave dispersion and
the dynamic magnetization profiles calculations can be contrasted with readily avail-
able analytical expressions that allow interpreting the physical phenomena involved
in a much better way. Much of our results have been compared with micromagnetic
simulations, where the agreement between both methods has been very good in
all cases. Finally, it is worth emphasizing the advantages of the Dynamic Matrix
Method with respect to simulations. Even though numerical simulations can be
used to reproduce the dynamic properties of the systems discussed in the previous
section, in the simulations there is a lack of explanatory power of the physics behind
the results (no analytical expression to hold to), without mentioning the notorious
computational time required for a systematic exploration of the different magnetic
parameters of the system. Thus, the Dynamic Matrix Method allows analyzing the
role of the different interactions on the spin-wave dynamics in an easy way since
the modification of each interaction can be realized directly. Besides, even when
the method studied in this thesis has a numerical character, there are analytical
expressions in the calculations that can be used to interpret and understand the
physical origin of the results.
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These results are not, by any means, the end of the road. There are multiple doors
that this thesis leaves open. For starters, the method could be applied as is to study
similar ferromagnetic nanostructures, such as magnetization-graded magnonic
crystals (layered or striped), where the temporal evolution of the magnetization
along the thickness can be studied. Another possibility is extending the method
to calculate the spin wave dynamic properties in magnetic textures (e.g. domain
walls) or cylindrical nanostructures. In the latter system, the Dynamic Matrix
Method can be applied to calculate the spin wave spectra of thick nanotubes, which
has not been reported so far. Another line of inquiry contemplates how different
boundary conditions can be included in the model. As presented in this treatment,
the Dynamic Matrix Approach considers free boundary conditions at the edges.
Nonetheless, surface phenomena may be included in the calculations by considering
the surface interactions as bulk interactions, where such terms are present only
in the magnetic cells at the boundaries. The key idea is that, for small cells,
these interactions (included at the surfaces or boundaries) are quite equivalent to
introducing them through proper boundary conditions. Thus, the current theoretical
model can include surface anisotropies, the Dzyaloshinskii-Moriya interaction, and
other interfacial contributions.
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