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Abstract

In finite crystalline lattices, the Dzyaloshinskii-Moriya interaction (DMI) can

lead to interesting phenomena like the formation of chiral arrangements of

magnetic moments—magnetic textures that lack spatial inversion symmetry—

and also to non-reciprocal propagation of spin waves. In this thesis work,

the influence of the DMI in thin magnetic nanotubes is studied. A conical-

helix magnetization distribution is proposed in the presence of interfacial

DMI based on the results of chiral structures induced by DMI on a planar

ultrathin film. The total internal energy of the conical-helix texture in the

curved membrane is calculated and used to determine its properties, such as

its orientation and wavelength, given by the pitch vector of the helix. To

determine the low-energy spin configurations and the magnetic reversal modes

in the presence of interfacial DMI, the energy and nucleation field of the conical-

helix texture are compared with the usual textures in magnetic nanotubes that

appear in the absence of DMI. The well-known magnetochiral features that

arise from the dipolar field in a curved environment are further explored since

the exchange and DMI may also produce handedness in the magnetic behavior.

Non-reciprocal counter-propagating spin waves are also explored in nanotubes.

By parametrizing the equilibrium magnetization between the saturated state

along the symmetry axis of the nanotube and the vortex state, the propagating

waves over these two states are compared. The interfacial DMI is known to

cause frequency differences between counter-propagating spin waves in the

direction perpendicular to the equilibrium magnetization and the normal to

the interface. This effect either reinforces or opposes the dipolar-induced non-

reciprocity. The formation of the helix textures can also be determined by

analyzing the spin-wave dispersion in the fully saturated state stabilized at high

external magnetic fields. The reduction of this field achieves a critical value at

which the frequency of a particular normalmode reaches zero. This critical field

coincides with the nucleation field of the corresponding conical-helix texture

with the same wavelength.
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Chapter 1

Nanomagnetism

Nanomagnetism is the area of research in Physics that deals with the magnetic

properties of objects with at least one dimension in the nanoscopic range

(1 − 100 nm). These objects include, for instance, nanoparticles, nanowires,
thin films, multilayers [1], and do not only provide interesting ideas for

fundamental physics studies but also have multiple applications in technology.

For instance, the ability to manipulate nanoparticles has enabled advances in

medical applications like hyperthermia, targeted drug delivery, and imaging,

even postulating them as a possible important tool in cancer treatment [2]. An

important example is the discovery of the giant magnetoresistance (GMR) effect

in multilayer arrangements of layers of nanometric thickness thin magnetic

films. Fert and Grünberg discovered this effect independently in the late 1980s

[3, 4], and were later awarded the 2007 Nobel Prize in Physics due to its impact

on the technique of data storage and magnetic sensors [5, 6].

From a theoretical point of view, the knowledge of basic magnetic

properties—such as the internal magnetic structure or equilibrium states,

magnetization reversal process, nucleation field, and coercivity—is of

fundamental importance to understand the phenomenology of ferromagnetic

materials. Pierre Weiss proposed one of the earliest models to explain

ferromagnetism in 1907, introducing the concept of magnetic domains—regions

where magnetic moments are aligned [7]. However, very complex structures

can arise due to short-distance interactions. Magnetic Textures refer tomagnetic

ground states with a non-collinear alignment of magnetic moments [8]. Among

them, chiral magnetic structures have gained significant attention in recent

years [9]. On bulk materials, non-centrosymmetric lattices can give rise to

3
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chiral magnetic structures [10, 11]. Low-dimensional systems, such as thin

films, can lack structural inversion symmetry, leading to chiral spin textures

[12–14] due to the emerging Dzyaloshinskii-Moriya interaction (DMI)—also

known as anti-symmetric exchange interaction—, like helical structures [15],

bimerons [16], skyrmions and anti-skyrmions [17, 18]. The former are

especially interesting due to their potential as topologically stable bits to store

information in memory and logic devices [19]. Because of its non-symmetrical

nature, it also plays a crucial role in spin-wave dynamics and non-reciprocal

phenomena [20, 21], making it a key interaction for modern spintronic and

magnonic applications.

Magnonics is the area of physics that deals with the excitation, propagation,

control, and detection of spin waves through magnetic media [22, 23].

Analogous to electric currents, magnon-based waves can be used to carry,

transport, and process information [24], leading to the invention, for instance,

of magnon transistors [25]. The experimental observation of the propagation of

magnons created by the spin-transfer torquewas reported [26]. Using spin-Hall

effects enables the direct conversion of an electric signal into a spin wave and

its subsequent transmission over macroscopic distances [27]. Non-reciprocity—

the difference in amplitude or frequency between counter-propagating spin

waves—offers potential magnonic applications such as circulators, isolators,

phase shifters, diodes, and even logic devices [28–30].

Interesting phenomena emerge from geometrically curvedmagnetic objects

[31, 32]. In curved systems, chiral effects can be induced by dipolar or exchange

interactions [33, 34], which have been identified as a curvature-induced DMI

[35]. For example, vortex domain walls are highly sensitive to chirality due

to the dipolar interaction [36, 37]. In this context, magnetic nanotubes have
been widely investigated in the last decades [38–41] as they have interesting

properties and tunable characteristics [42]. Arrays of magnetic nanofibers

with desired geometry, composition, and structures can be synthesized, for

example, by electrochemical deposition [43]. Small-size nanotubes have been

found to reverse their magnetization through coherent rotation or a curling

mode depending on geometry [44]. In this regime, there is no space for the

apparition of domain walls. As the size of the nanotubes increases, additional

interactions besides exchange interaction may become important, and other

types of reversal modes may happen, such as vortex domains forming at
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the tube ends [45, 46]. The propagation of spin waves can also be altered

by curvature. For instance, nanotubes with a vortex magnetization state

exhibit spin-wave nonreciprocity due to the curvature-induced chiral dipolar

interaction. This can lead to different frequencies [47–49] or attenuation

lengths for spin waves traveling in opposite directions [50].

The present work studies the stability of magnetic textures and the

spin-wave dynamics in thin magnetic nanotubes using the Micromagnetic

Theory [51]. The key assumption of the Micromagnetic Theory is that the

magnetic nature of a system can be described using a continuous field called

magnetization:
𝑴(𝒓) = 𝑀s𝒎(𝒓), |𝒎(𝒓)|2 = 1. (1.1)

Such a field changes smoothly over the system and can be regarded as constant

over distances smaller than a characteristic length, determined by the strength

of the magnetic interactions, which are specific for each ferromagnetic material.

In general, the magnetic interactions in a ferromagnetic material are complex,

and determining how their constituent spins can be organized is a difficult task.

Moreover, the specific structure that emerges not only depends on the present

conditions to which the material is subjected but also on the history of any

externally applied magnetic field.

1.1 Magnetic Ground State

A physical magnetic configuration must be energetically stable. The energy of

a ferromagnetic system in terms of the magnetization is given by

𝐸(𝒎) = ∭𝑉
𝑤(𝒎)𝑑𝑉 , (1.2)

where the energy density 𝑤(𝒎) can be obtained from a discrete description

of spin-spin interactions as shown in Section 1.2. To find a stable magnetic

configuration, the energy must be minimized with respect to the magnetization

field. The solution of 𝒎 is such that the functional differential vanishes for an

arbitrary direction 𝒗 [52]:

𝛿𝐸(𝒎, 𝒗) = 𝑑
𝑑𝜖 ∭𝑉

𝑤(𝒎 + 𝜖𝒗)𝑑𝑉 = 0. (1.3)
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In general, this functional differential includes not only an integral of the

energy density in the bulk but also a boundary condition to be satisfied by the

magnetization field:

𝛿𝐸 = ∭𝑉
𝛿𝑤
𝛿𝒎 ⋅ 𝒗𝑑𝑉 +∭𝜕𝑉

𝑩 ⋅ 𝒗𝑑𝑆. (1.4)

By using Lagrange multipliers, the solution to this problem subject to the

condition (1.1) yields the Brown equations [53], which includes the boundary

conditions and the equilibrium condition

𝒎 × 𝑯 eff = 0 (1.5a)

𝒎 × 𝑩 = 0, (1.5b)

where the definition of the effective magnetic field is

𝑯 eff = − 1
𝜇0𝑀s

𝛿𝑤
𝛿𝒎 . (1.6)

Accordingly, the equilibrium condition requires a magnetization parallel to an

effective magnetic field produced by all spin-spin interactions.

1.2 Magnetic Interactions

A magnetic dipole 𝝁 experiences a torque in the presence of a magnetic field 𝑯

𝝉 = 𝝁 × 𝑯. (1.7)

Accordingly, the energy of a magnetic dipole 𝝁 in the presence of an external

magnetic field 𝑯 is

𝐸ze = −𝜇0𝝁 ⋅ 𝑯 , (1.8)

which is known as the Zeeman interaction. This energy is minimized when

the dipole is aligned with the direction of the applied magnetic field. The total

energy of a collection of magnetic dipoles 𝝁𝑖 is just the sum 𝐸 = −𝜇0∑𝑖 𝝁𝑖 ⋅𝑯 . In

terms of the continuous magnetization field given in Eq. (1.1), the total Zeeman



1.2. Magnetic Interactions 7

energy in the continuous limit is

𝐸ze = −𝜇0∭𝑉
𝑀s𝒎 ⋅ 𝑯𝑑𝑉 . (1.9)

This interaction explains one of the important characteristics of a ferromagnetic

material: when subjected to a sufficiently strong magnetic field, it acquires a

net magnetization along its direction. Nevertheless, it becomes necessary to

understand and develop a theory that includes other kinds of coupling within

the system to explain the formation of magnetic textures and the remanent

magnetization evidenced by hysteresis loops of ferromagnetic materials.

1.2.1 Exchange interaction

In addition to the Coulomb interaction, the Pauli principle induces a correlation

between spin states in neighboring sites of a crystal. This interaction results

in an energy difference between the parallel and anti-parallel spin states1.

To illustrate this effect, consider two electrons in neighboring sites. The

Coulomb repulsion between the two particles is minimized if the overlapping

wave function is anti-symmetric in space and, therefore, has low amplitude

where such interaction is most relevant, as illustrated in Fig. 1.1. Because the

total wave function of fermions has to be anti-symmetric, the spin state has

to be symmetric. Therefore, the alignment of neighboring spins along the

same direction results in a lower energy expectation value. In the context

of micromagnetism, the Heisenberg Hamiltonian provides a semiclassical

approach to describe this interaction, given by the expression

ℋex = −∑
⟨𝑖𝑗⟩

𝐽𝑖𝑗𝑺𝑖 ⋅ 𝑺𝑗 , (1.10)

where the summation is done over neighbor sites and 𝐽𝑖𝑗 are the exchange

integrals. The case 𝐽𝑖𝑗 > 0 describes a ferromagnetic coupling as illustrated

above, while antiferromagnetic materials can be described with 𝐽𝑖𝑗 < 0.
Assuming a homogeneous system, the exchange integrals 𝐽𝑖𝑗 = 𝐽 can be

considered independent of the site. Also, by noting that | ̂𝑺𝑖 − ̂𝑺𝑗 |2 = 2 − 2 ̂𝑺𝑖 ⋅ ̂𝑺𝑗 , it

1Details are extensive. A good fundamental discussion can be found, for example, at references
[51, 54, 55].
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0 0

Figure 1.1: Antisymmetric (a) and symmetric (b) wave functions illustration.
Dashed line represents the Coulomb interaction and purple area measures its
expected value 𝐸C ∼ ∫Ω 𝑉Ψ2𝑑Ω, and it is shown to be more relevant around
𝑟 = 0. The antisymmetric overlapping of two functions vanishes when the
spatial coordinates of the two particles are the same (𝑟 = 𝑥1 − 𝑥2 = 0), while the
symmetric does not.

is obtained

ℋex = 𝑆2𝐽
2 ∑

⟨𝑖𝑗⟩
| ̂𝑺𝑖 − ̂𝑺𝑗 |2, (1.11)

where the constant term that does not depend on the spins has been neglected.

The former Hamiltonian in terms of the continuous magnetization field—

Eq. (1.1)— is given by the discrete summation over neighboring sites

ℋex = 𝑆2𝐽
2 ∑

⟨𝑖𝑗⟩
(𝒎(𝒓𝑖) − 𝒎(𝒓𝑖 + Δ𝒓𝑗))2

≈ 𝑆2𝐽
2 ∑

⟨𝑖𝑗⟩
(∇𝒎(𝒓𝑖) ⋅ Δ𝒓𝑗)2 . (1.12)

Here, a first-order Taylor expansion has been considered where ∇𝒎 denotes the

Jacobian of the magnetization field. By considering a specific lattice structure,

the last summation can be transformed into an integral. For example, a BCC

lattice yields2

𝐸ex = ∭𝑉
𝐴[(∇𝑚𝑥)2 + (∇𝑚𝑦)

2 + (∇𝑚𝑧)2]dV, (1.13)

2Details of this calculation can be found in Appendix 3 of Reference [56] or Chapter 2 of
reference [1].
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where 𝐴 = 2𝐽𝑆2/𝑎 is the exchange stiffness constant and 𝑎 denotes the

lattice constant. Because the exchange interaction favors the alignment of

neighboring spins, the exchange constant is related to the distance along which

the spins can be considered collinear—and thus the magnetization field can be

considered constant. This distance is called exchange length and is defined as

𝑙ex = √
2𝐴

𝜇0𝑀2
s
. (1.14)

The exchange effective field, obtained using the variational derivative as

explained in Section 1.1 is

𝑯ex = 𝑀s𝑙2ex𝛁2𝒎. (1.15)

1.2.2 Anisotropy

There are several types of anisotropy, the most common of which is the

magnetocrystalline anisotropy caused by the spin-orbit interaction. The

electron orbits depend on the crystallographic structure, and their interaction

with the spins makes the latter align along well-defined crystallographic

directions [51, 57]. One example is the uniaxial anisotropy, where the energy
only depends on the angle the spins make in a particular direction 𝒏̂. The

magnetic energy due to the anisotropy is

𝐸u = −∭𝑉
𝐾u(𝒎 ⋅ 𝒏̂)2𝑑𝑉 , (1.16)

where 𝐾u is the anisotropy constant. When 𝐾u is positive, 𝒏̂ is called the easy

axis. On the other hand, when 𝐾u is negative, 𝒏̂ is called the hard axis, and the

plane perpendicular to it is called the easy plane. Then, the effective anisotropy

field is

𝑯u = 2
𝜇0𝑀s

𝐾u𝒏̂(𝒏̂ ⋅ 𝒎). (1.17)
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1.2.3 Dipolar interaction

In the absence of free currents, the Maxwell equations corresponding to

magnetostatics can be written as

𝛁 × 𝑯 = 0 (1.18a)

𝛁 ⋅ 𝑯 = −𝛁 ⋅ 𝑴. (1.18b)

These equations resemble the equations of electrostatic theory. That is, the two

missing Maxwell equations

𝛁 × 𝑬 = 0 (1.19a)

𝛁 ⋅ 𝑬 = 𝜌
𝜖0
. (1.19b)

Mathematically, the two sets of differential equations are the same; therefore,

the well-known methods of electrostatic theory can be applied. In particular,

the divergence of the magnetization can be regarded as an effective magnetic

charge density. In consequence, after considering the correct boundary

conditions, the magnetic field can be found through a scalar potential [58]

𝑯d = −𝛁Φ, where:

Φ = ∭𝑉
𝜌m(𝒓′)

4𝜋|𝒓 − 𝒓′| 𝑑𝑉
′ +∬𝜕𝑉

𝜎m(𝒓′)
4𝜋|𝒓 − 𝒓′| 𝑑𝑆

′. (1.20)

Here 𝜌m = −𝛁 ⋅ 𝑴 and 𝜎m = 𝒏̂ ⋅ 𝑴 are the corresponding volumetric and

superficial effective magnetic charges. The three-fold integration of Eq. (1.20)

considers the dipolar magnetic field produced by every magnetized part of

the system. Since the dipole-dipole interaction is long-ranged, the total

energy corresponds to the interaction of this magnetic field through the whole

material:

𝐸d = −𝜇02 ∭𝑉
𝑯d ⋅ 𝑴𝑑𝑉 . (1.21)

1.2.3.1 Pole avoidance principle

The dipolar energy involves a very complex six-fold integration calculation.

Although Eq. (1.21) gives a direct but complicated way to compute the dipolar

energy, it can also give indirect insight into what the dipolar energy avoids. It
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can be proved that the dipolar energy can be computed as3

𝐸d = 𝜇0
2 ∭𝑉

𝑯 2
d𝑑𝑉 . (1.22)

This last equation proves the pole avoidance principle. The integrand is real and
positive everywhere. This means that the lowest possible value of the dipolar

energy term is zero, which can only be achieved when the dipolar field 𝑯d is

zero everywhere. Therefore, the magnetostatic energy always favors magnetic

configurations without volumetric or surface magnetic charges. In determining

the formation of magnetic textures, this not only gives a good intuition of the

actual solution of the problem but also in some cases allows for approximations

of this energy term. For example, in ultrathin filmswhere the volumetric charge

𝜌m is negligible, the dipolar term will mainly avoid the formation of surface

charges 𝜎m = 𝒏̂ ⋅ 𝑴, and as such it can be approximated as a local hard-axis

anisotropy.

1.2.4 Dzyaloshinskii-Moriya

The Dzyaloshinskii-Moriya interaction (DMI) is an anti-symmetrical exchange

coupling that favors canted or helical-like spin structures. Such interaction

occurs in crystals lacking inversion symmetry [17] or it is induced through

symmetry breaking at large spin-orbit coupled interfaces [59]. It was first

proposed by Dzyaloshinskii [60, 61] and then by Moriya [62] as a higher-order

contribution from the spin-orbit coupling effect. TheDMI between neighboring

spins is modeled as mediated by a vector𝑫𝑖𝑗 and is represented by the following
Hamiltonian

ℋdmi = ∑
⟨𝑖𝑗⟩

𝑫𝑖𝑗 ⋅ (𝑺𝑖 × 𝑺𝑗), (1.23)

where 𝑫𝑖𝑗 depends on the crystalline structure of the material [63–65]. Fig. 1.2

shows the DMI vector induced in the interface of a ferromagnetic material with

a metal layer with strong spin-orbit coupling. The vector𝑫12 lies perpendicular
to the plane formed by the two magnetic sites and the metal site. Therefore, the

DM interaction between neighboring spins isminimizedwhen the two spins are

perpendicular. The figure shows that the DMI favors the clockwise rotation of

the magnetization as one moves in the +𝑦 direction. Under a spatial inversion
3For demonstration details see reference [51] Section 7.3.2
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Figure 1.2: DMI at the interface between a ferromagnetic material (grey) and
a metal with a strong spin-orbit coupling (blue). Figure reproduced from
Ref. [66].

transformation (𝒓 → −𝒓), the metallic layer ends on top of the ferromagnetic

material, and the 𝑫12 vector is inverted. In this case, the DM interaction will

favor a counter-clockwise rotation of the magnetization as one moves in the +𝑦
direction.

Figure 1.3: Magnetic phase diagram of the formation of chiral structures
stabilized by DMI (a), defining the critical field 𝐻c2 and the critical temperature
𝑇c. PM represents the paramagnetic phase, and FP the field-polarized state.
Illustrations of (b) helical and (c) conical spin texture. 𝑄 is the helical
propagation vector. (d) Spin texture of a Bloch-type individual magnetic
skyrmion. (e) Skyrmion lattice forming in a plane perpendicular to the applied
field 𝐻⃗ . Figure reproduced from Ref. [11].

The DM interaction can stabilize periodic magnetic configurations like

helices and skyrmion lattices, as illustrated in Fig. 1.3. Magnetic skyrmions are
nanometric swirling topological structures in the magnetization texture (see

Fig. 1.3 (d)) that have drawn increasing scientific attention in the last decade due

to their potential as topologically stable bits to store information inmemory and
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logic devices [19]. On the other hand, helical textures are wave-like periodic

magnetic structures as shown in Fig. 1.3 (b-c). In thin magnetic films, helical

textures have been found as a possible magnetic ground state in the presence

of interfacial DMI [67]. Moreover, their wave-like nature allows for a direct

connection with magnonic excitations as discussed in Chapter 4.

This work focuses on the texture formation and the spin-wave dynamics of

nanotubes with interfacial DMI. The micromagnetic interfacial DMI energy is

obtained for a nanotube with a ferromagnetic/heavy metal interface with its

normal in the radial direction (see Fig. 2.1) in the supplementary material of

Ref. [68]:

𝐸dmi = ∭𝑉
𝐷𝝆̂ ⋅ (𝒎(𝛁 ⋅ 𝒎) − (𝒎 ⋅ 𝛁)𝒎)𝑑𝑉 . (1.24)

The effective field in this case is given by

𝑯dmi = − 2𝐷
𝜇0𝑀s

(𝝆̂(𝛁 ⋅ 𝒎) − 𝛁(𝒎 ⋅ 𝝆̂) + 𝑚𝜙
𝜌 𝝓̂). (1.25)

The details for the derivation are given in Appendix B. The term 𝑚𝜙𝝓̂/𝜌 can be

attributed to the curved geometry of the system. An additional term (𝑚𝜙/𝜌)𝝓̂
is obtained here in comparison with the result reported in Ref. [52] where a

planar system is assumed.

1.3 The Nucleation Problem

One of the main characteristics of ferromagnetic materials is that their

magnetization state depends on the history of the applied magnetic field. An

important consequence is that the energy minimization of a magnetic system is

meaningless on its own, as even if one can find an energetically stable magnetic

state, this state is not necessarily available to the system. A way to address this

problem is to align the magnetization along a particular direction by the action

of a strong external magnetic field. The beginning of the reversal from the fully

saturated state is called the nucleation process. A mechanical analogy is shown

in Fig. 1.4. At point (a) the ball is at a local minimum. Even though there is a

lower energy state, it is not available for the system. The energy landscape can

be changed by exerting an external force. When this force reaches a critical

value 𝐹crit, the former state is no longer stable, and the system is required to
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change to another minimum of energy, as shown in Figure (c). The essential

idea is to begin from a known stable initial state, achieved by themodification of

a control parameter or external force, and examine the transition to a different

state.

Figure 1.4: The energy landscape is changed by an externally applied force. In
point (a), the force applied maintains the ball at a stable point. When this force
is diminished (b), this state becomes less stable until it reaches a critical force
(c) at which the ball has to move to a new energy value.

A way to study the nucleation process in ferromagnetic systems is using

the linearized Brown equations (1.5b) and analyzing small changes from the

saturated state [51]. A different approach will be taken here. A rotational

mode 𝒎𝛼 (𝒓, 𝜃) is proposed as an ansatz solution for the reversal from the

saturated state along the nanotubes axis ̂𝒛, where 𝜃 is the angle between

the magnetization and the external magnetic field. Therefore, the energy of

the system is a function of the magnetization and the applied magnetic field

𝐸(𝒎𝛼 , 𝑯). For a sufficiently large applied field, the following conditions over

the energy hold
𝜕𝐸
𝜕𝜃 (𝜃 = 0) = 0, 𝜕2𝐸

𝜕𝜃2 (𝜃 = 0) > 0, (1.26)

and consequently the saturated state 𝜃 = 0 is a stable energy minimum of the

system. The nucleation process occurs when, by decreasing the applied field,

the condition
𝜕2𝐸
𝜕𝜃2 (𝜃 = 0) = 0, (1.27)

is achieved. At this point, the saturated state becomes unstable and the

magnetic configuration starts to change (see Fig. 1.4). The value of themagnetic

field atwhich this process occurs𝐻 𝛼
n is called the nucleation field. Because it was

calculated using an ansatz, this nucleation field value has to be compared with

other potential rotational modes. The actual rotational mode that will happen

will have the highest value of the nucleation field. That is because, if a different

rotational mode𝒎𝛽 starts at a nucleation field 𝐻 𝛽
n > 𝐻 𝛼

n , then by decreasing the
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applied field from a saturated state, the higher value will be achieved first and

the 𝒎𝛼 -rotation will no longer be available to the system.

1.4 Dynamics: Landau-Lifshitz-Gilbert equation

Spin waves on magnetic structures are perturbations of the magnetic ground

state. The quanta of magnetic oscillations are magnons. To describe the

temporal evolution of magnetization, the Landau-Lifshitz-Gilbert equation is

used
𝑑
𝑑𝑡 𝑴(𝒓, 𝑡) = −𝜇0𝛾𝑴(𝒓, 𝑡) × 𝑯 eff(𝒓, 𝑡) − 𝜆𝑴 × (𝑴 × 𝑯 eff), (1.28)

where𝑯 eff is the effective magnetic field acting on the structure, 𝛾 = 𝑔|𝑒|/(2𝑚e𝑐)
is the gyromagnetic ratio, 𝑔 the Landé factor, and 𝜆 is a phenomenological

damping parameter. Here, the term proportional to 𝛾 describes the precession
of the magnetization around the axis defined by the direction of the magnetic

effective field. On the other hand, the term proportional to 𝜆 describes the

energy loss in real materials. Without it, the precession of the magnetization

would describe a perpetual motion. This work is interested in studying the

normal modes of oscillations on magnetic nanotubes. Therefore, the Landau-

Lifshitz equation is studied without considering the damping parameter of the

magnetization dynamics:

𝑑
𝑑𝑡 𝑴(𝒓, 𝑡) = −𝜇0𝛾𝑴(𝒓, 𝑡) × 𝑯 eff(𝒓, 𝑡). (1.29)

In Chapter 3, this equation is used to analyze the normal oscillation modes

of spin waves over magnetic nanotubes with DMI and obtain the dispersion

relation 𝑓 (𝒌). In particular, because the DMI is produced by a spatial reversion

symmetry breaking, this can lead to non-reciprocal phenomena like different

frequencies [47–49] or attenuation lengths for spin waves traveling in opposite

directions [50]. This work is focused on the frequency non-reciprocity of spin

waves, measured by the frequency shift defined as:

Δ𝑓 = 𝑓 (𝒌) − 𝑓 (−𝒌). (1.30)



Chapter 2

Nucleation: Conical-Helix Textures

Consider a thin cylindrical shell of height 𝐿, external radius 𝑅, and internal

radius 𝑎 = 𝛽𝑅. The shell consists of a ferromagnetic layer in contact with a

heavy metal layer as depicted in Fig. 2.1, which induces an interfacial DMI. The

heavy metal interface put as the outer or inner layer determines the sign of

the DMI strength 𝐷. The Conical-Helix (CH) state has been shown to be a

possible reversal mode in planar systems in the presence of DMI [11, 67]. The

direct adaptation of this magnetization model to a cylindrical geometry with

coordinates (𝜌, 𝜙, 𝑧) is given by the following normalized magnetization field:

(a) (b)

Figure 2.1: Schematic representation of the ferromagnetic nanotube with
external radius 𝑅, internal radius 𝑎 and height 𝐿 (a). A heavy metal material
in the interface induces the DM interaction. Conical-helix state with a mixed
state of 𝑧− and 𝜙−periodicity to form a net pseudo-pitch vector 𝒒 (b).

𝒎 = cos(𝑛𝜙 + 𝑞𝑧𝑧) sin 𝜃𝝆̂ + sin(𝑛𝜙 + 𝑞𝑧𝑧) sin 𝜃𝝓̂ + cos 𝜃 ̂𝒛, (2.1)

where 𝑞𝑧 describes the periodicity along the symmetry axis of the cylinder

𝑧, and the azimuthal index 𝑛 indicates the periodicity along the coordinate 𝜙,

16
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which can only take integer values due to the tube edge-less boundary condition

𝒎(𝜙) = 𝒎(𝜙 + 2𝜋). (2.2)

The parameter 𝜃 is a fixed parameter along the system and describes the angle

between the magnetization 𝒎 and 𝑧, being 𝜃 = 0 the fully saturated state. A

pseudo pitch vector that characterizes the CH texture can be defined locally at

the cylinder surface:

𝒒 = 𝑛
𝑅𝝓̂ + 𝑞𝑧 ̂𝒛, (2.3)

Fig. 2.2 shows one-wavelength-long helices with opposite vector spin chirality

(𝑺𝑖 × 𝑺𝑗) in planar and curved systems. In the planar system, the left-handed

helices (a) are equivalent to the right-handed helices (b) and have the same

(static) energy [67]. Suppose the same state is curved into a semi-circumference.

Figure 2.2: Cross-sectional schematic representation of one-wavelength-long
CH states of different chirality in planar (a,b) and curved films (c-f). The
color code represents the out-of-surface component of the magnetization. The
helices in (a) left-handed and (b) right-handed planar systems, (c) left-handed
and (d) right-handed curved semicircle, and circumferential system with (e)
𝑛 = −1 and (f) 𝑛 = 1 are illustrated.

In this case, the left-handed helix (c) has smaller angles between neighbor spins
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than the right-handed helix (d) because the out-of-plane direction is not fixed

due to the curvature. Accordingly, in a full circumference, the one-wavelength

states with opposite chiralities are entirely different. Spins in the state with 𝑛 =
−1 (e) are collinear, and thus the whole system makes a uniform magnetization

state. On the other hand, the state with 𝑛 = 1 (f) is such that the neighboring

spins make a large angle and thus have a significantly higher exchange cost.

This simple analysis offers an intuitive way to understand the chirality induced

by the curvature of the film.

2.1 Energy of the Conical-Helix Texture

In this section, each contribution to the energy of the Conical-Helix model

is calculated using the magnetization model given by Eq. (2.1) to study its

formation. For simplicity, the energy is normalized to the dimensionless

quantity 𝜖 = 𝐸/(𝜇0𝑀2
s 𝑉 ), where 𝑉 = 𝜋(𝑅2 − 𝑎2)𝐿 is the volume of the system.

The total energy of the system is given by:

𝜖 = 𝜖ze + 𝜖ex + 𝜖d + 𝜖an + 𝜖dmi, (2.4)

where the interactions considered are respectively the Zeeman coupling with

an external magnetic field (𝜖ze), the exchange coupling (𝜖ex), the dipolar

coupling (𝜖d), a perpendicular uniaxial anisotropy (𝜖an) and the interfacial DMI

(𝜖dmi). A uniform magnetic field is applied along the nanotube axis’s direction

( ̂𝒛). After integration (Eq. (1.9)), the energy asociated with this field is given by:

𝜖ze = − 𝐻
𝑀s

cos 𝜃. (2.5)

The integrals calculated in the following section are valid for 𝑛 ≠ 0 because the
special case 𝑛 = 0 results in the Hegdehog (Hg) or Curling (C) reversal modes,

which are analyzed separately (see Appendix C).
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2.1.1 Exchange Energy

The exchange energy is calculated using Eq. (1.13). In cylindrical coordinates:

(𝛁𝑚𝑖)2 = (1𝜌
𝜕𝑚𝑖
𝜕𝜙 )

2
+ (𝜕𝑚𝑖

𝜕𝑧 )
2
, (2.6)

where 𝑚𝑖 denotes each Cartesian coordinate. The CH magnetization (2.1) can

be written in Cartesian coordinates as

𝒎 = cos((𝑛 + 1)𝜙 + 𝑞𝑧𝑧) sin 𝜃𝒙̂ + sin((𝑛 + 1)𝜙 + 𝑞𝑧𝑧) sin 𝜃 ̂𝒚 + cos 𝜃 ̂𝒛, (2.7)

so the dimensionless exchange energy results in:

𝜖ex = 𝐴
𝜇0𝑀2

s 𝑉 ∭𝑉
sin2 𝜃 (𝑛2 + 2𝑛 + 𝜌2𝑞2𝑧 + 1)

𝜌2 𝑑𝑉

= 𝐴
𝜇0𝑀2

s
(𝑞2𝑧 + 2(1 + 𝑛)2 ln 1/𝛽

𝑅2(1 − 𝛽2)) sin
2 𝜃. (2.8)

The exchange energy term is minimized at values (𝑛, 𝑞𝑧) = (−1, 0), which
correspond to the uniform magnetization mode—the state at which every spin

is collinear (see Fig. 2.2 (e)).

2.1.2 Anisotropy

It has been found that the heavy metal coupling to the ferromagnetic film can

produce an interfacial perpendicular anisotropy [69, 70]. As in the DMI case,

this perpendicular direction is radial. According to Eq. (1.16),

𝐸an = −∭𝑉
𝐾u(𝝆̂ ⋅ 𝒎)2𝑑𝑉 . (2.9)

Finally, we get,

𝜖an = − 𝐾u
2𝜇0𝑀2

s
sin2 𝜃. (2.10)

2.1.3 Dipolar Energy

The whole calculation is done for the conical-helix model in Appendix A.

Section 1.2.3.1 discussed that the dipolar energy favors magnetic structures
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that minimize the appearance of bound magnetic charges. Consider the

dipolar energy as a local interaction [33] that favors in-plane magnetization

components—a hard axis radial anisotropy:

𝜖d = − 1
𝜇0𝑀2

s 𝑉 ∭𝐾d(𝒎 ⋅ 𝝆̂)2𝑑𝑉 . (2.11)

To obtain the value of the effective anisotropy constant 𝐾d, consider a uniform
magnetization along the nanotube𝒎 = sin 𝜃𝒙̂ + cos 𝜃 ̂𝒛 = sin 𝜃(cos 𝜙𝝆̂ − sin 𝜙𝝓̂)+
cos 𝜃 ̂𝒛. The dipolar energy is given by [44]

𝜖ud = 𝑁𝑥
2 sin2 𝜃 + 𝑁𝑧

2 cos2 𝜃. (2.12)

Using Eq. (2.11), the uniform magnetization texture dipolar energy results in

𝜖ud = − 𝐾d
2𝜇0𝑀2

s
sin2 𝜃. (2.13)

The demagnetizing factors are constrained by the condition 2𝑁𝑥 +𝑁𝑧 = 1. Also,
for large aspect nanotubes 𝐿 ≫ 𝑅, 𝑁𝑧 ≈ 0 and therefore 𝑁𝑥 ≈ 1/2. Comparing

equations (2.12) and (2.13) allows us to obtain the effective anisotropy constant

that approximates the dipolar interaction:

𝐾d = −𝜇0𝑀
2
s

2 . (2.14)

Inserting (2.14) into (2.11):

𝜖d = 1
2𝑉 ∫(𝒎 ⋅ 𝝆̂)2𝑑𝑉 . (2.15)

Even though this notion of local anisotropy approximation for the nonlocal

dipolar coupling was derived for a uniform magnetization, it can be used to

analyze different magnetic textures. In Appendix A, the local approximation of

the dipolar coupling is compared with the full dipolar form of Eq. (1.21). For

the conical-helix model, it is obtained

𝜖d = 1
2 sin

2 𝜃. (2.16)
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Note that the combined effect of the dipolar and the volume-averaged surface

anisotropy energy results in an effective anisotropy constant

𝐾eff = 𝐾u −
𝜇0𝑀2

s
2 = 𝜇0𝑀2

s
2 (𝑄 − 1), (2.17)

where 𝑄 = 2𝐾u/𝜇0𝑀2
s is called the quality factor and characterizes the balance

between the dipolar and anisotropy interactions. When 𝑄 = 0, the system

exhibits no radial anisotropy, and only dipolar interaction (shape anisotropy)

appears. When 𝑄 = 1, the radial and shape anisotropies are compensated,

and the system does not prefer either the out-of-plane (𝝆̂) or the in-plane

magnetization direction.

2.1.4 DMI Energy

The interfacial DMI energy is given by Eq. (1.24). In a ferromagnetic nanotube

covered with a heavy-metal layer, as depicted in Fig. 2.3(a), the normal vector

to the interface is 𝝆̂. The energy is then given by [71]:

𝐸dmi = ∭𝑉
𝐷𝝆̂ ⋅ (𝒎(𝛁 ⋅ 𝒎) − (𝒎 ⋅ 𝛁)𝒎)𝑑𝑉 . (2.18)

In cylindrical coordinates, the first term is computed as

(𝝆̂ ⋅ 𝒎)(𝛁 ⋅ 𝒎) =𝑚𝜌(1𝜌
𝜕𝜌𝑚𝜌
𝜕𝜌 + 1

𝜌
𝜕𝑚𝜙
𝜕𝜙 + 𝜕𝑚𝑧

𝜕𝑧 )

=1
𝜌 (𝑛 + 1) sin2(𝜃) cos2(𝑛𝜙 + 𝑞𝑧𝑧), (2.19)

while the second term is

𝝆̂ ⋅ (𝒎 ⋅ 𝛁)𝒎 = 𝝆̂ ⋅ (𝑚𝜌
𝜕
𝜕𝜌 + 𝑚𝜙

𝜌
𝜕
𝜕𝜙 + 𝑚𝑧

𝜕
𝜕𝑧 )𝒎

= 𝝆̂ ⋅ (
𝑚𝜙
𝜌

𝜕𝑚𝜌
𝜕𝜙 𝝆̂ +

𝑚2𝜙
𝜌

𝜕𝝓̂
𝜕𝜙 + 𝑚𝑧

𝜕𝑚𝜌
𝜕𝑧 𝝆̂)

= 𝑚𝜙
𝜌

𝜕𝑚𝜌
𝜕𝜙 −

𝑚2𝜙
𝜌 + 𝑚𝑧

𝜕𝑚𝜌
𝜕𝑧

= −1
𝜌 (𝑛 + 1) sin2(𝜃) sin2(𝑛𝜙 + 𝑞𝑧𝑧) − 𝑞𝑧 sin(𝜃) cos(𝜃) sin(𝑛𝜙 + 𝑞𝑧𝑧),
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where 𝜕𝜙𝝓̂ = −𝝆̂ is used and the terms perpendicular to 𝝆̂ have been omitted.

The normalized DMI energy results in

𝜖dmi =
2𝐷(1 + 𝑛)

𝜇0𝑀2
s 𝑅(1 + 𝛽) sin

2 𝜃. (2.20)

TheDMI term has a linear dependence on 𝑛. As expected, this interaction favors
the formation of helical textures, with the handedness that depends on the sign

of the DMI strength (𝐷).

2.2 Nucleation Field

The total energy of the conical-helix mode magnetization given by Eq. (2.4) is

𝜖ch =(1 − 𝑄
4 + 𝐴

𝜇0𝑀2
s
(𝑞2𝑧 +

2(𝑛 + 1)2 ln 1/𝛽
𝑅2(1 − 𝛽2) ) + 2𝐷(𝑛 + 1)

𝜇0𝑀2
s 𝑅(1 + 𝛽)) sin

2 𝜃 − 𝐻
𝑀s

cos 𝜃
(2.21)

The nucleation field 𝐻n is obtained using this energy by solving Eq. (1.27) for

variable 𝐻 , which results in

𝐻 ch
n = (𝑄 − 1)𝑀s

2 − 4𝐷(𝑛 + 1)
𝜇0𝑀s𝑅(1 − 𝛽) −

2𝐴
𝜇0𝑀s

(𝑞2𝑧 +
2(𝑛 + 1)2 ln 1/𝛽

𝑅2(1 − 𝛽2) ) . (2.22)

Note that the energy can be written in terms of the nucleation field as

𝜖ch = −𝐻
ch
n

2𝑀s
sin2 𝜃 − 𝐻

𝑀s
cos 𝜃. (2.23)

A consequence of the former equation implies the parameters (𝑛, 𝑞𝑧) that

maximize the nucleation field are the same that minimize the energy. Therefore,

the reversal mode from the saturated state simultaneously describes the

magnetic ground state. The nucleation field (2.22) is maximized when 𝑞𝑧 = 0
and 𝑛 = 𝑛nt, where

𝑛nt = ⌊−1 − 𝐷
2𝐴

𝑅(1 − 𝛽)
ln 1/𝛽 ⌉ , (2.24)

where ⌊𝑥⌉ denotes the approximation of 𝑥 to the nearest integer, which arises

from the periodic boundary condition (2.2) resulting in the quantization of the
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wavelength of the helix in the nanotube:

𝜆nt = 2𝜋𝑅
|𝑛nt|

. (2.25)

From Eq. (2.3), the pitch vector in the nanotube is given by

𝒒nt = 1
𝑅 ⌊−1 − 𝐷

2𝐴
𝑅(1 − 𝛽)
ln 1/𝛽 ⌉ 𝝓̂. (2.26)

Note that in the ultrathin (𝛽 → 1) and planar limit (𝑅 → ∞) the pitch vector

converges to 𝑞0 = 𝐷/(2𝐴) agreeing with the reported value [11, 67]. Notably,

the handedness of the helix can be associated with the sign of 𝑛nt and, therefore,
with the sign of 𝐷. Similar to the planar case, the interfacial DMI creates helix

textures and induces a pitch vector 𝒒 perpendicular to the initial saturation field
[67, 72].

2.3 Micromagnetic Simulations

Micromagnetic simulations were performed using the finite element

micromagnetic package Finmag [73]. A nanotube of radius 𝑅 = 15 nm,

shell thickness 𝑑 = 3 nm and height 𝐿 = 0.5 𝜇m was analyzed. Simulations

considered exchange, dipolar, and Zeeman interactions. In addition, radial

anisotropy and cylindrical interfacial DMI were implemented in a forked

version of the code [74]. Standard magnetic parameters for Permalloy

(Ni80Fe20) have been used: 𝑀s = 796 kA/m and 𝐴 = 13 pJ/m. The simulations

consisted of a field reduction process from an axially saturated state, using

field steps of 5 mT, starting from a sufficiently large field, down to zero field, or

even lower, depending on the case [71]. Local energy minimum configurations

were found at every field step by relaxing the system using the Landau-Lifshitz-

Gilbert equation with a substantially large damping value and removing the

precessional dynamics. Visualizations were done using the PyVista library

[75]. The right panels of Fig. 2.3 (a-g) show the states obtained for simulated

tubes with 𝑄 = 0.9 and several DMI values 𝐷 = −6, −5, −4, … , 6 mJ/m2 at the
start of the reversion from the saturated state along the nanotube’s axis—the

states just below the nucleation field value 𝐻 ≲ 𝐻n. The reversal modes are

denoted 𝑆𝑛 where 𝑛 = −4, −3, … , 2 is the azimuthal periodicity described in
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the CH model. The left scheme of each panel shows the cross-sectional view

of the corresponding 𝑛−mode graphed with the magnetization model for the

conical-helix Eq. (2.1).

(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure 2.3: Cross-section of the CH states obtained using the model Eq. (2.1) for
different values of the azimuthal index 𝑛 and their corresponding state obtained
in the micromagnetic simulations denoted by 𝑆𝑛 for a quality factor 𝑄 = 0.9 and
different values of the DMI strength as shown in Fig. 2.4.
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2.4 Texture Formation

Permalloy parameters are used in this section for calculations; 𝑀s = 796 kA/m
and 𝐴 = 13 pJ/m. The thickness of the film is 𝑅 − 𝑎 = 3 nm. With the

approximation of the nonlocal dipolar interaction as a local anisotropy, the

nucleation field of the conical-helix mode given in Eq. (2.22) does not depend on

the nanotube’s height 𝐿. The DMI strength 𝐷, and the geometrical parameters,

𝑅 and 𝛽 , determine the pitch vector that characterizes the higher nucleation

field and the lower energy solution within the CH ansatz (Eq. (2.26)). Although

it does not depend on the radial anisotropy, this parameter becomes important

when the nucleation field of the CH is compared with other reversal modes:

the curling (C) mode (C.1b) or the hedgehog (Hg) mode (C.1c). The graphs in

this section show the favorable reversion mode for different sets of magnetic

parameters. This is obtained analitically by comparing the CH nucleation field

(2.22) evaluated at the parameters that maximize the nucleation field (2.24) with

the nucleation fields of the C and Hg modes (Eqns (C.3a) and (C.3b)).

Fig. 2.4 shows the reversal mode of the nanotubes as a function of the DMI

strength 𝐷 and the quality factor 𝑄 for a radius 𝑅 = 15 nm. Different values of 𝑛
are obtained and represented in different colors in the diagram from 𝑛 = −4 to
𝑛 = 2, including the Curling and Hedgehog states. Blue diamonds denoted by 𝑆𝑛
represent the conical-helix 𝑛-state obtained in Finmag simulated nanotubes of

15-nm radius with different 𝐷 values [71]. The reversion mode obtained in the

simulations and the cross-sectional views of the conical-helix magnetization

states are depicted in Fig. 2.3. As the absolute value of 𝐷 increases, the value of

𝑛 that maximizes the nucleation field given by Eq. (2.24) increases, and therefore

the length of the helix 𝜆nt decreases. The chirality of the helix formed depends

on the sign of 𝐷. Positive values 𝐷 > 0 favor helices with 𝑛 < 0 and negative

values 𝐷 > 0 favor helices with 𝑛 > 0. However, opposite-chirality helices

are not energetically equivalent. This can be seen from the graph, as it is not

symmetric with respect to 𝐷 = 0. See, for instance, the simulated reversion

for 𝐷 = 4 mJ/m2 occurs through the 𝑆−3 mode depicted in Fig. 2.3 (f). On

the other hand, for 𝐷 = −4 mJ/m2 the reversion occurs through the 𝑆1 helix

shown in Fig. 2.3 (b). This asymmetry between positive and negative values

of 𝐷 occurs because the curved surface of the nanotube produces an exchange

energy difference between opposite rotation states, as discussed in Fig. 2.2.
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Figure 2.4: Reversal mode as a function of the DMI strength 𝐷 and the quality
factor 𝑄 of a nanotube of radius 𝑅 = 15 nm and thickness 𝑅 − 𝑎 = 3 nm.
Blue dashed lines represent the interface between the in-plane and out-of-plane
reversal modes (C or Hg mode) and the CH reversal mode in a planar magnetic
film [67, 72] that coincides with the asymptotic solution of the nanotube in the
limit 𝑅 → ∞. Blue diamonds represent simulated nanotubes shown in Fig. 2.3.

The radial anisotropy controls a tendency in the system to reverse through

either the C reversal mode, in-plane magnetization, or the Hg reversal mode,

out-of-plane magnetization. Consequently, for larger absolute values of 𝑄,
these two states cover a wider range of 𝐷 values, meaning that a bigger value of

the DMI strength is needed to achieve a CH state. As discussed in Section 2.1.3,

the quality factor 𝑄 measures the competition between the anisotropy and

the dipolar interactions. For 𝑄 > 1—high anisotropy value—the anisotropy

dominates over the dipolar interaction, and therefore, the Hg state is favored

over the C state. In contrast, 𝑄 < 1means that the dipolar interaction dominates

over the radial anisotropy; hence, the C state is preferred. The further the

quality factor is from the value 𝑄 = 1, the bigger the value of DMI strength

needed for the reversal through the CH state is. Moreover, far from this value,

the Curling and Hedgehog states cover a wider range of 𝐷 values. For example,
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at 𝑄 = 0 the states 𝑛 = ±1 are not available, and at a DMI strength value of

𝐷 = 0 and 𝐷 = −4 mJ/m2 (values at which the system nucleates through the

states 𝑛 = −1 and 𝑛 = −1 respectively at 𝑄 = 0.9), reverses through the C mode.

In other words, the boundary between Curling/Hedgehog states and conical-

helix states with 𝑛 ≠ 0 defines the critical DMI strength value 𝐷crit(𝑄) at which
the nucleation occurs through the CH state. The blue dashed line represents the

critical value 𝐷crit for the case of a planar magnetic film [67] and it is symmetric

concerning 𝐷 = 0. This coincides with the critical value for the nanotube in the

limit 𝑅 → ∞, thus providing a way to confirm the solution of this diagram

asymptotically.

Figure 2.5: Reversal mode as a function of 𝐷 and 𝑄 of a nanotube of radius
𝑅 = 40 nm. Blue dashed lines represent the interface between the in-plane and
out-of-plane reversal modes (curling or hedgehog mode) and the conical-helix
reversal mode (CH mode) in a planar magnetic film [67]. Blue diamonds are
simulated points nanotubes shown in Fig. 2.3.

Fig 2.5 shows a similar 𝑄 vs 𝐷 diagram for a nanotube of radius 𝑅 = 40 nm.

The main difference is that the asymmetry with respect to 𝐷 = 0 is less

noticeable than in the former diagram. Bigger radius nanotubes have a less
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curved surface and the energy difference between opposite-chirality CH states

is lower. In this case, the critical value𝐷crit shows a clear tendency to the planar

critical value represented in the blue dotted line. Compared to the 𝑅 = 15 nm
nanotube, more states can be obtained within the same range of 𝐷 values. The

larger the radius, the lower the range of 𝐷 values each 𝑛-state covers, until the
limit 𝑅 → ∞ where the azimuthal index converges to a continuum of values, as

in the case of the planar system.

The reversal modes for different radii, DMI strength 𝐷, and a quality factor

𝑄 = 0.9 are shown in Fig. 2.6. Blue diamonds represent the same nanotubes

simulated in Fig. 2.4. As evidenced in the previous figures, the Hg mode only

appears for anisotropy values such that 𝑄 > 1. Therefore, the C mode is

favored for any given 𝑅 and 𝐷 values. As was already discussed, for fixed

radius and quality factor, larger absolute values of 𝐷 originate CH textures with

smaller wavelengths 𝜆nt, resembling the behavior of planar magnetic films [67].

For larger radii, the number of states obtained in a certain range of 𝐷 values

increases as the number of values of the wavelength (given by Eq. (2.25)) that

can fit through the perimeter is larger. This diagram also shows the asymmetry

concerning 𝐷 = 0 caused by the energy difference of opposed chirality helices.

This difference is most notable at small radii (large curvature) and converges to

a symmetric diagram at the large radius limit. The 𝑛 = ±1 reversions only occur
at small radii because at 𝑄 = 0.9 the Cmode is favored. Unlike the planar system

where the pitch vector of the helix is approximately 𝑞0 = 𝐷/(2𝐴) and thus lower
values of the DMI produce a larger wavelength value 𝜆0 = 2𝜋/𝑞0, the larger

possible wavelength that can be formed in the nanotube along the azimuthal

direction due to the periodicity is the full perimeter 𝜆 = 2𝜋𝑅, namely the state

𝑛 = ±1. Therefore, larger wavelength helices can be found in a nanotube with a

larger radius, but these large-𝜆nt states can only occur when the dipolar and the
anisotropy interactions are well compensated (𝑄 ≈ 1). For bigger values 𝑄 > 1
(smaller values 𝑄 < 1), large areas of in-plane (out-of-plane) magnetization are

not allowed. Consequently, the C and Hg modes become more favorable than

the large wavelength states.
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Figure 2.6: Reversal mode as a function of the DMI strength𝐷 and the nanotube
radius 𝑅 for a quality factor 𝑄 = 0.9. Blue diamonds correspond to the simulated
points.



Chapter 3

Spin Wave Dynamics

The effect of the interfacial DMI on the frequency of spin waves on nanotubes

has not yet been reported. The Landau-Lifshitz (LL) Eq. (1.29) models the time

dependence of the magnetization. To study the normal modes that propagate

along the nanotube’s surface, consider small perturbations from an equilibrium

magnetization

𝑴(𝑡) = 𝑴0 + 𝛿𝒎(𝑡) (3.1a)

𝑯 eff(𝑡) = 𝑯 eff0 (𝑴0) + 𝛿𝒉(𝑡). (3.1b)

Here 𝑯 eff0 is the effective field produced by the equilibrium magnetization 𝑴0,
and 𝛿𝒉 is the effective field produced by the magnetization deviations 𝛿𝒎.

To describe these perturbations, a plane wave ansatz can be used 𝛿𝒎(𝑡) ∼
exp[𝑖(𝒌 ⋅ 𝒓 − 𝜔𝑡)]. As in the previous chapter, the basic assumption is that the

magnetization along the radial direction is constant for very thin nanotubes.

Therefore, oscillations propagate only in the 𝑧 and 𝜙 directions [48, 49]:

𝛿𝒎(𝑡) = 𝒎𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡) (3.2a)

𝛿𝒉(𝑡) = 𝒉𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡), (3.2b)

Considering Eq. (1.29) up to first order in deviations, the Linearized Landau

Lifshitz equation is obtained:

𝜔𝒎 = 𝑖𝛾𝜇0(𝑯 eff0 × 𝒎 + 𝒉 × 𝑴0). (3.3)

30
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This problem can be solved if the equilibrium magnetization 𝑴0 is known.

Depending on the angle at which an external magnetic field is applied

concerning the nanotube axis, the most commonly studied equilibrium

magnetizations on nanotubes are a saturated state along the axis or a vortex-

like magnetization along the nanotube. The well-known curling reversal mode

[51] gives a continuous parameterization between both states [44, 76]:

𝑴0 = 𝑀s(C sin 𝜃0𝝓̂ + cos 𝜃0 ̂𝒛) = 𝑀s ̂𝒛′, (3.4)

where the angle 𝜃0 controls the orientation ̂𝒛′ of the magnetization as shown in

Fig. 3.1. The parameter C determines a right-handed (C = 1) or left-handed (C =
−1) curling state. Note that the equilibrium magnetization implicitly depends

on the azimuthal angle 𝜙, so this orientation is not uniform; rather, it is defined

locally at the location on the nanotube surface. For (𝜃0 = 0), the magnetization

is saturated along the symmetry axis, and at (𝜃0 = 𝜋/2), it forms a vortex-like

state. Condition (1.5b) must be satisfied to have a correct equilibrium state.

Figure 3.1: An infinitely long ferromagnetic nanotube of external (internal)
radius 𝑅 (𝑎) covered with a heavy-metal layer is considered. The equilibrium
magnetization of the system describes a curling state: it points along the ̂𝒛′
direction, which forms an angle 𝜃0 with the nanotube’s symmetry axis ̂𝒛.

Consequently, 𝑯 eff0 = 𝐻 eff0 ̂𝒛′ and thus, from Eq. (3.3), the Fourier coefficients 𝒎
do not have a component along the direction of the equilibrium magnetization.

Then, it is convenient to describe the dynamic magnetization through a local

reference system defined by the plane orthogonal to 𝑴0. This is quickly done
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by noting that it has no radial component 𝝆 ⋅ 𝑴0 = 0, so a third orthogonal

vector can be constructed as 𝝌̂ = 𝝆̂ × ̂𝒛′ to obtain

𝝌̂ = − cos 𝜃0𝝓̂ + C sin 𝜃0 ̂𝒛 (3.5a)

𝝆̂ =𝝆̂ (3.5b)

̂𝒛′ =C sin 𝜃0𝝓̂ + cos 𝜃0 ̂𝒛 (3.5c)

The set of right-handed ordered vectors (𝝌̂ , 𝝆̂, ̂𝒛′) define a more convenient new

basis 𝐵. Fourier coefficients of Eq. (3.2a) are given in this basis by 𝒎 = 𝑚𝜒 𝝌̂ +
𝑚𝜌𝝆̂. The linearized LL Eq. (3.3) results in

𝜔𝑚𝜒 = 𝑖𝛾𝜇0(−𝐻 eff0 𝑚𝜌 + 𝑀sℎ𝜌) (3.6a)

𝜔𝑚𝜌 = 𝑖𝛾𝜇0(𝐻 eff0 𝑚𝜒 − 𝑀sℎ𝜒 ). (3.6b)

Because the effective fields are obtained as linear operations over the

magnetization as shown in Section 1.2, the dynamic field can be written as a

linear combination of the dynamic magnetization [48]

𝒉 = −𝜦 ⋅ 𝒎, ℎ𝑖 = −Λ𝑖𝑗𝑚𝑗 , (3.7)

where 𝜦 is a dynamic tensor that includes terms of the different energy

contributions. As a result, equations (3.6) form a set of coupled equations that

can be written in matrix form as follows:

𝜔 (𝑚𝜒
𝑚𝜌

) = 𝑖𝛾𝜇0𝑀s𝑻 (𝑚𝜒
𝑚𝜌

) , (3.8)

with

𝑻 = (
−Λ𝜌𝜒 −Λ𝜌𝜌 − 𝐻 eff0

𝑀s
𝐻 eff0
𝑀s

+ Λ𝜒𝜒 Λ𝜒𝜌
) . (3.9)

Solving this eigenvalue problem will yield the angular frequency 𝜔. The

dispersion relation is then obtained by 𝑓 = 𝜔/(2𝜋):

𝑓 = 𝑖𝛾𝜇0𝑀s
4𝜋 ((Λ𝜒𝜌 − Λ𝜌𝜒 ) ±

√
(Λ𝜌𝜒 + Λ𝜒𝜌)2 − 4(𝐻

eff0
𝑀s

+ Λ𝜌𝜌)(
𝐻 eff0
𝑀s

+ Λ𝜒𝜒)).

(3.10)
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Here the two eigenvalues obtained are related by 𝑓1(𝑘𝑧 , 𝑙) = −𝑓2(−𝑘𝑧 , −𝑙), and
the physical solution is chosen to be the positive one. In the following section,

the dispersion relation is obtained by calculating the equilibriummagnetic field

𝐻 eff0 and the total dynamic tensor 𝜦.

3.1 Effective Fields and Dynamic Tensors

In calculating the effective fields, a dependence on the radial coordinate 𝜌 may

appear through derivatives (even though the magnetization does not depend

on it) because of curvature (e.g., (1.15)). To avoid this problem, in what follows,

the averaged value of each field over the nanotube’s radius is considered in the

calculations:

𝑯 ≡ ⟨𝑯⟩ = 1
𝑅(1 − 𝛽) ∫𝑯𝑑𝜌, (3.11)

where the integrals go from 𝑎 = 𝛽𝑅 to 𝑅. The equilibrium and the dynamic

effective magnetic fields, considering every interaction, are

𝑯 eff0 = 𝑯ze + 𝑯 0
ex + 𝑯 0

u + 𝑯 0
d + 𝑯 0

dmi, (3.12a)

𝛿𝒉 = −(𝜦ex + 𝜦u + 𝜦d + 𝜦dmi)𝒎𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡). (3.12b)

3.1.1 Exchange interaction

The exchange effective field is obtained by taking the mean value of the

expression (1.15) across the thickness. The Laplacian of a vector field 𝒗 without
radial dependence is given by

𝛁2𝒗 = (𝛁2𝑣𝑥) 𝒙̂ + (𝛁2𝑣𝑦) ̂𝒚 + (𝛁2𝑣𝑧) ̂𝒛 (3.13a)

𝛁2 = 1
𝜌2

𝜕2
𝜕𝜙2 + 𝜕2

𝜕𝑧2 (3.13b)

Using the basis definition (3.5), 𝑴0 in Cartesian coordinates is given by

𝑴0 = 𝑀s(−C sin 𝜃0 sin 𝜙𝒙̂ + C sin 𝜃0 cos 𝜙 ̂𝒚 + cos 𝜃0 ̂𝒛), (3.14)

so that

𝛁2𝑴0 = (−C𝑀s

𝜌2 sin 𝜃0𝝓̂) , (3.15)
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and the exchange effective field is:

𝑯 0
ex = 1

𝑅(1 − 𝛽) ∫ 𝑙2ex (−
𝑀s

𝜌2 C sin 𝜃0𝝓̂) 𝑑𝜌

= −𝐻exC sin 𝜃0𝝓̂
= 𝐻exC sin 𝜃0(cos 𝜃0𝝌̂ − sin 𝜃0 ̂𝒛′), (3.16)

where 𝐻ex = 𝑀s𝑙2ex/𝛽𝑅2. Accordingly, the dynamic magnetization fourier

coefficients of Eq. (3.2a) in Cartesian coordinates are

𝒎 = (𝑚𝜌 cos 𝜙 + 𝑚𝜒 cos 𝜃0 sin 𝜙)𝒙̂ + (𝑚𝜌 sin 𝜙 − 𝑚𝜒 cos 𝜃0 cos 𝜙) ̂𝒚 + 𝑚𝜒C sin 𝜃0 ̂𝒛.
(3.17)

Once more, using equations (3.13) and (3.17) and returning to the basis 𝐵, the
relevant dynamic effective field components are given by:

𝛿ℎex,� = 1
𝑅(1 − 𝛽) ∫ 𝑙2ex(𝛁2𝛿𝒎)𝜒𝑑𝜌 (3.18a)

𝛿ℎex,� = 1
𝑅(1 − 𝛽) ∫ 𝑙2ex(𝛁2𝛿𝒎)𝜌𝑑𝜌, (3.18b)

so that the Fourier coefficients of Eq. (3.2b) are

ℎex,� = − 𝑙2ex
𝛽𝑅2 (𝑚𝜒 (cos2 𝜃0 + 𝑙2 + 𝛽𝑅2𝑘2𝑧 ) + 2𝑖𝑙𝑚𝜌 cos 𝜃0) (3.19a)

ℎex,� = − 𝑙2ex
𝛽𝑅2 (𝑚𝜌 (1 + 𝑙2 + 𝛽𝑅2𝑘2𝑧 ) − 2𝑖𝑙𝑚𝜒 cos 𝜃0) , (3.19b)

and consequently, the dynamic exchange tensor defined by (3.7) is given by:

𝜦ex =
𝐻ex
𝑀s

( cos2 𝜃0 + 𝑙2 + 𝛽𝑅2𝑘2𝑧 2𝑖𝑙 cos 𝜃0
−2𝑖𝑙 cos 𝜃0 1 + 𝑙2 + 𝛽𝑅2𝑘2𝑧

) . (3.20)

3.1.2 Anisotropy

A uniaxial anisotropy perpendicular to the surface is considered. The

anisotropy effective field is defined by Eq. (1.17), where 𝒏̂ = 𝝆̂ is the radial

direction perpendicular to the outer surface. The equilibrium contribution



3.1. Effective Fields and Dynamic Tensors 35

vanishes because 𝝆̂ ⋅ 𝑴0. On the other hand,

𝛿𝒉u = 1
𝑅(1 − 𝛽) ∫

2𝐾u
𝜇0𝑀s

(𝝆̂ ⋅ 𝛿𝒎)𝝆̂𝑑𝜌

= 𝐻u𝑚𝜌𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡)𝝆̂, (3.21)

so the dynamic tensor is

𝜦u = 𝐻u
𝑀s

(0 0
0 1) . (3.22)

The radial anisotropy produces a dynamic effective field proportional to the

radial component of the dynamic magnetization ∼ 𝛿𝑚𝜌 , which explains the fact
that there is only one non-zero component of the dynamic tensor 𝜦u.

3.1.3 Dipolar interaction

In the absence of electric currents, the dipolar magnetic field is 𝑯d = −𝛁Φ,
where themagnetostatic potential Φ is given as (1.20). The equilibrium effective

field calculation is straightforward. Note that 𝛁 ⋅ 𝑴0 = 0. Additionally, for an
infinitely long nanotube, there are only lateral surfaces and 𝝆̂ ⋅ 𝑴0 = 0 in the

surfaces. Consequently, 𝑯 0
d = 0 and only the dynamic magnetization produces

a dipolar field:

𝛁 ⋅ 𝛿𝒎 = (
𝑚𝜌
𝜌 + 𝑖(−𝑙 cos 𝜃0𝜌 + 𝑘𝑧C sin 𝜃0)𝑚𝜒)𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡) (3.23a)

𝒏 ⋅ 𝛿𝒎 = ±𝑚𝜌𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡) (3.23b)

Integrals can be solved considering the following identity 1:

∫
∞

−∞
𝑑𝑧′ 𝑒𝑖𝒌⋅𝒓′

|𝒓 − 𝒓′| = 2𝐾0(|𝑘𝑧 ||𝝆 − 𝝆′|)𝑒𝑖𝒌⋅𝒓 , (3.24)

so considering 𝒌 = 𝑘𝑧 ̂𝒛 allows to integrate coordinate 𝑧. The volume term is

then given by

Φ𝑉 = −Ω1𝑚𝜌𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡) + (𝑖𝑙 cos 𝜃0Ω1 − 𝑖𝑘C sin 𝜃0Ω2)𝑚𝜒 𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡), (3.25)

1This can be otbained from Problem 14.7.10 of reference [77].
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where Ω1, Ω2 are integrals on coordinates 𝜌, 𝜙 defined as,

Ω1 = 1
2𝜋 ∬𝐾0(|𝑘𝑧 |[𝜌2 + 𝜌′2 − 2𝜌𝜌′ cos(𝜙′ − 𝜙))]𝑒𝑖𝑙(𝜙′−𝜙)𝑑𝜌′𝑑𝜙′ (3.26a)

Ω2 = 1
2𝜋 ∬𝜌′𝐾0(|𝑘𝑧 |[𝜌2 + 𝜌′2 − 2𝜌𝜌′ cos(𝜙′ − 𝜙))]𝑒𝑖𝑙(𝜙′−𝜙)𝑑𝜌′𝑑𝜙′. (3.26b)

Here, the 𝜌′ integrals go from 𝛽𝑅 to 𝑅 and the 𝜙′ integrals go from 0 to 2𝜋 . In
order to simplify these expressions, consider a 2𝜋-periodic function 𝐹(𝜙). Note
that,

𝜕
𝜕𝜙 ∫

2𝜋

0
𝐹(𝜙′ − 𝜙)𝑑𝜙′ = 𝜕

𝜕𝜙 ∫
2𝜋+𝜙

𝜙
𝐹(𝜙′)𝑑𝜙′ = 𝐹(2𝜋) − 𝐹(0) = 0. (3.27)

Therefore, Ω1, Ω2 do not depend on variable 𝜙 and 𝜙 = 0 can be considered. The

following function is now defined:

𝐺(𝜌, 𝜌′, 𝜙′) = 𝑒𝑖𝑙𝜙′
2𝜋𝑅(1 − 𝛽)𝐾0(|𝑘𝑧 |√𝜌2 + 𝜌′2 − 2𝜌𝜌′ cos 𝜙′), (3.28)

so the former integrals can be written as

Ω1(𝜌) = 𝑅(1 − 𝛽)∬𝐺(𝜌, 𝜌′, 𝜙′)𝑑𝜌′𝑑𝜙′, (3.29a)

Ω2(𝜌) = 𝑅(1 − 𝛽)∬𝜌′𝐺(𝜌, 𝜌′, 𝜙′)𝑑𝜌′𝑑𝜙′. (3.29b)

On the other hand, the superficial term is:

Φ𝑆 = Ω3𝑚𝜌𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡). (3.30)

By similar manipulations, the surface integral Ω3 is given by

Ω3(𝜌) = 𝑅(1 − 𝛽)∫(𝑅𝐺(𝜌, 𝑅, 𝜙′) − 𝛽𝑅𝐺(𝜌, 𝛽𝑅, 𝜙′))𝑑𝜙′ (3.31a)

= 𝑅(1 − 𝛽)∬𝜕𝜌′𝜌′𝐺(𝜌, 𝜌′, 𝜙′)𝑑𝜌′𝑑𝜙′. (3.31b)
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The total magnetic potential is then given by

Φ =((−Ω1 + Ω3)𝑚𝜌 + 𝑖(𝑙 cos 𝜃0Ω1 − 𝑘𝑧C sin 𝜃0Ω2)𝑚𝜒 )𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡). (3.32a)

=𝑅(1 − 𝛽)∬𝜌′𝜕𝜌′𝐺(𝜌, 𝜌′, 𝜙′)𝑑𝜌′𝑑𝜙′𝑚𝜌𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡)

+𝑅(1 − 𝛽)∬ 𝑖(𝑙 cos 𝜃0 − 𝑘𝑧C sin 𝜃0𝜌′)𝐺(𝜌, 𝜌′, 𝜙′)𝑑𝜌′𝑑𝜙′𝑚𝜒 𝑒𝑖(𝑘𝑧𝑧+𝑙𝜙−𝜔𝑡) (3.32b)

Thus, the dipolar dynamic field is found using Eq. (3.11):

𝛿𝒉d = 1
𝑅(1 − 𝛽) ∫(−𝛁Φ)𝑑𝜌 (3.33)

where,

−𝛁Φ = −(𝜕Φ𝜕𝜌 𝝆̂ + 1
𝜌
𝜕Φ
𝜕𝜙 𝝓̂ + 𝜕Φ

𝜕𝑧 ̂𝒛)

= (1𝜌
𝜕Φ
𝜕𝜙 cos 𝜃0 − 𝜕Φ

𝜕𝑧 C sin 𝜃0)𝝌̂ − 𝜕Φ
𝜕𝜌 𝝆̂ − (𝜕Φ𝜕𝑧 cos 𝜃0 + 1

𝜌
𝜕Φ
𝜕𝜙 C sin 𝜃0) ̂𝒛′

= ( 𝑖𝑙𝜌 cos 𝜃0 − 𝑖𝑘𝑧C sin 𝜃0)Φ𝝌̂ − 𝜕Φ
𝜕𝜌 𝝆̂ − (𝑖𝑘𝑧 cos 𝜃0 + 𝑖𝑙

𝜌C sin 𝜃0)Φ ̂𝒛′. (3.34)

By Eq. (3.12b), this results in the following dynamic tensor components:

Λd,𝜒𝜒 = ∭(𝑙 cos 𝜃0 − 𝑘𝑧C sin 𝜃0𝜌)(𝑙 cos 𝜃0 − 𝑘𝑧C sin 𝜃0𝜌′) 1𝜌𝐺0(𝜌, 𝜌
′, 𝜙′)𝑑𝜌𝑑𝜌′𝑑𝜙′

(3.35a)

Λd,𝜒𝜌 = −𝑖∭(𝑙 cos 𝜃0 − 𝑘𝑧C sin 𝜃0𝜌)
𝜌′
𝜌 𝐺1(𝜌′, 𝜌, 𝜙′)𝑑𝜌𝑑𝜌′𝑑𝜙′ (3.35b)

Λd,𝜌𝜒 = 𝑖∭(𝑙 cos 𝜃0 − 𝑘𝑧C sin 𝜃0𝜌′)𝐺1(𝜌, 𝜌′, 𝜙′)𝑑𝜌𝑑𝜌′𝑑𝜙′ (3.35c)

Λd,𝜌𝜌 = ∭𝜌′𝐺2(𝜌, 𝜌′, 𝜙′)𝑑𝜌𝑑𝜌′𝑑𝜙′, (3.35d)

where it has been defined,

𝐺0(𝜌, 𝜌′, 𝜙′) = 𝑒𝑖𝑙𝜙′
2𝜋𝑅(1 − 𝛽)𝐾0 (|𝑘𝑧 |√𝜌2 + 𝜌′2 − 2𝜌𝜌′ cos 𝜙′) (3.36a)

𝐺1(𝜌, 𝜌′, 𝜙′) = 𝜕𝜌𝐺0(𝜌, 𝜌′, 𝜙′) (3.36b)

𝐺2(𝜌, 𝜌′, 𝜙′) = 𝜕𝜌𝜌′𝐺0(𝜌, 𝜌′, 𝜙′). (3.36c)
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The thin film approximation allows for yet another consideration. Integration

with limits 𝛽𝑅 → 𝑅 can be well approximated as proportional to the function

evaluated on its midpoint 𝑅m = 𝑅(1 + 𝛽)/2:

∫
𝑅

𝛽𝑅
𝐹(𝜌)𝑑𝜌 = 𝑅(1 − 𝛽)𝐹(𝑅m). (3.37)

This way, the threefold integration on (3.35) is simplified to a 1-dimensional

integration:

Λd,𝜒𝜒 = (𝑙 cos 𝜃0 − 𝑘𝑧𝑅mC sin 𝜃0)2𝐼0 (3.38a)

Λd,𝜒𝜌 = −Λd,�� = −𝑖(𝑙 cos 𝜃0 − 𝑘𝑧𝑅mC sin 𝜃0)𝐼1 (3.38b)

Λ𝑑,𝜌𝜌 = 𝐼2 (3.38c)

where,

𝐼0 = 𝑅2(1 − 𝛽)2 ∫ 1
𝑅m

𝐺0(𝑅m, 𝑅m, 𝜙′)𝑑𝜙′ (3.39a)

𝐼1 = 𝑅2(1 − 𝛽)2 ∫𝐺1(𝑅m, 𝑅m, 𝜙′)𝑑𝜙′ (3.39b)

𝐼2 = 𝑅2(1 − 𝛽)2 ∫𝑅m𝐺2(𝑅m, 𝑅m, 𝜙′)𝑑𝜙′. (3.39c)

Integrals 𝐼1, 𝐼2, 𝐼3 can only be solved numerically. A first order expansion in 𝑘𝑧
allows for analytical expressions. For 𝑙 = 0:

𝐼0(𝑙 = 0) =4(1 − 𝛽)
(1 + 𝛽)2 (𝛾 + ln (|𝑘|𝑅2 )) (3.40a)

𝐼1(𝑙 = 0) = − (1 − 𝛽
1 + 𝛽 ) (3.40b)

𝐼2(𝑙 = 0) =1, (3.40c)

while for 𝑙 ≠ 0:

𝐼0 =(1 − 𝛽
1 + 𝛽 )

1
|𝑙| (3.41a)

𝐼1 =0 (3.41b)

𝐼2 = 1
1 + 𝛽 ((1 + 𝛽

2 )
|𝑙 |
+ 𝛽 ( 2𝛽

1 + 𝛽 )
|𝑙 |
) . (3.41c)
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The explicit calculations are shown in Appendix D.

3.1.4 DM interaction

The interfacial DMI field is obtained by taking the mean value of expression

(1.25). Noting that

−(𝝆̂(𝛁 ⋅ 𝑴0) − 𝛁(𝑴0 ⋅ 𝝆̂) +
𝑀0𝜙𝝓̂
𝜌 ) = −𝑀s

𝜌 C sin 𝜃0𝝓̂, (3.42)

so that

𝑯dmi = −𝐻dmiC sin 𝜃0𝝓̂ = 𝐻dmiC sin 𝜃0(cos 𝜃0𝝌̂ − C sin 𝜃0 ̂𝒛′) (3.43)

where 𝐻dmi = 2𝐷 ln(1/𝛽)/(𝜇0𝑀s𝑅(1 − 𝛽)). The dynamic field is

𝒉dmi = 1
𝑅(1 − 𝛽) ∫

2𝐷
𝜇0𝑀s

(𝝆̂(𝛁 ⋅ 𝒎) − 𝛁(𝒎 ⋅ 𝝆̂) + 𝑚𝜙
𝜌 𝝓̂) (3.44)

then results in,

𝜦dmi =
𝐻dmi
𝑀s

(
cos2 𝜃0 𝑖 (𝑙 cos 𝜃0 − 𝑘𝑧C sin 𝜃0 𝑅(1−𝛽)ln(1/𝛽))

−𝑖 (𝑙 cos 𝜃0 − 𝑘𝑧C sin 𝜃0 𝑅(1−𝛽)ln(1/𝛽)) 1
)

(3.45)

3.2 Nonreciprocity

To satisfy the equilibrium condition (1.5b) the effective field of the equilibrium

magnetization is such that 𝑯 eff0 ⋅ 𝝌̂ = 0. Therefore, an external field is applied in

the direction𝑯ze = 𝐻ze(sin 𝜃ze𝝓̂+cos 𝜃ze ̂𝒛) and the equilibrium condition results

in:

(𝐻ex + 𝐻dmi) cos 𝜃0C sin 𝜃0 + 𝐻ze sin(𝜃0 − 𝜃ze) = 0. (3.46)

With the results obtained in the former section, it can be noted thatΛ𝜒𝜌 = −Λ𝜌𝜒 .
Therefore, the spin-wave frequency given by Eq. 3.10 results in:

𝑓 = 𝛾𝜇0𝑀s
2𝜋 (𝑖Λ𝜒𝜌 +

√
(𝐻

eff0
𝑀s

+ Λ𝜌𝜌) (
𝐻 eff0
𝑀s

+ Λ𝜒𝜒)) . (3.47)
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In nanotubes, the frequency shift (1.30) is given by Δ𝑓 (𝑘𝑧 , 𝑙) = 𝑓 (𝑘𝑧 , 𝑙) −
𝑓 (−𝑘𝑧 , −𝑙). Because only non-diagonal terms on the 𝜦 tensor are odd functions

of parameters 𝑘𝑧 , 𝑙, the frequency shift results in:

Δ𝑓 = 𝑖𝛾𝜇0𝑀s
𝜋 Λ𝜒𝜌 . (3.48)

Depending on the angle of equilibrium magnetization 𝜃0, a difference in the

frequency of counter-propagating waves is found. Explicitly, the frequency

shift can be separated into terms proportional to the axial wave vector (𝑘𝑧) and
azimuthal (𝑙/𝑅) wave vectors, Δ𝑓 = Δ𝑓𝑘𝑧 + Δ𝑓𝑙 , where:

Δ𝑓𝑘𝑧 =
𝜇0𝑀s𝛾
𝜋 𝑘𝑧C sin 𝜃0 ( 2𝐷

𝜇0𝑀2
s
− 𝑅m𝐼1) , (3.49)

and

Δ𝑓𝑙 =
𝜇0𝑀s𝛾
𝜋

𝑙
𝑅 cos 𝜃0 (𝑅𝐼1 −

2𝐷 ln(1/𝛽)
𝜇0𝑀2

s (1 − 𝛽) −
2𝑙2ex
𝛽𝑅 ) . (3.50)

Here Δ𝑓𝑘𝑧 and Δ𝑓𝑙 quantify the non-reciprocity along the axial (𝑧) and the

azimuthal (𝜙) directions respectively. In Eqs. (3.49) and (3.49), it is noted that

the dipolar, exchange, and DM interactions induce asymmetry in the spin-wave

dispersion. In the absence of DMI, the frequency shift is generated only by the

dipole-dipole and exchange interactions, in concordance with previous results

[47, 48, 76].

3.3 Results

As in the previous chapter, Permalloy magnetic parameters are used for the

calculations, namely 𝑀s = 796 kA/m and an exchange constant 𝐴 = 13 pJ/m.

The gyromagnetic ratio is 𝛾 = 175.929 GHz/T. The external and internal radii

of the nanotube are 𝑅 = 40 nm and 𝑎 = 35 nm respectively. The equations

obtained in the previous sections allow for the analysis of the dynamics

considering different equilibriummagnetizations from the saturated state along

the nanotube’s axis (𝜃0 = 0) to the vortex state (𝜃0 = 𝜋/2) and all intermediate

states. Here, results are shown for the limiting cases of the saturated state

and the right-handed vortex (C = 1) [78]. Zero radial anisotropy is considered

𝐾u = 0.
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3.4 Effects of the interfacial DMI

Figure 3.2: Spin-wave frequency of the nanotube in the saturated state (𝜃0 = 0)
as equilibrium magnetization and an azimuthal index 𝑙 = 0 as a function of the
wave vector along the 𝑧 direction for DMI strength values of 𝐷 = −1, 0, 1mJ/m2
in red, black and blue respectively.

The spin-wave frequency in the saturated state (𝜃0 = 0) is calculated with

a magnetic field of magnitude 𝜇0𝐻ze = 130 mT along the ̂𝒛. Fig. 3.2 shows

the 𝑙 = 0 azimuthal mode spin-wave frequency as a function of the 𝑧-wave
vector 𝑓 (𝑘𝑧) for three different values of the DMI, namely 𝐷 = −1 mJ/m2 (red
line), 𝐷 = 0 mJ/m2 (black line) and 𝐷 = 1 mJ/m2 (blue line). Spin waves

propagating in the axial direction of the nanotube show reciprocal behavior

because from Eq. (3.49), Δ𝑓𝑘 = 0 at 𝜃0 = 0. The influence of the DMI is to

increase or decrease the energy of the system and therefore the frequency of

the spin waves, depending on the sign of 𝐷. For 𝐷 > 0 the frequency of the 𝑙 = 0
state increases (blue line), while for 𝐷 < 0 it decreases (red line). For the case of
the vortex equilibrium state 𝜃0 = 𝜋/2, an external magnetic field 𝜇0𝐻 = 130mT

𝝓̂ direction is sufficient to stabilize it. The spin waves modes with 𝑙 = 0 are

shown in Fig. 3.3 as a function of the 𝑧-wave vector 𝑓 (𝑘𝑧) for three values of the
DMI: 𝐷 = −1, 0, 1 mJ/m2. The vortex state is known to have dipolar-induced

nonreciprocity in the propagation of spin waves along the axial direction 𝑧
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Figure 3.3: Spin-wave frequency in the vortex state (𝜃0 = 𝜋/2) and an azimuthal
index 𝑙 = 0 as a function of the wave vector along the 𝑧 direction for 𝐷 = −1, 0, 1
mJ/m2. The inset shows the frequency shift for the same 𝐷 values.

[34, 47–49, 76]. This is shown in the black curve, which is nonsymmetrical

concerning 𝑘𝑧 = 0 in contrast to the saturated case, and in the inset, where a

positive frequency shift (Δ𝑓 > 0) is found in the absence of DMI meaning that

the propagating waves along the 𝑧 direction have a higher frequency than those
along the opposite direction −𝑧. The DMI either reinforces this asymmetry, for

𝐷 > 0 (blue line), or opposes it for𝐷 < 0 (red line). Thus, the nonreciprocity can
switch for positive values of the DMI as shown by the negative values of Δ𝑓 ,
causing the waves to propagate to the −𝑘𝑧 direction to have a higher frequency.

The next azimuthal modes 𝑙 = 1 (solid lines) and 𝑙 = −1 (dashed lines)

are shown for the saturated state 𝜃0 = 0 in Fig. 3.4 and for the vortex state

𝜃0 = 𝜋/2 in Fig. 3.5. The spin wave frequency is calculated for the same set of

parameters. In the saturated state, the frequency of these modes is not the same

because for 𝑙 ≠ 0magnetic oscillations along the azimuthal direction occur, and

counter-propagating spin waves along 𝜙 in the saturated state (𝜃0 = 0) show
a nonreciprocal behavior because from Eq. (3.50), Δ𝑓𝑙 ≠ 0. The quantity Δ𝑓𝑙
depends on the dipolar integral 𝐼1(𝑘, 𝑙) and on the exchange length 𝑙ex, therefore
the nonreciprocity arises not only from the DM interaction but also from the

dipolar and exchange interactions. Indeed, for 𝐷 = 0 (black lines), both states
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Figure 3.4: Spin-wave dispersion in the saturated state (𝜃0 = 0). Azimuthal
modes 𝑙 = 1 and 𝑙 = −1 are shown in solid and dashed lines respectively. DMI
strength values are again considered 𝐷 = −1, 0, 1 mJ/m2. The inset shows a
zoom to a lower range of frequency values for the case 𝐷 = 0.

show different frequencies and different dispersions. The effect of the dipolar

interaction in nanotubes also produces interesting magnon dispersion curves.

The inset of Fig. 3.4 shows a close-up of the magnon dispersion of the 𝐷 = 0
case. The 𝑘𝑧 dependence of the dipolar interaction through 𝐼1 produces a change
in the dispersion for opposite azimuthal chirality modes, even producing a

negative group velocity zone in the 𝑙 = 1 mode for 𝑘𝑧 ≈ 0. This effect is also
present in the 𝑙 = −1 mode, but is shown to be less relevant. As depicted in

Fig. 3.5, for the vortex state 𝜃0 = 𝜋/2 the 𝑙 = 1 (solid lines) and 𝑙 = −1 (dashed
lines) modes are equal, as the frequency difference is quantified by Δ𝑓𝑙 ∼ cos 𝜃0.
In the absence of DMI (black lines), the dipolar-induced nonreciprocity is much

less relevant than in the 𝑙 = 0 case, as evidenced in the inset. Again, the DMI

effect is to cause a positive (negative) frequency shift Δ𝑓 > 0 (Δ𝑓 < 0) for 𝐷 > 0
(𝐷 < 0).

The Δ𝑓𝑙 frequency shift observed in the saturated state is better understood

in a plot of the frequency as a function of the azimuthal index shown in Fig. 3.6.

A value 𝑘𝑧 = 0 is considered again for three different DMI strengths, namely

𝐷 = −1 mJ/m2 (red circles), 𝐷 = 0 mJ/m2 (black triangles) and 𝐷 = 1 mJ/m2
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Figure 3.5: Spin-wave frequency in the vortex state (𝜃0 = 𝜋/2) of the 𝑙 = 1 (solid
lines) and 𝑙 = −1 (dashed lines) modes as a function of the wave vector along
the 𝑧 direction for 𝐷 = −1, 0, 1 mJ/m2. The inset shows the frequency shift for
the same 𝐷 values.

(blue diamonds). As discussed in the previous figure, the plot for 𝐷 = 0 already
shows a dipolar- and exchange-induced nonreciprocity. The frequency shift is

depicted in the inset of the figure and is shown to be negative, which means

higher frequency values for negative 𝑙-values. Positive DMI values (𝐷 > 0)
reinforce this nonreciprocity, causing a more negative frequency shift Δ𝑓 , and
negative values (𝐷 < 0) oppose it.

The dynamic magnetization profiles can be calculated as the eigenvector

associated with the corresponding frequency eigenvalue in equation (3.8). A

snapshot at 𝑡 = 𝑡0 of the cross-sectional view of the dynamic magnetization

profiles of 𝑙 = −1, 0, 1 modes is shown in Fig. 3.7. In each equilibrium

state, the dynamic magnetization only has components along the directions

perpendicular to ̂𝒛′. In the vortex state, the dynamic magnetization has radial

(𝜌) and axial (𝑧) components. The states 𝑙 = 1, 𝑙 = 0 and 𝑙 = −1 are shown

in Fig. 3.7 (a-c). The 𝑙 = ±1 profiles represent the same oscillation but with

a phase difference and thus have the same energy and frequency as discussed

in the previous figures. On the other hand, in the saturated state, the dynamic

magnetization has radial (𝜌) and azimuthal (𝜙) components Fig. 3.7 (d-f). The 𝑙 =
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Figure 3.6: Spin-wave dispersion in the saturated state (𝜃0 = 0) as a function of
the azimuthal index 𝑙 for 𝑘𝑧 = 0 for DMI strengths of𝐷 = −1, 0, 1mJ/m2 depicted
in red, black and blue respectively. The inset shows the frequency shift Δ𝑓 for
these values of the DMI strength.

±1 states have a different spatial distribution, which explains the difference in

energy. The 𝑙 = 1 state is similar to a uniform distribution, so the exchange cost

is less than in the 𝑙 = −1mode. Due to the absence of radial anisotropy (𝑄 = 0),
the dipolar energy dominates, and the in-plane magnetization is favored over

the out-of-plane in each case. Therefore, there is a smaller amplitude in the

zones with radial magnetization than in those with in-surface magnetization.

This is not the case for the 𝑙 = 0 mode, where the amplitude is uniform along

the perimeter in both cases 𝜃0 = 0 and 𝜃0 = 𝜋/2.

3.5 Effects of the radial anisotropy

To analyze the effect of the radial anisotropy on the spin-wave dispersion, the

𝑙 = 0 excitation mode in the vortex equilibrium state is illustrated in Fig. 3.8 for

three different values of the quality factor, namely 𝑄 = 0, 𝑄 = 0.6 and 𝑄 = 1.1.
The values 𝐷 = −1 mJ/m2 and 𝐷 = 1 mJ/m2 are shown in the left and right

diagrams respectively. Because the frequency shift Δ𝑓 does not depend on 𝐾u,
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Figure 3.7: Cross-sectional view of the dynamic magnetization of modes 𝑙 =
−1, 0, 1 in the vortex state (a-c) and the saturated state (d-f) colored by the 𝑚𝑧
and 𝑚𝜙 components. Values 𝑄 = 0 and 𝐷 = 0 are considered.

Figure 3.8: Spin-wave dispersion of the 𝑙 = 0 mode in the vortex state. DMI
values 𝐷 = −1 mJ/m2 and 𝐷 = 1 mJ/m2 are shown in the left (red) and right
(blue) panels, respectively. Anisotropy values 𝐾u = 𝑄𝜇0𝑀2

s /2 considered are
𝑄 = 0, 0.6, 1.1 in solid, dashed and dot-dashed lines respectively.

it does not change when the value of 𝑄 is modified. The dispersion curves

in each case show a decreasing frequency for increasing values of the radial

anisotropy and a change in the slope of 𝑓 (𝑘𝑧). For example, the right diagram

shows a negative slope of the dispersion curve with 𝑄 = 0 for 𝑘𝑧 < 0, while
for 𝑄 = 1.1 the slope becomes positive in the same range. This implies that for
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a certain value of the anisotropy, the frequency can achieve the value 𝑓 = 0
for some finite value of 𝑘𝑧 ≠ 0, which can give information about the texture

formation in nanotubes. This idea will be further explored in Chapter 4.

In the saturated state, the radial anisotropy also decreases the frequency

of each mode. Most importantly, the anisotropy affects the dynamic

magnetization profile. Fig 3.9 shows the dynamic magnetization for two values

Figure 3.9: Illustration of the dynamic magnetization profiles for modes (a-b)
𝑙 = −1 and (c-d) 𝑙 = 1 for (a,c) 𝑄 = 0 and (b,d) 𝑄 = 0.9.

of the anisotropy, that is (a,c) 𝑄 = 0 and (b,d) 𝑄 = 0.9 of the 𝑙 = −1 and 𝑙 = 1
modes. The anisotropy changes the shape of the dynamicmagnetizationmodes.

In the cases 𝑄 = 0.9, the dynamic profiles are similar to the conical-helix modes

(Fig. 2.2) for the same 𝑛 = 1 and 𝑛 = −1 values2. This is because at 𝑄 = 0.9,
the anisotropy and the dipolar energy are almost compensated, and therefore,

the eigenvectors associated with this frequency have a circular shape, namely

(1, ±𝑖). On the other hand, at 𝑄 = 0, the corresponding eigenvectors have an

elliptical shape (𝑒, ±𝑖). Therefore, the zones with a radial component of the

dynamic magnetization show a lower amplitude than the zones with mainly an

azimuthal component in both 𝑙 = ±1 cases. This is due to the dipolar effect

2In comparison with the CH model, the handedness is opposite. This is because of how the
set of coordinates (𝜒 , 𝜌, 𝑧′) was defined. Nonetheless, this is a matter of convention, and the
physical interpretation holds.
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favoring the in-plane component of magnetization.

Figure 3.10: Spin waves frequency of the modes 𝑙 = 0 (black), 𝑙 = 1 (red) and
𝑙 = 2 (blue) in the vortex state. Considered values are 𝐾u = 0, 𝜇0𝐻 = 150 mT
and 𝐷 = 1 mJ/m2. In dashed lines with the same colors, the first order in 𝑘𝑧
approximations given by (3.40) and (3.41) are calculated.

Finally, Fig. 3.10 shows the low 𝑘𝑧 approximation for modes 𝑙 = 0 (black),

𝑙 = 1 (red) and 𝑙 = 2 (blue) in the vortex state. The dispersion relations are well

described by these expressions (Eqs. (3.40) and (3.41)) in the low 𝑘 limit for any

value of 𝑙. Moreover, the methods for calculating these expressions are solid

and permit the calculation of higher orders in 𝑘, which may reveal interesting

features of the dipolar energy. However, this is out of the scope of this work.



Chapter 4

Dynamic Origin of the
Conical-Helix Textures

The magnetic texture formed at the onset of the nucleation process can be

predicted by analyzing the stability of the spin-wave dispersion at the saturated

state. In magnetic stripes, it has been found that the lowest frequency standing-

wave mode has the same spatial structure as the stripe domains at remanence

[79]. In planar films with DMI, the conical-helix state is a reversion mode and

is also connected with the spin waves excited close to the instability of the field-

polarized state [67, 72]. In what follows, a nanotube of radius 𝑅 = 15 nm and

thickness 𝑅 − 𝑎 = 3 nm in the saturated state 𝜃0 = 0 is considered to further

investigate texture nucleation by analyzing spin-wave dynamics.

The spin-wave frequency of the vortex state at 𝐷 = 0 is shown in Fig. 4.1.

The frequency is diminished by decreasing the applied magnetic field that

stabilizes the equilibrium magnetization. The frequency reaches zero at the

critical point 𝜇0𝐻ze = 𝜇0𝐻c = 22 mT, where the equilibrium state becomes

unstable. The system then changes its ground state and forms a magnetic

texture. Such texture is directly related to the wavelength (𝑘𝑧) and azimuthal

index (𝑙) at which the mode reaches zero. The reversion of the saturated state

can be studied then by calculating the spin-wave frequency at 𝜃0 = 0 and finding
the critical (nucleation) field𝐻c and its corresponding (𝑙, 𝑘𝑧) values. This process
is done in the saturated state to explore the helix formation from the nucleation

field.

Fig. 4.2 shows the spin-wave frequency as a function of the mode index 𝑙 for
a quality factor 𝑄 = 0.9. The values of the DMI considered are: 𝐷 = −4 mJ/m2

49
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Figure 4.1: Spin-wave frequency in the vortex state (𝜃0 = 𝜋/2) for 𝑙 = 0 and
three values of the applied field. The frequency is zero at the critical value
𝜇0𝐻c = 22 mT, where the vortex state becomes unstable.

Figure 4.2: Frequency as a function of the azimuthal index 𝑙 for a nanotube
with radius 𝑅 = 15 nm in the saturated state 𝜃0 = 0. Three values of the DMI
are considered, 𝐷 = −4 mJ/m2 (red circles), 𝐷 = 0 mJ/m2 (black triangles), and
𝐷 = 4mJ/m2 (blue diamonds). Each curve is plotted at its corresponding critical
field 𝐻c(𝐷). The k-point at which the frequency reaches zero corresponds
to the texture shown in the simulations (Fig. 2.3). At zero frequency, the
corresponding simulated reversion modes are 𝑆1, 𝑆−1 and 𝑆−3.

(red circles), 𝐷 = 0 (black triangles), and 𝐷 = −4 mJ/m2 (blue diamonds). Each

curve has been plotted at an applied field such that it achieves the value 𝐻 =
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𝐻c(𝐷) where the frequency becomes zero. This critical field should coincide

with the nucleation field, the field atwhich the saturated state is no longer stable

and the texture formation starts to happen. Moreover, because the DMI causes

an energy difference between the +𝑙 and −𝑙 modes, it causes the frequency to

reach the zero value at different values of 𝑙. The dynamic profiles of the states at

𝑙 = −1 and 𝑙 = 1 are plotted for 𝑄 = 0.9 in Fig. 3.9 (b,d). The spatial distribution

of these states resembles the states 𝑛 = 1 and 𝑛 = −1 depicted in Fig. 2.3. Every

curve reaches this value at 𝑘𝑧 = 0 except for the 𝑙 = 1, for which it happens at

a finite 𝑘𝑧 due to dipolar effects (see the inset in Fig. 3.4).

Figure 4.3: Critical field 𝜇0𝐻c in colored dots as a function of the DMI strength
for a nanotube with 𝑅 = 15 nm in the saturated state and 𝑄 = 0.9, as studied
in Fig. 2.6. The instability of the saturated state occurs at 𝑘𝑧 = 0 and the color
code represents each 𝑙 index from 𝑙 = −2 to 𝑙 = 4. The dashed line is the
maximum nucleation field evaluated as a function of 𝐷, namely 𝐻 ch

n (𝑛nt(𝐷)).
The diamonds represent the simulated values of the nucleation field, the blue
being the states represented in Fig. 2.3 and the red being additional simulations.
The simulated states, 𝑆−4 to 𝑆2, are shown in Fig. 2.3, and the spin-wave
frequency at the critical fields is plotted in Fig. 4.2.

The critical field as a function of the DMI for an anisotropy/dipolar ratio 𝑄 =
0.9 is depicted in Fig. 4.3 by the colored circles. The color coding corresponds to
the background color that indicates the azimuthal index 𝑙 at which the critical

field occurs. The dashed lines represent the nucleation field at which each

conical-helix reversal mode occurs, according to Eq. (2.22). Additionally, open
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diamonds show the nucleation field obtained from the simulations, the blue

ones being the states depicted in Fig. 2.3 and therefore also shown in diagrams

2.4 and 2.6. The critical field obtained from the spin wave instability, the

nucleation field that results from the conical-helix model, and the nucleation

field obtained by the micromagnetic simulations give the same results as seen

in Fig. 4.3. As seen from equation (2.22), the nucleation field has a linear

dependence on 𝐷. The slope is proportional to the 𝑛 = 𝑛nt value and therefore

increases with increasing 𝐷. The 𝑛 values obtained from the simulations and

CH model are related to the 𝑙 indexes obtained from spin waves as 𝑛 = −𝑙. This
is because the 𝑛 and 𝑙 indexes have opposite chiralities (compare figures 2.2 and

3.9).

Two additional values of the radial anisotropy are calculated, 𝑄 = 0 (top

diagram) and 𝑄 = 2 (bottom diagram), which are shown in Fig. 4.4. Because

the radial anisotropy diminishes the frequency of the spin waves, the critical

magnetic field is higher. Also, from Eqn. 2.22, it is noted that the nucleation

field (black dashed curve) increases linearly with the radial anisotropy. The

simulations still show that both the critical and the nucleation fields describe

well the nucleation process even for 𝑄 ≉ 1. The main difference is that in the

analysis through the nucleation field, the states 𝑙 = ±1 are not allowed for 𝑄 = 0
or 𝑄 = 2 (see Fig. 2.4) while the critical field of the spin waves shows that these

states can still be formed for certain values of 𝐷. At higher or lower values of
the radial anisotropy, the conical-helix model fails to describe the states formed

because they are not circular anymore. In this regard, the critical field from spin-

wave instability is more accurate due to the possibility of describing elliptical

orbits of the helix states (see discussion of Fig. 3.9).
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Figure 4.4: Critical field 𝜇0𝐻c for a nanotube of radius 𝑅 = 15 nm in the
saturated state and anisotropy/dipolar ratios 𝑄 = 0 (top diagram) and 𝑄 = 2
(bottom diagram). Again a value 𝑘𝑧 = 0 is considered and the color code
represents each 𝑙 index obtained from 𝑙 = −2 to 𝑙 = 4. The dashed line is the
minimum nucleation field, while the diamonds represent the simulated values
of the nucleation field.
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4.1 Conclusions

This thesis has explored the effects of the interfacial Dzyaloshinskii-Moriya

interaction (DMI) on magnetic nanotubes, focusing on the nucleation process

and the nonreciprocity of spin waves. The magnetic textures formed in thin

magnetic nanotubes with interfacial Dzyaloshinskii-Moriya interaction (DMI)

have been studied using micromagnetic theory and simulations. Interfacial

DMI induced by a heavy-metal interface coupled to the ferromagnetic material

produces conical-helix (CH) structures with a pitch vector along the nanotube’s

perimeter, that is, perpendicular to the saturating field. Because of the

periodicity induced by the cylindrical geometry, the pitch vector is quantized,

and its possible values depend on the radius of the nanotube. The direction

and the length of the pitch vector that characterizes the conical-helix textures

are obtained, concluding that the sign of the DMI strength and the orientation

of the equilibrium magnetization determines the chirality of the helix, which

in curved systems competes with the contributions of exchange- and dipolar-

induced chiral effects. The radial anisotropy is studied and is shown to be an

important interaction; due to the preference of the dipolar interaction for in-

plane magnetization, the out-of-plane easy axis anisotropy allows the circular

orbits described by the (CH) model.

The study also investigated spin-wave dynamics in nanotubes with DMI.

The dispersion relation was found as a function of 𝜃0, which parametrizes the

equilibrium magnetization with limiting cases being the vortex and axially

saturated magnetization states. Therefore, the effect of the DMI on the

spin wave frequency and normal modes in both states and intermediate

states can be easily compared. The frequency nonreciprocity—difference in

the frequency of counter-propagating spin waves—induced by curvature is

compensated or magnified by the DM interaction, which also induces chiral

behavior. The presence of radial anisotropy has also been analyzed and found

to induce interesting dynamic modes and oscillation profiles. Additionally,

an approximation to small wave vectors provides analytical formulas of

the dipolar terms. These calculations can be further extended for higher-

order approximations, which could reveal interesting features of the dipolar

interaction.

Finally, the spin-wave instability analysis provides a different method to
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study texture formation in nanotubes. By identifying the critical field at

which a normal mode reaches zero frequency, the nucleation fields and spatial

magnetization distribution during the transition from a saturated state to a CH

texture are obtained. It has been found that these critical fields coincide with

the nucleation fields obtained both by the CH model and through simulations.

These findings offer valuable insight into the interplay between curvature,

anisotropy, and chiral interactions in magnetic nanotubes, with potential

applications in magnonics and spintronic devices.
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Appendix A

Dipolar Energy of the Conical-Helix

The magnetostatic general solution for energy is given by Eq. (1.21). The

effective field𝑯d = −𝛁Φ is calculated by using themagnetostatic potential form

of Eq. (1.20) and the CH magnetization model (2.1). The following cylindrical

expansion is used [58]1:

1
|𝒓 − 𝒓′| =

∞
∑
𝑗=−∞

𝑒𝑖𝑗(𝜙−𝜙′) ∫
∞

0
𝐽𝑗(𝑥𝜌)𝐽𝑗(𝑥𝜌′)𝑒−𝑥|𝑧−𝑧′|𝑑𝑥

= 1
𝑅

∞
∑
𝑗=−∞

𝑒𝑖𝑗(𝜙−𝜙′) ∫
∞

0
𝐽𝑗(

𝑥𝜌
𝑅 )𝐽𝑗(

𝑥𝜌′
𝑅 )𝑒−

𝑥
𝑅 |𝑧−𝑧′|𝑑𝑥, (A.1)

where the change of variable 𝑥 → 𝑥/𝑅 has been used so the integral in the

former equation is dimensionless.

A.1 Magnetostatic potential

Consider the nanotube described in Fig. 2.3. It has 4 surfaces: two ends at

𝑧 = −𝐿/2, 𝐿/2 and two cylindrical mantles at 𝜌 = 𝛽𝑅, 𝑅. The potential due to
the external mantle is given by setting 𝜌′ = 𝑅 on Eq. (1.20). The normal vector

to the surface is 𝒏̂ = 𝝆̂. Therefore, the superficial magnetic charges are given

by

𝜎m = 𝒏̂ ⋅ 𝑴 = 𝑀s cos(𝑛𝜙 + 𝑞𝑧𝑧). (A.2)

1For details refer to problem 3.16.
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In the other surface. The surface differential 𝑑𝑆′ = 𝑅𝑑𝜙′𝑑𝑧′, so that:

ΦextS = ∬
ext

𝑀𝜌(𝒓′)
4𝜋|𝒓 − 𝒓′| 𝑑𝑆

′ = 𝑀s𝑅
4𝜋 ∫

2𝜋

0 ∫
𝐿/2

−𝐿/2
𝑚𝜌(𝜙′, 𝑧′)
|𝒓 − 𝒓′| 𝑑𝑧′𝑑𝜙′.

Using expansion (A.1), integration on the azimuthal angle 𝜙′ yields nonzero
terms only for 𝑗 = ±𝑛. Also, using the relation 𝐽−𝑛(𝑥) = (−1)𝑛𝐽𝑛(𝑥):

ΦextS = 𝑀s sin 𝜃
2 ∫

𝐿/2

−𝐿/2 ∫
∞

0
𝑒−

𝑥
𝑅 |𝑧−𝑧′|𝐽𝑛(

𝑥𝜌
𝑅 )𝐽𝑛(𝑥) cos(𝑛𝜙 + 𝑞𝑧𝑧′)𝑑𝑥𝑑𝑧′. (A.3)

Integration with respect to variable 𝑧′ yields an analytical expression

𝛾𝑛,𝑞𝑧 (𝑥, 𝑧, 𝜙) = ∫
𝐿/2

−𝐿/2
𝑒−

𝑥
𝑅 |𝑧−𝑧′| cos(𝑛𝜙 + 𝑞𝑧𝑧′)𝑑𝑧′, (A.4)

so we can write the resulting potential (A.3) as

ΦextS = 𝑀s sin 𝜃
2 ∫

∞

0
𝐽𝑛(

𝑥𝜌
𝑅 )𝐽𝑛(𝑥)𝛾𝑛,𝑞𝑧 (𝑥, 𝑧, 𝜙)𝑑𝑥.

Note that the procedure to obtain the potential of the internal surface is

analogous, identifying 𝝆̂ → −𝝆̂ and 𝜌′ → 𝑅𝑖 = 𝛽𝑅:

ΦintS = −𝛽𝑀s sin 𝜃
2 ∫

∞

0
𝐽𝑛(

𝑥𝜌
𝑅 )𝐽𝑛(𝑥𝛽)𝛾𝑛,𝑞𝑧 (𝑥, 𝑧, 𝜙)𝑑𝑥. (A.5)

Now consider the top surface with 𝑧′ = 𝐿/2. Again, it is easy to see that

the normal vector to the surface is 𝒏̂ = ̂𝒛 and the surface differential 𝑑𝑆′ =
𝜌′𝑑𝜌′𝑑𝜙′. The 𝑧 component of the magnetization is constant, then the potential

is calculated as

ΦtopS = ∬
top

𝑀𝑧(𝒓′)
4𝜋|𝒓 − 𝒓′| 𝑑𝑆

′ = 𝑀s cos 𝜃
4𝜋 ∫

2𝜋

0 ∫
𝑅

𝛽𝑅
𝜌′𝑑𝜌′𝑑𝜙′
|𝒓 − 𝒓′| .

Again, using Eq. (A.1), integration on the azimuthal angle is nonzero only for

𝑗 = 0. Also, integration with respect variable 𝜌′ yields an analytical expression,

resulting in

ΦtopS = 𝑅𝑀s cos 𝜃
2 ∫

∞

0
𝑒−

𝑥
𝑅 (𝐿/2−𝑧)

𝑥 𝐽0(
𝑥𝜌
𝑅 )𝑔1(𝑥)𝑑𝑞, (A.6)
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where 𝑔𝑛(𝑥) = 𝐽𝑛(𝑥) − 𝛽𝐽𝑛(𝛽𝑥). Integration in the bottom-end surface is

analogous. Setting |𝑧 − 𝑧′| = 𝐿/2 − 𝑧 → 𝑧 + 𝐿/2 and the normal vector ̂𝒛 → − ̂𝒛,
the potential of the bottom end is

ΦbotS = −𝑅𝑀s cos 𝜃
2 ∫

∞

0
𝑒−

𝑥
𝑅 (𝐿/2+𝑧)

𝑥 𝐽0(
𝑥𝜌
𝑅 )𝑔1(𝑥)𝑑𝑥. (A.7)

The total surface dipolar potential is given by all four contributions ΦS = ΦextS +
ΦintS + ΦtopS + ΦbotS :

ΦS = 𝑀s ∫
∞

0
(sin 𝜃2 𝛾𝑛,𝑞𝑧 (𝑥, 𝑧, 𝜙)𝐽𝑛(

𝑥𝜌
𝑅 )𝑔𝑛(𝑥) + 𝑅 cos 𝜃𝐽0(

𝑥𝜌
𝑅 )𝑔1(𝑥)𝑒

− 𝑥𝐿
2𝑅

𝑥 sinh (𝑥𝑧𝑅 )) 𝑑𝑥.

(A.8)

To obtain the volume term, consider the volumetric effective magnetic charges:

𝜎m = −𝛁 ⋅ 𝒎 = −1
𝜌𝑚𝜌 − 1

𝜌
𝜕𝑚𝜙
𝜕𝜙 = −𝑛 + 1

𝜌 cos(𝑛𝜙 + 𝑞𝑧𝑧) sin 𝜃. (A.9)

Volumetric charges appear due to oscillations in the azimuthal direction. This

term is proportional to ∼ 1/𝜌, so it is larger for small-radius nanotubes.

Considering that integration on azimuthal angle yields nonzero terms only for

𝑗 = ±𝑛, and integration on 𝑧 is the same as in (A.4), the volume potential results

in

ΦV = −∫
𝑅

𝛽𝑅 ∫
𝐿/2

−𝐿/2 ∫
2𝜋

0
𝑀s

|𝒓 − 𝒓′| (𝛁 ⋅ 𝒎)𝜌′𝑑𝜙′𝑑𝑧′𝑑𝜌′

= −(𝑛 + 1)𝑀s sin 𝜃
2𝑅 ∫

∞

0 ∫
𝑅

𝛽𝑅 ∫
𝐿/2

−𝐿/2
𝐽𝑛(

𝑥𝜌′
𝑅 )𝐽𝑛(

𝑥𝜌
𝑅 ) cos(𝑛𝜙 + 𝑞𝑧𝑧′)𝑒−

𝑥
𝑅 |𝑧−𝑧′|𝑑𝑧′𝑑𝜌′𝑑𝑥

= −(𝑛 + 1)𝑀s sin 𝜃
2 ∫

∞

0
𝐽𝑛(

𝑥𝜌
𝑅 )𝛾𝑛,𝑞𝑧 (𝑥, 𝑧, 𝜙)Ω𝑛(𝑥)𝑑𝑥 (A.10)

where Ω𝑛(𝑥) = ∫1𝛽 𝐽𝑛(𝑢𝑥)𝑑𝑢.
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A.2 Dipolar Energy

With the total potential Φ = ΦS+ΦV, the dipolar effective field is obtained using
𝛁 operator in cylindrical coordinates

𝛁 = 𝝆̂ 𝜕
𝜕𝜌 + 𝝓̂

𝜌
𝜕
𝜕𝜙 + ̂𝒛 𝜕

𝜕𝑧 , (A.11)

to find the normalized energy given by

𝜖d = 𝐸d
𝜇0𝑀2

s 𝑉
= 1

2𝑀s
∭𝑉

𝒎 ⋅ 𝛁Φ 𝑑𝑉 . (A.12)

Note that the potential dependence on variable 𝜙 is only through function 𝛾𝑛,𝑞𝑧
(equations (A.10) and (A.8)). Additionally, note that:

∫
2𝜋

0
𝜕𝛾𝑛,𝑞𝑧
𝜕𝑧 𝑑𝜙 = ∫

2𝜋

0
cos(𝑛𝜙 + 𝑞𝑧𝑧)𝑑𝜙 = 0, (A.13)

for 𝑛 ≠ 0. Consequently:

𝜖d = 1
2𝑀s𝑉 ∫𝑉 𝒎 ⋅ 𝛁(ΦS + ΦV)𝑑𝑉

= 1
2𝑀s𝑉 ∫𝑉 (𝑚𝜌

𝜕Φ
𝜕𝜌 + 𝑚𝜙

𝜌
𝜕Φ
𝜕𝜙 + 𝑚𝑧

𝜕Φ
𝜕𝑧 )𝑑𝑉

= 1
4𝑉𝑅 ∫

∞

0 ∫𝑉 cos(𝑛𝜙 + 𝑞𝑧𝑧) sin2 𝜃𝑥𝐽 ′𝑛(
𝑥𝜌
𝑅 )𝛾𝑛,𝑞𝑧 (𝑥, 𝑧, 𝜙)[𝑔𝑛(𝑥) − (𝑛 + 1)Ω𝑛(𝑥)]𝑑𝑉 𝑑𝑥+

+ 1
4𝑉 ∫

∞

0 ∫𝑉
1
𝜌 sin(𝑛𝜙 + 𝑞𝑧𝑧) sin2 𝜃

𝜕𝛾𝑛,𝑞𝑧 (𝑥, 𝑧, 𝜙)
𝜕𝜙 𝐽𝑛(

𝑥𝜌
𝑅 )[𝑔𝑛(𝑥) − (𝑛 + 1)Ω𝑛(𝑥)]𝑑𝑉 𝑑𝑥+

+ 1
4𝑉 ∫

∞

0 ∫𝑉 2 cos2 𝜃𝐽0(
𝑥𝜌
𝑅 )𝑔1(𝑥)𝑒−

𝑥𝐿
2𝑅 cosh (𝑥𝑧𝑅 )𝑑𝑉 𝑑𝑥.

The term on the RHS proportional to cos2 𝜃 reduces to,

𝑁𝑧
2 = 𝑅

𝐿(1 − 𝛽2) ∫
∞

0
𝑔1(𝑥)2(1 − 𝑒−

𝑥𝐿
𝑅

𝑥2 )𝑑𝑥 (A.14)

which is the same demagnetization term reported on reference [44]. Integration

with respect to variables 𝜙, 𝑧 of the remaining terms can be done and expressed
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in terms of the following function:

𝛼𝑞𝑧 (𝑥) =
1

2𝜋𝑅2 ∫
2𝜋

0 ∫
𝐿/2

−𝐿/2
cos(𝑛𝜙 + 𝑞𝑧𝑧)𝛾𝑛,𝑞𝑧 (𝑥, 𝑧, 𝜙)𝑑𝑧𝑑𝜙

= (−1
𝑛)

1
2𝜋𝑅2 ∫

2𝜋

0 ∫
𝐿/2

−𝐿/2
sin(𝑛𝜙 + 𝑞𝑧𝑧)

𝜕𝛾𝑛,𝑞𝑧 (𝑥, 𝑧, 𝜙)
𝜕𝜙 𝑑𝑧𝑑𝜙 (A.15)

= (𝑥2 + 𝑞2𝑧𝑅2)𝐿𝑥/𝑅 − (𝑥2 − 𝑞2𝑧𝑅2) − 𝑒−
𝑥𝐿
𝑅 (2𝑥𝑞𝑧𝑅 sin(𝑞𝑧𝐿) + (𝑥2 − 𝑞2𝑧𝑅2) cos(𝑞𝑧𝐿))

(𝑥2 + 𝑞2𝑧𝑅2)2
,

(A.16)

so terms proportional to sin2 𝜃 are given by the expression

𝑁ch
2 = 𝑅

2𝐿(1 − 𝛽2) ∫
∞

0
𝛼𝑞𝑧 (𝑥)[𝑔𝑛(𝑥) − (𝑛 + 1)Ω𝑛(𝑥)] (A.17)

⋅ ∫
1

𝛽
(𝑥𝑢𝐽 ′𝑛 (𝑥𝑢) − 𝑛𝐽𝑛(𝑥𝑢))𝑑𝑢𝑑𝑥.

This can be further simplified using the following identities [77]

𝑛𝐽𝑛(𝑥) = 𝑥
2 (𝐽𝑛−1(𝑥) + 𝐽𝑛+1(𝑥))

𝐽 ′𝑛 (𝑥) = 1
2(𝐽𝑛−1(𝑥) − 𝐽𝑛+1(𝑥)),

so that

𝑔𝑛(𝑥) = 𝐽𝑛(𝑥) − 𝛽𝐽𝑛(𝛽𝑥) = ∫
1

𝛽
𝑑
𝑑𝑢 [𝑢𝐽𝑛(𝑥𝑢)]𝑑𝑢

= ∫
1

𝛽
(𝐽𝑛(𝑥𝑢) + 𝑥𝑢𝐽 ′𝑛 (𝑥𝑢))𝑑𝑢,
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and

𝑔𝑛(𝑥) − (1 + 𝑛)Ω𝑛(𝑥) = ∫
1

𝛽
(𝐽𝑛(𝑥𝑢) − 𝑥𝑢𝐽 ′(𝑥𝑢) − (1 + 𝑛)𝐽𝑛(𝑥𝑢))𝑑𝑢

= ∫
1

𝛽
(𝑥𝑢𝐽 ′𝑛 (𝑥𝑢) − 𝑛𝐽𝑛(𝑥𝑢))𝑑𝑢

= ∫
1

𝛽
{𝑥𝑢2 (𝐽𝑛−1(𝑥𝑢) − 𝐽𝑛+1(𝑥𝑢)) − 𝑥𝑢

2 (𝐽𝑛−1(𝑥𝑢) + 𝐽𝑛+1(𝑥𝑢))} 𝑑𝑢

= −∫
1

𝛽
𝑥𝑢𝐽𝑛+1(𝑥𝑢)𝑑𝑢

= −Λ𝑛+1(𝑥).

Then, Eq. (A.17) reduces to

𝑁ch
2 = 𝑅

2𝐿(1 − 𝛽2) ∫
∞

0
𝛼𝑞𝑧 (𝑥)(Λ𝑛+1(𝑥))2𝑑𝑥. (A.18)

This term is quadratic inΛ𝑛+1, therefore it has the property𝑁ch(𝑛) = 𝑁ch(−𝑛−2).
The total dipolar energy for 𝑛 ≠ 0 finally results in

𝜖d = 𝑁ch
2 sin2 𝜃 + 𝑁𝑧

2 cos2 𝜃. (A.19)

This energy term can be approximated as a local radial anisotropy, as discussed

in Sec. 2.1.3. It is expected that the local anisotropy approximation does not

work for low aspect ratio 𝑅/𝐿 nanotubes. In determining the lower value of 𝑛
and 𝑞𝑧 , the full dipolar term must be calculated. The term 𝑁ch is plotted as a

function of the nanotubes’ height 𝐿 for a radius 𝑅 = 18 nm and thickness 𝑅−𝑎 =
3 nm in Fig. A.1 for 𝑛 = 1, 2, 3. The numerical calculations show small deviations

from the anisotropy approximation. As a reference, the dimensionless energy

difference between two 𝑛−states of the DMI is calculated for the same set of

parameters and a small DMI value 𝐷 = 1∗10−3 and shown in the figure Δ𝜖dmi ≈
0.076. A close look at the energy is shown in the inset, which shows small

deviations from the anisotropy approximation. The largest energy difference

of the dipolar term is between the 𝑛 = 1 and 𝑛 = 2 states at 𝐿 = 100 nm, and it is

found to be Δ𝜖d ≈ 0.005, namely 15 times lower than the DMI contribution. As

a consequence, the energy difference is negligible in determining the value of

𝑛 that maximizes the nucleation field, which holds even for thicker nanotubes,
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Figure A.1: Numerical calculation of the dipolar dimensionless 𝑁CH term of
a nanotube of radius 𝑅 = 18 nm and thickness 𝑅 − 𝑎 = 3 nm as a function
of the height 𝐿. A value 𝑞𝑧 = 0 is considered. Three values of the azimuthal
index are considered: 𝑛 = 1 (red circles), 𝑛 = 2 (black triangles) and 𝑛 = 3 (blue
diamonds). The radial anisotropy approximation as described in Sec. 2.1.3 is
plotted in the dashed black line. The energy difference between two Δ𝜖dmi =
𝜖dmi(𝑛+1)−𝜖dmi(𝑛) states given for reference for 𝐷 = 1 mJ/m2. The inset shows
a close up of the dipolar energy. The higher difference value is given Δ𝜖d for a
𝐿 = 100 nm nanotube between the 𝑛 = 1 and 𝑛 = 2 state.

which are out of the scope of this work.



Appendix B

DMI Effective Field on Magnetic
Nanotubes

The energy of interfacial DMI is given by Eq. (1.24). The effective magnetic field

can be obtained from Eq. (1.6). Using definition (1.3):

𝛿𝐸dmi = d
d𝜖 ∭𝑉

𝑤(𝒎 + 𝜖𝒗)𝑑𝑉 . (B.1)

The objective of this calculation is to achieve the structure of Eq. (1.4), that is,

∭(∼) ⋅ 𝒗𝑑𝑉 + ∬(∼) ⋅ 𝒗𝑑𝑆. Explicitly,

𝑤(𝒎 + 𝜖𝒗) = 𝐷𝝆̂[(𝒎 + 𝜖𝒗)(𝛁 ⋅ (𝒎 + 𝜖𝒗)) − ((𝒎 + 𝜖𝒗) ⋅ 𝛁)(𝒎 + 𝜖𝒗)]. (B.2)

Then Eq. (B.1) reduces to,

𝛿𝐸dmii = 𝐷∭𝑉
𝝆̂ ⋅ [𝒎(𝛁 ⋅ 𝒗) + 𝒗(𝛁 ⋅ 𝒎) − (𝒎 ⋅ 𝛁)𝒗 − (𝒗 ⋅ 𝛁)𝒎]𝑑𝑉

= 𝐷∭𝑉
𝝆(𝛁 ⋅ 𝒎) ⋅ 𝒗𝑑𝑉+

𝐷∭𝑉
[𝑚𝜌(𝛁 ⋅ 𝒗) − 𝝆̂ ⋅ (𝒎 ⋅ 𝛁)𝒗 − 𝝆̂ ⋅ (𝒗 ⋅ 𝛁)𝒎]𝑑𝑉 , (B.3)

The first term on the RHS has the structure required. The integrand of the

second term on RHS is given by

(RHS - second term) = 𝑚𝑗𝜌𝑗(𝜕𝑘𝑣𝑘) − 𝜌𝑗𝑚𝑘𝜕𝑘𝑣𝑗 − 𝜌𝑗𝑣𝑘𝜕𝑘𝑚𝑗 , (B.4)
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where a summation over repeated indices is assumed. Then, considering the

following identities

𝑚𝑗𝜌𝑗𝜕𝑘𝑣𝑘 = 𝜕𝑘(𝑚𝑗𝜌𝑗𝑣𝑘) − 𝑣𝑘𝜕𝑘(𝑚𝑗𝜌𝑗) (B.5a)

𝜌𝑗𝑚𝑘𝜕𝑘𝑣𝑗 = 𝜕𝑘(𝑚𝑘𝜌𝑗𝑣𝑗) − 𝑣𝑗𝜕𝑘(𝑚𝑘𝜌𝑗) = 𝜕𝑘(𝑚𝑘𝜌𝑗𝑣𝑗) − 𝑣𝑗𝜌𝑗𝜕𝑘𝑚𝑘 − 𝑣𝑗𝑚𝑘𝜕𝑘𝜌𝑗 (B.5b)

𝜌𝑗𝑣𝑘(𝜕𝑘𝑚𝑗) = 𝑣𝑘𝜕𝑘(𝑚𝑗𝜌𝑗) − 𝑣𝑘𝑚𝑗𝜕𝑘𝜌𝑗 . (B.5c)

Eq. (B.4) results in

(RHS - second term) =𝜕𝑘(𝑚𝑗𝜌𝑗𝑣𝑘 − 𝑚𝑘𝜌𝑗𝑣𝑗) − 2𝑣𝑘𝜕𝑘(𝑚𝑗𝜌𝑗)
+ 𝑣𝑗𝜌𝑗𝜕𝑘𝑚𝑘 + 𝑣𝑗𝑚𝑘𝜕𝑘𝜌𝑗 + 𝑣𝑘𝑚𝑗𝜕𝑘𝜌𝑗 . (B.6)

Then,

𝛿𝐸dmii =𝐷∭𝑉
𝒗 ⋅ 2(𝝆̂(𝛁 ⋅ 𝒎) − 𝛁(𝝆̂ ⋅ 𝒎))𝑑𝑉

+ 𝐷∭𝑉
[𝒗 ⋅ (𝒎 ⋅ 𝛁)𝝆̂ + 𝒎 ⋅ (𝒗 ⋅ 𝛁)𝝆̂]𝑑𝑉

+ 𝐷∭𝑉
𝛁 ⋅ [(𝒎 ⋅ 𝝆̂)𝒗 − (𝒗 ⋅ 𝝆̂)𝒎]𝑑𝑉 (B.7)

The derivatives on the second integral can be explicitly calculated, noting that

𝝆̂ = (𝑥, 𝑦)/√𝑥2 + 𝑦2:

[𝒗 ⋅ (𝒎 ⋅ 𝛁)𝝆̂ + 𝒎 ⋅ (𝒗 ⋅ 𝛁)𝝆̂] = 2(𝝆̂ × 𝒎) ⋅ (𝝆̂ × 𝒗) − 2𝑚𝑧𝑣𝑧
𝜌 , (B.8)

and using the identity (𝒂 × 𝒃) ⋅ (𝒄 × 𝒅) = (𝒂 ⋅ 𝒄)(𝒃 ⋅ 𝒅) − (𝒂 ⋅ 𝒅)(𝒃 ⋅ 𝒄) it results in

[𝒗 ⋅ (𝒎 ⋅ 𝛁)𝝆̂ + 𝒎 ⋅ (𝒗 ⋅ 𝛁)𝝆̂] =2(𝝆̂ ⋅ 𝝆̂)(𝒎 ⋅ 𝒗) − (𝝆̂ ⋅ 𝒗)(𝝆̂ ⋅ 𝒎) − (𝒎 ⋅ ̂𝒛)(𝒗 ⋅ ̂𝒛)
𝜌

=𝒗 ⋅ 2(𝒎 − 𝑚𝜌𝝆̂ − 𝑚𝑧 ̂𝒛)
𝜌

=𝒗 ⋅ 2𝑚𝜙𝝓̂
𝜌 . (B.9)
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Finally, the last term can be transformed into a surface integral using Gauss’

theorem

𝐷∭𝑉
𝛁 ⋅ [(𝒎 ⋅ 𝝆̂)𝒗 − (𝒗 ⋅ 𝝆̂)𝒎]𝑑𝑉 = 𝐷∬𝜕𝑉

[(𝒎 ⋅ 𝝆̂)𝒗 − (𝒗 ⋅ 𝝆̂)𝒎] ⋅ 𝒏̂𝑑𝑆

= 𝐷∬𝜕𝑉
[(𝒎 ⋅ 𝝆̂)𝒏̂ − 𝝆̂(𝒎 ⋅ 𝒏̂)] ⋅ 𝒗𝑑𝑆

= 𝐷∬𝜕𝑉
[𝒎 × (𝒏̂ × 𝝆̂)] ⋅ 𝒗𝑑𝑆, (B.10)

where the following identity has been used 𝒂 × (𝒃 × 𝒄) = (𝒂 ⋅ 𝒄)𝒃 − (𝒂 ⋅ 𝒃)𝒄. The
final result is

𝛿𝐸dmii = 𝐷∭𝑉
𝒗 ⋅ 2(𝝆̂(𝛁 ⋅ 𝒎) − 𝛁(𝝆̂ ⋅ 𝒎) + 𝑚𝜙

𝜌 𝝓̂)𝑑𝑉

+∬𝜕𝑉
[𝒎 × (𝒏̂ × 𝝆̂)] ⋅ 𝒗𝑑𝑆. (B.11)

The terms in Eq. (1.3) are identified to obtain the effective interfacial DMI field

𝑯dmi = − 2𝐷
𝜇0𝑀s

(𝝆̂(𝛁 ⋅ 𝒎) − 𝛁(𝝆̂ ⋅ 𝒎) + 𝑚𝜙
𝜌 𝝓̂) (B.12)

𝑩dmi = [𝒎 × (𝒏 × 𝝆̂)] (B.13)

Suppose that the normal vector is not 𝝆̂ but an arbitrary 𝒏̂. If the energy term

is the same, the extra term is

= 1
2(∇𝒏̂)

T + 1
2(𝒎 ⋅ ∇)𝒏̂ (B.14)

so that

𝑯dmi = − 2𝐷
𝜇0𝑀s

(𝒏̂(𝛁 ⋅ 𝒎) − 𝛁(𝒏̂ ⋅ 𝒎) + 1
2(∇𝒏̂)

𝑇𝒎 + 1
2(𝒎 ⋅ ∇)𝒏̂) (B.15)

which coincides with +(𝑚𝜙/𝜌)𝝓̂ if 𝒏̂ = 𝝆̂.



Appendix C

Reversal Modes on Magnetic
Nanotubes

The conical-helix (CH) magnetization model has to be compared with other

known reversal modes in long nanotubes like the uniformmode (U), the curling

mode (C), and the Hedgehogmode (Hg) [44, 80]. The normalizedmagnetization

fields that describe the U, C, and Hg reversal modes respectively are

𝒎u = sin 𝜃𝒙̂ + cos 𝜃 ̂𝒛 (C.1a)

𝒎c = C sin 𝜃𝝓̂ + cos 𝜃 ̂𝒛 (C.1b)

𝒎hg = sin 𝜃𝝆̂ + cos 𝜃 ̂𝒛, (C.1c)

where 𝜃 is the angle between 𝒎 and the applied magnetic field along the 𝑧-axis.
First of all, notice that the U mode can be obtained as a part of the CH model

(2.1) by setting 𝑛 = −1 and 𝑞𝑧 = 0. Although the Hg mode is obtained similarly

with 𝑛 = 𝑞𝑧 = 0, this special case yields different values of the energy than the

ones obtained in Section 2.1. A phase 𝜓 could be added in the CH model to

obtain the C mode at 𝑛 = 𝑞𝑧 = 0 and 𝜓 = 𝜋/2. However, this phase’s role is

only to move the CH texture along the 𝑧 axis and consequently modify the tube

ends contribution, but since the dipolar interaction is approximated as a local

anisotropy, the energy of the texture is unaltered. Instead, the C and Hg states

are analyzed separately. The addition of interfacial DMI is straightforward

using Eq. (1.24), so that the total energy—considering the local approximation

of the dipolar energy (2.11) and the addition of interfacial DMI is given by [44]:

76



77

𝜖c = − 𝐻 c
n

2𝑀s
sin2 𝜃 − 𝐻

𝑀s
cos 𝜃 (C.2a)

𝜖hg = −𝐻
hg
n

2𝑀s
sin2 𝜃 − 𝐻

𝑀s
cos 𝜃, (C.2b)

where nucleation fields are respectively

𝐻 c
n = − 4𝐴 ln 1/𝛽

𝜇0𝑀s𝑅2(1 − 𝛽2) −
4𝐷

𝜇0𝑀s𝑅(1 + 𝛽) (C.3a)

𝐻hg
n = (𝑄 − 1)𝑀s −

4𝐴 ln 1/𝛽
𝜇0𝑀s𝑅2(1 − 𝛽2) −

4𝐷
𝜇0𝑀s𝑅(1 + 𝛽) . (C.3b)



Appendix D

Low energy approximation of SW
dynamics

The low 𝑘 approximation of integrals defined in Eqns.(3.39) can be computed

analytically using complex variable theory. Only the most important used

mathematical tools are listed in the following section. For extensive details

and demonstrations, see Ref.[77].

D.1 Mathematical tools: complex analysis

A point 𝑧0 is called a pole of the function 𝑓 (𝑧) if 𝑓 is not analytic at 𝑧 = 𝑧0 but
is analytic at all neighboring points. The order 𝑛 of the pole is defined as the

smallest integer 𝑛 such that the limit

lim𝑧→𝑧0
(𝑧 − 𝑧0)𝑛𝑓 (𝑧0) (D.1)

exists. The residue of a function 𝑓 (𝑧) is defined as the 𝑛 = −1 coefficient in the

Laurent series expansion around 𝑧0:

𝑓 (𝑧) =
∞
∑
𝑛=−∞

𝑎𝑛(𝑧 − 𝑧0)𝑛 res𝑧0(𝑓 ) = 𝑎−1. (D.2)

The residue of first order pole can be computed as

𝑎−1 = lim𝑧→𝑧0
(𝑧 − 𝑧0)𝑓 (𝑧), (D.3)
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while for a pole of order 𝑛 > 1

𝑎−1 = 1
(𝑛 − 1)! lim𝑧→𝑧0

[ 𝑑
𝑛−1

𝑑𝑧𝑛−1 (𝑧 − 𝑧0)𝑛𝑓 (𝑧)] (D.4)

The residue theorem allows to replace the problem of evaluating contour

integrals by the algebraic problem of computing residues at the enclosed

singular points. That is:

∮𝐶 𝑓 (𝑧)𝑑𝑧 = 2𝜋𝑖∑
𝐶
res(𝑓 ), (D.5)

where the sum is over the integrals enclosed by the curve 𝐶 . Consider the

integral of the form,

𝐼 = ∫
2𝜋

0
𝑓 (sin 𝜃, cos 𝜃)𝑑𝜃 (D.6)

where 𝑓 is finite for all values of 𝜃 . This integral can be solved by using the

change of variable 𝑧 = 𝑒𝑖𝜃 , thus,

𝑑𝜃 = −𝑖𝑑𝑧𝑧 , sin 𝜃 = 𝑧 − 𝑧−1
2𝑖 , cos 𝜃 = 𝑧 + 𝑧−1

2 . (D.7)

The integral (D.6) results then in,

𝐼 = −𝑖∮𝜕𝐶 𝑓 (𝑧 − 𝑧−1
2𝑖 , 𝑧 + 𝑧−1

2 ) 𝑑𝑧
𝑧 (D.8)

where 𝜕𝐶 is the circumference of radius 𝑟 = 1. Applying the residue theroem

(Eqn. (D.5)), the integral is computed by calculating the residues inside the unit

circle 𝐶 :
𝐼 = 2𝜋 ∑

𝐶
res(𝑓 /𝑧) (D.9)

To calculate this integral, it is sufficient to calculate the residues at the poles

inside 𝐶 .

D.2 Low 𝑘 approximation

An analytical expression can be found for the dipolar tensor 𝜦d close to 𝑘 ≈ 0
by using a first-order approximation of the Bessel function 𝐾0(𝑥) ≈ − ln 𝑥

2 − 𝛾 +
𝒪(𝑥2), where 𝛾 = 0.577… is the Euler-Mascheroni constant. The 𝐺0 function
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(3.36a) is then given up to first order in 𝑘𝑅 by,

𝐺0(𝜌, 𝜌, 𝜙′) ≈ 𝐺̃0(𝜌, 𝜌, 𝜙′) = 𝑒𝑖𝜙′𝑙
2𝜋𝑅 (1 − 𝛽)Γ(𝜌, 𝜌

′, 𝜙′). (D.10)

where, Γ(𝜌, 𝜌′, 𝜙′) = − ln ( |𝑘|2 √𝜌2 − 2𝜌𝜌′ cos 𝜙′ + 𝜌′2) − 𝛾 .

D.2.1 Computation of 𝐼0
To avoid singularities at 𝜙′ = 0, the former function is evaluated by slightly

modifying the consideration of Eq. (3.37), namely 𝐺0(𝑅m, 𝑅m + 𝛿, 𝜙′), where 𝛿 is
a small parameter. This allows to use integration by parts for 𝑙 ≠ 0,

𝐼 𝛿0 = 1 − 𝛽
𝜋(1 + 𝛽) ([

𝑒𝑖𝜙′𝑙
𝑙 Γ(𝑅m, 𝑅m + 𝛿, 𝜙′)]|

2𝜋

0
− ∫

2𝜋

0
𝑒𝑖𝑙𝜙′
𝑙 𝜕𝜙′Γ(𝑅m, 𝑅m + 𝛿, 𝜙′)𝑑𝜙′)

= − 1 − 𝛽
𝜋(1 + 𝛽) ∫

2𝜋

0
𝑒𝑖𝑙𝜙′
𝑙 𝜕𝜙′Γ(𝑅m, 𝑅m + 𝛿, 𝜙′)𝑑𝜙′, (D.11)

so that 𝐼0 = lim𝛿→0 𝐼 𝛿0 . Note that,

𝑓 0𝑙 (sin 𝜙′, cos 𝜙′) =
𝑒𝑖𝑙𝜙′
𝑙 𝜕𝜙′Γ(𝑅m, 𝑅m + 𝛿, 𝜙′)

= −(cos 𝜙
′ + 𝑖 sin 𝜙′)𝑙

𝑙
𝑅m (𝑅m + 𝛿) sin 𝜙′

𝑅2m − 2𝑅m (𝑅m + 𝛿) cos 𝜙′ + (𝑅m + 𝛿)2
(D.12)

this last function has the following property,

𝑓 0𝑙 (sin 𝜙′, cos 𝜙′) = 𝑓 0−𝑙(sin(−𝜙′), cos(−𝜙′)) (D.13)

and so,

𝐼 𝛿0 (−𝑙) = − 1 − 𝛽
𝜋(1 + 𝛽) ∫

2𝜋

0
𝑓 0−𝑙(sin 𝜙′, cos 𝜙′)𝑑𝜙′

= − 1 − 𝛽
𝜋(1 + 𝛽) ∫

2𝜋

0
𝑓 0𝑙 (sin(−𝜙′), cos(−𝜙′))𝑑𝜙′

= − 1 − 𝛽
𝜋(1 + 𝛽) ∫

0

−2𝜋
𝑓 0𝑙 (sin 𝜑, cos 𝜑)𝑑𝜑 = 𝐼 𝛿0 (𝑙) (D.14)
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where the variable change 𝜑 = −𝜙′ has been used. It is then sufficient to

calculate the integral for 𝑙 > 0. These integrals can be solved using the residue

theorem by using Eq. (D.9). For 𝑙 > 0, the only pole of the function 𝑓 0𝑙 /𝑧 that
fulfills the condition |𝑧| < 1 is 𝑧0 = 𝑅m/(𝑅m + 𝛿) and it is a pole of first order.

According to Eq. (D.3), the residue is given by,

res𝑧0 = lim𝑧→𝑧0
(𝑧 − 𝑅m

𝑅m + 𝛿 )
𝑓 0𝑙 ( 𝑧−𝑧−12𝑖 , 𝑧+𝑧−12 )

𝑧 = 1
2𝑙 (

𝑅m
𝑅m + 𝛿 )

𝑙
(D.15)

and then,

𝐼 𝛿0 = − 1 − 𝛽
𝜋(1 + 𝛽)(2𝜋res𝑧0) = −1𝑙 (

1 − 𝛽
1 + 𝛽 ) (

𝑅m
𝑅m + 𝛿 )

𝑙
(D.16)

so finally,

𝐼0 = lim𝛿→0 𝐼
𝛿0 = −(1 − 𝛽

1 + 𝛽 )
1
|𝑙| . (D.17)

where the absolute value has been added given that 𝐼0(𝑙) = 𝐼0(−𝑙).

D.2.2 Computation of 𝐼1
According to Eq. (3.39b) and using the approximation given by (D.10),

𝐼1 = 𝑅2(1 − 𝛽)2 ∫
2𝜋

0
(𝜕𝜌𝐺̃0)(𝑅m, 𝑅m, 𝜙)𝑑𝜙

= − 1
2𝜋 (1 − 𝛽

1 + 𝛽 )∫
2𝜋

0
𝑒𝑖𝜙′𝑙𝑑𝜙

= − (1 − 𝛽
1 + 𝛽 ) 𝛿𝑙0 (D.18)

D.2.3 Computation of 𝐼2
To calculate the integral 𝐼2, it is more convenient to use the integral Ω3(𝜌) in the
form given by Eq. (3.31a). Then, from the potential form in equation (3.32a):

𝐼2 =𝜕𝜌(−Ω1 + Ω3)(𝑅m). (D.19)
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Using the approximated function (D.10) it is obtained,

𝐼2 = ∫
2𝜋

0
𝑒𝑖𝑙𝜙′
2𝜋 (−1 − 𝛽

1 + 𝛽 + 2𝛽(1 + 𝛽 − 2𝛽 cos 𝜙′)
4𝛽2 − 2𝛽(1 + 𝛽) cos 𝜙′ + (1 + 𝛽)2

− 2(1 + 𝛽 − 2 cos 𝜙′)
4 − 2(1 + 𝛽) cos 𝜙′ + (1 + 𝛽)2) 𝑑𝜙

′. (D.20)

The first term on the RHS is the same as the one obtained in Eq. (D.18) so that

𝐼2 = 𝐼1 +∫2𝜋0 𝑓 2𝑙 (sin 𝜙′, cos 𝜙′)𝑑𝜙′. Again, it is necessary to calculate the residues
inside the unit circle to obtain this integral. The singularities that fulfill this

condition are 𝑧0 = 0, 𝑧1 = 2𝛽/(1 + 𝛽) and 𝑧2 = (1 + 𝛽)/2. It is obtained,

𝐼2 = 𝐼1 + 2𝜋(res𝑧0 + res𝑧1 + res𝑧2)

= 1
1 + 𝛽 ((1 + 𝛽

2 )
|𝑙 |
+ 𝛽 ( 2𝛽

1 + 𝛽 )
|𝑙 |
) (D.21)

where the absolute value has been added due to the same argument given in

equations (D.14), which can be used to conclude 𝐼2(𝑙) = 𝐼2(−𝑙).

D.2.4 Summary of results

In summary, for 𝑙 = 0:

𝐼0(𝑙 = 0) =4(1 − 𝛽)
(1 + 𝛽)2 (𝛾 + ln (|𝑘|𝑅2 )) (D.22a)

𝐼1(𝑙 = 0) = − (1 − 𝛽
1 + 𝛽 ) (D.22b)

𝐼2(𝑙 = 0) =1 (D.22c)

while for 𝑙 ≠ 0 we get,

𝐼0 =(1 − 𝛽
1 + 𝛽 )

1
|𝑙| (D.23a)

𝐼1 =0 (D.23b)

𝐼2 = 1
1 + 𝛽 ((1 + 𝛽

2 )
|𝑙 |
+ 𝛽 ( 2𝛽

1 + 𝛽 )
|𝑙 |
) (D.23c)
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