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Abstract

In finite crystalline lattices, the Dzyaloshinskii-Moriya interaction (DMI) can
lead to interesting phenomena like the formation of chiral arrangements of
magnetic moments—magnetic textures that lack spatial inversion symmetry—
and also to non-reciprocal propagation of spin waves. In this thesis work,
the influence of the DMI in thin magnetic nanotubes is studied. A conical-
helix magnetization distribution is proposed in the presence of interfacial
DMI based on the results of chiral structures induced by DMI on a planar
ultrathin film. The total internal energy of the conical-helix texture in the
curved membrane is calculated and used to determine its properties, such as
its orientation and wavelength, given by the pitch vector of the helix. To
determine the low-energy spin configurations and the magnetic reversal modes
in the presence of interfacial DMI, the energy and nucleation field of the conical-
helix texture are compared with the usual textures in magnetic nanotubes that
appear in the absence of DMI. The well-known magnetochiral features that
arise from the dipolar field in a curved environment are further explored since
the exchange and DMI may also produce handedness in the magnetic behavior.
Non-reciprocal counter-propagating spin waves are also explored in nanotubes.
By parametrizing the equilibrium magnetization between the saturated state
along the symmetry axis of the nanotube and the vortex state, the propagating
waves over these two states are compared. The interfacial DMI is known to
cause frequency differences between counter-propagating spin waves in the
direction perpendicular to the equilibrium magnetization and the normal to
the interface. This effect either reinforces or opposes the dipolar-induced non-
reciprocity. The formation of the helix textures can also be determined by
analyzing the spin-wave dispersion in the fully saturated state stabilized at high
external magnetic fields. The reduction of this field achieves a critical value at
which the frequency of a particular normal mode reaches zero. This critical field
coincides with the nucleation field of the corresponding conical-helix texture

with the same wavelength.
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Chapter 1
Nanomagnetism

Nanomagnetism is the area of research in Physics that deals with the magnetic
properties of objects with at least one dimension in the nanoscopic range
(1 — 100 nm). These objects include, for instance, nanoparticles, nanowires,
thin films, multilayers [1], and do not only provide interesting ideas for
fundamental physics studies but also have multiple applications in technology.
For instance, the ability to manipulate nanoparticles has enabled advances in
medical applications like hyperthermia, targeted drug delivery, and imaging,
even postulating them as a possible important tool in cancer treatment [2]. An
important example is the discovery of the giant magnetoresistance (GMR) effect
in multilayer arrangements of layers of nanometric thickness thin magnetic
films. Fert and Griinberg discovered this effect independently in the late 1980s
[, 4], and were later awarded the 2007 Nobel Prize in Physics due to its impact
on the technique of data storage and magnetic sensors [, 6].

From a theoretical point of view, the knowledge of basic magnetic
properties—such as the internal magnetic structure or equilibrium states,
magnetization reversal process, nucleation field, and coercivity—is of
fundamental importance to understand the phenomenology of ferromagnetic
materials. Pierre Weiss proposed one of the earliest models to explain
ferromagnetism in 1907, introducing the concept of magnetic domains—regions
where magnetic moments are aligned [7]. However, very complex structures
can arise due to short-distance interactions. Magnetic Textures refer to magnetic
ground states with a non-collinear alignment of magnetic moments [¢]. Among
them, chiral magnetic structures have gained significant attention in recent

years [9]. On bulk materials, non-centrosymmetric lattices can give rise to



chiral magnetic structures [10, 11]. Low-dimensional systems, such as thin
films, can lack structural inversion symmetry, leading to chiral spin textures
[12-14] due to the emerging Dzyaloshinskii-Moriya interaction (DMI)—also
known as anti-symmetric exchange interaction—, like helical structures [15],
bimerons [16], skyrmions and anti-skyrmions [17, 18]. The former are
especially interesting due to their potential as topologically stable bits to store
information in memory and logic devices [19]. Because of its non-symmetrical
nature, it also plays a crucial role in spin-wave dynamics and non-reciprocal
phenomena [20, 21], making it a key interaction for modern spintronic and
magnonic applications.

Magnonics is the area of physics that deals with the excitation, propagation,
control, and detection of spin waves through magnetic media [22, 23].
Analogous to electric currents, magnon-based waves can be used to carry,
transport, and process information [24], leading to the invention, for instance,
of magnon transistors [25]. The experimental observation of the propagation of
magnons created by the spin-transfer torque was reported [2¢]. Using spin-Hall
effects enables the direct conversion of an electric signal into a spin wave and
its subsequent transmission over macroscopic distances [27]. Non-reciprocity—
the difference in amplitude or frequency between counter-propagating spin
waves—offers potential magnonic applications such as circulators, isolators,
phase shifters, diodes, and even logic devices [25-30].

Interesting phenomena emerge from geometrically curved magnetic objects
[51,32]. In curved systems, chiral effects can be induced by dipolar or exchange
interactions [33, 34], which have been identified as a curvature-induced DMI
[55]. For example, vortex domain walls are highly sensitive to chirality due
to the dipolar interaction [36, 57]. In this context, magnetic nanotubes have
been widely investigated in the last decades [39-41] as they have interesting
properties and tunable characteristics [42]. Arrays of magnetic nanofibers
with desired geometry, composition, and structures can be synthesized, for
example, by electrochemical deposition [43]. Small-size nanotubes have been
found to reverse their magnetization through coherent rotation or a curling
mode depending on geometry [44]. In this regime, there is no space for the
apparition of domain walls. As the size of the nanotubes increases, additional
interactions besides exchange interaction may become important, and other

types of reversal modes may happen, such as vortex domains forming at



1.1. Magnetic Ground State 5

the tube ends [45, 46]. The propagation of spin waves can also be altered
by curvature. For instance, nanotubes with a vortex magnetization state
exhibit spin-wave nonreciprocity due to the curvature-induced chiral dipolar
interaction. This can lead to different frequencies [47-49] or attenuation
lengths for spin waves traveling in opposite directions [50].

The present work studies the stability of magnetic textures and the
spin-wave dynamics in thin magnetic nanotubes using the Micromagnetic
Theory [51]. The key assumption of the Micromagnetic Theory is that the
magnetic nature of a system can be described using a continuous field called
magnetization:

M(r) = Mgm(r), Im(r)|? = 1. (1.1)

Such a field changes smoothly over the system and can be regarded as constant
over distances smaller than a characteristic length, determined by the strength
of the magnetic interactions, which are specific for each ferromagnetic material.
In general, the magnetic interactions in a ferromagnetic material are complex,
and determining how their constituent spins can be organized is a difficult task.
Moreover, the specific structure that emerges not only depends on the present
conditions to which the material is subjected but also on the history of any

externally applied magnetic field.

1.1 Magnetic Ground State

A physical magnetic configuration must be energetically stable. The energy of

a ferromagnetic system in terms of the magnetization is given by

om) = | ﬂv w(m)dv, (12)

where the energy density w(m) can be obtained from a discrete description
of spin-spin interactions as shown in Section 1.2. To find a stable magnetic
configuration, the energy must be minimized with respect to the magnetization
field. The solution of m is such that the functional differential vanishes for an

arbitrary direction v [52]:

SE(m,v) = % J'HV w(m + ev)dV = 0. (1.3)
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In general, this functional differential includes not only an integral of the

energy density in the bulk but also a boundary condition to be satisfied by the

s [ 22 var+ ][ 5vas. -

By using Lagrange multipliers, the solution to this problem subject to the

magnetization field:

condition (1.1) yields the Brown equations [53], which includes the boundary

conditions and the equilibrium condition

m x Heff = ¢ (1.5a)
mxB =0, (1.5b)

where the definition of the effective magnetic field is

geff = L oW (1.6)
HoMs 5m
Accordingly, the equilibrium condition requires a magnetization parallel to an

effective magnetic field produced by all spin-spin interactions.

1.2 Magnetic Interactions

A magnetic dipole p experiences a torque in the presence of a magnetic field H
T=puxH. (1.7)

Accordingly, the energy of a magnetic dipole p in the presence of an external

magnetic field H is
Eze = —pop - H, (1.8)

which is known as the Zeeman interaction. This energy is minimized when
the dipole is aligned with the direction of the applied magnetic field. The total
energy of a collection of magnetic dipoles y; is just the sum E = —pg ) ; p;- H. In

terms of the continuous magnetization field given in Eq. (1.1), the total Zeeman
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energy in the continuous limit is

Eye = —fig ﬂ JV Mgm - HAV. (1.9)

This interaction explains one of the important characteristics of a ferromagnetic
material: when subjected to a sufficiently strong magnetic field, it acquires a
net magnetization along its direction. Nevertheless, it becomes necessary to
understand and develop a theory that includes other kinds of coupling within
the system to explain the formation of magnetic textures and the remanent

magnetization evidenced by hysteresis loops of ferromagnetic materials.

1.2.1 Exchange interaction

In addition to the Coulomb interaction, the Pauli principle induces a correlation
between spin states in neighboring sites of a crystal. This interaction results
in an energy difference between the parallel and anti-parallel spin states'.
To illustrate this effect, consider two electrons in neighboring sites. The
Coulomb repulsion between the two particles is minimized if the overlapping
wave function is anti-symmetric in space and, therefore, has low amplitude
where such interaction is most relevant, as illustrated in Fig. 1.1. Because the
total wave function of fermions has to be anti-symmetric, the spin state has
to be symmetric. Therefore, the alignment of neighboring spins along the
same direction results in a lower energy expectation value. In the context
of micromagnetism, the Heisenberg Hamiltonian provides a semiclassical

approach to describe this interaction, given by the expression

Tex==D JiS"$; (1.10)

(ij)
where the summation is done over neighbor sites and J; are the exchange
integrals. The case J; > 0 describes a ferromagnetic coupling as illustrated
above, while antiferromagnetic materials can be described with Jj < o
Assuming a homogeneous system, the exchange integrals J; = J can be

considered independent of the site. Also, by noting that |S; — §j|2 =2-25- .§j, it

Details are extensive. A good fundamental discussion can be found, for example, at references

[ > > ]
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(a) v (b)

0

Figure 1.1: Antisymmetric (a) and symmetric (b) wave functions illustration.
Dashed line represents the Coulomb interaction and purple area measures its
expected value Ec ~ IQ V¥24Q, and it is shown to be more relevant around
r = 0. The antisymmetric overlapping of two functions vanishes when the
spatial coordinates of the two particles are the same (r = x; — x, = 0), while the
symmetric does not.

is obtained
52] oy A 2
Tex == D 15 =5 (1.11)
(ij)
where the constant term that does not depend on the spins has been neglected.
The former Hamiltonian in terms of the continuous magnetization field—

Eq. (1.1)— is given by the discrete summation over neighboring sites

2
Hew =L 3 (m(r) = mlr, + Ar)”
(ij)
2
=2 (vmr) - an)”. (1.12)
(ij)

Here, a first-order Taylor expansion has been considered where Vm denotes the
Jacobian of the magnetization field. By considering a specific lattice structure,
the last summation can be transformed into an integral. For example, a BCC

lattice yields?

2
Eoy = MV Al(Vmy)* + (Vmy)" + (Vm,)*1dV, (1.13)

Details of this calculation can be found in Appendix 3 of Reference [56] or Chapter 2 of
reference [1].
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where A = 2JS?/a is the exchange stiffness constant and a denotes the
lattice constant. Because the exchange interaction favors the alignment of
neighboring spins, the exchange constant is related to the distance along which
the spins can be considered collinear—and thus the magnetization field can be

considered constant. This distance is called exchange length and is defined as

by = | 2A2, (1.14)
oM

The exchange effective field, obtained using the variational derivative as

explained in Section 1.1 is

H.y = M2 V?m. (1.15)

1.2.2 Anisotropy

There are several types of anisotropy, the most common of which is the
magnetocrystalline anisotropy caused by the spin-orbit interaction. The
electron orbits depend on the crystallographic structure, and their interaction
with the spins makes the latter align along well-defined crystallographic
directions [51, 57]. One example is the uniaxial anisotropy, where the energy
only depends on the angle the spins make in a particular direction n. The

magnetic energy due to the anisotropy is

E,=- mv K,(m-n)%dv, (1.16)

where K, is the anisotropy constant. When K,, is positive, n is called the easy
axis. On the other hand, when K|, is negative, n is called the hard axis, and the

plane perpendicular to it is called the easy plane. Then, the effective anisotropy

field is

H, = —2 K AGi - m). (1.17)
HoMs
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1.2.3 Dipolar interaction

In the absence of free currents, the Maxwell equations corresponding to

magnetostatics can be written as

VxH=0 (1.18a)
V-H=-V M. (1.18b)

These equations resemble the equations of electrostatic theory. That is, the two

missing Maxwell equations

VxE=0 (1.19a)
v.E=2. (1.19h)
€0

Mathematically, the two sets of differential equations are the same; therefore,
the well-known methods of electrostatic theory can be applied. In particular,
the divergence of the magnetization can be regarded as an effective magnetic
charge density. In consequence, after considering the correct boundary

conditions, the magnetic field can be found through a scalar potential [5%]

Hy = -V, where:
®= m )y ﬂ o) 4 (1.20)
v 4rlr —r’| ov 4rlr —r’|

Here p,, = -V - M and 0, = n- M are the corresponding volumetric and
superficial effective magnetic charges. The three-fold integration of Eq. (1.20)
considers the dipolar magnetic field produced by every magnetized part of
the system. Since the dipole-dipole interaction is long-ranged, the total
energy corresponds to the interaction of this magnetic field through the whole

material:

Eg=-2 mv Hy- Mdv. (1.21)

1.2.3.1 Pole avoidance principle

The dipolar energy involves a very complex six-fold integration calculation.
Although Eq. (1.21) gives a direct but complicated way to compute the dipolar

energy, it can also give indirect insight into what the dipolar energy avoids. It
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can be proved that the dipolar energy can be computed as®

Eq= % mv Hidv. (1.22)

This last equation proves the pole avoidance principle. The integrand is real and
positive everywhere. This means that the lowest possible value of the dipolar
energy term is zero, which can only be achieved when the dipolar field Hy is
zero everywhere. Therefore, the magnetostatic energy always favors magnetic
configurations without volumetric or surface magnetic charges. In determining
the formation of magnetic textures, this not only gives a good intuition of the
actual solution of the problem but also in some cases allows for approximations
of this energy term. For example, in ultrathin films where the volumetric charge
Pm is negligible, the dipolar term will mainly avoid the formation of surface
charges 0, = n - M, and as such it can be approximated as a local hard-axis

anisotropy.

1.2.4 Dzyaloshinskii-Moriya

The Dzyaloshinskii-Moriya interaction (DMI) is an anti-symmetrical exchange
coupling that favors canted or helical-like spin structures. Such interaction
occurs in crystals lacking inversion symmetry [17] or it is induced through
symmetry breaking at large spin-orbit coupled interfaces [59]. It was first
proposed by Dzyaloshinskii [¢0, ¢ 1] and then by Moriya [¢2] as a higher-order
contribution from the spin-orbit coupling effect. The DMI between neighboring
spins is modeled as mediated by a vector D;j and is represented by the following

Hamiltonian

Hami = Y, Dij- (8% S)). (1.23)

(ij)

where D;; depends on the crystalline structure of the material [03-05]. Fig. 1.2
shows the DMI vector induced in the interface of a ferromagnetic material with
a metal layer with strong spin-orbit coupling. The vector Dy, lies perpendicular
to the plane formed by the two magnetic sites and the metal site. Therefore, the
DM interaction between neighboring spins is minimized when the two spins are
perpendicular. The figure shows that the DMI favors the clockwise rotation of

the magnetization as one moves in the +y direction. Under a spatial inversion

3For demonstration details see reference [51] Section 7.3.2
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d

% g "——(\ ¢

N \
‘ Large SOC

Figure 1.2: DMI at the interface between a ferromagnetic material (grey) and
a metal with a strong spin-orbit coupling (blue). Figure reproduced from

Ref. [66].

transformation (r — —r), the metallic layer ends on top of the ferromagnetic
material, and the Dy, vector is inverted. In this case, the DM interaction will

favor a counter-clockwise rotation of the magnetization as one moves in the +y

direction.
(a) o ep ,
8 ’ /ch(T) ///
|1 conical ,
X
IOO- 5 \ PM |
~ q X
T skyrmion
H(T)  lattice
0 J
0 0.5 1.0

TIT,

Figure 1.3: Magnetic phase diagram of the formation of chiral structures
stabilized by DMI (a), defining the critical field H., and the critical temperature
T.. PM represents the paramagnetic phase, and FP the field-polarized state.
lustrations of (b) helical and (c) conical spin texture. é is the helical
propagation vector. (d) Spin texture of a Bloch-type individual magnetic
skyrmion. (e) Skyrmion lattice forming in a plane perpendicular to the applied

field H. Figure reproduced from Ref. [11].

The DM interaction can stabilize periodic magnetic configurations like
helices and skyrmion lattices, as illustrated in Fig. 1.3. Magnetic skyrmions are
nanometric swirling topological structures in the magnetization texture (see
Fig. 1.3 (d)) that have drawn increasing scientific attention in the last decade due

to their potential as topologically stable bits to store information in memory and
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logic devices [19]. On the other hand, helical textures are wave-like periodic
magnetic structures as shown in Fig. 1.3 (b-c). In thin magnetic films, helical
textures have been found as a possible magnetic ground state in the presence
of interfacial DMI [67]. Moreover, their wave-like nature allows for a direct
connection with magnonic excitations as discussed in Chapter 4.

This work focuses on the texture formation and the spin-wave dynamics of
nanotubes with interfacial DMI. The micromagnetic interfacial DMI energy is
obtained for a nanotube with a ferromagnetic/heavy metal interface with its
normal in the radial direction (see Fig. 2.1) in the supplementary material of
Ref. [62]:

Edmi = J,H Dp-(m(V-m)— (m-V)m)dV. (1.24)
14
The effective field in this case is given by

2D (p(v ‘m)—V(m-p) + @é). (1.25)
HoMs p

Hypmi = —

The details for the derivation are given in Appendix B. The term m¢43 /p can be
attributed to the curved geometry of the system. An additional term (m/ )P
is obtained here in comparison with the result reported in Ref. [52] where a

planar system is assumed.

1.3 The Nucleation Problem

One of the main characteristics of ferromagnetic materials is that their
magnetization state depends on the history of the applied magnetic field. An
important consequence is that the energy minimization of a magnetic system is
meaningless on its own, as even if one can find an energetically stable magnetic
state, this state is not necessarily available to the system. A way to address this
problem is to align the magnetization along a particular direction by the action
of a strong external magnetic field. The beginning of the reversal from the fully
saturated state is called the nucleation process. A mechanical analogy is shown
in Fig. 1.4. At point (a) the ball is at a local minimum. Even though there is a
lower energy state, it is not available for the system. The energy landscape can
be changed by exerting an external force. When this force reaches a critical

value F_;;, the former state is no longer stable, and the system is required to
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change to another minimum of energy, as shown in Figure (c). The essential
idea is to begin from a known stable initial state, achieved by the modification of
a control parameter or external force, and examine the transition to a different

state.

(a) F (b)

1_1_) (C) ﬁ(:rit
_— — «—

Energy

Figure 1.4: The energy landscape is changed by an externally applied force. In
point (a), the force applied maintains the ball at a stable point. When this force
is diminished (b), this state becomes less stable until it reaches a critical force
(c) at which the ball has to move to a new energy value.

A way to study the nucleation process in ferromagnetic systems is using
the linearized Brown equations (1.5b) and analyzing small changes from the
saturated state [51]. A different approach will be taken here. A rotational
mode m,(r,0) is proposed as an ansatz solution for the reversal from the
saturated state along the nanotubes axis z, where 6 is the angle between
the magnetization and the external magnetic field. Therefore, the energy of
the system is a function of the magnetization and the applied magnetic field
E(m,, H). For a sufficiently large applied field, the following conditions over
the energy hold ,

%(9 —0)=0, %(9 —0)>0, (1.26)
and consequently the saturated state 6 = 0 is a stable energy minimum of the
system. The nucleation process occurs when, by decreasing the applied field,

the condition
ot
962

is achieved. At this point, the saturated state becomes unstable and the

0 =0)=0, (1.27)

magnetic configuration starts to change (see Fig. 1.4). The value of the magnetic
field at which this process occurs Hy is called the nucleation field. Because it was
calculated using an ansatz, this nucleation field value has to be compared with
other potential rotational modes. The actual rotational mode that will happen
will have the highest value of the nucleation field. That is because, if a different

B

rotational mode my starts at a nucleation field Hy > Hy, then by decreasing the
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applied field from a saturated state, the higher value will be achieved first and

the m,-rotation will no longer be available to the system.

1.4 Dynamics: Landau-Lifshitz-Gilbert equation

Spin waves on magnetic structures are perturbations of the magnetic ground
state. The quanta of magnetic oscillations are magnons. To describe the
temporal evolution of magnetization, the Landau-Lifshitz-Gilbert equation is
used
%M(r, 1) = —poy M(r, 1) x H(r, 1) — AM x (M x H*TF), (1.28)
where Hff is the effective magnetic field acting on the structure, y = gle|/(2mec)
is the gyromagnetic ratio, g the Landé factor, and A is a phenomenological
damping parameter. Here, the term proportional to y describes the precession
of the magnetization around the axis defined by the direction of the magnetic
effective field. On the other hand, the term proportional to A describes the
energy loss in real materials. Without it, the precession of the magnetization
would describe a perpetual motion. This work is interested in studying the
normal modes of oscillations on magnetic nanotubes. Therefore, the Landau-
Lifshitz equation is studied without considering the damping parameter of the
magnetization dynamics:
4

— MG, 0) = —poy M(r, ) x He(r 1), (1.29)

In Chapter 3, this equation is used to analyze the normal oscillation modes
of spin waves over magnetic nanotubes with DMI and obtain the dispersion
relation f(k). In particular, because the DMI is produced by a spatial reversion
symmetry breaking, this can lead to non-reciprocal phenomena like different
frequencies [47-49] or attenuation lengths for spin waves traveling in opposite
directions [50]. This work is focused on the frequency non-reciprocity of spin

waves, measured by the frequency shift defined as:

Af = f(k) — f(=k). (1.30)



Chapter 2
Nucleation: Conical-Helix Textures

Consider a thin cylindrical shell of height L, external radius R, and internal
radius a = PR. The shell consists of a ferromagnetic layer in contact with a
heavy metal layer as depicted in Fig. 2.1, which induces an interfacial DMI. The
heavy metal interface put as the outer or inner layer determines the sign of
the DMI strength D. The Conical-Helix (CH) state has been shown to be a
possible reversal mode in planar systems in the presence of DMI [11, 67]. The
direct adaptation of this magnetization model to a cylindrical geometry with

coordinates (p, ¢, z) is given by the following normalized magnetization field:

Heavy metal

@ 5_a/r (b)

Ferromagrféﬁ'é

Figure 2.1: Schematic representation of the ferromagnetic nanotube with
external radius R, internal radius a and height L (a). A heavy metal material
in the interface induces the DM interaction. Conical-helix state with a mixed
state of z— and ¢—periodicity to form a net pseudo-pitch vector g (b).

m = cos(n¢ + q,z) sin0p + sin(ng + q,z) sin ¢ + cos 0, (2.1)

where g, describes the periodicity along the symmetry axis of the cylinder

z, and the azimuthal index n indicates the periodicity along the coordinate ¢,

16
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which can only take integer values due to the tube edge-less boundary condition

m(¢p) = m(¢p + 27). (2.2)

The parameter 0 is a fixed parameter along the system and describes the angle
between the magnetization m and z, being 6 = 0 the fully saturated state. A
pseudo pitch vector that characterizes the CH texture can be defined locally at

the cylinder surface:
n . 5
q= §¢ + 4.z, (2.3)

Fig. 2.2 shows one-wavelength-long helices with opposite vector spin chirality
(§; x §;) in planar and curved systems. In the planar system, the left-handed
helices (a) are equivalent to the right-handed helices (b) and have the same

(static) energy [67]. Suppose the same state is curved into a semi-circumference.

*H%*H

y o X

Figure 2.2: Cross-sectional schematic representation of one-wavelength-long
CH states of different chirality in planar (a,b) and curved films (c-f). The
color code represents the out-of-surface component of the magnetization. The
helices in (a) left-handed and (b) right-handed planar systems, (c) left-handed
and (d) right-handed curved semicircle, and circumferential system with (e)
n = —1and (f) n = 1 are illustrated.

In this case, the left-handed helix (c) has smaller angles between neighbor spins
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than the right-handed helix (d) because the out-of-plane direction is not fixed
due to the curvature. Accordingly, in a full circumference, the one-wavelength
states with opposite chiralities are entirely different. Spins in the state with n =
—1 (e) are collinear, and thus the whole system makes a uniform magnetization
state. On the other hand, the state with n = 1 (f) is such that the neighboring
spins make a large angle and thus have a significantly higher exchange cost.
This simple analysis offers an intuitive way to understand the chirality induced

by the curvature of the film.

2.1 Energy of the Conical-Helix Texture

In this section, each contribution to the energy of the Conical-Helix model
is calculated using the magnetization model given by Eq. (2.1) to study its
formation. For simplicity, the energy is normalized to the dimensionless
quantity € = E/(uyMZV), where V = n(R? — a®)L is the volume of the system.
The total energy of the system is given by:

€ = €0 + €ox + €4 + €an + €dmi> (2.4)

where the interactions considered are respectively the Zeeman coupling with
an external magnetic field (e,), the exchange coupling (e.y), the dipolar
coupling (e4), a perpendicular uniaxial anisotropy (e,,) and the interfacial DMI
(€dmi)- A uniform magnetic field is applied along the nanotube axis’s direction

(2). After integration (Eq. (1.9)), the energy asociated with this field is given by:

H
€0 = A cos®. (2.5)
The integrals calculated in the following section are valid for n # 0 because the
special case n = 0 results in the Hegdehog (Hg) or Curling (C) reversal modes,
which are analyzed separately (see Appendix C).
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2.1.1 Exchange Energy

The exchange energy is calculated using Eq. (1.13). In cylindrical coordinates:

o (10m\" (om)?
(Vm) _(p a¢> +(az), (2.6)

where m; denotes each Cartesian coordinate. The CH magnetization (2.1) can

be written in Cartesian coordinates as
m = cos((n + 1)@ + q,z) sin0x + sin((n + 1)¢ + q,z) sin 0y + cos 0z, (2.7)

so the dimensionless exchange energy results in:

A sin® 0 (n2 +2n+ piq? + 1)
e =2 || 2 av
poMsV My

p
In1
A (q§+2(1+n)2n—/ﬂ) sin® 6. (2.8)
HoME R*(1-p%)
The exchange energy term is minimized at values (n,q,) = (—1,0), which

correspond to the uniform magnetization mode—the state at which every spin

is collinear (see Fig. 2.2 (e)).

2.1.2 Anisotropy

It has been found that the heavy metal coupling to the ferromagnetic film can
produce an interfacial perpendicular anisotropy [¢9, 70]. As in the DMI case,

this perpendicular direction is radial. According to Eq. (1.16),

Eyy = — m Ky (p-m)2dv. (2.9)
\%
Finally, we get,
Ku .2
=— sin” 6. 2.10
ean ZIJOMSZ ( )

2.1.3 Dipolar Energy

The whole calculation is done for the conical-helix model in Appendix A.

Section 1.2.3.1 discussed that the dipolar energy favors magnetic structures
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that minimize the appearance of bound magnetic charges. Consider the
dipolar energy as a local interaction [33] that favors in-plane magnetization

components—a hard axis radial anisotropy:

€4 = _y0A1452V J J J Ky(m- p)%dV. (2.11)

To obtain the value of the effective anisotropy constant Ky, consider a uniform
magnetization along the nanotube m = sin 6% + cos 62 = sin 6(cos ¢p — sin p¢) +

cos 0z. The dipolar energy is given by [44]
N, N,
€ = TX sin® 0 + 72 cos? 6. (2.12)

Using Eq. (2.11), the uniform magnetization texture dipolar energy results in

Kq
2poMZ

€ = sin” 6. (2.13)
The demagnetizing factors are constrained by the condition 2N, + N, = 1. Also,
for large aspect nanotubes L > R, N, = 0 and therefore N, = 1/2. Comparing
equations (2.12) and (2.13) allows us to obtain the effective anisotropy constant

that approximates the dipolar interaction:

M2
Ky = —”02 s (2.14)
Inserting (2.14) into (2.11):
1 AN2
= — . dv. 2.15
c= | p) @15

Even though this notion of local anisotropy approximation for the nonlocal
dipolar coupling was derived for a uniform magnetization, it can be used to
analyze different magnetic textures. In Appendix A, the local approximation of
the dipolar coupling is compared with the full dipolar form of Eq. (1.21). For

the conical-helix model, it is obtained

€4 = % sin® 0. (2.16)



2.1. Energy of the Conical-Helix Texture 21

Note that the combined effect of the dipolar and the volume-averaged surface

anisotropy energy results in an effective anisotropy constant

Mg
_ _”02 ©-1), (2.17)

where Q = 2K, /oM is called the quality factor and characterizes the balance
between the dipolar and anisotropy interactions. When Q = 0, the system
exhibits no radial anisotropy, and only dipolar interaction (shape anisotropy)
appears. When Q = 1, the radial and shape anisotropies are compensated,
and the system does not prefer either the out-of-plane (p) or the in-plane

magnetization direction.

2.1.4 DMI Energy

The interfacial DMI energy is given by Eq. (1.24). In a ferromagnetic nanotube
covered with a heavy-metal layer, as depicted in Fig. 2.3(a), the normal vector

to the interface is p. The energy is then given by [71]:

Edmi = HL Dp-(m(V-m)— (m-V)m)dV. (2.18)

In cylindrical coordinates, the first term is computed as

dpm om p)
(p-m)(V-m) :mp<l P17, mz)
p 9p p 0P 0z
=%(n +1) sin2(9) cos?(ng + q,z2), (2.19)
while the second term is
R n o M 9 0
p-(m~V)m:p~(mp$+7£+mZ£)m

_ . (Mg omp A+m§5343+ omp

=p > 98 p > 9 M=, P

mg om,, mé om,,

—_— . — + mz_

p op p 0z

= —l(n +1) sin®(6) sinz(ngi) + q,2) — q, sin(0) cos(0) sin(n¢ + q,z),
p
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where a¢¢3 = —p is used and the terms perpendicular to p have been omitted.
The normalized DMI energy results in
2D(1 +
€dmi = % sin? 6. (2.20)
HoMsR(1 + B)

The DMI term has a linear dependence on n. As expected, this interaction favors
the formation of helical textures, with the handedness that depends on the sign
of the DMI strength (D).

2.2 Nucleation Field

The total energy of the conical-helix mode magnetization given by Eq. (2.4) is

— Ecos@
S

(2.21)

ech:<1—Q+ A (§+2(n+1)21n1/ﬁ)+ 2D(n + 1) )sin20
4 Mg R*(1-p%) poMER(L + B)

The nucleation field H,, is obtained using this energy by solving Eq. (1.27) for

variable H, which results in

(Q-1DM,  4D(n+1) 2A ( , 2(n+1)7*In1/p

HCh — _ _
n QZ R2(1 . ﬁz)

2 HoMsR(1 — B) oM ) . (222)

Note that the energy can be written in terms of the nucleation field as

ch H
eh = — 2;1/1 sin® 0 — L 8 0. (2.23)
S S

A consequence of the former equation implies the parameters (n,q,) that
maximize the nucleation field are the same that minimize the energy. Therefore,
the reversal mode from the saturated state simultaneously describes the
magnetic ground state. The nucleation field (2.22) is maximized when q, = 0
and n = ny;, where

D R(1-p)

Mnt = _l_ﬁ—lm/ﬂ , (2.24)

where |x] denotes the approximation of x to the nearest integer, which arises

from the periodic boundary condition (2.2) resulting in the quantization of the
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wavelength of the helix in the nanotube:

A, = 2R (2.25)
[t
From Eq. (2.3), the pitch vector in the nanotube is given by
1 D RU-p)] .
== |-1- =24 2.26
Tt = 2A In1/p (2.26)

Note that in the ultrathin (f — 1) and planar limit (R — oo) the pitch vector
converges to gy = D/(2A) agreeing with the reported value [11, 67]. Notably,
the handedness of the helix can be associated with the sign of n,; and, therefore,
with the sign of D. Similar to the planar case, the interfacial DMI creates helix

textures and induces a pitch vector q perpendicular to the initial saturation field

[67, 72].

2.3 Micromagnetic Simulations

Micromagnetic simulations were performed using the finite element
micromagnetic package Finmag [73]. A nanotube of radius R = 15 nm,
shell thickness d = 3 nm and height L = 0.5 ym was analyzed. Simulations
considered exchange, dipolar, and Zeeman interactions. In addition, radial
anisotropy and cylindrical interfacial DMI were implemented in a forked
version of the code [74]. Standard magnetic parameters for Permalloy
(NigoFe,) have been used: M = 796 kA/m and A = 13 pJ/m. The simulations
consisted of a field reduction process from an axially saturated state, using
field steps of 5 mT, starting from a sufficiently large field, down to zero field, or
even lower, depending on the case [71]. Local energy minimum configurations
were found at every field step by relaxing the system using the Landau-Lifshitz-
Gilbert equation with a substantially large damping value and removing the
precessional dynamics. Visualizations were done using the PyVista library
[75]. The right panels of Fig. 2.3 (a-g) show the states obtained for simulated
tubes with Q = 0.9 and several DMI values D = —6,—5, —4,...,6 mJ/m? at the
start of the reversion from the saturated state along the nanotube’s axis—the
states just below the nucleation field value H < H,. The reversal modes are

denoted S, where n = —4,-3,...,2 is the azimuthal periodicity described in
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the CH model. The left scheme of each panel shows the cross-sectional view
of the corresponding n—mode graphed with the magnetization model for the
conical-helix Eq. (2.1).

Figure 2.3: Cross-section of the CH states obtained using the model Eq. (2.1) for
different values of the azimuthal index n and their corresponding state obtained
in the micromagnetic simulations denoted by S, for a quality factor Q = 0.9 and
different values of the DMI strength as shown in Fig. 2.4.
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2.4 Texture Formation

Permalloy parameters are used in this section for calculations; Mg = 796 kA/m
and A = 13 pJ/m. The thickness of the film is R — a = 3 nm. With the
approximation of the nonlocal dipolar interaction as a local anisotropy, the
nucleation field of the conical-helix mode given in Eq. (2.22) does not depend on
the nanotube’s height L. The DMI strength D, and the geometrical parameters,
R and S, determine the pitch vector that characterizes the higher nucleation
field and the lower energy solution within the CH ansatz (Eq. (2.26)). Although
it does not depend on the radial anisotropy, this parameter becomes important
when the nucleation field of the CH is compared with other reversal modes:
the curling (C) mode (C.1b) or the hedgehog (Hg) mode (C.1c). The graphs in
this section show the favorable reversion mode for different sets of magnetic
parameters. This is obtained analitically by comparing the CH nucleation field
(2.22) evaluated at the parameters that maximize the nucleation field (2.24) with
the nucleation fields of the C and Hg modes (Eqns (C.3a) and (C.3b)).

Fig. 2.4 shows the reversal mode of the nanotubes as a function of the DMI
strength D and the quality factor Q for a radius R = 15 nm. Different values of n
are obtained and represented in different colors in the diagram from n = —4 to
n = 2, including the Curling and Hedgehog states. Blue diamonds denoted by S,
represent the conical-helix n-state obtained in Finmag simulated nanotubes of
15-nm radius with different D values [71]. The reversion mode obtained in the
simulations and the cross-sectional views of the conical-helix magnetization
states are depicted in Fig. 2.3. As the absolute value of D increases, the value of
n that maximizes the nucleation field given by Eq. (2.24) increases, and therefore
the length of the helix A,,; decreases. The chirality of the helix formed depends
on the sign of D. Positive values D > 0 favor helices with n < 0 and negative
values D > 0 favor helices with n > 0. However, opposite-chirality helices
are not energetically equivalent. This can be seen from the graph, as it is not
symmetric with respect to D = 0. See, for instance, the simulated reversion
for D = 4 mJ/m? occurs through the S_; mode depicted in Fig. 2.3 (f). On
the other hand, for D = —4 mJ/m? the reversion occurs through the S; helix
shown in Fig. 2.3 (b). This asymmetry between positive and negative values
of D occurs because the curved surface of the nanotube produces an exchange

energy difference between opposite rotation states, as discussed in Fig. 2.2.
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Figure 2.4: Reversal mode as a function of the DMI strength D and the quality
factor Q of a nanotube of radius R = 15 nm and thickness R — a = 3 nm.
Blue dashed lines represent the interface between the in-plane and out-of-plane
reversal modes (C or Hg mode) and the CH reversal mode in a planar magnetic
film [67, 72] that coincides with the asymptotic solution of the nanotube in the
limit R — oco. Blue diamonds represent simulated nanotubes shown in Fig. 2.3.

The radial anisotropy controls a tendency in the system to reverse through
either the C reversal mode, in-plane magnetization, or the Hg reversal mode,
out-of-plane magnetization. Consequently, for larger absolute values of Q,
these two states cover a wider range of D values, meaning that a bigger value of
the DMI strength is needed to achieve a CH state. As discussed in Section 2.1.3,
the quality factor Q measures the competition between the anisotropy and
the dipolar interactions. For Q > 1—high anisotropy value—the anisotropy
dominates over the dipolar interaction, and therefore, the Hg state is favored
over the C state. In contrast, Q < 1 means that the dipolar interaction dominates
over the radial anisotropy; hence, the C state is preferred. The further the
quality factor is from the value Q = 1, the bigger the value of DMI strength
needed for the reversal through the CH state is. Moreover, far from this value,

the Curling and Hedgehog states cover a wider range of D values. For example,
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at Q = 0 the states n = +1 are not available, and at a DMI strength value of
D = 0 and D = —4 mJ/m? (values at which the system nucleates through the
states n = —1 and n = —1 respectively at Q = 0.9), reverses through the C mode.
In other words, the boundary between Curling/Hedgehog states and conical-
helix states with n # 0 defines the critical DMI strength value D,;;(Q) at which
the nucleation occurs through the CH state. The blue dashed line represents the
critical value D, for the case of a planar magnetic film [¢7] and it is symmetric
concerning D = 0. This coincides with the critical value for the nanotube in the
limit R — oo, thus providing a way to confirm the solution of this diagram

asymptotically.

6F

Curling Hedgehog

-1 0 1 2 3

Figure 2.5: Reversal mode as a function of D and Q of a nanotube of radius
R = 40 nm. Blue dashed lines represent the interface between the in-plane and
out-of-plane reversal modes (curling or hedgehog mode) and the conical-helix
reversal mode (CH mode) in a planar magnetic film [¢7]. Blue diamonds are
simulated points nanotubes shown in Fig. 2.3.

Fig 2.5 shows a similar Q vs D diagram for a nanotube of radius R = 40 nm.
The main difference is that the asymmetry with respect to D = 0 is less

noticeable than in the former diagram. Bigger radius nanotubes have a less
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curved surface and the energy difference between opposite-chirality CH states
is lower. In this case, the critical value D,; shows a clear tendency to the planar
critical value represented in the blue dotted line. Compared to the R = 15 nm
nanotube, more states can be obtained within the same range of D values. The
larger the radius, the lower the range of D values each n-state covers, until the
limit R — co where the azimuthal index converges to a continuum of values, as
in the case of the planar system.

The reversal modes for different radii, DMI strength D, and a quality factor
Q = 0.9 are shown in Fig. 2.6. Blue diamonds represent the same nanotubes
simulated in Fig. 2.4. As evidenced in the previous figures, the Hg mode only
appears for anisotropy values such that Q > 1. Therefore, the C mode is
favored for any given R and D values. As was already discussed, for fixed
radius and quality factor, larger absolute values of D originate CH textures with
smaller wavelengths A, resembling the behavior of planar magnetic films [67].
For larger radii, the number of states obtained in a certain range of D values
increases as the number of values of the wavelength (given by Eq. (2.25)) that
can fit through the perimeter is larger. This diagram also shows the asymmetry
concerning D = 0 caused by the energy difference of opposed chirality helices.
This difference is most notable at small radii (large curvature) and converges to
a symmetric diagram at the large radius limit. The n = +1 reversions only occur
at small radii because at Q = 0.9 the C mode is favored. Unlike the planar system
where the pitch vector of the helix is approximately gy = D/(2A) and thus lower
values of the DMI produce a larger wavelength value Ay = 27/q, the larger
possible wavelength that can be formed in the nanotube along the azimuthal
direction due to the periodicity is the full perimeter A = 27R, namely the state
n = 1. Therefore, larger wavelength helices can be found in a nanotube with a
larger radius, but these large-A,; states can only occur when the dipolar and the
anisotropy interactions are well compensated (Q = 1). For bigger values Q > 1
(smaller values Q < 1), large areas of in-plane (out-of-plane) magnetization are
not allowed. Consequently, the C and Hg modes become more favorable than

the large wavelength states.
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Figure 2.6: Reversal mode as a function of the DMI strength D and the nanotube

radius R for a quality factor Q = 0.9. Blue diamonds correspond to the simulated
points.



Chapter 3
Spin Wave Dynamics

The effect of the interfacial DMI on the frequency of spin waves on nanotubes
has not yet been reported. The Landau-Lifshitz (LL) Eq. (1.29) models the time
dependence of the magnetization. To study the normal modes that propagate
along the nanotube’s surface, consider small perturbations from an equilibrium

magnetization

M(t) = My + Sm(t) (3.12)
Hef(r) = HET(M,) + Sh(p). (3.1b)

Here Hoeff is the effective field produced by the equilibrium magnetization M,
and Sh is the effective field produced by the magnetization deviations dm.
To describe these perturbations, a plane wave ansatz can be used dm(t) ~
expli(k - r — wt)]. As in the previous chapter, the basic assumption is that the

magnetization along the radial direction is constant for very thin nanotubes.

Therefore, oscillations propagate only in the z and ¢ directions [48, 49]:
Sm(t) = me'k:zlp—ot) (3.2a)
Sh(t) = helk:zHld—wt) (3.2b)

Considering Eq. (1.29) up to first order in deviations, the Linearized Landau

Lifshitz equation is obtained:

wm = iy,uo(HOeff xm+ h x My). (3.3)

30
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This problem can be solved if the equilibrium magnetization M, is known.
Depending on the angle at which an external magnetic field is applied
concerning the nanotube axis, the most commonly studied equilibrium
magnetizations on nanotubes are a saturated state along the axis or a vortex-
like magnetization along the nanotube. The well-known curling reversal mode

[51] gives a continuous parameterization between both states [44, 76]:
M, = My(Csin 0y + cos 0yz) = M3’, (3.4)

where the angle 6, controls the orientation z’ of the magnetization as shown in
Fig. 3.1. The parameter C determines a right-handed (C = 1) or left-handed (C =
—1) curling state. Note that the equilibrium magnetization implicitly depends
on the azimuthal angle ¢, so this orientation is not uniform; rather, it is defined
locally at the location on the nanotube surface. For (6, = 0), the magnetization
is saturated along the symmetry axis, and at (6, = n/2), it forms a vortex-like

state. Condition (1.5b) must be satisfied to have a correct equilibrium state.

~R—s B,

Heavy metal

Ferromagnet / 0y = 7T/2
6o =0 / My = Msp

My = Mgz

Figure 3.1: An infinitely long ferromagnetic nanotube of external (internal)
radius R (a) covered with a heavy-metal layer is considered. The equilibrium
magnetization of the system describes a curling state: it points along the 2z’
direction, which forms an angle 6, with the nanotube’s symmetry axis z.

Consequently, Hgff = Hoeffz” and thus, from Eq. (3.3), the Fourier coefficients m

do not have a component along the direction of the equilibrium magnetization.
Then, it is convenient to describe the dynamic magnetization through a local

reference system defined by the plane orthogonal to M. This is quickly done
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by noting that it has no radial component p - M, = 0, so a third orthogonal

vector can be constructed as y = p x 2’ to obtain

X =— cosOyp + Csin bz (3.5a)
p=p (3.5b)
2 =Csin Gy + cos 6y (3.5¢)

The set of right-handed ordered vectors (x, p, z”) define a more convenient new
basis B. Fourier coeflicients of Eq. (3.2a) are given in this basis by m = m, x +

m,p. The linearized LL Eq. (3.3) results in

wm,, = iyyo(—Hgffmp + Msh,) (3.6a)
wm, = iy,uO(Hg’fme — Msh,). (3.6b)

Because the effective fields are obtained as linear operations over the
magnetization as shown in Section 1.2, the dynamic field can be written as a
linear combination of the dynamic magnetization [4&]

h=-A- m, hi = —Aijmj, (37)
where A is a dynamic tensor that includes terms of the different energy

contributions. As a result, equations (3.6) form a set of coupled equations that

can be written in matrix form as follows:

m m
ol X =iypMT| ), (3.8)
mp mp
with N
He
—A —A,, —
pX PP
T = st M (3.9)
TR Axp

Solving this eigenvalue problem will yield the angular frequency w. The

dispersion relation is then obtained by f = w/(27):

. ff off
iy poMs 5 Hg Hy
f= = (Ayp = Apy) = \/(Apx +Ayp)t 4(7 +4pp M, A )]

S

(3.10)
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Here the two eigenvalues obtained are related by fi(k,,l) = —fo(—k,,—I), and
the physical solution is chosen to be the positive one. In the following section,
the dispersion relation is obtained by calculating the equilibrium magnetic field

H¢' and the total dynamic tensor A.

3.1 Effective Fields and Dynamic Tensors

In calculating the effective fields, a dependence on the radial coordinate p may
appear through derivatives (even though the magnetization does not depend
on it) because of curvature (e.g., (1.15)). To avoid this problem, in what follows,
the averaged value of each field over the nanotube’s radius is considered in the

calculations:

1
H = (H) = R(l_ﬂ)JHdp, (3.11)

where the integrals go from a = SR to R. The equilibrium and the dynamic

effective magnetic fields, considering every interaction, are

HY = Hye + H), + HY + HY + H)_, (3.12a)
Sh = ~(Aex + Ay + Aq + Agp;) melKZ+10=00), (3.12b)

3.1.1 Exchange interaction

The exchange effective field is obtained by taking the mean value of the
expression (1.15) across the thickness. The Laplacian of a vector field v without

radial dependence is given by

V2 = (Vo) & + (V2v) 9+ (V) 2 (3.13a)
2 2

e 10 o (3.13b)
p2 a¢2 822

Using the basis definition (3.5), M, in Cartesian coordinates is given by
M, = My(—Csin 6, sin ¢x + Csin 6, cos ¢y + cos 6)z), (3.14)

so that oM
VM, = (——25 sin 00q3>, (3.15)
P
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and the exchange effective field is:

HY = — I 2, (—%Csin 904;) dp
R(1-p) p?
= —H,,Csin ¢
= Ho.y Csin fy(cos Gy x — sin6yz’), (3.16)
where H.y = Mgl%/BR?. Accordingly, the dynamic magnetization fourier

coefficients of Eq. (3.2a) in Cartesian coordinates are

m = (m, cos ¢ + m, cos @ sinp)x + (m, sing —m, cos 6 cos ¢)y + m, Csin f)z.
(3.17)
Once more, using equations (3.13) and (3.17) and returning to the basis B, the
relevant dynamic effective field components are given by:

Shex® = Jlgx(vzém)xdp (3.18a)

_1
R(1-p)
_ 1

5hex,lﬂ _R(l _ ﬁ)

J 15(V26m) ,dp, (3.18b)

so that the Fourier coefficients of Eq. (3.2b) are

2

exl = — % (m)( (cos? 6y + I* + BR?KZ) + 2ilm,, cos 90) (3.19a)
12
hex® = — % (m, (1 + 17 + pR2KZ) — 2ilm,, cos b)) (3.19b)

and consequently, the dynamic exchange tensor defined by (3.7) is given by:

(3.20)

A= H,y [ cos?@, + % + BR*K? 2il cos 6,
M —2il cos 6, 1+ 12+ BR%2

3.1.2 Anisotropy

A uniaxial anisotropy perpendicular to the surface is considered. The
anisotropy effective field is defined by Eq. (1.17), where n = p is the radial

direction perpendicular to the outer surface. The equilibrium contribution
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vanishes because p - M. On the other hand,

1 2K, . .
oh,, = J (p-6m)pd
U RA=B) ) o, PP

— Humpei(kzz+l¢_wt)ﬁ, (3.21)

so the dynamic tensor is

H, (0 ©
Ay = — . (3.22)
Ms\o 1

The radial anisotropy produces a dynamic effective field proportional to the
radial component of the dynamic magnetization ~ ém,,, which explains the fact

that there is only one non-zero component of the dynamic tensor A,.

3.1.3 Dipolar interaction

In the absence of electric currents, the dipolar magnetic field is Hy = -V,
where the magnetostatic potential ® is given as (1.20). The equilibrium effective
field calculation is straightforward. Note that V- My = 0. Additionally, for an
infinitely long nanotube, there are only lateral surfaces and p - My = 0 in the

surfaces. Consequently, Hg = 0 and only the dynamic magnetization produces
a dipolar field:

m lcos@ .
V-ém = (—p + i(— Sl k,C sin 00>mx)el(kzz+l¢_“’t) (3.23a)
p p
n-ém= :l:mpei(kzz+l¢_wt) (3.23b)

Integrals can be solved considering the following identity !:

(o) Ly

1 .
J dz' S = 2Kk llp - p' ¥, (3.24)

r—r'|

so considering k = k,z allows to integrate coordinate z. The volume term is

then given by

(I)V = —lepei(kzz+l¢_mt) + (ll COS 9091 — ikCsin QOQZ)mXei(kZqus_wt), (325)

This can be otbained from Problem 14.7.10 of reference [77].
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where Q;, Q, are integrals on coordinates p, ¢ defined as,

o = o || Kallell? + 7 ~ 2y cos — g1l Papray 260
JT

1 il(¢"— ’ 31
Q, ﬂp'Ko<|kzr[p2+p'2—zpp' cos(¢/ — PN Ddprdg.  (3.26b)

T 2m

Here, the p’ integrals go from fR to R and the ¢’ integrals go from 0 to 2z. In
order to simplify these expressions, consider a 27-periodic function F(¢). Note
that,

P 27 ) , P 2m+¢ ) , ~
= jo F(@' — $)dg = @L F@)d¢’ = F2m) ~F0)=0.  (3.27)

Therefore, Q;, Q, do not depend on variable ¢ and ¢ = 0 can be considered. The

following function is now defined:

( ’¢’)—LK(II<|\/Z+ 2y ’cosgb') (3.28)
p.0" )= gy Kol kP + % =200 , :

so the former integrals can be written as
(o) = R~ B) [[ 6o, 7. gt (3.292)
2u(p) = R - ) || p'Gp. st ¢ p' (3.290)
On the other hand, the superficial term is:
05 = Qymelk:7F1d=en), (3.30)
By similar manipulations, the surface integral Qs is given by

Q4(p) = R(1 - f) j(RG(p, R¢) — PRG(p. RGN  (331a)
=Rt ) || 9y GCo. 07 gt (3.31b)
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The total magnetic potential is then given by

o :((_Ql + Qg)mp + l(l COS 9091 — kZCsin GOQZ)mX)ei(kzz'*'lqﬁ_wt). (3323)
:R(l — ﬂ) [[ p/ap/G(p, p" ¢’)dp’d¢/mpei(kzz+l¢—wt)

+R(1 - p) ﬂ i(lcos Oy — k,Csin0yp")G(p, p’, gb’)dp’dd)’mxei(kzﬁl‘ﬁ_“’t) (3.32b)

Thus, the dipolar dynamic field is found using Eq. (3.11):

1
Shy = J(—Vd))d 3.33
1T RA-P) g 39
where,
od, 100 - 8CI>
Vo =——p+-—¢+ )
(8/) p oP
= (l% cosy — —Csm00>x - %ﬁ (% cos 6y + %%Csin%)z”
= (—l cos 6y — ik,Csin GO)QD)? - a—ﬁ - (ikz cos 6, + ECsin@o)cbz”. (3.34)
p op p

By Eq. (3.12b), this results in the following dynamic tensor components:

Agyy = JJ](Z cos By — k,Csinbyp)(l cos 6 — k,Csin Gop’)lGO(p, p’ ¢ )dpdp’dg’
p

(3.352)
Mo = =1 ||| @eosty ~ k.Csinty) 26160t p. ¢ pdragy (3.35b)
p
Adpy = iﬂJ(l cos By — k,Csin6yp" )G (p, p’, " )dpdp’d¢’ (3.35¢)
Agpp = m P’ Galp, p’,¢")dpdp’dd’, (3.35d)
where it has been defined,
G ( ’ ¢/) _ eilqﬁ’ (lk |\/ 24 92 _92pp’ COS¢'> (3 368.)
0 p’p > 2 R(l ﬁ) z p ,0 pp .

Gi(p,p’,9") = 3,Go(p, p’. ¢") (3.36b)

Gay(p, p',9") = 3,y Golp, p*, §'). (3.36¢)
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The thin film approximation allows for yet another consideration. Integration
with limits fR — R can be well approximated as proportional to the function

evaluated on its midpoint R, = R(1 + f)/2:

R
L;R F(p)dp = R — B)F(Rey). (3:37)

This way, the threefold integration on (3.35) is simplified to a 1-dimensional

integration:
Ag,yy = (cosOy — k; Ry, Csin 60)%1, (3.38a)
Agyp = —Namr = —i(l cos O — kR, Csin )] (3.38b)
Adpp =h (3.38¢)
where,
[ 1 ’ 4
Iy = R*(1 - p)? | 7 GolRn: Rno ¢)d (3.39a)
m
l = R~ )" | Gi(Ry, R ¢ (3.39b)
I, = R*(1 - p)? | RinGo(R Rin, )" (3.39¢)

Integrals I, I, I3 can only be solved numerically. A first order expansion in k,

allows for analytical expressions. For [ = 0:

— k
I,(I = 0) :‘(*ﬁr ﬁ,;)’g (y +1n (%)) (3.40a)
_oy-_(LF
L{=0)= (1 m ﬂ) (3.40b)
L(I = 0) =1, (3.40¢)
while for [ # 0:
_(1-F\1
I, =0 (3.41b)

L :ﬁ ((#)m L p (%yl) (3.41¢)
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The explicit calculations are shown in Appendix D.

3.1.4 DM interaction

The interfacial DMI field is obtained by taking the mean value of expression
(1.25). Noting that

~

M .
0¢¢> = —%Csin 609, (3.42)
p

- (ﬁ(v “My) — V(M - p) +
so that
Hymi = —Hgm;i Csin 90d3 = HypiCsinfy(cosGyx — Csinbyz’) (3.43)

where Hy,; = 2DIn(1/8)/(pgMsR(1 — f)). The dynamic field is

Rimi = = J 2D (ﬁ(V-m)—V(mﬁH@q%) (3.44)

WTRA-P ) oM p '

then results in,
. ., RQ-
e Hymi cos? 6, 1<l cos 8y — k,Csin 6, ln((ll/%>
dmi = Ty . ., RO1-Pp)
s \—i(lcosb, —szsmeoln(l/ﬂ) 1

(3.45)

3.2 Nonreciprocity

To satisfy the equilibrium condition (1.5b) the effective field of the equilibrium
magnetization is such that HOEff- x = 0. Therefore, an external field is applied in
the direction Hye = H,e(sin 0,.¢+cos 6,.z) and the equilibrium condition results
in:

(Hex + Hypi) cos 6y Csin 8y + H,e sin(fy — 6,.) = 0. (3.46)

With the results obtained in the former section, it can be noted that A vp = Doy

Therefore, the spin-wave frequency given by Eq. 3.10 results in:

ff eff
YHMs | Hg Hp
f = 7 lA)(P + \/(VS + App) (Ws + AXX . (347)
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In nanotubes, the frequency shift (1.30) is given by Af(k,,l) = f(k,, 1) —
f(—=k,,—I). Because only non-diagonal terms on the A tensor are odd functions

of parameters k;,, [, the frequency shift results in:

_ lypoMs
T

A

Af (3.48)

xXp:

Depending on the angle of equilibrium magnetization 6, a difference in the
frequency of counter-propagating waves is found. Explicitly, the frequency
shift can be separated into terms proportional to the axial wave vector (k,) and
azimuthal (I/R) wave vectors, Af = Afi + Af;, where:

M,
Afy, = Ho SykZCsin90< 2D - = Rm11>, (3.49)
7 HoMs
and | )
M, 2DIn(1 2l
Afy = ol 1 cos 6, (Rll — zn( /B) — ex). (3.50)
7T R pMg(1—p)  BR

Here Afi and Af; quantify the non-reciprocity along the axial (z) and the
azimuthal (¢) directions respectively. In Egs. (3.49) and (3.49), it is noted that
the dipolar, exchange, and DM interactions induce asymmetry in the spin-wave
dispersion. In the absence of DMI, the frequency shift is generated only by the

dipole-dipole and exchange interactions, in concordance with previous results

[47, 48, 76].

3.3 Results

As in the previous chapter, Permalloy magnetic parameters are used for the
calculations, namely Mg = 796 kA/m and an exchange constant A = 13 pJ/m.
The gyromagnetic ratio is y = 175.929 GHz/T. The external and internal radii
of the nanotube are R = 40 nm and a = 35 nm respectively. The equations
obtained in the previous sections allow for the analysis of the dynamics
considering different equilibrium magnetizations from the saturated state along
the nanotube’s axis (6, = 0) to the vortex state (§, = 7/2) and all intermediate
states. Here, results are shown for the limiting cases of the saturated state
and the right-handed vortex (C = 1) [7¢]. Zero radial anisotropy is considered
K, = 0.
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3.4 Effects of the interfacial DMI
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Figure 3.2: Spin-wave frequency of the nanotube in the saturated state (6, = 0)
as equilibrium magnetization and an azimuthal index [ = 0 as a function of the
wave vector along the z direction for DMI strength values of D = —1,0,1 mJ/ m?
in red, black and blue respectively.

The spin-wave frequency in the saturated state (6, = 0) is calculated with
a magnetic field of magnitude yyH,. = 130 mT along the z. Fig. 3.2 shows
the | = 0 azimuthal mode spin-wave frequency as a function of the z-wave
vector f(k,) for three different values of the DMI, namely D = —1 m]J/m? (red
line), D = 0 mJ/m? (black line) and D = 1 mJ/m? (blue line). Spin waves
propagating in the axial direction of the nanotube show reciprocal behavior
because from Eq. (3.49), Afy = 0 at 6y = 0. The influence of the DMI is to
increase or decrease the energy of the system and therefore the frequency of
the spin waves, depending on the sign of D. For D > 0 the frequency of the [ = 0
state increases (blue line), while for D < 0 it decreases (red line). For the case of
the vortex equilibrium state 6y = 7/2, an external magnetic field pjyH = 130 mT
¢ direction is sufficient to stabilize it. The spin waves modes with [ = 0 are
shown in Fig. 3.3 as a function of the z-wave vector f(k,) for three values of the
DMI: D = —1,0,1 mJ/m?. The vortex state is known to have dipolar-induced

nonreciprocity in the propagation of spin waves along the axial direction z
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Figure 3.3: Spin-wave frequency in the vortex state (6, = 7/2) and an azimuthal
index | = 0 as a function of the wave vector along the z direction for D = —1,0, 1
mJ/m?. The inset shows the frequency shift for the same D values.

[34, 47-49, 76]. This is shown in the black curve, which is nonsymmetrical
concerning k, = 0 in contrast to the saturated case, and in the inset, where a
positive frequency shift (Af > 0) is found in the absence of DMI meaning that
the propagating waves along the z direction have a higher frequency than those
along the opposite direction —z. The DMI either reinforces this asymmetry, for
D > 0 (blue line), or opposes it for D < 0 (red line). Thus, the nonreciprocity can
switch for positive values of the DMI as shown by the negative values of Af,
causing the waves to propagate to the —k, direction to have a higher frequency.

The next azimuthal modes [ = 1 (solid lines) and I = —1 (dashed lines)
are shown for the saturated state §, = 0 in Fig. 3.4 and for the vortex state
6 = 7/2 in Fig. 3.5. The spin wave frequency is calculated for the same set of
parameters. In the saturated state, the frequency of these modes is not the same
because for [ # 0 magnetic oscillations along the azimuthal direction occur, and
counter-propagating spin waves along ¢ in the saturated state (6, = 0) show
a nonreciprocal behavior because from Eq. (3.50), Af; # 0. The quantity Af
depends on the dipolar integral I;(k, ) and on the exchange length I.,, therefore
the nonreciprocity arises not only from the DM interaction but also from the

dipolar and exchange interactions. Indeed, for D = 0 (black lines), both states



3.4. Effects of the interfacial DMI 43

25 T T T T T T T T T T T T T T
[ Dashed lines: [ = —1
Solid lines: [ =1
20_...--. ----- N R _------
. 15 '_ SRR T s sEsEsEssEEEsw " mEmEmEEm " EmmmmE= -
= ——— —
@ W ————— ==
S~ 10 [ 17 . ___,"-
[ = D=-1 [mJ /m?] . 16 IRRREEEE EEEE e ]
L == D =0 [mJ/m’] 5 15 .
5 -_ — ) =1 [mJ/mz] : 14 _-
L -40 -20 0 20 404
i k. [1/pm] 1
-40 -20 0 20 40
k. [1/pm]

Figure 3.4: Spin-wave dispersion in the saturated state (6, = 0). Azimuthal
modes [ = 1 and [ = —1 are shown in solid and dashed lines respectively. DMI
strength values are again considered D = —1,0,1 mJ/m?. The inset shows a
zoom to a lower range of frequency values for the case D = 0.

show different frequencies and different dispersions. The effect of the dipolar
interaction in nanotubes also produces interesting magnon dispersion curves.
The inset of Fig. 3.4 shows a close-up of the magnon dispersion of the D = 0
case. The k, dependence of the dipolar interaction through I; produces a change
in the dispersion for opposite azimuthal chirality modes, even producing a
negative group velocity zone in the [ = 1 mode for k, = 0. This effect is also
present in the [ = —1 mode, but is shown to be less relevant. As depicted in
Fig. 3.5, for the vortex state §, = /2 the [ = 1 (solid lines) and I = —1 (dashed
lines) modes are equal, as the frequency difference is quantified by A f; ~ cos 6.
In the absence of DMI (black lines), the dipolar-induced nonreciprocity is much
less relevant than in the [ = 0 case, as evidenced in the inset. Again, the DMI
effect is to cause a positive (negative) frequency shift Af > 0 (Af < 0) for D > 0
(D<0).

The Af; frequency shift observed in the saturated state is better understood
in a plot of the frequency as a function of the azimuthal index shown in Fig. 3.6.
A value k, = 0 is considered again for three different DMI strengths, namely
D = —1 mJ/m? (red circles), D = 0 mJ/m? (black triangles) and D = 1 mJ/m?
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Figure 3.5: Spin-wave frequency in the vortex state (6, = 7/2) of the l = 1 (solid
lines) and I = —1 (dashed lines) modes as a function of the wave vector along
the z direction for D = —1,0,1 mJ/m?. The inset shows the frequency shift for
the same D values.

(blue diamonds). As discussed in the previous figure, the plot for D = 0 already
shows a dipolar- and exchange-induced nonreciprocity. The frequency shift is
depicted in the inset of the figure and is shown to be negative, which means
higher frequency values for negative I-values. Positive DMI values (D > 0)
reinforce this nonreciprocity, causing a more negative frequency shift Af, and
negative values (D < 0) oppose it.

The dynamic magnetization profiles can be calculated as the eigenvector
associated with the corresponding frequency eigenvalue in equation (3.8). A
snapshot at t = t, of the cross-sectional view of the dynamic magnetization
profiles of | = —1,0,1 modes is shown in Fig. 3.7. In each equilibrium
state, the dynamic magnetization only has components along the directions
perpendicular to z’. In the vortex state, the dynamic magnetization has radial
(p) and axial (z) components. The states/ = 1,1 = 0 and [ = —1 are shown
in Fig. 3.7 (a-c). The I = £1 profiles represent the same oscillation but with
a phase difference and thus have the same energy and frequency as discussed
in the previous figures. On the other hand, in the saturated state, the dynamic

magnetization has radial (p) and azimuthal (#) components Fig. 3.7 (d-f). Thel =
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Figure 3.6: Spin-wave dispersion in the saturated state (6, = 0) as a function of
the azimuthal index [ for k, = 0 for DMI strengths of D = —1,0, 1 mJ/m? depicted
in red, black and blue respectively. The inset shows the frequency shift A f for
these values of the DMI strength.

+1 states have a different spatial distribution, which explains the difference in
energy. The [ = 1 state is similar to a uniform distribution, so the exchange cost
is less than in the [ = —1 mode. Due to the absence of radial anisotropy (Q = 0),
the dipolar energy dominates, and the in-plane magnetization is favored over
the out-of-plane in each case. Therefore, there is a smaller amplitude in the
zones with radial magnetization than in those with in-surface magnetization.
This is not the case for the | = 0 mode, where the amplitude is uniform along

the perimeter in both cases 6, = 0 and 6, = /2.

3.5 Effects of the radial anisotropy

To analyze the effect of the radial anisotropy on the spin-wave dispersion, the
[ = 0 excitation mode in the vortex equilibrium state is illustrated in Fig. 3.8 for
three different values of the quality factor, namely Q = 0, Q = 0.6 and Q = 1.1.
The values D = —1 mJ/m? and D = 1 mJ/m? are shown in the left and right

diagrams respectively. Because the frequency shift A f does not depend on Ky,



3.5. Effects of the radial anisotropy 46
=1 [ = [=-1
(a) -— (b)/'/' (C)_’-bv \ my
- 1 _ e < I
Vortex State ¢ - Ry
0o = 71—/2 - - - <
- —_— —> —_—
.- - |
i o™
(d/)‘/"‘ (@)™ >\ (f)f/\\ | ”iqs
Saturated State v v

6p=0

Figure 3.7: Cross-sectional view of the dynamic magnetization of modes [ =
—1,0,1 in the vortex state (a-c) and the saturated state (d-f) colored by the m,
and mg components. Values Q = 0 and D = 0 are considered.
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Figure 3.8: Spin-wave dispersion of the I = 0 mode in the vortex state. DMI
values D = —1 mJ/m? and D = 1 mJ/m? are shown in the left (red) and right
(blue) panels, respectively. Anisotropy values K, = QuyMZ/2 considered are
Q =0,0.6,1.1 in solid, dashed and dot-dashed lines respectively.

it does not change when the value of Q is modified. The dispersion curves

in each case show a decreasing frequency for increasing values of the radial

anisotropy and a change in the slope of f(k,). For example, the right diagram

shows a negative slope of the dispersion curve with Q = 0 for k, < 0, while

for Q = 1.1 the slope becomes positive in the same range. This implies that for
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a certain value of the anisotropy, the frequency can achieve the value f = 0
for some finite value of k, # 0, which can give information about the texture
formation in nanotubes. This idea will be further explored in Chapter 4.

In the saturated state, the radial anisotropy also decreases the frequency
of each mode. Most importantly, the anisotropy affects the dynamic
magnetization profile. Fig 3.9 shows the dynamic magnetization for two values
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Figure 3.9: Illustration of the dynamic magnetization profiles for modes (a-b)
I=-1and (c-d) [ =1 for (a,c) Q = 0 and (b,d) Q = 0.9.

of the anisotropy, that is (a,c) Q = 0 and (b,d) Q = 0.9 of thel = —1and [ =1
modes. The anisotropy changes the shape of the dynamic magnetization modes.
In the cases Q = 0.9, the dynamic profiles are similar to the conical-helix modes
(Fig. 2.2) for the same n = 1 and n = —1 values®. This is because at Q = 0.9,
the anisotropy and the dipolar energy are almost compensated, and therefore,
the eigenvectors associated with this frequency have a circular shape, namely
(1, £i). On the other hand, at Q = 0, the corresponding eigenvectors have an
elliptical shape (e, £i). Therefore, the zones with a radial component of the
dynamic magnetization show a lower amplitude than the zones with mainly an

azimuthal component in both I = +1 cases. This is due to the dipolar effect

’In comparison with the CH model, the handedness is opposite. This is because of how the
set of coordinates (y, p,z’) was defined. Nonetheless, this is a matter of convention, and the
physical interpretation holds.
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favoring the in-plane component of magnetization.
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Figure 3.10: Spin waves frequency of the modes [ = 0 (black), I = 1 (red) and
I = 2 (blue) in the vortex state. Considered values are K, = 0, ypH = 150 mT
and D = 1 mJ/m?. In dashed lines with the same colors, the first order in k,
approximations given by (3.40) and (3.41) are calculated.

Finally, Fig. 3.10 shows the low k, approximation for modes [ = 0 (black),
I =1 (red) and I = 2 (blue) in the vortex state. The dispersion relations are well
described by these expressions (Egs. (3.40) and (3.41)) in the low k limit for any
value of . Moreover, the methods for calculating these expressions are solid
and permit the calculation of higher orders in k, which may reveal interesting

features of the dipolar energy. However, this is out of the scope of this work.



Chapter 4

Dynamic Origin of the

Conical-Helix Textures

The magnetic texture formed at the onset of the nucleation process can be
predicted by analyzing the stability of the spin-wave dispersion at the saturated
state. In magnetic stripes, it has been found that the lowest frequency standing-
wave mode has the same spatial structure as the stripe domains at remanence
[79]. In planar films with DMI, the conical-helix state is a reversion mode and
is also connected with the spin waves excited close to the instability of the field-
polarized state [67, 72]. In what follows, a nanotube of radius R = 15 nm and
thickness R — a = 3 nm in the saturated state §, = 0 is considered to further
investigate texture nucleation by analyzing spin-wave dynamics.

The spin-wave frequency of the vortex state at D = 0 is shown in Fig. 4.1.
The frequency is diminished by decreasing the applied magnetic field that
stabilizes the equilibrium magnetization. The frequency reaches zero at the
critical point pyH,e = poH. = 22 mT, where the equilibrium state becomes
unstable. The system then changes its ground state and forms a magnetic
texture. Such texture is directly related to the wavelength (k,) and azimuthal
index (I) at which the mode reaches zero. The reversion of the saturated state
can be studied then by calculating the spin-wave frequency at 4, = 0 and finding
the critical (nucleation) field H, and its corresponding (I, k,) values. This process
is done in the saturated state to explore the helix formation from the nucleation
field.

Fig. 4.2 shows the spin-wave frequency as a function of the mode index [ for

a quality factor Q = 0.9. The values of the DMI considered are: D = —4 m]J/m?
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Figure 4.1: Spin-wave frequency in the vortex state (6, = x/2) for l = 0 and
three values of the applied field. The frequency is zero at the critical value
HoH. = 22 mT, where the vortex state becomes unstable.
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Figure 4.2: Frequency as a function of the azimuthal index [ for a nanotube
with radius R = 15 nm in the saturated state 6, = 0. Three values of the DMI
are considered, D = —4 mJ/m? (red circles), D = 0 mJ/m? (black triangles), and
D = 4mJ/m? (blue diamonds). Each curve is plotted at its corresponding critical
field H.(D). The k-point at which the frequency reaches zero corresponds
to the texture shown in the simulations (Fig. 2.3). At zero frequency, the
corresponding simulated reversion modes are S;, S_; and S_5.

(red circles), D = 0 (black triangles), and D = —4 m]/m? (blue diamonds). Each
curve has been plotted at an applied field such that it achieves the value H =
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H.(D) where the frequency becomes zero. This critical field should coincide
with the nucleation field, the field at which the saturated state is no longer stable
and the texture formation starts to happen. Moreover, because the DMI causes
an energy difference between the +/ and —/ modes, it causes the frequency to
reach the zero value at different values of . The dynamic profiles of the states at
I =—1and! =1 are plotted for Q = 0.9 in Fig. 3.9 (b,d). The spatial distribution
of these states resembles the states n = 1 and n = —1 depicted in Fig. 2.3. Every
curve reaches this value at k, = 0 except for the [ = 1, for which it happens at

a finite k, due to dipolar effects (see the inset in Fig. 3.4).
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Figure 4.3: Critical field yH, in colored dots as a function of the DMI strength
for a nanotube with R = 15 nm in the saturated state and Q = 0.9, as studied
in Fig. 2.6. The instability of the saturated state occurs at k, = 0 and the color
code represents each [ index from I = -2 to [ = 4. The dashed line is the
maximum nucleation field evaluated as a function of D, namely Hrclh(nnt(D)).
The diamonds represent the simulated values of the nucleation field, the blue
being the states represented in Fig. 2.3 and the red being additional simulations.
The simulated states, S_4 to S,, are shown in Fig. 2.3, and the spin-wave
frequency at the critical fields is plotted in Fig. 4.2.

The critical field as a function of the DMI for an anisotropy/dipolar ratio Q =
0.9 is depicted in Fig. 4.3 by the colored circles. The color coding corresponds to
the background color that indicates the azimuthal index [ at which the critical
field occurs. The dashed lines represent the nucleation field at which each

conical-helix reversal mode occurs, according to Eq. (2.22). Additionally, open
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diamonds show the nucleation field obtained from the simulations, the blue
ones being the states depicted in Fig. 2.3 and therefore also shown in diagrams
2.4 and 2.6. The critical field obtained from the spin wave instability, the
nucleation field that results from the conical-helix model, and the nucleation
field obtained by the micromagnetic simulations give the same results as seen
in Fig. 43. As seen from equation (2.22), the nucleation field has a linear
dependence on D. The slope is proportional to the n = n,; value and therefore
increases with increasing D. The n values obtained from the simulations and
CH model are related to the I indexes obtained from spin waves as n = —I. This
is because the n and [ indexes have opposite chiralities (compare figures 2.2 and
3.9).

Two additional values of the radial anisotropy are calculated, Q = 0 (top
diagram) and Q = 2 (bottom diagram), which are shown in Fig. 4.4. Because
the radial anisotropy diminishes the frequency of the spin waves, the critical
magnetic field is higher. Also, from Eqn. 2.22, it is noted that the nucleation
field (black dashed curve) increases linearly with the radial anisotropy. The
simulations still show that both the critical and the nucleation fields describe
well the nucleation process even for Q # 1. The main difference is that in the
analysis through the nucleation field, the states [ = +1 are not allowed for Q = 0
or Q = 2 (see Fig. 2.4) while the critical field of the spin waves shows that these
states can still be formed for certain values of D. At higher or lower values of
the radial anisotropy, the conical-helix model fails to describe the states formed
because they are not circular anymore. In this regard, the critical field from spin-
wave instability is more accurate due to the possibility of describing elliptical

orbits of the helix states (see discussion of Fig. 3.9).
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Figure 4.4: Critical field yyH. for a nanotube of radius R = 15 nm in the
saturated state and anisotropy/dipolar ratios Q = 0 (top diagram) and Q = 2
(bottom diagram). Again a value k, = 0 is considered and the color code
represents each [ index obtained from [ = —2 to [ = 4. The dashed line is the
minimum nucleation field, while the diamonds represent the simulated values
of the nucleation field.
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4.1 Conclusions

This thesis has explored the effects of the interfacial Dzyaloshinskii-Moriya
interaction (DMI) on magnetic nanotubes, focusing on the nucleation process
and the nonreciprocity of spin waves. The magnetic textures formed in thin
magnetic nanotubes with interfacial Dzyaloshinskii-Moriya interaction (DMI)
have been studied using micromagnetic theory and simulations. Interfacial
DMI induced by a heavy-metal interface coupled to the ferromagnetic material
produces conical-helix (CH) structures with a pitch vector along the nanotube’s
perimeter, that is, perpendicular to the saturating field. Because of the
periodicity induced by the cylindrical geometry, the pitch vector is quantized,
and its possible values depend on the radius of the nanotube. The direction
and the length of the pitch vector that characterizes the conical-helix textures
are obtained, concluding that the sign of the DMI strength and the orientation
of the equilibrium magnetization determines the chirality of the helix, which
in curved systems competes with the contributions of exchange- and dipolar-
induced chiral effects. The radial anisotropy is studied and is shown to be an
important interaction; due to the preference of the dipolar interaction for in-
plane magnetization, the out-of-plane easy axis anisotropy allows the circular
orbits described by the (CH) model.

The study also investigated spin-wave dynamics in nanotubes with DMI.
The dispersion relation was found as a function of 6y, which parametrizes the
equilibrium magnetization with limiting cases being the vortex and axially
saturated magnetization states. Therefore, the effect of the DMI on the
spin wave frequency and normal modes in both states and intermediate
states can be easily compared. The frequency nonreciprocity—difference in
the frequency of counter-propagating spin waves—induced by curvature is
compensated or magnified by the DM interaction, which also induces chiral
behavior. The presence of radial anisotropy has also been analyzed and found
to induce interesting dynamic modes and oscillation profiles. Additionally,
an approximation to small wave vectors provides analytical formulas of
the dipolar terms. These calculations can be further extended for higher-
order approximations, which could reveal interesting features of the dipolar
interaction.

Finally, the spin-wave instability analysis provides a different method to
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study texture formation in nanotubes. By identifying the critical field at
which a normal mode reaches zero frequency, the nucleation fields and spatial
magnetization distribution during the transition from a saturated state to a CH
texture are obtained. It has been found that these critical fields coincide with
the nucleation fields obtained both by the CH model and through simulations.
These findings offer valuable insight into the interplay between curvature,
anisotropy, and chiral interactions in magnetic nanotubes, with potential

applications in magnonics and spintronic devices.
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Appendix A

Dipolar Energy of the Conical-Helix

The magnetostatic general solution for energy is given by Eq. (1.21). The
effective field Hy = —V® is calculated by using the magnetostatic potential form
of Eq. (1.20) and the CH magnetization model (2.1). The following cylindrical

expansion is used [55]':

1 oY) o, [ N
e W ¢>L JGep)JjGep Yo
Jj=—00

1w i [ (xP\ L (XP\ —E—z]
= Ejzz_“ooeljw ¢)L L(?>]]<T)e e (A1)

where the change of variable x — x/R has been used so the integral in the

former equation is dimensionless.

A.1 Magnetostatic potential

Consider the nanotube described in Fig. 2.3. It has 4 surfaces: two ends at
z = —L/2,L/2 and two cylindrical mantles at p = SR, R. The potential due to
the external mantle is given by setting p” = R on Eq. (1.20). The normal vector
to the surface is n = p. Therefore, the superficial magnetic charges are given
by

om = R+ M = M cos(ng + g,z). (A.2)

!For details refer to problem 3.16.
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In the other surface. The surface differential dS” = Rd¢’dz’, so that:

M,(r’) MR (2% (L/2 my(¢'.2")
ot = ﬂ P gy = =2 J J Ldz'dgzs'.
e 0

<t 47lr —r’| 4w /2 Ir—7|

Using expansion (A.1), integration on the azimuthal angle ¢’ yields nonzero

terms only for j = +n. Also, using the relation J_,(x) = (-1)" J,(x):

ext _
O™ =

M sin 6 JL/Z

2 -L/2 ,[o 6_%2_2,']"(%)];1(96) cos(ng + q,z’)dxdz’. (A.3)

Integration with respect to variable z” yields an analytical expression

L/2 . ,
Yng, (X, 2,¢) = J e x* 7 cos(ng + q,2)dz’, (A.4)
~L/2

so we can write the resulting potential (A.3) as

M; sinf
2

q)gxt = L ]n(?)]n(x))’n,qz(x’ z,§)dx.
Note that the procedure to obtain the potential of the internal surface is

analogous, identifying p — —p and p’ — R; = fR:

BM;sin6

q)il’lt —
S 2

L ]n<?> TP, (.2, $dx. (A5)
Now consider the top surface with z/ = L/2. Again, it is easy to see that
the normal vector to the surface is n = z and the surface differential dS’ =
p’dp’d¢’. The z component of the magnetization is constant, then the potential

is calculated as

5P _ H M(r') ., _ Mcoso r” JR p’dp’dd’
t 0

op 47lr — 1’| 4 pr Ir—r'|

Again, using Eq. (A.1), integration on the azimuthal angle is nonzero only for
j = 0. Also, integration with respect variable p’ yields an analytical expression,

resulting in

RM,cosf [© ¢ xE/279  /x
a? - S e Jo(% )& G)da, (A6)
0 X R
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where g,(x) = J(x) — BJ.(fx). Integration in the bottom-end surface is
analogous. Setting |z —z’| = L/2 —z — z 4+ L/2 and the normal vector z — -2,

the potential of the bottom end is

bot _
(DS =—

RMj cos 6 J’°° o L/2+2)
0

; Jo( 5 )1 (A7)

The total surface dipolar potential is given by all four contributions &g = & +
t o poP 4 gbot.
ot 4 oP 4 ROt

xL

<I>s=MSLM<Wyan( 2. 8)( 7 )& + Reos 0o = )10 sinh(%))dx.

(A.8)

To obtain the volume term, consider the volumetric effective magnetic charges:

om=-V-m= —lmp — 1% __ntl cos(ng + g,z) sin 6. (A.9)

p p 9P p
Volumetric charges appear due to oscillations in the azimuthal direction. This
term is proportional to ~ 1/p, so it is larger for small-radius nanotubes.
Considering that integration on azimuthal angle yields nonzero terms only for
j = £n, and integration on z is the same as in (A.4), the volume potential results

in

L/2 (2« M.
Dy = —I J J “—(V-m)p'd¢’dz’dp’
prRI-L/2)0 r—7|

DM. si o R .L/2 ’ 2
= _(rl-l—)—ssmG J J J ]n<xp )]n< ) cos(ng + q,z" e %l |dz’dp’dx
2R 0o JgrJ-L/2

_ (n+ 1M sin@J’ (xp
B 2 R

Y. (62 ) (x)dx (A10)

where Q,(x) = | ﬂl J,(ux)du.
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A.2 Dipolar Energy

With the total potential ® = &g+ dy, the dipolar effective field is obtained using

V operator in cylindrical coordinates

¢ Q.
p + z— (A.11)
ap pog
to find the normalized energy given by
E
eg=—2___1 m m-Vddv. (A.12)
poMEV - 2Ms Uy

Note that the potential dependence on variable ¢ is only through function y, 4.
(equations (A.10) and (A.8)). Additionally, note that:

Yn P 27
J & dng J cos(ng + q,z)d¢ = 0, (A.13)
0

for n # 0. Consequently:

1
2MV

€1 = J m - V(&g + Oy )dV

—

= — ==t my—
v( "0ap " p o "oz

J J cos(ng + q,z) sin 9x]n< p)yn 0.6, 2, P gn(x) — (n + 1)Qp(x)]dVdx+

n qz(x’ z,4) xp
%

J 2 cos? 9]0< R )gl(x)e 2R cosh( )dVd

m
oD ¢ 0D acp) v

J — sin(n¢g + g,z) sin 20 )[gn(x) (n + 1)Q,(x)]dVdx+

The term on the RHS proportional to cos? 6 reduces to,

N__R r" gl(x)z( —ez £ )dx (A.14)
0 X

2 La-p9

which is the same demagnetization term reported on reference [44]. Integration

with respect to variables ¢, z of the remaining terms can be done and expressed
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in terms of the following function:

1 2 ~L/2
ag (x) = = JO J,—L/Z cos(nd + q,2)ynq. (x, 2, $)dzd¢

L/2

(1N 1 [ . g, (%.2.9)
= <—;> - J;) J—L/Z sm(n¢ + sz)szdgb (A.15)

xL
_ (x*+ @2RY)Lx/R - (x* — ¢2R?) — e ® (2xq,Rsin(q,L) + (x* — ¢*R?) cos(q,L))
(x2 + q%Rz)2

(A.16)
so terms proportional to sin” 0 are given by the expression
Nch R *
= S o w8~ (4 02,0 (a17)

1
. J (xu ) (xu) — nj,(xu))dudx.
B
This can be further simplified using the following identities [77]

(%) = Ut () + a ()
T = 50h1() = a0

so that
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and

1

M@4HM%@=&wWWwwum4HMMwwu

")

r1
= ), 5 et Got0 = () = 5 s e+ )
p 2 2

-1
(xuJy (xu) — nJy(xu))du
B

1
e
p
= A1 (%)
Then, Eq. (A.17) reduces to

Nch _ R J’oo
2 20(1-p4 o

g, (XA (1)) (A.18)

This term is quadratic in A, , therefore it has the property N.,(n) = N.p(—n—2).
The total dipolar energy for n # 0 finally results in

€= % sin® 0 + % cos? 6. (A.19)
This energy term can be approximated as a local radial anisotropy, as discussed
in Sec. 2.1.3. It is expected that the local anisotropy approximation does not
work for low aspect ratio R/L nanotubes. In determining the lower value of n
and q,, the full dipolar term must be calculated. The term N, is plotted as a
function of the nanotubes’ height L for a radius R = 18 nm and thickness R—a =
3nminFig. A.1forn = 1, 2,3. The numerical calculations show small deviations
from the anisotropy approximation. As a reference, the dimensionless energy
difference between two n—states of the DMI is calculated for the same set of
parameters and a small DMI value D = 1% 10~ 3 and shown in the figure Aeg; =
0.076. A close look at the energy is shown in the inset, which shows small
deviations from the anisotropy approximation. The largest energy difference
of the dipolar term is between the n = 1 and n = 2 states at L = 100 nm, and it is
found to be Aeg = 0.005, namely 15 times lower than the DMI contribution. As
a consequence, the energy difference is negligible in determining the value of

n that maximizes the nucleation field, which holds even for thicker nanotubes,
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Figure A.1: Numerical calculation of the dipolar dimensionless Noy term of
a nanotube of radius R = 18 nm and thickness R — a = 3 nm as a function
of the height L. A value g, = 0 is considered. Three values of the azimuthal
index are considered: n = 1 (red circles), n = 2 (black triangles) and n = 3 (blue
diamonds). The radial anisotropy approximation as described in Sec. 2.1.3 is
plotted in the dashed black line. The energy difference between two A€y, =
€dmi(n+ 1) —€gmi(n) states given for reference for D = 1 mJ/m?. The inset shows
a close up of the dipolar energy. The higher difference value is given Aey4 for a
L = 100 nm nanotube between the n = 1 and n = 2 state.

which are out of the scope of this work.



Appendix B

DMI Eftective Field on Magnetic

Nanotubes

The energy of interfacial DMl is given by Eq. (1.24). The effective magnetic field
can be obtained from Eq. (1.6). Using definition (1.3):

OEqmi = % Jﬂv w(m + ev)dV. (B.1)

The objective of this calculation is to achieve the structure of Eq. (1.4), that is,
[[J(=)-vdV + [[(~) - vdS. Explicitly,

w(m +ev) = Dp[(m+ ev)(V - (m +ev)) — (m+ ev) - V)(m + ev)]. (B.2)
Then Eq. (B.1) reduces to,
OEqmii = D J]] p-m(V-v)+v(V-m)—(m-V)v—(v-V)m]dV
|4

=D [”V p(V -m) - vdV+
o jv[mpw V)= p(m- V) p- (v- VymldV, (B.3)

The first term on the RHS has the structure required. The integrand of the

second term on RHS is given by

(RHS - second term) = m;p;(9vi) — pjmidkVj — PjVicdm;s (B.4)
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where a summation over repeated indices is assumed. Then, considering the

following identities

m;piOxvi = Ik(m;pjvi) — wdk(m;p;) (B.5a)
pimidxv; = o (mypv;) — viok(myp;) = o (mypjv;) — vipjokmy. — vimgdgp;  (B.5D)

pivik(9km;) = i (m;p;) — viem;okp;. (B.5¢)
Eq. (B.4) results in

(RHS - second term) =i (m;pjvx — mypjv;) — 2V (m;p;)

+ VipjOkmy + Vimidipj + Vem;okp;. (B.6)

Then,

SEami =D [[| v+ 2500 -m) — w5 - mav
+D Jﬂv[v (m-V)p+m-(v-V)pldvV
+D Jﬂv V-[(m-p)v—(v-p)m]dV (B.7)

The derivatives on the second integral can be explicitly calculated, noting that

p=(x,y)/x* + y*

20pxm)-(pxv)—2myv,
p b

[v-(m-V)p+m-(v-V)p] = (B.9)

and using the identity (a xb) - (¢ xd) = (a-c)(b-d) — (a-d)(b - c) it results in

[v-(m.v)pA_i_m.(v.v)ﬁ]:2(ﬁ~ﬁ)(m.v)—(ﬁ-v/))(ﬁ.m)_(m.z*)(v_z‘)

2(m —m,p —m;z)
p
2m¢</3

. . (B.9)
p

=v
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Finally, the last term can be transformed into a surface integral using Gauss’

theorem

r

D[] vten gy pmiav = || [an- g~ pyml sids
1% JJovV

=D ([ 1on-pyi— pom )] - vas

JJoV

=D [mx (nxp)|-vdS, (B.10)

JJov

where the following identity has been used ax (b xc¢) = (a-¢)b — (a- b)c. The

final result is

SEdmii = DJHV v z(p(v m)-V(p-m)+ %gf))dv
+ ﬂav[m x (A x p)] - vdS. (B.11)

The terms in Eq. (1.3) are identified to obtain the effective interfacial DMI field

His = =207 ) = VG- m) + 224 (B.12)
Ho M p
Bmi = [mx (nx p)] (B.13)

Suppose that the normal vector is not p but an arbitrary a. If the energy term

is the same, the extra term is
1,.7 1 R
= E(Vn) + E(m -Vn (B.14)

so that

2]]\34 (ﬁ(v -m) — V(i - m) + %(Vﬁ)Tm + %(m - V)ﬁ) (B.15)

HoMs

Hdmi =

which coincides with +(my/ p)$if i = p.



Appendix C

Reversal Modes on Magnetic

Nanotubes

The conical-helix (CH) magnetization model has to be compared with other
known reversal modes in long nanotubes like the uniform mode (U), the curling
mode (C), and the Hedgehog mode (Hg) [44, 20]. The normalized magnetization
fields that describe the U, C, and Hg reversal modes respectively are

m" = sin0x + cos 0z (C.1a)
mS = C sin 0¢ + cos 02 (C.1b)
m"8 = sin6p + cos 6z, (C.1¢)

where 0 is the angle between m and the applied magnetic field along the z-axis.
First of all, notice that the U mode can be obtained as a part of the CH model
(2.1) by setting n = —1 and g, = 0. Although the Hg mode is obtained similarly
with n = g, = 0, this special case yields different values of the energy than the
ones obtained in Section 2.1. A phase ¢ could be added in the CH model to
obtain the C mode at n = g, = 0 and ¥ = 7n/2. However, this phase’s role is
only to move the CH texture along the z axis and consequently modify the tube
ends contribution, but since the dipolar interaction is approximated as a local
anisotropy, the energy of the texture is unaltered. Instead, the C and Hg states
are analyzed separately. The addition of interfacial DMI is straightforward
using Eq. (1.24), so that the total energy—considering the local approximation
of the dipolar energy (2.11) and the addition of interfacial DMI is given by [44]:
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HC
€€ = ——D sin%g - Ecost9
2M, M,
hg
H, )
ehg — 2B gin?g £cos@,

oM, M,
where nucleation fields are respectively

4AIn1/p 4D

n:

4AIn1/p

MsR(1— B2)  poMsR(1+ )

rlllg:(Q_l)Ms_ -

ﬂOMst(l - ﬁz) #OMSR(l + ﬁ)

(C.2a)

(C.2b)

(C.3a)

(C.3b)



Appendix D

Low energy approximation of SW

dynamics

The low k approximation of integrals defined in Eqns.(3.39) can be computed
analytically using complex variable theory. Only the most important used
mathematical tools are listed in the following section. For extensive details

and demonstrations, see Ref.[77].

D.1 Mathematical tools: complex analysis

A point z is called a pole of the function f(z) if f is not analytic at z = z, but
is analytic at all neighboring points. The order n of the pole is defined as the

smallest integer n such that the limit

lim (z — 2p)" f(2) (D.1)
z—2
exists. The residue of a function f(z) is defined as the n = —1 coeflicient in the

Laurent series expansion around z,:

o0

f@= Y az-z0  res,()=a. (D2)

n=—oo

The residue of first order pole can be computed as

ay = lim(z - )f(2), (D3)
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while for a pole of order n > 1

n—1

a1= o im [ S - ) S ) (D4)

The residue theorem allows to replace the problem of evaluating contour
integrals by the algebraic problem of computing residues at the enclosed

singular points. That is:
§ f(@)dz = 2mi ) res(f), (D.5)
¢ C

where the sum is over the integrals enclosed by the curve C. Consider the

integral of the form,

21
I= J f(sin 6, cos 6)do (D.6)
0

where f is finite for all values of 6. This integral can be solved by using the

change of variable z = ¢, thus,

dG:—i@, sin@ = Z_?_ , cosf= 2tz (D.7)
z 21 2
The integral (D.6) results then in,
_ 1 -1
1:—1-35 f(z ¢ ztz )@ (D3)
aC 21 2 z

where dC is the circumference of radius r = 1. Applying the residue theroem
(Eqn. (D.5)), the integral is computed by calculating the residues inside the unit

circle C:

I=2r) res(f/z) (D.9)
C

To calculate this integral, it is sufficient to calculate the residues at the poles

inside C.

D.2 Low k approximation

An analytical expression can be found for the dipolar tensor A4 close to k = 0
by using a first-order approximation of the Bessel function Ky(x) = —In % -y+

0(x?), where y = 0.577... is the Euler-Mascheroni constant. The G, function
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(3.36a) is then given up to first order in kR by,
ig’l

Golp ") = Golp, p,¢) = m

I'(p. p’, ") (D.10)

where, T'(p, p’,¢’) = —In (Ez‘\/pz —2pp’ cos¢’ + pIZ) —y.

D.2.1 Computation of I,

To avoid singularities at ¢" = 0, the former function is evaluated by slightly
modifying the consideration of Eq. (3.37), namely Gy(Ry, Ry, + 6, ¢”), where § is

a small parameter. This allows to use integration by parts for [ # 0,

e

21 27T ild’
- J 3 TRy Reg + 6, ¢')d¢'>

_ i’
I b ([e T(Ry, Ry + 8, 4")

O T+ p\| o Jo 1
_ 1- ﬁ e eil I ’ ’
=P L =0y T(Ren, Ren + 6,¢7)d¢, (D.11)

so that I, = limg_,, 153 . Note that,

o ol
fy (sing’,cos ¢’) = ; Ay T(Rin, Ry +6,9")
B _(cos ¢’ +isin ¢')l Ry (R, + 6) sin¢’
! R% — 2Ry, (R, + 8) cos ¢’ + (R, + 5)°
(D.12)
this last function has the following property,
f(sing’, cos¢”) = fO)(sin(—¢’), cos(—¢")) (D.13)
and so,
(-l = ——— P (T f(sing’, cos ¢’ )d¢’
T x+p )y ’
_ 1- ﬁ (7 0( s ’ "N’
TR B b Ji (sin(=¢"), cos(—¢"))d¢
. p ¥ £ (sin g, cos @)dg = 10 (D.14)
) R |
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where the variable change ¢ = —¢’ has been used. It is then sufficient to
calculate the integral for [ > 0. These integrals can be solved using the residue
theorem by using Eq. (D.9). For [ > 0, the only pole of the function flo /z that
fulfills the condition |z| < 11is zy = Ry /(Ry + 6) and it is a pole of first order.
According to Eq. (D.3), the residue is given by,

-1

l

fo (z—z z+z_1)
res, = lim (z _ _Fm > Pla 2 /1 ( Rin > (D.15)
A=A Ry +6 z 2I\Ry +6
and then, l
1-p 1(1-p Ry )
I5 - _ 2 — __ D.16
0 = s gy Frress) l(l+ﬂ)(Rm+6 (D-16)
so finally,
, 1-p\1
L=lmp=-—2)=. D.1
0% 5500 <1+ﬁ>|l| (D.17)
where the absolute value has been added given that I,(I) = I,(-1).
D.2.2 Computation of [,
According to Eq. (3.39b) and using the approximation given by (D.10),
2 .
= R B | @) (R R $)08
2
__ 1 (ﬂ) J é?'ldg
2 \1+ ,3 0
1-p
=——=1§ D.18
(355) 18)

D.2.3 Computation of ,

To calculate the integral I, it is more convenient to use the integral Q3;(p) in the

form given by Eq. (3.31a). Then, from the potential form in equation (3.32a):

I =9,(-Q; + Q3)(Rny). (D.19)
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Using the approximated function (D.10) it is obtained,

; _r” elld’ (_1—ﬁ . 21+ B — 2 cos¢’)
7)o 2 \ 148 42281+ B)cosd’ + (1 + B)?
B 2(1+ pf—2cos¢’) )dgb’
4—2(1+ B)cos¢’ + (1 + B)? .

(D.20)

The first term on the RHS is the same as the one obtained in Eq. (D.18) so that
L=05L+ IOZ i flz(sin ¢’,cos¢p’)d¢’. Again, it is necessary to calculate the residues
inside the unit circle to obtain this integral. The singularities that fulfill this
condition are z; = 0, z; = 2/(1 + ) and z, = (1 + f)/2. It is obtained,

L = I + 2n(res,, + res; +res;)
! 1+ 8 1l 2 I
ey ((T) “5(:75) D2V

where the absolute value has been added due to the same argument given in

equations (D.14), which can be used to conclude L,(I) = L(-I).

D.2.4 Summary of results

In summary, for [ = 0:

o 4-p) kIR
Il =0) o 5y (y + ln< ) )) (D.22a)
_oy=_(=f
L(=0)= (1 n ﬁ) (D.22b)
Iz(l = 0) =1 (D22C)

while for [ # 0 we get,

I = (%) ﬁ (D.23a)

I, =0 (D.23b)

() )) e
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