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“For a long time, science and
technology have made it possible to
assure that everybody enjoys those
basic necessities which today are
enjoyed only by a minority. The
difficulties are not technical, and -
in our case at least - they are not
due to a lack of national resources.
What prevents the realisation of
our ideals is the organisation of
society, the nature of the interests
which have so far dominated, the
obstacles which dependent nations
face. We must concentrate our
attention on these structures and

on these institutional requirements”

Salvador Allende Gossens, 1970.
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Chapter 1
Introduction and Concepts

In the context of the Standard Model of Particle Physics, Quantum Chromodynamics
(QCD) is the gauge field theory which describes the strong colour interaction between
quarks mediated by gluons. In the internal symmetry structure of the Standard
Model, SU(3).xSU(2),xU(1)y, QCD is the SU(3) colour component, with quarks

therefore being in the fundamental representation of the SU(3). group.

The development of a formal theory for the strong interaction, in view of the great
quantity of non-fundamental hadrons discovered thus far, began in the sixties with
the proposal by M. Gell-Mann [1] and G. Zweig [2] of the existence of three flavours of
fundamental particles that would form hadrons: quarks. This suggested that objects
bound by the strong interaction are all formed by quarks and, after the discovery
of these, it remained to formulate a full theory that described their dynamics and
the workings of colour charge. It was in this context that, in 1973, Fritzsch, Gell-
Mann, and Leutwyler proposed [3] a gauge field theory that fulfilled precisely this
role, Quantum Chromodynamics (QCD).

The main predictive method for the evaluation of QCD observables is the use of
perturbative expansions (pQCD), due to the asymptotic freedom exhibited by the
theory. This characteristic, discovered by D. Gross and F. Wilczek [4] and indepen-
dently by H. D. Politzer [5], allows the use of perturbation theory with relative ease
and accuracy for quantities at high energies but becomes a problem at lower energies
where perturbation theory is not valid due to the strength of the interaction. This
forces us to use other, non-perturbative, methods for predictions at low energies, of

which there are many ranging from lattice gauge theory and numerical simulations



to analytic methods that make corrections to perturbative calculations.

A very important and well-studied spacelike QCD observable is the Bjorken Sum
Rule (BSR) [6, 7], which relates the structure functions of the proton and neutron,
due to it being the archetype of QCD spin sum rules and thus being key in the study
of nucleon spin structure and, thanks to the great wealth of data available for it
in a wide energy range, being a good candidate for use in testing non-perturbative

approaches to QCD.

In this work we study a specific method for the evaluation of QCD observables,
developed by G. Cveti¢ in [§], based on the renormalon structure known for many
observables and that uses it to generate a resummation of such quantities valid in the
region of low energies not usually accessible through pQCD only. In particular, the
main objective here is to apply the Cveti¢ approach to the inelastic polarised Bjorken
Sum Rule (BSR) to get predictions through resummation. The main contribution
of this thesis (found in Chapter 3) is that it contains and expands on many of the
procedures and calculations that form the basis for our two recent articles, one al-
ready published [9] and one in still in refereeing [10], and in addition summarises and

comments on the results from our articles.

First though, it is necessary to give a brief introduction to some of the concepts
that will later arise in this work to better understand the challenges inherent to pQCD

at low energies and how these motivate the method we chose to apply.

1.1 The QCD Coupling

In the QCD lagrangian

_ ) 1 Y
L= Z¢q,a(27“8u5ab - \/47ra8'y“tacb¢45 — My0ab) Vg — ZF;Z‘/FA w (1.1)
q
ay is the coupling that encodes the strength of the interactions of quarks and
gluons. The dependence of a,(Q?) (where Q* = —¢*) on momentum transfer Q thus
underlies the behaviour of such particles at different regimes, from colour confine-

ment at low momentum transfer (low energies, long distance, the infrared regime) to



asymptotic freedom at high momenta (high energies, short distance, the ultraviolet
regime). As such, it is necessary to understand the coupling over that entire range to

describe hadron physics in both regimes.

Thanks to the anti-screening effect caused by gluons that dominates over the
screening effect from quark-antiquark loops, the QCD running coupling tends to de-
crease with increasing ?, thus bringing about what is known as the asymptotic free-
dom of the theory [4, 5], which means that the interaction between particles decreases
as the energy scale increases. Due to this, much of the evaluation of observables can
be done accurately with perturbation theory, since we can just make perturbative ex-
pansions on the coupling, but this stops working for lower energies where the coupling

grows large.

When working in perturbative QCD (pQCD), we express predictions in terms of a
renormalised version of the coupling o (1?), which is a function of an unphysical renor-
malisation scale p according to a given prescription from a renormalisation scheme
(RS). Despite this, we know the observables themselves must be independent of the
renormalisation scheme, which means the series coefficients will be RS-dependent in
some way. This can be seen in the renormalisation group equation (RGE) which the

renormalised coupling satisfies

o dag

W

= Bla,) = —(boa? + bra® + byat +...), (1.2)

where by 9, . are the S-function coefficients that depend on ny, the number of
interacting quark flavours we will consider for our process in contrast to the heavier
remaining ones that decouple from the theory, and on the renormalisation scheme
parameters (though only from the 3-loop coefficient (by) onwards). In addition, the
minus sign in Eq. (1.2) codifies the fact that the coupling becomes weak for large Q?,

i.e. it exhibits the asymptotic freedom previously described.

It is important to note that the behaviour of the pQCD coupling when approach-
ing the IR regime includes not only growth (as would be expected from asymptotic
freedom), which in itself precludes the use of perturbation theory at such energies,
but also predicts the appearance of unphysical Landau singularities at low (Q? where
the coupling becomes infinite, which appears outside the validity of pQCD itself and
thus is not a valid prediction but an artifact of pQCD arising from its lack of non-

perturbative contributions. It must be stressed that these Landau singularities and



thus the divergence of the pQCD «; is not what causes quark confinement as was
once thought, since such an assumption ignores that the singularities are unphysical
and that the perturbative approach does not include long distance effects that are
important in the IR regime. For more details on the coupling see reviews such as
those in Refs. [11, 12].

1.2 Divergent Series and the Limits of pQCD

The use of perturbation theory when modelling QCD observables is permitted (for
high energies at least) by the asymptotic freedom exhibited by this theory. As men-
tioned earlier, this property means that, in QCD, the interaction between particles
tends to become asymptotically weaker as the energy scale increases, and thus the
running coupling a(u?) (= as(p?)/m, p? = kQ?) becomes smaller the higher we go
up the energy scale. This idiosyncratic behaviour is what permits the use of a finite
number of terms in the perturbative expansion of the observables we want to evaluate

to get reasonable predictions.

It is this very characteristic that brings about the rather unwelcome effect at low
energies that, due to the fact that the interaction (and thus the coupling) becomes
strong in this region, we can no longer use perturbation theory for our calculations.
Moreover, in the usual perturbative QCD approach, the coupling has Landau singu-
larities in the positive semiaxis 0 < Q? in the low energy region Q> < A% ~ 1 GeV?,
which means that evaluating or making transforms on spacelike observables d(Q?)
with this coupling will lead to such singularities in the observables too at low (2.
This is in direct opposition to general QFT principles which imply that these ob-
servables should be holomorphic functions. Apart from this, the singularities that
would appear in the evaluation observables when a(Q?) is near or in the region of the
Landau singularities would render the necessary integrals unreliable or impossible to

compute due to the ambiguity introduced.

Not only must we consider the coupling though, since we can see that in any

generic power series that serves as a general way of expressing QFT observables

R = Zrna", (1.3)



given in powers of the renormalised coupling «, the series is nearly always divergent
independently of «. This is because the expansion coefficients have been found to
have the form

| Ka"n!n?, (1.4)

and thus diverge at high n. This unphysical divergence of the series for the observ-
able, suggests some non-trivial and non-perturbative contributions are missed when
using this approach. Indeed, simply using further terms in Eq. (1.4) does not improve
the approximation of R beyond a certain point so, having no non-perturbative form
for R, we must somehow sum the divergent series to actually improve the approxima-

tion. A way of doing so is with Borel summation, where we define the Borel transform

of R~y > jrpa™™ as

tn
B[R](t) = Zrng. (1.5)
n=0 ’
If B[R|(t) is well behaved, we can define
R / dt e £ BIR](1) (1.6)
0

which, if it exists, thus provides the Borel sum of the series R.

The Borel transform and integral are considered phenomenologically useful, since
it has been found that the Borel transform can be understood as the generating func-
tion of the coefficients r,,, which thus means that singularities (such as renormalons)
in the Borel plane are related and somehow encode the inherent divergence of the

original series.

1.3 Renormalons

Renormalons are a kind of divergence that arise in the Borel transforms and integrals
of QCD observables due to its high or low momentum behaviour. They were originally
found in certain bubble diagram contributions to correlators [13-15] such as those in

Fig. 1.1 for the Adler function, but these types of divergence are not exclusive to
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such diagrams, which are presented here only illustratively.

Figure 1.1: Bubble diagrams for the Adler function from which its UV and IR renor-
malons can be derived. These are all the diagrams with fermion loops inserted in a
gluon line. Diagrams come from the renormalon review work by Beneke [16] men-
tioned in the text.

Renormalons are thus a source of divergence in the Borel plane when summing a
divergent series from a QCD observable that has singularities. The knowledge of the
location of singularities for different observables in the Borel plane can then be used
to generate a resummation of the dominant part of their series expansion that contain
more information than simple truncation of the original series, an idea that motivates
the method chosen for this work. For more technical details on renormalons and their

connection to different phenomenological methods, see Ref. [16].

It is important to note that the emergence of renormalon divergences is unrelated
to the Landau singularities that arise in the pQCD coupling, because renormalons

appear independent of the coupling used.

1.4 Polarised Bjorken Sum Rule
The polarised Bjorken Sum Rule (BSR) I'{""(Q?) [6, 7] is the difference between the
polarised structure functions ¢g; of the proton and neutron integrated over the Bjorken

scaling variable x. Of particular interest is the inelastic part (note the bar over I') of

the sum rule

-
@) = [ de 0 Q) - e Q) (17)

0
since it can be (and is) obtained from the measurements in deeply inelastic scat-

11



tering (DIS) processes of the spin-dependent structure functions, such as in DI lepton-

nucleon scattering experiments. A great wealth of such results from different experi-
ments are available from CERN [17], DESY [18], SLAC [19], and Jefferson Lab [20-23],

with various values of  and over a wide range of momentum transfer Q? = —¢? (from

0.02 GeV? up to 5 GeV?) as can be seen in Fig. 1.2 from [9].

This availability of

experimental data motivates the use of the BSR to test the results of different eval-

uation methods for QCD at low @2, as is the case in this work, both for comparing

to the data and because of the possibility of enhancing our predictions by performing

fits to it.
B 1;‘
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Figure 1.2: Experimental Values for the polarised inelastic BSR I'Y ™" (Q?) based on the
data from different experiments [17-23] shown with statistical uncertainties. Figure
from [9] by C. Ayala, G. Cveti¢c & C.C.A.

The BSR has a theoretical Operator Product Expansion (OPE) in the form [6, 7]

—=p—n,OPE
Fl
gv

where |

@) =2

1-d(@%) +

- M%(QZ)
p QQ@—Q

(1.8)

ga/gv| = 1.2754 is the ratio of the nucleon axial charge, and d(Q?) is the

canonical zero-dimension QCD part that has a known perturbation series expansion

in powers of the pQCD coupling:

d(Q%)p = a(Q?) + d1a(Q*)? + daa(Q*)* + dza(Q*)* + O(a®).

(1.9)

Here, dy = 1, and the next three coefficients d; 23 are known exactly [24-26]

12



at least for the MS scheme, also ny = 3 is taken throughout this work. For the
dy coefficient there is an estimation made with the Effective Charge (ECH) method
that will be used in this work where d; = 1557.4, once again for the MS scheme.
Knowing the coefficients in the MS scheme is sufficient for our purposes since we can
find explicit transformations for them from one renormalisation scheme prescription
to any other, which we will present later in this thesis. Though it is usual for the
BSR to be evaluated in pQCD with d(Q?), truncated, we know that the expansion
coefficients d,, grow very fast with increasing n, so merely truncating the perturbative

series may miss important contributions.

The D = 2 term in the OPE Eq. (1.8) has a known Q? dependence

(@) _ MR [(ay " +4dy™) + 4f a(@*)"]
@ 9 0’ |

where k; = 32/81 is the anomalous dimension, My = 0.9389 is the nucleon mass

(1.10)

and (ab " +4d5™") ~ 0.063. f, however is not known, but can be fitted as a parameter
from experimental values that exist for Eq. (1.7). This is also the case for the whole
D = 4 OPE term, which is not theoretically known but can reasonably be taken as

independent from Q? and then fit its coefficient pg to the data.

1.5 Holomorphic versions of QCD (AQCD)

Because of the Landau singularities that appear in the pQCD coupling that were
mentioned in Sections 1.1 & 1.2, there have been many different methods proposed
for the evaluation of observables in the regime where 0 < Q? < 1 GeV? apart from
truncation of the perturbative series (TPS), such as specific low-Q? models [20, 27, 28],
while others are based on the replacement of the pQCD coupling by some form of

different A(Q?) coupling that has no Landau singularities.

The latter methods are alternatives called holomorphic or analytic versions of
QCD (AQCD), variants in which the coupling has no unphysical Landau singularities
and thus is holomorphic for all non-negative )%, and also practically coincides with
the pQCD coupling for high Q?, which in this way alleviates the ambiguity problem

that observable evaluation has in the low momentum transfer region.

Many AQCD models gave been proposed, starting with the work by D.V. Shirkov

13



and I.L. Solovstov [29]. The idea of the different AQCD methods is that we can also
impose other conditions on the coupling so that it is beneficial for the evaluation of

physically relevant observables.

Though not the focus of this thesis, in our recent work [9, 10] we employ (apart
from the fundamental pQCD) two specific AQCD versions because they eliminate
the ambiguities in the evaluation of the canonical part d(Q?) of the BSR, these are
20AQCD, developed in [30], and 30AQCD, developed in [31, 32]. The details of
the construction of these AQCD variants for our purposes are omitted in this thesis
since we just present the results for comparison, but they can be found in Appendix
F from [10]. The important thing to understand is that the couplings used when
working with 20 AQCD and 36 AQCD are proved to not have Landau singularities and
coincide with the underlying pQCD coupling at high Q? while constrained by certain
physically motivated conditions, all under many different renormalisation schemes,
and thus we can justifiably repeat all the steps of the Cvetic method developed for
the pQCD coupling with the corresponding AQCD couplings with no problems. We
make reference to the incidence of the renormalisation scheme on the AQCD couplings
occasionally in this work, but all further details on this behaviour can be found in
[10].

More information on AQCD, descriptions, and comparisons of different methods

can be found in the review from Ref. [33].

1.6 Desirable Conditions for Evaluating Observ-
ables

In summary, in order to evaluate observables in the |Q?| < 1 GeV? region and get

reliable, unambiguous predictions:

e Since the exact coefficients d, (k) of the perturbative series of d(Q?) are not
known, except for the first few, we desire a way to get good, and preferably

physically motivated, approximations for these coefficients at any n.

e Given that, even if we know all the coefficients d,, or have an approximation
for them, the perturbation series of the observable d(Q?) is still necessarily
asymptotically divergent (both in pQCD and AQCD) due to the renormalon

14



divergence of the coefficients, we need a way to make the evaluation of the

observable despite such divergence.

e Since in pQCD the coupling a(xQ?) has Landau singularities at low momen-
tum transfer values, which makes the evaluation ambiguous, it is desirable that
we work with a coupling that lacks such singularities outside of the negative

semiaxis.

In addition to these three conditions, it is also desirable that the results from a

chosen method coincide with the usual pQCD approach for high energies.

15



Chapter 2

Outline of the Cvetic Method

Given the many problems that pQCD exhibits in low energy regimes mentioned in
the previous chapter, we will now introduce a different approach to the evaluation
of observables in this regime, which was developed by G. Cveti¢ in [8], and is the
one chosen for evaluating the BSR (as will be done in the next chapter) in the pub-
lished work this thesis complements. This method of evaluation of QCD observables
is based on the renormalon structure of these, and relies on rewriting the usual per-
turbative power expansion of d(Q?) and then making a renormalon motivated ansatz
for the Borel transform of such rewritten quantity. With this, a characteristic func-
tion is then found, which is used to evaluate the observable through resummation.
The approach allows that what is obtained for the leading-twist canonical part can
then be enhanced phenomenologically by making fits to the available data for the

corresponding observable while including the higher-twist OPE terms.

2.1 Construction of Expansion Series and Borel

Transforms

Since we want to model the renormalon structure of an observable in a more conve-
nient way, we start by constructing a rewritten expansion series for the observable.
Let the usual perturbative expansion of a QCD observable d(Q?), in powers of the
renormalised coupling a(u?) where pu? = kQ? (0 < k S 1) in a chosen renormalisation

scale, be

16



A(Q%)pert = a(KQ?) + di(K)a(kQ*)? + - - - + dp(K)a(KQ?)™ T + ... (2.1)

Here we must note that, even though d(Q?) itself is xk-independent due to it being
an observable, its expansion terms are not. The Borel transform of d(Q?) is thus the

generating function of the perturbation coefficients d,, in Eq. (2.1):

d d, "
Bld](u;x) =1+ 11!(52)1;—1-...—1- n!(ﬁlj’})u +... (2.2)
And its inverse Borel transform is then
2\ _ i oo <0 | — u .
0@ = o [ aues |t Bl (2.3

Instead of the usual perturbative expansion from Eq. (2.1) in powers of a(kQ?),

we can write a series based on logarithmic derivatives a,(kQ?) instead in the form

N G d o 2
)= G i () 00 2y

where (n =0,1,2,...) and By = (11 —2ns/3)/4, which for ny = 3 gives 5, = 9/4,
is the first S-coefficient in the renormalisation group equation (RGE) in any chosen

renormalisation scheme

U

a(p?)
dIn p?

= B(a(y?)) = —Poa(p®)* — Bra(p?)® — Baa(u®)* — ... (2.5)
= —Boa(p?)*(1 + cra(p?) + coa(p?)? +...). (2.6)

Here, the higher S-coefficients are replaced with the coefficients ¢; = 3;/5o; the
latter, for 5 > 2, characterise the renormalisation scheme and thus describe the RS-
dependence. We need now to rewrite the series from Eq. (2.1) with the logarithmic
derivatives from Eq. (2.4), by first rewriting the logarithmic derivatives in Eq. (2.4)
in powers of a™ using the RGE in Eq. (2.5) which gives:

an(Q) = a(Q)" + ) Kim(n)a(Q)"™. (27)

17



Or, when inverted:

a(Q2> = dy Q2 Z an+m Qz) (2'8)

m=1

Here, the coefficients k,,(n), ky(n) depend only on the RGE coefficients ¢; and
are renormalisation scale 2 independent. The expressions Eq. (2.8) have the explicit

form:

5 _ ~ 4 _ ~ 13
a” = as + , a a4—§cla5+
5 28
a® = as — €1 + (—302 + gc%) as + ..., (2.9)

9 . - d 5\ - 22 28 5
a” = a9 — ci1as + —cz+§cl ay + —03a +§clcg—§cl as + ..., etc.

Additionally, a; = a. With these, we can now write the perturbative expansion
from Eq. (2.1) as

d(Q%)10g = CL(KJQQ)“‘Jl(H)dg(%@z)‘I‘JQ(H)&;},(KJQQ)“—‘ . -+Jn(m)&n+1(/ﬁzQ2)+. .., (2.10)

where we have new expansion coeflicients Jn(ﬁ;) It can easily be seen that these
are related to the original d,, (noting that dy = 1), omitting the k-dependence for

simplicity of notation, as

n—1
dy = kn+1—5)d,_s, (2.11)
s=0
or, inversely:
n—1
= ki(n+1=s)d_, (2.12)
s=0

where the coefficients ks, k, are the same as those that appear in Eqs. (2.7), (2.8).

It is important to know these coefficients explicitly, so we reproduce here some of

18



these according to Eq. (2.11)

dy=dy=1, dy=dy, dy=dy—crdy,

~ 5 5

d3 = d3 — 561d2 + (—CQ + 50%) dl, (213)
~ 13 28 22 28
dy =dy — Ecld?) + (—362 + gcf) dy + <—03 + 30162 — ?Ci}) dy,

and so on. These can also be inverted accordingly to express the coefficients d,, in
terms of d,. Having now explicit forms for the coefficients d,,(x) from Eq. (2.11) we

can take Eq. (2.10) and replace a,(Q?) — a(Q?*)™ and thus construct the quantity

d(Q% k) = a(kQ)+d (R)a(kQ?) + do(R)a(kQ*)*+ -+ du(K)a(kQ?) "™ 4., (2.14)

where we must stress again that although the observable d(Q?) is renormalisation
scheme independent, the quantity in Eq. (2.14) is not, remembering that x = p?/Q? is
the renormalisation scale parameter. For this quantity we can define a Borel transform
akin to that in Eq. (2.2) by replacing the coefficients there as d,,(x) — d,,():

~ d}(/i)

Bld)(u; k) =1+ Czn(ﬁ) "

— 2.15

CZ2<H) 2
1!50u+2!ﬂ3u+ +

Part of the reason we constructed the rewritten expansion series (Eq. (2.14))
coefficients and the rewritten Borel transform (Eq. (2.15)) is because these turn out
to have a much simpler x-dependence than the originals (d,,(x) and Bld](u; k)), which
we will now proceed to derive. Noting that dln ;2 = dIn x, we recall the definition of

the logarithmic derivatives a,(xQ?) in Eq. (2.4), from where it is clear that

d
dlnk

n(5Q%) = (= Po)nin+1(KQ?). (2.16)

With this, we can now apply d/dInk to d(Q*)g in Eq. (2.10), which gives

dliﬁd(cf) _ ;&n+1(/§Q2) ((—ﬁo)nc?nl(/ﬁ) + dlill/iczn(ﬁ)) ) (2.17)

But, remembering that d(Q?) must be p*-independent, this last equation must

19



be identically equal to zero, which means each coefficient at @, 1(k@Q?) must also be
zero, hence it clearly follows that
d -~

dIn /@do(ﬁ) =0,

d
dlnk

do(k) = nfody_1(k) (n>1). (2.18)

Note that each of these expressions can be integrated: from the first it follows
that the result do(k) = 1 is valid for any » and thus for any renormalisation scale,
while from Eq. (2.18) we get

n

d(k) = dp(k = 1) + (Z) (Bolnk)ed, x(k=1) (n>1). (2.19)

k=1

For the k-dependence of the Borel transform of d~(Q2), we now take the derivative

d/dInk of Bld](u; k) in Eq. (2.15) considering the relation in Eq. (2.18), which results

m

LBl ;) = Bl ) (2.20)
— Bld)(u; k) = &*B[d)(u; k = 1). (2.21)

As this last equation shows, the Borel transform of J(Q2) has an especially simple
r-dependence which can be simply included by a factor in front of a version evaluated
with k = 1, which means that it is of the one-loop type (large-3, where 8; — 0 for
j =1,2,...) while not being in the one-loop approximation at all; the dependence
is exact. This is in contrast to the xk-dependence of the original quantities d,,(x) and
B[d](u; k), that have this kind of simple structure only in the one-loop approximation
[16, 34]. This is a clear advantage of the method [8] we’re using, since it also implies
that the renormalon structure of B[d](u; ) must be very close to that of the large-3,
structure of B[d|(u), which is known (see Refs. [16, 34]), and thus we can make an
ansatz for it to generate a valid resummation in a simpler manner than what the

unmodified Borel transform allows.

In light of this last fact, let us briefly discuss what we know about the expected

renormalon structures of the Borel transforms of spacelike observables.
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2.2 Renormalon Structure of Spacelike Observables

As we mentioned in the last section, all the k-dependence considerations suggest that
the Borel transform B [cZ](u, k) has a renormalon structure of the one-loop, large [
type similar to that of B[d](u). From Refs. [16, 34] we know that the theoretically

expected renormalon structure of B[d](u) is

B[d](u) o« (1+0(p—u)), (1+0(p+u)), (222

(p — u>§+pﬁl/ﬁg (p + u)é*pﬁl/ﬁg

where p is a positive integer and £ can have any positive value (not necessarily
integer) to be fixed according to the observable we evaluate. These structures cor-
respond, respectively, to the beyond-large-5, type IR renormalon at v = p and to
the beyond-large-fy UV renormalon at u = —p. It can be shown numerically (see

Refs. [8, 35]) that these imply that the corresponding renormalons in B[d](u; k) have

a structure:

%(1—1—@(}9—@), (1+0p—u),  (2.23)

(p+u)t

which happen to be precisely the structures in Eq. (2.22) in the limit fy — oo.
These type of terms that appear in B[d](u; k) will generate different coefficients d,,
depending on the exact structure of each observable we want to evaluate, which we
will use to generate appropriate, possibly even physically motivated, ansdtze that
generate the expected and known values of the coefficients by adjusting the weight of

each term accordingly.

We note that if we take one of the possibilities from Eq. (2.22), e.g the case
u = p, and use it in Eq. (2.3) we can obtain the Q?-dependence of renormalon-

induced ambiguity in the integration

5 ) 1 . oo+ied U 1 994
(Q)pe ~ B - U exp <_5OQ(Q2)) (p — w)étrer/fo’ (2.24)
- (le)pa@?)l‘f (1+0(a)), (2.25)

with which we can inform our choice of renormalon structure in the B[d](u; k)

21



ansatz for our observable so that it is related to the structure of the OPE. Namely,
the Q?-dependence in Eq. (2.25) should reasonably be the same as the Q*-dependence
of the 2p-dimensional (D = 2p) term of the OPE for the observable d(Q?).

With this and all that was developed in the previous section, we have what we need
to continue with the method, which calls now for the use of M. Neubert’s construction
[36, 37] to generate the characteristic function Fy(t) of the resummation of d(Q?).
Neubert constructed these characteristic functions in the large-, approximation in

pQCD, but Cveti¢’s method actually follows this approach for ansdtze of Bld](u; k)
and thus extends the method beyond large-fy.

2.3 Obtaining the Characteristic Function and Re-

summation

Now, as is required in the method we follow [8] in this work, we must now use an
approach akin to Neubert’s [36, 37|, with which we can perform the resummation of
d(Q?) through the use of an ansatz for B[d](u; k) generated according to the renor-
malon structure explained in the previous section. This last formulation is what is
novel about Cveti¢’s use of Neubert’s procedure, and it starts with the fact that the

resummation of d(Q?) can be written in the form

d(Q2)res = /Ooo %Fd<t>a(tQ2)7 (226)

where a(Q?) is the QCD running coupling (at any loop order) and Fy(t) is the
so called characteristic function of d(Q?), the leading-twist, canonical part of an
observable. Very importantly, it turns out that Fy(t) is directly related to the modified

Borel transform B[d](u; <) from Eq. (2.15). We construct the characteristic function

by first performing a Taylor expansion of a(tQ?) in Eq. (2.26) around u? = Q>
a(tQ?) = a(kQ?) + (—Bo) In (t/K)as(kQ?) + - - - + (=Bo)" In™ (t/K)ns1 (KQ?) + ...
(2.27)

Given that in the expansion of d(Q?) in logarithmic derivatives a,,; from Eq.
(2.10) the expansion coefficients are d,(x), we exchange integration and summation

with which we conclude that Fy(t) must be a function that satisfies the relations
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d. (k) = (—Bo)" /;Oo %Fd(t) wl m=012. ). (2.28)

It is important to note that this expression can be used to check a priori (i.e.
after the construction of Fy) the consistency of the method applied, by making sure
the characteristic function based on our modified Borel transform ansatz reproduces
the known d,, coefficients. We can relate the conditions in Eq. (2.28) to B[d](u; x)
by multiplying the factor «"/(n!5}) conveniently and summing over n, which means
that

Biduiw) = [ P S  (—utn 4/

t —n

— Bld|(u; k) = /000 %Fd(t)t_“/i“. (2.29)

But taking into account the relation in Eq. (2.21), the common factor " is

cancelled out on both sides and thus we obtain the completely k-independent relation
- ~ < dt _
Bld)(u,k = 1) = B[d]|(u) = 7Fd(t)t “ (2.30)
0

the structure of which very importantly, centrally, and conveniently to Cveti¢’s method
leads us to conclude that the modified Borel transform B[d](u) is the Mellin trans-
form of the characteristic function Fy(t). In turn, this means that the characteristic

function of observable d(Q?) turns out to be the inverse Mellin transform of B[d](u)

r-independently:

Fa(t) = —— / T Bldl () (2.31)

2700 Sy —ioo

Here, ug is any value close to zero where the Mellin transform exists. Hence we
have satisfactorily constructed the resummation of d(Q?) from Eq. (2.26), based only
on the knowledge of the expansion coefficients azn(/f) at a given value of x and the
relations previously derived. However, very importantly, we note that the character-
istic function and resummation this way obtained are k-independent, as is expected

of the original observable.

In the next chapter, we will apply the method outlined in this chapter specifically
to the Bjorken Sum Rule (BSR).
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Chapter 3

Applying the Method to the BSR

Using Cveti¢’s method outlined in Chapter 2, we now carry on to the main part of
this thesis: generating the resummation for the canonical OPE part of the proto-
typical QCD sum rule, the Bjorken Sum Rule, which we described in detail earlier
in Section 1.4. First though, we note that in our work we used a modified version
of the OPE from that of Eq. (1.8), which includes an extra term to consider the
possible nondecoupling of the charm quark as a correction instead of decoupling it as

an infinitely heavy favour

—n,OPE
I (@

ga — H2i(Q%)
)= [L[s0-a@) - s+ LS 6
i=2
where |ga/gyv| = 1.2754 is still the ratio of the nucleon axial charge, and d(Q?)
is still the canonical dimension zero QCD part where we take ny = 3 with all the
characteristics mentioned in Section 1.4. The term dd(Q?),,, is the correction to
introduce the nondecoupling of the charm quark mass. This term is known from

previous literature [38], and can be written as
2 1 Q2 mass., Q2 2
5@ = 5 (n () —20ms=@ (L)) at@ + o), (32

where m,. &~ 1.67 GeV [39] is the pole mass of the charm quark, and O”;jjs ) is
derived explicitly in [38]. More details of this term’s inclusion and meaning can be

found in Appendix A of our recent work [10], but this part is not very central to this
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thesis.

3.1 Generation of the ansatz for B[d|(u)

We start by generating a reasonable, physically motivated, ansatz for Bld|(u; ). Due
to the known large-5, structure of the unmodified Borel transform Bld|(u; ) [16, 34]
of the expansion of the observable, we can use this to inform the structure of our
ansatz for the modified transform as explained at the end of Section 2.1 due to
the expressions there derived. This, in addition to the fact that their renormalon
structures must be similar as argued in Section 2.2, motivates us to select an ansatz

at Kk = 1:

B[J](u) = exp (Ku> n [dllR(l —1u)f +Cz12R(2iu) +J¥V<1_+1_u) +ng(2-ﬁl-u)
(3.3)

Here, ¢ = 1 — k; = 49/81, where k; = 32/81 is the known exact anomalous
dimension of the D = 2 OPE term as mentioned in Section 1.4 (cf. also Eq.(2.25)).
We note that £ # 1 because we know the exact anomalous dimension of the D = 2
term, but for the higher terms this is not the case. For these we know only the large-
By value of the anomalous dimension, which is zero, and thus all the other terms of
our ansatz have an exponent equal to one since we don’t have more information to

modify it.

This proposed ansatz of Eq. (3.3) generates, via the expansion of Eq. (2.15), the
coefficients cin(/i = 1). We have only five parameters: the rescaling parameter K, and
the renormalon residues di®, d®, dVV, dYV. The five parameters are determined quite
simply by solving the system of equations thus established, due to the knowledge of
the first few coefficients d,, (and therefore d, too), i.e. for n =0,1,2,3,4 previously
established in the first Chapter. The resulting values are here presented in Table 3.1
in the five-loop MS scheme as an example, since this is one of the schemes we used

in our evaluation in Refs. [9, 10].

Due to the relation found earlier in Eq. (2.21), we can modify the proposed Borel

transform in Eq. (3.3) quite simply to that where x # 1, which according to that
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Table 3.1: The values of K and of the renormalon residues C@X (X=IR,UV) for the five-parameter
ansatz Eq. (3.3) in the 5-loop MS scheme, where the d taken is such that it corresponds to the 5-

loop MS value d}® = 1557.43 (as predicted by ECH), as obtained by solving the system of equations
established with Eq. (2.15).

scheme ‘ K dIR dIR dVv dvv

MS (5-loop) | -1.82336 7.81560 -14.8199 -0.0413348 -0.0920349

equation results in

- I .
Bld)(u) = exp <(1nm + K)u) T [CZIlR + CleR I CZ%JV L duv

(1 —u)t (2 —u)

(3.4)

It turns out that solving the same system of equation as with Eq. (3.3) and
dy(k = 1) but with Eq. (3.4) and d, (k) returns the exact same results por the five
parameters as in the first case, those of Table 3.1. This shows the consistency of the
chosen approach and solidifies the conclusions of Egs. (2.21) and (2.30), because it
means that we can use our first B[d|(u) ansatz Eq. (3.3) with no loss of generality for
our resummation due to its k-independence. For this goal, in the next section we will
look for the characteristic function of the resummation d(Q?),cs we wish to perform
but we start with Eq. (3.3) set in the case where K = 0, since K is only a rescaling

of the variable and thus can be included later.

3.2 Full Computation of the Characteristic Func-

tion

We will now proceed to use the ansatz to compute the characteristic function Gy(t)
(i.e. the version with K ~ 0, for the reasons explained earlier) we need for the
resummation d(Q?).es. We'll not consider at first the contribution of the K factor,
because we'll include it in a trivial manner later. When B[d](u) fulfils convergence
conditions, its inverse Mellin transform (wherever it exists) gives us this quantity for

a value of ug € | — 1, 1[ , specifically one close to zero, thus:

(1+u) 2 24u)]’



t (3.5)

K0

Galt) = —— / M Bl )

270 Sy —ico

t

27?/ dz Bld|(u=1—iz)

—izln (¢t)

—1<uy <+1 = Gy(t) = e

K0

¢ [ IR JR JvV A9V .
Gd(t) — _/ dZ( '1 + 2 : + 1 : + 2 : )e—zzln(t)' (36)

oo (iz)¢  (14idz) (2—iz) (3—1iz2)

Where the residues di}, di®, dVV, dVV are, for example, those that appear in Table
4.1 and £ = 49/81 is the anomalous dimension of the D = 2 OPE term of the BSR.

We can separate the terms in the integral, so then G4(t) is actually:

t ~+o00 e~z In (t) —+00 e~ In (2)
t) = - |d® d le/ dz
Galt) 2[1 G =5 + e

+o0 —izln (t +OO —izln (1)
—l—cZUV/ dzS ~U /
Ve T(@2-iz) —iz)

Each of these terms can then be solved separately with careful integration. For
the d} term

(3.7)

+o00 e—tzIn ()
T (t) = / s (3.8)

we have a simple pole at z = 7, so we use contour integration along a path that
contains the pole, when 0 < ¢ < 1, such as:
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Im(z)

Re(2)

Figure 3.1: Closed contour of integration in the complex plane for the integrand in
Eq. (3.8), when 0 < ¢t < 1 (Int < 0). Note the simple pole at z = 4, which is
encircled by our contour and thus allows us to use Cauchy’s residue theorem. The
upper semicircle, of radius R, has a null contribution when R — oo (see text).

We consider here only the upper semicircle (as seen in Fig. 3.1), i.e. the case
when 0 < ¢ <1 (Int < 0), because the contour with a lower semicircle (i.e. the case
when ¢ > 1) contains no singularity so its contribution is null. Since this is a simple
pole, we can use Cauchy’s residue theorem to solve the original integral through the

contour version quite simply by integrating

e—izln ()
/Cdz(l i (3.9)
17 In (¢) et In (¢)
= 27i Res,_; (m) — 2milim ((z -0 Z,Z)> = 2mi(—it) = 2nt,  (3.10)

where we can decompose the contour integral in the two parts of the contour

(straight and arc)

e—z’z In (t) e—iz In (¢) R e—iz In (¢)
/ dz — = / dz—— + / dz — = 2mt. (3.11)
C (1+ZZ) arc (1—|—ZZ) —-R (1+ZZ)
We know the arc term to be bounded in the following way using Jordan’s lemma:
e—izln () T 1
d < . —_—. 3.12
/ “Utiz)| = m(®)] ocom | (1 + iRe?) (3.12)

Noting however that for large |R)|
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1
‘ (1+ iRe")

1
~|—= 3.13
o (3.13)

we can actually write the bound for the arc integral as

—izln (¢)
/ dzS -
arc (1 + ZZ)

from where it then follows quite naturally that for R — oo:

e i? In (¢) e~ i2 nts0 ptoo e 7 In (t)
dz — = - —I—/ dz — = 27t 3.14
Lemrm = Lmra L = (3.14)

+00 e~ 12 In (t)

— j(IR,z)(t) = /OO dz(1 i) = 27t, (3.15)

Y

< T 1
~ |In(t)] |R

which is therefore the value of the J;R term that enters into the characteristic
function G4(t) that we were looking for. As mentioned before, when ¢ > 1 (Int > 0)
the contour is closed by a lower semicircle that encloses no singularity, and thus when
applying Jordan’s lemma to that part Jir2)(t) = 0.

Similarly, for the dYV term

+oo e—izln (®)
t) = d , 3.16
j(UV,1)( ) /OO 2(2 _ zz) ( )
once again we have a simple pole, but this time at z = —2¢, so we take a path

such as:
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Re(2)

Im(z)

Figure 3.2: Closed contour of integration in the complex plane for the integrand in
Eq. (3.16), when ¢t > 1 (Int > 0). Note the simple pole at z = —2i, which is
encircled by the contour and thus allows the use of Cauchy’s residue theorem. The
lower semicircle, of radius R, has null contribution when R — oo (see text).

Thus we now consider only the lower semicircle (as can be seen in Fig. 3.2), i.e.
the case when ¢t > 1 (Int > 0), because the contour with an upper semicircle (i.e. the
case 0 < t < 1) is the one that contains no singularity and thus gives null contribution.
Once again we use Cauchy’s residue theorem to solve the integral through the contour

version by integrating

J efizln(t) 517
Lo (3.17)

' e—izln () o _ e—tzIn (t) ) 2w
= 211 Res,—_o; (m) = 27 31_1}5122 ((Z + 22)m> = 2m <t_2> = _t_2a

(3.18)

where we can once again decompose the contour integral

—izln (¢) —izIn (¢t) -R —izln (¢) )
Jat—= [ @t [ s =-T G
C (2 - ZZ) arc (2 - ZZ) R (2 - ZZ) t?

The arc term is then bounded in a similar way as in the previous case through

—izln (¢)
/ dz ¢ ,
arc (2 - ZZ)

Just as in the previous case, for large |R|

Jordan’s lemma

1
(2 — iRe™)

s
< - max

. 2
“In (t) 0e(m,27] (3 0)
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1 ~
(2—iRe?)|

L
R

, (3.21)

hence we write the bound for the arc integral as

—izIn (¢t)
/ dze ,
arc (2 - ZZ)

from where it is easy to see that in the limit R — oo

—iz1n (¢) —izln ()0 p-oo —iz1n (¢) 2)
/dze , :%+/ des = (3.22)
C (2 - ZZ) arc (2 - ZZ) oo (2 - 7’2) t?

0 e~z In (¢) o

= j(UV,l)(t) = /OO dzm = 2 (3.23)

< s 1
“In(t) R/

which is therefore the value of the dVV integral we wanted for Gy4(t). As mentioned
before, in this case when 0 < ¢t < 1 the contour is closed from above and thus

by Jordan’s lemma we get \7(Uv,1)(t) = 0 since such a contour would contain no
sengularity.

In much the same way as the two previous cases, for the dYV term

oo p e—izln (®)
t) = A 3.24
Tova®) = [ dsos (3.24)
where we again have a simple pole, this time at z = —3i, so the path we take is:
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Re(2)

Im(z)

Figure 3.3: Closed contour of integration in the complex plane for the integrand in
Eq. (3.24), when ¢t > 1 (Int > 0). Note the simple pole at z = —3i, which is encircled
by the contour and thus allows the use of Cauchy’s residue theorem. The lower arc,
of radius R, contributes zero when R — oo

(see text).

We take again only the lower semicircle (as can be seen in Fig. 3.3), the case when
t > 1 (Int > 0). Then, we can use Cauchy’s residue theorem to solve the integral

through the contour version

—izln (t)

/C dzh (3.25)

. e—izln (t) o ) e~ tzIn () N 21
i R (G ) =2t i (90— ) =2mi (35) = =5

(3.26)

where this contour integral can be decomposed as

—iz1n (¢) —iz1In (¢) —-R —iz1n (¢) )
/dze , :/ P +/ P (3.27)
C (3 - 7’2) arc (3 - ZZ) R (3 - 7’2) t3

The arc term is bounded according to Jordan’s lemma

T 1

e—izIn (t)
! 0@ T | 3.28
/ “B—iz)| T n(t) ectnan | (3~ iRe?) (3.28)
In particular, for large |R| we have
1 1
B—ike® |~ |R 3.29
‘ (3 —iRe) ‘R ’ ( )
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hence the bound for the arc integral is

e~ tzIn ()
d
\/arc : (3 - ZZ)

from where it follows that in the limit R — oo

efizln () efizln 0,0 p—oco efizln (t) o
dy— = dz——— = —— 3.30
/c B=ir) A B-iz) /oo B B (3.30)

BT
“In(t) R/

00 e—tzIn () e
— t) = dz——— = —, 3.31
which is therefore the value of the dJV integral we wanted for G4(t). As mentioned
earlier, for the case when 0 < ¢t < 1, the contour is closed from above and and through
Jordan’s lemma we get for that part Juv,2)(t) = 0 since that contour would contain
no singularity:.

Finally, for the JllR term the procedure is different from the other cases, because
we do not have a simple pole. For this term

+o00 —izIn (t)

u7(IR,1)<t):/ dz e (3.32)

—00

where 0 < £ < 1, we can see that we have not only a pole but also a cut in the
positive imaginary semiaxis (iz < 0), so in this case we use contour integration with

a path that does not contain the cut such as:

33



Re(2)

Figure 3.4: Closed contour of integration in the complex plane for the integrand in
Eq. (3.32), when 0 < ¢ < 1 (Int < 0). Note that the contour does not enclose the
pole at z = 0 nor the whole positive imaginary semiaxis. We have vertical lines of
integration where z = i(s) £ ¢, for § < s < R. For limits we will use R — oo and
0<e<gd—+0.

It is clear from Figs. 3.4 that the path we need passes twice through the lower
arc of the circle around the pole, which can be seen separately in Fig. 3.5. For our
evaluation we can take a different variable 0 < s < R, with which in the vertical part
of the path we then have z = i(s) £ € where 0 < ¢ < §. To evaluate our integrals we
will eventually take the limits 6 — 40 and R — oc.

iR iR

Figure 3.5: Sections of the contour from Fig. 3.4 that pass around the pole at z = 0,
both of which give no contribution to the full integral as is shown in the text. (a)
Circular portion of the contour around the pole, traced clockwise. (b) Semicircular
portion of the contour around the pole, traced counterclockwise.

First, we can prove that the circular (and in the same way the semicircular) part

around the pole from Fig. 3.5 does not contribute

—izln (t)

Teire(t) = /Circ dZWa (3.33)
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by first noting that

z=0e" = §cosf+idsinf = dz = se"idb, (3.34)

and that (i)~¢ = e7"2¢, and also |z| = § because of the radius of the circle, we can
see that

Teire(t) = €772¢ / dz z e (3.35)

circ

— 6—1'72"5/ do Z-geie(s—fe—ifee—i(éew)ln ()
circ

= 6079 (e772¢) 4 / df 018 =10 ) (@), (3.36)

Given that in our case 0 < £ < 1, and the integrand is bounded (|e?=9)| = 1,5 —
+0), when taking the limit we need for our full integration of the term (i.e. § — +0)
in Eq. (3.36), we see that the factor in front of the integral §'=¢ — 0 which means the
whole circular (and semicircular) part of the full integral gives a null contribution. We
note that the integral in Eq. (3.36) is bounded independently whether the integration

is along the circle or the semicircle from Fig. 3.5.

The larger arc of the path also gives a null contribution, on account of it being

bounded by Jordan’s lemma (when 0 <t < 1,ie. a=—Int > 0)
e—izln (t) T 1
< . S 3.37
/ (i2)€ | = In(t) eciom | (iRe?)E | (3:37)

where we can clearly see that when R — oo, the limit we shall use later for the
integration, the right side goes to zero, thus showing we have no contribution from

the larger arc.

Hence, only the horizontal and vertical sections of the path remain to be addressed.
Since our path does not contain a pole, we know the contributions from those sections
must cancel each other according to Cauchy’s theorem. Therefore, we gather that
the only important contribution for computing Jir1)(t) can be found by simply

evaluating that of the vertical sections where z = i(s) £¢, 6 < s < R (as seen in Fig.
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3.4), which we can also separate as

Z. = 1S+ €
* (3.38)
Z_ =18 — €,
which means that
dz. = 1ids
i (3.39)
dz_ = 1ids.

Then, given all the conditions we have explained previously and according to

Cauchy’s theorem, the contribution of the term is given by

0 o —iz4 In (t) R  —iz_ In(t)
et 1€
Jar 1 (t) = — (/ ds———— +/ ds,—)
(D R (124)¢ 5 (iz-)*
_ (/R dsiefliz_ In (t) B /R dsl'ef.iz_»,_ In (t))
) (iz-)¢ 5 (iz4 )%
R 6(s+ie) In (t) e(sfie) In (t)
= —i/ — — . ds
5 (—s —ie)s (—s+ie)
ey /R sn () eleln (t) B e—teln (t) y
= —1 e - X S
5 (—=s—ie)¢ (—s+ie)s

i [ (G ) .

where the denominators can be rewritten as

3

(—s —ie)* = (\/m(cosgo + isin gp))
. (3.41)

(—s +i€)* = <\/ s2 + €2 (cos p + isin gp)) :

therefore, when e < § — +0, these relations are perfectly fulfilled for ¢ = —7, 7
respectively. This and the corresponding selection of ¢ for each of Eqs. (3.41) can be
easily understood when seeing it graphically as in Fig. 3.6.
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Im(s)

« —S+1€ ¥

Re(s)

Figure 3.6: Illustrative representation of the selection of the angle ¢ in Egs. (3.41), in
the complex s-plane. The angles ¢, —p “approach” the points (—s+ie) and (—s —ie)
from their respective sides and thus for € — 0 it is evident that ¢ = 7 is the one we
must take for (—s + i€) and ¢ = —7 for (—s — ic).

Now, noting that (v/s?+ €2 (cos¢ + isin <p))é = (s¢)* in the limit e — +0, we
can make such selection and write
(—s — z'e)£ = (se‘”)5

| (3.42)
(—s +i€)* = (se”)g )

with which we can now rewrite Jiir1)(t) in Eq. (3.40):

R N, 3.43
\Y(IR,l)(t> - _2/5 t (Se—icp)g o (Sei@)g 5 ( ' )

Now, when taking the limits R — oo, e — 0, and afterwards 6 — 0 this gives

== 0 (e ~ )

= —i/ s (e — ™) ds, (3.44)
0

but ('™ — e~™) = 2isin (¢{7), so this is actually
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= 2sin (ﬁﬂ)/ ds t°s~¢
0

ra-¢

= 2sin (fw)W.

(3.45)

Therefore we conclude that the contribution from the CER term, when ¢ < 1 and
0<é<,is

T 1

() (log (1/2))=¢

When ¢ > 1, we close the contour from below, but in that case no cuts (and no

Jar(t) =2 (3.46)

pole) are enclosed, so we get Jir,1) = 0 from Jordan’s lemma. In that case, the pole
at z = 0 is avoided as in Fig. 3.5b, or even by a d-radius semicircle from above; it

does not matter in any case because  — +0.

With this, we have all we needed to write the full expression for the characteristic
function from Eq. (3.7), and so combining Eqs. (3.15), (3.23), (3.31) and (3.46) we
get

Galt) = (CZ{RFE;) s (1t/t))15 v @Rntz) Ol —1) + (cZE"% + J;”%) ot — 1),
(3.47)

3.3 Inclusion of the ef(“ Factor and Resummation

We will now outline how the eX* factor we “lost” in Eq. (3.5) (because we did not
use the full renormalon-motivated ansatz from Eq. (3.3)) is to be included to obtain
the correct resummation. We want to obtain a characteristic function Fy(t), i.e. the

version where K # 0, for which we will start by taking the direct approach:

1 up~+100 5 B
Fy(t) = —/ du e™" Bld](u) t (3.48)
2mi U0 —i00 K—0
t [T o ~ ,
= — dz ef(1-i2) Bld(u=1—1iz) ez ()
21 J oo K—0
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t K +oo ~ ) -
= dz Bldj(u=1—iz)| e #n®-izk (3.49)
2m —00 K0
But, since K = In ek , we can rewrite this as
. ﬁ oo 7 1 —iz(lnt—l—lnek)
Fy(t) = dz Bld(u=1—1z) e
2m —00 K0
t K +oo ~ ) _
- dz Bldj(u=1-iz) etz (te")
27T —0o0 K—0
— Fy(t) = Gy(te"). (3.50)

This means that, to include the full Borel transform as required for our resumma-

tion, it suffices to take t' = eKt in Eq. (3.5) and following through with the procedure

shown earlier, this implies

Int' =Ilnt + K
' dt (3.51)
vt

With this transformation we can then simply use the computation developed in

the previous section for G4(t) for the resummation (Eq. (2.26)) itself

Qs = /0 T Rwate) = /O Youtare o). @s2)

Then, we just rename our variable ¢’ — ¢ in the rightmost expression and thus

obtain the full resummation using Eq. (3.47) as follows:

Qs = / L autatre *@?) (3.53)

dt dR 01 —1t) IR B o v .o k2
/0 T ( (ln(l/t))lfﬂd2 Ol =1+ =76t =)+ =56l 1)> (te™" Q%)

i ( T ) e @y [T (G ) et

(3.54)
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Where £ = 49/81 is the anomalous dimension of the D = 2 OPE term of the BSR

and, in the MS scheme for example, the residues d¥, C%R, J}JV, cZgV would be those

appearing in Table 4.1.

Remembering what was said about the pQCD coupling a(Q?) in the first Chapter,
since it has unphysical Landau singularities at low positive )2, these singularities
must be avoided in our integration of Eq. (3.53) because it makes the integration
ambiguous. This can be accomplished by using a principal value-type regularisation

where we slightly deviate from the real axis

d(Q*)res = Re [/000 %Gd(t)oz(te_f(Q2 +ig)| . (3.55)

However, as mentioned in the first Chapter, there exist holomorphic variants of
QCD (AQCD) which have infrared-safe, holomorphic couplings A(Q?) that have no
Landau singularities and practically coincide with a(Q?) at large Q. In such cases,

no regularisation is needed, and thus the resummation can be directly evaluated as:

< dt ”

0(Q)sen D = / Y oun Ao, (3.56)

0

This is what we did in Refs. [9, 10] where we made the evaluation of the canon-
ical d(Q?) part of the BSR with both a pQCD-based resummation as well as an
AQCD-based resummation, and also fitted the higher-dimension OPE terms to the
experimental data for the BSR up to D = 4.
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Chapter 4

Resummation Results for the BSR

As mentioned in the previous chapter, we will now briefly discuss some of the results
obtained in our recent work [9] (and further expanded upon in [10]) for the evaluation
of the polarised Bjorken Sum Rule as outlined in Chapters 2 and 3, and also for the
inclusion of the higher-dimension OPE terms up to D = 4 through the fitting of our

resummation to the available experimental data mentioned in Section 1.4. We start

by presenting now the results of the setting of the parameters from the Bld](u) ansatz
Eq. (3.3), but now not only in the five-loop MS scheme, in Table 4.1.

Table 4.1: Values for the parameters obtained in our recent work Ref. [9] for various further
renormalisation schemes. The values of K and of the renormalon residues (ijx (X=IR,UV) for the
five-parameter ansatz (3.3) in the (5-loop) MS and in the ‘P44’ scheme with ¢z = 9. & ¢3 = 20., and
with cS(= 4.47106) and }5(= 20.9902) (for the schemes ‘P44, see Sec. 4.1), when dy is taken as
that which corresponds to the 5-loop MS value dﬁTS = 1557.43 (as predicted by ECH). The last line
is again for the case of ‘P44’ scheme with co = 9. & ¢3 = 20., but dETS = 1557.43 — 32.84 = 1524.59.

scheme ‘ K CER CER JPV JEV

MS (5-loop) | -1.82336  7.81560 -14.8199 -0.0413348 -0.0920349
MS (P44) | -1.83223  7.86652 -14.9299 -0.0444416 -0.0776748
co=9. & c3 = 20. (P44) | 0.450041 0.331813 0.231437 -0.0809782 -0.0964868

A = 1524.6 | 0.528239 0.276962 0.283465 -0.100381  O(107?)

This shows an interesting behaviour of the parameters when we vary the renor-
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malisation scheme, and thus we will now study this variation briefly. For more details
omitted here, see Ref. [10].

4.1 Renormalisation scheme variation

First we notice from Table 4.1 that in the MS scheme we have the two IR renormalon
residues CER and CER with large values and opposite signs. This would mean that
the two corresponding contributions to the canonical part of BSR, d(Q?), are large
and have opposite signs, giving possible strong cancellations, which would be an

unexpected behaviour.

The expectation, based on the arguments in Refs. [40, 41], is that the leading IR
renormalon contribution (IR;: oc diR) gives us the dominant contribution to d(Q?),
and that the subleading IR contribution (IRs: o CER) as well as the UV renomalon
contributions (UV;: CEJV; j = 1,2) all give numerically subdominant contributions
to d(Q?). This is evidently not the case in our obtained renormalon-model resumma-
tion (3.55) in the MS scheme as seen in Table 3.1. Therefore, we will vary the renor-
malisation scheme (via the leading renormalisation-scheme parameters ¢, = S/ 5o;
k = 2,3) in such a way as to achieve the expected hierarchy of the four different

renormalon contributions.

As mentioned earlier, the quantity d(Q?) must be renormalisation scale and scheme
independent, so one may think that the resummed results (3.55) must be too. The
evaluated resummed quantity is exactly renormalisation scale independent, as men-
tioned above. However, it is not scheme independent (i.e., §;-independent, where
j > 2). This is so because the expression (3.3) for B [cﬂ(u) in general does not contain
all the terms. As was alluded to at the start of Chapter 3, the anomalous dimensions
corresponding to the three renormalons where u = 2, —1, —2 were taken to be zero (as
are in the large-f5y limit) and consequently the corresponding singularity structures
there were taken to be simple poles. In reality, these terms are expected to be different

from simple poles. Further, for each such term 1/(pFw)"* in B[d](u) we expect to have

)H—l

other, subleading terms ~ 1/(p F u , and those terms were not included either,

i.e., they were “truncated out” because of lack of information. The five-parameter
ansatz (3.3) is therefore a simplified and truncated version, in which we were able
to determine the parameters on the basis of the information about the pQCD per-

5

turbation series (2.10) truncated at ~ a5 ~ a°. Hence, we cannot expect that our



resummed results (3.55) are invariant under scheme variation and, additionally, we

will have uncertainties of the extracted parameter values from scheme variation.

The procedure is as follows. We vary the scheme, by varying the ¢, and c3 scheme
parameters (where ¢; = f;/0y). There are also other, more subleading, scheme pa-
rameters (; (or ¢; = B;/By) (j > 3). For convenience, we vary only the first two
¢j (j = 2,3) and construct the beta-function with such ¢; which allows an explicit
solution for the running coupling a(Q?; ¢z, c3) in terms of the Lambert function as
seen in Ref. [42]. The corresponding beta-function S(a) has a Padé [4/4](a) (‘P44’)

form, i.e., 5(a) is a coefficient of two polynomials of a, each of them of degree 4

da(Q?) B 1+ apc1a(Q?) + arcia(Q?)?]
dln Qz - 5<G(Q2)) = _6OQ(Q2)2 [1 — alc%a(QQ)Q] [1 + (CLO _ l)clal(QQ) + alc%a(C%Q)?])’
4.1
where ¢; = 3;/5, and
ag = 1+ C3/Cz1)’, ay :C2/C%+ C3/Ci1)). (42)

Expansion of this S-function up to ~ a(Q?)® gives the expression (2.5) in terms of
only co and c3. In Ref. [42] it was shown that the RGE (4.1) has explicit solutions in

terms of the Lambert functions Wx4(2)

-1
Q) = 2 |V~ 1= W () + (VT W) — e+ vam) |
(4.3)
where wy = ¢p/c?, wy = c3/c}, Q* = |Q?| exp(i¢). The Lambert function W_; is used
when 0 < ¢ < 7, and W1 when —7 < ¢ < 0. Also, we have

z=2(Q%) = _ L (A%)Wq . (4.4)

c1€ @

Where scale Ay is the so called Lambert scale (A, ~ Agcp). The class of schemes
that have the explained formulation are called ‘P44” schemes. The coupling (4.3), is
also the used in the resummation (3.55), and has n; = 3, because this resummation
corresponds to the perturbation expansion (2.10) or equivalently (2.1) of BSR at low
@Q? where n; = 3. The coupling (4.3) is determined by the value of ay(M%; MS)
(which is defined at N; = 5) via the 5-loop MS RGE running and the corresponding
quark threshold relations, and by thus changing the scheme from (5-loop) MS to the
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‘P44’ scheme at Q* = (2m,)? — 0 (with N; = 3) by some known transformations (see
Appendix D of [10]).

For example, when we choose the P44 scheme with the MS values of ¢, and ¢,
the parameters of B [Elv] (u) are those in the second row of Table 4.1, and we get results
very close to the 5-loop MS case (first row therein). The resummed d(Q?) expression
(3.55), at Q* = 3 GeV?, divided in its separate renormalon contributions is given
in the last row of Table 4.2 in this (P44) MS case, which shows that the two IR
contributions are large and with strong cancellation. For this reason, we will consider

such a scheme as unacceptable in our approach.

We, for the reasons explained earlier in this section, need a certain hierarchy of
the renormalon contributions so that our resummed result adjusts to the theoretically
expected behaviour. Thus, we will confine ourselves to the schemes (P44-class) which
give us the following type of contributions to d(Q?):

1. The IR (u = 1) renormalon contribution d(Q?)ir; is the dominant contribution.
2. The rescaling parameter K in B[gl](u) is |I?| < 1.

3. The IR (u = 2) renormalon contribution d(Q?)ir2 is in the range 0 < d(Q?)re <
d(Q*)ir1

4. The UV (u = —2) renormalon contribution d(Q?)yy2 should not be too large:
|dSV| < 0.5.

The conditions 2. and 3. turn out to be related: when d(Q?)re < 0, we usually
have ]I? | > 1, and d(Q?*)r1 and d(Q?)re are large and with opposite signs and
thus largely cancel. Taking into account these conditions, we obtain as acceptable
(P44)-schemes those with

o =92, c3=204%15. (4.5)

We note that when ¢ goes below the value (9—1.4), the value of | K| becomes suddenly

large and we once again obtain strong cancellations of d(Q?)r1 and d(Q?)1ro.

In Tables 4.2 and 4.3 we present the results for these P44 schemes, when ¢y and
c3 have the central values, or one of them varies to an edge value given in Eqs. (4.5):

In the first case the parameters of B[d|(u), and in the second the decomposition of

d(Q?) into the four renormalon contributions.
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Table 4.2: The values of parameters of the five-parameter ansatz (3.3) in the P44 renormalisation
schemes, for various scheme parameters co and c3. Included are also the corresponding numerical
values of the canonical BSR d(Q?) for the renormalon-motivated resummation (3.55), at Q% =
3 GeV? (and Ny = 3) and for ay(M2;MS) = 0.1179. The coefficient d, corresponds to the 5-loop
MS coefficient value dq(MS) = 1557.43 as predicted by ECH.

I S Y S S AN
9. 20.]0.450041 0.331813 0.231437 -0.0809782  0.0964868 | 0.1816
7.6 20. | 0.896252 0.210843 0.137235  -0.158441 0.394581 | 0.1843
11.0 20. 0.12894 0.422324 0.301175  -0.015641  -0.477922 | 0.1807
9. 5.1 0.359327 0.474866 -0.026115 -0.080151  -0.126694 | 0.1737
9. 35.10.484948 0.237256 0.431189 -0.067963 -0.133156 | 0.1888

A S| 183223 7.86652  -14.9299 -0.0444416 -0.0776748 | 0.1632

Table 4.3: The values of the corresponding numerical values of the canonical BSR d(Q?) as well
as its numerical decomposition to the four renormalon contributions, for the renormalon-motivated
resummation (3.55), at Q> = 3 GeV? (and N; = 3) and for a,(M2;MS) = 0.1179, for various
scheme parameters ¢z and c3 in the P44 renormalisation schemes covering the intervals Eq. (3.3).
The coefficient d4 corresponds to the 5-loop MS coefficient value dy(MS) = 1557.43 as predicted by
ECH.

G C3 ‘ d(Qz) ‘ d(Q2)IR1 d(Q2)1R2 d(Q2)UV1 d(Q2)Uv2
9. 20.]0.1816 0.1631 0.0597 -0.0247 -0.0164
7.6 20.|0.1843 0.1196 0.0421 -0.0551 0.0777
11.0  20. | 0.1807 0.1904 0.0701 -0.0044 -0.0752
9. 5.1 0.1737 0.2243  -0.0064 -0.0236 -0.0207
9. 35.]0.1888 0.1188 0.1143 -0.0212 -0.0232

A 101632 | 1.9466 -1.7675  -0.0082  -0.0076

)
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In Fig. 4.1 we present the resummed results for the canonical BSR part d(Q?)
of the OPE Eq. (3.1), Eq. (3.55), for the considered central case of renormalisation
scheme (P44 with ¢ = 9. and ¢3 = 20.) and with the strength of the coupling
corresponding to the known value a,(M2; MS) = 0.1179 (giving Ay, = 0.2175 GeV),

as seen in [9] and further expanded in [10].

0.5 :
0.4 " (M,) = 0.1179
0.3/
C\I\O/ 02 [ l"
© :'
0.1k — PQCDys
I 36AQCD e
0.0f
----- TPSis
-0.1
0 1 2 3 4 5

Figure 4.1: The resummed canonical part of the BSR, d(Q?).es, according to Eq. (3.55), in the
‘P44’ renormalisation scheme with ¢; = 9. and ¢35 = 20., for Ny = 3 (‘pQCD,.,’). The strength
of the coupling is determined by as(M%;MS) = 0.1179. The resummation with the corresponding
35AQCD coupling is included, for comparison (‘3dAQCD,.,’). Further, we include the evaluation
as the truncated perturbation series (TPS) in powers of a = a(Q?) in MS scheme, up to ~ a® term

and with the corresponding coefficient, d}'® = 1557.4 (‘TPSgg’). Graphic as obtained in [9], more
comparisons can be found in [10].

We can clearly see in this Figure that the pQCD curve loses its expected behaviour
for Q% < 1.44 GeV? with a soft kink. This occurs because for such low Q2 the effects
of the Landau singularities of the pQCD running coupling a(te‘f~< Q? + i) in the
integral (3.55) become significant. We conclude that the used renormalon-motivated
resummation in the considered scheme starts failing at Q? < 1.44 GeV? due to the
Landau singularities of the pQCD running coupling. This motivates the use in our
works (though not detailed in this thesis) of some AQCD variants to get better

performance out of our chosen method of resummation.

In Fig. 4.1 we included, for comparison, the results of the resummation Eq. (3.56)
when the coupling a(Q?) — A(Q?) is holomorphic (i.e. without Landau singularities).
We used a specific 36AQCD coupling, for the case a,(M%; MS) = 0.1179 and with
the spectral function p(o) = ImA(—oc — ie), for details see [31, 32]. We see that in

46



the 36AQCD case the resummation converges quite rapidly to the pQCD values with
higher Q? but, although it does not have a kink as the pQCD, it does tend to zero
quite rapidly at very low Q2. Also for comparison we included in the figure the pQCD
truncated perturbation series (TPS) curve in the MS scheme (with £ = 1), which has
the bizarre behaviour of becoming infinite at around Q? ~ 0.40 GeV?, which is the
branching point of the unphysical Landau cut of the pQCD coupling. The TPS curve
does not exist for Q% < 0.40 GeVZ2. This clearly shows that the use of the pQCD
resummed approach from our work already considerably improves the results for low

energies when compared to the usual approach of simply truncated series.

4.2 Fitting to Experimental Data

In Figs. 4.2 we present the numerical results for the inelastic BSR T ' (Q?) from

various experiments [17-23], with the statistical and systematic uncertainties.
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0.05F = EG4/E97110 v E94010/EGla o HERMES - 0.05[ . = EG4/E97110 v E94010/EGla o HERMES -
? + EG1b o COMPASS JLABRSS + EG1b o COMPASS JLABRSS
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Figure 4.2: The measured results for the inelastic BSR T " (Q?) for different experiments [17-23],
with the statistical (left Figure) and systematic (right Flgure) uncertainties, as presented in Refs.
[9, 10].

We will perform the fit by using for d(Q?) the resummed expression (3.55) with
the (ny = 3) pQCD coupling in the P44-type renormalisation scheme where ¢, = 9.
and ¢z = 20., such that it corresponds to a,(M2; MS) = 0.1179 (n; = 5) which is the
central value of the world average [39]. The fit parameters will be either fy or (fa,
L), i.e. we truncate the OPE (1.8) at D = 2 or D = 4 respectively.

We do not know which experimental uncertainties are correlated and which are

not. The statistical uncertainties could be uncorrelated, but the correlations of the
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systematic uncertainties are expected to be considerable and difficult to estimate.
Therefore, we follow the method of unbiased estimate [11, 43, 44] which tries to
minimise a certain parameter k (also see for details the corresponding fit section
in [10]). In practice, we always obtain 0 < k& < 0.5. The experimental uncorrelated
uncertainty (exp.u.) of the extracted parameters is then obtained by the conventional
methods (See for example Appendix of Ref. [45]). The correlated experimental
uncertainties (exp.c.) are then obtained by shifting the central experimental values
T "(@2) by (1 — Vk)oys(Q?) up and down and redoing the fit for these values.

We point out that the smaller the obtained value of k, the better the fit. It turns
2

that we choose. We chose Q2. = 1.71 GeV? for the fit with two parameters (fa, pg)

min

out that, in the above approach, the results depend considerably on the value of )

for the following reasons:

2

1. If we decrease Q);;, to the adjacent lower neighbouring data points, the value

of k increases.

2. one step further, to 1.44 GeV?, then we can see numerically

that the evaluation of d(Q?) via Eq. (3.55) is already on the border of applica-
bility at such @2, due to the effects of the Landau singularities of the coupling

2. If we decrease @)

a(te_f{Q2 + i€) in the integral, as seen in Fig. 4.1.

3. If we increase Q2. above 1.71 GeV? to the upper neighbour 1.915 GeV?, the

min

value of k increases (to k = 0.180).

2

4. If we increase )7, even further, we obtain the results with strong cancellations

between the D = 2 and D = 4 terms.

For all these reasons, we choose Q2. = 1.717029° GeV? and the value of k

parameter is k = 0.1621.

If the fit is performed only with one fit parameter (f5), similar estimations give
us Q% = 1.71+8:§’$ GeV?, and the value of k parameter is k = 0.1487.

min —

With the approach described above, we obtain the final result for the fits. For the
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two-parameter fit the result is k£ = 0.1621 and

fa = —0.1607g05(c2) 0030 (€3) 70041 (@) 70015 (da) F 0.043(ren)

T e(Q24,) £ 0.160(exp.u.) £ 0.297(exp.c.), (4.6a)
pe = +0.02255503(c2) 10.004(c3) Fo.008 () Loas (da) F 0.010(ren)

—0.006(Q2 . ) £ 0.062(exp.u.) T 0.059(exp.c.) [GeV4]. (4.6b)

The quantity pg is in units of GeV*. Here, the uncertainties at ‘(cy)’ and ‘(c3)’ come
from renormalisation scheme variation Eq. (4.5). The uncertainty at ‘(as)’ comes from
the world average uncertainty a,(M2; MS) = 0.1179 4 0.0009 [39]. The uncertainty
at ‘(dy4)’ comes from the variation of dy in such a way that the corresponding (5-loop)
MS value dﬂTS varies according to its known range. The uncertainty at ‘(ren)’ is the
renormalon uncertainty, it appears when in the evaluation of d(Q?), Eq. (3.55), we
add or subtract the same integral, but only imaginary part (divided by ) instead of
the real part [£(1/7)Im(...)]. These are all the theoretical uncertainties.

The uncertainty at ‘(Q%;)" can be regarded as coming primarily from experi-
= 1.71703% GeV? as

b

mentioned above. The experimental uncertainties at ‘(exp.u.)’ and ‘(exp.c.)’ were

mental uncertainties, and it originates from the variation Q2 =

addressed in the previous paragraphs.

The one-parameter fit (f,) gives, on the other hand, k = 0.1487 and

fo = —0.1077 0001 (c2) T 0035 (c3) £ 0.020(crs) F 0.009(dy) F 0.067(ren)
001292 ) +0.033(exp.u.) & 0.154(exp.c.), (4.7)
Here, the uncertainty (Q2,) comes from Q2. = 1.717332 GeV? as mentioned above.

If we did not include the charm decoupling violation term §d(Q?),,., Eq. (3.2), in
our analysis, then the results would change very little and all the uncertainties would
remain practically unchanged (see [9]). The k parameter values would change from
0.1621 and 0.1487 to 0.1626 and 0.1493, respectively, which means the fit would be
only very slightly worse.

The above results show that we have a competition between various theoretical
uncertainties (which are in general moderate), and various experimental uncertainties
of the extracted values which are large and are in general dominant over the theoretical

uncertainties. The experimental uncertainties of the extracted parameter values have
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their origin, directly or indirectly, in the large statistical and systematic uncertainties
of the BSR data points. The large experimental uncertainties of the data points make
the deduction of the preferred value of a from the BSR data practically impossible,

and hence we took the world average data for a; [39].

In Figure 4.3 we present the obtained fits T%"(Q?; fo, ug) and I'}""(Q?%; f2) in
pQCD using the OPE terms from Eq. 3.1 with the central fit values of Eqs. (4.6,

4.7). For comparison, the experimental data points are included.

0.25
0.20
< 0.15
Q
I—
0.10 H%{
} % — LT+D2+D4
0.05! 1'%
0.5 1 5 10
Q[GeV?]

Figure 4.3: Fitted curves I} ™" (Q?; f2, us) and T " (Q?; fa), for the one-parameter (LT+D2) and
two-parameter (LT+D2+D4). The coupling used is that of pQCD. Experimental data points are
included for comparison. The vertical line indicates the value of the left end of the fit, Q%, = 1.71
GeV?. Figure from [10].

It is clear from the figure that although the behaviour of the obtained quantity
when including the further OPE terms to our resummation is better than that of
using only the canonical part (from Fig. 4.1), but it is still far from the experimental
data for Q? < Q2. . This is because we are still using the pQCD coupling that has

Landau singularities in the very low Q? regime.
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4.3 Using the Method with AQCD

Due to the problems with the coupling seen in the two previous sections, there is
room for improvement in the results of our resummation approach by the use of
holomorphic variants of the QCD coupling such as those mentioned in Section 1.5,
which don’t have Landau singularities, that make the evaluation of the integral of
the resummation Eq. (3.55) not have ambiguities and thus enhance our predictions.
This was done and presented in Ref. [9] for 30AQCD (developed in [31, 32]) only
for comparison with the pQCD resummation, and for both 20AQCD (developed in
[30]) and 30AQCD in Ref. [10] with a much deeper analysis. We present here those
results, analogous to those resummed with pQCD, though for comparison purposes
only, as this is not the focus of this thesis (for details in how these AQCD variants
were constructed see Appendix F of [10]). We note that the process is very similar

from the previous case so we do not reproduce them here.

In Figures 4.4 we present the resulting fitted curves for T?"(Q?; fa, ug) and
[27"(Q?; f,) with our resummation method in 20 AQCD and 36 AQCD.

----- 36AQCD: LT+D2 --- 36AQCD: LT+D2+D4

H}&Hﬁf ..... S| Mﬁ%ﬁ# TR e

0‘5 1 5 ‘IIO 0.5 ‘I 5 ‘IIO
Q*GeVv3 Q%GeVv4

Figure 4.4: Fitted curves for the BSR I'/”""(Q?): (a) for the one-parameter fit; (b) for the two-
parameter fit. The couplings used are those of 26AQCD and 3§AQCD. Experimental data points,
and the pQCD fit from Fig. 4.3 are included for comparison. The vertical line is the limit of the left
end of the fit for the AQCD curves, Q2 = 0.592 GeV2. Figure from [10]

min

We can see from the figures that using the resummation method explored in this
work with any of the two mentioned AQCD variants significantly enhances the coin-

cidence of the obtained results to the experimental data, at least visually, especially
2

in the region Q* < @Q2... This is especially notorious when comparing with the

resummation using the pQCD coupling from Fig. 4.3.



Chapter 5

Conclusions and Future

In this work, we explored the reasons that motivate the use of methods different from
the usual perturbation theory approach when we want to evaluate QCD observables
in the low-energy, long-distance, infrared regime. In particular, we studied, outlined,
and applied to the polarised Bjorken Sum Rule a specific method [8] that prescribes
the evaluation of the canonical QCD part of observables through a resummation
based on the known renormalon structure of those observables, as well as the use of
the OPE form of them to enhance the mentioned resummation and perform fits to
data (when available, as is the case for the BSR). The resummation can be performed
(and has been) both with the usual pQCD coupling and with those of AQCD variants
like 26 AQCD and 30AQCD. This resummation was also proved to be invariant under

renormalisation scale variation (though this is not the case under scheme variation).

The method chosen can be summarised as follows: First, we constructed the
expansion series and its logarithmic derivative analogue for our observable d(Q?) (in
this case the BSR); then, the Borel transform of these quantities were generated which,
coupled to the renormalon structure of the observable, allowed us to make an ansatz
for the modified Borel transform with which to fix its parameters by using the known
perturbative coefficients; afterwards, we computed the full characteristic function
that turns out is the inverse Mellin transform of the previously mentioned transform,
and then used it to perform the renormalon-based extension of the canonical part of
the observable, which was our goal; finally, we explored how renormalisation scheme
variation alters our resummation results, and how our results can be extended in OPE

and used to fit to experimental data.
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In particular and in a very detailed way, we studied the specifics of performing
the resummation of the canonical d(Q?) part of the polarised Bjorken Sum Rule, as
seen in Chapter 3, especially the contour integrals necessary to evaluate the resum-
mation characteristic function due to the renormalon structure. These details were
not contained in previous publications, they were only alluded to in general, and
thus are novel. This full application of that part of the Cveti¢c method shows that
the use of the modified Borel transform B[d](u) and the modified coefficients d, ()
brings about a simpler structure for the associated integrals which makes the use
of the renormalon structure more straightforward than the original version of those.
This in turn allows for the resummation itself to be performed in a simple way, and
the results show that using resummation makes the evaluation much better than just
truncating the perturbation series, especially when using AQCD couplings that have

no Landau singularities.

With the results shown in this work, from [9, 10], it was well established that
using a renormalon-based resummation is more reliable than plain truncation of the
expansion and that this method fulfils our desired conditions from Section 1.6, and
even more so when using AQCD couplings. The results and experience therefore leads
us to conclude that for observables like the BSR for which we know the renormalon
structure, the method studied improves the theoretical description of the observables
through its use of resummation , and highlights the possibility of using holomor-
phic couplings that have no singularities but are compatible with the original pQCD

couplings at higher energies.

It only remains, then, to keep testing this promising method at low energies with
other spacelike QCD observables whose renormalon structure is known and for which

there are experimental data available to compare.
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