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Port-Hamiltonian modeling of multidimensional flexible

mechanical structures defined by linear elastic relations*
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Abstract

This article presents a systematic methodology for modeling a class of flexible multidimensional mechanical structures de-
fined by linear elastic relations that directly allows to obtain their infinite-dimensional port-Hamiltonian representation. The
approach is restricted to systems based on a certain class of kinematic assumptions. However this class encompasses a wide
range of models currently available in the literature, such as ¢-dimensional elasticity models (with ¢ = 1,2,3), vibrating strings,
torsion in circular bars, classical beam and plate models, among others. The methodology is based on Hamilton’s principle for
a continuum medium which allows defining the energy variables of the port-Hamiltonian system, and also on a generalization
of the integration by parts theorem, which allows characterizing the skew-adjoint differential operator and boundary inputs
and boundary outputs variables. To illustrate this method, the plate modeling process based on Reddy’s third-order shear
deformation theory is presented as an example. To the best of our knowledge, this is the first time that an infinite-dimensional
port-Hamiltonian representation of this system is presented in the literature.

Key words: Infinite-dimensional systems, port-Hamiltonian systems, modeling, Hamilton’s principle.

1 Introduction

The modeling of mechanical systems is traditionally derived through two fundamental approaches: Newton’s method
and d’Alembert’s principle. From the Newtonian perspective, the equations of motion are obtained from the forces
acting on the system, while in d’Alembert’s principle, also known as the principle of virtual work, the equations of
motion are obtained through an energetic approach, where the concept of virtual work defined as the dot product
between an applied force and a small virtual displacement that does not violate the constraints imposed on the
system is used. Applying d’Alembert’s principle to a mechanical system leads to the well-known Euler-Lagrange
(E-L) equations, where the Lagrangian functional that depends on the energy of the system is the key quantity
used. This approach offers a more compact description of the system, which allows the use of variational techniques
to obtain approximate and analytical solutions [1,2]. Therefore, the E-L equations can also be obtained from the
most fundamental principles of physics, such as that of action, which establish that the real trajectory followed by
a mechanical system is the one for which the integral of the action, defined as the integral of the Lagrangian along
the trajectory, is minimal [3]. The connection between the E-L equations and Hamiltonian mechanics is evidenced
through the Legendre transform and the Poisson structure [4,5]. In the classical Hamiltonian approach, the equations
describe the temporal evolution of the system through an antisymmetric matrix called symplectic matrix, which is
nothing more than a representation of the set of transformations that leaves the Poisson brackets invariant [5]. In
addition, the Poisson structure defines the algebra of the brackets and allows the study of the dynamic properties of
the system [6]. In the present work we focus on port-Hamiltonian systems (PHS), which are a class of geometrically
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defined open physical systems with ports that came from the network modeling of physical systems through bond-
graphs, which are associated with a Dirac structure that generalizes the Poisson structure of the classical Hamiltonian
approach [7,8]. Since finite-dimensional PHS was introduced in [7] and later extended to infinite dimensions in [8],
the usual way to find the port-Hamiltonian (PH) representation of existing infinite-dimensional models is through
the adequate definition of the energy variables, in such a way that it allows writing the dynamics of the system with
respect to a skew-adjoint differential operator and the variational derivatives of the Hamiltonian functional. Despite
the fact that this procedure requires at least in some cases intuition to choose the correct set of state variables in
such a way that the skew-adjoint differential operator arises, this procedure has been effective for rewriting classical
elasticity models within the PH framework, for example the vibrating string model [9], Euler-Bernoulli beam [10],
Timoshenko beam [11], classical plate models [12,13,14], among others. In [15] it is shown that the E-L equations
from which dynamic models of flexible mechanisms arise can be obtained by applying the principle of least action
to a system with a properly defined Lagrangian functional. Then, through a suitable change of variables it can be
rewritten as an infinite-dimensional PHS. One of the works that treats linear elastodynamics in a more general way
is [16], where it is shown that defining energy variables as vector or tensor fields leads to PH models associated
with coordinate-free skew-adjoint differential operators, such as those written in terms of gradient and divergence
operators. It should be noted that the starting point of all the previously cited works is to know some other model
representation, e.g. the Lagrangian, but one must not lose sight of the fact that these models respond to a series
of kinematic assumptions and constitutive laws, and that they may arise from E-L equations applying variational
principles such as the d’Alembert’s principle, or the least action from Hamilton’s principle. In this line, [17] shows
a one-to-one correspondence between E-L equations and field port-Lagrangian systems on variational complexes of
jet bundles. When the Lagrangian functional is known, a systematic procedure for the transformation to a port-
Lagrangian model is presented. Finally, other works such as [18,19,20,21] explore the relationships between field
equations from variational structures and PH representations, the connection between Poisson and Dirac structures,
and also propose adapted variational methods such as the Hamilton—Pontryagin principle, that internally includes
the Legendre transform and allows directly obtaining the port-Lagrangian representations.

This work proposes a systematic modeling methodology to directly obtain the PH representation of flexible me-
chanical systems characterized by the Stokes-Dirac structure. We restrict ourselves to systems derived by linear
elasticity whose kinematic assumptions fit with a certain class of displacement field. The main contributions of this
work are twofold: a characterization of the integration by parts theorem for a class of higher order multidimensional
differential operators, and the modeling methodology itself. The main differences with respect to other works are:
Firstly, the definition of the energy and co-energy variables are explicitly provided. Secondly, these variables allows
us to construct a priori the structure of the skew-adjoint differential operator. Thirdly, given that the methodology
is based on kinematic assumptions, it only can be employed to create models from scratch, without need of previous
models. Lastly, the boundary variables are explicitly defined with respect to the structure of the differential operator
and the co-energy variables. This paper is structured as follows. Section 2 briefly presents the framework of infinite-
dimensional PHS and a motivation example for the modeling of flexible structures. Section 3 presents the results
that support the proposed methodology. To illustrate the potential of the results, Section 4 presents a “non-classical”
plate model based on the Reddy’s third-order shear deformation theory, which to the best of our knowledge, has
never been formulated as an infinite-dimensional PHS. Finally, in Section 5 the conclusions and perspectives for
future work are given.

2 Background

This section presents the theory that supports the rest of the article. Subsection 2.1 begins by presenting the
Hamilton’s principle for a continuum elastic body. Then, Subsection 2.2 defines infinite-dimensional PHS and shows
how they are associated with Stokes-Dirac structures. Lastly, in subsection 2.3 a motivation example is used to define
notations and highlight the main difficulties in deriving an appropriate PH model for a flexible structure.

2.1 Hamilton’s principle for a continuum elastic body

The branch of physics that studies the relationship between external forces, internal stresses, and deformation of an
elastic body is known as elasticity. For the mathematical description of elastic problems, particularly those based
on linear elasticity, it is necessary to introduce the concepts of the displacement field, stress and strain tensors. For
a more in-depth review of elasticity and all related concepts, the reader can refer to [22,23]. Let 27 C R3 be the
total volume of an elastic body in space, the displacement field u = u(X,t) € R? assigns to each point X, € 7 of
the body a displacement vector u(X,,t), that specifies its current position in the deformed configuration regarding
an initial undeformed configuration (see Figure 1).
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In case of small deformation (||[Vu(X,t)|| << 1), the strain tensor g(X,¢) € R3*3, which is a measure of deformation
excluding rigid body displacements, is defined as

e(X,t) = Grad(u(X, 1)), (1)

where Grad(-) = 1[(V(:)) + (V(-))"] is the symmetric part of the tensor gradient operator. The stress tensor

o(X,t) € R3*3 is obtained by means of the generalized Hooke’s law given by
a(X,t) =C:e(X,t)

with C' € R3*3x3X3 3 constant symmetric fourth-order constitutive tensor. We consider the linear elastic body
with volume 27 C R3. Its boundary is defined by 0027 = 0027, U 9021, where 021, and 021, denote the portion
on which displacements and stresses are specified, respectively (see Figure 2a). The kinetic energy T, the elastic
potential energy U, and the total external work Wg, which are defined as [22]:

T= /Q ) p(X)u(X, 1) - u(X, ) dx 2)

v=1 /Q ol )X, dx (3)

We=- [ PO uttdr- [ e, ulse ) ds, (4)
Q27 897,

where S, € 907, and S, € 9§27, are curvilinear coordinates along the boundary, du(X,t) = u(X,t) € R? is the
velocity vector, p(X) € R is the density of the body, F(X,t) € R3 is the sum of all external body forces, and
t(S,,t) € R? is the sum of all external surface forces (also called tractions). Hamilton’s principle states that the true
evolution u = u(X,t) of a system, between two specific states u; = u(X,t;) and uz = u(X, t2) at two specific times
t; and ty is a stationary point (a point where the variation is zero) of the action functional S, that is

ta
58 = / (U + 6Wi — OT) dt = 0, (5)
t1

Defining as generalized coordinates the variables that define the configuration of the system and defining as configu-
ration space the space generated by these coordinates, Hamilton’s principle states that, as the system evolves, a path
is traced through the configuration space, where the real path u(X,t) taken by the system has a stationary action
(6S = 0) under admissible small variations (du) in the configuration of the system. Thus, an admissible variation du,
also called a virtual displacement, must be consistent with the essential boundary conditions (in d2r,) and satisfies

ou(Sy,t) =0 on 002, for all ¢ (6)
du(X,t1) = ou(X,tz) = 0 for all X. (7)

So with the definitions of kinetic energy T, elastic potential energy U and external work Wg, in (2), (3) and (4),
respectively, equations (5) to (7) can be used to find the dynamic equations of the system.
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Fig. 2. Schemes to illustrate notation.

2.2 Port-Hamiltonian systems

The theory of PHS provides a framework for the geometric description of interconnected systems. The framework’s
key features are the precise characterization of power flow between subsystems, the separation of the interconnecting
structure from the constitutive relationships of its components, and the exploitation of this structure for analysis and
control. Hence, the PH framework is particularly well adapted for the modeling, control, and simulation of complex
nonlinear multiphysics systems [24]. Using the so-called input and output ports, the modeling of complex systems
can be approached constructively as the interconnection of elementary PH subsystems that may belong to one or
more different physical domains (mechanical, electrical, hydraulic, thermal, etc.), where the interconnection is such
that the total energy is preserved and the resulting system is also a PHS [25]. In simple terms, the conservative
infinite-dimensional system can be written as a PHS from [16] as

Ohx = J0,H + Gugy

Yd = g*émH

(8)
Uy = Ba(;zH
yo = Cadp H

where 9, = 0/0t, = contains the energy variables, ug, yq are the distributed input and output ports, respectively.
J = —J* is a formally skew-adjoint differential operator (interconnection operator), G, G* are the input map
operator and its formal adjoint, respectively. §, H is the variational derivative of the Hamiltonian functional H with
respect to z and defines the co-energy variables. By, Cy are boundary operators that provide the boundary input
up and boundary output ys [26,27]. Infinite-dimensional PHS are characterized by Hamiltonian functional and the
Stokes-Dirac structure [8].

Definition 1 Let &, %, and & be linear spaces, where % is the flow space, its dual & is the effort space, and
B = F x & is called the bond space of power variables. A Stokes-Dirac structure on B = F x & is a subspace
Ds C B such that D5 = P+ with respect to a bilinear form {((-,-)) given by [26]

(((F1, Fa,- €1, €01)s (far Foy» €2, €0,))) = (er| fo)in + (e2lf1)ie — (o, [ o, )on” — (eaul fo, )’

where (-|-Y and (-]-)9 are inner products defined over the spatial domain §2, and its boundary 082, respectively. From

the previous definition we have that for any (f, fy, e, ea) € Ds it is satisfied that (((f, fy, e ea), (f, fo: €, €a))) =0,
which is verified in a general way using the Stokes’ theorem [26].

Now, consider the infinite-dimensional PHS in (8), if we choose f = [f,,f.,f5] " and e = [es, e, e9] |, where £, = 0,1,
fo=ug, o =uy, es = 0, H, ec = —yq4, €5 = —ya, then the set

@S = {(f7e) €X ‘ f, = jes +gf87 € = _g*esa fo = 88957 €y = _Caes}
is a Stokes-Dirac structure [16]. With the above definitions for £ and e, it is easy to show that the system (8) is

conservative, that is, (((f,e),(f,e))) = 0, and that the energy exchange with the environment is determined by the
distributed and boundary ports by the expression

O H = (yal ua)iy + (yal ua)oy’.



2.8  Motivation example: Timoshenko beam

In this part, we use the Timoshenko beam as an example to highlight the main difficulties in obtaining the PH
representation for such system and to introduce several notations and key assumptions for the proposed modeling
methodology. First consider the beam scheme in Figure 2¢, with 2 = (a,b) C R the spatial domain, 92 = 9£2,U 912,
the boundary domain, where 92, = {a} is the portion where displacements are imposed, and 9f2, = {b} the portion
where tractions are imposed. In this example assume no body forces applied to the beam (F(X,t) = 0). Then, based on
the first-order shear deformation theory, that is, plane sections perpendicular to the neutral axis before deformation
remain plane but not necessarily perpendicular to the neutral axis after deformation, the kinematic assumptions of
the Timoshenko beam are equivalent to the displacement field u(X,t) € R3 given by

—G¥(C1yt)
u(X,t) = 0 (9)

w((1,1)

where w((y,t) is the vertical displacement of a point in the neutral axis, and ¥((1,t) is the total angle rotated by the
cross section respecting to the vertical axis. The equations of motion obtained after applying Hamilton’s principle
are given by (see the details in [28, Chapter 2.2.3])

for all ¢ € 2 (@)W RGAG) (v - 52 ) = 50 (B 5) =0
A(Cl) mg *1 [KGA (1) (Z/J - *)}
(10)
for all s, € 002, M(sy € 002,t) — El(sy € 092, )gg’ 0

V(sy € 0024,t) — kGA(s, € 812,) <7 — ¢>

where s, € 0f2, is a coordinate along the boundary 92,, A(¢y) is the cross section area, I(¢1) the second moment
of inertia of the cross section, G, E the material properties, x is a correction factor, and M ,V are the imposed
boundary tractions which represent internal bending moment and internal shearing force, respectively. For the PH
representation of the Timoshenko beam model, the energy variables of the system can be chosen as [11]:

0 0 0 0
p1= PI(Cl)aif , P2 = PA(Cl)ai: , €1 = % , €2 = (% - 1/)) (11)

where p; is the angular momentum, py the linear momentum, €; is the deformation due to bending (also called
curvature) and €y is the shear deformation. The Hamiltonian function that represents the total stored energy in the

system is given by

b 2 2
1 Py P35 2 2
H = - EI GA d 12

(p7 6) 2 /a <P1(41) + PA(CI) + (Cl)el + K (<1)62> Cl ( )
where the first and second terms are the rotational and translational kinetic energies, respectively, and the third and
fourth terms are the elastic potential energy due to the bending and shearing, respectively. The power variables (or
also called co-energy variables) are given by

I == (Cl)i;f S A ik
fps = a;f pA(C1) 8t2 ' 2 = % - pAp(Zél) - Z’%} (13)
£, = % - % (% - w) e, = if = kGA(G)ez = /iGA(Cl) (f — 1/))

where f,, is the inertial moment, f,,, the inertial force, f., the bending strain velocity, f., shearing strain velocity, e,,



the angular velocity, ey, the linear velocity, e, the internal bending moment and e, the internal shearing force. With
all the above defined power variables and using the notation 9; = 9/9¢:, the PH representation of the Timoshenko
beam model is given by

I 008 1| (e
Fon 00 0| |e
Lol o0 0 0f e
fer 19, 0 0] \eq, (14)
T
uy = |ep, (a) ep,(a) e (b) e, (b)}
0= [e3, () e (8) —c0(@) )]

Note that this model has four state variables and therefore they are four equations, where the two first are equivalent
to the model presented in (10), and the two last are compatibility equations. From the Timoshenko beam example
presented above, some of the difficulties in finding the PH representations are:

e Starting from the displacement field in (9) and knowing the constitutive relationships, the equations of motion
(10) are obtained after applying Hamilton’s principle, which involves a lot of algebraic work and where integra-
tion by parts is required (generally over multidimensional domains).

e The equations of motion in (10) do not always give clues about the structure of the associated PH model or the
energy variables. A wrong choice of variables can lead to a model not associated with a skew-adjoint differential
operator, making this an iterative process, especially in non-trivial cases.

e While the boundary conditions of (10) arise naturally from Hamilton’s principle, the boundary conditions of
(14) arise from the energy balance of the system, so they are defined from the Hamiltonian, the structure of
the differential operator and the co-energy variables.

These difficulties motivate us to propose a systematic methodology that allows us to overcome them.
2.4 Overview of the proposed modeling methodology

In order to introduce the notations and the general approach developed in Section 3, we first apply it to the proposed
example. Notation: Let X = {(1, (2, (3} be the set of Cartesian coordinates in R, x C X the subset of coordinates
where the parameters are distributed, and x° C X the complement of x such that X = x U x° and x N x¢ = {¢}, where
{¢} denotes the empty set. In general, consider that 27 = 2 x 2¢ C R3, where {2 C R’ is the /-dimensional spatial
domain where the parameters of the model are distributed, and {2¢ a complementary domain such that 2 x 2¢ = Op
is the total volume of the elastic body (see Figure 2). Then, a differential of volume df2r and the integral of an
arbitrary separable function g(X) = g1(x)g2(x¢) over the volume 21 can be expressed as

dQp = d(3d(ed(y = dx°dx =dX /Q g(X)dX = /le(x)/Q g2(x%) dx°dx (15)

Note that in case of three-dimensional elasticity (see Figure 2a), we have x = X and x¢ = {¢}, then 27 = 2 and
dX = dx, which implies [, g(X)dX = [, g(X)dx, then [,. g(X)dx® = g(X).

Considering the Timoshenko beam, the displacement field u(X,t) in (9) is first rewritten as

u(X,t) = 0 =

= Y(Cr,t) —C3 8 [w(x’t)l
w((l,t) 1

where r(x,t) is the vector of primary unknowns, and A;(x¢) is the mapping of r(x,t) that allows us to know the
deformed configuration of the three-dimensional beam at any point inside the volume (27. From Figure 2c, we see



that the volume of the body can be written as 27 = 2 x A C R?, with £2 = (a,b) C R an open set that defines the
spatial domain where the parameters are distributed, and A C R? is the cross section area. From (2) and u(X,t),
A1(x°) allows us to find the momentum variables p(x,t) defined in (11) as

p(X,t) _ p(x) )\1(XC)T>\1(XC) dx°¢ f‘(X,t) — ,O(X) / l§3 0 p(X)I(X) 0

ne A0 1

dAT(x,t) = l

From (1), the only non-zero components of the strain tensor are

e | | —Gopxt) | =G0 |0 0 |¥(x1)
2e13 Ow(x,t) — P(x,t) 0 1| |-10d1| |w(x,t)

—_—— —— ———
Az (x) F r(x,t)

from which it can already be seen that F and its formal adjoint F* characterize the differential operator presented in
(I4)as J =—-J*=1[0 —F*; F 0], and the generalized strains e(x, t) defined in (11) are given by €(x,t) = Fr(x,t).
Writing the constitutive matrix as C = [E 0; 0 G|, from (3) \2(x¢) allows us to find the the co-energy variables
ec(x,t) defined in (13) as

EC2 0

dAe(x,t) =
0 kG

e(x,t) = / Ao(x) T CAo(x7) dx” e, 1) = /A 0 KGA(x)

[El(x) 0

It is worth to notice that only by using the displacement field u(x,¢) without any application of the variational
method, we are able to obtain the energy variables, co-energy variables and derive the structure of the skew-adjoint
differential operator associated with the PH representation. This general idea will be rigorously generalized to a
broader class of multidimensional systems in Section 3.

3 Modeling of linear elastic port-Hamiltonian systems

In this section the modeling methodology is presented, where the definitions of the energy and co-energy variables are
explicitly presented. Moreover, we introduce all the elements related to the infinite-dimensional PH representation
of linear elastic mechanical models.

3.1 Considered class of systems

The model assumptions, the definition of the class of differential operators considered and the Lemma of integration
by parts for them are presented below.

Assumption 1 We consider systems defined by linear elastic relations in a body of density p = p(x) € R and whose
kinematic assumptions are represented by a displacement field u(X,t) € R3 with the following structure

w(X, ) = Ay (x°) r(x, t) (16)

where A\ (x¢) € R3*™ is a matriz with no zero columns, and r(x,t) = [r1(x,t) -+ rp(x,t)]T € R™ is defined as the
vector of generalized displacements or primary unknowns.

Note that depending on the specific definition of the displacement field u(X, t) some components of the strain tensor
could be zero. On the other hand, to avoid working directly with higher order tensors, the Voigt-Kelvin vector
notation will be used. Then, let £(X,¢) € R? be the non-zero components of the Voigt-strain vector 2(X,t) and
o(X,t) € R the correlative components, so we can write the constitutive relation between stress and strain as

o(X,t) = Ce(X, ) (17)



where C = C'T > 0 € R?*? is a suitable constitutive matrix according to the problem (see B for more details).

Assumption 2 We consider that 02 = 082, U 082, is the boundary of the spatial domain 2 C R and that it is
composed of complementary sub-boundaries 082, and 082, (see Figure 2), where the essential and natural boundary
conditions (also called boundary tractions) are applied, respectively. Denote the distributed external inputs as uq(x,t),
the generalized boundary tractions as T9(sy,t) with s, € 0§2,. Then, assume that the total external work Wy defined
in (4) can be written equivalently as

Wg = — (/Q Ba(ua(x, ) - r(x, ) dx+/

0802,

To(Se,t) - B(r(sa,t))dsg> (18)

where Bg(uq(x,t)) € R™ is defined as the generalized loads with Bq(-) a mapping operator, and B(-) is a linear
differential operator as defined in (23).

Definition 2 Let X = {(1,...,{¢} be a set of pair-wise perpendicular coordinate azes and also the coordinates of
an arbitrary point of an open set 2 C R v(X) € R™ and w(X) € R™ two vector functions. Consider a linear

differential operator F and its formal adjoint F* such that, Fw(X) = Pyw(X) + Zizl Frw(X) and F*v(X) =
Py v(X) + Zi:l Frv(X), where Fi, and its formal adjoint F}; are given by [26]

FrwX) = Py(i) 0 w(X) (19)

-

@
I
—

Fiv(®) =) (=1)"Pu(i)" 9} v(X) (20)

-

i=1

with 8 = 8°/9¢}., Po, Pi(i) € R™*™ and N the order of the highest derivative with respect to any (.

Lemma 1 Consider that Definition 2 holds and define the open set 2 C RY as an (-dimensional domain, its boundary
082 and 2 = 2U 012 the closure, such that x € {2 and s € 0f2, where s is the coordinates of an arbitrary point on

(—1)]4_1/(9 Blifjw(s)TPk(i)Tﬁk(s) 8%710(5) ds (21)

= [ B(w(s))'Qa(s) B(v(s))ds (22)
on
where A (s) is the component of the outward unit normal vector to the boundary projected on the coordinate axis (x,
B(:) is a linear differential operator defined as

-
B(:)=|(-) &1(-) -+ Du(-) OF(-) --- DZ() --- a{V—l(.) 32}\7—1(.) (23)
Qs (s) € RMFW—nbxm+(N=1)ml s o matriz given by

Pp(s)  —Wa(s) Wa(s) =Wa(s) -+ (=1)¥ ' Wn(s)




with Py(s) € R™*™, Wi(s) € R™™ Vi(s) € R™*™ and A;(s) € R*™ defined as

14
Py(s) = ZPk(l)Tﬁk(S) , Wi(s) = [Pl(i>—rﬁ1(s) e Pg(i)—rﬁg(s)}

k=1
Pi(i) T 7y (s) Pi(i) 7y (s) 0 (25)
Vi(s) = : , Ai(s) =
Py(i) Tivg(s) 0 Py(i) " (s)

Proof. Just by iteratively applying integration by parts on the left side of (21). The procedure is based on [26,
Theorem 3.1] and [29, Appendix A]l. ®

Corollary 1 Note that for an operator F of order N = 1, Lemma 1 leads to

/ (v(x) " Fw(x) —w(x) Fro(x)) dx = / w(s)' Py(s)v(s)ds (26)
Q

o

3.2 Modeling methodology

In this subsection, the key steps of the methodology for the systematic modeling of systems based on linear elasticity
are presented. The section begins with two propositions that allows to define the energy variables from the kine-
matic assumptions and the differential operator, and then, using Hamilton’s principle, it is shown that this selected
results lead to an infinite-dimensional port-Hamiltonian system. Finally, based on the kinematic assumptions and
constitutive laws of the system, the methodology is outlined as a stet-by-step series.

Proposition 1 Consider linear elasticity under the kinematic assumption (16), the generalized momentum p =
p(x,t) € R", the mass matriz M(x) = M(x)" > 0 € R™*" and the total kinetic energy T[p] € R are defined as

p(x,t) = M(x) (x,t) (27)
M) = o) [ 0 o) (28)
Tlp) = 5 [ ploet) MG pl. £ (29)

Proof. The kinematic assumption u(X,¢) according to (16) implies 0(X,t) = A1(x¢) £(x,¢). Then, by the definition
of kinetic energy in (2) we have

T=; /QT p(x)a(X,t) (X, t) dX = é/ﬂi‘(x,t)—r p(x) / ) A1 (x) T A (x€) dx© #(x,t) dx

M(x)

but from (27) we know that #(x,t) = M(x) " 'p(x,t), then we can write T[p] as in (29). m

Proposition 2 Consider linear elasticity under the kinematic assumption (16). Assume that the strain vector
e(X,t) € R? can be written as
e(X,t) = Ao (x)F r(x,t) (30)

where \y(x¢) € RYX™ s a matriz, and F is a (m x n) linear differential operator as in Definition 2, both without
any zero rows or columns. Then, the generalized strains e = €(x,t) € R™, the stiffness matriz K(x) € R™*™ and



the elastic potential energy Ule] € R are defined as

e(x,t) = Fr(x,t) (31)
K(x) = / ) A2 (x) T O \a(x€)dx® (32)
Ule = %/Q e(x, 1) TK(x) e(x, ) dx (33)

with C = CT > 0 € R¥? js the constitutive matriz defined as (17). The dimension m € N must be chosen such that
Kx)=K(x)" >0.

Proof. From (30) we have e(X,t) = Aa(x%)e(x,t), and from (17) we have o(X,t) = C Aa(x°) €(x,t). Then, by the
definition of the elastic potential energy in (3) we have

1 1

U= 3 /QT o(X,t)Te(X,t)dX = 3 /Qe(x, )" / ) Ao (x) T C Xag(x€) dx° €(x,t) dx

K(x)

with the above the proof ends. m

Theorem 1 Let consider x(x,t) = [p(x,t) " e(x,t)T]T € R"™) s the state variable with w(X,t) defined in (16) and
total external work Wg in (18). From Propositions 1 and 2 the dynamics of the system defines an infinite-dimensional
port-Hamiltonian system of the form

&) _ o -7 [e], B,
£l 1F o0 | e 0| “
—_~ —— = —— (34)
& T=2J* 6.H g
ya = G 0. H = Bj(ep)
Hip, €| = % /Qp(x,t)TM(x)_lp(x,t) + e(x,t) TK(x)e(x, t) dx (35)

where H[p,e| = T[p] + Ule] is the Hamiltonian of the system, f, =p= M, fe=é=Fr, e, =0,H=M"'p=r1,
ec =0.H = Ke=KFr, and the power exchange with the environment is given by

aH :/ ya(x, ) Tua(x, ) dx+ | Bley(s, £)T Qo(s) Bled(s, 1)) ds (36)
(] o0
or equivalently by

¢ N 4
8tH:/ yd(x,t)Tud(x,t)dx+ZZZ(_l)H/ O ep(s,t) T P(i) T (s) 3] Tec(s,t) ds (37)
2 k=1i=1 j=1 842

where 7y, is the component of the outward unit normal vector to the boundary 02 projected on (.

Proof. First of all we have u(X

)t A1(x) 0r(x,t), u(X,t) = A\ (x°) £(x,t), ou(X,t) =
A1 (x€) 0t (x,1), e(X,t) = Aa(x°) Fr( a

(x¢ ]-"51'()(:,15), nd)
= x)u -du = i(x,t) T M(x)i(x, t)dx
5T = /QTp( Y(X, £) - (X, )dx /95 (5, ) T M(x)i(x, )d

W = / 5r(x, ) Ba(ua(x,)) dx — | B(6r(s0,t))T 7o(s0.t) ds.
0 00,

5U:/ J(X,t)~55(X,t)dX:/ ec(x,t) T For(x, t)dx
Qr n

10



Applying Lemma 1 to the right side of U, and considering that due to (6) the integral in the portion of the boundary
092,, where the essential boundary conditions are specified is zero, since 0r(s,,t) = 0, then we have

oU = /Qér(x,t)T]:* ee(x,t)dx—l-/gm B(dr(sg,t))TQa(sa) Blec(so,t)) dse

As a previous step to apply Hamilton’s principle, we integrate by parts respect to time the variation of the kinetic
energy 07, and considering that due to (7) dr(x,t1) = dr(x,t2) = 0, we obtain

. OT dt = — / . / or(x,t) T M(x) ¥(x,t) dxdt + / (6r(x,t) T M(x) t(x,1)) ‘;j dx
t1 2

t1 2

=0

Then, with all the above we apply Hamilton’s principle and we obtain

/ ’ / or(x,t) T [M(x)E(x,t) + F* ec(x,t) — Ba(ua(x,t))] dx + ...

t1 (9]

o B((Sr(sg,t))T [Qa(ss) Blec(ss,t)) — To(ss,t)] dsy |dt =0

so applying Lemma 2 and Lemma 3 respectively to each term in the above expression (see Appendix A), we obtain
the following Lagrangian model

Vx € 2: M(E)(x,t) + F*ee(x,t) — Bg(ua(x,t)) =0 (38)
Vs, € 082, : To(Se,t) = Qo(se)B(ec(ss,1)) (39)

Note that the dynamic equation (38) together with é(x,t) = F1(x,t) = F ep(x,t) can be written equivalently as in
(34) with H|[p, €] the Hamiltonian defined in (35). The power exchanged with the environment is given by

8,5H:/ 5$HT$dX=/ e;Bd(ud)dx—/ e;}"*eedx-&-/ el Fepdx
o Q 17 o

so applying Lemma 1 to the first term, and also to the last two terms in the equation above we obtain

O H = / ug Bj(ep)dx+ [ B(ug)' Qo Bley)ds+ | Bley) Qo Ble,)ds
2 o0 o

From the first term above we obtain the power conjugated distributed output y4(x,t) defined in (34), and the second
term is equal to zero because uq(x,t) is not defined on the boundary (ug = 0 in 942). So considering the above, the
last expression is equal to (36) and equivalent to (37). m

Corollary 2 The boundary ports uy, ys and the boundary operators By, Co are chosen according to the energy
balance equation (36), such that

B(ep(s,t))TQa(s)B(ee(s,t))ds:/ ya(s,t) ua(s,t)ds (40)

s o1

where By, and Cy can be other defined depending on the considered boundary control variables. For example, it can be
chosen By = Qa(s)B(-) such that us(s,t) = Qa(s)B(ec(s,t)), and Co = B(-) such that ys(s,t) = Bep(s,t)). Then,
according to Definition 1 we have f = [f,, f., f5]| and e = [es, e, es] ", where f, =&, f, = uq, fy = us, es = 0, H,
ec = —Yd, €9 = —Ya, then the set D, = {(fie) € B | fs = Tes+Gf., e = —G ey, fy = Boes, esg = —Coes} is
a Stokes-Dirac structure [16], and the energy exchange with the environment is determined by O H = (yd\udﬁ% +
(yolua)ds?.
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Remark 1 Note that the structure of F is mainly determined by Grad(u(X,t)), where if there are no differential
dependencies between the components of 7(X,t), the operator is constant and first order. Also note that the assumption
of Hooke’s law leads to linear models, but in general this could be removed to account for material nonlinearities.

Remark 2 If the operator F in (34) is of order N =1, then the expression in (40) reduces to
/ B(ey(s,t)) " Qa(s) Blec(s, b)) ds = / ep(s,t) T Py(s) ec(s,t)ds = / ya(s,t) Tug(s,t)ds (41)
an Y] a0

so if we have By = Py(s) and Cy = 1,, the boundary input is equal to the generalized boundary tractions, that
is ug(s,t) = 19(s,t), and the boundary output corresponds to the generalized boundary velocities, that is yo(s,t) =
75(s,t). Note that this class of differential operators (N = 1) is considered in [30] where it is shown the well-posedness
of linear first order port-Hamiltonian systems in multidimensional domains 2 C RE.

Procedure: The modeling methodology is summarized in the following procedure. To formulate infinite-dimensional
port-Hamiltonian models based on kinematic assumptions that lead to a displacement fields of the class u(X,t) =
A1(x%) r(x,t), where the constitutive matrix C' and the density of material p(x) are known, follows the steps below:

(1) Calculate the mass matrix M(x) from (28) and define the generalized momentum p(x, t) according to (27), that is

M) = p) [ DG ) d > plxt) = MGG

(2) Compute the nonzero components of the strain tensor £(X,t) using (B.4) and factorize it according to (30).
Define the generalized strains €(x,t) according to (31) and compute the stiffness matrix K(x) from (32).

S 1) = M(O)Fr(xt)  —  e(nt) = Frnt) , Kx) = / o) O N

(3) Apply Theorem 1 to obtain the infinite-dimensional port-Hamiltonian system and define the boundary ports
ug, Yy from Corollary 2.

PHS from Theorem 1 —  Boundary ports (ug,ys) from Corollary 2
Remark 3 The port-Hamiltonian model obtained in Theorem 1 is different from the one obtained by the Legendre

transformation of the FEuler-Lagrange system (38)r [31]. Furthermore, the latter is a field port-Lagrangian system [17]
defined using the state variable z(x,t) = [p(x,t)" r(x,t)"]T € R?", which leads to an infinite-dimensional system

associated with an algebraic skew-symmetric matriz J = —J . This system is given by
D 0 —1,]| |ep By
= ud
T 1, 0 e 0
NG NN N (42)
2 J=—JT 0.H g

ya = G901 = Bj(e,)

where H[p, 7] € R is the Hamiltonian, which is given by

Hp,7 =Tlp|+Ulr| = % /Qp(x, t)TM(X)_lp(x, t) + (F r(x, t))T/C(x) (Fr(x,t))dx (43)

and e.(x,t) given by
er(x,t) = F*(K(x) F r(x,t)) (44)

is the variational derivative of the Hamiltonian H|[p, 7| respect to r(x,t) (see Appendiz C for the proof).
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Fig. 3. Plate scheme and kinematic assumptions
4 Reddy’s plate model

In this section, the plate model based on Reddy’s third-order shear deformation theory [32] is presented. This model
generalizes the classic model of Mindlin’s plate, which turn out to be a particular case of Reddy’s plate model. In
addition, because this theory considers higher order terms, the kinematic assumption is closer to reality, which in
particular implies that these models describe more accurately the shear stress contributions to the elastic potential
energy, thus avoiding the use of correction factors and the shear locking problem in finite element approximations
(as in the case of Mindlin’s plate or the Timoshenko beam). Finally, since there is a better description of shear
stresses, these models are particularly useful for describing the dynamics of thick or layered beams and plates. For
more details, see [32] and [33, Chapter 11].

4.1  Model assumptions

The kinematic assumptions in the first-order shear deformation models (Timoshenko beam and Mindlin’s plate)
are that the plane sections perpendicular to the neutral axis before deformation remain plane but not necessarily
perpendicular to the neutral axis after deformation. In the high-order shear deformation models plane sections per-
pendicular to the neutral axis before the deformation transform into curved sections after deformation (see Figure
3). The so-called Reddy models are third-order shear deformation models due to fact that the curve is described by
a third-order polynomial that always satisfies the condition of zero tangential traction boundary conditions on the
surfaces of the plate.

The problem starts with the assumption on the displacement field u(X, t) given by

u (X, ¢) —(GYi (G, Cont) + GG, G ) + E01(Gry G t))
u(x5 t) = |2 (X7 t) = —(C3¢2(<17 <27 t) + C%ﬁ? (Cla 4-27 t) + <§¢2 (Cla CQ? t))
us (X, ) w(C1, (2, t)

where 11, 15 are the rotations of normals to midplane about the (; and (; axes, respectively, w is the vertical
displacement to the mid-plane, and the functions Sy, B2, ¢1, ¢2 will be determined using the condition that trans-
verse shear stresses vanish on the top and bottom surfaces of the plate, that is ¢13(¢1,(2,(3 = +h/2,t) = 0 and
023(C1, (2, (3 = £h/2,t) = 0. For isotropic plates these conditions are equivalent to e13((1, (2,(3 = £h/2,t) = 0 and
€23(C1,C2, (3 = £h/2,t) = 0 [32]. Then, from (1) we obtain

2613 = O1w — (Y1 +2(3B1 +3(3d1) . 2623 = Dow — (Y2 + 2(3B2 + 3(T )

and from 513(<17 <2a C3 = :th‘/2) t) = 0 and 623((17(27 C3 = :I:h’/Q’t) = 0 we obtain 617 ﬂ? =0and ¢1 = ;% (alw - ¢1)7

P2 = % (Oow — 1h3), where the constant a = 4/(3h?) is introduced. With all the above variables, the displacement
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field u(X,t) of the Reddy’s plate is given by

1,[)1 (X7 t)

—(¢3 — a3) 0 0—a¢3 0 Pa(x,1)
u(X,t) = 0 —(G-agd)0 0 —agF| | wxt) 15
0 0 1 0 0| |aw) (45)

) Oow(x, t)

Note that with o = 0 the displacement field becomes the same as Mindlin’s plate [13]. On the other hand related
to the constitutive equations, considering an isotropic material, the stress o(x,t) is obtained from Hooke’s law
o(x,t) = Ce(x,t), where the constitutive matrix C' = CT > 0 is given by

1v O
Cy, 0 . GO0
= th = — s = 4
¢ 0 Cs M Co (1-v2) 8(1) (191/) S 0 G (46)
2

where (Y is the constitutive matrix for plane stress, and F, G, v are material properties.

4.2 Infinite-dimensional port-Hamiltonian model of the Reddy plate

Now that the displacement field is known and written according to (16), the proposed methodology allows us to
systematically find the infinite-dimensional port-Hamiltonian model of the plate that is energetically consistent with
the kinematic assumptions. Following the proposed methodology we have

1. From (28) we calculate the mass matrix as

(€2 — 2a¢ + a2¢5) 0 0 a(¢s — ach) 0
h/2 0 (¢ —2a¢5 +a%¢F) 0 0 a5 — acg)
M) = o) | 0 0 10 0 |dg
T aldd - ach) 0 0 oS 0
0 alc-ach) 0 0 e
- ~ ~ ~ ~ (47)
(I — 2aly + o?Ig) 0 0 a(ly —alg) 0
0 (I — 2aly + o2Ig) 0 0 a(ly — alg)
= p(x) 0 0 Iy 0 0
a(f4 — Oéjﬁ) 0 0 azfﬁ 0
0 a(ly — alg) 0 0 a2l
_ _ h/2 i+l
where I, € R with ¢ =0,2,4,... is defined as [; = / (3d(¢3 = -=——. Then, from (27) we have
_hj2 2i(i+1)
p(Iy — 20y + o216)eh1 (%, 1) + pa(ly — alg)dyii(x,t) p1(x,t)
p(Iy — 20y + o2I)o(x, ) + pa(ly — odg)Dativ(x, 1) pa(x,1)
p(x, t) = M(X)I’(X, t) = pI_Ow(Xa t) = |P3 (Xa t) (48)
pa(ly — afg)z/:q (x,t) + pa?Is0i(x, t) pa(x,t)
pa(ly — alg)a(x,t) + pa®Isdai(x, t) ps(x,1)
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2. On the other hand, from (B.4) we obtain the non-zero strain components € C &, that is

€1 (G — ag?) [O191 (%, 1)] — aCF[OFw(x, t)]
g €2 —(C3 — aC3) [D292(x, 1)) — al3[D3w(x, 1)]
e(X,t)= H = |ea| = —(¢3 — aCF)[0ah1 (x, 1) + 19a(x,1)] — a3 [0 Drw(x, t) + Oy Dow(x, 1)] (49)
A P (1 — 3a¢2)[Brw(x, ) — 1 (x,1)]
€6 (1 — 3aC?)[Oaw(x,t) — Pa(x,1)]

From Proposition 2 we choose m = 8 since there are eight functions that are independent of x¢ in the strain vector
e(X,t) (highlighted in square brackets in (49)). Then we seek to write £(X,t) according to (30) considering that
A2 (x¢) € R¥Xm=5x8 and F of dimension (m x n) = (8 x 5). That is

~(G—acd) 0 0 0 0 —a 0 0
0 —(G-a) 0 0 0 0 -ad o0
Ao (x9) = 0 0 —(G—ad) 0 0 0 0 —al?
0 0 0 (1-3a2) 0 0O 0 0
0 0 0 0 (1-3aC3) 0 0 0
[0, 0]o]o 0 D191 (%, 1) [e1(x, 1)
0 02|00 0 Dota(x,1) e2(x, 1)
82 81 0/0 0 32¢1(X775) +812/12(X,t) 63(X7t)
-1 0 81 0 0 81’11)(X,t) —’(/Jl(X,t) 64(X,t)
F = — )= Fr(x,t) = =
0 —1[8:] 0 0 €(x,t) = Fr(x,1) Byw(x, t) — a(x, 1) es(x,1)
0 0[0[d 0 Ofw(x, 1) €(x,1)
0 0/0]0 09 Ow(x,t) er(x,t)
_O 0|00 (91_ _8281w(x,t) +8182w(x,t)_ _68(X,t)
with F a differential operator of order N = 1. From (32) we have
w2 | (63— 2005 +a2C§) Gy 0 a(Gs — acg) Cy
K(x) = / 0 (1 — 6aC2 + 9a2¢H) O 0 dis
L e - al)) 6 0 02C8 G
(jg — 20{[2; + OszG) Cb 0 a(f4 — Oéjﬁ) Cb_
= 0 (Iy — 6ady + 9a21,) Cs 0
Q(I_4 - Oz.[_6) Cb 0 042]_6 Cb
3. Considering that there are no distributed inputs, from Theorem 1 we have
Pl _ [0 —F M=) 0| Ip(x,1)
é(x,t) F 0 0 Kx)| |e(x,1)
with Hamiltonian H[p, €] defined as in (35), and boundary variables defined from (41) as
e,
ep, ] |1 0 A2 00 0 0 0 |%
€py 0 A5 00 0 0 0 |0
OH = €ps 0 0 0nrng 00 O 624 ds=/ Yg Uy ds
o0 |ep, 0000 0n 0 fgle, o0
©ps 00000 0 fni||e
S [ Ces
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Remark 4 Despite the fact that the methodology uses the Voigt-Kelvin notation (see Appendiz B) and a Cartesian
reference system to obtain the models, using the similarities L ~ Grad, and —1L* ~ Div, then Grad = —Div" (see
[18, Theorem 4] for the proof), these models can be written with tensor notation which has the advantage of being
independent of the coordinate system.

4.8 Tensor representation of the port-Hamiltonian Reddy plate model

In order to write the Reddy plate model using tensor notation, first note that the differential operator F defined
in (51) and its formal adjoint F* can be written using intrinsic tensor operators, and second, we can rewrite the
generalized displacements r(x,t) in (45) as

Grad O 0 Div 1, 0 P(x, 1)
F=|-1y grad 0 , F'=—=10 div 0 ,or(x,t) = |w(x,t) (55)
0 0 Grad 0 0 Div 0(x,t)

where 1(x,t) = [1(x,t) a(x,t)]" € R? groups the angles rotated by the cross section with respect to each
coordinate axis, w(x,t) € R remains representing the vertical displacement of a point in the mid-plane of the plate,
and 0(x,t) = [01w(x,t) aw(x,t)]T € R? groups the first spatial derivatives of w(x, t) with respect to each coordinate
axis. The mass matrix M(x) in (47) and stiffness matrix IC(x) in (52) can be rewritten as

cily 0 c2lp aCp() 0 2Gy()
M(x)=px)| 0 I, 0 . Kx)=| 0 «C, 0 (56)
cala 0 c3la 2Cp(-) 0 e3Cy()

with ¢; = (fQ —2al, + a2f6), ey = a(ly — ozfﬁ), c3 = ally, cq = (fo — 6al, + 9a%1,), C, the constitutive matrix for
shear stress as defined in (46), and Cy() = 25 [(1 — v)(-) + vtr(-)12] the constitutive tensor for plane stress. With
the above we redefine the energy variables as

Py (x,t) p(x)c1y(x, t)A'i_ p(X)CQé(X> t) € (x,t) Grad(y(x,1))
P(x,8)= |pu(x,t)| = p() I (x,t) » X )= few(x,t) | = |grad(w(x, 1) — ¥(x, 1) (57)
po(x,t) p(x)eath(x,t) 4+ p(x)esb(x, t) eo(x,t) Grad(6(x,t))
and co-energy variables as
epy (%,1) P(x,1) ee, (x,) 10 (ey (%, 1)) + c2C(eq(x, 1))
e 1) = lep, (xt)| = |b(xt)|  e(x?)= le,(x1)| = caCs €w(x,1) (58)
epo (%, 1) 0(x,1) €eo (%, 1) 20 €y (x,1)) + c3Ch (€0 (x, 1))

where €, (x,1), €a(x,1), ec, (%,1), e, (x,1) € R?*2 are second-order tensor fields, py(x,t), po(x,t), €w(x,t), ep, (%, 1),
epe (%, 1), €c, (x,1) € R? are vector fields, and py,(x, 1), ey, (x,t) € R are scalar fields. Then, the Reddy’s plate model
in (53) written using tensor notation is given by

Dap 0 0 0 [Divl1y, 0 €py
Dw 0 0 0 |0 div O €pu
Do 0 0 0 [0 O Div| |ep,
€y Grad 0 0 [0 0 0 | |ec (59)
€w —lggrad 0 | O O O €e,,
| €0 | L 0 0Grad| 0 0 O | |ee|
—— ——
& T==J* 5o H
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with Hamiltonian functional H[p,e] > 0 € R given by

1

Hlp, €] = 3 /Q([M_lp] -p+ [Clé@lp) + 022(69)] ey + aCls€y€y + [02%(%) + c;;i(eg)] 260) dx (60)

The boundary variables are obtained from the energy balance which is given by

O H = (0, H, )7 :/ {[epw' Div(ec,) + ec, : Grad(e,, )] + [ep, - Div(ee,) + e, : Grad(e,,)] + (61)
19,

[ep'w div(eew) + Cey grad(el)w )]} dx

so applying the integration by parts theorem for symmetric tensors to the first two terms of the integral above (see
[16, Theorem 8]), and the divergence theorem to the third term, then we obtain

O H = [(ec, 7)< €p, + (€cy 1) €py + €p,, (€c, - N)] ds = / Yy up ds (62)
Ye) EYe)

which is completely analogous to the expression in (54).

Remark 5 Note that the energy and co-energy variables related to the generalized strains in the model (59) can be
written in terms of the variables of the model (53) as

es(x,t) = [el(x,w ées(x,t)]7 mt) [64():,75)1769(}{,]5)_ [de,t) ;eg(x,t)]

ses(x,t) ea(x,t) e5(x, 1) ses(x,t) er(x,t)

eo (x,1) = leq(X,t) €es (X,t)] oo (xt) = [664 (x, t)} e (xt) = [eeﬁ (%,1) €cq (xﬂg)]

ey (X,1) €0, (%, €es (%, 1

where €;(x,t), e, (x,t) withi =1,...,8 are the energy and co-energy variables related to the generalized strains of the
model (53), respectively.

Remark 6 The third-order shear deformation theory presented in this section is also applicable for beams, and note
that dynamic models based on the first-order shear deformation theory are obtained from the Reddy’s theory by setting
a =0 [33]. In this case, o = 0 leads to the well known Mindlin plate model, and the port-Hamiltonian representation
obtained by this methodology is equivalent to the one obtained first in [12], and then generalized using tensor notation
in [15].

Other examples: More examples are shown in Appendix D. The models presented are the well known: D.1 One-
dimensional elasticity (Truss bar), D.2 Two-dimensional elasticity, D.3 Three-dimensional elasticity, D.4 Mindlin’s
plate, D.5 Vibrating string, D.6 Torsion in circular bars, D.8* Euler-Bernoulli beam, D.9* Kirchhoff-Love plate.
Furthermore, new port-Hamiltonian representations are presented for D.7 Reddy beam, D.8 Rayleigh beam, D.9
Kirchhoff-Rayleigh plate, which to the best of our knowledge is the first time they are presented as port-Hamiltonian
systems.

5 Conclusion and future work

In this paper a three-steps methodology is proposed to systematically derive an infinite-dimensional port-Hamiltonian
representation of multidimensional linear elastic models, subject to a given class of kinematic assumptions and con-
stitutive relationships. The methodology assumes as a starting point that the displacement field can be factorized,
which allows to define in a first step the mass matrix and the generalized momentum variables. In the second step,
using the factorization of the non-zero components of the strain tensor, the stiffness matrix is calculated and the dif-
ferential operator is characterized, which allowing to define the generalized strain variables. Finally, an energetically
consistent port-Hamiltonian representation of the model is proposed. This is mainly demonstrated using Lemma 1
which is defined for the considered class of differential operators and Hamilton’s principle.
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It is shown that the proposed methodology allows to derive port-Hamiltonian representations in multidimensional
spatial domains. It is effective in finding classical models such as the Timoshenko beam, Mindlin’s plate or the
general three-dimensional elasticity problem (among others), and other less classical models such as the ones based
on more specific kinematic assumptions like the Reddy’s third-order shear deformation theory. The main advantages
of this procedure regarding the usual existing methods in the literature are: first, that it considerably reduces the
amount of algebraic work to derive these models since no variational principle has to be applied and integration
by parts has been done once for all, in general, over multidimensional domains. Second, no intuition is required to
choose the set of state variables that guarantees the existence of an associated skew-adjoint differential operator,
which are explicitly defined. In addition, the structure of the differential operator is determined as soon as the state
variables are chosen. Third, an expression of the boundary variables is proposed which allows to define the boundary
inputs and boundary outputs ports such that the proposed model satisfy the Stoke-Dirac structure. Lastly, since the
method starts from kinematic assumptions and constitutive laws, it is not only suitable for rewriting pre-existing
models within the port-Hamiltonian framework, but also potentially allows to directly derive new models in PH form.

As future work we will consider the extension of this methodology to the case of nonlinear elasticity, regarding
both geometric and material nonlinearities. Also, the extension to constrained and multiphysics problems can be
approached by using Hamilton’s principle [34]. Furthermore, in the same way that variational methods such as
Hamilton’s principle unify Lagrangian modeling and finite element discretization, it remains to be studied under
what conditions or choices, this methodology unifies both port-Hamiltonian modeling and structure-preserving finite
element discretization.
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A Lemmas from variational calculus

The two following lemmas from variational calculus serve as justification to obtain the equations of motion and the
boundary conditions of models based on Hamilton’s principle.

Lemma 2 ([35], p.224.) Let W be an inner product space, and consider a CY field h: 2 x [ty,t2] — W with 2 the
closure £2 = 2U 012. If the equation

/t t /Q h(x,t) - (x,) dxdt = 0 (A1)

holds for every C™ field n = 2 x [ti,t2] — W that vanishes at time t,, at time ty, and on 012, then h(x,t) = 0 on
Q X [tl,tg].

Lemma 3 (/35], p.224.) Suppose that 012 consists of complementary reqular sub-surfaces 952, and 882,. Let W be
an inner product space, and consider a function g : 02, X [t1,ta] — W that is piecewise reqular and continuous in
time. If the equation

/t2/ g(s,t)-n(s,t)dsdt =0 (A.2)
t1 Jon

holds for every C™ field n : £2 x [t1,t2] — W that vanishes at time t,, at time to, and on 812, then g(s,t) =0 on
an X [tl,tg}.

B Voigt-Kelvin notation
Since the stress and strain tensors are symmetric, they only have six independent components. The Voigt-Kelvin

notation defines
01 =011, 02 = 022, 03 = 033, 04 = 012, 05 = 013, O¢ = 023

€1 = €11, €2 = €22, €3 = €33, €4 = 2612, €5 = 213, €6 = 223
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where the independent components of both tensors are grouped into the so-called Voigt-stress vector (X, t) € R®
and Voigt-strain vector Z(X,t) € R®, which are respectively given by

F(X,t) = [al(x,t) - o6(X, t)]T (B.1)
E(X,t) = [el(x, t) - EG(X,t)}T (B.2)
In addition, using the Voigt-Kelvin notation it is possible to express the constitutive relation as
d(X,t) = CEX,t) ~ aXt)=C:eXt)
where C = CT > 0 € R%%0 is a constitutive matrix. For example, for isotropic materials the constitutive fourth-order

tensor for 3D elasticity (Csp(-) = 2u(-) + Atr(-)13), and for plane stress in 2D (Cap(-) = 125 [(1 — v)(-) + vtr(-)12])
reduce to

o11 2u 4+ A A A 000 €11
022 A 2u+XA A 000 €22
A A 2u4+A2000 €

= Can: o |983 = 12 33

93D = 28D 2D = o, 0 0 0 00| |25

013 0 0 0 0p 0| (23

023 0 0 0 00 1% 2623
011 1v 0 €11
oap = Cop : €2p & | 022 =1_.2 vl O €99
_0’12_ 00 177” 2612

where p and A are the Lamé constants defined as p = 2(17]13_” =G, A= %, where E is the Young modulus,

v is the Poisson’s ratio (ratio between transverse elongation and axial shortening) and the constant y = G is also
known as the shear modulus. Note also that the tensor contraction now reduces to

Q(X, t) : §(X, t) = E(Xv t) ’ g(xv t) (B3)
Assuming a Cartesian reference system X = {(3, (2, (3}, the Voigt-strain vector can be obtained by
EX,t)=Lu(X,t) ~ gX1t)=Grad(u(X,1)) (B.4)
with L a linear differential operator of dimension (6 x 3) given by
[0, 0 0]
0 0 0
0 0 03
02 01 0

03 0 01
0 05 02

~ Grad,  with 9 = % k=1{1,2,3} (B.5)
k

This is also true for two-dimensional tensor fields, where in that case Lap is of dimension (3 x 2) and is given by

o 0 5
Lop= 1|0 8, ~ Grad, with Oy, = —, k= {1,2} (B.6)
ac,
0y O

Note that Div(g) = V¢ = LT3 = —L*3 ~ —Grad*(g), where Div(-) is the tensor divergence operator. Then by
similarity it can be seen that Div = —Grad™ (see [13, Theorem 4] for the proof).
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C Proof of Remark 3

The kinetic energy T[f] and the elastic potential energy Ulr] are defined as

Tli] :/Qﬂ[i-]dx:%/nfTMi-dx ., Ulr] :/(;Z/[r] dx:%/g(]-'r)TlC(]-'r)dx (C.1)

then, the Hamiltonian density S#[r, r] is defined as the Legendre transform of Z[r,r] = J[t] — % r|. So, applying
the Legendre operator to Z[f,r] we have

Hlir] = [ 2 1] (Z[ix]) = 31T M+ 2(Fr)TK(Fr) = 7] + 2[x]

then, by definition the momentum variable is given by p = 0.£/0F = M, which implies ¥ = M~!p and the
Hamiltonian respect to z = [p7 r']T is the total energy defined in (43). On the other hand, to proof (44) first
consider the following generic functionals

Ufr] = /Q o(0,r(x), Fr(x) dx, U*[r*] = Ufe(x)+07(x)] = /Q g(x,1%, (Fr*)) dx

where v(x) is an arbitrary function that vanishes in 042, and a € R an scalar. By definition the first variation of U
is given by 06U = lim,—,0 dU*/da, then we have

o d % % T 89'81‘* dg '6(]-'1‘*)) T (8g' ) )
oU = clylgl() o /Qg(x,r » (FT7))dx = 01¢1~>H10 Q(ar* da +8(}'r*) da dx-ilg%) o \or* ytv-Fy) dx

with v = %7 so applying Theorem 1 to the last term above we have

oU = lim ( /Q 29 ydx+ /Q v Frodx+ B(v(s»TQ(s)B(v(s))ds)

where the last term is equal to zero because v = 0 in 9f2. Then,

o8

OU = lim | [;rg* + 7 (a(ii*))} dx:/f‘“ [%“LP (a(ajgr)ﬂ dx = Q‘Sr'(ljdx

finally, from the last expression and considering Ulr] as in (C.1), we obtain that %—g = %—Ij = F*(K Fr).

D Other examples

The models presented here are: D.1 One-dimensional elasticity (Truss bar), D.2 Two-dimensional elasticity, D.3
Three-dimensional elasticity, D.4 Mindlin’s plate, D.5 Vibrating string, D.6 Torsion in circular bars, D.7 Reddy
beam, D.8 Rayleigh beam, D.8* Euler-Bernoulli beam, D.9 Kirchhoff-Rayleigh plate, and D.9* Kirchhoff-Love
plate.

D.1 One-dimensional elasticity (truss bar)

Consider a three-dimensional body that can be treated as a one-dimensional structure as shown in Figure 2c. The
displacement field is given by

1
u(X,t) = 0| ui(x,t) (D.1.1)
O H,—/

r(x,t)
A1 (x€)
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with x = {1}, x¢ = {2, G}, 2 = (a,b) C R, 2¢ = A C R? and u(x,t) € R the displacement in the direction of
the (1 axis. From (28) and (27) we have

M(x) = p(x) /Al dA = p(x)A(x) , p(xt) = M), 1) = p(x) A(x)i(x, 1) (D.1.2)

where A(x) is the area of the cross section. From (B.4), the non-zero components of the strain tensor e C & are given
by

E(X, t) = 51(}{, t) = 81’(11(}{7 t) (D13)
From Proposition 2 we choose m = 1, then
eX,t)=_1 01 wi(x,t) — e€(xt)=Fr(xt)=¢e1(x1) (D.1.4)
~~ ——

—
A2(x°) o p(xt)

with F a differential operator of order N = 1. The stress o(X,t) is obtained from o(X,t) = C'e(X,t) € R, where the
constitutive matrix is given by C' = F with E the Young’s modulus. Then, from (32) we have K(x) = E [, 1dA =
FEA(x). Considering that there are no distributed inputs, from Theorem 1 we have

Pl _ |0 ey (D.1.5)
é 81 0 €e
with Hamiltonian defined as .
2
Hip, €| = %/ 1%4 + EAe? dx (D.1.6)

Since (2 is the segment (a,b), the boundary points are s = {a,b}, then 2;(s = a) = —1 and A1(s = b) = 1. The
boundary ports are defined from Remark 2 as

OH = | epecnids = (epel)|l = —epla)ec(a) + ep(b)ec(b) = / Ya up ds (D.1.7)
o o

D.2 Two-dimensional elasticity

Consider a three-dimensional body that can be treated as a two-dimensional structure as shown in Figure 2b where
h € R is the thickness (constant). The displacement field is given by

_ 10 up(x,t)
uX, )= 01 (D.2.1)
uz(x,t)
00 2%
——
A1(x€) r(x,t)

with x = {1, G}, x° = {G}, 2 CR?, 02° = (=4 x &) C R, uy(x,t) € R and us(x,t) € R are the displacements in
the direction of the {; and (3 axes, respectively. From (28) and (27) we have

—h)2

h/2 .
M) = o) | [5 ﬂ dis = pl)hlzsa p<x,t>=M<x>f<x,t>=["X)W;E"jﬂ (D22
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From (B.4), the non-zero components of the strain tensor € C  are given by

61(}(, t) 81’11,1(}(, t)
e(X,t) = |ea(x,t)| = Doz (x, 1) (D.2.3)
E4(X,t) 82U1(X,t) + (91U2(X,t)
From Proposition 2 we choose m = 3, then
100| 01 0] [ (x,1) e1(x,1)
e(X,t)=1010| |0 O ’ —  €(x,t) = Fr(x,t) = |ea(x,t) (D.2.4)
001| |02 O1 uz(x,1) eq(x,t
——— ——

with F a differential operator of order N = 1. The stress o(X,t) is obtained from o(X,t) = Cap (X, t) € R3, where
Cyp € R3*3 represent a constitutive matrix according to plane stress hypothesis, or plane strain hypothesis. Them,

from (32) we have K(x) = fff/jQ Cop d(3 = hCyp. Considering that there are no distributed inputs, from Theorem

1 we have
pl €py
p2 €py
gl = €ey (D.2.5)
6.2 €ey
ég €eg

with Hamiltonian defined as in (35). The boundary ports are defined from Remark 2 by

T e
e n 0 A !
O H = P ! 2] e ds:/ 5 up ds
T Joa [%J lo iy n | [ o 0’7" (D.2.6)
—_——

Py

D.2.1 Tensor representation
Noticing that F = Grad, and F* = —Div, we redefine the following variables

€1 (Xv t) %63 (Xv t)

€(x,t) = Grad(r(x,t)) =
e(x,t) (r(x,1)) [%63(X7t) €a(x,1)

] L K@) =hCp() > ext) = hCa(e(x. 1) = [6“<"’t> ol t’]

es (X, 1) €cy(%,1)

with Cop(-) = 123 [(1 — v)(+) + vtr(-)12] for isotropic materials. With tha above, the model (D.2.5) written using
tensor notation is given by

p_| 0 Dl (D.2.7)
€ Grad 0 €c
with Hamiltonian functional H|[p, €] given by
1 1
Hlp,el =5 | —p-p+hCap(e):edx (D.2.8)
oP —

The boundary variables are obtained from the energy balance which is given by

O H = (6, H, ) :/ ep- Div(ec) + ec: Grad(ep) dx (D.2.9)
2
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so applying the integration by parts theorem for symmetric tensors (see [16, Theorem 8]), we obtain
OH = [ (ech) epds= / yg up ds (D.2.10)
202 o0

where 7 = [fi; 7i5]T. The above expression is completely analogous to the expression in (D.2.6).

D.3 Three-dimensional elasticity

Consider a three-dimensional body as shown in Figure 2a. The displacement field is given by

100]| |ui(x,t)
u(X,t) = {010 |ua(x,t) (D.3.1)
001 [us(x,t)
——— —— ——
A1 (x€) r(x,t)

with x = {(1,(2, (3} = X, x¢ = {¢}, 2 C R3, uy(x,t) € R, uz(x,t) € R, and uz(x,t) € R are the displacements in
the direction of the (3, {» and (3 axes, respectively. From (28) and (27) we have

M(x) = p(x)I3x3 , px,t)=M(@)1(x,t) = p)a(x,t) (D.3.2)

From (B.4), the non-zero components of the strain tensor ¢ C & are given by e(X,¢) = £(X,t) = Lu(x,t). From
Proposition 2 we choose m = 6, then

e(X,t) = u - €(x,t) = Fr(x,t) =2(x,1) (D.3.3)

I L
3x3
Az (xe For(x,t)

~

with F a differential operator of order N = 1. The stress o(X,t) is obtained from o(X,t) = C3p (X, t) € R®, where
Csp € R%%6 is the constitutive matrix for 3D elasticity. Then, from (32) we have K(x) = C3p. Considering that
there are no distributed inputs, from Theorem 1 we have

-

with Hamiltonian defined as in (35). The boundary ports are defined from Remark 2 by

ep] (D.3.4)

€Ce

€ey
T, A e
€p, ny 0 0 g N3 0 662 T
A A A €
OH = { €ps 0 fig 0 A; 0 fg 663 ds:/ Yg U ds (D.3.5)
20 | eps 0 0 fz 0 1 fal |e, og
Ps Ces

D.3.1 Tensor representation

Noticing that F = Grad, and F* = —Div, we redefine the following variables

€1(x,t) 64(X t) % 5(%,1) e, (%, 1) €c,(%,1) €eq(%,1)
€(x,t) = Grad(r(x,1)) = 5 e4(x,t) e(x,t) %66 (x,1)| BS(X, t) = @(5(& t) = Cey(%,1) €ey(X,1) €ee(x,)
% 5(x t) es(x,t) e3(x,t) s (X, 1) €c(%,1) €cq(x,1)
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with Csp(-) = 2u(-) + Atr(-)13 for isotropic materials. With tha above, the model (D.3.4) written using tensor
notation is given by

]') _| 0 Div] e (D.3.6)
€ Grad 0 €c
with Hamiltonian functional H|[p, €] given by
1 1
Hlp, ] = 5/ ;p~p+03D(§):§dx (D.3.7)
o =

The boundary variables are obtained from the energy balance which is given by
OH = (0, H, )7 :/n ep- Div(ec) + e.: Grad(ep) dx (D.3.8)
so applying the integration by parts theorem for symmetric tensors (see [16, Theorem 8]), we obtain
OH = [ (ecn) eyds= / ya ug ds (D.3.9)
10’ a0

where 7 = [fi; iy 3] "T. The above expression is completely analogous to the expression in (D.3.5).

D.4 Mindlin’s plate

Consider a three-dimensional body that can be treated as a two-dimensional structure as shown in Figure 2b where
h € R is the thickness (constant). This model is based on the first order shear deformation theory, that is, plane
sections normal to the neutral line before deformation remain plane but not necessarily normal to the neutral line
after deformation.Then, the displacement field is given by

—¢3 0 0 |91(x,1)
uX,t)=| 0 —¢3 0| [va(x,1) (D.4.1)
0 0 1| |wx )

A1 (x€) r(x,t)

with x = {1, G}, x¢ = {G), 2 C R?, ¢ = (—% X %) C R, ¥1(x,t) € R and 99(x,t) € R are the angles rotated by
the cross sections, and w(x,t) € R is the vertical displacement in the direction of the axis (3. From (28) and (27)
we have

n2 |63 00 I 00 P(X)Iizlél(xat)
M(x) = p(x) / 0¢20|dz=px)|0 L 0|, pxt)=Mx)Ex1t)=|p(x)lis(x,t) (D.4.2)
R N 0 0 I p(x) Ioti(x, 1)

— _ R i+1
where I; € R with ¢ =0,2... is defined as I; = ff{jQ C5dCs = h From (B.4), the non-zero components of the

strain tensor ¢ C € are given by

&1 =3[0 (%, 1)]
. €2 *C3[321/’2(X7t)]
e(X,t)= H = |ea| = | —C[0201(x, 1) + D1ipa(x, )] (D.4.3)
€s

5 { [Drw(x, t) — 1 (%, 1)]
[Baw(x, £) — (%, 1)]
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From Proposition 2 we choose m = 5 since there are five functions that are independent of x¢ in the strain vector
e(X,t) (highlighted in square brackets in (D.4.3)). Then we have

7(3 0 0 81'(/J1 (X7 t)
0 —¢; 0 W1 (x,1) Oztpa(x,1)
eXtH)=10 0 —C Pa(x,1) = €(x,t) = Fr(x,t) = [091(x,t) + O192(x, 1) (D.4.4)
0 0 0 w(x,1) Dw(x, t) — i (x,t)
v o r(x,t) Oow(x,t) — a(x,t)
A2 (x€)

with F a differential operator of order N = 1. The stress o(X,t) is obtained from Hooke’s law o(X,t) = Ce(X,t),
where the constitutive matrix C' = C'T > 0 is given by

] 1v 0
Cy, 0 . GO
= th = — s — D.4.
“=1 ol M O =G S(l) <19V> e (D45)
- 2

where Cj, is the constitutive matrix for plane stress, and F,G, v are material properties. Then, from (32) we have

h/2 2 T
K(x) = / GGGy 0 dés = 1 Gy _ 0 . Considering that there are no distributed inputs, from Theorem 1
—h/2 0 1 Cs i 0 IQ CS
we have o ) o
]jl 0 0 O 81 0 62 1 0 ep,
p2 0 0 0/0 82 81 01 €py
153 0O 0 0]0 0 O 81 82 €ps
6:1 — |01 0 0|0 O O O O] |eq (D.4.6)
€2 0 0 0[]0 O 0 O O] [€e
€3 Oy 01 0[]0 0 0 O Of |€es
€4 —1 0 010 0 0 0 Of |€es
| €5 | |0 =100 0 0 0 0] |€es |
with Hamiltonian defined as in (35). The boundary ports are defined from Remark 2 by
T Cer
€py 1 0 ng 0 0 €e,p -
8, H = €ps 0 gy 0 0] |€es| ds :/ Yo uo ds (D.4.7)
282 | ep, 0 0 0 nq no €ey 082
€es
Ps

D.4.1 Tensor representation

Notice that F = [G_rgd grgd}, F* o= —[DOiV I } r(x,t) = [“’22] where ¥(x,t) = [¥1(x,t) ¥a(x,1)]T € R?

groups the angles rotated by the cross section with respect to each coordinate axis. The mass matrix M(x) and
stiffness matrix K(x) can be rewritten as

12(’(;"(') 0 (D.4.8)

Mx) = plx) [1212 O] . K = o

0 Ip

with C; the constitutive matrix for shear stress as defined in (D.4.5), and Cy(-) = 125 [(1 — v)(-) 4+ vtr(-)12] the
constitutive tensor for plane stress. With the above we redefine the energy variables as

Pl 1) = [pw(X,t)] _ [p(x)lzl/}(x,t)] ()= [ed,(x,t)] _
: | €

Puw(x,1) p(x)Ipw(x,t €w(x, 1) grad(w(x,t)) — ¥(x,t)

Grad(¢(x, 1)) 1 (D.4.9)
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and co-energy variables as

where

e (x,1) = [a(x,t) es(x, t)] ew(x,1) = [64(}(, tﬂ oo () = [eel(x,t) €es (X,ZH e (xt) = [664(}!715)1

%63 (Xv t) €2 (X7 t)

Then, the model in (D.4.6) written using tensor notation is given by

Dyp 0 0 |Div 1| |epy
Pw| | 0 0 |0 div| |ép,
€y Grad 0 | O O €c, (D.4.11)
éw —12 grad 0 0 Cew
—— ——
i JT=—T* 0. H
with Hamiltonian functional H|[p, €] given by
T R . .
Hip, €| = 5 /Qpl_2 Dy Dy + A + IQ%(Ew).Gw + InCy€q - € dx (D.4.12)

The boundary variables are obtained from the energy balance which is given by
0H = (6, H, ©)§ = / lep, - Div(ec,) + e, : Grad(ep, )] + [ep, div(ee,) + e, - grad(e,,, )] dx (D.4.13)
0

so applying the integration by parts theorem for symmetric tensors to the first term of the integral above (see [16,
Theorem 8]), and the divergence theorem to the second term, then we obtain

O = [(ec, ) €p, +ep, (ec, )] ds = / Y up ds (D.4.14)
a8 210

where 7 = [fi; 72]". The above expression is completely analogous to (D.4.7). For more details see [12] and [13].

D.5 Vibrating string

Consider a three-dimensional body that can be treated as a one-dimensional structure as shown in Figure 2c. The
displacement field is given by

0
u®,t) = o] wx ) (D.5.1)
1| ~~~—
r(x,t)
A1(x)

with x = {1}, x¢ = {{,(3}, 2 = (a,b) C R, 2° = A C R?, and w(x,t) € R is the vertical displacement in the
direction of the (3 axis. From (28) and (27) we have

M(x) = p(x) /Al dA =p(x)A(x) , p(x,t) = M(x)r(x,t) = p(x)A(x)w(x,1) (D.5.2)

where A(x) is the cross section area. From (B.4), the non-zero components of the strain tensor € C & are given by

e(X,t) = e5(x, 1) = Drw(x, 1) (D.5.3)

26



Gs

w(¢1,t)
;Cl

Fig. D.5.1. Vibrating string scheme.

From Proposition 2 we choose m = 1, then

e(X,t)=_1 01 w(x,t) — €(x,t)=Fr(xt)=es5x,1) (D.5.4)
SN N~ —
A2(x) F o op(xt)

with F a differential operator of order N = 1. The stress o(X,t) is obtained from o(X,t) = Ce(X,t) € R, where
C is chosen as C = T'(x)/A(x), with T'(x) the internal tension in the string. To understand this choice of C, first
notice that o(X,t) = o5(x,t) = 013(x,t), which represents the shear stress on the face perpendicular to the (; axis
and in the direction of the axis (3. The way to calculate this stress is by o13(x,t) = T5(x)/A(x), with T3(x) the
projection of T'(x) on the (3 axis. From the geometry we know that T5(x) = T'(x)sin(6(x,t)), where 6(x,t) is the
angle shown in Figure D.5.1. Using the assumption of small displacements and rotations, 0(x,t) ~ djw(x,t) and
T3(x) = T(x)0(x,t) = T(x)01w(x,t). With all the above we have

T(x)
A(x)

Brw(x, t) = 2@ ez, ) = Ce(x, t)

o(x,t) = o13(x,t) = T3(x) /A(x) = A(x)

then by association the constitutive relation is equivalent to C' = T'(x)/A(x). Then, from (32) we have K(x) =

Zg; / 4 1dCaC3 = T'(x). Considering that there are no distributed inputs, from Theorem 1 we have

-l

b 2
Hip, €] = %/ f%‘ + Te? dx (D.5.6)

with Hamiltonian defined as

Since {2 is the segment (a,b), the boundary points are s = {a, b}, then f1(s = a) = —1 and 7;(s = b) = 1. The
boundary ports are defined from Remark 2 as

OH = | epecinds = —ep(a)ec(a) + ep(b)ec(b) = / Y ug ds (D.5.7)
a9 a0

D.6 Torsion in circular bars

Consider a three-dimensional body that can be treated as a one-dimensional structure as shown in Figure 2c. The
displacement field is given by

0
uX,t)=| (3| 0(x,1¢) (D.6.1)
_CQ r(x,t)
——
A1 (x€)
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with x = {(1}, x° = {2, G}, 2 = (a,b) CR, 2°= A CR? and 0(x,t) € R is the angle rotated by the cross section
in the direction of the ¢; axis. From (28) and (27) we have

M(x) = p(x) /A(sz +@3)dA=px)(x)  p(x,t) = M)i(x,t) = p(x) ], (x)0(x, ) (D.6.2)

where I,(x) is the polar moment of inertia of the cross section. From (B.4), the non-zero components of the strain
tensor € C € are given by

eq4(X, 010(x,
o= ] = [ooer) o3

From Proposition 2 we choose m = 2, then

G 0] |o _ _|018(x,1)
e(X,t) = [O _C2‘| lall 0(x,t) — €(x1,t) =Fr(x,t)= l@le(x,t)] (D.6.4)
A2 (x€) F .

. The stress o(X,t) is obtained from o(X,t) = Ce(X,t) € R?, where

with F a differential operator of order N =1
= [§ 2] with G the shear modulus. Then, from (32) we have K(x) =

the constitutive matrix is given by C

G 5| dA = 5 ar , with I, (x) and I, (x) the transverse moments of inertia of the cross section.
a0 G 0 2 (%)

Notice that for a circular cross section we have I;, = I, = I;, and I, = 21;. Considering that there are no distributed
inputs, from Theorem 1 we have Considering that there are no distributed inputs, from (34) we have

]5 €py
él == 651 (D65)
é2 662
with Hamiltonian defined as in (35) given by
1 b p?
Hlp, e = 5/ At GILie? + GIiél dx (D.6.6)
The boundary ports are defined from Remark 2 by
€e
O H = ép [ﬁl ﬁl} [e 1} ds = —2ep(a)e., (a) + 2e,(b)ee, (b) :/ Yy up ds (D.6.7)
on —— €2 o0 .0.

Py

since e, (x,t) = e, (x,t). Moreover, due to €1(x,t) = ea2(x,t) = €(x,t) and I, = 2I;, we have e, (x,t) + e, (x,t) =
ee(x,t) = GI,€(x,t). Then, the model (D.6.5) can be written equivalently as

p 0 01 |
= D.6.8
with Hamiltonian defined as ,
g1 p? =2
Hip, € = g/a oA + GI,e" dx (D.6.9)
and boundary ports defined from Remark 2 as
O H = | epezinds = —ep(a)ez(a) + ep(b)ee(b) = / Yy up ds (D.6.10)
o0 o0

which is completely analogous to the expression in (D.6.7).
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D.7 Reddy’s beam

Consider a three-dimensional body that can be treated as a one-dimensional structure as shown in Figure 2c. Based
on the Reddy’s third order shear deformation theory, the displacement field is given by

—(G—a3) 0 —ag3| | ¥(x,1)
u(X,t) = 0 0 0 w(x,t) (D.7.1)
0 1 0 dw(x,t)
A (x¢) r(x,t)

with x = {(1}, x¢ = {¢2, 3}, 2 = (a,b) CR, 2° = A CR? a = ﬁ, ¥(x,t) € R is the rotation of normals to
neutral axis (see Figure 3.b), w(x,t) € R is the vertical displacemt in the direction of the (3 axis, and dyw(x,t) € R
is the slope of the neutral axis. From (28) and (27) we have

(€3 —2a(s + a%¢5) 0 (¢ — acf) (Iy — 2aly + o?1g) 0 a(ly — alg)
M(x) = p(x)/ 0 1 0 dA = p(x) 0 Iy 0 (D.7.2)
A a3 — acf) 0 o2 a(ly — alg) 0 a?lg
and
p(x) (I — 2aly + 216)(x,t) + p(x)a(ly — als)dw(x,t)
p(x,t) = M(x)E(x,t) = p(x) I (x, 1) (D.7.3)

p(x)a(l4 — alg)y(x,t) + p(x)a?Id10(x, 1)
where I; € R with i = 0,1,2,... is defined as I;(x) = [, ¢4 dA. Note that Io(x) is the area of the cross section, I5(x)

is the second moment of inertia of the cross sectlon and in general I;(x) is the it
section. From (B.4), the non-zero components of the strain tensor € C € are given by

moment of inertia of the cross

(G — aci) [0 (x,1)] — agd[oFw(x
(1 - 30[(%)[81’(1}()(, t) - 7/’(X7 t)]

)]

-

From Proposition 2 we choose m = 3 since there are three functions that are independent of x¢ in the strain vector
g(X,t) (highlighted in square brackets in (D.7.4)). Then we have

~—

61(

oK, (D.7.4)

e(X,t) = [

o 00 hp(x,1)
E(X,t) = _(C?’ Bac??) (1 B ga§2) _%Cgl —1]_ 61 0 E % — G(Xa t) = ]:I'(X,t) = alw(xt t) - ¢(X»t)
3 0 0 91 |O1w(x,t) Ow(x,t)
A2(x¢) F r(x,t)
(D.7.5)

with F a differential operator of order N = 1. The stress o(X,t) is obtained from Hooke’s law o(X,t) = Ce(X, 1),
where C' = [£ 2], where E, G are Young’s modulus and shear modulus, respectively. Note that the correction factor
K used in the Tunoshenko beam (first-order shear deformation theory) is not necessary here since the kinematic
assumption ensures that the shear strain is zero on the free surfaces and varies parabolically through the (3 axis.
Then, from (32) we have

E(C§ — 2065 + o(E) 0 Ea(¢s — o)
K(x) = / 0 G(1—6aC? +9a2¢H) 0 dA
AL Eo( - adg) 0 Ea?(g
i ) (D.7.6)
E(IQ — 20([4 + a2I6) 0 EO{(I4 — 04]6)
= 0 G(IO — 60[[2 + 90[214) 0
EO[(I4 - O[Iﬁ) 0 EO[216
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Considering that there are no distributed inputs, from (34) we have

1 0 0 0 81 1 0 €p,
D2 0 0 010 81 0 €py
P3| _ 0 0 0|0 0O €ps (D.7.7)
€1 00 0 0[O0 0 O €ey
€2 -10, 0{0 0 O €eo
_53_ | 0 0 0:1{0 0 0 | [Ces|
with Hamiltonian defined as in (35). The boundary ports are defined from Remark 2 by
O:H = epTlg ey ds = —ep(a)Teﬁ(a) + ep(b)Tee(b) = / ygua ds (D.7.8)
o0 o0

D.8 Rayleigh beam

Consider a three-dimensional body that can be treated as a one-dimensional structure as shown in Figure 2c. Since
plane sections normal to the neutral line before deformation remain plane and normal to the neutral line after
deformation, the displacement field of the Rayleigh beam is given by

—3 0
u(x,t) = 843(3 [a;“(’}gﬁ)t)] (D.8.1)

A (x0) r(x,t)

with x = {1}, x¢ = {(2, G}, 2 = (a,b) CR, 2°= A C R?, w(x,t) € R is the vertical displacement in the direction
of the (3 axis, and dyw(x,t) € R is the slope. From (28) and (27) we have

M(x) :p(x)/A[%’% (1) I(x) ©

A=) | 707 Ax)

o p(xt) = M)E(x, 1) =

p(x)1(x)011(x,t)
mwmwwxw] (:52)

where A(x) is the area of the cross section, and I(x) is the second moment of inertia of the cross section. From (B.4),
the only non-zero component of the strain tensor e C 2 is given by £(X,t) = &1 = —(3 07w(x,t), then we choose
m = 1 since there is only one function independent of x°. From Proposition 2 we have

(%t = 5 |oy 7] la;‘g}(f;)t)] S e(x ) = Fr(x,t) = 20%w(x, ) (D.8.3)
i F ’

r(x,t)

with F a differential operator of order N = 2. The stress o(X,t) is obtained from o(X,t) = C'e(X,t) € R, where the
constitutive matrix is given by C' = E with F the Young’s modulus. Then, from (32) we have

K = 4 [ GGaa= 21 (D8.4)

Considering distributed inputs and that the work done is given by (18), from Theorem 1 we have

]51 0 0 81 €p1
P2l = |0 0 —0%| |ep, (D.8.5)
€ 81 3% 0 €¢
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Wilh Hamiltonian deﬁned as in (35) giVen by
H €l = = - € dX (D 8 6)
p, + + 0.

The boundary ports are defined from Corollary 2 by

OH = | Ble,)" Qo(s)Blec) ds = (ep, ec + Orepyec — ep,01ec)l
0 (D.8.7)
= (201ep,ec — ep,O1ee)|l = / ya ug ds
Ele)

where the second line in (D.8.7) is due to e,, = d1e,,, which is a consequence of the differential relationship between
the components of the displacement vector r(x,t) in (D.8.1).

D.8* Euler-Bernoulli beam

The Euler-Bernoulli beam is a particular case of Rayleigh beam where the effect of rotary inertia p(x)I(x) is neglected.

Then, the Euler-Bernoulli beam can be obtained from the Rayleigh model by eliminating the first equation of (D.8.5),
eliminating the first row and column of J = [2. _-OF* ] , and eliminating the contribution of p; (x,t) in the Hamiltonian
(D.8.6). Also, for convenience we define &(x,t) = 1e(x,t) = d1w(x,t), hence e. = £Le? = e; = EIe?. With the above

4
the Euler-Bernoulli beam model is given by

-l )l

2
Hlpy, & = l/ﬂ % + EIe* dx (D.8.9)

with Hamiltonian given by

2

The boundary ports are defined from Corollary 2 considering F = 67, then we have
atH = / B(epz)TQé)(S)B((ig) ds = (81€p2€g — €p28165)|z = / ygua ds (D.S.lO)
a8 502

which is completely analogous to the expression in (D.8.7).

D.9 Kirchhoff-Rayleigh plate

Consider a three-dimensional body that can be treated as a two-dimensional structure as shown in Figure 2b where
h € R is the thickness (constant). Similarly to the Rayleigh beam, this model is based on the following kinematic
assumption: plane sections normal to the neutral line before deformation remain plane and normal to the neutral
line after deformation. Then, the displacement field is given by

0 —G0 Oow(x,t)
uX,t)= |-G 0 0| |01w(x,1) (D.9.1)
0O 0 1 w(x, t)

Ar(x) r(x,t)
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with x = {¢1, (2}, x° = {3}, 2 CR?, 2° = (=4 x ) C R, w(x,t) € R is the vertical displacement in the direction
of the axis (3, Oyw(x,t) € R and 82w(x t) € R are the slopeb From (28) and (27) we have

n2[c2 00 L0 O p(x) I Otir(x, 1)
M(x) = plx) [ 0 Gold=pm 06 0] bt =M@Y = |pB 00| (D92
—h/2
/200 01 0 0 I p()f()
_ i+1
where I; € R with i =0,2... is defined as I; = fh}/jQ Cidgs = h From (B.4), the non-zero components of the
strain tensor ¢ C € are given by
e1(X,1) —G3 [0fw(x,1))]
e(X,t) = |ea(X, )| = —(3 [03w(x,1)] (D.9.3)
€4(X, t) —(3 [3281w(x7 t) + alagw(x, t)]

From Proposition 2 we choose m = 3 since there are three functions that are independent of x° in the strain vector
g(X,t) (highlighted in square brackets in (D.9.3)). Then we have

—¢; 0 0 0 0 8?2 |Gw(x,t) P?w(x,t)
eX,t)=10 —¢G 0| |0 033 |w(xt)| — ext)=Fr(xt)= D3w(x,t) (D.9.4)
0 0 —G 01 05 0 w(x,t) 828110(}{, t)—|—3182w(x,t)
| —
A2 (x€) F r(x,t)

with F a differential operator of order N = 2. Considering an isotropic material, the stress o(X,t) is obtained
1v O
from o(X,t) = Cpe(X,t) € R3, where C) = ﬁ {” 1

o = }, where F,v are Young’s modulus and Poisson ratio,
2

respectively. Then, from (32) we have K(x) = f,/iQ (2 CydCs = I, Cy. Considering that there are no distributed
inputs, from (34) we have

pl 000[0 0 a]le,

]j2 00 O 02 02 82 €p,

]jS _ 0 O 0 781 762 0 eps (D.9.5)

€1 0002/ 0 0 0 €ey

€2 0 0020 0 0 €ey

_5'3_ _61 d 0 0 0 0 ] _663_
with Hamiltonian defined as in (35), that is

B A O N S oA
Hlp, €] = 2/, via + ;A + o + LChe-edx (D.9.6)
The boundary ports are defined from Corollary 2 by
O H = B(ep)TQa(s)B(ee) ds = / ep M€y + €p,Noeey — €py (N101€¢, + N20aee,) + O1ep,N1ee, + Oaep,Noee, ds
o0 a0

= / epy (Raee, + N1€ey) + €py (N1€e, + N2ecy) — €py (N1016¢, + N2aee,) ds = / ya ug ds
Gle) Glo)
(D.9.7)
where the second line in (D.9.7) is due to die,, = ep,, and dzep, = e,,, which is a consequence of the differential
relationships between the components of the displacement vector r(x,¢) in (D.9.1).
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D.9.1 Tensor representation

div 0 —divoDiv o w(x,t)

R? groups the slopes. The mass matrix M (x) and stiffness matrix K(x) can be rewritten as M(x) = p(x) [fzoh }1 } , and

K(x) = C(-), where C(:) = D[(1 — v)diag(-)11x2 © 12 4 vtr(-)12] is a suitable constitutive tensor with D = %
the plate bending stiffness, 112 = [1 1] € R'*2) 15 € R?*? is the identity matrix, diag(-) is a column vector with
the elements of the diagonal of (-), and ® denotes the element-wise product (Hadamard product). With the above

we redefine the energy variables as

Consider F = [ 0 Gradograd} JFr = —[ 0 grad} ,r(x,t) = [Q(x’t) } , where 0(x,t) = [Dow(x,t) d1w(x,t)]" €

(D.9.8)

Grad o grad(w(x, t))]
div(0(x,t))

e, (x )(x ee, (x Cleo(x,t
ep(x,t) = l o ’t)] = V( ’t))] , ee(x,t) = [ ol ’t)] = Ceo (. 1) (D.9.9)

Mew(x, t)

where

e, (%,1) 0
0 e,(x1)

€1(x,t) %63(}(, t)
%63(}(7 t) ea(x,t)

eg(x,t) = [ ] , €w(X,t) = €3(x, 1), e, (x,t) = l ] s €ey (%, 1) = ey (%, 1)

Then, the model in (D.9.5) written using tensor notation is given by

Do 0 0 0 grad| | €py
Pw 10 0 —divoDiv 0 €p.,
éo 0 Gradograd 0 0 Cep (D.9.10)
w div 0 0 0 €c.,
i T==TJ* S H
with Hamiltonian functional H|[p, €] given by
2
1 1 D(1—
Hip, el = 7/ — Py ~p9+p—3“+Q(eg):eg+Mefudx (D.9.11)
2 0 pla PIO == 2

The boundary variables are obtained from the energy balance which is given by
O H = (6, H, i) = / [ep, - grad(ec, ) + ee, div(ep, )] + [ee, : Grad o grad(e,,, ) — €p,, divoDiv(e, )] dx  (D.9.12)
0

so applying the divergence theorem to the first term above, and integration by parts to the second term (see [14,
Remark 6]), then we obtain

oH = / [€c,, (€pe- )] + [(7 @ grad(ep, )): €, — Nt Div(ee, ) €p, ] ds = / ya up ds (D.9.13)
o o

where 71 = [fi; 73] 7, and ® denotes the dyadic product. The above expression is completely analogous to (D.9.7).
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D.9* Kirchhoff-Love plate

The Kirchhoff-Love plate model is a particular case of the Kirchhoff-Rayleigh plate where the effect of rotary inertia
p(x)I is neglected. Then, the Kirchhoff-Love plate can be obtained from the Kirchhoff-Rayleigh model by eliminating
the contribution of p;(x,t) and pa(x,t) in the Hamiltonian (D.9.6), and moving the effect of the first two equations
of (D.9.5) to the third, that is, by eliminating the first two rows and columns of J = [9_. _Of ] and redefining the
differential operator.

0 0 (el
F=looa| - F=|a& | F =070 200)] (D.9.14)
1 8y 0 29,05

With the above the Kircchoff-Love plate model is given by

]53 02 —812 —822 —28182 €ps
€] _ oh 0 0 0 €ey D.9.15
éa 03 0 0 0 €ecy (D-9.15)
€3 28182 0 0 0 €eg
with Hamiltonian given by
2
Hlps,e] = 1/ p—§+IQC’be-edx (D.9.16)
2 o Plo

Note that F does not belong to the class of differential operators considered in Definition 2, therefore the boundary
terms cannot be obtained from Corollary 2. Despite this, they can be obtained from the energy balance and applying
Green theorem considering the split mixed derivative 20,02 = 9102 + 9201, that is

OH = (6,H, x){i = / —ep, (8%661 + 8%662 +20,00ec,) + eqafep?, + 662856‘,}3 + €., 201 02¢,, dx
19,

(D.9.17)

:/ 1 (661 aleps tees 8261?3 —Cps 7} €ey ) +o (662 826?3 tees 7} €ps —Cps 82662 ) —Cps (ﬁ182653 +n201 663) ds
o

which is different to the expression in (D.9.7), since the above (D.9.17) has the last additional term that arises from
the mixed derivatives.

D.9.2 Tensor representation

Consider F = Gradograd, and F* = divoDiv. The mass matrix M(x) and stiffness matrix K(x) are rewritten as
M(x) = p(x)Ip, and L(x) = D(-), where D(-) = D [(1 — v)(-) + vtr(:)12] is the internal bending moment constitutive

tensor for isotropic plates. With the above consider the following energy variables and co-energy variables

Puw(x,t)=p(x)low(x,t), eo(x,t)=GCradograd(w(x,t)), ep, (x,1) =w(x,t), ee(x,t) =Dleg(x,t)) (D.9.18)

o) = la(x, t) 563(x,t)1 L ennt) = [eq(x,t) 663(X,t)]

%63(}(,15) ea(x,t) ey (X, 1) €cy (%, 1)

Then, the model in (D.9.15) written using tensor notation is given by

where

Dw| _ 0 —divoDiv| |e,
€g Grad o grad 0 €cp (D.9.19)
—— ——
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with Hamiltonian functional H|[p.,, €p] given by

Hpw, €o) /Q +D(eg): € dx (D.9.20)
The boundary variables are obtained from the energy balance which is given by
OH = (0, H, i) = /Qeﬂ: Grad o grad(ep,,) — ep,, divoDiv(e, ) dx (D.9.21)
so applying integration by parts (see [14, Remark 6]), then we obtain

O H = (7 ® grad(ep,, )): ee, — 71+ Div(ec,) ep, ds = / ya ug ds (D.9.22)
a9 - - o9

where 7 = [Ai; 712] T and ® denotes the dyadic product. The above expression is completely analogous to (D.9.17).
For more details see [14].
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