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Resumen

Los incendios forestales representan una problemática ambiental global con fuerte
impacto en Chile, donde cada año se pierden miles de hectáreas de bosques. Este
fenómeno provoca pérdida de biodiversidad, degradación del aire, alteración de
los ciclos h́ıdricos y daños graves a los ecosistemas, generando además impactos
económicos y sociales. A nivel mundial, cerca del 75% de los incendios tienen origen
humano; en Chile, según la CONAF, el 99,7% son causados por acción o negligencia
humana. Entre 1963 y 2024 se registraron más de 283.000 incendios, con más de 4
millones de hectáreas afectadas.

Con el fin de comprender y mitigar esta problemática, se han desarrollado diversos
modelos matemáticos y herramientas computacionales. La presente investigación
se enfoca en los modelos de propagación f́ısicos acoplados, los cuales integran la
dinámica de la atmósfera baja con la propagación del fuego, incorporando además
los efectos de retroalimentación entre ambos procesos.

A pesar de la existencia de múltiples implementaciones de estos modelos, solo
una fracción se encuentra disponible en formato de código abierto. Este proyecto
propone un método numérico y desarrolla una implementación de código abierto
basada en un modelo f́ısico simplificado y en técnicas de dinámica de fluidos com-
putacional. Dada la naturaleza del algoritmo, la implementación se realizará en
unidades de procesamiento gráfico (GPU) con el objetivo de reducir los tiempos de
las simulaciones numéricas. De este modo, se busca facilitar estudios intensivos sobre
incendios forestales, alcanzando tiempos de ejecución considerablemente menores en
comparación con implementaciones en CPU.

Keywords : Modelamiento Acoplado Atmósfera-fuego, Computación Cient́ıfica,
Métodos Numéricos, GPU.
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Abstract

Wildfires represent a global environmental problem with a strong impact in Chile,
where thousands of hectares of forest are lost every year. This phenomenon causes
loss of biodiversity, air degradation, disruption of hydrological cycles, and severe
damage to ecosystems, while also generating significant economic and social impacts.
Worldwide, around 75% of forest fires are of human origin; in Chile, according to
the National Forest Corporation (CONAF), 99.7% are caused by human action or
negligence. Between 1963 and 2024, more than 283,000 fires were recorded, with
more than 4 million hectares affected.

To understand and mitigate this problem, several mathematical models and com-
putational tools have been developed. This research focuses on coupled physical
propagation models, which integrate the dynamics of the lower atmosphere with fire
spread, also incorporating the feedback effects between the two phenomena.

Despite the existence of multiple implementations of these models, only a fraction
is accessible in open source format. This project proposes a numerical method and
develops an open-source implementation based on a simplified physical model and
computational fluid dynamics techniques. Given the nature of the algorithm, the
implementation will be carried out on Graphics Processing Units (GPUs) to reduce
numerical simulation times. Thus, the project seeks to enable intensive studies of
wildfires, achieving significantly shorter execution times compared to CPU-based
implementations.

Keywords : Coupled Atmosphere-wildfire Modeling, Scientific Computing, Nu-
merical Methods, GPU.
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Chapter 1

Introduction

Wildfires represent a persistent global problem in the modern era, which is increasing
due to the impacts of climate change (Di Virgilio et al., 2019; Xu et al., 2020; Zhuang,
Fu, Santer, Dickinson, & Hall, 2021). Human actions are estimated to contribute
approximately 75% of all wildfires (World Wide Fund & Boston Consulting Group,
2020). Between 1992 and 2020, approximately 85% of wildfires in the United States
were attributed to human causes (Short, 2022), and this proportion increased to 89%
from 2017 to 2021 (Hoover & Hanson, 2022). The historical stats for the United
States are shown in Figure 1.1.
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Figure 1.1: Historical data of wildfires in U.S from 1983 to 2024 (National Intera-
gency Fire Center, 2025).

In a local context, the situation is equally or more severe; for example, in Chile,
99.7% of wildfires are attributed to human activities (CONAF, 2025b). Figure 1.2
presents the historical trends of wildfires in Chile.

According to Tyukavina et al. (2022), between 2001 and 2021, wildfires resulted
in a cumulative loss of 132 million hectares of forest worldwide, the year of the peak
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Figure 1.2: Historical data of wildfires in Chile from 1963 to 2024 (CONAF, 2025a).

loss of tree cover due to fires was 2021, when 10.6 million hectares were lost, which is
approximately 37% of the total loss of tree cover for that year. The consequences of
forest fires include the harm to natural resources, pollution, monetary cost, and even
human deaths, among others (Liu, Lei, Gao, Chen, & Xie, 2021). As a result, the
scientific community has dedicated considerable effort to studying this phenomenon
for many years. Since it remains an unresolved challenge, substantial funding is
continuing to be directed towards its exploration (U.S. National Science Foundation,
2025; European Court of Auditors, 2025).

One of the principal strategies to improve the comprehension of this phenomenon
is the application of mathematical modeling and numerical computation (Pastor,
Zárate, Planas, & Arnaldos, 2003). Wildfire modeling presents significant complexity
as it involves multiple scales, including chemical kinetics, heat transfer, and fluid dy-
namics (Finney, McAllister, Grumstrup, & Forthofer, 2021; Speer & Goodrick, 2022;
Himoto, 2022). It is an interdisciplinary domain that integrates methodologies from
meteorology, ecology, engineering, and computer science to investigate the initiation
and propagation of fires and their interaction with meteorological and other environ-
mental conditions (Finney et al., 2021). Such models employ a synthesis of historical
datasets, satellite imagery, and meteorological forecasts to estimate the spread and
intensity of a wildfire (Wegrzynski, Lipecki, & Krajewski, 2018). These predictions
facilitate informed decision making by fire managers about response strategies and
are instrumental in strategic planning for potential wildfires. In addition, these
models serve as evaluation tools for assessing the efficacy of various fire management
strategies and examining the repercussions of fires on ecological systems and human
communities (Finney et al., 2021; Meacham & McNamee, 2023). In general, wild-
fire modeling is an indispensable tool for the management and mitigation of wildfire
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impacts on social structures.

Two main modeling approaches are identified as physical and empirical (Sullivan,
2009a, 2009b). Physical wildfire models are based on the fundamental laws of physics,
including energy conservation, mass balance, and fluid dynamics, to simulate the be-
havior of wildfires (Sullivan, 2009a). These models consider various factors that
influence the spread of the fire, such as wind, temperature, humidity, and fuel mois-
ture content. Mathematical equations are utilized within these models to represent
the transfer of thermal energy, smoke, and other gases, as well as the dynamics of
the fire front. Physical models can provide detailed information on the spread and
intensity of a fire and predict the propagation of the fire under varying weather
conditions. In contrast, empirical models are derived from historical data and ob-
servations of actual fire events (Sullivan, 2009b). These models employ statistical
methods to interpret the available data, identifying patterns based on weather, to-
pography, and fuel conditions to predict the spread of the fire. Empirical models
are generally more straightforward to implement compared to physical models, re-
quiring fewer input data for predictions. Nevertheless, they may lack the precision
of physical models, particularly in forecasting fire behavior in unusual or extreme
conditions. Both modeling approaches have specific advantages and drawbacks, and
their utilization depends on the particular needs and resources available in a given
scenario. In particular, this thesis will focus on coupled wildfire-atmosphere physical
models.

A primary issue associated with these types of models is the extensive computa-
tional cost of performing numerical experiments, which presents significant challenges
in the simulation of large-scale fires due to their demanding computational require-
ments (Wegrzynski et al., 2018; Bakhshaii & Johnson, 2019; Silva et al., 2022). Many
of these challenges arise from the complexity of the simulated domain, the mecha-
nisms of heat transfer primarily associated with radiation, and the pressure problem
solver used for fine meshes, particularly in a three-dimensional domain. Conse-
quently, numerous models developed are dependent on high-performance computing
(HPC) frameworks (Bakhshaii & Johnson, 2019). These technologies mainly include
OpenMP, implemented for shared memory multi-threaded programming CPU, and
MPI, for distributed parallel programming (K. McGrattan & Miles, 2016). Although
these tools substantially accelerate code execution, they present challenges in design-
ing algorithms that efficiently leverage hardware resources.

The primary objective of this research is to develop a simplified coupled math-
ematical model of wildfires that, in terms of computational resource requirements,
holds an intermediary position between physical and empirical models while incorpo-
rating as many details as feasible. Additionally, this research aims to deliver an open
source high-performance computing solution that takes advantage of the capabilities
of Graphics Processing Units (GPUs) to enhance computational efficiency and re-
duce processing times. The justification for GPUs is their ability to run models on
a workstation, leveraging their computational power, but maintaining a simplified
approach due to memory constraints. This aims to distinguish itself from exist-
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ing coupled atmosphere-fire models that predominantly utilize HPC technologies to
speed up CPU-based computations. Table 1.1 shows the comparison of CPU and
GPU for HPC acceleration.

Table 1.1: HPC hardware comparison.

Memory [GB] Cores [#] Frequency [GHz]

GPU 5− 100 > 2000 1− 2
CPU Node 100− 1000 10− 48 2− 3
Cluster > 10000 > 1000 > 3

1.1 Antecedents and Motivation

The numerical simulation of wildfires underlying this research began in 2018 with
the implementation of a simplified two-dimensional physical model based on the
work of Asensio and Ferragut (2002), presented in “Ngen-Kütral: Toward an Open
Source Framework for Chilean Wildfire Spreading” (San Mart́ın & Torres, 2018).
This study used a Finite Difference Method combined with a Runge–Kutta time
integration scheme to solve a convection–diffusion–reaction system, providing a first
approximation of the dynamics of spreading wildfires. Building on this foundation,
“Exploring a Spectral Numerical Algorithm for Solving a Wildfire Mathematical
Model” (San Mart́ın & Torres, 2019) investigated the use of spectral differenti-
ation techniques with Fast Fourier Transform to approximate spatial derivatives
more efficiently. Both contributions laid the groundwork for the author’s master’s
thesis, “Open-source Framework for Chilean Wildfire Spreading and Effects Analy-
sis” (San Martin, 2021).

In the doctoral context, research expanded toward high-performance computing
with the first GPU-based implementation in Python, presented in “2D Simplified
Wildfire Spreading Model in Python: From NumPy to CuPy” (San Martin & Torres,
2023). This study demonstrated that the numerical algorithm could be executed on
GPUs with minimal code modifications. The implementation was later enhanced
using CUDA C, resulting in the publication “A GPU Numerical Implementation
of a 2D Simplified Wildfire Spreading Model” (San Martin & Torres, 2024), which
emphasized the potential of GPUs to run multiple simulation scenarios in parallel.

However, these earlier models may lack fidelity in extreme scenarios because they
did not account for atmosphere–fire interactions, a key driver of wildfire dynamics.
This limitation motivated the development of a coupled mathematical framework
capable of capturing both fire propagation and atmospheric feedback. At the com-
putational level, the research continued to focus on GPU architectures, given their
demonstrated efficiency in reducing simulation times, making large-scale and more
realistic wildfire simulations feasible.
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1.2 Document Structure

This thesis is organized as follows:

• Chapter 2 reviews the state-of-the-art in wildfire modeling approaches. It high-
lights key contributions in coupled wildfire-atmosphere models, with emphasis
on their main components and implementation features.

• Chapter 3 introduces the thesis proposal, outlining the working hypotheses,
their implications, and the expected contributions derived from this research.

• Chapter 4 presents the conceptual basis of the wildfire model, describing its
main components and the corresponding mathematical formalization.

• Chapter 5 details the numerical algorithm used to approximate the mathemat-
ical model, including both theoretical considerations and a description of the
numerical methods that form the foundation of the proposed algorithm.

• Chapter 6 describes the computational implementation, considering both CPU
and GPU architectures. Particular emphasis is placed on showcasing the al-
gorithm’s compatibility with GPU execution while analyzing the performance
achieved compared to the CPU version.

• Chapter 7 presents the results of the simulations and illustrates potential ap-
plications of the developed model.

• Finally, Chapter 8 summarizes the findings of the thesis and outlines possible
directions for future research.
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Chapter 2

State of the Art

Wildfire modeling has evolved significantly over the past decades, with various ap-
proaches designed to capture the complex interactions between fire behavior and
atmospheric dynamics. Current state-of-the-art models range from physics-based
and computational fluid dynamics (CFD) frameworks to coupled atmosphere-fire
systems and operational tools aimed at real-time decision-making. This chapter re-
views the most relevant contributions in each category, highlighting their underlying
physical assumptions, numerical strategies, and intended applications. The discus-
sion provides a foundation for understanding the motivations and limitations that
guide the development of the simplified yet efficient model proposed in this thesis.

2.1 Wildfire Modeling

Wildfires are complex phenomena that involve the interaction of various environ-
mental, meteorological, and topographical factors (Finney et al., 2021; Speer &
Goodrick, 2022; Himoto, 2022). Modeling these events is essential for understand-
ing their behavior, predicting their spread, and implementing effective mitigation
strategies (Meacham & McNamee, 2023).

Fire behavior is significantly affected by fuel properties, such as the type, mois-
ture content, and spatial arrangement of vegetation. Fuel models take these ele-
ments into account to estimate fuel availability and combustibility (Finney et al.,
2021). Weather conditions, including wind speed, wind direction, temperature, and
relative humidity, are essential to determine the spread rate and intensity of the
fire (Bakhshaii & Johnson, 2019; Finney et al., 2021). Advanced models often in-
tegrate real-time weather data to improve accuracy (Wegrzynski & Lipecki, 2018).
Topography features such as slope, elevation, and aspect affect fire behavior by influ-
encing heat transfer and wind patterns (Finney et al., 2021). Steep slopes can accel-
erate the spread of fire, whereas valleys can act as barriers or conduits (Opie, 2020).
Fire spread mechanisms, such as radiation, convection, and spotting, are fundamen-
tal to modeling. Understanding these dynamics helps in simulating the progression
of the fire front (Drysdale, 2011). The human factor is also an important component
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in the modeling of wildfires. Anthropogenic activities, such as changes in land use
and firefighting efforts, also play a role in the modeling of wildfires (Meacham &
McNamee, 2023).

Regarding modeling approaches, there are several ways to classify them, but in
general they could be grouped into:

1. Empirical Models: These models rely on statistical relationships derived
from historical fire data. They are fairly straightforward and computationally
efficient; however, they might not generalize well to atypical conditions (Sullivan,
2009b; Silva et al., 2022).

2. Physics-Based Models: These models simulate fire behavior by solving the
equations that govern combustion, heat transfer, and fluid dynamics. Although
more accurate, they require significant computational resources and detailed
input data (Sullivan, 2009a; Silva et al., 2022).

3. Hybrid Models: Combining empirical and physics-based approaches, hybrid
models aim to balance accuracy and computational efficiency. They often use
empirical rules to guide simulations based on physics (Silva et al., 2022).

4. Machine Learning Approaches: Recent advances in artificial intelligence
have enabled the development of data-driven models that leverage large datasets
to predict fire behavior. These models can identify complex patterns and inter-
actions that traditional approaches may overlook (Andrianarivony & Akhloufi,
2024).

5. Integrated Models: These models integrate wildfire simulations with at-
mospheric models to examine feedback mechanisms, specifically how wildfires
affect and are affected by local and regional meteorological patterns (Silva et
al., 2022).

The following references provide a more in-depth look at wildfire modeling.
Pastor et al. (2003) present a review of the wildfire models and software developed
from 1940 to 2002. Sullivan presents a detailed description of the physical and empir-
ical models developed between 1990 and 2007 (Sullivan, 2009a, 2009b, 2009c). The
authors in Wegrzynski et al. (2018) provide a review that highlights the importance
of wind in wildfire modeling. Bakhshaii and Johnson (2019) contrast the coupled
atmosphere-fire models, presenting their capabilities and limitations. Finally, Silva
et al. (2022) present an extensive review of the literature on fire behavior modeling,
including the history of modeling approaches and the new trends in this area.

This study will focus on physics-based models, specifically coupled models, which
consider the interplay between the lower atmosphere and fire spread, taking into
account the dynamics of both phenomena. The following section discusses the most
pertinent models related to this topic.

7



CHAPTER 2. STATE OF THE ART

2.2 Coupled Models

The objective of this work is to develop a coupled, yet computationally efficient
physical model to simulate fire-atmosphere interactions in forest fire scenarios. This
model aims to capture the essential dynamics of fire spread and its feedback with at-
mospheric processes, while maintaining a level of simplification that ensures practical
applicability and reduced computational cost. In this context, the following section
reviews state-of-the-art modeling approaches that integrate fire behavior with at-
mospheric dynamics, providing the foundation and motivation for the methodology
proposed in this study.

2.2.1 Fire Dynamics Simulator

The Fire Dynamics Simulator (FDS) is a computational fluid dynamics (CFD) model
developed by the U.S. National Institute of Standards and Technology (NIST), specif-
ically designed to simulate fire behavior and its interaction with the surrounding en-
vironment (K. B. McGrattan et al., 2025). It is widely used for research, fire safety
analysis, and training applications, providing high-resolution numerical simulations
of fire dynamics, including combustion, heat transfer, and smoke transport.

FDS solves the low-Mach number form of the Navier-Stokes equations, which
eliminates acoustic wave propagation from the dynamics and makes the method ef-
ficient for low-speed buoyancy-driven flows, such as fire plumes (Rehm & Baum,
1978). The governing system includes the continuity equation for mass conserva-
tion, the momentum equation for fluid flow and buoyancy, and the energy equation
for heat transfer and temperature evolution (K. McGrattan et al., 2012). Combus-
tion is represented using a mixture fraction approach, which reduces the complexity
of chemical kinetics by describing the mixing of fuel and oxidizer. Heat transfer is
modeled through all three modes: convection between gases and surfaces, conduction
within solids, and thermal radiation, which is approximated by solving a simplified
radiative transport equation (RTE). Solid-phase pyrolysis and material degradation
are described by separate energy conservation equations, which are coupled with the
gas-phase model. The transport of smoke and other combustion products is incorpo-
rated through advection-diffusion equations. Turbulence is treated with Large Eddy
Simulation using an implicit filtering approach (K. B. McGrattan et al., 2025).

In terms of numerical methods, FDS employs a structured grid and a second-order
accurate Finite Difference Method to discretize the governing equations. Temporal
integration is performed with a fractional step method combined with an explicit
second-order Runge-Kutta scheme, while radiative transfer is solved with the Finite
Volume Method (K. B. McGrattan et al., 2025). The solver uses a fast direct pres-
sure method, which reduces computational time compared to iterative approaches.
The implementation is open source, with parallelization supported through OpenMP
and the Message Passing Interface (MPI), enabling simulations ranging from small
laboratory-scale fires to large building-scale scenarios (K. B. McGrattan & Forney,
2025).
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The Wildland-Urban Interface Fire Dynamics Simulator (WFDS) is an extension
of the FDS developed to model wildland and wildland-urban interface fires (Mell,
Jenkins, Gould, & Cheney, 2007). It incorporates a physical wildfire spread model
and a semi-coupled fire-atmosphere representation to capture interactions between
fire fronts and ambient wind fields. Like its parent model, WFDS is fully three-
dimensional, physics-based, and relies on the low-Mach number approximation for
computational efficiency. The model is particularly suited to short-duration fire
simulations where resolving coupled fire-atmosphere dynamics is essential.

2.2.2 FIRETEC

FIRETEC is a physics-based wildfire behavior model developed at Los Alamos Na-
tional Laboratory (LANL) (R. Linn, Reisner, Colman, & Winterkamp, 2002). It is
designed to simulate the three-dimensional interactions between fire, vegetation, and
the surrounding atmosphere by solving the governing equations of fluid dynamics,
heat transfer, and combustion in a coupled framework. The model emphasizes the
role of fine-scale physical processes, such as turbulence, radiative heat transfer, and
vegetation heterogeneity, in shaping fire behavior.

The governing equations include the continuity equation for mass conservation,
the momentum equations to capture buoyancy-driven and turbulent flows, the energy
equation to model heat transfer, and species transport equations to track combustion
products such as water vapor and carbon dioxide (Dupuy et al., 2011). Combustion
is described using simplified chemical reaction mechanisms, representing pyrolysis of
vegetation, oxidation of char, and burning of hydrocarbons (R. Linn, 1997). The
heat release rate is determined by the availability of fuel and oxygen, as well as
by local thermodynamic conditions. FIRETEC incorporates all three heat transfer
mechanisms: conduction, convection, and radiation. Vegetation is modeled as a
porous medium with varying fuel properties (e.g., density, moisture content, and
spatial distribution), which strongly influence the spread and intensity of the fire.
Turbulence is represented with sub-grid-scale models to account for the effects of
eddies and vortices that cannot be explicitly resolved.

Numerically, FIRETEC employs the Finite Difference Method for discretization
of the governing equations, ensuring the conservation of mass, momentum, and en-
ergy in computational cells (R. Linn et al., 2002). It uses variable-resolution grids
to refine the solution in regions of active combustion while reducing computational
demand elsewhere. Explicit time integration is applied to capture the fast dynamics
of fire spread and atmosphere–fire coupling. This framework allows the model to
resolve the spatial and temporal evolution of wildfires under the influence of wind,
terrain, and heterogeneous fuel distributions.

The coupled HIGRAD/FIRETEC system links the High Gradient Flow Solver
(HIGRAD) (Smolarkiewicz & Margolin, 1997; Reisner, Wynne, Margolin, & Linn,
2000) with the FIRETEC fire model, both developed at LANL. HIGRAD provides
the atmospheric flow solver, while FIRETEC represents the physics of fire. The
fire model uses a simplification of combustion reactions through ensemble-averaged
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processes, including pyrolysis, char burning, hydrocarbon oxidation, and soot com-
bustion in the presence of oxygen. The coupling ensures that fire-induced buoyancy
alters the local atmospheric flow at the microscale, which in turn feeds back into the
fire spread.

According to R. Linn (1997), the system of equations of FIRETEC was originally
solved using the Finite Difference Method. Later, Reisner et al. (2000) describe the
coupled HIGRAD/FIRETEC system as being solved with second-order accuracy in
both space and time using the Method of Averages (Nadiga, Hecht, Margolin, &
Smolarkiewicz, 1997). This semi-coupled framework is suitable for small-scale fire
studies over short time periods, where resolving microscale fire–atmosphere interac-
tions is essential.

2.2.3 FIRESTAR

FIRESTAR is a physics-based model of wildfire behavior designed to explore the
essential processes behind fire spread in wildland settings, highlighting the complex
interaction between fluid dynamics and combustion physics (Morvan & Dupuy, 2004;
Morvan, Dupuy, Rigolot, & Valette, 2006; Morvan, Hoffman, Rego, & Mell, 2011).
This model provides three-dimensional simulations, initially in a two-dimensional
domain (Morvan & Dupuy, 2004), clarifying the mechanisms of fire propagation,
environmental factors and the interaction between fire and its environment, which
makes it highly beneficial for studying fire behavior under laboratory conditions and
natural wildland scenarios (Morvan, Accary, Meradji, Frangieh, & Bessonov, 2018;
Frangieh, Accary, Morvan, Méradji, & Bessonov, 2020).

At its core, FIRESTAR solves the Navier–Stokes equations for turbulent reacting
flows, coupled with the conservation equations for mass, momentum, energy, and
chemical species (Morvan et al., 2018). Numerical discretization is performed using
the Finite Volume Method on structured 3D Cartesian grids, using the QUICK
scheme for convective terms and central difference for diffusion terms (Morvan et al.,
2018; Frangieh et al., 2020). In terms of time integration, an adaptive time-stepping
strategy based on the third-order Euler scheme is used to improve numerical stability
and computational efficiency, which is especially critical for resolving fast transient
processes such as flame spread and heat transfer (Morvan et al., 2018; Frangieh et
al., 2020). The radiative transport equation is solved using the Discrete Ordinate
Method. The coupling between velocity and pressure is ensured by using the PISO
algorithm (Morvan et al., 2018). Turbulence is addressed through the Unsteady
Reynolds Average and Large Eddy Simulation methods, which enable the explicit
resolution of large-scale flow structures and fire-induced vortices, critical for the
capture of dynamic fire behavior (Frangieh et al., 2020).

The model accommodates boundary conditions tailored to both laboratory and
wildland contexts, including adjustable wind profiles, fuel bed properties, and terrain
slopes, all parameterizable by the user to replicate diverse fire scenarios (Frangieh et
al., 2020).

FIRESTAR is primarily implemented in Fortran, a language chosen for its com-
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putational efficiency in large-scale scientific simulations (Accary, Bessonov, Fougère,
Meradji, & Morvan, 2007). The software architecture supports parallel execution
using OpenMP, facilitating scalable performance on modern high-performance com-
puting clusters and multi-core workstations (Accary et al., 2007; Morvan et al.,
2018; Frangieh et al., 2020). For demanding simulations, FIRESTAR recommends
hardware configurations featuring multicore CPUs and computing clusters with am-
ple RAM, typically several gigabytes per simulation, to effectively manage high-
resolution 3D grids (Accary et al., 2007).

2.2.4 OpenFOAM

OpenFOAM (Open Source Field Operation and Manipulation) is an open source
computational fluid dynamics (CFD) toolkit that offers extensive flexibility to sim-
ulate complex physical phenomena, including fluid flow, heat transfer, chemical re-
actions, and multiphysics interactions (Greenshields, 2025).

OpenFOAM solves the Navier–Stokes equations together with conservation laws
for mass, momentum, energy, and turbulence in their integral form using the Fi-
nite Volume Method (Greenshields & Weller, 2022; Greenshields, 2025). Fluxes are
evaluated across cell faces to ensure conservation, with user-selectable schemes avail-
able for time, convection, and diffusion discretization. Equation solvers, algorithms,
and relaxation factors are configurable at runtime, and additional source terms can
be introduced through its modular structure (Greenshields, 2025). Turbulence is
modeled with both Reynolds-Averaged Navier–Stokes and Large Eddy Simulation
approaches, whose transport equations are derived directly from the Navier–Stokes
equations and discretized within the same Finite Volume Method framework. The
configuration system, combined with the principles of conservation, flux consistency,
and stability, makes OpenFOAM a flexible tool for a wide range of CFD applications
(Greenshields & Weller, 2022).

Within wildfire research, OpenFOAM has become a versatile platform to simu-
late fire dynamics through discretization of finite volumes, adaptive mesh refinement,
and parallel computing, allowing models with high resolution and resource intensive
(Greenshields & Weller, 2022; Greenshields, 2025; Lapointe et al., 2021). It has been
applied to study the combustion of vegetative fuels, including pyrolysis, flame devel-
opment, energy release, and pollutant formation (Houssami et al., 2016; El Houssami,
Lamorlette, Morvan, Hadden, & Simeoni, 2018), as well as heat transfer by conduc-
tion, convection, and radiation in complex terrains (Y. Wang, Chatterjee, & de Ris,
2011; K. Zhang, Verma, Trouvé, & Lamorlette, 2020).

Wildfire-induced fluid dynamics and turbulence are addressed using Large Eddy
Simulation in the FireFOAM solver, capturing buoyancy-driven motion, plumes, and
fire-atmosphere interactions (Ghaderi, Ghodrat, & Sharples, 2021; Ghodrat, Edalati-
Nejad, & Simeoni, 2022). The combination with atmospheric models and customized
boundary conditions further enables the study of feedback mechanisms, local mete-
orology, and smoke dispersion (Ghodrat, Edalati-nejad, Simeoni, Dlugogorski, &
Masri, 2023).

11



CHAPTER 2. STATE OF THE ART

The open-source nature of OpenFOAM fosters wildfire-specific extensions for
variables such as humidity, fuel moisture, terrain slope, while interoperability with
experiments improves validation (Houssami et al., 2016; El Houssami et al., 2018;
Kamma, Loksupapaiboon, Phromjan, & Suvanjumrat, 2025). Its HPC compatibility,
including distributed parallelization, supports large-scale fire spread simulations with
fine resolution, making OpenFOAM a key tool to advance in wildfire risk assessment
and mitigation strategies (Lapointe et al., 2021).

2.3 Other Models

The following section introduces alternative modeling techniques that are crucial to
consider because of their significance in wildfire simulation.

2.3.1 Weather Models

Weather models link meteorological processes with fire behavior to account for the
influence of wind, temperature, and humidity on wildfire dynamics. Unlike fully cou-
pled fire–atmosphere models, which resolve fine-scale two-way feedback between fire
and local weather, weather models typically operate at larger spatial and temporal
scales, providing boundary and forcing conditions that drive fire spread. Generally,
these models use a hybrid approach, integrating physics-driven weather models with
simplified physical or empirical models to account for fire spread. This sub-section
discusses relevant models that employ this approach.

CAWFE

The Coupled Atmosphere–Wildland Fire–Environment (CAWFE) model was devel-
oped at the National Center for Atmospheric Research (NCAR) to advance inte-
grated wildfire simulation (Clark, Jenkins, Coen, & Packham, 1996a, 1996b; Clark,
Coen, & Latham, 2004; Coen, 2005). CAWFE is recognized as the first success-
ful attempt to combine an atmospheric model directly with a fire behavior module,
providing a framework for the detailed study of interactions between weather and
fire dynamics (Clark et al., 1996a, 1996b). The initial generation achieved this by
coupling the Clark–Hall mesoscale atmospheric model with a quasi-physical, tracer-
based fire spread representation, allowing simulation of fine-scale meteorological and
fire processes within a unified system (Clark et al., 1996a, 1996b).

At its computational core, CAWFE employs three-dimensional primitive equa-
tions of motion and thermodynamics, allowing it to resolve convective dynamics and
represent ambient meteorological conditions on spatial scales from millimeters to
megameters (Clark et al., 2004). The current version consists of two major com-
ponents: a numerical weather prediction model and a semi-physical fire module,
which is fully coupled and dynamically interactive with atmospheric processes even

12



CHAPTER 2. STATE OF THE ART

as wildland fire phenomena typically occur at scales much smaller than the atmo-
spheric grid size (Coen, 2005). The fire module explicitly simulates the progression
of the flaming front, post-frontal heat release, and surface and crown fire behavior,
calculating sensible and latent heat fluxes in tandem with the weather model (Coen,
2005).

This design enables the CAWFE model to capture both small, localized fires and
extensive, landscape-scale wildland fire events, supporting research on the influence
of meteorological conditions on fire spread, intensity, and ecological impact (Clark
et al., 1996a, 2004; Coen, 2005).

WRF-FIRE

The WRF-FIRE model couples the Weather Research and Forecasting (WRF) model
(Patton & Coen, 2004; Mandel, Beezley, & Kochanski, 2011; Coen et al., 2013)
with a fire behavior module to provide an integrated framework for simulating
fire–atmosphere interactions. Developed as an advancement over the fifth-generation
NCAR/Penn State Mesoscale Model, WRF is an open-source, community-supported
atmospheric model widely used for applications across multiple scales, from tens of
meters to tens of kilometers. The Advanced Research WRF system within WRF
supports a diverse range of purposes, including real-time forecasting, research stud-
ies, coupled model simulations, regional climate investigations, and data assimilation
efforts, all benefiting from its computational parallelization capabilities (Patton &
Coen, 2004; Mandel et al., 2011).

The fire module in WRF-FIRE draws inspiration from the CAWFE model, adopt-
ing a quasi-physical approach to represent fire spread (Coen et al., 2013). The cou-
pling between the fire and atmospheric components occurs by exchange of winds,
temperature, and moisture from the lowest levels of the WRF model, where the
vertical resolution can be adjusted according to simulation needs, into the fire be-
havior module. Fire propagation is implemented using the level-set method, which
efficiently captures the evolving shape of the fire front. Temporal integration within
the fire module uses a second-order Runge-Kutta scheme while spatial discretization
employs the Finite Difference method incorporating central, backward, and forward
differencing, as well as first-order essentially non-oscillatory schemes to maintain
numerical stability and accuracy (Mandel et al., 2011).

The atmospheric dynamics of WRF are solved in time using an explicit third-
order Runge-Kutta method, with spatial discretization based on Finite Difference
methods. This structure allows for an accurate and stable simulation of meteorolog-
ical processes coupled with fire spread. Furthermore, the entire WRF-FIRE system
is implemented as open-source software, allowing researchers and practitioners to
customize and extend the model to address specific wildfire scenarios and scientific
questions (Patton & Coen, 2004; Coen et al., 2013).
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ARPS/DEVS-FIRE

The ARPS/DEVS-FIRE model couples the Advanced Regional Prediction System
(ARPS) (Xue, Droegemeier, & Wong, 2000; Xue et al., 2001) with the DEVS-FIRE
fire spread model (Dahl, Xue, Hu, & Xue, 2015; Ntaimo, Zeigler, Khargharia, &
Vasconcelos, 2004; Hu, Sun, & Ntaimo, 2012), integrating atmospheric prediction
capabilities with wildfire simulation. ARPS was developed at the Center for Analysis
and Prediction of Storms at the University of Oklahoma and is a sophisticated system
aimed at simulating severe weather and atmospheric processes. The DEVS-FIRE
component is a raster-based fire spread model that conceptualizes the fire front as a
progression of grid-cell interactions rather than as a continuous front line, making it
a quasi-physical approach to simulating surface fire spread (Dahl et al., 2015; Ntaimo
et al., 2004).

Unlike fully coupled fire-atmosphere models, the fire spread in ARPS/DEVS-
FIRE treats weather inputs as external data provided to the fire model rather than
dynamically coupling fire fluxes and emissions within atmospheric simulations. As
such, ARPS itself does not possess integrated solvers for fire spread, heat fluxes, or
emission processes necessary for fully parallelized simulations (Dahl et al., 2015). A
key limitation of this coupling approach is the reliance on external data exchange
between the two models, which involves input/output operations that tend to be
slower than internal data passing mechanisms, resulting in longer computational
times (Dahl et al., 2015).

Despite these challenges, the ARPS/DEVS-FIRE system includes data assimila-
tion functionality designed to enhance simulation accuracy by incorporating obser-
vational data during the modeling process, improving the reliability of fire behavior
predictions (Dahl et al., 2015). This integration allows researchers to leverage the
strengths of both atmospheric and fire spread modeling in a complementary fashion,
albeit with some performance trade-offs due to the coupling strategy.

ForeFire/Meso-NH

The ForeFire/Meso-NH modeling system couples the Meso-NH atmospheric model
with the ForeFire wildfire spread model, allowing integrated simulations of meteo-
rology and fire dynamics. Meso-NH, developed by the Centre National de Recherche
Météorologique and the Laboratoire d’Aérologie, is an anelastic and non-hydrostatic
model designed to resolve atmospheric processes on scales from the meso-gamma
(approximately 1 km) to the microscale (approximately 10 m). By filtering out
acoustic waves, it focuses computational resources on capturing the meteorological
phenomena most relevant to wildfire–atmosphere interactions (Lafore et al., 1998).

The ForeFire component adopts a quasi-physical approach to wildfire spread,
representing the flame front as a radiating panel that propagates normal to the
fireline. It employs a Lagrangian front-tracking method to capture complex fireline
geometries and temporal evolution with high precision (Balbi, Morandini, Silvani,
Filippi, & Rinieri, 2009). The coupling between Meso-NH and ForeFire is achieved

14



CHAPTER 2. STATE OF THE ART

through bilinear interpolation of wind, temperature, and humidity fields from the
atmospheric model to the fire model. In turn, fire-induced fluxes of heat and water
vapor are imposed at the surface in Meso-NH, allowing the atmosphere to respond
dynamically to the fire (Filippi et al., 2011).

This coupled system provides a powerful framework for investigating the fire and
atmosphere interactions at mesoscale resolutions. By integrating dynamic meteoro-
logical conditions with physically based fire propagation, ForeFire/Meso-NH enables
researchers to explore wildfire behavior under diverse environmental scenarios, assess
feedback mechanisms between fires and the atmosphere, and achieve high spatial and
temporal fidelity in wildfire simulations.

2.3.2 Operational Models

This subsection introduces the operational wildfire models, which prioritize compu-
tational efficiency and rapid execution over fine-scale process fidelity. In contrast to
coupled fire–atmosphere models, these approaches do not explicitly resolve two-way
interactions between fire dynamics and atmospheric processes. Instead, they rely
on empirical or semi-empirical formulations to predict fire spread, enabling shorter
simulation times and reduced computational requirements. As a result, operational
models are widely applied in real-time forecasting and decision-support systems,
when both speed and practicality are essential.

FlamMap

FlamMap is a desktop fire analysis application developed by the U.S. Forest Ser-
vice Fire Behavior Research Team. It simulates potential fire behavior under con-
stant environmental conditions, including spatially resolved outputs such as rate
of spread, flame length, fireline intensity, and crown fire activity across a land-
scape grid (Finney, 2006). The model accounts for topographic shading, slope,
elevation, and aspect to compute moisture conditioning of dead fuels and lever-
ages established sub-models, including Rothermel’s surface fire spread (Rothermel,
1972), Van Wagner’s crown fire initiation (Van Wagner, 1977), Rothermel’s crown
fire spread (Rothermel, 1991), Albini’s spotting model (Albini, 1979), and Nelson’s
dead fuel moisture model (Nelson Jr, 2000).

FlamMap produces raster maps that represent fire behavior metrics and envi-
ronmental conditions, such as wind speeds at mid-flame height and solar radiation,
which can be exported to use in GIS or image editing software. Including tools like
WindNinja facilitate the modeling of wind patterns (J. Forthofer, Shannon, & Butler,
2009; J. M. Forthofer, Butler, & Wagenbrenner, 2014a, 2014b), while applications
such as SpatialFOFEM offer projections for fuel consumption and emissions (Riley,
Grenfell, Shaw, & Finney, 2022).

FARSITE (Fire Area Simulator) extends FlamMap by introducing temporally
dynamic fire spread simulation, allowing for heterogeneous temporal sequences of
weather, fuel moisture, and terrain conditions, allowing realistic modeling of fire
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growth over long periods (Finney, 1998). As a deterministic fire growth model,
FARSITE computes the progression and behavior of wildfires and produces out-
put compatible with Geographic Information System (GIS) platforms, supporting
simulations of suppression tactics, hypothetical situations, and detailed perimeter
tracking (Finney, 1998).

By integrating FARSITE, FlamMap is enhanced to assess wildfire burn probabil-
ities, as well as long-term fire behavior patterns and landscape-level hazard assess-
ments in the context of changing environmental conditions. FlamMap offers detailed
high-resolution images of possible fire behavior under static conditions, whereas FAR-
SITE supports dynamic landscape-scale simulations that incorporate environmental
changes over time.

ELMFIRE

The Eulerian Level-Set Model of FIRE Spread (ELMFIRE) is an open-source op-
erational wildland fire spread simulator developed to forecast and reconstruct fire
behavior, quantify landscape-scale fire potential, and estimate metrics such as burn
probability, flame length, and fire severity (Lautenberger, 2013). It has seen applica-
tions in real-time wildfire prediction in the Continental United States and supports
Monte Carlo simulations for hazard assessment (Lautenberger, 2013).

At its core, ELMFIRE implements an Eulerian level-set method to represent
the fire front (Osher & Sethian, 1988; Rehm & McDermott, 2009). The model
solves this equation with a narrow-band approach and a second-order Runge–Kutta
time integrator, using flux limiters, e.g. Superbee, to avoid numerical oscillations
(Lautenberger, 2013). Local spread rates are derived using a vectorized version
of the Rothermel surface fire spread model (Rothermel, 1972), corrected for slope,
aspect, and crown fire interactions. Crown fires are incorporated by combining the
formulations Rothermel (1991) and Cruz, Alexander, and Wakimoto (2005) into
an effective wind factor within an elliptical spread model (Richards, 1995). This
methodology provides spatially varying fire spread and fireline intensity along the
fire perimeter.

Originally implemented with Finite Difference discretization, ELMFIRE uses
both GIS inputs (e.g. fuels, topography, weather rasters) and configuration data
via input files to drive simulations (Lautenberger, 2025). Users can select a tran-
sient mode to simulate the spread of the fire over time or a potential fire mode to
calculate the behavior of the fire on the landscape-scale in multiple meteorological
scenarios (Lautenberger, 2025). Significantly, ELMFIRE interacts with extensive
geospatial processes, since it has facilitated simulations throughout California and
is incorporated into systems for live forecasting and hazard assessment. The mod-
eling pipeline supports ensemble runs, Monte Carlo weather scenarios, and rapid
post-processing of burned area output (Lautenberger, 2025).
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PhyFire

The PhyFire model is a two-dimensional, single-phase, physics-based simulator of
wildfire spread developed by the SINUMCC group at the University of Salamanca
(Asensio, Cascón, Prieto-Herráez, & Ferragut, 2023). It was designed to strike a
balance between physical realism and computational efficiency by solving simplified
partial differential equations for energy and mass conservation. This approach en-
ables the model to represent wildfire dynamics with greater fidelity than empirical
models, while avoiding the prohibitive costs of full CFD simulations.

From a physical perspective, PhyFire captures the main processes that govern
fire spread, including convection, radiation, flame tilt due to wind and slope, fuel
moisture effects, and pyrolysis through a multi-valued enthalpy operator (Asensio &
Ferragut, 2002; Ferragut, Asensio, & Monedero, 2007, 2006). It accounts for non-
local radiation using convolution terms, allowing three-dimensional flame effects to
be represented within a two-dimensional framework. The model also incorporates
stochastic elements such as fire spotting, which improves its ability to replicate igni-
tion dispersion and the complex evolution of fire fronts (Asensio et al., 2023; Serón,
Gutiérrez, Magallón, Ferragut, & Asensio, 2005).

Numerically, PhyFire employs a mix of Finite Element and Finite Difference
discretizations, predictor-corrector schemes, and adaptive refinement strategies to
maintain efficiency and accuracy (Montenegro, Plaza, Ferragut, & Asensio, 1997;
Asensio & Ferragut, 2002). Parallel implementations using OpenMP significantly
reduce runtime in large-scale simulations (Álvarez, Prieto, Asensio, Cascón, & Fer-
ragut, 2017), while sensitivity analysis and parameter tuning enhance predictive
robustness under varying conditions (Prieto, Asensio, Ferragut, & Cascón, 2015).
The model is integrated into a GIS workflow that supports pre-processing, simula-
tion, and visualization, with outputs describing fire-front evolution over time. It also
supports data assimilation for real-time forecasting (Ferragut, Asensio, Cascón, &
Prieto, 2015) and can be coupled with the HDWind solver for high-resolution wind
fields, improving the modeling of the fire-atmosphere interaction in complex terrain
(Ferragut, Asensio, & Simon, 2011; Asensio, Luis, & Jacques, 2002).
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2.4 Models summary

Table 2.1 summarizes the mathematical models revised in this chapter.

Table 2.1: Summary of wildfire models.

Modeling Model Keywords

Coupled

FIRETEC CFD, compressible flow, LES, combustion, heat transfer
FIRESTAR CFD, low-Mach flow, LES, combustion, heat transfer
FDS CFD, low-Mach flow, LES, combustion, heat transfer
OpenFOAM CFD, multiphysics, LES, combustion, heat transfer

Weather

WRF-Fire Mesoscale weather, semi-physical fire module
ForeFire/Meso-NH Mesoscale, semi-empirical spread, multiphysics
ARPS/DEVS-Fire Numerical weather model, raster-based fire model
CAWFE Mesoscale weather, semi-physical fire module

Operational
ELMFIRE Empirical/physics-based hybrid model
PhyFire Semi-empirical, simplified physics
FlamMap Statistical/empirical, risk analysis

In terms of accessibility, the model implementations are:

• Open source: FDS, OpenFOAM, WRF-Fire, ELMFIRE, ForeFire/Meso-NH

• Freely available but no open source: FlamMap

• Limited or restricted availability: FIRETEC, FIRESTAR, CAWFE, ARPS/DEVS-
Fire, PhyFire
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Proposal

This chapter introduces the central proposal of the thesis, which consists of a simpli-
fied coupled atmosphere-fire model designed to capture essential wildfire dynamics
while maintaining computational efficiency. The proposal builds on the limitations
identified in the state-of-the-art review, seeking a balance between physical realism
and numerical tractability. The key ideas underlying the mathematical formulation,
the numerical approach, and the computational strategies are outlined here, along
with the specific objectives and hypotheses that guide the development of the model
and its implementation.

3.1 Working Hypotheses

The hypotheses developed in this work are the following.

• A simplified coupled physical model, with respect to the state-of-the-art fire-
atmosphere models, allows the description of the dynamics of a wildfire under
adverse meteorological conditions such as high temperatures, low relative hu-
midity, high winds, and complex topography, with greater accuracy in metrics
such as fire spread speed and fire line intensity, compared to a simplified two-
dimensional fire spread model that includes meteorological information in a
fixed or predefined way.

• It is possible to perform a parallel implementation of the proposed simplified
model using a GPU and considering the associated memory constraints, which
will reduce computational times compared to a CPU approach implementation
of a more detailed physical model such as those of the state of the art and requir-
ing a higher memory usage, under comparable conditions of spatial resolution
and physical domain.
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3.2 Objectives

3.2.1 General Objectives

The general objectives associated with this work are as follows:

1. Design and implement an algorithm using a coupled atmosphere-fire model, a
physical approach, and based on partial differential equations.

2. Provide an open-source implementation to support the study of the effects of
forest fires focused on affordable computing times with limited hardware.

3.2.2 Specific Objectives

The specific objectives associated with the thesis project are:

1. Propose a simplified coupled atmosphere-fire model to describe the phenomenon.

2. Implement the wildfire numerical model on the CPU.

3. Implement the wildfire numerical model on the GPU.
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Chapter 4

Mathematical Model

Most of the coupled atmosphere-fire mathematical models are based on fluid flow
equations. According to K. McGrattan and Miles (2016), the governing equations of
fluid flow have been used successfully in fire modeling. In particular, R. Linn (2019)
highlights the importance of fluid dynamics in the case of wildland fires. These
equations enable the characterization of fluid dynamics through the principles of
mass, momentum, and energy conservation. Analytically, they are unsolvable for
general cases and require the introduction of several assumptions and simplifications
(Ferziger, Perić, & Street, 2020).

The mathematical model introduced in this research is essentially based on these
equations, specifically involving the Boussinesq and low-Mach number approxima-
tions related as presented in Figure 4.1.

Fluid Flow Equations

Compressible Flow

Low-Mach
Number Approximation

Incompressible Flow

Boussinesq
Approximation

Figure 4.1: Fluid flow approximations.

The next sections will describe the derivation of the model using the governing
equations, including the assumptions and simplifications incorporated.

4.1 Governing Equations

Governing equations in fire dynamics are fundamental to understanding the behavior
of fire. These equations include a set of physical laws that describe the movement,
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heat transfer, and chemical reactions that occur during a fire. The key equations
include conservation of mass, momentum, energy, and species (Poinsot & Veynante,
2012; Kuwana, 2020). They describe how the total amount of a conserved prop-
erty within a control volume evolves due to fluxes across its boundaries and sources
or sinks inside, providing a global perspective on physical changes in the system.
Understanding and solving these equations allows fire engineers and scientists to
accurately simulate fire scenarios and design effective fire protection systems. Ap-
pendix B.2 provides the formulation of each conservation equation, beginning with
the integral form and proceeding to the corresponding differential form.

The following sub-sections present the main equations in their differential form.

4.1.1 Conservation of mass

The conservation of mass represents the principle that mass is neither created nor
destroyed in a closed system during a chemical reaction or physical transformation.
In the context of wildfires, mass conservation plays a fundamental role in describing
mass transport and transformation within the fire-affected region. This principle en-
sures that the mass of air, fuel, combustion products, and particulates is accounted
for as the fire evolves. As vegetation burns, solid fuel undergoes pyrolysis, releasing
gases that mix with ambient air and participate in combustion. The resulting prod-
ucts, including carbon dioxide, water vapor, and soot, are transported by buoyant
and wind-driven flows. In computational wildfire modeling, the continuity equation
governs this mass balance, ensuring that changes in fluid density and velocity are
consistently tracked throughout the domain as the fire interacts with the surrounding
environment.

Mathematically, this is described (Batchelor, 2000) by

∂ρ

∂t
+∇ · (ρu) = 0, (4.1)

where ρ is the density of the fluid (kg m−3) and u is the flow velocity (m s−1).
Appendix B.2.1 presents the derivation from the integral form.

4.1.2 Conservation of momentum

The conservation of momentum is a principle in physics stating that the total mo-
mentum of a closed system remains constant if no external forces are acting on it. It
describes the motion of a fluid, taking into account the forces acting on it, represented
typically by Newton’s second law of motion.

In wildfire dynamics, momentum conservation governs the motion of air and
combustion gases driven by thermal buoyancy, wind, and pressure gradients. As
fuel burns, intense heat releases generate strong upward motions, creating buoyant
plumes that interact with ambient wind fields. This interaction leads to complex flow
structures such as vortices, entrainment zones, and turbulent mixing layers. The
momentum balance accounts for the forces acting on the fluid, including pressure
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gradients, gravitational acceleration, and viscous stresses. In computational wildfire
models, the momentum equations describe how the velocity field evolves in response
to these forces, capturing key phenomena such as fire-induced winds, plume rise, and
feedback between the fire and atmosphere.

Formally, it can be represented by the Cauchy momentum equation (Batchelor,
2000; Pope, 2000),

∂ (ρu)

∂t
+∇ · (ρu⊗ u) = ∇ · σ + f , (4.2)

where f represents the external forces in the fluid and ⊗ represents the outer prod-
uct (C.4). The stress tensor σ (Pa = N m−2 = kg m−1 s−2) is

σ = −pI+ τ , (4.3)

where τ is the viscous stress tensor (kg m−1s−2), p is the pressure (kg m−1s−2), and
I is the identity matrix. The viscous tensor can be defined as

τ = µ

(
∇u+ (∇u)⊤ − 2

3
(∇ · u)I

)
+ ζ(∇ · u)I, (4.4)

where µ is the dynamic viscosity and ζ the bulk viscosity both in kg m−1 s−1

(Papalexandris, 2020). Appendix B.2.2 presents the derivation from the integral
form.

4.1.3 Conservation of energy

Conservation of energy is a fundamental principle that states that energy cannot be
created or destroyed but can only be transformed or transferred between different
forms, such as kinetic, potential, thermal, and chemical energy.

The conservation of energy is central to understanding and modeling wildfire
behavior, as it governs the transformation and transport of thermal energy within
the fire environment. During combustion, chemical energy stored in vegetation is
released as heat, which in turn heats the surrounding air, drives buoyant flows, and
promotes further ignition of nearby fuel. The energy balance accounts for various
processes, including convective and radiative heat transfer, conduction through solid
materials, and latent heat release from moisture evaporation. In numerical wildfire
simulations, the energy equation captures how thermal energy evolves in space and
time, influencing temperature fields, fire-induced winds, and the overall dynamics of
flame propagation.

Mathematically, it can be expressed in several forms, but in terms of sensible
enthalpy h (B.26) (Rohsenow, Hartnett, & Cho, 1998; K. McGrattan & Miles, 2016),
it can be described with

∂ (ρh)

∂t
+∇ · (ρhu) = Dp

Dt
−∇ · q+ τ : ∇u+ Q̇, (4.5)

where τ : ∇u is the viscous dissipation, Q̇ is the prescribed heat source (kg m−1s−3),
q the heat flux vector (kg s−3), and D/Dt denotes the material derivative (C.3).
Appendix B.2.3 presents the derivation from the integral form.
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4.1.4 Conservation of species

The conservation of chemical species is critical in wildfire modeling, as it governs the
production, transport, and transformation of gaseous and particulate components
generated during combustion. As vegetation burns, complex chemical reactions con-
vert solid and volatile fuels into combustion products such as carbon dioxide, car-
bon monoxide, water vapor, methane, and various trace gases and aerosols. The
species conservation equations track the mass fractions or concentrations of these
components as they are advected by the flow, diffused through molecular and tur-
bulent processes, and altered by chemical reactions. Accurate modeling of species
transport is essential for understanding fire-atmosphere interactions, radiative heat
transfer, and the environmental impact of smoke and emissions. In computational
wildfire models, incorporating species conservation allows for realistic simulation of
fire chemistry, pollutant dispersion, and the feedback of chemical composition on
atmospheric thermodynamics and radiative properties.

Combustion can be represented as the mass conservation equation for chemical
species i (Poinsot & Veynante, 2012; Kuwana, 2020) with

∂(ρYi)

∂t
+∇ · (ρYiu+ Ji) = ω̇i, (4.6)

where Yi is the mass fraction, ω̇i is the production rate of species (kgm−3 s−1), Ji is
the diffusive flux defined based on Fick’s law,

Ji = −ρDi∇Yi, (4.7)

with Di the diffusive coefficient. The term ω̇i is modeled using the Arrhenius law,

ω̇i =Mi

M∑
k=1

νikAkT
αk

( p

RT

)∑N
j=1 njk

exp

(
− Ek

RT

) N∏
j=1

 Yj
Mj

(
N∑
l=1

Yl
Ml

)−1
njk

(4.8)

where Mi is the molar mass of the species, M is the number of reactions considered,
νik is the stoichiometric coefficient of the specie i in reaction k, Ek is the activation
energy of reaction, R = 8.314 J mol−1 K−1 is the universal gas constant, njk is the
reaction order, Xj is the mole fraction, Ak is the pre-exponential coefficient, and αk

is an exponent for the temperature dependence. The derivation from integral form
is detailed in Appendix B.2.4.

4.1.5 Equation of state

The equation of state provides a relationship between thermodynamic variables such
as pressure, temperature, and density in wildfire modeling. In most atmospheric fire
simulations, the ideal gas law is used to represent the behavior of the gas mixture
produced by combustion along with the surrounding air. As the fire develops, the
intense heat modifies the surrounding temperature and the composition of the gas
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phase, resulting in notable changes in both density and pressure. The equation
of state enables the closure of the system of governing equations by relating these
quantities in a physically consistent manner. It plays a key role in the capture of
buoyancy-driven flows, fire-induced pressure gradients, and the dynamics of plume
rise.

Typically, the ideal gas law can be written as

p = ρRT, (4.9)

with R the specific gas constant (details in A).

4.2 Compressible Flow

Compressible flow refers to fluid motion in which variations in density play a signif-
icant role in the behavior of the flow field. They typically involve gases subjected
to substantial changes in pressure and temperature, leading to significant density
variations. Viscosity in compressible flows governs momentum diffusion and shear
stress generation, especially in regions with strong gradients. It plays a key role
in energy dissipation and interacts with thermodynamic variables such as tempera-
ture and pressure, which can vary significantly in such flows. There are two main
types of viscosity relevant to fluid dynamics, especially in compressible flows: dy-
namic and bulk viscosity. Dynamic viscosity, denoted by µ, refers to the resistance
of a fluid to shear or tangential stress, while bulk viscosity, denoted by ζ, refers to
the resistance of a fluid to uniform compression or expansion. A typical assump-
tion introduced is Stokes’ hypothesis, which assumes ζ = 0 or relates it to dynamic
viscosity, and it is reasonable when the volumetric deformation effects are negligi-
ble (Papalexandris, 2020). However, this assumption may break down in flows with
strong compressibility or shock waves, where bulk viscosity can significantly influ-
ence heat and momentum transfer. This study employs Stokes’ hypothesis, noting
that the propagation of wildfires is not influenced by shock waves. Then, equation
(4.2) can be written as

∂ (ρu)

∂t
+∇ · (ρu⊗ u) = −∇p+∇ · τ + f , (4.10)

with the viscous stress tensor denoted as (Batchelor, 2000, p. 147)

τ = 2µ

(
S− 1

3
(∇ · u)I

)
, S =

1

2

(
∇u+ (∇u)⊤

)
. (4.11)

S is known as the strain rate tensor.

4.2.1 Low Mach Number Approximation

In fluid dynamics, the low Mach number approximation applies to flows where the
characteristic fluid velocity is much smaller than the speed of sound c, such that the
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Mach number satisfies

Ma =
|u|
c
≪ 1.

In this regime, the compressibility effects associated with acoustic wave propagation
become negligible. However, the flow may still exhibit significant density variations
due to thermal expansion, chemical reactions, or gravitational stratification. The
approximation is particularly beneficial in problems where acoustic phenomena are
not central to the dynamics of interest, as it enables larger time steps and significantly
reduces computational cost.

This approximation is especially relevant for thermally driven flows, where flow
velocities induced by buoyancy or heat release remain well below the speed of sound
in air (Rehm & Baum, 1978; Baum, Ezekoye, McGrattan, & Rehm, 1994; Mell, Mc-
grattan, & Baum, 1995). In the context of wildland fires, wind speed measurements
typically range from 1 to 26 m s−1 (Cruz & Alexander, 2019). Taking the upper
bound as a representative characteristic velocity, the corresponding Mach number is

Ma =
26

343
≈ 0.076, (4.12)

which clearly satisfies the low Mach number criterion.

The low Mach number approximation has been widely adopted in the modeling of
buoyancy-driven flows, combustion processes, both laminar and turbulent (Poinsot
& Veynante, 2012), and thermally dominated phenomena such as the propagation
of wildland fires (Morvan, 2011). It offers a favorable trade-off between physical
fidelity and computational efficiency in situations where full compressibility is un-
necessary. However, the approximation is limited to flows lacking strong shocks or
significant acoustic transients and where pressure fluctuations remain small relative
to the thermodynamic baseline. Consequently, it serves as the foundation for several
reduced models in CFD, including anelastic and pseudo-incompressible formulations
frequently used in geophysical fluid dynamics.

To derive the formulation of the low Mach number, the governing compressible
Navier–Stokes equations are asymptotically expanded in terms of the small para-
meter Ma. This leads to a modified set of equations in which acoustic waves are
effectively filtered out, while the essential thermofluid dynamics are retained. A
fundamental feature of this approximation is the decomposition of the pressure field
into a spatially uniform thermodynamic component p0 and a dynamic perturbation
pd, expressed as

p(x, t) = p0(t) + pd(x, t).

Here, p0 serves as a background reference pressure, evolving slowly and satisfying
the equation of state, whereas pd enforces a velocity divergence constraint in place
of the standard continuity equation.
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The resulting governing equations for low Mach number flow are:

∂ρ

∂t
+∇ · (ρu) = 0,

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇pd +∇ · τ + f ,

ρcp

(
∂T

∂t
+ u · ∇T

)
=
dp0
dt
−∇ · q+Q,

ρ

(
∂Yi
∂t

+ u · ∇Yi
)

= −∇ · Ji + ω̇i,

p0 = ρRT,

(4.13)

with the following constraint on the velocity divergence:

∇ · u =
1

T

(
DT

Dt

)
− 1

ρT

dp0
dt
. (4.14)

The complete derivation of this approximation is included in the Appendix B.2.7.

4.3 Incompressible Flow

The incompressible flow approximation refers to the assumption that the fluid density
remains constant throughout the flow, which simplifies the analysis of fluid dynamics.
This approximation is valid when the Mach number is less than 0.3. Under these
conditions, changes in pressure and temperature do not significantly affect the density
of the fluid, making it reasonable to consider the fluid to be incompressible. The
primary disadvantage of employing an incompressible model instead of a low-Mach
approximation lies in neglecting the significant role of density variations in flows
involving considerable heat transfer, chemical reactions, or compositional alterations.
This assumption is commonly applied in the analysis of liquid flows and low-speed
gas flows.

Considering a strictly incompressible fluid flow, equations (4.1), (4.2), and (4.5)
are rewritten as

∇ · u = 0,

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+ µ∇2u+ f ,

ρcp

(
∂T

∂t
+ u · ∇T

)
= k∇2T +Q.

(4.15)

The derivation of this approximation from the compressible fluid equations is
included in the Appendix B.3.
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4.3.1 Boussinesq Approximation

The Boussinesq approximation can be applied to problems where temperature vari-
ations are introduced into the fluid dynamics, driving a flow of fluid and heat trans-
fer (Tritton, 1977, p. 127). In this approximation, the density is considered constant
except in the force term, specifically because of the gravity effects. Mathematically,
it is described with the same equations of an incompressible flow (4.15), except for
the pressure and force term. The momentum equation is

∂u

∂t
+ (u · ∇)u = −1

ρ
∇p′ + ν∇2u− αV (T − T∞)g, (4.16)

where ν = µ/ρ is the dynamic viscosity (m2s−1), αV is the volumetric thermal
expansion coefficient (K−1), T∞ is a reference temperature (K), g is the acceleration
due to gravity (m s−2). The term p′ is a modified pressure, and according to Tritton
(1977, p. 128), is defined as

p′ = p+ ρ∞gz, (4.17)

with g ≈ 9.81m s−2. Details of the derivation are included in the Appendix A.2.1.

Although this approximation allows the temperature to be directly coupled to
the momentum equation, it is considered valid only for small temperature variations
(Mayeli & Sheard, 2021). However, it is used in works such as Tang (2017); J. Zhang,
Katurji, Zawar-Reza, and Strand (2023); Lin et al. (2024), considering αV for an ideal
gas. According to Kuwana (2020), this approximation is often adopted for a simple
estimation of the flow. Furthermore, in the context of outdoor fires, the work of
Himoto (2022) considers this approximation for the analysis of the dynamics of hot
plumes.

4.4 Turbulence

Fires exhibit a highly turbulent behavior, as illustrated in Figure 4.2. This turbu-
lence is characterized by complex, chaotic movements, and fluctuations in the fire’s
intensity and direction. This behavior often results from variations in fuel distribu-
tion, thermal gradients, and environmental conditions, making accurate prediction
and control challenging. Observing and studying these patterns can provide valuable
information on fire dynamics and improve fire management strategies.

Turbulent flows exhibit a wide range of dynamically interacting spatial and tem-
poral scales, particularly at high Reynolds (Re) numbers (B.4). Resolving all these
scales through Direct Numerical Simulation (DNS) is computationally prohibitive
for most practical applications because of the enormous resolution required to cap-
ture the smallest or Kolmogorov scales (Pope, 2000, p. 344). Formally, for a three-
dimensional DNS simulation with N3 mesh points, this is often reported as

N3 ≥ Re9/4.
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Figure 4.2: Turbulent nature of fire. Image generated by Google Gemini.

Taking a modest Reynolds number Re = 106, the number of points required in one
dimension only (N) is

N3 = (106)9/4 =⇒ N = 106·9/(4·3) ≈ 31600,

which clearly is not easy to afford.
As alternatives to avoid the prohibitive computational cost of DNS, two main

modeling strategies have been developed: the Reynolds-Averaged Navier–Stokes equa-
tions and Large Eddy Simulation. Both approaches rely on applying a filtering op-
eration to the Navier-Stokes equations, but differ in the type of statistical treatment
and in the range of turbulence scales they resolve.

Reynolds-Averaged Navier–Stokes

Reynolds-Averaged Navier–Stokes (RANS) methods provide a framework for com-
puting the mean effects of turbulence by modeling the entire spectrum of turbu-
lent fluctuations, offering substantial computational efficiency compared to scale-
resolving approaches such as LES or DNS. The formulation is based on the Reynolds
decomposition, first introduced by Osborne Reynolds (Reynolds, 1895), in which
instantaneous flow variables are separated into mean and fluctuating components.
Substituting this decomposition into the Navier–Stokes equations and applying a
temporal averaging process eliminates the explicit time dependence of the fluctu-
ations but produces additional correlation terms, known as the Reynolds stresses.
These new terms represent momentum transport by turbulent fluctuations and re-
quire modeling through turbulence closures such as linear eddy viscosity models or
more advanced Reynolds stress models (Pope, 2000).
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To address some of the inherent limitations of steady RANS, most notably its
inability to represent time-varying behavior in turbulent flows, the Unsteady RANS
(URANS) framework was introduced. In URANS, the averaging procedure is per-
formed on a short time scale rather than the entire flow evolution, allowing the
equations to retain their unstable character while still generating Reynolds stresses
that require turbulence modeling (Pope, 2000). This compromise extends the appli-
cability of RANS methods to mildly unsteady or periodic flows, although the range
of resolved turbulence dynamics remains far more limited than in scale-resolving
methods such as LES.

Large Eddy Simulation

Large Eddy Simulation (LES) represents a compromise between the high fidelity
but prohibitive computational cost of Direct Numerical Simulation (DNS) and the
lower resolution of Reynolds-Averaged Navier-Stokes (RANS) methods. In LES,
the dynamically significant large eddies, which contain most of the kinetic energy
and are responsible for the bulk of momentum and scalar transport,are explicitly re-
solved, while the smaller, more isotropic and universal motions are modeled through a
subgrid-scale (SGS) closure. The concept of filtering out unresolved turbulent scales
was first introduced by Smagorinsky (1963) in the context of atmospheric model-
ing, with the first three-dimensional implementations later carried out by Deardorff
(1970). Since then, LES has evolved into a powerful computational framework ca-
pable of capturing unsteady, anisotropic, and strongly nonlinear turbulent features
with much higher fidelity than RANS, yet at a fraction of the cost of DNS (Pope,
2000; Sagaut, 2006). Its ability to resolve the spatiotemporal dynamics of turbu-
lence makes LES particularly valuable in complex applications such as combustion,
aeroacoustics, environmental and atmospheric flows, and other configurations where
transient turbulent structures play a dominant role.

Turbulent flows are characterized by a continuous transfer of kinetic energy across
a wide range of spatial and temporal scales, a process known as the energy cascade.
In this cascade, energy is injected into the flow at large scales, transferred through
a hierarchy of intermediate eddies, and finally dissipated as heat at the smallest
viscous scales. Figure 4.3 schematically illustrates this cascade, highlighting the
broad spectrum of turbulent motions and the corresponding distribution of kinetic
energy across scales.

The energy cascade can be described in terms of the turbulent kinetic energy
spectrum E(k), which quantifies how the kinetic energy is distributed among the
wavenumbers k, inversely proportional to the eddy length scale l = 2π/k. Energy
is injected at large scales (low k), transferred through the inertial subrange with
negligible dissipation, and ultimately converted into heat by viscous effects at the
smallest scales characterized by the Kolmogorov length η. In DNS, all these scales,
from the largest energy-containing eddies to the smallest dissipative ones, are ex-
plicitly resolved, providing a complete description of turbulence but at an extremely
high computational cost. In contrast, LES resolves only the large-scale motions while
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Figure 4.3: Schematic representation of the turbulent energy cascade, illustrating
the transfer of kinetic energy from large, energy-containing eddies to progressively
smaller scales where viscous dissipation occurs. The relative range of scales resolved
by DNS and LES is also indicated.

modeling the subgrid-scale effects occurring below the filter width ∆, which sepa-
rates the resolved energy-containing motions (l > ∆) from the unresolved dissipative
range (l < ∆). This separation, closely linked to the structure of the energy cascade,
highlights the fundamental trade-off between physical fidelity and computational
efficiency in modern turbulence modeling.

RANS-LES

In between the previous approaches, the RANS-LES represents a hybrid turbulence
modeling strategy designed to leverage the advantages of both the RANS and LES
methods while mitigating their individual limitations (Benarafa, Cioni, Ducros, &
Sagaut, 2006). In this approach, the computational domain is divided into zones or
regions where RANS and LES are applied selectively, often based on flow charac-
teristics or mesh resolution. Typically, RANS is used in regions where the flow is
near walls or relatively steady, to reduce computational cost, while LES is applied in
regions with complex, unsteady turbulence requiring higher fidelity, such as wakes,
separated flows, or combustors. This hybrid method aims to optimize accuracy and
efficiency by applying the most appropriate model locally, enabling practical simu-
lations of turbulent flows with a high Reynolds number in complex geometries that
would be infeasible with LES or DNS alone.

Figure 4.4 summarizes the different approaches for handling turbulence in fluid
equations.
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Figure 4.4: Comparison of turbulence approaches. Arrows denote increasing direc-
tion.

4.4.1 LES Filtering

Based on the state-of-the-art in wildfire modeling presented in Chapter 2, this work
will focus on the LES approach.

The LES formulation relies on the application of a spatial filtering operation to
the compressible Navier-Stokes equations. Filtering separates the flow field into large
(resolved) and small (unresolved) scales. The filtered variable ϕ̄(x, t) is defined by
a convolution with a spatial filter kernel G as follows (Poinsot & Veynante, 2012,
p. 169):

ϕ̄(x, t) =

∫
ϕ(x′, t)G∆(x− x′) dx′.

The filter width ∆ is typically related to the local grid size and defines the
smallest scale that the LES can resolve. In numerical implementations, the filtering
operation is often implicit and is determined by the discretization method and the
mesh resolution.

For compressible flows, a Favre filtering is typically employed for quantities that
depend on density to avoid introducing additional correlations between density and
other variables. The Favre-filtered variable ϕ̃ is defined as:

ϕ̃ =
ρϕ

ρ̄
.

Applying the spatial and Favre filtering operations to the compressible Navier-
Stokes equations yields the LES equations for mass, momentum, energy, and species.
These equations retain their conservative form but include additional terms that
account for the effects of unresolved SGS fluctuations.
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The governing equations can be written as

∂ρ

∂t
+∇ · (ρ ũ) = 0

∂(ρ ũ)

∂t
+∇ · (ρ ũ⊗ ũ) = −∇p+∇ ·

(
(µ+ µt)

(
2S̃− 2

3
(∇ · ũ) I

))
+ f ,

∂(ρ h̃)

∂t
+∇ ·

(
ρ h̃ ũ

)
=
Dp

Dt
+∇ ·

(
(k + kt)∇T̃

)
+ τ̃ : ∇ũ+Q,

∂(ρ Ỹi)

∂t
+∇ ·

(
ρ Ỹi ũ

)
= ∇ ·

(
ρ (Di +Dt)∇Ỹi

)
+ ω̇i,

p = ρRT̃ ,

(4.18)

where µt, kt, Dt denote turbulent viscosity, thermal conductivity, and diffusivity
respectively. The tensor S̃ is defined by

S̃ =
1

2

(
∇ũ+ (∇ũ)⊤

)
. (4.19)

The presence of the SGS stress tensor and SGS heat fluxes introduces closure
problems that must be addressed through appropriate subgrid-scale modeling. These
models approximate the impact of unresolved scales on the resolved flow field and are
critical to the success of LES. Based on Smagorinsky-Lilly analysis (Smagorinsky,
1963), the turbulent viscosity is modeled as

µt = ρ(Cs∆fw)
2|S̃|, |S̃| =

√
2S̃ : S̃, (4.20)

with Cs the Smagorinky constant, ∆ = 3
√
∆x∆y∆z. The Van Driest damping func-

tion fw is used to reduce the effect of turbulent viscosity near a solid wall (Sagaut,
2006),

fw(x, y, z) = 1− exp

(
−zρuτ

26µ

)
,

with,

uτ =

√
τw
ρ
, τw =

√(
µ
∂u(x, y, 0)

∂z

)2

+

(
µ
∂v(x, y, 0)

∂z

)2

.

The turbulent thermal conductivity is modeled using

kt =
µtcp
Prt

, (4.21)

with Prt the turbulent Prandtl number (B.5), the turbulent diffusivity is modeled
with

Dt =
µt

ρ Sct
, (4.22)

with Sct the turbulent Schmidt number (B.6).
Appendix B.4 includes the derivation of the filtered equations.
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4.5 Simplified coupled wildfire-atmosphere model

The atmosphere-fire model introduced in this thesis employs the low-Mach number
approximation, as outlined in Section 4.2.1, focusing on the specific assumptions and
applicability discussed therein, as it is well suited for the spatial and temporal scales
relevant to this study.

Moreover, further simplifications incorporate means to decrease computational
demands and reduce the variables needed for the numerical solution.

The dynamics of the atmosphere is represented by the conservation of momentum
from (4.13),

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+∇ · τ + f , (4.23)

and the dynamics of fire flames is described using the conservation of energy from (4.13),

ρcp

(
∂T

∂t
+ u · ∇T

)
= ∇ · (κ∇T ) + q. (4.24)

In particular, based on Weber (1991) and Asensio and Ferragut (2002), the function
κ = κ(T ) is introduced to incorporate the radiation and conduction heat transfer
mechanism. From the formulation of (4.5),

q = qconduction + qradiation = −κ(T )∇T, κ(T ) = k + 4σδT 3,

with k the thermal conductivity of fluid (Wm−1K−1 or kg m2s−3K−1), σ = 5.67×10−8

W m−2K−4 the Stefan–Boltzmann constant, and δ the optical path length (m).
The sources and sinks of temperature are included in the term q. Notice that

dp0/dt is neglected considering that the fires in this work are not in a sealed enclosure
(Mell et al., 1995, 2007). The viscous dissipation term τ : ∇u, is not explicitly
included in (4.24), but is partially incorporated by the turbulence modeling (4.21).

Heat source-induced temperature changes affect the density of the fluid, which
manifests itself primarily as buoyant forces. These forces generate flow velocities.
The coupling of temperature to the momentum equation is approached through
the Boussinesq equations (Rehm & Baum, 1978). Incorporating these equations,
following the studies in (Rehm & Baum, 1978; K. B. McGrattan, Rehm, & Baum,
1994; Mell et al., 2007), allows inclusion of the buoyant force as

fbuoyancy = (ρ− ρ∞)g, (4.25)

with g the acceleration due to gravity (m s−2) and ρ∞ a reference density (kg m−3).
Assuming an ideal gas, the density of fluid is computed by the following relationship

ρ =
ρ∞T∞
T

, (4.26)

with T∞ a reference temperature (K). This expression has been derived or assumed
in previous works (Mell et al., 1995; Quintiere, 2006). It is crucial to emphasize that
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this expression is employed to calculate the fluid’s density rather than resolving the
continuity equation. The derivation (4.26) is included in the Appendix A.3.

Based on similar ideas presented by Asensio and Ferragut (2002), Mandel et
al. (2008), and Eberle (2014), the consumption of solid fuel is modeled using the
following simplification,

∂Y

∂t
= −Yf Y K(T ), (4.27)

where Y ∈ [0, 1] represents the solid fuel fraction and Yf is the fuel disappearance
rate coefficient. It is important to understand that this model represents a signif-
icant simplification of (4.6). Consequently, the coefficient Yf encapsulates various
characteristics of the fuel, including density and loading. The function K(T ) is an
Arrhenius-type equation defined as

K(T ) = AH (T − Tpc) exp
(
−Tact

T

)
,

with A the pre-exponential coefficient (s−1), Tpc the phase change temperature (K),
and Tact the activation temperature (K) (McAllister, Chen, & Fernandez-Pello, 2011,
p. 53). The Heaviside step function H(·) is included to model both the solid and
gas phases in the phenomenon. This is a rather simple model for the combustion
process, and according to Batiot et al. (2021), several limitations must be considered.
Despite limitations, it is widely used by simplified reaction models (R. R. Linn &
Harlow, 1998; Mandel et al., 2008; Asensio & Ferragut, 2002; Eberle, Freeden, &
Matthes, 2015).

Based on (Asensio & Ferragut, 2002; Morvan et al., 2018; K. Zhang et al., 2020),
the interaction of temperature and solid fuel is modeled by the term q included in
(4.24). In the simplified approach, this term is defined by

q = HCK(T )Y ρ− hcαsσs (Tgas − Tsolid) + qB, (4.28)

where HC is the heat of combustion (J kg−1 or m2s−2), hc the convective heat transfer
coefficient (kg s−3K−1), αs is the solid fuel volume fraction, and σs the surface-to-
volume ratio (m−1). The temperature of gas and solid are determined by the values of
Y , considering the location of the solid temperature when Y > 0 and gas otherwise.
This component of the model is only considered up to the node immediately above the
Y location. Moreover, due to the extensive simplifications involved in the modeling
process, the source term qB is used in (4.28) to constrain the temperature within
physical limits (details in sub-section 5.5.2).

Extending the ideas presented in(Reisner et al., 2000), (Mell et al., 2007), (Morvan
et al., 2018), and (K. Zhang et al., 2020), the drag effect arising from the resistance
of solid fuel is related to the velocity field u, the magnitude of the speed and the fuel
fraction Y , and is modeled with

fdrag = −
1

2
Cd αsσs Y ρ∥u∥u,

35



CHAPTER 4. MATHEMATICAL MODEL

where Cd is the fuel drag coefficient. The momentum equation incorporates the force
term fIBM to account for the influence of topography or solid bodies in numerical
simulations using the Immersed Boundary Method (details in sub-section 5.5.1),
then, the body-force term used is

f = fdrag + fIBM.

To complete the low-Mach number approximation, the temperature equation
(4.24) is used to impose the velocity constraint (4.14),

∇ · u =
1

T

(
∂T

∂t
+ u · ∇T

)
=

1

ρcpT
(∇ · (κ∇T ) + q) . (4.29)

It should be highlighted that this represents a simplified form of similar expressions
found in Mell et al. (1995); Bell et al. (2000); Mell et al. (2007). The expanded form
of (4.29) is

∇ · u =
1

ρcpT
(∇ · (κ∇T ) + q)

=
1

ρcpT

(
∇κ · ∇T + κ∇2T + q

)
=

1

ρcpT

((
12σδT 2∇T

)
· ∇T + κ∇2T + q

)
=

1

ρcpT

(
12σδT 2∥∇T∥2 +

(
k + 4σδT 3

)
∇2T + q

)
.

(4.30)

It is important to mention that, as a first version of the work, an initial model
was developed using incompressible equations (4.15), considering the Boussinesq
approximation (4.16) and the simplified combustion model (4.27). This version was
discarded considering the temperature restrictions indicated in sub-section 4.3.1.
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4.5.1 Summary

Considering all the components described above, the mathematical model is sum-
marized in the following lines. The variables of interest are defined in a three-
dimensional space in addition to the time domain. Let u(x, t) = (u(x, t), v(x, t), w(x, t))
and T (x, t) be the velocity and the temperature of the fluid, respectively, and Y (x, t)
the fraction of solid fuel, defined in the spatial coordinate x = (x, y, z) ∈ Ω ⊂ R3,
and temporal t ∈ [tmin, tmax] ⊆ R+

0 . Ω = [xmin, xmax]× [ymin, ymax]× [zmin, zmax] repre-
sents the spatial domain where the problem is defined with boundary Γ = ∂Ω. The
simplified coupled model is defined in Ω× [tmin, tmax] by:

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+∇ · τ + f ,

ρcp

(
∂T

∂t
+ u · ∇T

)
= ∇ · (κ∇T ) + q,

∂Y

∂t
= −Yf Y K,

τ = µ

(
∇u+ (∇u)⊤ − 2

3
(∇ · u)I

)
,

∇ · u =
1

ρcpT
(∇ · (κ∇T ) + q) ,

(4.31)

with

f(u, T, Y ) = (ρ(T )− ρ∞)g − 1

2
Cd αsσs Y ρ(T )∥u∥u+ fIBM,

q(T, Y ) = HCK(T )Y ρ(T )− hcαsσs (Tgas − Tsolid) + qB,

K(T ) = AH (T − Tpc) exp
(
−Tact

T

)
,

κ(T ) = k + 4σδT 3,

ρ(T ) =
ρ∞T∞
T

.

The gradient and Laplace operators are defined as

∇ =

(
∂

∂x
,
∂

∂y
,
∂

∂z

)
, ∇2 =

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
.

Boundary conditions are defined periodic on the x and y directions, with the
following in the z direction,

u(x, t) = 0,
∂T (x, t)

∂z
= 0,

∂Y (x, t)

∂z
= 0, at z = zmin, (4.32)

and,
∂u(x, t)

∂z
= 0,

∂T (x, t)

∂z
= 0,

∂Y (x, t)

∂z
= 0, at z = zmax. (4.33)
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The initial conditions,

u(x, tmin) = u0(x), T (x, tmin) = T0(x), Y (x, tmin) = Y0(x),

will depend on the numerical experiments performed.
To address turbulence, the mathematical model (4.31) is solved using LES as

described in Section 4.4. Henceforth, the variables in the following sections refer to
the filtered variables, but the symbols − and ˜ will be omitted.

Figure 4.5 presents a diagram that delineates the components of the mathematical
model.

x

y

z

Y (x, t)

T (x, t)

u(x, t)

Figure 4.5: Sketch of the mathematical model components.
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Chapter 5

Numerical Algorithm

There are several strategies to solve fluid flow equations in various flow regimes,
ranging from incompressible to compressible flows (Peyret & Taylor, 1983; Ferziger
et al., 2020). As described in Chapter 4, this work employs a numerical approach
based on the low-Mach number approximation, which allows capturing variable den-
sity effects while filtering out acoustic waves and avoiding the full compressible flow
complexity (Schochet, 2005; Yanaoka & Sato, 2025). The numerical solver uses an
operator splitting method inspired by Chorin’s projection method (Chorin, 1967,
1968) to decouple the velocity and pressure fields. Spatial derivatives are discretized
using the Finite Differences Method (FDM), and the time integration can be per-
formed through Euler’s method, the Second-Order or Fourth-Order Runge-Kutta
(RK) methods for improved accuracy. Furthermore, a pseudo-spectral technique is
proposed for numerically solving the pressure problem that arises from the splitting
approach. This combination enables efficient and accurate simulation of low-Mach
number flows with variable density dynamics.

5.1 Numerical Discretization

The numerical algorithm for solving (4.31) is based on an operator splitting method
over the following discrete version of the domain,

xi = xmin + i∆x, i = 0, 1, . . . , Nx, ∆x =
xmax − xmin

Nx

,

yj = ymin + j∆x, j = 0, 1, . . . , Ny, ∆y =
ymax − ymin

Ny

,

zk = zmin + k∆z, k = 0, 1, . . . , Nz, ∆z =
zmax − zmin

Nz

,

tn = tmin + n∆t, n = 0, 1, . . . , Nt, ∆t =
tmax − tmin

Nt

,

(5.1)

where, Nx, Ny, Nz and Nt are the number of intervals in x, y, z and t respectively.
Figure 5.1 sketches the discrete spatial domain and the numerical stencil.
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Figure 5.1: Spatial discretization.

The variable of interest ϕ in this discrete domain is defined as ϕ(xi, yj, zk, tn) =
ϕn
i,j,k. For the sake of notation, subscripts i, j, k are omitted. Based on Chorin’s

projection method (Chorin, 1967), the following numerical scheme is proposed using
a discrete version of (4.31)

un+1 − un

∆t
=

1

ρn

[
−∇hp

n+1 +∇h · τ n + f(un, T n, Y n)

]
− (un · ∇h)u

n, (5.2)

T n+1 − T n

∆t
=

1

cpρn

[
∇h · (κ(T n)∇hT

n) + q(T n, Y n)

]
− un · ∇hT

n, (5.3)

Y n+1 − Y n

∆t
= −YfY nK(T n), (5.4)

where ∇h denotes the discrete version of continuous ∇ operator, and depends on
the variable in which they will be applied (it will be detailed in Section 5.2). The
computation of (5.3) and (5.4) can be performed directly, but for (5.2) a predictor
is employed for a temporal velocity field

u∗ − un

∆t
=

1

ρn

[
∇h · τ n + f(un, T n, Y n)

]
− (un · ∇h)u

n, (5.5)

and then the corrector step

un+1 − u∗

∆t
= − 1

ρn
∇hp

n+1. (5.6)
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The pressure at tn+1 is obtained taking the divergence of (5.6),

∇h ·
(

1

ρn
∇hp

n+1

)
=

1

∆t

(
∇h · u∗ −∇h · un+1

)
1

ρn
∇2

hp
n+1 − 1

(ρn)2
∇hρ

n · ∇hp
n+1 =

1

∆t

(
∇h · u∗ −∇h · un+1

)
∇2

hp
n+1 − 1

ρn
∇hρ

n · ∇hp
n+1 =

ρn

∆t

(
∇h · u∗ −∇h · un+1

)
.

Since the density, temperature and fuel fraction are known for tn and tn+1, the
restriction (4.29) can be used to obtain ∇h · un+1.

5.2 Spatial Approximation

The approximation of the gradient, divergence, and Laplacian involves spatial partial
derivatives that depend on the variable to which the operator is applied. The fol-
lowing sub-sections detail on the discretization techniques employed, which utilize a
second-order accuracy approximation. To simplify the explanation, time dependence
is omitted.

Velocity

First, the viscous stress tensor is expanded as follows,

∇h · τ = µ

(
∇2

hu+
1

3
∇h (∇h · u)

)
+∇hµ ·

(
∇hu+ (∇hu)

⊤ − 2

3
(∇h · u) I

)
.

The Laplacian approximation for u is

∇2
hu =

∇
2
hu

∇2
hv

∇2
hw

 ,

with

∇2
hu =

ui+1,j,k − 2ui,j,k + ui−1,j,k

∆x2
+
ui,j+1,k − 2ui,j,k + ui,j−1,k

∆y2
+
ui,j,k+1 − 2ui,j,k + ui,j,k−1

∆z2

∇2
hv =

vi+1,j,k − 2 vi,j,k + vi−1,j,k

∆x2
+
vi,j+1,k − 2 vi,j,k + vi,j−1,k

∆y2
+
vi,j,k+1 − 2 vi,j,k + vi,j,k−1

∆z2

∇2
hw =

wi+1,j,k − 2wi,j,k + wi−1,j,k

∆x2
+
wi,j+1,k − 2wi,j,k + wi,j−1,k

∆y2
+
wi,j,k+1 − 2wi,j,k + wi,j,k−1

∆z2
.
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The velocity gradient is approximated with

∇hu =

∇hu
∇hv
∇hw



=


ui+1,j,k − ui−1,j,k

2∆x

ui,j+1,k − ui,j−1,k

2∆y

ui,j,k+1 − ui,j,k−1

2∆z
vi+1,j,k − vi−1,j,k

2∆x

vi,j+1,k − vi,j−1,k

2∆y

vi,j,k+1 − vi,j,k−1

2∆z
wi+1,j,k − wi−1,j,k

2∆x

wi,j+1,k − wi,j−1,k

2∆y

wi,j,k+1 − wi,j,k−1

2∆z

 .

(5.7)

The convective term approximation is based on the second-order upwind scheme,

(u · ∇h)u =


u+i,j,ku

−
x + u−i,j,ku

+
x + v+i,j,ku

−
y + v−i,j,ku

+
y + w+

i,j,ku
−
z + w−

i,j,ku
+
z

u+i,j,kv
−
x + u−i,j,kv

+
x + v+i,j,kv

−
y + v−i,j,kv

+
y + w+

i,j,kv
−
z + w−

i,j,kv
+
z

u+i,j,kw
−
x + u−i,j,kw

+
x + v+i,j,kw

−
y + v−i,j,kw

+
y + w+

i,j,kw
−
z + w−

i,j,kw
+
z

 ,

where
u+i,j,k = max (0, ui,j,k) , u−i,j,k = min (0, ui,j,k) ,

v+i,j,k = max (0, vi,j,k) , v−i,j,k = min (0, vi,j,k) ,

w+
i,j,k = max (0, wi,j,k) , w−

i,j,k = min (0, wi,j,k) ,

with,

u+x =
−ui+2,j,k + 4ui+1,j,k − 3ui,j,k

2∆x
, u−x =

3ui,j,k − 4ui−1,j,k + ui−2,j,k

2∆x
,

u+y =
−ui,j+2,k + 4ui,j+1,k − 3ui,j,k

2∆y
, u−y =

3ui,j,k − 4ui,j−1,k + ui,j−2,k

2∆y
,

u+z =
−ui,j,k+2 + 4ui,j,k+1 − 3ui,j,k

2∆z
, u−z =

3ui,j,k − 4ui,j,k−1 + ui,j,k−2

2∆z
,

v+x =
−vi+2,j,k + 4vi+1,j,k − 3vi,j,k

2∆x
, v−x =

3vi,j,k − 4vi−1,j,k + vi−2,j,k

2∆x
,

v+y =
−vi,j+2,k + 4vi,j+1,k − 3vi,j,k

2∆y
, v−y =

3vi,j,k − 4vi,j−1,k + vi,j−2,k

2∆y
,

v+z =
−vi,j,k+2 + 4vi,j,k+1 − 3vi,j,k

2∆z
, v−z =

3vi,j,k − 4vi,j,k−1 + vi,j,k−2

2∆z
,

and

w+
x =

−wi+2,j,k + 4wi+1,j,k − 3wi,j,k

2∆x
, w−

x =
3wi,j,k − 4wi−1,j,k + wi−2,j,k

2∆x
,

w+
y =

−wi,j+2,k + 4wi,j+1,k − 3wi,j,k

2∆y
, w−

y =
3wi,j,k − 4wi,j−1,k + wi,j−2,k

2∆y
,
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w+
z =

−wi,j,k+2 + 4wi,j,k+1 − 3wi,j,k

2∆z
, w−

z =
3wi,j,k − 4wi,j,k−1 + wi,j,k−2

2∆z
.

For the right-hand side of (5.21), we approximate the divergence of the temporal
velocity u∗ as

∇h · u∗ =
u∗i+ 1

2
,j,k − u∗i− 1

2
,j,k

∆x
+
v∗i,j+ 1

2
,k − v∗i,j− 1

2
, k

∆y
+
w∗

i,j,k+ 1
2
− w∗

i,j,k− 1
2

∆z
,

with

u∗i+ 1
2
,j,k =

u∗i+1,j,k + u∗i,j,k
2

, u∗i− 1
2
,j,k =

u∗i,j,k + u∗i−1,j,k

2
,

v∗i,j+ 1
2
,k =

v∗i,j+1,k + v∗i,j,k
2

, v∗i,j− 1
2
,k =

v∗i,j,k + v∗i,j−1,k

2
,

and,

w∗
i,j,k+ 1

2
=
w∗

i,j,k+1 + w∗
i,j,k

2
, w∗

i,j,k− 1
2
=
w∗

i,j,k + w∗
i,j,k−1

2
,

to reduce the odd-even oscillations.

Temperature

The Laplacian is approximated with

∇2
hT =

Ti+1,j,k − 2Ti,j,k + Ti−1,j,k

∆x2
+
Ti,j+1,k − 2Ti,j,k + Ti,j−1,k

∆y2
+
Ti,j,k+1 − 2Ti,j,k + Ti,j,k−1

∆z2
.

For the gradient, central difference is used,

∇hT =

(
Ti+1,j,k − Ti−1,j,k

2∆x
,
Ti,j+1,k − Ti,j−1,k

2∆y
,
Ti,j,k+1 − Ti,j,k−1

2∆z

)
,

Additionally, the convective term is approximated with an upwind-based scheme
as used for velocity,

u · ∇hT = u+i,j,kT
−
x + u−i,j,kT

+
x + v+i,j,kT

−
y + v−i,j,kT

+
y + w+

i,j,kT
−
z + w−

i,j,kT
+
z

where,

T+
x =

−Ti+2,j,k + 4Ti+1,j,k − 3Ti,j,k
2∆x

, T−
x =

3Ti,j,k − 4Ti−1,j,k + Ti−2,j,k

2∆x
,

T+
y =

−Ti,j+2,k + 4Ti,j+1,k − 3Ti,j,k
2∆y

, T−
y =

3Ti,j,k − 4Ti,j−1,k + Ti,j−2,k

2∆y
,

T+
z =

−Ti,j,k+2 + 4Ti,j,k+1 − 3Ti,j,k
2∆z

, T−
z =

3Ti,j,k − 4Ti,j,k−1 + Ti,j,k−2

2∆z
.
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Density

The density gradient is computed using the second-order central finite difference,

∇hρ =

(
ρi+1,j,k − ρi−1,j,k

2∆x
,
ρi,j+1,k − ρi,j−1,k

2∆y
,
ρi,j,k+1 − ρi,j,k−1

2∆z

)
.

Pressure

The pressure gradient is computed using the second-order central finite difference as
follows,

∇hp =

(
pi+1,j,k − pi−1,j,k

2∆x
,
pi,j+1,k − pi,j−1,k

2∆y
,
pi,j,k+1 − pi,j,k−1

2∆z

)
.

Boundary nodes

To preserve second-order accuracy in the z direction, the following schemes are used
at the boundary nodes and nodes near the boundary. First partial derivative,

∂ϕ

∂z

∣∣∣∣∣
(xi,yj ,zk)

≈ −ϕi,j,k+2 + 4ϕi,j,k+1 − 3ϕi,j,k

2∆z
,

∂ϕ

∂z

∣∣∣∣∣
(xi,yj ,zk)

≈ 3ϕi,j,k − 4ϕi,j,k−1 + ϕi,j,k−2

2∆z
.

Second partial derivative,

∂2ϕ

∂z2

∣∣∣∣∣
(xi,yj ,zk)

≈ −ϕi,j,k+3 + 4ϕi,j,k+2 − 5ϕi,j,k+1 + 2ϕi,j,k

∆z2
,

∂2ϕ

∂z2

∣∣∣∣∣
(xi,yj ,zk)

≈ 2ϕi,j,k − 5ϕi,j,k−1 + 4ϕi,j,k−2 − ϕi,j,k−3

∆z2
.

They are adjusted for each field according to the location of the evaluated node.

Boundary conditions

Regarding boundary conditions, the values for the variable ϕ are assigned based
on the specific type of condition applied. In cases using the Dirichlet condition,
the values are set directly at the boundary nodes. When employing the Neumann
condition, a forward difference scheme with second-order accuracy is utilized for the
bottom,

−ϕi,j,2 + 4ϕi,j,1 − 3ϕi,j,0

2∆z
= 0 =⇒ ϕi,j,0 =

4ϕi,j,1 − ϕi,j,2

3
,

and using the backward difference method in a similar fashion for the top

3ϕi,j,Nz − 4ϕi,j,Nz−1 + ϕi,j,Nz−2

2∆z
= 0 =⇒ ϕi,j,Nz =

4ϕi,j,Nz−1 − ϕi,j,Nz−2

3
,

both approximations for i = 0, 1, . . . , Nx, j = 0, 1, . . . , Ny.
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x y

z

Figure 5.2: Discrete grid with non-uniform vertical axis.

5.2.1 Non-uniform grid

Implementing a non-uniform grid aims to decrease the computational effort required
for handling the three-dimensional spatial domain, particularly in the vertical coor-
dinate z. Furthermore, this method improves the resolution details closer to the bot-
tom of the domain, directly influencing the turbulent viscosity. Figure 5.2 presents
the non-uniform spatial domain in the vertical axis.

The stencils presented in the next sub-sections, will be used for the numerical
approximation of ∂/∂z and ∂2/∂z2 referenced in section 5.2.

Definitions

Let zk be a set ofNz+1 nodes. Defining ∆zk = zk+1−zk, with k = 0, . . . , Nz−1, where
∆zk may differ from ∆zk+1. Considering the variable of interest ϕ evaluated at node
zk with the following notation ϕ(zk) = ϕk. It is important to note that for the Nz+1
nodes there are Nz intervals ∆zk. The finite difference schemes have been derived
from the Taylor series expansion for central differences and computing the derivatives
of Lagrange polynomial interpolation for forward and backward differences (Sauer,
2017). The details of the derivations are given in the Appendix C.3.1.

First derivatives

Following the stated in Section 5.2, the numerical approximation follows a second-
order finite differences to approximate the first partial derivatives.
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The forward difference is defined as

ϕ′
k = −

2∆zk +∆zk+1

∆zk (∆zk +∆zk+1)
ϕk +

∆zk +∆zk+1

∆zk∆zk+1

ϕk+1 −
∆zk

∆zk+1 (∆zk +∆zk+1)
ϕk+2,

(5.8)
for k = 0, . . . , Nz − 2.

The backward difference is

ϕ′
k =

∆zk−1

∆zk−2 (∆zk−2 +∆zk−1)
ϕk−2−

∆zk−2 +∆zk−1

∆zk−2∆zk−1

ϕk−1+
∆zk−2 + 2∆zk−1

∆zk−1 (∆zk−2 +∆zk−1)
ϕk,

(5.9)
for k = 2, . . . , Nz.

The central difference is computed with

ϕ′
k =

ϕk+1 − ϕk−1

∆zk−1 +∆zk
, k = 1, . . . , Nz − 1. (5.10)

Using (5.8), (5.9), and (5.10), the first derivative is computed with

ϕ′
0 = −

2∆z0 +∆z1
∆z0 (∆z0 +∆z1)

ϕ0 +
∆z0 +∆z1
∆z0∆z1

ϕ1 −
∆z0

∆z1 (∆z0 +∆z1)
ϕ2,

ϕ′
k =

ϕk+1 − ϕk−1

∆zk−1 +∆zk
, for k = 1, . . . , Nz − 1,

and,

ϕ′
Nz

=
∆zNz−1

∆zNz−2 (∆zNz−2 +∆zNz−1)
ϕNz−2

− ∆zNz−2 +∆zNz−1

∆zNz−2∆zNz−1

ϕNz−1

+
∆zNz−2 + 2∆zNz−1

∆zNz−1 (∆zNz−2 +∆zNz−1)
ϕNz .

Second derivative

As in the previous sub-section the second-order finite differences are used to approx-
imate the second derivative.

The forward difference is computed as

ϕ′′
k =

6∆zk + 4∆zk+1 + 2∆zk+2

∆zk(∆zk +∆zk+1)(∆zk +∆zk+1 +∆zk+2)
ϕk

− 4∆zk + 4∆zk+1 + 2∆zk+2

∆zk∆zk+1(∆zk+1 +∆zk+2)
ϕk+1

+
4∆zk + 2∆zk+1 + 2∆zk+2

∆zk+1∆zk+2(∆zk +∆zk+1)
ϕk+2

− 4∆zk + 2∆zk+1

∆zk+2(∆zk+1 +∆zk+2)(∆zk +∆zk+1 +∆zk+2)
ϕk+3,

(5.11)
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for k = 0, . . . , Nz − 3.

The backward difference is

ϕ′′
k = −

2∆zk−2 + 4∆zk−1

∆zk−3(∆zk−3 +∆zk−2)(∆zk−3 +∆zk−2 +∆zk−1)
ϕk−3

+
2∆zk−3 + 2∆zk−2 + 4∆zk−1

∆zk−3∆zk−2(∆zk−2 +∆zk−1)
ϕk−2

− 2∆zk−3 + 4∆zk−2 + 4∆zk−1

∆zk−2∆zk−1(∆zk−3 +∆zk−2)
ϕk−1

+
2∆zk−3 + 4∆zk−2 + 6∆zk−1

∆zk−1(∆zk−2 +∆zk−1)(∆zk−3 +∆zk−2 +∆zk−1)
ϕk,

(5.12)

for k = 3, . . . , Nz.

The central difference is

ϕ′′
k =

2

∆zk−1 (∆zk−1 +∆zk)
ϕk−1 −

2

∆zk−1∆zk
ϕk +

2

∆zk (∆zk−1 +∆zk)
ϕk+1, (5.13)

for k = 1, . . . , Nz − 1.

The discrete second derivative is computed using (5.11), (5.12), and (5.13) as
follows,

ϕ′′
0 =

6∆z0 + 4∆z1 + 2∆z2
∆z0(∆z0 +∆z1)(∆z0 +∆z1 +∆z2)

ϕ0

− 4∆z0 + 4∆z1 + 2∆z2
∆z0∆z1(∆z1 +∆z2)

ϕ1

+
4∆z0 + 2∆z1 + 2∆z2
∆z1∆z2(∆z0 +∆z1)

ϕ2

− 4∆z0 + 2∆z1
∆z2(∆z1 +∆z2)(∆z0 +∆z1 +∆z2)

ϕ3,

ϕ′′
k =

2

∆zk−1 (∆zk−1 +∆zk)
ϕk−1 −

2

∆zk−1∆zk
ϕk +

2

∆zk (∆zk−1 +∆zk)
ϕk+1,

for k = 1, . . . , Nz − 1, and,

ϕ′′
Nz

= − 2∆zNz−2 + 4∆zNz−1

∆zNz−3(∆zNz−3 +∆zNz−2)(∆zNz−3 +∆zNz−2 +∆zNz−1)
ϕNz−3

+
2∆zNz−3 + 2∆zNz−2 + 4∆zNz−1

∆zNz−3∆zNz−2(∆zNz−2 +∆zNz−1)
ϕNz−2

− 2∆zNz−3 + 4∆zNz−2 + 4∆zNz−1

∆zNz−2∆zNz−1(∆zNz−3 +∆zNz−2)
ϕNz−1

+
2∆zNz−3 + 4∆zNz−2 + 6∆zNz−1

∆zNz−1(∆zNz−2 +∆zNz−1)(∆zNz−3 +∆zNz−2 +∆zNz−1)
ϕNz .
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5.3 Time Approximation

The integration in time is based on numerical methods for dynamical systems or
initial value problems. Taking into account equations (5.2), (5.3) and (5.4) the
following initial value problem is defined

d

dt
v(t) = F (t,v(t)) , v(t) = (u(t), T (t), Y (t))⊤ (5.14)

where v(t) represents the continuous in time variables of interest, and F (t,v(t)) is the
right-hand side of the proposed numerical scheme. Defining vn = (un, T n, Y n)⊤ as
the approximation of v in discrete time tn, that is, v

n ≈ v(tn) = (u(tn), T (tn), Y (tn))
⊤.

The calculation of vn+1 must consider the intermediate velocity u∗, since the final
velocity u is calculated after the corrector step (5.6). This approximation is denoted
as v∗ = (u∗, T, Y ).

There is a wide range of numerical methods to solve (5.14), and the ones imple-
mented in this work are described below.

Euler Method

The Euler Method is the base numerical integration approach used in this work. It
computes the values of v∗ as,

v∗ = vn +∆tF (tn,v
n) . (5.15)

This method has a temporal truncation error of O(∆t) (Sauer, 2017).

Runge-Kutta Method

This study also applies two explicit Runge-Kutta (RK) methods. The initial tech-
nique used is the second-order method, which is calculated as

v∗ = vn +
∆t

2
(k1 + k2) (5.16)

where

k1 = F (tn,v
n) ,

k2 = F (tn +∆t,vn +∆tk1) .
(5.17)

This method has a temporal truncation error of O(∆t2) (Sauer, 2017).
Additionally, the fourth-order method is included and computed as

v∗ = vn +
∆t

6
(k1 + 2k2 + 2k3 + k4) (5.18)
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where

k1 = F (tn,v
n) ,

k2 = F

(
tn +

∆t

2
,vn +

∆t

2
k1

)
,

k3 = F

(
tn +

∆t

2
,vn +

∆t

2
k2

)
,

k4 = F (tn +∆t,vn +∆t k3) .

(5.19)

This method has a temporal truncation error of O(∆t4) (Sauer, 2017).
It is important to note that the proposed numerical scheme has an order ofO(∆t),

as the correction step restricts the truncation error associated with the velocity field.
However, utilizing higher-order integration methods improves the stability of the
approximations, offering flexibility in choosing ∆t (Trefethen, 2000).

5.4 Pressure Solver

To address the pressure problem,

∇2
hp

n+1 − 1

ρn
∇hρ

n · ∇hp
n+1 =

ρn

∆t

(
∇h · u∗ −∇h · un+1

)
, (5.20)

a hybrid approach is proposed, which employs the Fourier transform for the periodic
x-axis and y-axis, and applies FDM for the z-axis. This strategy emerges from the
possibility of computing the Fast Fourier Transform (FFT), algorithm implemented
by several optimized libraries. This FFT-FD method has been used for weather
applications (Schumann & Sweet, 1988; Maronga et al., 2015).

The method derivation starts solving the following Poisson equation,

∇2p = f, (5.21)

with periodic boundary conditions in x − y and the following boundary conditions
in z

∂p

∂z
(x, t) = pbottom, at z = zmin, (5.22a)

p(x, t) = ptop, at z = zmax. (5.22b)

The approximation of the variable of interest in the discrete domain (5.1) is
denoted by ϕi,j,k = ϕ(xi, yj, zk). In this approach, all nodes in the x and y directions
are considered in the FFT transform as presented in Figure 5.3.

Then, the Discrete Fourier Transform (DFT) and its inverse (IDFT) are defined
as

ϕ̂r,s,k =
Nx−1∑
i=0

Ny−1∑
j=0

ϕi,j,k exp

(
−2πi

(
ir

Nx

+
js

Ny

))
, (5.23)
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(i, j, k)

(i+ 1, j, k)

(i− 1, j, k)

(i, j + 1, k)

(i, j − 1, k)

(i, j, k + 1)

(i, j, k − 1)
(Nx − 1, j, k)

(0, j, k)

(i,Ny − 1, k)

(i, 0, k)

Figure 5.3: FFT-FD stencil

for r = 0, . . . , Nx − 1, s = 0, . . . , Ny − 1, k = 1, . . . , Nz − 1, and,

ϕi,j,k =
1

NxNy

Nx−1∑
r=0

Ny−1∑
s=0

ϕ̂r,s,k exp

(
2πi

(
ir

Nx

+
js

Ny

))
, (5.24)

for i = 0, . . . , Nx−1, j = 0, . . . , Ny−1, k = 1, . . . , Nz−1, respectively, with i2 = −1.
ϕ̂r,s,k represents the function ϕi,j,k in the discrete Fourier domain, but only calculated
in the direction of xy. Note that the equations for k = 0 and k = Nz are not included
because they represent the boundary conditions and their values are incorporated in
the equations for k = 1 and k = Nz − 1. Using this approach, the second derivative
with respect to x can be approximated by,

∂2ϕ

∂x2

∣∣∣∣∣
(xi,yj ,zk)

≈ 1

NxNy

Nx−1∑
r=0

Ny−1∑
s=0

(
2πi

Nx

r

)2

ϕ̂r,s,k exp

(
2πi

(
ir

Nx

+
js

Ny

))
, (5.25)

and the second derivative with respect to y as,

∂2ϕ

∂y2

∣∣∣∣∣
(xi,yj ,zk)

≈ 1

NxNy

Nx−1∑
r=0

Ny−1∑
s=0

(
2πi

Ny

s

)2

ϕ̂r,s,k exp

(
2πi

(
ir

Nx

+
js

Ny

))
, (5.26)

both, (5.25) and (5.26), for i = 0, . . . , Nx−1, j = 0, . . . , Ny−1, and k = 1, . . . , Nz−1.
Replacing (5.24), (5.25), and (5.26) into (5.21),

1

NxNy

Nx−1∑
r=0

Ny−1∑
s=0

−
[(

2π

Nx

r

)2

+

(
2π

Ny

s

)2
]
p̂r,s,k exp

(
2πi

(
ir

Nx

+
js

Ny

))
∂2

∂z2

∣∣∣∣∣
(xi,yj ,zk)

[
1

NxNy

Nx−1∑
r=0

Ny−1∑
s=0

p̂r,s,k exp

(
2πi

(
ir

Nx

+
js

Ny

))]

=
1

NxNy

Nx−1∑
r=0

Ny−1∑
s=0

f̂r,s,k exp

(
2πi

(
ir

Nx

+
js

Ny

))
,
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and after grouping and reordering terms,

1

NxNy

Nx−1∑
r=0

Ny−1∑
s=0

Pr,s,k exp

(
2πi

(
ir

Nx

+
js

Ny

))
= 0,

with

Pr,s,k = −
[(

2π

Nx

r

)2

+

(
2π

Ny

s

)2
]
p̂r,s,k +

∂2p̂r,s,k
∂z2

∣∣∣∣∣
(xi,yj ,zk)

− f̂r,s,k.

Notice that the term Pr,s,k can be interpreted as the coefficient in the Fourier space for
each k. From the orthogonality of the discrete complex exponential, each coefficient
Pr,s,k must vanish (Trefethen, 2000),

Pr,s,k = −
[(

2π

Nx

r

)2

+

(
2π

Ny

s

)2
]
p̂r,s,k +

∂2p̂r,s,k
∂z2

∣∣∣∣∣
(xi,yj ,zk)

− f̂r,s,k = 0,

therefore,

−
[(

2π

Nx

r

)2

+

(
2π

Ny

s

)2
]
p̂r,s,k +

∂2p̂r,s,k
∂z2

∣∣∣∣∣
(xi,yj ,zk)

= f̂r,s,k. (5.27)

Now, expanding ∂2/∂z2 with second-order finite difference,

−
[(

2π

Nx

r

)2

+

(
2π

Ny

s

)2
]
p̂r,s,k +

p̂r,s,k+1 − 2p̂r,s,k + p̂r,s,k−1

∆z2
= f̂r,s,k

p̂r,s,k+1 −
(
2 +

(
2π∆z
Nx

r
)2

+
(

2π∆z
Ny

s
)2)

p̂r,s,k + p̂r,s,k−1

∆z2
= f̂r,s,k

p̂r,s,k+1 + γr,sp̂r,s,k + p̂r,s,k−1

∆z2
= f̂r,s,k,

(5.28)

with γr,s = −
(
2 +

(
2π∆z
Nx

r
)2

+
(

2π∆z
Ny

s
)2)

. For the boundary condition (5.22a) the

following second-order approximation is used,

−p̂r,s,2 + 4p̂r,s,1 − 3p̂r,s,0
2∆z

= f̂r,s,0, (5.29)

where

f̂r,s,0 =
Nx−1∑
i=0

Ny−1∑
j=0

pbottom exp

(
−2πi

(
ir

Nx

+
js

Ny

))
,

for r = 0, . . . , Nx − 1; s = 0, . . . , Ny − 1. To implement the boundary condition
(5.22b), equation (5.28) is used for k = Nz − 1, so

p̂r,s,Nz + γr,sp̂r,s,k + p̂r,s,Nz−2

∆z2
= f̂r,s,Nz−1

γr,sp̂r,s,k + p̂r,s,Nz−2

∆z2
= f̂r,s,Nz−1 −

1

∆z2
p̂r,s,Nz

(5.30)
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with

p̂r,s,Nz =
Nx−1∑
i=0

Ny−1∑
j=0

ptop exp

(
−2πi

(
ir

Nx

+
js

Ny

))
,

for r = 0, . . . , Nx−1; s = 0, . . . , Ny−1. Now, the following system of linear equations
appears when using (5.28), (5.29), and (5.30)

1

∆z2



−3
2
∆z 2∆z −1

2
∆z 0 . . . 0

1 γr,s 1 0 · · · 0

0
. . . . . . . . . . . .

...
...

. . . . . . . . . . . . 0
...

. . . . . . 1 γr,s 1
0 · · · · · · 0 1 γr,s





p̂r,s,0
p̂r,s,1
...

p̂r,s,k
...

p̂r,s,Nz−1


=



f̂r,s,0
f̂r,s,1
...

f̂r,s,k
...

f̂r,s,Nz−1 − 1
∆z2

p̂k,s,Nz


,

(5.31)
which has to be solved for each r = 0, . . . , Nx − 1, s = 0, . . . , Ny − 1. The matrix
of (5.31) is not singular for r = s = 0, since the boundary conditions. Additionally,
the following row operation row1 = row1 + row2 ×(12∆z) in (5.31) is applied to get a
tridiagonal matrix, and then solve the system of equations using Thomas’ Algorithm
(TDMA) (Ferziger et al., 2020; Jiang & Lai, 2009). Thus, the problem (5.31) becomes
to

1

∆z2



−∆z ∆z(2 + 1
2
γr,s) 0 0 . . . 0

1 γr,s 1 0 · · · 0

0
. . . . . . . . . . . .

...
...

. . . . . . . . . . . . 0
...

. . . . . . 1 γr,s 1
0 · · · · · · 0 1 γr,s





p̂r,s,0
p̂r,s,1
...

p̂r,s,k
...

p̂r,s,Nz−1


=



f̂r,s,0 +
∆z
2
f̂r,s,1

f̂r,s,1
...

f̂r,s,k
...

f̂r,s,Nz−1 − 1
∆z2

p̂k,s,Nz


.

(5.32)
Appendix C.3.2 presents the characteristics of the matrix shown in equation (5.32).
Summarizing the derivation above, the steps to get the pressure are the following:

1. Compute slice-wise f̂r,s = FFT2D(fi,j) for each k, for all i, j. Since in 3D the
data is stored in a cube, a slice represents the xy domain for each value of z.

2. Solve (5.31) for each γr,s.

3. Build p̂ using each vector p̂r,s

4. Compute p from the real part of p̂, i.e., p = ℜ (IFFT2D(p̂)).

It is important to note that FFT and IFFT implementations are used to compute
the DFT and IDFT respectively.

For the full pressure problem with variable density, the following fixed-point
iteration is used

∇2
hp

m+1 =
ρn

∆t

(
∇h · u∗ −∇h · un+1

)
+

1

ρn
∇hρ

n · ∇hp
m, (5.33)
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where m represents the iteration step and n denotes the time step of the numerical
integration process. pn is used as the initial guess in m = 0. The solution for pn+1 is
obtained after (5.33) converges.

5.4.1 Non-uniform Version

With the use of non-uniform vertical axis described in sub-section 5.2.1, the approx-
imations for partial derivatives along the z axis result in several modifications to the
linear system of equations obtained in the pressure problem. Figure 5.4 presents a
sketch of the numerical domain and the stencil used with this type of grid.

x

z

Figure 5.4: Two-dimensional example of the non-uniform domain and the stencil.

The first equation becomes

− (2∆z0 +∆z1)

∆z0(∆z0 +∆z1)
p̂r,s,0 +

∆z0 +∆z1
∆z0∆z1

p̂r,s,1 −
∆z0

∆z1(∆z0 +∆z1)
p̂r,s,2 = f̂r,s,0. (5.34)

The equations for k = 1 to k = Nz − 2 are

2

∆zk−1(∆zk−1 +∆zk)
p̂r,s,k−1 −

[(
2π

Nx

r

)2

+

(
2π

Ny

s

)2

+
2

∆zk−1∆zk

]
p̂r,s,k

+
2

∆zk(∆zk−1 +∆zk)
p̂r,s,k+1 = f̂r,s,k.

(5.35)
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The last equation for k = Nz − 1 is

2

∆zNz−2(∆zNz−2 +∆zNz−1)
p̂r,s,Nz−2

−
[(

2π

Nx

r

)2

+

(
2π

Ny

s

)2

+
2

∆zNz−2∆zNz−1

]
p̂r,s,Nz−1

+
2

∆zNz−1(∆zNz−2 +∆zNz−1)
p̂r,s,Nz =f̂r,s,Nz−1.

(5.36)

Following the same approach used in the uniform grid domain, equation (5.34)
is modified by adding 0.5∆z0 times the equation for k = 1,

− 1

∆z0
p̂r,s,0 +

[
∆z0 +∆z1
∆z0∆z1

− ∆z0
2

((
2π

Nx

r

)2

+

(
2π

Ny

s

)2
)
− 1

∆z1

]
p̂r,s,1

= f̂r,s,0 +
∆z0
2
f̂r,s,1,

(5.37)

to get a tri-diagonal matrix and take advantage of the Thomas algorithm.

5.5 Source Terms

The source terms for the momentum and energy equations, f and q, are directly
computed. Nevertheless, the subsequent sub-sections discuss the additional terms
incorporated to enhance the model’s capabilities.

5.5.1 Immersed Boundary Method

The Immersed Boundary Method (IBM) is a numerical technique designed to han-
dle complex geometries within a structured computational mesh (Verzicco, 2023).
Instead of conforming the grid to the physical boundaries of an object, the method
embeds the geometry into a regular grid and imposes boundary conditions through
additional forcing terms in the governing equations (Senocak, Ackerman, Stevens, &
Mansour, 2004; Fadlun, Verzicco, Orlandi, & Mohd-Yusof, 2000; Chien & Wu, 2016).
This approach significantly simplifies the meshing process and reduces computational
costs while retaining the ability to capture interactions between solid boundaries and
fluid flow.

In the context of wildfire modeling, IBM provides an efficient framework for
representing terrain characteristics and obstacles that influence fire behavior and
atmospheric dynamics. Within IBM, the solid boundary is characterized by a body
force denoted fIBM (Senocak et al., 2004). Fire modeling has utilized this concept
previously, as evidenced by the FDS software which employed it for handling flow
obstructions (K. McGrattan et al., 2012). The discretized form of the momentum

54



CHAPTER 5. NUMERICAL ALGORITHM

equations can be written as follows

un+1 − un

∆t
= RHSu + fIBM,

where RHSu includes the pressure gradient, convection, diffusion, and force terms.
fIBM denotes the source term that gives the desired velocity at the boundary. As-
suming the target velocity at the boundary is un+1 = Un+1, the explicit expression
for the body force can be formulated as

fIBM =
Un+1 − un

∆t
− RHSu.

According to (Senocak et al., 2004), the general steps for IBM are:

1. Pre-processing: Determine the Cartesian cells that are cut by the boundary.
Tag the nodes as solid, fluid, and cut.

2. Predictor stage: Solve the discretized momentum equations.

3. Set zero velocity field on the solid nodes, and apply the reconstruction scheme
on the cut nodes.

4. Solve the pressure problem.

5. Update the velocity and pressure field and impose the reconstruction on the
cut nodes.

In this work, the reconstruction method described in step 3 is not used due to
the alignment of the boundary nodes with the cut nodes. Furthermore, the cut
nodes were used to determine the correct values in the boundary conditions for both
temperature T and fuel Y . Figure 5.5 presents a simple sketch to describe the
different types of nodes used by the IBM.

5.5.2 Scalars Bounding

Utilizing a simplified mathematical model in combination with a second-order spatial
approximation can lead to non-physical results for both temperature and fuel fraction
variables. For example, obtaining a negative fuel fraction, or temperatures lower than
273 K. To address this problem, two additional terms are introduced to restrict the
values in a defined range. These components are introduced in each time step as an
intermediate procedure to keep the fuel and temperature bounded, and they a work
similarly to the IBM procedure.
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Boundary

Solid nodes

Fluid nodes

Cut nodes

x

z

Figure 5.5: Immersed boundary method nodes.

Temperature

For temperature, this bounding term qB is included in the source term q. Following
the idea of IBM, the discretized temperature equation is

T n+1 − T n

∆t
= RHST + qB,

where RHST contains the convection, diffusion, and source terms. Then, qB is defined
to force a valid temperature between T∞ and Tmax, so

qB =
T ∗ − T n

∆t
− RHST

where

T ∗ =

{
Tmax, if T n+1 > Tmax,

T∞, if T n+1 < T∞.

Fuel fraction

In a similar fashion, the fuel fraction is

Y n+1 − Y n

∆t
= RHSY + YB,

where RHSY includes the Arrhenius-like equation. Then, the value of Y ∈ [0, 1] is

YB =
Y ∗ − Y n

∆t
− RHSY

with

Y ∗ =

{
1, if Y n+1 > 1,

0, if Y n+1 < 0.
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5.6 Summary

This section presents a summary of the numerical methods described in previous
sections. The main steps for the numerical approximation of the wildfire model (4.31)
are presented in Algorithm 1.

Algorithm 1 General steps of the numerical algorithm.

1: for n = 0 to Nt − 1 do
2: ρn ← ρ(T n).
3: u∗, T n+1 Y n+1 ← RHS(un, T n Y n).
4: pn+1 ← PressureSolver(pn, ρn, u∗, T n+1, Y n+1).
5: Compute the corrected velocity un+1 using pn+1 with (5.6).
6: Impose boundary conditions for un+1.
7: Apply temperature and fuel fraction bounds.
8: end for

The evaluation on the right-hand side is in Algorithm 2.

Algorithm 2 Computation of right-hand side of the equations.

1: procedure RHS(un, T n, Y n)
2: Compute u∗, T n+1 and Y n+1 using (5.5), (5.3), and (5.4).
3: Impose boundary conditions for u∗, T n+1, and Y n+1.
4: return u∗, T n+1, Y n+1

5: end procedure

The algorithm for solving the full pressure solver is presented in Algorithm 3,
and Algorithm 4 describes the procedure for solving the Poisson equation.

Algorithm 3 Pressure solver algorithm.

1: procedure PressureSolver(pn, ρn, u∗, T n+1, Y n+1)
2: p0 ← pn

3: for m = 0 to Niter do
4: Compute f using (5.33) with pm, ρn, u∗, T n+1, and Y n+1.
5: pm+1 ← PoissonSolver(f)
6: if ∥pm+1 − pm∥∞ <tol then
7: break
8: end if
9: end for
10: return p
11: end procedure

Theoretically, the complete numerical algorithm has an error of O(∆x2 +∆y2 +
∆z2) + O(∆t). This bound emerges from the second-order approximation used in
the spatial partial derivatives, and the first-order in time approximation used by the
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Algorithm 4 Poisson solver.

1: procedure PoissonSolver(f)
2: Compute f̂r,s = FFT(fi,j) for each k
3: Solve (5.32) for each γr,s using Thomas’ Algorithm
4: Build the matrix p̂ using each column vector p̂r,s
5: Compute the pressure as p = ℜ (IFFT(p̂))
6: return p
7: end procedure

correction step (5.6). In the case of a non-uniform grid, it is bounded by O(∆x2 +
∆y2+max(∆zk))+O(∆t), where the term max(∆zk) is included due to the different
values of ∆zk used in the vertical domain. For the FFT-FD solver, the error is
bounded by the approximation of the derivatives with respect to z with O(∆z2).

Regarding computational complexity, let Nx, Ny, Nz, and Nt denote the number
of grid points along each respective coordinate axis. The number of operations are:

• Algorithm 2 has ∼ NxNyNz operations considering the loop on all the points
on the grid.

• Algorithm 4 needs ∼ NxNyNz log(NxNy) operations, as it computes Nz FFT
and IFFT for matrices of size NxNy. Additionally, it solves NxNy tridiago-
nal system of linear equations of size Nz Nz, which means that ∼ NxNyNz

operations are carried out considering that the Thomas algorithm is O(Nz).

• The algorithm 3 depends on the previous step, as it performs Niter of the
constant density pressure solver. In particular, Niter is typically smaller than
the grid size.

• Considering that the previous steps are performed Nt times, the overall number
of operations is ∼ Nt (NxNyNz log(NxNy) + 2 NxNyNz).

Using the previous analysis, the complete algorithm has an approximate computa-
tional complexity of O(NtNxNyNz log(NxNy)).

58



Chapter 6

Implementation

This chapter provides an overview of the hardware and software specifications utilized
in the implementations of the CPU and GPU.

6.1 Hardware

The numerical experiments were carried out on a workstation with the following
configuration:

• CPU: Intel® Core™ i9-13900K Processor, 3.0 GHz

• Memory (RAM): 128 GB DDR5 at 5600 MHz (4 × 32 GB)

• Primary Storage: Kingston FURY Renegade NVMe SSD, 4 TB

• Secondary Storage: Seagate ST12000VN0008 HDD, 12 TB

• Graphics Processing Unit (GPU):ASUS TUF Gaming GeForce RTX 4090 OC,
24 GB GDDR6

6.2 Software

The workstation runs on a 64-bit Linux distribution, Ubuntu 22.04 LTS (Jammy
Jellyfish). The flexibility and usability of this operating system facilitate the man-
agement of latest drivers and package versions for CPU and GPU implementations.

6.2.1 CPU implementation

A CPU-based implementation of the algorithm was developed in Python. The core
numerical calculations and the manipulation of the vector data structures were car-
ried out using NumPy, while SciPy was employed for the FFT routines. These
libraries rely on a highly optimized linear algebra back-end, primarily implemented
in C/C++, which provide efficient performance for large-scale numerical operations
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(Oliphant, 2007). This version of the code includes the implementation of Algo-
rithms 1, 2, and 3.

To further enhance performance, Numba was used to JIT-compile the TDMA
solver used in the pressure problem, significantly accelerating this computationally
intensive step. The spatial partial derivatives were discretized using numpy.roll,
which provides an efficient array-shifting operation suitable for finite-difference schemes.
For time integration, both the Euler method and the second- and fourth-order RK
methods were implemented from scratch, allowing flexibility in the numerical treat-
ment of IVP (5.14).

Regarding computational performance, considering a two-dimensional spatial res-
olution of 512× 256 nodes, the solver requires approximately 0.25 seconds per time
step. The total run-time may vary due to the iterative procedure employed in the
pressure solver, as additional iterations are sometimes necessary to accommodate
large temperature fluctuations. For example, executing the entire simulation with
100000 time steps results in a total computational time of about 7 hours.

The source code for this CPU implementation is publicly accessible at https://
github.com/dsanmartin/wildfire, which facilitates transparency, reproducibility,
and accessibility for future research and model development. Appendix D.1 con-
tains detailed information on library installation, library versioning, and how the
implementation can be used.

6.2.2 GPU implementation

Graphics Processing Units (GPUs), originally designed to render computer graphics,
have become essential tools for scientific computing due to their massive parallel
processing capabilities. In particular, they are widely used in the numerical solu-
tion of partial Differential Equations and other compute-intensive tasks (Owens et
al., 2008; Mattes & Kofuji, 2014).The concept of General-Purpose GPU (GPGPU)
computing leverages the highly parallel architecture of GPUs to accelerate applica-
tions well beyond graphics, providing significant performance advantages compared
to traditional CPU-based approaches (NVIDIA, 2025c; Kirk & Hwu, 2012).

The GPU programming paradigm is based on the Single Instruction Multiple
Threads (SIMT) model, where a single instruction is executed simultaneously across
thousands of lightweight threads. CUDA is one of the most widely adopted frame-
works for GPU programming, providing an extension of the C/C++ language along
with APIs for other languages such as Python and Fortran. In this model, com-
putations are expressed through kernels, which are executed in parallel on threads
organized into a hierarchy of grids and blocks. The host refers to the CPU and
its memory, while the device corresponds to the GPU and its dedicated memory
space. Execution parameters such as the number of blocks per grid and the number
of threads per block must be specified by the user to match the problem size and
hardware capabilities.

In the present implementation, a one-dimensional thread organization is adopted
for thread indexing and memory storage. The three-dimensional computational do-
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main is vectorized, assigning each thread to process the discretized values associ-
ated with a node (i, j, k). CUDA built-in variables threadIdx.x, blockIdx.x, and
blockDim.x are used to compute a unique global thread identifier,

idx = threadIdx.x + blockIdx.x * blockDim.x,

which allows for direct mapping between threads and data elements. To efficiently
handle domains larger than the number of available threads, the grid-stride loop
pattern is employed (Harris, 2013; NVIDIA, 2025c). This strategy allows each thread
to process multiple data points by iterating over indices with a stride equal to the
total number of threads in the grid:

for (int i = idx; i < N; i += blockDim.x * gridDim.x).

This approach ensures scalability across different GPU architectures, improves hard-
ware utilization, and avoids under-subscription of resources, making it a widely rec-
ommended best practice in CUDA programming (NVIDIA, 2025c; Harris, 2013).

The general procedure used for each CUDA kernel is

// ...

int i, j, k;

int size = Nx * Ny * Nz;

int idx = threadIdx.x + blockIdx.x * blockDim.x;

int stride = gridDim.x * blockDim.x;

for (int ijk = idx; ijk < size; ijk += stride) {

i = ijk / (Ny * Nz);

j = (ijk % (Ny * Nz)) / Nz;

k = ijk % Nz;

// Perform the computation for node (i, j, k)

}

// ...

The GPU implementation was developed entirely in CUDA C and compiled us-
ing the NVIDIA CUDA Compiler Driver (NVCC ) (NVIDIA, 2025b). Fast Fourier
Transform (FFT) routines were implemented through cuFFTW API, a GPU-accelerated
library that provides an interface highly compatible with the widely used Fastest
Fourier Transform in the West (FFTW) library (NVIDIA, 2025a).

The cuFFTW API allows developers to replace existing FFTW calls with min-
imal modifications, while transparently redirecting the execution of FFTs to the
optimized cuFFT backend. This ensures that the efficiency of GPU-accelerated
FFTs can be leveraged without extensive code restructuring. The cuFFTs itself pro-
vides highly optimized implementations of one-, two-, and three-dimensional FFTs
for both real and complex data, supporting single and double precision. By com-
bining compatibility with FFTW and the performance benefits of CUDA, cuFFTW
offers a smooth migration path for scientific codes that already rely on FFTW, while
exploiting the massive parallelism of modern GPUs.

Another feature to highlight is the TDMA solver. The GPU implementation of
the Thomas algorithm solves multiple independent tri-diagonal systems in parallel,
with each CUDA thread processing one vertical column through forward elimination
and back-substitution. A grid-stride loop ensures scalability across problem sizes,
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while memory access patterns and indexing macros enable efficient integration with
cuFFT routines. By performing all operations on-device without inter-thread depen-
dencies, the kernel achieves high throughput and reduced memory overhead (Harris,
2013; NVIDIA, 2025c), making it well suited for the Poisson solver which appears in
the constant density pressure problem (Algorithm 4).

For a three-dimensional spatial resolution of 256 × 256 × 64 nodes, the GPU
solver requires approximately 0.16 seconds per time step. As in the CPU implemen-
tation, the run-time may fluctuate due to the iterative procedure of the pressure
solver, which demands additional iterations when strong temperature variations are
present. A complete simulation of 100000 time steps is completed in 4.5 hours. This
result is significant, as the computational domain contains 32 times more grid points
than the CPU-based version, yet the GPU implementation achieves a runtime that
is 1.55 times faster overall. When normalized per node, the GPU-based computation
delivers an effective speedup of approximately 50×, highlighting the substantial per-
formance gains obtained through parallel execution on modern GPU architectures.

The source code for this implementation is also publicly available at the following
link: https://github.com/dsanmartin/wildfires. Similarly to the previous sub-
section, Appendix D.2 provides detailed information on installing, library versions,
and how to run the GPU implementation.
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Chapter 7

Results

This chapter presents the results obtained from the proposed numerical model and
its computational implementation. The analysis is structured into four main sec-
tions. First, the physical parameters employed in the simulations are outlined,
complemented by their theoretical foundations, with particular emphasis on their
significance in accurately capturing the interactions between fire and atmosphere.
The performance of the numerical solver is then analyzed through validation tests
and a study of the effects of spatial discretization on the solution. The third section
presents a series of experiments designed to evaluate the model’s ability to capture
fundamental fire dynamics and compare the results with experimental and numerical
references. Finally, a discussion integrates the main findings, emphasizing the ad-
vantages and limitations of the proposal and comparing it with other coupled models
in terms of its potential use in wildfire modeling.

7.1 Physical parameters

Considering that the mathematical model incorporates multiple parameters, Ta-
ble 7.1 provides a comprehensive summary of those used in all simulations. It is
important to note that most values are derived from the characteristics of air at 1
atm and 15°C (288.15 Kelvin) (Çengel & Cimbala, 2018, p. 956).

Di Blasi et al. (2001) report that the initial phase of solid fuel decomposition
occurs between 473 K and 573 K. Therefore, the mean value of these temperatures
is taken into account, that is, Tpc = 523 K.

As reported in Williams (2020), the heat of combustion of wood ranges from 19
to 23 kJ kg−1. Based on this information, a mean value of HC = 21 kJ kg−1 was
chosen for the analysis.

The activation temperature is adopted as defined by McAllister et al. (2011,
p. 53), Tact = Eact/R, where Eact denotes the activation energy expressed in J mol−1,
and R = 8.3145 J K−1mol−1 represents the universal gas constant. Within the scope
of reactions that involve carbonaceous materials interacting with oxygen, the range
of values for Eact extends from 54000 J mol−1 to 237000 J mol−1, as reported in
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Table 7.1: Summary of the model’s parameters used by the simulations.

Parameter Value SI Units Source

Reference density (ρ∞) 1.225 kg m−3 Çengel and Cimbala (2018)
Dynamic viscosity (µ) 1.802× 10−5 kg m−1 s−1 Çengel and Cimbala (2018)
Ambient temperature (T∞) 288.15 K Çengel and Cimbala (2018)
Gravity (g) 9.807 m s−2 Çengel and Cimbala (2018)
Solid volume fraction (αs) 0.002 - Morvan et al. (2009)
Surface-to-volume ratio (σs) 4000 m−1 Morvan et al. (2009)
Smagorinsky constant (Cs) 0.2 - Typical value
Prandtl number (Pr) 0.7329 - Çengel and Cimbala (2018)
Thermal conductivity (k) 0.02476 kg m s−3 K−1 Çengel and Cimbala (2018)
Specific heat capacity (cp) 1007 m2s−2K−1 Çengel and Cimbala (2018)
Optical path length (δ) 0.1 m Mell et al. (2007)
Phase change temperature (Tpc) 523 K Based on Di Blasi et al. (2001)
Heat of combustion (HC) 21× 106 m2s−2 Based on Williams (2020)
Pre-exponential factor (A) 109 s−1 Asensio and Ferragut (2002)
Activation temperature (Tact) 18040.85 K Based on Cuesta et al. (1993)
Fuel drag coefficient (Cd) 0.15 - Morvan et al. (2009)
Temperature max bound (Tmax) 2500 K Frangieh et al. (2020)
Reference height (zref) 2 m Mell et al. (2007)

Cuesta et al. (1993), and from 125520 J mol−1 to 202505 J mol−1, as presented in
Westbrook and Dryer (1984). The representative value of Eact = 150000 J mol−1

was selected as a reference. Using this value, the activation temperature is

Tact =
150000

8.3145

J mol−1

J K−1mol−1 ≈ 18040.85 K.

The choice of Tmax = 2500 K is derived from the temperature of the adiabatic
flame resulting from the combustion of carbon monoxide Frangieh et al. (2020).

The fuel consumption parameter Yf is based on the ideas introduced by Asensio
and Ferragut (2002), Mandel et al. (2008), and Eberle et al. (2015). Numerical
simulations were performed moving Yf in the range of 0 to 100, where lower values
signify lower fuel consumption rates and higher values indicate an increase in fuel
consumption speed. This parameter is selected according to the experiment.

The convective heat transfer coefficient is calculated according to Mell et al.
(2007), with

hc = 1.42∆z

( |Tgas − Tsolid|
∆z

)1/4

.

In terms of spatial domain, a wider extent is used to avoid fluid issues due to
periodic boundary conditions in the x and y directions.

While a comprehensive application of physical principles is undertaken, the sim-
plifications introduced require an inevitable calibration of certain parameters, exe-
cuted and selected through numerical experimentation.
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7.2 Numerical Solver Analysis

This section analyzes the numerical solvers employed in the coupled atmosphere–fire
spread model, with validation carried out through two academic benchmark problems
and an examination of spatial mesh effects.

7.2.1 Full Algorithm

To validate the theoretical computational complexity derived in Section 5.6, a series
of numerical experiments were conducted to measure the scaling behavior of the full
algorithm. Each configuration was executed between three and five times to minimize
the impact of transient performance fluctuations, and the results were averaged to
obtain representative timings. The experiments were divided into two main parts:
spatial and temporal scaling.

In the first experiment, spatial resolution was systematically increased while
keeping the number of time steps constant at Nt = 103. The dimensions of the
grid were defined as Nx = Ny ∈ {32, 64, 128, 256} and Nz ∈ {16, 32, 64, 128}, re-
sulting in a total number of nodes N = NxNyNz. Figure 7.1a presents the aver-
age runtime as a function of N . The results follow the expected asymptotic trend
O(NxNyNz log(NxNy)), which is consistent with the theoretical analysis discussed
in Section 5.6. This behavior confirms that the dominant computational cost arises
from the Fast Fourier Transform (FFT) operations and the three-dimensional spatial
discretization. The nearly linear-logarithmic scaling demonstrates that the algorithm
remains efficient and well balanced across increasing spatial resolutions.
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Figure 7.1: Computational complexity of the full algorithm.

In the second experiment, the temporal resolution was varied while keeping the
spatial grid fixed at Nx = Ny = 256 and Nz = 128. The number of time steps
was selected as Nt ∈ {10, 102, 103, 104}. As shown in Figure 7.1b, the runtime ex-
hibits an almost linear dependence on Nt, consistent with the theoretical complexity
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O(Nt) expected for an explicit time integration scheme. This confirms that the
time-stepping implementation scales predictably with the number of iterations, with
negligible overhead introduced by memory access or I/O operations.

The experimental results confirm that the overall computational complexity of
the algorithm follows the theoretical estimates obtained in Section 5.6. Both spa-
tial and temporal scaling exhibit strong agreement with their respective asymptotic
behaviors, demonstrating that the numerical implementation is computationally ef-
ficient and free from major bottlenecks. These findings validate the suitability of
the algorithm for large-scale simulations, where spatial resolutions and counted time
steps can vary by several orders of magnitude.

7.2.2 FFT-FD Solver

The following Poisson problem was solved numerically to study the capabilities of the
FFT-FD method. This analysis was performed using a Python implementation, and
the source code is available in this repository: https://github.com/dsanmartin/

fftfd.
Let x ∈ Ω = [0, 2π]3 be a three-dimensional spatial domain, then Poisson’s

problem is defined as

∇2p = f, in Ω,

∂p

∂z
= 0, on z = zmin,

p = 0, on z = zmax,

(7.1)

using periodic boundary conditions in the x and y directions, and

f(x, y, z) =
1

π3
(f1(x, y, z) + f2(z))G(x, y, z),

with

f1(x, y, z) =
(
z3 − 2πz2

)( 2

sx

(
1− 2

sx
(x− x0)2

)
+

2

sy

(
1− 2

sy
(y − y0)2

))
,

f2(z) = −
4

sz
z5 +

(
8π + 8z0

s2z

)
z4 −

(
16πz0 + 4z20 − 14sz

s2z

)
z3

+

(
8πz20 − 12szz0 − 20πsz

s2z

)
z2 +

(
16πz0 − 6sz

sz

)
z + 4π,

and,

G(x, y, z) = exp

(
−
(
(x− x0)2

sx
+

(y − y0)2
sy

+
(z − z0)2

sz

))
.

The following values are used x0 = y0 = z0 = π, sx = sy = sz = 0.5 for the previous
functions. The analytical solution to this problem is

p(x, y, z) =
1

π3
(2πz2 − z3)G(x, y, z). (7.2)
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Several experiments were performed to assess the convergence and computational
complexity. Using a regular grid with N = Nx = Ny = Nz ∈ {16, 32, 64, 128, 256},
5 experiments were executed to report the average times. The numerical error is
computed using ∥p − papp∥2/∥p∥2. The convergence and computational complexity
results are presented in Figures 7.2a and 7.2b.
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Figure 7.2: Analysis of the FFT-FD solver.

As observed in Figure 7.2a, the error aligns with the theoretical prediction de-
rived in sub-section 5.6. Although the method combines spectral differentiation for
the x and y axes, the use of FDM on the z axis reduces the order of the method,
primarily relying on the dominant term ∆z2. In terms of computational complex-
ity, Figure 7.2b illustrates that the algorithm delivers better performance on smaller
problems, but degrades as the size of the problem increases. Nevertheless, as con-
cluded in sub-section 5.6, it remains within the bounds of O(N3 logN2).

In summary, it can be concluded that the solver has the necessary capabilities to
be incorporated into the main solver.

7.2.3 Benchmark problems

The Rayleigh-Bénard convection problem was selected to evaluate the capabilities of
the model and its implementation, specifically by solving (4.31) without including
the solid fuel equation. These problems were solved using the Python CPU imple-
mentation described in Sub-section 6.2.1. The physical parameters listed in Table 7.1
were used for the numerical simulation. The computational domain was defined in a
two-dimensional spatial region Ω = [−1, 2] × [0, 1] m2, with a total simulation time
interval of t ∈ [0, 30] s. The grid resolution was Nx ×Nz ×Nt = 511× 255× 30000.

For boundary conditions, the velocity field was fixed at u(x, t) = 0 on the up-
per and lower boundaries, while periodic conditions were imposed in the x-direction
through the “periodic wall” approach within the IBM framework. The initial temper-
ature field was set to T0(x) = T∞ for all x ∈ Ω, with the lower and upper boundaries
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Figure 7.3: Experimental setup description for the Rayleigh-Bénard convection prob-
lem.

maintained at constant temperatures of T (x) = 303.15 K and T (x) = 273.15 K,
respectively. The velocity field was initialized as u0(x) = 0 m s−1. Figure 7.3
summarizes the experimental setup used in the following experiments.

A representative snapshot of the simulation at t = 25 s is shown in Figure 7.4.
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Figure 7.4: First Rayleigh-Bénard convection experiment at t = 25 s. The left panel
shows the velocity field u and speed ∥u∥2, and the right panel presents the tem-
perature field T . The characteristic convective rolls are clearly visible, representing
the classical steady pattern of buoyancy-driven flow between differentially heated
horizontal plates.
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A second experiment was designed to analyze the effect of a higher temperature
difference, with the bottom boundary set to T (x) = 373.15 K and the top boundary
fixed at T (x) = 273.15 K. A maximum simulation time of tmax = 10 s and Nt =
100000 time steps was used, using the RK2 scheme as the time integration method.
The results obtained at the final simulation time are illustrated in Figure 7.5.
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Figure 7.5: Second Rayleigh–Bénard convection experiment at t = 10 s. The stronger
temperature gradient produces more vigorous convective motion, with the develop-
ment of small-scale vortices and enhanced plume mixing.

As expected, the larger temperature gradient intensified the buoyancy forces,
driving the upward motion of the heated fluid near the lower boundary and the
downward motion of the colder fluid near the upper boundary. In the first experi-
ment, the system stabilized into well-defined convective rolls, representative of the
steady regime at moderate Rayleigh numbers. In contrast, the second experiment
exhibited a transition toward a more dynamic and turbulent state, where the interac-
tion between thermal plumes and vortices led to complex, time-dependent structures.
These results are consistent with the expected physical behavior of Rayleigh-Bénard
convection (Kästner et al., 2018; Ferialdi & Lappa, 2024), demonstrating that the
implemented model correctly reproduces both the laminar and turbulent convective
regimes.

7.2.4 Mesh Size effect

Because the LES formulation implemented in this work relies on an implicit filter,
the numerical solution is sensitive to mesh resolution (Bose, Moin, & You, 2010;
Denaro, 2011). To assess the effect of grid size and domain extent, three numerical
experiments were performed in a two-dimensional spatial setup:
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1. Experiment 1: Nx = 512, Nz = 256, Ω = [−500, 700]× [0, 20]

2. Experiment 2: Nx = 256, Nz = 128, Ω = [−500, 700]× [0, 20]

3. Experiment 3: Nx = 256, Nz = 128, Ω = [−250, 350]× [0, 10]

Summary of the experimental setup is presented in Figure 7.6.
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Figure 7.6: Experimental setup of the mesh grid sizes experiment, detailing the
domains and initial conditions used.

The comparison of the temperature field at t = 10 s is shown in Figure 7.7.
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Figure 7.7: Results of different meshes and domain extents. From top to bottom,
experiments 1 to 3.

The results highlight the influence of grid resolution on the numerical solution. In
particular, maintaining fixed values of ∆x and ∆z is necessary to achieve comparable
results across different configurations. As the grid is refined, smaller turbulent scales
and sharper gradients in the flow and temperature fields become better resolved,
leading to improved accuracy in capturing buoyancy-driven instabilities and plume
dynamics. However, excessively fine grids can increase numerical stiffness and com-
putational cost without significantly altering the large-scale features of the solution,
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indicating the presence of a resolution threshold beyond which the solution becomes
grid-independent.

Conversely, coarse grids tend to introduce excessive numerical diffusion, which
damps small-scale fluctuations and smooths the thermal and velocity fields, po-
tentially suppressing important flow features such as vortex shedding or secondary
plume structures. This degradation reflects the implicit filtering inherent in the dis-
cretization, where unresolved subgrid-scale motions are artificially dissipated by the
numerical scheme rather than being physically modeled.

These findings confirm those of Bose et al. (2010) and Denaro (2011), indicat-
ing that the numerical solution utilizing implicit filtering exhibits grid dependency.
Therefore, an appropriate grid resolution must be selected to balance accuracy and
computational efficiency, ensuring that dominant flow structures are adequately re-
solved while maintaining numerical stability.

The selection of the mesh grid for the following experiments is based on the
results of this sub-section.

7.3 Experiments

The following numerical experiments were conducted to evaluate the model’s capa-
bilities:

1. The experiment Case F19 conducted by CSIRO which involves a controlled
real fire set on flat terrain. The aim is to track the fire front by comparing the
actual data and simulated data with the numerical predictions of the proposed
model.

2. Four different experiments ranged from a plume-dominated fire to a wind-
driven fire, as determined by Byram’s convective number criteria. The purpose
is to assess the model’s ability to handle various fire spread patterns.

3. Two topography experiments were conducted to investigate the impact of slope
on the rate of fire spread, as well as a simple hill simulation to understand fire
dynamics for this scenario.

4. A three-dimensional experiment on flat terrain. This experiment is intended
to evaluate both the fire perimeter patterns and the plume development, con-
sidering the full interaction between the fire and the atmosphere.

Experiments 1 to 3 used the CPU implementation in a 2D spatial domain, while
the fourth experiment employed the GPU implementation since the 3D computation
requirements.

The initial condition for fluid velocity, u0(x) = (u0(x), w0(x)), is based on the
power law wind profile,

u0(x) = uref

(
z

zref

)1/7

, w0(x) = 0,
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where uref is the reference velocity at height zref (Mell et al., 1995).
The initial condition for temperature is represented by a half-Gaussian distribu-

tion, defined as

T0(x) = (Tsource − T∞) exp

(
−
((

x− xT
sx

)2

+

(
z

sz

)2
))

+ T∞,

with xT the center and sx, sz parameters used to define the shape of the temperature
source. The selection of this configuration seeks to emulate an initial heat source
using a differentiable function.

Considering Z(x) as the function to handle the topography effect, the initial
condition for the fuel is

Y0(x) =

{
1, If z ≤ (Z(x) + Yheight) ,

0, Otherwise,

where Yheight represents a thin layer of fuel over the topography. Observe that the
range of values covered by Z(x) includes arbitrary selections for u, T , and Y . How-
ever, these selections do not influence the simulation outcome due to the application
of IBM. Specifically, the following values are used u = 0, T = T∞, and Y = 0 where
z < Z(x).

The Byram’s convective number has been employed to categorize experimental
fires according to their heat transfer mechanism (Morvan & Frangieh, 2018). This
number is computed as follows,

NC =
2gI

ρ∞cpT∞(uref − ROS)3
, (7.3)

where g is gravity, I is the intensity of the fireline, ROS is the rate of spread, and
uref is the reference wind speed. The values of NC can suggest the dominance of the
heat transfer mechanisms in fires (Frangieh et al., 2020). If NC is less than 2, this
implies that convective heat transfer prevails, pointing to a wind-influenced fire. In
contrast, when NC exceeds 10, radiative heat transfer takes precedence, suggesting a
plume-controlled fire. When NC ranges between 2 and 10, radiative and convective
heat transfer play an important role, indicating a mixed heat transfer scenario.

7.3.1 Case F19

The purpose of this experiment is to perform a comparative analysis of the results
with experimental and numerical data derived from a real fire event. Initially, the
behavior of the Case F19 experiment, which is a controlled fire experiment conducted
by the Commonwealth Scientific and Industrial Research Organisation (CSIRO) of
Australia (Cheney, Gould, & Catchpole, 1993), was documented. Furthermore, nu-
merical simulations of the same experiment as performed by the Fire Dynamics
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Figure 7.8: Case F19 experimental setup.

Simulator (FDS) (Mell et al., 2007) were also captured. In addition, typical phys-
ical quantities reported in other experimental works in the context of fire science
are compared. The domain is defined as Ω = [−500, 700] × [0, 20] with a grid of
512 × 256 × 140000 nodes. The parameters used are tmax = 140 s, uref = 4.8 ms−1,
Yheight = 0.51 m, and Yf = 70. The reference velocity and fuel height are based
on the values reported in Mell et al. (2007). For the initial ignition temperature,
Tsource = 900 K, xT = 3, sx = 6, and sz = 1 were used. Since the fire spreads over a
flat surface, the topography used is Z(x) = 0. The experimental setup is detailed in
Figure 7.8.

Figure 7.9 presents a snapshot of the numerical simulation.
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Figure 7.9: Numerical result of the experiment at t = 56 s.

Following this, some physical quantities of the simulation are explored.

The Rate of Spread (ROS) in m s−1, as defined in (Byram, 1959; Manzello, 2020),
is

ROS =
x2 − x1
t2 − t1

,
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where x1, x2 are the fire front locations and t1, t2 are the times when the location
was measured. For the location of the front, two approaches were used: the maxi-
mum temperature location and the rightmost x location where Y < 1 for each time
step. The mean value for both approaches is 1.42 m s−1, which is within the ranges
summarized by Speer and Goodrick (2022, p. 220) and Cruz and Alexander (2019).
Specifically, the result agrees with the ranges of ROS ∈ [0.05, 2.07] m s−1 presented
in Cheney et al. (1993); Cruz et al. (2015); Anderson et al. (2015). To complement
the numerical values, the comparison of the fire front between the real experiment,
FDS, and the proposed model is summarized in Figure 7.10. The ROS is faster than
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)

F19
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This work

Figure 7.10: Comparison of fire front for times t ∈ {56, 86, 138} s.

the reference data but is still comparable considering the number of simplifications
and assumptions made by the proposed model. The Heat Released Rate (HRR) in
W is computed according to Himoto (2022); Rangwala and Raghavan (2022) with

HRR = HCṁb,

where ṁb is the fuel consumption rate in kg s−1. Because the fuel density is not
directly included and the spatial domain is in the xz plane, the fuel consumption
rate is approximated as

ṁb ≈ ws

∫
A

∂Y

∂t
dA,

with ws the fuel load in kg m−2, A the solid fuel area, and dA = ∆x∆z. Based on
Mell et al. (2007), the fuel load is approximated as

ws = αsYheightρs,

with ρs the density of solid fuel. According to Rothermel (1972) and Mell et al.
(2007), the density of grass is ρs = 512 kg m−3, then

ws = 0.002× 0.51× 512 = 0.52224 kg m−2. (7.4)
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Since Y is available at each time step, ∂Y/∂t is approximated using finite differences.
Taking these values into account, the average fuel consumption rate is ṁb = 0.4 kg
s−1, giving an HRR of

HRR ≈ 21× 106 · 0.4 = 8400 kW,

which is in the range of 50 − 20000 kW according to Z. Wang, Zhang, and Huang
(2023).

The geometry of the flame is examined at a threshold of T ≥ 700 K, based on
representative temperature values documented by Finney et al. (2021). Using this
threshold, the height and length of the flame were computed at each time step. The
height ranged from 0.2 m to 2.9 m, with an average of 0.8 m, which is in agreement
with the findings of Y. Zhang and Luo (2024). The flame length ranged from 0.16
m to 12.11 m, with an average of 2.3 m, consistent with Rossa, Davim, Sil, and
Fernandes (2024). Finally, the fireline intensity I in kW m−1 is calculated using
Byram’s formula (Alexander & Cruz, 2020),

I = HCwROS, (7.5)

where w in kg m−2 denotes the weight of fuel consumed on the active flame front.
The approximation w = wsY c is used, where Yc is the representative fuel fraction
consumption in the flame front determined from simulations, calculated as

Y n+1
c =

∫
FFn+1

(
1− Y (x, tn+1)

Y (x, tn)

)
dA,

with FFn the flame front at t = tn. The mean value of Yc is 0.83, giving w =
0.52× 0.83 ≈ 0.43 kg m−2, consistent with the range of 0.1 to 1.0 kg m−2 for grasses
reported in Finney et al. (2021, p. 37). With a mean ROS of 1.42 m s−1,

I = 21× 106 · 0.43 · 1.42 ≈ 12823 kWm−1.

This result falls within the 10 − 100000 kW m−1 range reported in Alexander and
Cruz (2020).

Heat fluxes are estimated from the temperature equation as

qconduction = κ∇T, qradiation = 4σδT 3∇T, qconvection = hcαsσs(Tgas − Tsolid).

Using the parameters in Table 7.1 and computing ∥∇T∥ in a small neighborhood
of the flame, the maximum values are obtained after the outliers are removed. The
following values are obtained:

qconduction ∈ [0.01, 0.0464] kW m−2, q̄conduction = 0.026 kW m−2,

qradiation ∈ [3.22, 11.06] kW m−2, q̄radiation = 6.74 kW m−2,

qconvection ∈ [7.91, 10.66] kW m−2, q̄convection = 9.17 kW m−2.
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The mean flux is about 15 kW m−2, consistent with the range 5 − 20 kW m−2

reported by Mell et al. (2007) for the same experiment.
Computing Byram’s convective number,

NC =
2 · 9.807 · 12823× 103

1.225 · 1007 · 288.15 · (4.8− 1.42)3
≈ 18.32,

classifies the fire as plume-dominated.
Although the mean convective flux is greater than the radiative flux, higher

peak radiative fluxes are observed, consistent with the NC criterion. However, the
simplified radiation model can reduce accuracy, and the absence of direct fuel density
consideration may overestimate fireline intensity, leading to a higher NC.

Overall, the model effectively captures the fire propagation behavior, with phys-
ical quantities that compare well to experimental studies.

7.3.2 Different fire regimes

To analyze the capabilities of the model, different numerical simulations were con-
ducted based on Byram’s criterion. Different values of NC in equation (7.3) were
considered by modifying the reference velocity and fuel height. Both parameters
affect NC, in particular, fuel height influences fuel load ws when αs and ρs are fixed
in (7.4). For these experiments, the domain is Ω = [−200, 400]× [0, 20] with a grid of
256×256×30000 nodes, tmax = 30 s, Tsource = 900 K, and Yf = 70. The configuration
of the experiments is summarized in Figure 7.11,
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Figure 7.11: Experimental setup to evaluate the model under different fire regimes.

The quantities are computed following the same procedure as indicated in sub-
section 7.3.1. The summary of the results is presented in Table 7.2 and the fire
shapes at the end of the numerical simulations are shown in Figure 7.12.

From Table 7.2, it is apparent that the model effectively represents the dynamics
of various fire regimes, ranging from plume-dominated to wind-driven, and produces
metrics within the ranges reported. Regarding heat fluxes, the computed values are
lower than those of other CFD-based models. However, on average, the results are
consistent with Byram’s criterion employing the NC classification.

7.3.3 Topography effect

In the first experiment, the effect of a simple slope on the rate of spread was analyzed.
A triangular hill was introduced with its center at x = 30 m, and each of its base
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Table 7.2: Average quantities for different fire regimes rounded to 0 or 1 decimal
respectively. Yheight in m, uref and ROS in m s−1, HRR in kW, I in k Wm−1 and
heat flux in k Wm−2.

NC uref Yheight ROS HRR I qradiation, qconvection

283.4 3 1 1.3 25410 24204 10.1, 9.2
104.8 4 1 1.4 27897 28750 10.6, 9.6
5.6 8 1 1.6 29487 28311 13.0, 9.7
1.8 9 0.51 1.6 8784 13591 6.9, 8.5
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Figure 7.12: Fire shapes for different NC at t = 30 s. From left to right NC ∈
{283.4, 104.8, 5.6, 1.8}

angles measuring 10◦. Mathematically, the hill is defined by

Z(x) =


x tan(10◦), If 0 ≤ x < 30,

(60− x) tan(10◦), If 30 ≤ x ≤ 60,

0, Otherwise.

Figure 7.13 shows the numerical result of this experiment.
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Figure 7.13: Snapshot of the triangular hill experiment at t = 10 s.

For comparison, the same experiment was performed without slope. The domain
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used is Ω = [−200, 400]× [0, 20], tmax = 15 s, 256×512×15000 nodes, uref = 4 m s−1,
Yheight = 2 m, Tsource = 900 K and Yf = 100. The location of the initial temperature
source is xT = 5, with sx = 10 and sz = 2. The initial condition for temperature was
projected onto the hill, to keep the same shape as used in the flat terrain. The front
tracking process adhered to the previously established methodology (experiment in
sub-section 7.3.1), but was executed only with the fuel variable in mind. According
to McArthur (1967); Opie (2020), “A head fires’ rate of spread doubles for every 10◦

increase of slope and conversely is halved for backing fires”.
The flat surface experiment produced an average ROS of 1.31 m s−1. In contrast,

the presence of a slope resulted in an average ROS of 1.59 m s−1. The experimental
average ROS on the slope was 1.21 times faster than on the flat surface, although it
did not reach twice the expected rate as indicated in (McArthur, 1967; Opie, 2020).
This discrepancy is attributed to the simplified IBM implementation, which could
be improved through alternative boundary representations.

For the second experiment, another topographic effect was examined using a
Gaussian-shaped hill defined by

Z(x) = 2.5 exp

(
−
(
x− 40

20

)2
)
.

The domain used was Ω = [−500, 700]×[0, 40] with a grid of 256×512×60000 nodes.
The parameters were tmax = 30 s, uref = 5 ms−1, Tsource = 788.15 K, Yheight = 1 m,
and Yf = 100. The temperature source was located at xT = 3, with sx = 6, and
sz = 1. In addition to the general behavior also exhibited by the simulation without
terrain, Figure 7.14 shows how the hill affects the propagation of the fire and the
dynamics of the atmosphere.

0

10

20

z
(m

)

Velocity u, Speed ||u||2

0 25 50 75 100 125 150 175 200
x (m)

0

10

20

z
(m

)

Temperature T

0.0
3.0
6.0
9.0
12.0

m
s−

1

300.0

500.0

700.0

900.0

K

Figure 7.14: Snapshot of the Gaussian hill experiment at t = 30 s.

In general, these experiments highlight the significant influence of topography
on the dynamics of fire spread. Even in simplified numerical settings, changes in
slope and terrain shape lead to measurable differences in the rate of spread and
fire–atmosphere interactions. This confirms the importance of incorporating terrain
effects into wildfire modeling to achieve realistic predictive capabilities.

78



CHAPTER 7. RESULTS

7.3.4 3D experiment

A three-dimensional experiment was carried out to demonstrate that the proposed
mathematical model can be extended beyond the two-dimensional cases presented in
the previous subsections. This experiment illustrates the ability of the formulation
and its implementation to capture essential three-dimensional wildfire dynamics,
including the interaction between the fire front and the atmosphere.

The initial condition for the fluid velocity u0(x) = (u0(x), v0(x), w0(x)) was de-
fined using a power-law wind profile, a widely adopted approach for atmospheric
boundary layers. The longitudinal velocity component is prescribed as

u0(x) = uref

(
z

zref

)1/7

, v0(x) = w0(x) = 0,

while the temperature field is initialized as T0(x) = T∞. A Gaussian-shaped ignition
source is introduced between t = 10 s and t = 30 s, defined by

T0(x) = (Tsource − T∞) exp

(
−
((

x− xT
sx

)2

+

(
y − yT
sy

)2

+

(
z

sz

)2
))

+ T∞,

with Tsource = 2000 K, xT = 5 m, yT = 100 m, and shape parameters sx = 10,
sy = 100, sz = 1.

The computational domain is defined as Ω = [−200, 400] × [−200, 400] × [0, 40]
m3, discretized into 256× 256× 64 cells, and numerically integrated for 100000 time
steps. The simulation parameters are tmax = 40 s, uref = 4.8 m s−1, Yheight = 0.51
m, and Yf = 70. The terrain is assumed to be flat, with Z(x, y) = 0. Figure 7.15
summarizes the experimental setup.
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Figure 7.15: Experimental setup used in the three-dimensional wildfire.

A non-uniform mesh is employed in the vertical direction to ensure higher reso-
lution near the ground. The vertical coordinate transformation is given by

z(ze) =
40

exp(4)− 1

(
exp

( ze
10

)
− 1
)
, ze ∈ [0, 40], (7.6)

which concentrates nodes close to the surface, allowing for improved resolution of
near-ground fire-atmosphere interactions without excessive computational cost.
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Representative slices and time steps of the numerical simulation are presented in
Figures 7.16 to 7.21. The xz-plane at y = 100 m highlights the dynamics of the fire
plume and the vertical movement of hot gases, while the xy-plane at z = 0.05 m
captures the shape of the fire front.
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Figure 7.16: Numerical simulation at y = 100 m and t = 20 s, showing the plume
structure in the xz-plane.
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Figure 7.17: Numerical simulation at z = 0.05 m and t = 20 s, showing the fire front
propagation in the xy-plane.

The results clearly reproduce key physical characteristics of a wildfire. Fig-
ures 7.17, 7.19, and 7.21 illustrate the evolution and lateral spread of the fire front
in the xy-plane, while Figures 7.16, 7.18, and 7.20 reveal the vertical structure of
the plume in the xz-plane. The simulation captures the characteristic behavior of
buoyancy-driven fire plumes: intense upward motion of hot gases near the ignition
region, lateral entrainment of ambient air, and the progressive tilting of the plume
under the combined effects of buoyancy and momentum. These features are consis-
tent with experimental and numerical observations reported in the literature (R. Linn
et al., 2002; Mell et al., 2007).
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Figure 7.18: Numerical simulation at y = 100 m and t = 32 s, showing the plume
structure in the xz-plane.
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Figure 7.19: Numerical simulation at z = 0.05 m and t = 32 s, showing the fire front
propagation in the xy-plane.

In the early stages of the simulation (t = 20 s), the temperature and veloc-
ity fields show the formation of a well-defined vertical plume core and the onset of
combustion-driven convection. At intermediate times (t = 32 s), the plume becomes
asymmetric and develops multiple vortical structures, indicating the transition to a
more complex, turbulent regime. By t = 40 s, strong mixing and entrainment domi-
nate the flow, causing the hot region to expand laterally (Figures 7.20 and 7.21). This
evolution is consistent with the typical behavior of buoyant fire plumes, featuring
large-scale updrafts and smaller turbulent eddies (Mell et al., 2007).

The corresponding kinetic energy spectrum, shown in Figure 7.22, exhibits a clear
inertial subrange that follows the Kolmogorov scaling law E(k) ∝ k−5/3, demonstrat-
ing that the simulation resolves the main inertial and energy-containing scales of
turbulence. The drop in spectral energy beyond the cutoff wavenumber k∆ confirms
an adequate numerical dissipation and that the computational grid is sufficiently
fine to capture the relevant energy cascade. This spectral behavior is consistent
with previous large-eddy simulation (LES) studies of wildfire dynamics (Taha, Zhao,
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Figure 7.20: Numerical simulation at y = 100 m and t = 40 s, showing the plume
structure in the xz-plane.

0 50 100 150 200
x

0

50

100

150

200

y

‖u‖(x, y, 0.05)

0 50 100 150 200
x

T (x, y, 0.05)

0 50 100 150 200
x

Y (x, y, 0.05)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

m
s−

1

240

320

400

480

560

640

720

800

880

960
K

0.00

0.15

0.30

0.45

0.60

0.75

0.90

1.05

%

Figure 7.21: Numerical simulation at z = 0.05 m and t = 40 s, showing the fire front
propagation in the xy-plane.

Lamorlette, Consalvi, & Boivin, 2024), where the resolved turbulence range typically
spans one to two decades in wavenumber space.

Therefore, the selected grid resolution can be considered appropriate for capturing
the dominant turbulent energy transfer in the plume region and the flame-induced
flow structures. In general, these results confirm that the proposed three-dimensional
implementation preserves the essential physics of the spread of wildfires and provides
a reliable foundation for studying more realistic scenarios involving atmospheric cou-
pling and complex terrain.

7.4 Discussion

In terms of the objectives of this work, a coupled atmosphere-fire spread model with
a simplified physical formulation is proposed for the numerical simulation of the
spread of wildfires. The primary distinction from more detailed CFD models lies
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Figure 7.22: Energy cascade of the 3D wildfire simulation. The blue line represents
the computed kinetic energy spectrum E(k), while the dashed line shows the theo-
retical k−5/3 slope associated with Kolmogorov turbulence. The vertical dotted line
indicates the grid cutoff wavenumber k∆.

in the simplifications that reduce the number of variables to be computed. These
assumptions partially decrease the accuracy of representing the physical processes,
but significantly reduce computational costs, making large-scale simulations feasible.

For example, FIRETEC employs the compressible Navier-Stokes equations with
the anelastic approximation of Smolarkiewicz and Margolin (1997), along with sim-
plified combustion (R. Linn, 1997) and radiation transfer models (Dupuy et al.,
2011). FDS solves the governing equations of fluid dynamics with the approxima-
tion developed by Rehm and Baum (1978), also incorporating simplified combustion
and radiation models (K. McGrattan & Miles, 2016). FIRESTAR considers com-
pressible equations for the gas phase, a detailed description of the solid phase, and
radiation (Morvan & Dupuy, 2004; Morvan et al., 2018). All of these CFD models
employ the full set of fluid flow equations, with variations in the emphasis placed on
specific processes, but at a significant computational cost.

In contrast, the model introduced here is based on the low-Mach number ap-
proximation, assuming that in wildfire contexts the atmospheric flow is much slower
than the speed of sound. This simplification allows for significant variations in den-
sity and temperature, while neglecting acoustic pressure waves, a well-established
approach in fire modeling (Rehm & Baum, 1978; Mell et al., 1995; Morvan, 2011;
K. McGrattan et al., 2012; Morvan et al., 2018). The density of the fluid is computed
as a function of temperature using the volumetric thermal expansion of an ideal gas
(Tritton, 1977; Batchelor, 2000; Law, 2006), and an expression for the divergence of
velocity is derived from the simplified energy equation. Similar formulations exist in
the literature (Mell et al., 1995, 2007; Bell et al., 2000), though generally in greater
detail in the treatment of mass and temperature sources. This approach avoids solv-
ing a transport equation for density while ensuring mass conservation through an
equivalent formulation in terms of temperature.
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The pressure problem is solved using a pseudo-spectral method enhanced by the
Fast Fourier Transform, exploiting periodic boundary conditions in one and two
spatial directions. Although initially formulated for constant density, the solver
is adapted with an iterative correction that incorporates density variations. This
strategy enables the model to capture the effects of buoyancy-driven flows induced
by strong temperature gradients, while avoiding the full computational cost of com-
pressible solvers. This constitutes a contribution introduced in the present study.
Radiation is not explicitly modeled; instead, it is incorporated into the temperature
equation through the diffusion term, following the approaches proposed in (Weber,
1991; Montenegro et al., 1997; Mandel et al., 2008; Eberle et al., 2015).

Despite these simplifications, the model reproduces essential wildfire character-
istics and provides estimates for key physical quantities such as the rate of spread,
flame geometry, heat flux, heat release rate, and fireline intensity. This balance
between computational times and physical realism makes the approach suitable for
scenarios where traditional full-physics models are prohibitively expensive.
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Conclusions

This work presents a simplified coupled atmosphere-fire spread model in addition
with a numerical method and its open-source implementations. The model employs
the low-Mach number approximation for fluid dynamics and a simplified solid fuel
formulation, approximations that are well suited to the spatial and temporal scales
of wildfire evolution considered in this thesis.

Numerically, the approach is based on operator splitting, with spatial derivatives
discretized using Finite Difference methods and time integration performed with
explicit schemes. In addition to the first-order Euler method, higher-order Runge-
Kutta schemes were implemented, extending the stability domain of the prediction
step and permitting larger time steps. For the pressure correction step, a mixed Fi-
nite Difference and pseudo-spectral method based on Fourier Transform is employed,
combined with an iterative procedure to account for density variations. Topography
is represented through the Immersed Boundary Method, while turbulence is modeled
using a Large Eddy Simulation with the Smagorinsky closure, enhancing stability
and reducing mesh resolution requirements.

The design of the implementation is focused on computational efficiency. A
Python-based version, optimized with NumPy, SciPy, and Numba, was developed
for efficient two-dimensional simulations, enabling rapid prototyping and validation.
For three-dimensional simulations, a CUDA C implementation was developed, tak-
ing advantage of the massive parallelism of GPUs to achieve high performance on
modern hardware. This GPU-based solver incorporates grid-stride loops and op-
timized memory access patterns, providing scalability for large-scale experiments.
Additionally, three-dimensional tests included a non-uniform vertical grid, allow-
ing higher resolution near the ground where fire-atmosphere interactions are most
intense, while reducing computational cost aloft.

The model successfully captures key wildfire dynamics under conditions such as
simple terrain and smooth initial wind and temperature fields. Although simplifi-
cations introduce challenges in matching physical parameters with field conditions,
the approach achieves competitive predictive capability without the excessive costs
of full-physics solvers such as FDS, FIRETEC, FIRESTAR, or OpenFOAM. The
results demonstrate that a balance between physical realism and computational ef-
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ficiency is attainable. In particular, the integration of operator splitting for the
divergence constraint with a pseudo-spectral pressure solver, together with novel al-
gorithms for variable-density treatment and high-performance implementations for
both CPUs and GPUs, contributes to advancing the state of reduced-order wildfire
modeling. An overview of the state-of-the-art models presented in Chapter 2 and
this work in terms of computing and hardware requirements (Table 1.1), is presented
in Table 8.1.

Table 8.1: Model comparison in terms of computing and hardware requirements.
The computational needs and hardware are determined according to the information
provided in the articles detailing the models.

Model Computational Requirements Hardware

FIRETEC Very High HPC Cluster
WRF-Fire Very High HPC Cluster
ForeFire/Meso-NH High HPC Cluster
FIRESTAR High HPC Cluster
ARPS/DEVS-Fire Medium–High HPC Cluster
FDS Medium-High Workstation / HPC Cluster
OpenFOAM Medium-High Workstation / HPC Cluster
This Thesis Medium–High Workstation (GPU)
CAWFE Medium Workstation
ELMFIRE Low–Medium Desktop / Workstation
PhyFire Low–Medium Desktop
FlamMap Low Desktop

Concerning the hypotheses formulated in this work:

1. The first hypothesis was satisfactorily addressed. The results demonstrate
that the proposed model and its implementation are able to reproduce the key
metrics commonly used in the fire science community. The supporting evidence
for this conclusion is presented in Chapter 7, Section 7.3.

2. The second hypothesis was also satisfactorily addressed. The findings confirm
that the model can be implemented efficiently on a GPU, achieving reduced
computational times compared to the CPU implementation. The details of
this comparison are provided in Chapter 6.

The main contributions of this research are as follows:

1. A simplified coupled atmosphere-fire mathematical model based on the low-
Mach number approximation. Although this approach has been used in other
state-of-the-art models, the novelty lies in the simplification of certain com-
ponents based on 2D physics-based models to reduce computing times. The
capabilities of the model were presented and published in San Martin and
Torres (2025).
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2. A numerical solver for low-Mach number fluids has been developed, enabling
the inclusion of high-temperature gradients. Moreover, an iterative method
utilizing a pseudo-spectral solver is introduced to address the pressure problem,
taking into account variable density.

3. Two open-source implementations are publicly available on GitHub. The initial
version is developed in Python for CPUs, using libraries optimized for scientific
computation. A second implementation is developed in CUDA C specifically
for GPUs, employing a parallelization approach that notably decreases the
computation times for 3D simulations.

In summary, this thesis delivers a computational framework that incorporates
essential fire-atmosphere interactions, making it suitable for research, forecasting,
and decision support applications where atmospheric dynamics is important.

8.1 Future Work

Several directions are proposed to extend and improve the present research.
The first direction for future work involves evaluating the model’s capabilities

using a more extensive data benchmark. This would include utilizing both real and
numerical experimental data to gain a comprehensive understanding of the model’s
performance and potential areas for improvement.

Secondly, the model can be generalized by incorporating the full set of conserva-
tion equations for chemical species. This extension would allow for a more detailed
representation of combustion processes, enabling the simulation of reactive flows and
the transport of combustion products.

Another natural progression is to refine the fluid and solid formulations. The
improved governing equations could incorporate more detailed thermophysical prop-
erties of the fuels and a more accurate coupling between the gas and solid phases.
In parallel, exploring alternative boundary conditions for mathematical formaliza-
tion would broaden the range of physical scenarios that the model can represent,
including more realistic atmospheric and terrain-driven constraints.

From a numerical perspective, future work should emphasize the implementa-
tion of high-order discretization methods. In particular, higher-order schemes for
both spatial derivatives and time integration could be applied in the corrector step,
consequently improving temporal accuracy and enhancing overall numerical stability.

Finally, performance optimization remains a critical aspect for large-scale ap-
plications. In-depth performance profiling of GPU and CPU implementations can
identify computational bottlenecks and guide targeted improvements, ensuring scal-
ability and efficiency in modern HPC architectures.
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Appendix A

Ideal Gas Law

A.1 Equation of state

The equation of state for an ideal gas is often written as

pV = nRT, (A.1)

where p is the pressure in kg m−1s−2, V the volume in m3, n the number of moles
in mol, and T the temperature in K. R = 8.31446261815324 kg m−2s−2K−1mol−1 is
the universal gas constant.

The molar form of (A.1) can be derived using

n =
m

M
, (A.2)

with m the total mass in kg and M the molar mass in kg mol−1. In addition,
considering the definition of density

ρ =
m

V
, (A.3)

equation (A.1) can be written as

pV = nRT
pV =

m

M
RT

p =
m

V

R
M
T

p = ρRT

(A.4)

with R = R/M the specific gas constant in J kg−1K−1 (m2s−2K−1). For example,
for dry air, R = 287.052874 J kg−1K−1.
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APPENDIX A. IDEAL GAS LAW

A.2 Thermal expansion

Thermal expansion is the phenomenon observed in solids, liquids, and gases, where
an object or body expands upon the application of heat. From (A.1), any change in
volume, temperature, or pressure is strongly related. In particular, volume expansion
is the change in volume as a result of temperature variations.

A.2.1 Thermal expansion coefficient

Considering an isobaric process, that is, p constant, the coefficient of the thermal
expansion coefficient (Batchelor, 2000, p. 26) is defined as

αV =
1

V

(
∂V

∂T

)
p

, (A.5)

or (Batchelor, 2000, p. 43),

αV = −1

ρ

(
∂ρ

∂T

)
p

, (A.6)

where the subscript p denotes that the pressure remains constant during expan-
sion (Batchelor, 2000). The expression (A.6) can be derived written (A.5) as

αV =
1

V

(
∂V

∂T

)
p

=
1

V

(
∂V

∂ρ

)
p

(
∂ρ

∂T

)
p

. (A.7)

Using the definition of density (A.3),

ρ =
m

V
=⇒ V =

m

ρ
, (A.8)

and taking the partial derivative of (A.8) with respect to density,

V =
m

ρ
/
∂

∂ρ
∂V

∂ρ
= −m

ρ2
∂ρ

∂ρ
= −V

ρ
.

(A.9)

Replacing (A.9) in (A.7),

αV =
1

V

(
∂V

∂ρ

)
p

(
∂ρ

∂T

)
p

=
1

V

(
−V
ρ

)(
∂ρ

∂T

)
p

= −1

ρ

(
∂ρ

∂T

)
p

.

Considering an ideal gas

pV = nRT /
∂

∂T

p
∂V

∂T
= nR∂T

∂T
∂V

∂T
=
nR
p

=
V

T
.

(A.10)
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Replacing (A.10) in (A.5),

αV =
1

V

(
∂V

∂T

)
p

=
1

V

V

T
=

1

T
. (A.11)

Similarly, but using (A.4)

ρRT = p /
∂

∂T

R

(
T
∂ρ

∂T
+ ρ

∂T

∂T

)
= 0

T
∂ρ

∂T
= −ρ

∂ρ

∂T
= − ρ

T
.

(A.12)

Replacing (A.12) in (A.6),

αV = −1

ρ

(
∂ρ

∂T

)
p

= −1

ρ

(
− ρ
T

)
=

1

T
, (A.13)

as presented in (Tritton, 1977; Batchelor, 2000; Law, 2006).

A.3 Density expansion

Consider the following expansion of the density depending on the temperature (Mayeli
& Sheard, 2021),

ρ = ρ∞ +
∂ρ

∂T

∣∣∣∣
T=T∞

(T − T∞) + . . . .

After an algebraic manipulation,

ρ− ρ∞
ρ∞

=
1

ρ∞

∂ρ

∂T

∣∣∣∣
T=T∞

(T − T∞) + · · · ≈ −αV (T − T∞), (A.14)

where αV is the volumetric thermal expansion coefficient, defined by (A.5) or (A.6)
as reported in Appendix A.2.1. In particular, reordering (A.14),

ρ = ρ∞(1− αV (T − T∞)). (A.15)

For an ideal gas, αV = 1/T (A.13), then (A.15), becomes

ρ = ρ∞(1− αV (T − T∞))

= ρ∞(1− 1

T
(T − T∞))

= ρ∞(1− 1 +
T∞
T

))

=
ρ∞T∞
T

.
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A.4 Hydrostatic balance

A stratified fluid is said to be in hydrostatic equilibrium if it is at rest (u = 0) and the
fluid state variables are simply functions of height z. Let ρ0(z), p0(z), T0(z), u = 0
be the state variables of an atmosphere in hydrostatic equilibrium. Conservation of
momentum just reduces to the requirement that such an atmosphere in hydrostatic
balance must satisfy static force balance of pressure and gravitational forces:

dp0
dz

= −ρg =⇒ ∇p0 − ρg = 0, g = (0, 0,−g). (A.16)
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Appendix B

Approximation of Fluid Equations

This chapter outlines the equations and the derivations of the fluid dynamics equa-
tions employed in this work.

B.1 Non-dimensional Numbers

In the analysis and scaling of fluid flow problems, several dimensionless numbers arise
naturally from the governing equations. These numbers characterize the relative
importance of various physical processes and serve as key parameters in similarity
analysis, numerical modeling, and experimental design. Below are the most relevant
non-dimensional numbers for this study.

Mach Number

The Mach number measures the ratio of the characteristic flow velocity to the speed
of sound in the medium:

Ma =
U

c
, (B.1)

where U is the characteristic velocity and c is the speed of sound, given for a perfect
gas by

c =
√
γRT , (B.2)

with

γ =
cp
cV
, (B.3)

the ratio of specific heats, R the specific gas constant, and T the absolute temper-
ature. The Mach number indicates the importance of compressibility effects. Low
Mach values correspond to low-speed, nearly incompressible flows.
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Reynolds Number

The Reynolds number quantifies the ratio of inertial forces to viscous forces:

Re =
ρUL

µ
, (B.4)

where ρ is the density, L a characteristic length, and µ the dynamic viscosity. High
Re indicates turbulence-prone flows dominated by inertial effects, while low Re cor-
responds to laminar flows dominated by viscosity.

Prandtl Number

The Prandtl number expresses the ratio of momentum diffusivity (viscosity) to ther-
mal diffusivity:

Pr =
ν

α
=
µcp
k
, (B.5)

where
ν =

µ

ρ
,

is the kinematic viscosity, and

α =
k

ρcp

is the thermal diffusivity, cp is the specific heat at constant pressure, and k is the
thermal conductivity. This number relates the relative thickness of the velocity and
thermal boundary layers. Large values indicate that momentum is dominant, and
for small values the heat diffusion dominates.

Schmidt Number

The Schmidt number is defined as the ratio between momentum diffusivity and mass
diffusivity:

Sc =
ν

D
=

µ

ρD
, (B.6)

where ν is the kinematic viscosity, µ is the dynamic viscosity, ρ is the density, and
D is the mass diffusivity of the species. It characterizes the relative effectiveness
of momentum and mass diffusion. High Schmidt numbers indicate that momen-
tum diffuses much faster than mass (typical in liquids), while low Schmidt numbers
correspond to faster mass diffusion (common in gases).

Péclet Number

The Péclet number measures the relative importance of advective to diffusive heat
transport:

Pe =
UL

α
=
ρcpUL

k
= RePr, (B.7)
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where α is the thermal diffusivity. Large values of Pe indicate that advection domi-
nates thermal transport.

In mass transfer, the Péclet number expresses the ratio of the advective transport
rate to the diffusive transport rate of a species. It is defined as

Pem =
UL

D
= ReSc, (B.8)

where D is the mass diffusivity of the species. A large Pem indicates that advection
dominates over diffusion, while a small Pem implies that diffusion is the primary
transport mechanism.

Froude Number

The Froude number compares inertial forces with gravitational forces:

Fr =
U√
gL
, (B.9)

where g is the gravitational acceleration. This number is particularly relevant for
buoyancy-driven flows and free-surface phenomena. Larger values suggest that in-
ertia prevails, whereas smaller values indicate that gravity significantly affects the
behavior.

Eckert Number

The Eckert number relates the kinetic energy to enthalpy:

Ec =
U2

cp∆T
, (B.10)

where cp is the specific heat at constant pressure and ∆T is a characteristic temper-
ature difference. This number quantifies the importance of viscous dissipation in the
conversion of kinetic energy to internal energy.

Grashof Number

The Grashof number is a dimensionless parameter that quantifies the ratio between
buoyancy forces and viscous forces in a fluid flow. It is defined as

Gr =
gβ∆TL3

ν2
=
gβ∆TL3ρ2

µ2
(B.11)

where g is the gravitational acceleration, β is the thermal expansion coefficient, ∆T
is the characteristic temperature difference driving buoyancy, L is the characteristic
length, and ν is the kinematic viscosity. For and ideal gas, β = 1/T ,

Gr =
g∆T L3ρ2

Tµ2
(B.12)
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The Grashof number plays a central role in natural convection: large values of Gr
indicate that buoyancy dominates over viscous effects, leading to vigorous convection,
while small values imply that viscous diffusion suppresses buoyancy-driven motion.

Rayleigh Number

The Rayleigh number characterizes the competition between buoyancy and dissipa-
tive effects (viscous and thermal). It combines the effects of the Grashof and Prandtl
numbers:

Ra = GrPr =
gβ∆TL3

να
, (B.13)

where α is the thermal diffusivity and Pr is the Prandtl number (B.5).
At larger Ra, convective motions become more vigorous and can transition to

turbulence.

B.2 Compressible Flow Equations

The compressible flow equations emerge from the idea that the total change of a
quantity within a control volume equals the amount that enters or leaves through
its surfaces plus any sources or sinks inside. Let V be a fixed control volume with
boundary ∂V and outward unit normal vector n. For any conserved or transported
quantity ϕ with density ρϕ, advective flux ρϕu, diffusive flux jϕ, and volumetric
source Sϕ, the integral balance is

d

dt

∫
V

ρ ϕ dV +

∮
∂V

ρϕ (u · n) dS =

∮
∂V

jϕ · n dS +

∫
V

Sϕ dV. (B.14)

Applying the divergence theorem to the surface integrals and using the Reynold’s
Theorem for the time derivative,

d

dt

∫
V

ρ ϕ dV +

∮
∂V

ρϕ (u · n) dS =

∮
∂V

jϕ · n dS +

∫
V

Sϕ dV∫
V

∂

∂t
(ρ ϕ) dV +

∫
V

∇ · (ρϕu)dV =

∫
V

∇ · jϕ dV +

∫
V

Sϕ dV∫
V

[
∂

∂t
(ρ ϕ) +∇ · (ρϕu)

]
dV =

∫
V

[∇ · jϕ + Sϕ ] dV

For an arbitrary V , the differential or local form is,

∂

∂t
(ρ ϕ) +∇ · (ρϕu) = ∇ · jϕ + Sϕ. (B.15)

The governing equations appear after instantiating (B.14)-(B.15) for mass, mo-
mentum, sensible enthalpy, and species.
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B.2.1 Mass

Defining ϕ = 1, jϕ = 0, Sϕ = 0, the integral form of conservation of mass is

d

dt

∫
V

ρ dV +

∮
∂V

ρ (u · n) dS = 0,

and the differential form,
∂ρ

∂t
+∇ · (ρu) = 0.

B.2.2 Momentum

Defining ϕ = u, jϕ = σ = −pI + τ , Sϕ = f = ρb, the integral form of conservation
of momentum is,

d

dt

∫
V

ρu dV +

∮
∂V

ρu(u · n) dS =

∮
∂V

(σ · n) dS +

∫
V

f dV,

and the differential form,

∂(ρu)

∂t
+∇ · (ρu⊗ u) = ∇ · σ + f = −∇p+∇ · τ + f . (B.16)

The term σ · n is known as the traction (Greenshields & Weller, 2022), and p is the
pressure. For a Newtonian fluid, with dynamic viscosity µ and bulk viscosity ζ,

τ = µ
(
∇u+∇u⊤)+ (ζ − 2

3
µ
)
(∇ · u) I. (B.17)

Since this work is focused on the low-Mach number approximation, bulk viscosity is
neglected and ζ = 0 (Papalexandris, 2020).

B.2.3 Sensible enthalpy

Defining ϕ = h, jϕ = −q, Sϕ = Q̇+ τ : ∇u+
Dp

Dt
, the integral form of conservation

of sensible enthalpy is,

d

dt

∫
V

ρh dV +

∮
∂V

ρh (u · n) dS = −
∮
∂V

q · n dS +

∫
V

(
Q̇+ τ : ∇u+

Dp

Dt

)
dV,

and the differential form,

∂(ρh)

∂t
+∇ · (ρhu) = −∇ · q+ Q̇+ τ : ∇u+

Dp

Dt
.

q is the heat flux, Q̇ is the volumetric heat source, τ : ∇u is the viscous dissipation,

and
Dp

Dt
represents the pressure-work contribution.
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B.2.4 Species

Defining ϕ = Yi, jϕ = −Ji, Sϕ = ω̇i, the integral form of the conservation of species
is,

d

dt

∫
V

ρYi dV +

∮
∂V

ρYi (u · n) dS = −
∮
∂V

Ji · n dS +

∫
V

ω̇i dV,

and the differential form,

∂t(ρYi) +∇ · (ρuYi) = −∇ · Ji + ω̇i.

Yi = ρi/ρ represents the fraction of species i, Ji is the diffusive flux, and ω̇i is the
production rate. The diffusive flux can be defined as

Ji = ρi(Vi −V),

where Vi is the diffusion velocity and V is the mixture velocity defined as

V =
1

ρ

N∑
i=1

ρiVi.

Typically, Fick’s law is used to approximate diffusive fluxes (Poinsot & Veynante,
2012; Kuwana, 2020),

Ji = −ρDi∇Yi,

with Di the diffusivity of species i.

Furthermore, the following restriction must be met (Poinsot & Veynante, 2012;
Kuwana, 2020). The sum of the species fraction must be equal to the unity,

N∑
i=1

Yi =
N∑
i=1

ρi
ρ

=
1

ρ

N∑
i=1

ρi =
ρ

ρ
= 1.

The production rate of species must be equal to zero,

N∑
i=1

ω̇i = 0,

since chemical reactions only rearrange atoms and they cannot create or destroy
mass. In other words, while the mass of individual species can increase or decrease,
the total mass is conserved. The last restriction is that the net diffusive flux is zero,

N∑
i=1

Ji =
N∑
i=1

ρi(Vi−V) =
N∑
i=1

ρiVi−
N∑
i=1

ρiV =
N∑
i=1

ρiVi−V
N∑
i=1

ρi = ρV−ρV = 0.
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B.2.5 Summary

Wrapping up all the previous results, and including the equation of state to close the
system A.1, the dimensional compressible Navier-Stokes equations in the differential
form are defined as follows

∂ρ

∂t
+∇ · (ρu) = 0, (B.18)

∂(ρu)

∂t
+∇ · (ρu⊗ u) = −∇p+∇ · τ + f , (B.19)

∂(ρh)

∂t
+∇ · (ρhu) = Dp

Dt
−∇ · q+ τ : ∇u+ Q̇, (B.20)

∂(ρYi)

∂t
+∇ · (ρYiu) = −∇ · Ji + ω̇i, (B.21)

τ = µ

(
∇u+ (∇u)⊤ − 2

3
(∇ · u)I

)
, (B.22)

p = ρRT. (B.23)

Here, ρ denotes the density, u the velocity, p the pressure, h the specific enthalpy,
Yi is the mass fraction, τ the viscous stress tensor, f the force term, µ the dynamic
viscosity, q the heat flux, Ji the diffusive flux, T the temperature, R the specific gas
constant, Q an external heat source, and ω̇i is the production rate.

This set of equations is also written in a different version after a manipulation of
the left-hand side of the momentum, energy and species equations.

Using the identity (C.13), the left-hand side of (B.19) is

∂ (ρu)

∂t
+∇ · (ρ u⊗ u) =

∂ρ

∂t
u+ ρ

∂u

∂t
+ u(∇ · (ρu)) + (ρu · ∇)u

= u
∂ρ

∂t
+ u(∇ · (ρu)) + ρ

∂u

∂t
+ ρ(u · ∇)u

= u
����������:0(
∂ρ

∂t
+∇ · (ρu)

)
︸ ︷︷ ︸

by (B.18)

+ρ

(
∂u

∂t
+ (u · ∇)u

)

= ρ

(
∂u

∂t
+ (u · ∇)u

)
.

(B.24)
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Similarly, for the energy equation,

∂ (ρh)

∂t
+∇ · (ρhu) = ∂ρ

∂t
h+ ρ

∂h

∂t
+ h(∇ · (ρu)) + ρu · ∇h

= h
∂ρ

∂t
+ h(∇ · (ρu)) + ρ

∂h

∂t
+ ρ (u · ∇h)

= h
����������:0(
∂ρ

∂t
+∇ · (ρu)

)
︸ ︷︷ ︸

by (B.18)

+ρ

(
∂h

∂t
+ u · ∇h

)

= ρ

(
∂h

∂t
+ u · ∇h

)
.

(B.25)

The definition of sensible enthalpy (Rohsenow et al., 1998; K. McGrattan & Miles,
2016),(Poinsot & Veynante, 2012, p. 7) is,

h(T ) =

∫ T

T0

cp(T
′)dT ′, (B.26)

where T is the temperature of the fluid in Kelvin (K), cp is the specific heat at
constant pressure in J kg−1K−1 (m2s−2K−1), and T0 is a reference temperature in K.
Using the Leibinz integral and chain rules, the partial derivatives of enthalpy can be
rewritten in terms of temperature as follows,

∂h

∂t
=
∂h

∂T

∂T

∂t
= cp

∂T

∂t
, ∇h =

∂h

∂T
∇T = cp∇T.

Replacing both into the energy equation,

∂ (ρh)

∂t
+∇ · (ρhu) = ρcp

(
∂T

∂t
+ u · ∇T

)
.

For the conservation of species,

∂ (ρYi)

∂t
+∇ · (ρYiu) =

∂ρ

∂t
Yi + ρ

∂Yi
∂t

+ Yi(∇ · (ρu)) + ρu · ∇Yi

= Yi
∂ρ

∂t
+ Yi(∇ · (ρu)) + ρ

∂Yi
∂t

+ ρ (u · ∇Yi)

= Yi
����������:0(
∂ρ

∂t
+∇ · (ρu)

)
︸ ︷︷ ︸

by (B.18)

+ρ

(
∂Yi
∂t

+ u · ∇Yi
)

= ρ

(
∂Yi
∂t

+ u · ∇Yi
)
.

(B.27)
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Finally, the second version of the compressible Navier-Stokes equations is

∂ρ

∂t
+∇ · (ρu) = 0,

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+∇ · τ + f ,

ρcp

(
∂T

∂t
+ u · ∇T

)
=
Dp

Dt
−∇ · q+ τ : ∇u+ Q̇,

ρ

(
∂Yi
∂t

+ u · ∇Yi
)

= −∇ · Ji + ω̇i,

τ = µ

(
∇u+ (∇u)⊤ − 2

3
(∇ · u)I

)
,

p = ρRT.

(B.28)

Another typical version of the equations uses the definition of the material deriva-
tive (C.3), rewritten (B.28) as

Dρ

Dt
= −ρ∇ · u,

ρ
Du

Dt
= −∇p+∇ · τ + f ,

ρcp
DT

Dt
=
Dp

Dt
−∇ · q+ τ : ∇u+Q,

ρ
DYi
Dt

= −∇ · Ji + ω̇i,

τ = µ

(
∇u+ (∇u)⊤ − 2

3
(∇ · u)I

)
,

p = ρRT.

(B.29)

B.2.6 Non-dimensionalization

Non-dimensionalization is used to reduce equations to a universal form, making it
easier to identify the relative importance of different physical effects through di-
mensionless numbers. In particular, the numbers described in B.1 emerge from this
procedure. The first step is the definition of the reference values for the character-
istic scales: length L, velocity U , density ρ0, temperature T0, viscosity µ0, thermal
conductivity k0, shear viscosity τ0, force f0, diffusion Di,0, heat source Q̇0, and pro-
duction rate ω̇i,0. Using these scales, the dimensionless variables denoted by a star
are

x = Lx∗, t =
L

U
t∗, u = U u∗, ρ = ρ0 ρ

∗, h = h0h
∗, Yi = Y ∗

i , T = T0 T
∗,

p = p0 p
∗, τ = τ0τ

∗, f = f0f
∗, q = q0q

∗, Q̇ = Q̇0Q̇
∗, ω̇i = ω̇i,0ω̇

∗
i .

(B.30)
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The associated scalings for the time derivative and gradient operators follow
directly from the change of variables,

∂

∂t
=
U

L

∂

∂t∗
, ∇ =

1

L
∇∗,

D

Dt
=
U

L

D

Dt∗
. (B.31)

Starting from conservation of mass, the substitution of (B.31) and (B.30) into
(B.18) gives

∂ρ

∂t
+∇ · (ρu) = 0

∂(ρ0ρ
∗)

∂t
+∇ ·

(
ρ0ρ

∗ Uu∗) = 0

U

L

∂(ρ0ρ
∗)

∂t∗
+

1

L
∇∗ ·

(
ρ0ρ

∗ Uu∗) = 0

ρ0U

L

∂ρ∗

∂t∗
+
ρ0U

L
∇∗ ·

(
ρ∗u∗) = 0

ρ0U

L

[
∂ρ∗

∂t∗
+∇∗ ·

(
ρ∗u∗)] = 0

∂ρ∗

∂t∗
+∇∗ ·

(
ρ∗u∗) = 0.

This shows that the conservative form is invariant under the chosen scaling, i.e., the
non-dimensional equation retains the same structure as the dimensional version.

The same procedure is performed for momentum conservation, replacing (B.31)
and (B.30) in (B.19),

∂(ρu)

∂t
+∇ · (ρu⊗ u) = −∇p+∇ · τ + f

∂(ρ0ρ
∗Uu∗)

∂t
+∇ · (ρ0ρ∗Uu∗ ⊗ Uu∗) = −∇(p0p∗) +∇ · (τ0τ ∗) + f0f

∗

U

L

∂(ρ0ρ
∗Uu∗)

∂t∗
+

1

L
∇∗ · (ρ0ρ∗Uu∗ ⊗ Uu∗) = − 1

L
∇∗(p0p

∗) +
1

L
∇∗ · (τ0τ ∗) + f0f

∗

ρ0U
2

L

∂(ρ∗u∗)

∂t∗
+
ρ0U

2

L
∇∗ · (ρ∗u∗ ⊗ u∗) = −p0

L
∇∗p∗ +

τ0
L
∇∗ · τ ∗ + f0f

∗

ρ0U
2

L

[
∂(ρ∗u∗)

∂t∗
+∇∗ · (ρ∗u∗ ⊗ u∗)

]
= −p0

L
∇∗p∗ +

τ0
L
∇∗ · τ ∗ + f0f

∗

∂(ρ∗u∗)

∂t∗
+∇∗ · (ρ∗u∗ ⊗ u∗) = − p0

ρ0U2
∇∗p∗ +

τ0
ρ0U2

∇∗ · τ ∗ +
f0L

ρ0U2
f∗.

Considering the characteristic viscous shear stress, force and pressure (using (B.2)),

τ0 =
µ0U

L
, p0 = ρ0c

2 = γρ0RT0, f0 =
ρ0U

2

L
,

121



APPENDIX B. APPROXIMATION OF FLUID EQUATIONS

the non-dimensional momentum equation is

∂(ρ∗u∗)

∂t∗
+∇∗ · (ρ∗u∗ ⊗ u∗) = − p0

ρ0U2
∇∗p∗ +

τ0
ρ0U2

∇∗ · τ ∗ +
f0L

ρ0U2
f∗

= − ρ0c
2

ρ0U2
∇∗p∗ +

µ0U

ρ0U2L
∇∗ · τ ∗ +

ρ0U
2L

ρ0U2L
f∗

= −
( c
U

)2
∇∗p∗ +

µ0

ρ0UL
∇∗ · τ ∗ + f∗

= − 1

Ma2
∇∗p∗ +

1

Re
∇∗ · τ ∗ + f∗.

For energy conservation, replacing (B.31) and (B.30) in (B.20),

∂(ρh)

∂t
+∇ · (ρhu) = Dp

Dt
−∇ · q+ τ : ∇u+ Q̇

∂(ρ0ρ
∗h0h

∗)

∂t
+∇ · (ρ0ρ∗h0h∗ Uu∗) =

D(p0p
∗)

Dt
−∇ · (q0q∗)

+ (τ0τ ) : (∇(Uu∗)) + Q̇0Q̇
∗

U

L

∂(ρ0ρ
∗h0h

∗)

∂t∗
+

1

L
∇∗ · (ρ0ρ∗h0h∗ Uu∗) =

U

L

D(p0p
∗)

Dt∗
− 1

L
∇∗ · (q0q∗)

+ (τ0τ
∗) :

(
1

L
∇∗(Uu∗)

)
+ Q̇0Q̇

∗

ρ0h0U

L

∂(ρ∗h∗)

∂t∗
+
ρ0h0U

L
∇∗ · (ρ∗h∗u∗) =

p0U

L

Dp∗

Dt∗
− q0
L
∇∗ · q∗

+
τ0U

L
τ ∗ : ∇∗u∗ + Q̇0Q̇

∗

ρ0h0U

L

[
∂(ρ∗h∗)

∂t∗
+∇∗ · (ρ∗h∗u∗)

]
=
p0U

L

Dp∗

Dt∗
− q0
L
∇∗ · q∗

+
τ0U

L
τ ∗ : ∇∗u∗ + Q̇0Q̇

∗

∂(ρ∗h∗)

∂t∗
+∇∗ · (ρ∗h∗u∗) =

p0
ρ0h0

Dp∗

Dt∗
− q0
ρ0h0U

∇∗ · q∗

+
τ0
ρ0h0

τ ∗ : ∇∗u∗ +
Q̇0L

ρ0h0U
Q̇∗.

Using (B.26) for a constant specific heat,

h = cpT. (B.32)

The heat flux vector can be defined using Fourier’s law as follows,

q = −k∇T, (B.33)

where its non-dimensional form is

q = −k∇T =⇒ q0q
∗ = − k

L
∇∗(T0T

∗) = −kT0
L
∇∗T ∗.
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With (B.32) and (B.33), the following characteristic scales are introduced:

h0 = cpT0, q0 =
kT0
L
, Q̇0 =

ρ0h0U

L
.

Then, with the previous definitions, the conservation of energy is

∂(ρ∗h∗)

∂t∗
+∇∗ · (ρ∗h∗u∗) =

p0
ρ0cpT0

Dp∗

Dt∗
− q0
ρ0h0U

∇∗ · q∗

+
µ0U

ρ0cpT0L
τ ∗ : ∇∗u∗ +

Q̇0L

ρ0h0U
Q̇∗

=
p0

ρ0cpT0

Dp∗

Dt∗
+

kT0
ρ0cpT0UL

∇∗ · (∇∗T ∗)

+
µ0U

ρ0cpT0L
τ ∗ : ∇∗u∗ +

Q̇0L

ρ0h0U
Q̇∗

=
c2

cpT0

Dp∗

Dt∗
+

k

ρ0cpUL
∇∗2T ∗

+
µ0U

ρ0cpT0L
τ ∗ : ∇∗u∗ +

ρ0h0UL

ρ0h0UL
Q̇∗

=
c2

cpT0

Dp∗

Dt∗
+

1

Pe
∇∗2T ∗ +

U2

cpT0

µ

ρ0UL
τ ∗ : ∇∗u∗ + Q̇∗

= (γ − 1)
Dp∗

Dt∗
+

1

RePr
∇∗2T ∗ +

Ec

Re
τ ∗ : ∇∗u∗ + Q̇∗.

The term γ − 1 emerges from the approximation R = cp − cV and using (B.3),

c2

cpT0
=
γRT0
cpT0

=
γR

cp
=
cp
cV

cp − cV
cp

=
cp − cV
cV

=
cp
cV
− 1 = γ − 1.

Following the same procedure for conservation of species using the Fick’s law for
the mass flux, Ji = −ρDi∇Yi,

∂(ρYi)

∂t
+∇ · (ρYiu) = ∇ · (ρDi∇Yi) + ω̇i

∂(ρ0ρ
∗Y ∗

i )

∂t
+∇ · (ρ0ρ∗Y ∗

i Uu
∗) = ∇ · (ρ0ρ∗Di,0∇Y ∗

i ) + ω̇i,0ω̇
∗
i

U

L

∂(ρ0ρ
∗Y ∗

i )

∂t∗
+

1

L
∇∗ · (ρ0ρ∗Y ∗

i Uu
∗) =

1

L
∇∗ ·

(
ρ0ρ

∗Di,0
1

L
∇∗Y ∗

i

)
+ ω̇i,0ω̇

∗
i

ρ0U

L

∂(ρ∗Y ∗
i )

∂t∗
+
ρ0U

L
∇∗ · (ρ∗Y ∗

i u
∗) =

ρ0Di,0

L2
∇∗ · (ρ∗∇∗Y ∗

i ) + ω̇i,0ω̇
∗
i

ρ0U

L

[
∂(ρ∗Y ∗

i )

∂t∗
+∇∗ · (ρ∗Y ∗

i u
∗)

]
=
ρ0Di,0

L2
∇∗ · (ρ∗∇∗Y ∗

i ) + ω̇i,0ω̇
∗
i

∂(ρ∗Y ∗
i )

∂t∗
+∇∗ · (ρ∗Y ∗

i u
∗) =

Di,0

LU
∇∗ · (ρ∗∇∗Y ∗

i ) +
ω̇i,0L

ρ0U
ω̇∗
i .
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Using (B.8) and defining

ω̇i,0 =
ρ0L

U
,

the non-dimensional conservation of species is,

∂(ρ∗Y ∗
i )

∂t∗
+∇∗ · (ρ∗Y ∗

i u
∗) =

Di,0

LU
∇∗ · (ρ∗∇∗Y ∗

i ) +
ω̇i,0L

ρ0U
ω̇∗
i

∂(ρ∗Y ∗
i )

∂t∗
+∇∗ · (ρ∗Y ∗

i u
∗) =

1

Pem,i

∇∗ · (ρ∗∇∗Y ∗
i ) +

ρ0UL

ρ0UL
ω̇∗
i

=
1

Pem,i

∇∗ · (ρ∗∇∗Y ∗
i ) + ω̇∗

i .

The non-dimensional equation of state is obtained straightforwardly using the
definition of characteristic lengths and variables,

p = ρRT

p0p
∗ = ρ0ρ

∗RT0T
∗

p∗ =
ρ0RT0
p0

ρ∗T ∗

=
ρ0RT0
ρ0c2

ρ∗T ∗

=
ρ0RT0
γρ0RT0

ρ∗T ∗

=
1

γ
ρ∗T ∗.

Wrapping up all the derivations of above, the non-dimensional Navier-Stokes
equations are:

∂ρ∗

∂t∗
+∇∗ · (ρ∗u∗) = 0

∂(ρ∗u∗)

∂t∗
+∇∗ · (ρ∗u∗ ⊗ u∗) = − 1

Ma2
∇∗p∗ +

1

Re
∇∗ · τ ∗ + f∗,

∂(ρ∗h∗)

∂t∗
+∇∗ · (ρ∗h∗u∗) = (γ − 1)

Dp∗

Dt∗
+

1

RePr
∇∗2T ∗ +

Ec

Re
τ ∗ + Q̇∗,

∂(ρ∗Y ∗
i )

∂t∗
+∇∗ · (ρ∗Y ∗

i u
∗) =

1

Pem,i

∇∗ · (ρ∗∇∗Y ∗
i ) + ω̇∗

i ,

p∗ =
1

γ
ρ∗T ∗.

(B.34)

B.2.7 Low-Mach number approximation

The low-Mach Number approximation eliminates the propagation of acoustic waves
while preserving thermodynamic consistency, making it well suited for modeling
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low-speed, variable-density flows. This approximation is obtained from the non-
dimensional Navier-Stokes equations (B.34), by performing an asymptotic expansion
using powers of ϵ = Ma2 and assuming Ma≪ 1. To start, the variables are expanded
as follows,

ρ = ρ0 + ϵρ1 +O(ϵ2),
u = u0 + ϵu1 +O(ϵ2),
p = p0 + ϵp1 +O(ϵ2),
h = h0 + ϵh1 +O(ϵ2),
T = T0 + ϵT1 +O(ϵ2).

(B.35)

Stars in the non-dimensional variables are omitted to simplify the notation, but the
derivation is over the non-dimensional equations. The derivation starts by substi-
tuting (B.35) in the conservation of momentum of (B.34). For the unsteady term,

∂(ρu)

∂t
=

∂

∂t

(
(ρ0 + ϵρ1 +O(ϵ2))(u0 + ϵu1 +O(ϵ2))

)
=

∂

∂t

(
ρ0u0 + ϵρ1u0 + ϵρ0u1 + ϵ2ρ1u1 +O(ϵ3)

)
=
∂(ρ0u0)

∂t
+O(ϵ).

As the main assumption, note that O(ϵ) → 0 as ϵ = Ma2 → 0 when Ma ≪ 1. The
full expansion for each component is not detailed, but the idea can be extended from
the previous manipulation. In particular, the pressure gradient term is

1

Ma2
∇p = 1

ϵ
∇(p0 + ϵp1 +O(ϵ2)) =

1

ϵ
∇p0 +

1

ϵ
∇(ϵp1) +

1

ϵ
O(ϵ2) = 1

ϵ
∇p0 +∇p1 +O(ϵ)

This result means that the O(1) term is ∇p1, and

−∇p0 = 0 =⇒ p0 = p0(t),

since it does not depend on space. Collecting the leading-order terms O(1), the
conservation of momentum is

∂(ρ0u0)

∂t
+∇ · (ρ0u0 ⊗ u0) = −∇p1 +

1

Re
∇ · τ 0 + f0.

From a physical meaning, the pressure is decomposed into a spatially uniform
thermodynamic component and a dynamic perturbation

p(x, t) = p0(t) + ϵp1(x, t) +O(ϵ2). (B.36)

Where the thermodynamic pressure scales in O(ϵ−1), but the other variables, such as
density, velocity, and the dynamical perturbation, in O(1) when the Mach number
is small.
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In the same fashion, by expanding the mass conservation equation in (B.34),

∂ρ0
∂t

+∇ · (ρ0u0) = 0.

This result can be interpreted as the compressibility is governed by thermodynamic
changes rather than pressure waves.

The energy equation has the same behavior, but considering

Dp

Dt
=
∂p

∂t
+ u · ∇p = ∂(p0 + ϵp1 +O(ϵ2))

∂t
+ u · ∇(p0 + ϵp1 +O(ϵ2))

=
∂p0
∂t

+ u · ∇p0 +O(ϵ).
(B.37)

As Ma≪ 1, O(ϵ)→ 0 and p0 is spatially uniform, therefore (B.37) can be approxi-
mated with

Dp

Dt
=
∂p0
∂t

+ u · ∇p0 +O(ϵ) ≈
dp0
dt
.

Then,

∂(ρ0h0)

∂t
+∇ · (ρ0h0u) = (γ − 1)

dp0
dt

+
1

RePr
∇2T +

Ec

Re
τ + Q̇.

Regarding the species equation, it does not have any pressure term or Ma scaling
term, so the equation follows the same behavior of the mass conservation for the
leading-order term,

∂(ρ0Yi,0)

∂t
+∇ · (ρ0Yi,0u0) =

1

Pem,i

∇ · (ρ0∇Yi,0) + ω̇i.

Finally, the equation of state is

p0 =
1

γ
ρ0T0. (B.38)

For asymptotic consistency, (B.37) must ensure the combined demands of mass
conservation and the equation of state at the limit when Ma → 0. As a result, an
extra restriction using the divergence of velocity is introduced to enforce the latter.
Notice that conservation of mass can be expressed as

∂ρ0
∂t

+∇ · (ρ0u0) =
∂ρ0
∂t

+ ρ0∇ · u0 + u0 · ∇ρ0 =
Dρ0
Dt

+ ρ0∇ · u0 = 0.

This implies that

∇ · u0 = −
1

ρ0

Dρ0
Dt

. (B.39)
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The right-hand side of (B.41) can be obtained from (B.38) computing the total
derivative of both sides,

p0 =
1

γ
ρ0T0

Dp0
Dt

=
1

γ

(
T0
Dρ0
Dt

+ ρ0
DT0
Dt

)
γ
Dp0
Dt

= T0
Dρ0
Dt

+ ρ0
DT0
Dt

−T0
Dρ0
Dt

= ρ0
DT0
Dt
− γDp0

Dt

−Dρ0
Dt

=
1

T0

(
ρ0
DT0
Dt
− γDp0

Dt

)
.

(B.40)

Replacing (B.40) in (B.39),

∇ · u0 = −
1

ρ0

Dρ0
Dt

=
1

ρ0T0

(
ρ0
DT0
Dt
− γDp0

Dt

)
=

1

T0

DT0
Dt
− γ

ρ0T0

Dp0
Dt

.

Finally, after replacing γ with the definition of (B.38),

∇ · u0 =
1

T0

DT0
Dt
− 1

p0

Dp0
Dt

=
1

T0

DT0
Dt
− 1

p0

dp0
dt
. (B.41)

At this point, the derivation of the low-Mach number approximation is com-
plete, and the equations can be returned to the dimensional form, but taking into
account the different pressures. In summary, the governing equations, with (B.28)
to eliminate the use of sensible enthalpy, are

∂ρ

∂t
+∇ · (ρu) = 0,

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇pd +∇ · τ + f ,

ρcp

(
∂T

∂t
+ u · ∇T

)
=
dp0
dt
−∇ · q+ τ : ∇u+ Q̇,

ρ

(
∂Yi
∂t

+ u · ∇Yi
)

= −∇ · Ji + ω̇i,

∇ · u =
1

T

DT

Dt
− 1

p0

dp0
dt
,

p0 = ρRT.
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B.3 Incompressible Flow Equations

An incompressible flow can be modeled as strictly incompressible with constant den-
sity or variable density involving small perturbations of density, mass, or tempera-
ture. For both cases, the divergence of the flow velocity must be zero, or mathemat-
ically,

∇ · u = 0. (B.42)

For the constant density, the zero-divergence is a direct consequence from the
conservation of mass,

∂ρ

∂t
+∇ · (ρu) = 0

�
�
���
0

∂ρ

∂t
+ ρ∇ · u = 0

∇ · u = 0,

(B.43)

the last step dividing by ρ ̸= 0. For a variable density, replacing (B.42) in the
conservation of mass (4.1) yields

∂ρ

∂t
+∇ · (ρu) = 0

∂ρ

∂t
+∇ρ · u+ ρ����:0∇ · u︸ ︷︷ ︸

by (B.42)

= 0

∂ρ

∂t
+∇ρ · u = 0.

(B.44)

Considering an incompressible flow with constant µ, and using the identity (C.15),
the (B.19) simplifies to

∂ (ρu)

∂t
+∇ · (ρ u⊗ u) = −∇p+∇ ·

(
µ

[
∇u+ (∇u)⊤ − 2

3
(∇ · u)I

])
+ f

ρ

(
∂u

∂t
+ (u · ∇)u

)
︸ ︷︷ ︸

by (B.24)

= −∇p+∇ ·

µ
∇u+ (∇u)⊤ − 2

3
�����:0
(∇ · u)︸ ︷︷ ︸
by (B.42)

I


+ f

= −∇p+ µ∇ ·
[
∇u+ (∇u)⊤

]
+ f

= −∇p+ µ

∇2u+∇�����:0
(∇ · u)︸ ︷︷ ︸
by (B.42)


︸ ︷︷ ︸

by (C.15)

+f

= −∇p+ µ∇2u+ f .
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The simplification of the energy equations can be obtained from the sensible enthalpy
energy equation:

ρ
Dh

Dt
=
Dp

Dt
−∇ · q+ τ : ∇u+Q.

Using the thermodynamic identity using the internal energy e,

h = e+
p

ρ
/
D

Dt

Dh

Dt
=
De

Dt
+

1

ρ

Dp

Dt
− p

ρ2 �
�
��7
0

Dρ

Dt︸ ︷︷ ︸
ρ constant

Dh

Dt
=
De

Dt
+

1

ρ

Dp

Dt

ρ
Dh

Dt
= ρ

De

Dt
+
Dp

Dt
.

(B.45)

Substituting back into the energy equation yields,

ρ
Dh

Dt
=
Dp

Dt
−∇ · q+ τ : ∇u+Q

ρ
De

Dt
+
Dp

Dt
=
Dp

Dt
−∇ · q+ τ : ∇u+Q

ρ
De

Dt
= −∇ · q+ τ : ∇u+Q.

Assuming constant properties, e = cV T and cp ≃ cV ,

ρcp
DT

Dt
= −∇ · q+ τ : ∇u+Q.

Using Fourier’s law (B.33) with constant k and neglecting the dissipation term τ : ∇,

ρcp
DT

Dt
= k∇2T +Q.

Finally, considering a strictly incompressible fluid flow, equations (B.18), (B.19)
and (B.20) are rewritten as

∇ · u = 0, (B.46)

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+ µ∇2u+ f , (B.47)

ρcp

(
∂T

∂t
+ u · ∇T

)
= k∇2T +Q. (B.48)
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For small density variations, (B.44), the equations can be written as

∇ · u = 0,

∂ρ

∂t
+∇ρ · u = 0,

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+ µ∇2u+ f ,

ρcp

(
∂T

∂t
+ u · ∇T

)
= k∇2T +Q.

B.3.1 Boussinesq Approximation

The Boussinesq approximation can be applied to problems where temperature vari-
ations are introduced into the fluid dynamics, driving a flow of fluid and heat trans-
fer Tritton (1977, p. 127). In this approximation, the density is considered constant
except in the force term, specifically because of the gravity effects. Starting from an
approximation of incompressible flow, equations (B.46) and (B.47), the force term is
defined by

f = ρg, (B.49)

where g represents the gravitational force and is defined as

g = −∇Φ. (B.50)

Generally, the potential is Φ = gz, so g = −gẑ with g ≈ 9.8 m s−1 and ẑ = (0, 0, 1).
The density variations can be considered defining

ρ = ρ∞ +∆ρ, (B.51)

where ρ∞ must satisfy the hydrostatic balance (Appendix A.4). Replacing (B.49)
and (B.51) in (B.47),

(ρ∞ +∆ρ)

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+ µ∇2u+ (ρ∞ +∆ρ)g.

Dividing by ρ∞,(
1 +

∆ρ

ρ∞

)(
∂u

∂t
+ (u · ∇)u

)
= − 1

ρ∞
∇p+ ν∇2u+

(
1 +

∆ρ

ρ∞

)
g,

where ν = µ/ρ∞ is the kinematic viscosity in m2s−1. Since the Boussinesq assump-
tion states that ∆ρ/ρ∞ ≪ 1 except for the force term,

∂u

∂t
+ (u · ∇)u = − 1

ρ∞
∇p+ ν∇2u+

(
1 +

∆ρ

ρ∞

)
g,
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Expanding and reordering the last expression,

∂u

∂t
+ (u · ∇)u = − 1

ρ∞
∇p+ ν∇2u+

(
1 +

∆ρ

ρ∞

)
g

= − 1

ρ∞
∇p+ ν∇2u+ g +

∆ρ

ρ∞
g

= − 1

ρ∞
(∇p− ρ∞g) + ν∇2u+

∆ρ

ρ∞
g

= − 1

ρ∞
(∇p+ ρ∞∇Φ) + ν∇2u+

∆ρ

ρ∞
g

= − 1

ρ∞
∇ (p+ ρ∞Φ) + ν∇2u+

∆ρ

ρ∞
g

= − 1

ρ∞
∇P + ν∇2u+

∆ρ

ρ∞
g,

(B.52)

where a modified pressure is introduced as

P = p+ ρ0Φ = p+ ρ0 g z. (B.53)

According to Tritton (1977, p. 128), the dependence of the density on temperature
T , is linearized (derivation in Appendix A.2),

∆ρ = −αV ρ∞∆T ⇐⇒ ∆ρ

ρ∞
= −αV∆T, (B.54)

with αV the coefficient of expansion of the fluid and,

T = T∞ +∆T. (B.55)

Replacing (B.54), in (B.52),

∂u

∂t
+ (u · ∇)u = − 1

ρ∞
∇P + ν∇2u− αV∆Tg.

Restoring P and ρ∞ as p and ρ,

∂u

∂t
+ (u · ∇)u = −1

ρ
∇p+ ν∇2u− αV (T − T∞)g. (B.56)

For an ideal gas αV = T−1 (Tritton, 1977, p. 129),(Batchelor, 2000, p. 43), (Law,
2006, p. 556) (see Appendix A.2.1).

B.4 Large-Eddy Simulation

This section details the derivation of the governing equation for Large-Eddy Sim-
ulations (LES). The core concept originates from the decomposition and filtering
process applied to the variables of interest in fluid flows, as illustrated in Figure B.1.
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ϕ = ϕ̄+ϕ′

x

Figure B.1: Decomposition of variable of interest ϕ.

B.4.1 LES spatial filtering

For any scalar, vector, or tensor field ϕ,

ϕ(x, t) =

∫
G∆(x− x′)ϕ(x′, t) dx′, (B.57)

where G∆ is a filter kernel of characteristic width ∆.
The standard properties of this filtering, assumed in most LES, are:

1. Linearity:
a ϕ+ b ψ = a ϕ+ b ψ

2. Normalization. The constants are unchanged by filtering:∫
G∆(r) dr = 1.

3. Approximate commutation with derivatives. For spatially homogeneous G∆

and slowly varying ∆:
∂ϕ

∂t
≈ ∂ϕ

∂t
, ∇ϕ ≈ ∇ϕ.

4. Product not preserved. In general, this is the source of sub-grid (SGS) terms.

ϕψ ̸= ϕψ

5. Idempotence (approximate), for many standard filters on uniform grids:

ϕ ≈ ϕ
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B.4.2 Favre filtering

For any scalar, vector, or tensor field ϕ, the Favre or density-weighted filtering is
defined as,

ϕ̃ =
ρ ϕ

ρ
=⇒ ρ ϕ = ρ ϕ̃. (B.58)

The identities and proprieties of this filtering are:

1. Favre decomposition:

ϕ = ϕ̃+ ϕ′′,

with,

ρ ϕ′′ = 0.

2. Bilinear covariance:

ρ ϕψ = ρ ϕ̃ ψ̃ + τ(ϕ, ψ),

where,

τ(ϕ, ψ) ≡ ρ ϕψ − ρ ϕ̃ ψ̃

3. Convective flux preservation:

ρ ϕu = ρ ϕ̃ ũ+ SGS term

4. Approximate commutation:

∂̃ϕ

∂t
≈ ∂ϕ̃

∂t
, ∇̃ϕ ≈ ∇ϕ̃,

under the same assumptions the previous filtering.

B.4.3 LES equations

The procedure for obtaining the LES equations involves the use of Favre filtering on
the governing equations of fluid flow. Starting with conservation of mass, the filters
are applied to equation (B.18),

∂ρ

∂t
+∇ · (ρu) = 0

∂ρ

∂t
+∇ · (ρu) = 0

∂ρ

∂t
+∇ · (ρu) = 0

∂ρ

∂t
+∇ · (ρũ) = 0.
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Analogously, for conservation of momentum,

∂(ρu)

∂t
+∇ · (ρu⊗ u) = −∇p+∇ · τ + f

∂(ρu)

∂t
+∇ · (ρu⊗ u) = −∇p+∇ · τ + f

∂(ρu)

∂t
+∇ · (ρu⊗ u) = −∇p+∇ · τ + f .

By the bilinear covariance and the convective flux preservation properties,

ρu⊗ u = ρũ⊗ ũ+ SGS terms.

Typically, the τ sgs term includes all the effects of the sub-grid scale.

∂(ρũ)

∂t
+∇ · (ρũ⊗ ũ+ τ sgs) = −∇p+∇ · τ + f

∂(ρũ)

∂t
+∇ · (ρũ⊗ ũ) = −∇p+∇ · τ + f −∇ · τ sgs,

with,

τ = 2µS̃− 2

3
µ(∇ · ũ)I, S̃ =

1

2

(
∇ũ+ (∇ũ)⊤

)
.

Many of the LES solvers are based on the model proposed by Smagorinky (Smagorinsky,
1963),

τ sgs = −2µt

(
S̃− 1

3
(∇ · ũ) I

)
, µt = ρ(Cs∆)2|S̃|, |S̃| =

√
2S̃ : S̃.

The term µt is known as turbulent viscosity. This definition assumes that the filtered
pressure is

p∗ = p+
1

3
tr(τ sgs),

but often is omitted assuming that the pressure absorbs the trace of the sug-grid
viscous tensor. Then,

∂(ρũ)

∂t
+∇ · (ρũ⊗ ũ) = −∇p+∇ · τ + f −∇ · τ sgs

= −∇p+∇ · (τ − τ sgs) + f

= −∇p+∇ ·
(
2µS̃− 2

3
µ(∇ · ũ)I+ 2µt

(
S̃− 1

3
(∇ · ũ) I

))
+ f

= −∇p+∇ ·
(
(µ+ µt)

(
2S̃− 2

3
(∇ · ũ) I

))
+ f .

(B.59)
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The filtering of the conservation of energy follows the same steps

∂(ρh)

∂t
+∇ · (ρhu) = Dp

Dt
−∇ · q+ τ : ∇u+Q

∂(ρh)

∂t
+∇ · (ρhu) = Dp

Dt
−∇ · q+ τ : ∇u+Q

∂(ρh)

∂t
+∇ · (ρhu) = Dp

Dt
−∇ · q+ τ : ∇u+Q.

The filtered quantities add new sub-grid scale terms,

ρhu = ρh̃ũ+ SGS enthalpy terms,

Dp

Dt
=
∂p

∂t
+ ũ · ∇p+ SGS pressure terms,

∇ · q = ∇ · q̃+ SGS heat flux terms,

τ : ∇u = τ̃ : ∇ũ+ SGS viscous terms.

In the context of this work, many of these terms can be neglected and grouped into
qsgs, then,

∂(ρh̃)

∂t
+∇ · (ρh̃ũ) = Dp

Dt
−∇ · q̃+ τ̃ : ∇ũ+Q−∇ · qsgs.

Considering the Fourier law for the heat flux,

q̃ = −k∇T̃ ,

where k is the thermal conductivity. In addition, the sub-grid heat flux term is
modeled as

qsgs = −µtcp
Prt
∇T̃ ,

with µt, Prt the turbulent viscosity and Prandtl number, and cp the specific heat
capacity. Using the definition of Prandtl number (B.5),

Prt =
µtcp
kt

=⇒ kt =
µtcp
Prt

,

thus the conservation of energy can be written as

∂(ρh̃)

∂t
+∇ · (ρh̃ũ) = Dp

Dt
−∇ · q̃+ τ̃ : ∇ũ+Q−∇ · qsgs

=
Dp

Dt
−∇ · (q̃+ qsgs) + τ̃ : ∇ũ+Q

=
Dp

Dt
+∇ ·

(
k∇T̃ + kt∇T̃

)
+ τ̃ : ∇ũ+Q

=
Dp

Dt
+∇ ·

((
k + kt

)
∇T̃
)
+ τ̃ : ∇ũ+Q.
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Finally, the conservation of species,

∂(ρYi)

∂t
+∇ · (ρYiu) = −∇ · Ji + ω̇i,

∂(ρYi)

∂t
+∇ · (ρYiu) = −∇ · Ji + ω̇i,

∂(ρYi)

∂t
+∇ ·

(
ρYiu

)
= −∇ · Ji + ω̇i,

The new sub-grid terms are

ρYiu = ρỸiũ+ SGS species flux term,

Ji = J̃i + SGS diffusive term,

where,
J̃i = −ρDi∇Ỹi.

Grouping all the sub-grid scale terms in jsgs, which is typically modeled as

jsgsi = −ρDt∇Ỹi, Dt =
µt

ρ Sct
.

∂(ρỸi)

∂t
+∇ ·

(
ρỸiũ

)
= −∇ · J̃i + ω̇i −∇ · jsgsi

= −∇ ·
(
J̃i + jsgsi

)
+ ω̇i

= ∇ ·
(
ρDi∇Ỹi + ρDt∇Ỹi

)
+ ω̇i

= ∇ ·
(
ρ (Di +Dt)∇Ỹi

)
+ ω̇i.

Wrapping up all the equations,

∂ρ

∂t
+∇ · (ρũ) = 0

∂(ρũ)

∂t
+∇ · (ρũ⊗ ũ) = −∇p+∇ ·

(
(µ+ µt)

(
2S̃− 2

3
(∇ · ũ) I

))
+ f ,

∂(ρh̃)

∂t
+∇ · (ρh̃ũ) = Dp

Dt
+∇ ·

(
(k + kt)∇T̃

)
+ τ̃ : ∇ũ+Q,

∂(ρỸi)

∂t
+∇ ·

(
ρỸiũ

)
= ∇ ·

(
ρ (Di +Dt)∇Ỹi

)
+ ω̇i,

p = ρRT̃ .
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Appendix C

Mathematical definitions and
identities

C.1 Definitions

Total derivative

Let f be a function of n variables x1, x2, . . . , xn, each of which depends on a parameter
t. The total derivative of f with respect to t is defined as

df

dt
=

n∑
i=1

∂f

∂xi

dxi
dt
. (C.1)

If f also depends explicitly on t, i.e. f = f
(
x1(t), . . . , xn(t), t

)
, then

df

dt
=
∂f

∂t
+

n∑
i=1

∂f

∂xi

dxi
dt
. (C.2)

Material derivative

For a scalar quantity ϕ = ϕ(x, t), the material derivative is defined by

Dϕ

Dt
=
∂ϕ

∂t
+ u · ∇ϕ. (C.3)

Notice that this is a special case of the total derivative (C.2), since

dϕ

dt
=
∂ϕ

∂t
+
∂ϕ

∂x

dx

dt
+
∂ϕ

∂y

dy

dt
+
∂ϕ

∂z

dz

dt
=
∂ϕ

∂t
+ u · ∇ϕ =

Dϕ

Dt
.

where,

∇ϕ =

(
∂ϕ

∂x
,
∂ϕ

∂y
,
∂ϕ

∂z

)
, u =

dx

dt
=

(
dx

dt
,
dy

dt
,
dz

dt

)
.
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Outer product

Let a be a vector, the outer product is defined by

a⊗ a = aa⊤. (C.4)

Velocity Gradient

Let u be the velocity field, then the velocity gradient is

∇u =



∂u

∂x

∂u

∂y

∂u

∂z

∂v

∂x

∂v

∂y

∂v

∂z

∂w

∂x

∂w

∂y

∂w

∂z


. (C.5)

Velocity Laplacian

Let u be the velocity field, then the velocity laplacian

∇2u =

∇2u
∇2v
∇2w

 =



∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2

∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2


.

Gradient of the velocity divergence

∇(∇ · u) =



∂

∂x

(
∂u

∂x
+
∂v

∂y
+
∂w

∂z

)
∂

∂y

(
∂u

∂x
+
∂v

∂y
+
∂w

∂z

)
∂

∂z

(
∂u

∂x
+
∂v

∂y
+
∂w

∂z

)


(C.6)

Strain rate and vorticity tensor

The velocity gradient can be decomposed into

∇u = S+Ω (C.7)
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where S is the strain-rate tensor

S =
1

2

(
∇u+ (∇u)⊤

)
=

1

2


2
∂u

∂x

∂u

∂y
+
∂v

∂x

∂u

∂z
+
∂w

∂x

∂v

∂x
+
∂u

∂y
2
∂v

∂y

∂v

∂z
+
∂w

∂y

∂w

∂x
+
∂u

∂z

∂w

∂y
+
∂v

∂z
2
∂w

∂z


, (C.8)

and Ω the vorticity tensor

Ω =
1

2

(
∇u− (∇u)⊤

)
=

1

2


0

∂u

∂y
− ∂v

∂x

∂u

∂z
− ∂w

∂x

∂v

∂x
− ∂u

∂y
0

∂v

∂z
− ∂w

∂y

∂w

∂x
− ∂u

∂z

∂w

∂y
− ∂v

∂z
0


. (C.9)

Double dot product

LetA,B two second order tensors, then the double dot product or double contraction
is

A : B =
m∑
i=1

n∑
j=1

AijBij

= A11B11 + A12B12 + · · ·+ A1nB1n + · · ·+ Am1Bm1 + · · ·+ AmnBmn.

(C.10)

Taylor series expansion

The Taylor series around the point x0 is defined as (Sauer, 2017)

f(x) = f(x0) + f ′(x0)(x− x0) +
1

2!
f ′′(x0)(x− x0)2 + . . .

=
∞∑
n=0

f (n)(x0)

n!
(x− x0)n.

(C.11)

Lagrange polynomial

For N data points (x1, y1), ..., (xN , yN), the Lagrange polynomial interpolator (Sauer,
2017) is defined as

L(x) =
N∑
i=1

yi li(x), li(x) =
x− x1
xi − x1

· · · x− xi−1

xi − xi−1

x− xi+1

xi − xi+1

· · · x− xN
xi − xN

. (C.12)
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C.2 Identities

Divergence of the outer product

Let a, b be two vectors, the divergence of the outer product is

∇ · (a⊗ b) = ∇ ·
(
ab⊤) = b(∇ · a) + (a · ∇)b, (C.13)

Divergence of the viscous stress tensor

The viscous stress tensor is defined as

τ = µ

(
∇u+ (∇u)⊤ − 2

3
(∇ · u) I

)
The divergence is,

∇ · τ = ∇µ ·
(
∇u+ (∇u)⊤ − 2

3
(∇ · u) I

)
+ µ∇ ·

(
∇u+ (∇u)⊤ − 2

3
(∇ · u) I

)
,

or expanded as,

(∇ · τ )x =
∂

∂x

[
µ

(
2
∂u

∂x
− 2

3
∇ · u

)]
+

∂

∂y

[
µ

(
∂u

∂y
+
∂v

∂x

)]
+

∂

∂z

[
µ

(
∂u

∂z
+
∂w

∂x

)]
,

(∇ · τ )y =
∂

∂x

[
µ

(
∂v

∂x
+
∂u

∂y

)]
+

∂

∂y

[
µ

(
2
∂v

∂y
− 2

3
∇ · u

)]
+

∂

∂z

[
µ

(
∂v

∂z
+
∂w

∂y

)]
,

(∇ · τ )z =
∂

∂x

[
µ

(
∂w

∂x
+
∂u

∂z

)]
+

∂

∂y

[
µ

(
∂w

∂y
+
∂v

∂z

)]
+

∂

∂z

[
µ

(
2
∂w

∂z
− 2

3
∇ · u

)]
.

(C.14)

For a constant density,

∇ · τ = µ
(
∇2u+ 1

3
∇(∇ · u)

)
. (C.15)

C.3 Derivations

C.3.1 Non-uniform grid schemes

Considering a non-uniform grid xi, with i = 0, . . . , Nx, ∆xi = xi+1 − xi as shown
in Figure C.1. The non-uniform finite difference schemes are based on the Lagrange
polynomial interpolation using a different number of points. For the first derivative,
a 3 points interpolator is used and a 4 points interpolator for the second derivative.
The next sub-sections show the interpolator definitions.
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xi−3 xi−2 xi−1 xi xi+1 xi+2 xi+3

∆xi−3 ∆xi−2 ∆xi−1 ∆xi ∆xi+1 ∆xi+2

Figure C.1: Non-uniform grid sketch.

3 points

For the following points (xi−1, fi−1), (xi, fi), (xi+1, fi+1), the Lagrange polynomial
interpolator based on (C.12) is,

L(x) = fi−1
(x− xi)(x− xi+1)

(xi−1 − xi)(xi−1 − xi+1)
+fi

(x− xi−1)(x− xi+1)

(xi − xi−1)(xi − xi+1)
+fi+1

(x− xi−1)(x− xi)
(xi+1 − xi−1)(xi+1 − xi)

.

(C.16)
Noting that

xi−1 − xi = −∆xi−1, xi−1 − xi+1 = −∆xi−1 −∆xi, xi − xi−1 = ∆xi−1,

xi − xi+1 = −∆xi, xi+1 − xi−1 = ∆xi−1 +∆xi, xi+1 − xi = ∆xi,

and replacing into (C.16),

L(x) = fi−1
(x− xi)(x− xi+1)

−∆xi−1(−∆xi−1 −∆xi)
+ fi

(x− xi−1)(x− xi+1)

∆xi−1(−∆xi)
+ fi+1

(x− xi−1)(x− xi)
(∆xi−1 −∆xi)∆xi

= fi−1
(x− xi)(x− xi+1)

∆xi−1(∆xi−1 +∆xi)
− fi

(x− xi−1)(x− xi+1)

∆xi−1∆xi
+ fi+1

(x− xi−1)(x− xi)
(∆xi−1 +∆xi)∆xi

Computing the first derivative with respect to x,

L′(x) = fi−1
(x− xi+1) + (x− xi)
∆xi−1(∆xi−1 +∆xi)

− fi
(x− xi+1) + (x− xi−1)

∆xi−1∆xi
+ fi+1

(x− xi) + (x− xi−1)

(∆xi−1 +∆xi)∆xi

= fi−1
2x− (xi + xi+1)

∆xi−1 (∆xi−1 +∆xi)
− fi

2x− (xi−1 + xi+1)

∆xi−1∆xi
+ fi+1

2x− (xi−1 + xi)

(∆xi−1 +∆xi)∆xi
,

(C.17)

and the second derivative,

L′′(x) = 2

(
fi−1

∆xi−1(∆xi−1 +∆xi)
− fi

∆xi−1∆xi
+

fi+1

(∆xi−1 +∆xi)∆xi

)
. (C.18)
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4 points

Following the same idea as before, for the following points (xi, fi), (xi+1, fi+1),
(xi+2, fi+2), (xi+3, fi+3) the Lagrange polynomial interpolator is,

L(x) = fi
(x− xi+1)(x− xi+2)(x− xi+3)

(xi − xi+1)(xi − xi+2)(xi − xi+3)

+ fi+1
(x− xi)(x− xi+2)(x− xi+3)

(xi+1 − xi)(xi+1 − xi+2)(xi+1 − xi+3)

+ fi+2
(x− xi)(x− xi+1)(x− xi+3)

(xi+2 − xi)(xi+2 − xi+1)(xi+2 − xi+3)

+ fi+3
(x− xi)(x− xi+1)(x− xi+2)

(xi+3 − xi)(xi+3 − xi+1)(xi+3 − xi+2)
.

(C.19)

Noting that

xi−xi+1 = −∆xi, xi−xi+2 = −∆xi−∆xi+1, xi−xi+3 = −∆xi−∆xi+1−∆xi+2,

xi+1 − xi = ∆xi, xi+1 − xi+2 = −∆xi+1, xi+1 − xi+3 = −∆xi+1 −∆xi+2,

xi+2 − xi = ∆xi +∆xi+1, xi+2 − xi+1 = ∆xi+1, xi+2 − xi+3 = −∆xi+2,

xi+3−xi = ∆xi+∆xi+1+∆xi+2, xi+3−xi+1 = ∆xi+1+∆xi+2, xi+3−xi+2 = ∆xi+2,

and replacing into (C.19),

L(x) = fi
(x− xi+1)(x− xi+2)(x− xi+3)

−∆xi(−∆xi −∆xi+1)(−∆xi −∆xi+1 −∆xi+2)

+ fi+1
(x− xi)(x− xi+2)(x− xi+3)

∆xi(−∆xi+1)(−∆xi+1 −∆xi+2)

+ fi+2
(x− xi)(x− xi+1)(x− xi+3)

(∆xi +∆xi+1)∆xi+1(−∆xi+2)

+ fi+3
(x− xi)(x− xi+1)(x− xi+2)

(∆xi +∆xi+1 +∆xi+2)(∆xi+1 +∆xi+2)∆xi+2

= −fi
(x− xi+1)(x− xi+2)(x− xi+3)

∆xi(∆xi +∆xi+1)(∆xi +∆xi+1 +∆xi+2)

+ fi+1
(x− xi)(x− xi+2)(x− xi+3)

∆xi∆xi+1(∆xi+1 +∆xi+2)

− fi+2
(x− xi)(x− xi+1)(x− xi+3)

(∆xi +∆xi+1)∆xi+1∆xi+2

+ fi+3
(x− xi)(x− xi+1)(x− xi+2)

(∆xi +∆xi+1 +∆xi+2)(∆xi+1 +∆xi+2)∆xi+2

.

(C.20)
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Computing the first derivative with respect to x,

L′(x) = −fi
(x− xi+2)(x− xi+3) + (x− xi+1)(x− xi+3) + (x− xi+1)(x− xi+2)

∆xi(∆xi +∆xi+1)(∆xi +∆xi+1 +∆xi+2)

+ fi+1
(x− xi+2)(x− xi+3) + (x− xi)(x− xi+3) + (x− xi)(x− xi+2)

∆xi ∆xi+1(∆xi+1 +∆xi+2)

− fi+2
(x− xi+1)(x− xi+3) + (x− xi)(x− xi+3) + (x− xi)(x− xi+1)

(∆xi +∆xi+1)∆xi+1 ∆xi+2

+ fi+3
(x− xi+1)(x− xi+2) + (x− xi)(x− xi+2) + (x− xi)(x− xi+1)

(∆xi +∆xi+1 +∆xi+2)(∆xi+1 +∆xi+2)∆xi+2

,

(C.21)

and the second derivative,

L′′(x) = −fi
2(x− xi+1) + 2(x− xi+2) + 2(x− xi+3)

∆xi(∆xi +∆xi+1)(∆xi +∆xi+1 +∆xi+2)

+ fi+1
2(x− xi) + 2(x− xi+2) + 2(x− xi+3)

∆xi ∆xi+1(∆xi+1 +∆xi+2)

− fi+2
2(x− xi) + 2(x− xi+1) + 2(x− xi+3)

(∆xi +∆xi+1)∆xi+1 ∆xi+2

+ fi+3
2(x− xi) + 2(x− xi+1) + 2(x− xi+2)

(∆xi +∆xi+1 +∆xi+2)(∆xi+1 +∆xi+2)∆xi+2

.

(C.22)

First derivative

Forward difference

Based on (C.17), the forward difference can be written as,

L′(x) = fi
2x− (xi+1 + xi+2)

∆xi (∆xi +∆xi+1)
− fi+1

2x− (xi + xi+2)

∆xi ∆xi+1

+ fi+2
2x− (xi + xi+1)

(∆xi +∆xi+1)∆xi+1

.

Evaluating at point xi,

L′(xi) = fi
2xi − (xi+1 + xi+2)

∆xi (∆xi +∆xi+1)
− fi+1

2xi − (xi + xi+2)

∆xi ∆xi+1

+ fi+2
2xi − (xi + xi+1)

(∆xi +∆xi+1)∆xi+1

= fi
(xi − xi+1) + (xi − xi+2)

∆xi (∆xi +∆xi+1)
− fi+1

xi − xi+2

∆xi ∆xi+1

+ fi+2
xi − xi+1

(∆xi +∆xi+1)∆xi+1

= fi
−∆xi − (∆xi +∆xi+1)

∆xi (∆xi +∆xi+1)
− fi+1

−(∆xi +∆xi+1)

∆xi ∆xi+1

+ fi+2
−∆xi

(∆xi +∆xi+1)∆xi+1

= − 2∆xi +∆xi+1

∆xi (∆xi +∆xi+1)
fi +

∆xi +∆xi+1

∆xi∆xi+1

fi+1 −
∆xi

∆xi+1(∆xi +∆xi+1)
fi+2
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Backward difference

Based on (C.17), the backward difference can be written as

L′(x) = fi−2
2x− (xi−1 + xi)

∆xi−2 (∆xi−2 +∆xi−1)
−fi−1

2x− (xi−2 + xi)

∆xi−2∆xi−1

+fi
2x− (xi−2 + xi−1)

(∆xi−2 +∆xi−1)∆xi−1

.

(C.23)
Evaluating at point xi,

L′(xi) = fi−2
2xi − (xi−1 + xi)

∆xi−2 (∆xi−2 +∆xi−1)
− fi−1

2xi − (xi−2 + xi)

∆xi−2∆xi−1

+ fi
2xi − (xi−2 + xi−1)

(∆xi−2 +∆xi−1)∆xi−1

= fi−2
xi − xi−1

∆xi−2 (∆xi−2 +∆xi−1)
− fi−1

xi − xi−2

∆xi−2∆xi−1

+ fi
(xi − xi−2) + (xi − xi−1)

(∆xi−2 +∆xi−1)∆xi−1

= fi−2
∆xi−1

∆xi−2 (∆xi−2 +∆xi−1)
− fi−1

∆xi−2 +∆xi−1

∆xi−2∆xi−1

+ fi
(∆xi−2 +∆xi−1) + ∆xi−1

(∆xi−2 +∆xi−1)∆xi−1

=
∆xi−1

∆xi−2 (∆xi−2 +∆xi−1)
fi−2 −

∆xi−2 +∆xi−1

∆xi−2∆xi−1

fi−1 +
∆xi−2 + 2∆xi−1

(∆xi−2 +∆xi−1)∆xi−1

fi

Central difference

For the central difference, the scheme is derived using (C.11) with

f(x+∆xi) = f(x) + f ′(x)∆xi +O(∆x2i ), (C.24)

and

f(x−∆xi−1) = f(x)− f ′(x)∆xi−1 +O(∆x2i−1). (C.25)

Subtracting (C.25) from (C.24),

f(x+∆xi)− f(x−∆xi−1) = f ′(x)∆xi + f ′(x)∆xi−1 +O(∆x2i −∆x2i−1)

= (∆xi +∆xi−1)f
′(x) +O(∆x2i −∆x2i−1),

then, dividing by ∆xi +∆xi−1,

f ′(x) =
f(x+∆xi)− f(x−∆xi−1)

∆xi +∆xi−1

+O
(
∆x2i −∆x2i−1

∆xi +∆xi−1

)
.

For node xi,

f ′(xi) ≈
f(xi+1)− f(xi−1)

∆xi +∆xi−1

. (C.26)

The truncation error is

O
(
∆x2i −∆x2i−1

∆xi +∆xi−1

)
= O

(
(∆xi +∆xi−1)(∆xi −∆xi−1)

∆xi +∆xi−1

)
= O(∆xi −∆xi−1).
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Second derivative

Forward difference

The evaluation of xi at (C.22) is

L′′(xi) = −2fi
(x− xi+1) + (x− xi+2) + (x− xi+3)

∆xi(∆xi +∆xi+1)(∆xi +∆xi+1 +∆xi+2)

+ 2fi+1
(x− xi) + (x− xi+2) + (x− xi+3)

∆xi ∆xi+1(∆xi+1 +∆xi+2)

− 2fi+2
(x− xi) + (x− xi+1) + (x− xi+3)

(∆xi +∆xi+1)∆xi+1 ∆xi+2

+ 2fi+3
(x− xi) + (x− xi+1) + (x− xi+2)

(∆xi +∆xi+1 +∆xi+2)(∆xi+1 +∆xi+2)∆xi+2

= −2fi
(xi − xi+1) + (xi − xi+2) + (xi − xi+3)

∆xi(∆xi +∆xi+1)(∆xi +∆xi+1 +∆xi+2)

+ 2fi+1
(xi − xi) + (xi − xi+2) + (xi − xi+3)

∆xi ∆xi+1(∆xi+1 +∆xi+2)

− 2fi+2
(xi − xi) + (xi − xi+1) + (xi − xi+3)

(∆xi +∆xi+1)∆xi+1 ∆xi+2

+ 2fi+3
(xi − xi) + (xi − xi+1) + (xi − xi+2)

(∆xi +∆xi+1 +∆xi+2)(∆xi+1 +∆xi+2)∆xi+2

= −2fi
−∆xi − (∆xi +∆xi+1)− (∆xi +∆xi+1 +∆xi+2)

∆xi(∆xi +∆xi+1)(∆xi +∆xi+1 +∆xi+2)

+ 2fi+1
−(∆xi +∆xi+1)− (∆xi +∆xi+1 +∆xi+2)

∆xi ∆xi+1(∆xi+1 +∆xi+2)

− 2fi+2
−∆xi − (∆xi +∆xi+1 +∆xi+2)

(∆xi +∆xi+1)∆xi+1∆xi+2

+ 2fi+3
−∆xi − (∆xi +∆xi+i)

(∆xi +∆xi+1 +∆xi+2)(∆xi+1 +∆xi+2)∆xi+2

= 2
3∆xi + 2∆xi+1 +∆xi+2

∆xi(∆xi +∆xi+1)(∆xi +∆xi+1 +∆xi+2)
fi

− 2
2∆xi + 2∆xi+1 +∆xi+2

∆xi∆xi+1(∆xi+1 +∆xi+2)
fi+1

+ 2
2∆xi +∆xi+1 +∆xi+2

(∆xi +∆xi+1)∆xi+1 ∆xi+2

fi+2

− 2
2∆xi +∆xi+i

(∆xi +∆xi+1 +∆xi+2)(∆xi+1 +∆xi+2)∆xi+2

fi+3
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Backward difference

Based on (C.22), for backward difference, the interpolator is

L′′(x) = −fi−3
2(x− xi−2) + 2(x− xi−1) + 2(x− xi)

∆xi−3(∆xi−3 +∆xi−2)(∆xi−3 +∆xi−2 +∆xi−1)

+ fi−2
2(x− xi−3) + 2(x− xi−1) + 2(x− xi)

∆xi−3∆xi−2(∆xi−2 +∆xi−1)

− fi−1
2(x− xi−3) + 2(x− xi−2) + 2(x− xi)

(∆xi−3 +∆xi−2)∆xi−2∆xi−1

+ fi
2(x− xi−3) + 2(x− xi−2) + 2(x− xi−1)

(∆xi−3 +∆xi−2 +∆xi−1)(∆xi−2 +∆xi−1)∆xi−1

.

Replacing xi in the interpolator,

L′′(xi) = −2fi−3
(xi − xi−2) + (xi − xi−1) + (xi − xi)

∆xi−3(∆xi−3 +∆xi−2)(∆xi−3 +∆xi−2 +∆xi−1)

+ 2fi−2
(xi − xi−3) + (xi − xi−1) + (xi − xi)

∆xi−3∆xi−2(∆xi−2 +∆xi−1)

− 2fi−1
(xi − xi−3) + (xi − xi−2) + (xi − xi)

(∆xi−3 +∆xi−2)∆xi−2∆xi−1

+ 2fi
(xi − xi−3) + (xi − xi−2) + (xi − xi−1)

(∆xi−3 +∆xi−2 +∆xi−1)(∆xi−2 +∆xi−1)∆xi−1

= −2fi−3
(∆xi−2 +∆xi−1) + ∆xi−1

∆xi−3(∆xi−3 +∆xi−2)(∆xi−3 +∆xi−2 +∆xi−1)

+ 2fi−2
(∆xi−3 +∆xi−2 +∆xi−1) + ∆xi−1

∆xi−3∆xi−2(∆xi−2 +∆xi−1)

− 2fi−1
(∆xi−3 +∆xi−2 +∆xi−1) + (∆xi−2 +∆xi−1)

(∆xi−3 +∆xi−2)∆xi−2∆xi−1

+ 2fi
(∆xi−3 +∆xi−2 +∆xi−1) + (∆xi−2 +∆xi−1) + ∆xi−1

(∆xi−3 +∆xi−2 +∆xi−1)(∆xi−2 +∆xi−1)∆xi−1

= −2 ∆xi−2 + 2∆xi−1

∆xi−3(∆xi−3 +∆xi−2)(∆xi−3 +∆xi−2 +∆xi−1)
fi−3

+ 2
∆xi−3 +∆xi−2 + 2∆xi−1

∆xi−3∆xi−2(∆xi−2 +∆xi−1)
fi−2

− 2
∆xi−3 + 2∆xi−2 + 2∆xi−1

f i−1

(∆xi−3 +∆xi−2)∆xi−2∆xi−1

+ 2
∆xi−3 + 2∆xi−2 + 3∆xi−1

(∆xi−3 +∆xi−2 +∆xi−1)(∆xi−2 +∆xi−1)∆xi−1

fi
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Central difference

For the central difference, the scheme is derived in a similar fashion to the first
derivative using (C.11) with,

f(x+∆xi) = f(x) + f ′(x)∆xi +
1

2
f ′′(x)∆x2i +O(∆x3i ), (C.27)

and,

f(x−∆xi−1) = f(x)− f ′(x)∆xi−1 +
1

2
f ′′(x)∆x2i−1 −O(∆x3i−1). (C.28)

To remove the first derivative, (C.27) is divided by ∆xi, and (C.28) by ∆xi−1,

f(x+∆xi) = f(x) + f ′(x)∆xi +
1

2
f ′′(x)∆x2i +O(∆x3i ) /∆xi

f(x+∆xi)

∆xi
=
f(x)

∆xi
+ f ′(x) +

1

2
f ′′(x)∆xi +O(∆x2i ),

and,

f(x−∆xi−1) = f(x)− f ′(x)∆xi−1 +
1

2
f ′′(x)∆x2i−1 −O(∆x3i−1) /∆xi−1

f(x−∆xi−1)

∆xi−1

=
f(x)

∆xi−1

− f ′(x) +
1

2
f ′′(x)∆xi−1 −O(∆x2i−1)

Adding both expressions,

f(x+∆xi)

∆xi
+
f(x−∆xi−1)

∆xi−1

=

(
1

∆xi
+

1

∆xi−1

)
f(x)

+
1

2
(∆xi +∆xi−1) f

′′(x)

+O(∆x2i −∆x2i−1)

f(x+∆xi)

∆xi
−
(

1

∆xi
+

1

∆xi−1

)
f(x) +

f(x−∆xi−1)

∆xi−1

=
1

2
(∆xi +∆xi−1) f

′′(x)

+O(∆x2i −∆x2i−1)

f(x+∆xi)

∆xi
−
(
∆xi−1 +∆xi
∆xi∆xi−1

)
f(x) +

f(x−∆xi−1)

∆xi−1

=
1

2
(∆xi +∆xi−1) f

′′(x)

+O(∆x2i −∆x2i−1),

then,

∆xi−1f(x+∆xi)− (∆xi−1 +∆xi)f(x) + ∆xif(x−∆xi−1)

∆xi∆xi−1
=

1

2
(∆xi +∆xi−1) f

′′(x)

+O(∆x2i −∆x2i−1)

2∆xi−1f(x+∆xi)− 2(∆xi−1 +∆xi)f(x) + 2∆xif(x−∆xi−1)

∆xi∆xi−1(∆xi +∆xi−1)
= f ′′(x)

+O
(
∆x2i −∆x2i−1

∆xi +∆xi−1

)
.
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For node xi,

f ′′(xi) ≈
2

∆xi(∆xi +∆xi−1)
fi−1 −

2

∆xi∆xi−1

fi,+
2

∆xi−1(∆xi +∆xi−1)
fi+1.

with a truncation error of
O(∆xi −∆xi−1).

C.3.2 Tridiagonal matrix analysis

This section presents a numerical analysis of the conditioning and diagonal dom-
inance properties of the tridiagonal matrices arising from the discretization of the
vertical diffusion operator. The coefficient matrix, prior to applying the scaling factor
1/∆z2, is defined as

γr,s = −
(
2 + α + β

)
, α =

(
2π∆z r

Nx

)2

, β =

(
2π∆z s

Ny

)2

.

The structure of this operator yields a tridiagonal matrix whose conditioning depends
on the wavenumber indices (r, s) and the vertical resolution ∆z. Two representative
cases were evaluated to illustrate the sensitivity of the condition number to grid
resolution. For a low-resolution configuration (32 × 32 × 16 nodes), the condition
number ranged between κ ∈ [21, 375], whereas for a higher-resolution grid (256 ×
256× 64 nodes), it increased significantly to κ ∈ [84, 33541]. These results, shown in
Figure C.2, confirm that the system becomes progressively ill-conditioned as spatial
resolution increases, which is typical for elliptic-type operators discretized with small
grid spacing.
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(a) 32× 32× 16 nodes. κ ∈ [21, 375].
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(b) 256× 256× 64 nodes. κ ∈ [84, 33541].

Figure C.2: Condition number of the tridiagonal system for different grid resolutions.

A diagonal dominance analysis was also performed to characterize the numerical
stability of the tridiagonal solver. A row-by-row examination (Table C.1) shows that

148



APPENDIX C. MATHEMATICAL DEFINITIONS AND IDENTITIES

the matrix is diagonally dominant when α + β ≤ 4, ensuring stability for low- to
mid-frequency modes. For higher wavenumbers, where α+ β > 4, the first row loses
dominance, while the interior rows remain strictly diagonally dominant. This implies
that high-frequency modes increase stiffness and condition number without entirely
compromising the stability of the solver.

Table C.1: Row-by-row dominance conditions for the tridiagonal coefficient matrix.

Row Diagonal term Off-diagonal(s) Condition / Comment
First −∆z ∆z(2 + 0.5γr,s) = ∆z(1− 0.5(α+ β)) Dominant if α+ β ≤ 4

Interior γr,s = −(2 + α+ β) 1, 1 Always strictly dominant (|γr,s| ≥ 2)

Last γr,s 1 Always strictly dominant (|γr,s| ≥ 1)

In summary, the tridiagonal system preserves strong diagonal dominance for most
wavenumber combinations, and its conditioning deteriorates predictably with in-
creasing resolution and higher mode contributions. This analysis provides useful
insight into the numerical stability of the implicit diffusion solver and justifies the
use of double precision arithmetic for high-resolution simulations to mitigate round-
ing errors.
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Open-source implementations

Two open-source implementations have been developed based on the findings dis-
cussed in previous chapters. The first implementation is designed for the CPU using
Python. This is primarily designed for analyzing the model’s capabilities and is
also recommended for use in two-dimensional setups. Conversely, a CUDA C GPU
implementation was developed to enable examination of three-dimensional configu-
rations, required by substantial computational requirements. These resources can be
accessed on GitHub and are found at https://github.com/dsanmartin/wildfire
and https://github.com/dsanmartin/wildfires respectively.

The sections that follow provide a description of how to utilize the implementa-
tions.

D.1 Python

Prerequisites

The following libraries must be installed to execute the Framework :

• Python >= 3.11.8

• Numpy >= 1.25.2

• Scipy >= 1.11.4

• Matplotlib >= 3.8.0

Installation

Clone the repository to some user-defined directory,

user@host:~ $ git clone https://github.com/dsanmartin/wildfire.git
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Usage

In the cloned folder, execute

python bin/main.py path/to/input.ini

A base skeleton for the input file is

; Physical domain

[domain]

x_min = -500

x_max = 700

y_min = 0

y_max = 20

t_min = 0

t_max = 140

[numerics]

Nx = 512

Ny = 256

Nt = 140000

NT = 1000

time_method = euler

[temperature]

radiation = True

T_hot = 900

[wind]

u_r = 4.8

[fuel]

Y_h = 0.51

C_d = 0.15

alpha_s = 0.002

sigma_s = 4000

Y_f = 70

[topography]

shape = flat

The input file options consider the selection of the physical parameters described
in Table 7.1, the spatial and temporal domain, the numerical grid, and the methods
for approximation. For time integration, the available options are Euler, RK2, and
RK4. In addition, the numerical parameters include the number of iterations of the
pressure solver and tolerance.
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D.2 CUDA C

Prerequisites

The computer must have a compatible CUDA version. It depends on the Operating
System and the Graphic Card. Please use this link https://docs.nvidia.com/

cuda/ and follow the instructions according to the hardware configuration.
In particular, this work used:

• nvcc 12.3

• cufftw 11.0.2

Installation

Clone the repository to some user-defined directory,

user@host:~ $ git clone https://github.com/dsanmartin/wildfires.git

Go inside the folder and compile with make

cd wildfires && make

Usage

Execute the following command

./bin/wildfire path/to/input_file.txt

A base skeleton for the input file is

# Domain

x_min = -200

x_max = 400

y_min = -200

y_max = 400

z_min = 0

z_max = 40

t_min = 0

t_max = 20

# Numerical grid #

Nx = 257

Ny = 257

Nz = 64

Nt = 200000

NT = 20000

152

https://docs.nvidia.com/cuda/
https://docs.nvidia.com/cuda/


APPENDIX D. OPEN-SOURCE IMPLEMENTATIONS

# Time numerical method

method = euler

# Model parameters #

alpha_s = 0.002

sigma_s = 4000

Y_f = 70

T_0 = 288.15

Y_h = 0.51

T_source = 1500

# Temperature source for t time

t_source_start = 5

t_source_end = 10

# Initial conditions parameters #

# Wind

U0_type = power_law

u_r = 4.8

# Temperature

T0_shape = gaussian

T0_x_start = 0

T0_x_end = 10

T0_y_start = 50

T0_y_end = 150

T0_z_start = 0

T0_z_end = 1

# Temperature source

T_source_shape = gaussian

TS_x_start = 0

TS_x_end = 10

TS_y_start = 50

TS_y_end = 150

TS_z_start = 0

TS_z_end = 1

# Fuel

Y0_x_start = 0

Y0_x_end = 200

Y0_y_start = 0

Y0_y_end = 200

Similarly to the CPU implementation, the input file options consider the physical
parameters presented in Table 7.1, the spatial and temporal domain, the numerical
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grid, and the methods of approximation. For time integration, the available options
are Euler, RK2, and RK4. Regarding the spatial approximation, this implementation
allows the use of a non-uniform grid. Moreover, the numerical parameters include
the number of iterations of the pressure solver and tolerance.
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