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Resumen

En esta tesis se estudia la aproximacion numérica de una clase de ecuaciones diferenciales
funcionales estocésticas dirigidas por un movimiento Browniano fraccionario con parametro de
Hurst H > 1/2, en las cuales el efecto de memoria es descrito mediante un término integral con
nucleo. Debido a la naturaleza del ruido fraccionario, las integrales estocasticas involucradas son
interpretadas en el sentido de la integral de Riemann—Stieltjes generalizada, definida mediante
herramientas de calculo fraccionario.

En primer lugar, se presentan los resultados preliminares necesarios para el desarrollo del
trabajo, incluyendo algunas propiedades fundamentales del movimiento Browniano fraccionario,
elementos de calculo fraccionario y la teoria bésica de las ecuaciones diferenciales funcionales
estocésticas consideradas. Asimismo, se realiza una revision del estado del arte sobre métodos
numéricos para ecuaciones diferenciales estocasticas y ecuaciones diferenciales funcionales esto-
casticas dirigidas tanto por movimiento Browniano estdndar como por movimiento Browniano
fraccionario, con especial énfasis en los esquemas de Euler, backward Euler, §-Maruyama y
Milstein.

La primera contribuciéon original de esta tesis consiste en la construccion y analisis de un
esquema de Euler explicito para la aproximaciéon de la solucién de las ecuaciones estudiadas.
Bajo hipotesis adecuadas sobre los coeficientes y el término de memoria, se demuestra la con-
sistencia del método y se establece su convergencia hacia la solucion exacta. Estos resultados
constituyen la base de un articulo de investigacion actualmente sometido para publicacion.

La segunda contribucién corresponde al desarrollo y analisis de un esquema implicito de
backward Euler para la misma clase de ecuaciones. Se demuestra que las aproximaciones obte-
nidas mediante este método son consistentes y convergen hacia la solucion exacta con el mismo
orden de convergencia que el esquema explicito. Estos resultados amplian la teoria existente
sobre métodos implicitos para ecuaciones con retardo impulsadas por movimiento Browniano
fraccionario y forman parte de un trabajo actualmente en preparacion.

Finalmente, se presentan diversas simulaciones numéricas que permiten ilustrar el compor-
tamiento de ambos esquemas y visualizar la aproximacion de las trayectorias numéricas a la
solucion exacta. Los resultados obtenidos muestran que tanto el método de Euler como el mé-
todo backward Euler constituyen herramientas adecuadas para la aproximaciéon de ecuaciones
diferenciales funcionales estocasticas dirigidas por movimiento Browniano fraccionario, y abren
la puerta al estudio de métodos de orden superior y de problemas mas generales.
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Abstract

This thesis deals with the numerical approximation of a class of stochastic functional diffe-
rential equations driven by a fractional Brownian motion with Hurst parameter H > 1/2, where
the memory effect is described through an integral kernel. Owing to the fractional nature of
the driving noise, the stochastic integrals involved are interpreted pathwise by means of the
generalized Riemann—Stieltjes integral, which is defined using tools from fractional calculus.

First, the mathematical background required throughout the thesis is presented, including
some fundamental properties of fractional Brownian motion, elements of fractional calculus,
and the basic theory of the stochastic functional differential equations under consideration. A
review of the existing literature on numerical methods for stochastic differential equations and
stochastic functional differential equations driven by both standard and fractional Brownian
motions is also provided, with particular emphasis on Euler, backward Euler, -Maruyama, and
Milstein-type schemes.

The first original contribution of this thesis consists in the construction and analysis of
an explicit Euler scheme for approximating the solution of the equations under study. Under
suitable assumptions on the coefficients and on the memory term, consistency and convergence
of the method are established. These results constitute the basis of a research article currently
submitted for publication.

The second contribution concerns the development and analysis of an implicit backward
Euler scheme for the same class of equations. It is shown that the approximations produced by
this method are consistent and converge to the exact solution with the same order of convergence
as the explicit Euler scheme. These results extend the existing theory of implicit methods for
delay equations driven by fractional Brownian motion and constitute part of a work currently
in preparation.

Finally, several numerical simulations are presented to illustrate the behavior of both sche-
mes and to visualize the approximation of the numerical trajectories to the exact solution. The
results obtained show that both the Euler and backward Euler methods provide effective tools
for approximating stochastic functional differential equations driven by fractional Brownian
motion and open the way to the study of higher-order methods and more general problems.

Keywords: Fractional Brownian motion; stochastic functional differential equations; delay
equations; numerical methods; Euler method; backward Euler method; convergence analysis.



INTRODUCTION

Stochastic differential equations with delay or memory have been widely used to model
dynamical systems whose future evolution depends not only on the present state but also
on their past history. Such equations arise naturally in several areas, including mathematical
biology, economics, engineering, and physics, where memory effects play a fundamental role (see,
for example, [17, 15]). In particular, stochastic functional differential equations with memory
allow us to describe systems with long-range historical dependence, providing a more realistic
framework for modeling persistent phenomena.

From a mathematical perspective, the presence of memory introduces a non-Markovian
structure that significantly complicates both the analysis of the solutions and the design of
numerical approximation schemes, since the evolution depends on the entire past trajectory.

In the classical setting, randomness is typically modeled by standard Brownian motion,
leading to Markovian stochastic differential equations and well-developed theory from both
analytical and numerical perspectives [12]. However, empirical evidence in many applications
reveals the presence of long-range dependence and temporal correlations that cannot be adequa-
tely captured by classical Brownian noise. In this context, fractional Brownian motion (fBm),
introduced by Mandelbrot and Van Ness [14], has emerged as a fundamental tool for modeling
processes with long-range and memory dependence.

The fractional Brownian motion is a centered Gaussian process characterized by a Hurst
parameter H € (0, 1), whose sample paths are Holder continuous of any order strictly less than
H. In the regime H > 1/2, the process exhibits positively correlated increments, making it
particularly suitable for modeling persistent behavior [14, 2|. Nevertheless, when H # 1/2, the
fractional Brownian motion is not a semimartingale, which prevents the direct application of
the calculus It6 and introduces substantial analytical and numerical challenges.

For stochastic differential equations driven by fractional Brownian motion with H > 1/2,
a widely used approach consists in defining the stochastic integral in the sense of generalized
Lebesgue-Stieltjes or Young integrals, exploiting the Holder regularity of the trajectories 23,
24]. This framework has allowed the establishment of uniqueness and existence results for
various classes of stochastic differential equations, including functional equations with memory
and delay, under suitable regularity assumptions for the coefficients |8, 3|.

In this thesis, we study a class of stochastic functional differential equations with distributed
memory driven by fractional Brownian motion. The evolution of the system depends not only
on its present state but also on a functional of its past trajectory over a finite delay interval.
This hereditary structure is modeled through a distributed delay term, allowing us to capture
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finite-memory effects within a non-Markovian stochastic framework. The precise mathematical
formulation of the models are presented in Chapters 3 and 4.

The combination of fractional noise and distributed delay creates a challenging setting
for numerical approximation, since temporal roughness and non-local memory effects must be
controlled simultaneously.

Equations of the form (4.1)—(4.2), involving distributed memory terms, have been pre-
viously studied in the context of stochastic functional differential equations driven by standard
Brownian motion. In particular, Buckwar [5], [6] investigated stochastic functional differential
equations with distributed delay and proposed the 6-Maruyama scheme for their numerical
approximation. Strong convergence results were established under suitable Lipschitz-type con-
ditions on the coefficients, highlighting the impact of the memory term on both the stability
and convergence properties of the numerical method.

From a numerical point of view, the approximation of solutions to stochastic differential
equations driven by fractional Brownian motion has attracted increasing attention over the
past decades. For equations without delay, several Euler- and Milstein-type schemes have been
proposed and analyzed, producing strong convergence results and explicit convergence rates
under different assumptions on coefficients and the Hurst parameter [18, 11|. In particular,
in the case H > 1/2, the convergence of the Euler scheme was systematically studied in [16],
who proved strong convergence under appropriate regularity conditions using Riemann-Stieltjes
integration and Holder-type estimates. Later, Neuenkirch and Nourdin obtained further refine-
ments and optimal convergence rates [18].

Despite these advances, most of the available numerical results concern stochastic differential
equations without memory or, at most, with finite delay. The numerical analysis of stochastic
functional differential equations with hereditary structures driven by fractional Brownian mo-
tion remains comparatively underdeveloped. The presence of memory significantly complicates
both the analytical and numerical treatment of such systems, since the evolution of the solution
depends on its past trajectory rather than on its current state alone. Existing work in this area
has focused mainly on qualitative properties of solutions, such as existence, uniqueness, and
stability, whereas rigorous convergence analyzes of numerical schemes and the derivation of
explicit convergence rates have received less attention |7].

The main objective of this thesis is to develop and analyze numerical methods for approxi-
mating the solutions of stochastic functional differential equations with distributed delay driven
by a fractional Brownian motion with Hurst parameter H > 1/2. The presence of both heredi-
tary effects and long-range dependence substantially increases the mathematical complexity of
the problem, making the extension of classical numerical techniques far from straightforward.
Consequently, establishing rigorous approximation results for this class of equations requires
combining tools from fractional stochastic calculus, functional differential equations, and nu-
merical analysis.

The original contributions of this thesis are twofold. The first contribution consists in the
construction and convergence analysis of an explicit Euler scheme for stochastic functional
differential equations driven by a fractional Brownian motion. Under suitable regularity as-
sumptions on the drift, diffusion, and memory kernel, the proposed approximation is shown
to converge to the exact solution by means of estimates based on fractional calculus and the
generalized Riemann-Stieltjes integral. This result extends existing convergence analyses for
stochastic differential equations without memory to a broader class of stochastic functional
differential equations with distributed delay. The mathematical developments corresponding to
this contribution are presented in Chapter 3 and constitute the basis of a research article that
has been submitted for publication.

10
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The second contribution of this thesis is the formulation and analysis of a backward Euler
discretization for the same class of stochastic functional differential equations. Although impli-
cit numerical methods have been extensively investigated for stochastic differential equations
driven by the standard Brownian motion, analogous results for equations with memory driven
by a fractional Brownian motion are still very limited. In this work, a backward Euler appro-
ximation is proposed and its local consistency is established under appropriate assumptions on
the coefficients and the memory functional. This analysis, developed in Chapter 4, provides a
first theoretical step toward a complete convergence and stability theory for implicit methods
in this setting and forms the basis of ongoing research currently under preparation.

The remainder of the thesis is organized as follows. Chapter 1 provides the mathematical
background required throughout the manuscript. In particular, it recalls some fundamental pro-
perties of fractional Brownian motion, introduces the tools from fractional calculus needed to
define the generalized Riemann—Stieltjes integral, and presents the class of stochastic functional
differential equations considered in this work. Chapter 2 is devoted to a review of the existing
literature on numerical methods for stochastic differential equations and stochastic functional
differential equations driven by both standard and fractional Brownian motions, with particu-
lar emphasis on Euler-type methods, backward Euler schemes, the #-Maruyama method, and
Milstein-type approximations.

Chapter 3 develops the explicit Euler approximation for the stochastic functional differential
equation under consideration and establishes its consistency and convergence towards the exact
solution. Chapter 4 is devoted to the corresponding backward Euler scheme, where analogous
convergence results are obtained in the implicit setting. Chapter 5 presents several numerical
simulations illustrating the performance of both methods and providing a visual comparison
between the numerical approximations and the exact solution whenever it is available. Finally,
the appendices collect a number of auxiliary results, technical lemmas, propositions, corollaries,
and detailed proofs that support the theoretical developments presented throughout the thesis.

11
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CAPITULO 1
PRELIMINARIES

This chapter introduces the mathematical framework required for the analysis of stochastic
functional differential equations driven by fractional Brownian motion. We recall the definition
and main properties of fractional Brownian motion, present the fractional integration theory
introduced by Zahle, discuss Holder regularity, and review stochastic differential equations and
stochastic functional differential equations. These concepts form the theoretical foundation for
the results developed in the subsequent chapters.

1.1. Fractional Brownian motion

Fractional Brownian motion was first introduced in the Hilbert space setting by Kolmogorov
in 1940 [13], where it was referred to as the Wiener helix. It was later studied in detail by
Yaglom [22|. The name fractional Brownian motion was introduced by Mandelbrot and Van
Ness, who in 1968 provided a stochastic integral representation of this process in terms of
standard Brownian motion [14].

1.1.1. Definition and basic properties

Let (Q, F,P) be a complete probability space. A fractional Brownian motion (fBm) with
Hurst parameter H € (0,1) is a centered continuous Gaussian process (B (t));>o with cova-
riance function

E[B" (1)B" (s)] = 5 (P + s — |t — ) . (L.1)

The Hurst parameter H determines both the regularity of the sample paths and the depen-
dence structure of the process.

An equivalent construction of fractional Brownian motion is given by the Mandelbrot—Van
Ness representation:

BY(1) = CLH (/_Ooo [(t— )2 — (—s)"3] dB(s) + /Ot(t N dB(s)) 19

where B denotes a two-sided standard Brownian motion and C'y is a normalization constant
depending on H.
The following properties are fundamental:

13



CAPITULO 1. PRELIMINARIES

» Bf(0) =0 and E[B(t)] = 0 for all ¢ > 0.
» B has stationary increments, i.e.,
B (t+s)— BY(s) £ BH(t), Vs, t>0.
= The variance satisfies
E[BY(t)*] = t*", vt > 0.

When H = 1/2, fractional Brownian motion coincides with standard Brownian motion and
therefore has independent increments. However, when H # 1/2, the increments are no longer
independent. Indeed, consider the increments B (¢t + h) — B¥(t) and B (s + h) — B¥(s) with
s+ h <t andt— s =mnh. Their covariance is given by

pu(n) = %th [(n+1)*" 4+ (n—1)* —2n>M]. (1.3)

Consequently,
» when H > 1/2, the increments are positively correlated (persistent behavior),
» when H < 1/2, the increments are negatively correlated (anti-persistent behavior).

Processes exhibiting the first property model systems with memory and persistence, whereas
those exhibiting the second property describe systems with anti-persistence.
We now introduce the notion of long-range dependence.

Definition 1.1.1. A stationary sequence (X, )nen exhibits long-range dependence if its autoco-
variance function p(n) = Cov(Xy, Xgin) satisfies

lim p(n)

n—oo CN~ %

=1,

for some constant ¢ > 0 and « € (0,1). In this case,

Z p(n) = oo.

If H > 1/2, fractional Brownian motion exhibits long-range dependence. Indeed, defining
the increments
X, =B (k) - B (k- 1),
one obtains
[(n+1)* + (n—1)*" —2n°7].

DN | —

pr(n) =
A Taylor expansion shows that
pr(n) ~ H2H — 1)n*2 n — oo.
Thus,
- 0o, H>1/2,
n —=
nZl’pH( ) {< oo, H<1/2.

Therefore, fractional Brownian motion exhibits long-range dependence when H > 1/2 and
short-range dependence when H < 1/2.
Another fundamental property of fractional Brownian motion is self-similarity.

14



1.2. FRACTIONAL CALCULUS AND THE ZAHLE INTEGRAL

Definition 1.1.2. A stochastic process (Xi)i>o is said to be self-similar with index H if for

every a > 0,

(Xat)tzo i (aHXt)tZO-

Theorem 1.1.1. Fractional Brownian motion is self-similar with index H.
Proof. Using the covariance function,

E[BY (at)B" (as)] = «*"E[B¥ (t)B" (s)].
Since both processes are centered Gaussian, the result follows.

Fractional Brownian motion has almost surely nowhere differentiable sample paths.

Moreover, fractional Brownian motion is not a semimartingale unless H = 1/2. This follows
from its p-variation, whose index equals 1/H. Since semimartingales have p-variation index
equal to 2, fractional Brownian motion is a semimartingale only when H = 1/2. For more
details see [2].

1.1.2. Holder regularity

Definition 1.1.3. A function f :[0,T] — R is said to be Hélder continuous of order v € (0,1)
if there exists C' > 0 such that

|f(t) = f(s) < Clt = 5|
The space of Hélder continuous functions is denoted by C7([0,T7]).

A fundamental regularity property of fractional Brownian motion is given by the following
theorem.

Theorem 1.1.2. Let H € (0,1). Then fractional Brownian motion admits a version whose
sample paths are almost surely Hélder continuous of order v for every v < H.

Proof. Using self-similarity,
E|BX(t) — BH(s)|* = C|t — s|*!.
The Kolmogorov continuity theorem yields the result.

This Holder regularity plays a fundamental role in defining stochastic integrals with respect
to fractional Brownian motion for H > 1/2.

1.2. Fractional calculus and the Zahle integral
Since fractional Brownian motion is not a semimartingale when H # 1/2, It6 calculus
cannot be used. Instead, stochastic integrals can be defined pathwise using fractional calculus

techniques introduced by Feyel and de la Pradelle [9] and further developed by Zahle [24].

15



CAPITULO 1. PRELIMINARIES

1.2.1. Fractional Calculus

Let a,b € R with a < b. For f € L'([a,b]) and « > 0, the left-sided and right-sided fractional
Riemann-Liouville integrals of f of order « are defined for almost all ¢ € (a, b) by

1 - W Lot a1
| T @ s I ) = s [ =0 ds

respectively, where (—1)"® = ¢ ™ and I is the gamma function. When o = k € N, I f is
the k-th iterated integral.

Fractional derivatives are defined as inverse operators of fractional integrals. Let 0 < av < 1
and p > 1. For f € I3 (L*([a,b])), the Weyl derivative is defined as

1 f@) = f(s)
DY f(t) =
o/ () F(l—a)(t—a / t—sa“ )’
and the corresponding Weyl derivative for f € I (L?) is defined as

o DT (RO 0 - ),
Db—f(“‘m—a)((b—t)a* / <s—t>a+1d)'

Both D¢, f(t) and Dy f(t) are defined for almost all ¢ € (a,b). The convergence of the integrals
at the singularity s = ¢ holds pointwise for almost all ¢ € (a,b) if p =1 and LP-sense if p > 1.

Ic?+f(t) =

1.2.2. Zahle integral
Let’s define

Jar () = (f () = f(a+))Liap) (1), go-(t) = (9(t) = 9(b=))L(a) (D),
where f(a+) = lims o+ f(a 4+ 6) and g(b—) = lims_,o+ g(b — 9).

Definition 1.2.1. Suppose that f and g are functions such that f(a+), g(a+) and g(b—) exist,
for € I2(LP) and gp— € I} =*(L9) for some p,q > 1 with 1/p+1/q < 1, a € (0,1). The
generalized Riemann-Stieltjes integral of f with respect to g is defined by

/ fdg = (— / D2, fos (D g (1)t + fa+)(g(b—) — gla+).

Proposition 1.2.1. If ap < 1, from the above definition we get

/fdg=(—1)a/ D, f(t)Dy=“g(t)dt.

for general functions f € I (L) and g, € I,~*(L%).

If f € C*([a,b]) and g € C*([a, b]) with A+ > 1, it is proved in Zéhle’s paper [24] that the
conditions of the definition of gereralized Riemann-Stieltjes integral and the proposition 1.2.1
are satlsﬁed and it is possible to choose p = ¢ = oo and a < A\,1 — a < p. Furthermore, the
integral f fdg exists and coincides with the Riemann—Stieltjes integral. Also, Zahle’s paper
gives the explicit expression in terms of the fractional Weyl derivatives.

16



1.3. STOCHASTIC DIFFERENTIAL EQUATIONS (SDE) AND STOCHASTIC FUNCTIONAL DIFFERENTIAL
EQUATIONS (SFDE)

Proposition 1.2.2. Let f € C*([a,b]),g € C*([a,b]) with \+p>1 and a < A\, 1 —a < p.

b b
| #da= v [ Dz 0Dt

where g,— = g(t) — g(b). Furthermore, we have

[l oo ([ s [ ot me)

._ 1 l9(t) lg(u) —g(s)|
Clw) = ['(a)l(1 — «) a<§g?<8b ( t—s) 1 —a / (u—s) > < oo

The proof of this proposition can be found in [19].
Thus, when B (t) is a fractional Brownian motion with parameter Hurst H € (1/2,1), the
pathwise integral is defined as

/deH /D (t)D,— Bl (t)dt.

g gy (U (B " BYL(W) ~ Bl (s)
pLBl 0= i (s + 0 - [ )

and Bff = B (t)— B (b). The integral exists for any « € (1—H, v) if, for example, f € C”(a,b)
with v + H > 1. Moreover, in this case the pathwise integral admits an stimate

[t ke [ [ M)

C(w) = C sup |D,=*B ()| < ccas. (1.5)

a<t<b

where

where

where

1.3. Stochastic differential equations (SDE) and stochastic
functional differential equations (SFDE)

1.3.1. SDE driven by fractional Brownian motion

Fix a time interval [0,7] and a complete probability space (€, F,P). Suposse that BH =
{BH(t),t € [0,T]} is a fractional Brownian motion with Hurst parameter H € (1/2,1). Consider
the stochastic differencial equation

t t
X(t) = X(0) +/ b(s, X(s))ds +/ o(s,X(s))dB"(s), t>0. (1.6)
0 0
Let’s consider the following assumptions on the coefficients.

(H.b) There exist constants L; and Ly such that for all z,y € R and s,t € [0, 7]

[b(t, ) = b(t,y)| < Lnz -y
[b(t, )] < Lo(1 + [x]).
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(H.o) The function o(t,€) is differentiable in the variable x. Moreover, there exist constants
Ls, Ly, Ls and Lg such that for all £,n € C([—r,0],R) and s,t € [0,T]

o(t, ) — o(t,y)| < Lslz — y|

|00(t, @) — 0y (t, y)| < Lalz — |

lo(t,x) —o(s,z)| + |o.(t,x) — 0.(s,z)| < Ls|t — s
|o(t, @)| < Le(1 + []).

The following theorem provide the existence and uniqueness of the solution of equation (1.6).

Theorem 1.3.1. Suppose that X (0) is a random variable, the coefficients b, o satisfy assum-
ptions (H.b) and (H.o). If o satisfies 1 — H < a < H, then there exists a unique stochastic
process X solution of the equation (1.6) with paths in C*=([0,T)]), P-a.s.

The proof of this theorem can be found in [19].

1.3.2. Stochastic functional differential equations

Fix a time intervalo [0, 7] and a complete probability space (€2, F,P). Suposse that B =
{Bf(t),t € [0,T]} is a fractional Brownian motion with Hurst parameter H € (1/2,1). Consider
the stochastic functional differencial equation

X(t) = ¢(0) + /tb(s,Xs)ds + /ta(s,Xs)dBH(s), t>0 (1.7)
Xo=¢ € C(]-r,0,R).

Here X, € C(]—r,0],R) denote the function defined by X (u) = X (s + u), Vu € [—r,0]. Let’s
consider the following assumptions on the coefficients.

(H.b) The function b(t, &) is continuous. Moreover, there exist constants L; and Ly such that
for all &,n € C([-r,0],R) and t € [0, 7]

[b(t, &) = blt, n)| < Lall€ = nl|
[b(t, )| < Lo (1 + [[€]])-

(H.o) The function o(t,§) is continuous and Fréchet differentiable in the variable £. Moreover,
there exist constants L3, Ly and Ls such that for all £,y € C([-r,0],R) and s,t € [0,T]

|Dea(t, &)l Le-—romr < L3
[Deo(t,€) — Deo(t,n)|Lic(-ror,r) < Lall§ — 1]
|o(t,§) — o(s,§)| + |Deo(t,€) — Deo(s, &) nc(-romp) < Lslt — .
The following theorem provide the uniqueness, existence and dependence of the solution of

equation (1.7) on the initial condition.

Theorem 1.3.2. Asuume that the coefficients b, o satisfy the assumptions (H.b) and (H.o ). If
a satisfies 1 — H < o < H and if ¢ is a stochastic process whose trajectories belong to the space

C1=([=r,0]), almost surely. Then there exists a unique solution X of equation (1.7) with paths
in C'=([-r,T]), P-a.s.

The proof of this theorem can be found in [3].
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CAPITULO 2

NUMERICAL METHODS FOR STOCHASTIC
DIFFERENTIAL EQUATIONS DRIVEN BY
FRACTIONAL BROWNIAN MOTION

The numerical approximation of stochastic differential equations (SDEs) and stochastic fun-
ctional differential equations (SFDEs) has received considerable attention over the last decades
due to its relevance in physics, biology, finance, engineering, and applied sciences. In many
situations, explicit solutions are not available, making numerical schemes essential tools for the
qualitative and quantitative analysis of stochastic systems.

When the stochastic perturbation is generated by a standard Brownian motion, classical
It6 calculus provides a natural framework for the development of numerical methods such as
Euler—-Maruyama, Milstein, and #-Maruyama schemes. However, when the driving noise is a
fractional Brownian motion (fBm), the problem becomes substantially more delicate because
the process is not a semimartingale whenever H # % Consequently, the classical It6 theory is
no longer applicable and alternative integration frameworks, such as fractional calculus, rough
paths theory, and Malliavin calculus, must be employed.

This chapter presents a review of the main numerical methods developed for stochastic dif-
ferential equations and stochastic functional differential equations driven by fractional Brow-
nian motion. Special attention is devoted to Euler-type methods, backward Euler methods,
f-Maruyama schemes, and Milstein-type approximations, emphasizing their convergence pro-
perties and stability behavior. We also discuss several important contributions in the literature
that motivated the development of the numerical analysis carried out in the subsequent chapters
of this thesis.

2.1. Euler-Type Methods for SDEs Driven by Fractional
Brownian Motion

One of the first systematic studies concerning Euler approximations for stochastic differential
equations driven by fractional Brownian motion was carried out by Mishura and Shevchenko.
In [16], the authors analyzed the convergence rate of Euler approximations for stochastic diffe-
rential equations driven by a fractional Brownian motion with Hurst parameter H > % They

19



CAPITULO 2. NUMERICAL METHODS FOR STOCHASTIC DIFFERENTIAL EQUATIONS DRIVEN BY FRACTIONAL
BROWNIAN MOTION

considered equations of the form

X(t):Xo—i-/O b(s,X(s))ds+/0 o(s, X(s))dB(s),

where the stochastic integral is interpreted pathwise in the sense of fractional calculus.
The corresponding Euler approximation is given by

Xn+1 = Xn + b(tna Xn)h + O—(tm Xn)ABTJ;I’

where
AB? = B (t,,1) — BY(t,).

Using Holder regularity properties of the trajectories of the fractional Brownian motion and
estimates derived from fractional calculus, the authors proved that the Euler approximation
converges with rate

O(hZH—l)7

for pathwise solutions. This result established one of the foundational convergence analyses for
numerical methods associated with fractional stochastic differential equations.

Later, Mishura and Shevchenko extended these ideas to mixed stochastic differential equa-
tions involving both standard Brownian motion and fractional Brownian motion. In [21], they
studied the equation

t t t
Xt:X0+/ a(s,XS)ds+/ b(s,Xs)dWS+/ c(s, Xs)dBY,
0 0 0

and established mean-square convergence rates for the Euler approximation scheme. Their work
showed that Euler-type methods remain effective even in the presence of mixed Gaussian noises.

2.2. Backward Euler Methods

Implicit numerical methods play an important role in the approximation of stochastic dif-
ferential equations because of their enhanced stability properties, especially in the presence of
stiff coefficients or nonlinear drift terms. Among these methods, the backward Euler scheme
constitutes one of the most classical implicit discretizations.

For stochastic differential equations driven by fractional Brownian motion, implicit Euler
methods have been investigated in several contexts. In particular, Zhang and Yuan studied
in [25] stochastic differential equations with locally Lipschitz drift driven by fractional Brow-
nian motion and analyzed the corresponding implicit Euler approximation. They considered
equations of the form

X(t) :X0+/tb(s,X(s))ds+/tadBH(s), X(0) >0,

where the stochastic integral is interpreted pathwise in the sense of fractional calculus.
The corresponding backward-Euler approximation is given by

Xn+1 = Xn + b(tn+1> Xn+1)h + O'AB{L{,

where

AB? = BH(t, 1) — BY(t,).
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They established existence, uniqueness, positivity, and convergence properties of the numerical
scheme under suitable assumptions on the coefficients.

The implicit nature of the backward Euler method makes it particularly suitable for equa-
tions with memory effects and delayed interactions, since these systems may exhibit strong
stability constraints. For this reason, backward Euler-type methods have become natural can-
didates for the approximation of stochastic functional differential equations driven by fractional
Brownian motion.

2.3. The #-Maruyama Method

The 6-Maruyama method generalizes the Euler-Maruyama and backward Euler schemes th-
rough the introduction of a parameter 6 € [0, 1]. The numerical analysis of -Maruyama schemes
for stochastic delay differential equations was extensively developed by Evelyn Buckwar. In [6],
Buckwar investigated §-Maruyama approximations for stochastic functional differential equa-
tions with distributed memory terms and driven by a standard Brownian motion. She considered
equations of the form

X(t) = X(0) +/0 b(s,X(s),Y(s))ds+/o o(s,X(s),Y(s))dB(s), te][0,T],
X(t) =o(t), te][-r0].

Here, Y (t) represents a memory term of the type

Y(t)_/_o K(t,s,X(tJrs))ds—/tj K(t,s —t, X(s))ds.

where the stochastic integral is the Wiener integral.
The corresponding -Maruyama approximation is given by

XM(tns1) = X (tn) 4+ h(Ob(tns1, X" (tn,1), Y (tns1)) + (1 = 0)b(tn, X" (1), Y (t0)))
+ 0 (tn, X" (1), Y (tn)) AB,,
where
AB, = B(t,.1) — B(t,).

The expression Y (t,,) provides an approximation to the integral Y (¢,,).

For # = 0, the scheme reduces to the Euler-Maruyama method, whereas 8 = 1 yields
the backward-Euler method. The work established consistency and convergence properties of
the method while emphasizing the role of quadrature formulas in the approximation of delay
integrals. In addition, in [1|, Halanay-type inequalities were employed to investigate exponential
mean-square stability for stochastic delay differential equations discretized by the #-Maruyama
method. Their results demonstrated the strong connection between the choice of the parameter
f and the asymptotic behavior of the numerical approximation.

2.4. Milstein-Type Methods

Milstein-type methods provide higher-order approximations for stochastic differential equa-
tions by incorporating additional information related to iterated stochastic integrals. In the
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classical Brownian framework, these schemes improve the strong convergence order of Euler-
type methods.

For stochastic functional differential equations with memory terms, Buckwar analyzed Mils-
tein approximations in [4]. In that work, Euler-Maruyama and Milstein schemes were studied
for stochastic functional differential equations involving distributed delays. Strong convergence
results and numerical simulations were established under suitable regularity assumptions.

The extension of Milstein-type methods to equations driven by fractional Brownian motion
is substantially more involved due to the non-semimartingale nature of the noise. In this setting,
the construction of higher-order schemes requires additional analytical tools, including rough
path techniques and Malliavin calculus. Nevertheless, these methods continue to be an active
area of research because of their improved convergence properties.

2.5. Numerical Methods for SFDEs Driven by Fractional
Brownian Motion

Compared with the theory of stochastic differential equations driven by fractional Brownian
motion, the numerical analysis of stochastic functional differential equations in the fractional
framework is still relatively recent. The presence of memory terms introduces additional difficul-
ties, since the approximation must simultaneously capture the Holder regularity of the driving
process and the delayed dependence structure of the equation.

Recent contributions have begun to address this problem. For example, Garzon, Leén, Lo-
zada, and Torres proposed in [10] an Euler approximation scheme for stochastic functional
differential equations driven by fractional Brownian motion using rough paths techniques and
Young integration. They considered equations of the form

dX(t) = f(X,)dB"(t), telo,T],

Here, f : C7([-7,0;R) — R and X, : [-7,0] — R is given by X,(8) = X(t + 6). They es-
tablished convergence rates depending on the Holder regularity of the solution and provided
numerical simulations illustrating the theoretical results.

These works constitute the main theoretical background upon which the numerical analysis
developed in this thesis is built since it lies at the intersection of the two aforementioned
directions: the fractional-noise framework studied by Mishura for SDEs driven by fractional
Brownian motion and the functional (delay) framework studied by Buckwar for equations driven
by standard Brownian motion. The results presented in the following chapters contribute to
this line of research by establishing convergence results for Euler and backward-Euler numerical
schemes applied to stochastic functional differential equations driven by fractional Brownian
motion with Hurst parameter H > 1/2.
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CAPITULO 3

FEULER-MARUYAMA SCHEME FOR SFDES
DRIVEN BY A FRACTIONAL BROWNIAN
MOTION

3.1. The stochastic functional differential equation

We study a class of stochastic functional differential equation (SFDE) with memory driven
by fractional Brownian motion. More precisely, we consider the equation

X(t) = X(0) +/0 b(s, X(s),Y(s))ds —l—/o o(s,X(s),Y(s))dB(s), te[0,T] (3.1)
o(t), t € [—r0]

where B = (B¥(t))>¢ is a fractional Brownian motion with Hurst parameter H > 1/2. The
stochastic integral with respect to B is understood in the sense of the generalized Lebesgue-
Stieltjes integral as introduced by Zahle [24|. The drift and diffusion coefficients b, o : [0, 7] x
R x R — R are assumed to be continuous functions, and the initial condition ¢ : [-r,0] — R is
assumed to be Holder continuous. The memory effect is modeled through the functional Y'(t)

defined by

Y(t) = 0K(t,s,X(t+s))ds:/t K(t,s —t, X(s))ds, t >0, (3.2)

-

where the kernel K : [0, 7] x [-r,0] x R — R is a continuous function. This formulation allows
us to capture hereditary effects over a finite window of the past while maintaining a functional
dependence on the entire trajectory segment.

We consider the following assumptions on the coefficients b, o, the initial condition ¢ and
the Kernel K in (3.1) and (3.2).

The assumptions imposed throughout this work are standard in the analysis of stochas-
tic functional differential equations, but we briefly comment on their role and necessity. The
Lipschitz-type conditions guarantee the well-posedness of the equation and allow us to obtain
uniform bounds, while the growth conditions ensure that the solution does not explode in finite
time.
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The regularity assumptions on the coefficients are also required in order to apply the stochastic
calculus tools used in the proofs, in particular when dealing with the memory term and the
fractional noise.

Hypothesis ¢ There exists a positive constant L such that

[6(t) = o(s)| < LIt =], 0<p<H. (3.3)

Hypothesis 1 There exist positive constants Lq, Ly and L3z such that the following proper-
ties hold.

|b<t,x,y) - b(S,CL’,y)| + |O'(t,:1},y) - O'(S,J},y)| < Lllt - S|' (34)
(6, 21,51) = b(t, 2, 92)| + [0 (821, 91) — (E, 29, 92)| < Lo(lzn = 2o + [yr —wa]). (3.5)
[bt, 2, y)| + lo(t, 2, y)| < Ls(1 + |2 + [y]). (3.6)

Hypothesis 2 The function o(t,&) is Fréchet differentiable in the variable . Also, there
exist positive constants M, My and Mz such that for all £, n € C, and ¢ € [0,T],

[ Do (t, ), my < M
[Deo(t,§) — Deo(t,n)lcicrry < Mall§ —nll.
|Deo(t,§) = Deo(s, &) e, my < Mslt — s|. (3.7)

Hypothesis 3 For each ¢ € [0, 7], the map
(s,z) — K(t,s,x), (s,x) € [-r,0] x R,

is continuously differentiable. Moreover, there exist positive constants K, Ko, K3, K4 such that

|K(t,s,2) — K(u,v,z)] < K (]t —u| + |s — v]),
K (t,5,2) — K(t,5,9)] < Kol 3,
K (t,s,2)| < K3(1+ |z|),
|st tsx)‘SKLh
}V(M)K(t,s,x) — Vi) K(u,v,y) ‘ < K4 |t—u| +|s —v|+ |z —y|) (3.8)

The following theorem establishes the existence and uniqueness of the solution to (3.1) (the
proof is analogous to those given in [3] and [20]), and is therefore left to the reader.

Theorem 3.1.1. Under hypotheses 3.3 to 3.8. If ¢ is a stochastic process whose trajectories
belong to the space CT=r[0,T] a.s. for any 0 < p < H, then Equation (3.1) has a unique
solution X € CH=r[—r,T] a.s

X (u) = X(v)] < Cw)u—v|"". (3.9)

We obtain the next a priori estimate of the process X, the proof is given in Appendix 7.2.
Such bounds will be crucial in controlling both the exact solution and the error terms arising
in the discretization scheme.

Proposition 3.1.1. Under Hypotheses 1 and 3, for any e > 0 and 0 < p < H there exists
ho > 0 and Qe p,, C Q such that P(Q. p, ,) > 1 — ¢ and for each w € Qe p, ,, b < hy

[ X(1)] < C(w)
and for 0 < s <t <T,
X (t) = X(s)] < Clw)(t — )"
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3.1.1. Structural Estimates for the Delay Functional and Fractional
Integral

In this subsection, we establish several structural estimates that will be used repeatedly in
the sequel. The first result concerns the regularity properties of the delay functional Y (¢) defined
in (3.2), while the second recalls the fundamental bound associated with the fractional integral
with respect to BY. Isolating these estimates allows us to streamline subsequent arguments
and to avoid repeating technical computations. The proofs are deferred to the Appendix 7.1.

The following lemma shows how the delay functional Y(¢) inherits regularity from the
process X, while also capturing the contribution of the past trajectory over the memory window.

Lemma 3.1.1 (Structural estimate for the delay functional). Let Y be defined by (3.2) and
assume Hypothesis 3 holds. Then for all 0 < s <t <T,

Y (t) = Y(s)| < Cylt —s|+ K; / B | X (u)| du.

S—r

3.2. Euler scheme for SFDE

In this section, we introduce the Euler approximation of the SFDE and describe how the
fractional noise and the memory term are discretized. Particular attention is paid to the delay
functional, whose approximation involves the past trajectory of the numerical solution.

We assume, without loss of generality, that there exists Ny € N such that T" = Npr. Let
h :=T/N for some N € N. For simplicity, we're going to take Ny = 1, that is, T'= r. Now, we
consider the uniform partition of [—r, T'] given by

t, = nh, n=-N,...,—1,0,1,..., N.

The Euler scheme associated with (3.1) is defined recursively by

X" (t,) = ¢(t,), n=-N,...,0,
XM(tpy1) = XM(t) + hb(tn, X (tn), Y (t0)) + o (tn, X (t,), Y (t,))ABY (t,), n=0,...,N —1,

where
ABH(t,) = B (t,41) — B¥(t,).

In contrast to the classical Markovian setting, the scheme depends not only on the current
value X" (t,) but also on the discrete approximation of the delay functional Y (¢,,), which encodes
the past trajectory of the process.

The continuous interpolation is defined for ¢t € [t,,,t,.1) by
XM(t) = XM(tn) 4 b(tn, X" (t0), Y (L))t — t) + 0 (tn, X (1), Y (tn)) (B2 (t) — BH(t,)).

This continuous-time interpolation allows us to rewrite the discrete scheme in an integral
form, which is more suitable for comparison with the exact solution and for the derivation of
error estimates.

Then for ¢ > 0,

X"(t) =X(0)+/O b(Ch(w), X™(Ch(u)), Y (Ch(u))) dU+/O o(Ch(u), X"(Ch(w)),Y (Ch(w))) dB" (u),
(3.10)
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where

Cy(u) = FJ h. (3.11)

Clearly, if u € [t;, t;41) then Cy(u) = t;.
The operator Cj(u) selects the last discretization point before u, ensuring that the coeffi-
cients are evaluated along the piecewise constant approximation of the trajectory.

The discrete delay functional is given by

Y(t) = i hK(t t;, X"t +t;)). (3.12)

i=—N

Equivalently,

V() = i /t | UKt Cul(s), Xt + Ci(s))) ds

_ /_0 K (t,Ch(s), X"(t + Ch(s))) ds.

This representation makes explicit the link between the exact delay term and its discrete
counterpart, and will be instrumental in the convergence analysis, where the discrepancy indu-
ced by the discretization of both the kernel and the trajectory must be carefully controlled.

3.3. Estimates for the numerical scheme

In this section, we derive a priori estimates for the numerical scheme that will be used in
the convergence analysis.

First, we introduce some technical lemmas needed to estimate | X"(t)| for 0 < ¢ < 7.

We define the function F : [—r,T] — R by

F(t)= sup |X"(u). (3.13)
u€[—nr,t]

The following result is the discrete structural counterpart of Lemma 3.1.1. It shows that

the Euler approximation preserves the incremental structure of the delay functional uniformly

with respect to the mesh size. For clarity, we defer the proofs of the lemmas to the Appendix
7.1.

Lemma 3.3.1. Let Y (t) given by (3.2). If Y(t) is the approzimation of the integral Y (t), by

Riemann sums (3.12),
-1

Y(t)= > h-K(tt, X"(t+1t)),
then ~ B .
Y (Ch(u))| < rK3(1+ F(u—h)).

Observe that the constants in Lemma 3.3.1 are independent of h. Hence the discrete de-
lay functional satisfies the same structural increment bound uniformly in the discretization
parameter.

The following lemma gives a relation between AY and AX. This relation will be used to
transfer regularity estimates from X" to the delay term.
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Lemma 3.3.2. Let Y be the approzimation defined by (3.12). Then

Y (u) — }7(7))| <rKijlu—ov|+ Kg/ |)~(h(u + Ch(s)) — Xh(v + Cr(s))|ds,

for0<v<u<T.
We next control the local discretization error between grid points.

Lemma 3.3.3. Let X"(t) be the Euler scheme given by (3.10). Then, for v € [0,T]
X (0) = XM(Cu)] £ Cw) (14 [XMCu))] + rEs(1+ F(o = b)) (v = Caf)) ",

where C(w) is a constant independent of h.

Remark 3.3.1. For all0 <i < N — 1 and C), defined in (3.11), we have

tit1 tit1 1
/ (w — Ch(u))Pdu = / (w—t;)Pdu = ——h'".
t; t;

1-p
Consequently,
t N-1 tiv1 N T
u—Ch(u) Pdu < / u—Ch(u) Pdu= ——n'"F=_——_p>b 3.14
[ o= Gutay < 32 - )= g = (314)

Lemma 3.3.4. Let X"(t) be the Euler scheme given by (3.10). Then, for 0 < v < Cj(u),
Cr(uw) B
| R G W) — Xl o)
0
Chp(u) Cp(u) _
<C(w) 1+/ ]Xh(w)|(u—w)25dw+/ F(w)(u —w) P dw
0 0

Ch(w) o [ X (O (w)) — X)) - Hep—
u—w)? zaw U r=h

Ch(u) Cn(w)  r0 | xh w (s)) — XM(Ch(z n\S))|as
ATyl LG ORI RS SCGRI DI dzdw).

(w — 2)PHL

Lemma 3.3.5. Let X"(t) be the Euler scheme given by (3.10) and for w € [0,T) define
Ch(w) (U ~
I(w) := /0 (w — Z)_B_l/ |Xh(C’h(w) + Cu(s)) = X™M(Ch(2) + Ci(s))|dsdz.
Then, for w € [0,T]
I(w) <Ci(w) (1 + F(Cp(w)) + b=, (w — Cp(w)) ™ + h(w — Cy(w)) P F(Ch(w))

Ch(w) 0 - -
+ /0 (w—2)™P7! /—c . | X"(Ch(w) + Cu(s)) = X"(Ch(z) + C’h(s))‘dsdz> :
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Lemma 3.3.6. Let X"(t) be the Euler scheme given by (3.10), z,w such that 0 < z < Cy(w),
and s € [—r,0], then

(w — 2)PH

>(1+h1 benir bR >+h1*ﬁﬁ<ch<w>> +F<ch<w>>w1*5

( _ 2)26 (u — v)ﬁﬂ

+/Och< >(w_u) 6/Och(u o

/_C " | X(Ch(u) + Ca(s)) — X (Ch(w) + Ca(s) |dsdvdu)

/wa/ [ X"(Co(w) + Ci(s) = XM(Cu(=) + Culo)]
c

<

We now establish uniform bounds for the Euler scheme. These estimates are the key ingre-
dient for the convergence analysis and rely on the previous lemmas.

Theorem 3.3.1. According to Hypotheses 1 and 3, for any ¢ > 0 and 0 < p < H there exist
ho > 0 and Q. p,p C Q such that P(Q.p,,) > 1 — ¢, and for each w € Q. pyp, b < hy and
C(w) > 0, such that
X" ()] < Clw)
and for 0 < s <t <T,
[ X"(t) = X"(s)] < C(w)(t — )"

Proof. From the Euler scheme (3.10) we have the following,
t ¢

X"(t) = X(O)+/ b(C’h(u),Xh(C'h(u)),f/(Ch(u)))du+/ o(Ch(u), X"(Ch(w)), Y (Ch(u))) dBH.
0 0

Applying inequality 1.4 to the function f(u) = o(Cy(u), X" (Ch(u)), Y (Ch(w))), we obtain

X0 <IXO)+ | O 0. KHChw). T (Cau))ld
o [ ). R o). VO,

0 uf?
+C(w)/0t/0u‘U(Ch(vah(Ch(u))aY(Ch(l(ti)t))_;;i?h(v),Xh(C'h(v)),Y(C’h(v)))|

Due to the linear growth property of b and o, the Lipschitz property of o (see Hypothesis 1
(3.5) and (3.6)) we derive

dvdu.

0] <[X(0)] + / La(1+ | R (Ch(u))] + ¥ (Co(w)) ) du

co [l |f<h<ch<u>ﬁ>| HT G,

Ly|Ch(u) = Ch(v)]
// u—v5+1 dvdu

Ly| X" (Ch(w)) — X"(Cn(v))| + LY (Ca(w)) — Y (Ci(v))]
w)/ / dvdu.

(u — U)BH
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Using Lemma 3.3.1 to control the delay term, and splitting the inner integral over [0,u] as

[0, u] = [0, Ch(u)] U [Ch(u),u], we obtain

t t
X8| <|X(0)|+ Lt + L3/ XM (u))| du+ Lor st + Lngg/ Flu—h)du
0 0

—l—C’(w)L3/ d_U+C( )L /tmdu—i-C(w)Lng?)/tmdu

ub 0 uB
L1 Ch
// | u—v5+1(>|dvdu
Lo| X"(Cy(u)) — X"(Ch(v))| + La|Y (Ch(u)) — Y (Ch(v))|
w)// (0 — o)1 dv du.

Forv € [Ch(u), u] we have Cp(v) = Cp(u), so the integral over [Ch(u), u] vanishes. Collecting
the previous bounds, and using
/t 5 tl—ﬁ
u Pdu = ,
0 1-p

1-p
B)—l—Lg/ | X" (Ch(u ))\du—FLg,rKg/ F(u—h)du

L3/ X" (C(w))] d + CyC(w) Lr Ks /t Flu—h)

we have that

XM (0)] < 1X(0)] + La(1 +rKs) (T+ O —

uB uB
/ /Ch ) Ly|Chlu) — Ca(v)] + L2|X'h<c?h(u)(i - f)’;(ﬁ@)ﬂ + LIV (Cu(w) -V (G,
Therefore,

XM(0)] < |1X(0)] + La(1 + rK) (T +C(w) ITI__Z) Ly(T 4+ C(w / wdu
+ Lar K (T° +C’(w))/ ( Flu=h) g+ o / /Ch Ll’CZ = U)ﬂff( N dda

/ /ch(u Lo| X ih_u3>)5+1Xh( )|dvdu+€ / /Ch W, ,Xh((u)_ U);(;ffjh(vmdvdu
e /0 /Och w LQ\Y(Cf(Ll(Luz)U—)BH(Ch( ol
— CBwW) A+ I+ I+ Iy + i + I + Iy), (3.15)

where C(B,w) = (L1 4+ Lo + L3(1 + rK3))(1 + TP)(1 + C3C(w)), and

Ilz/tmdu, I, = /tF(l;_— v I — //Ch |Ohu—vﬁ+$)|dd

Ch(u) h h C’h(u) h h
I = // X Ch ) - X'(w) L dvdu, I, = // XM o) = XM Gl D o,

(u— U)B+1 (u — v)B+1
Y (Cu(u) = Y (Ch(v))]
Is = / / (= v)f”l dvdu.

To estimate I3, we use Cp(u) — Cp(v) < u—v+h ifu> v, from (7.22) and Remark [(3.3.1)
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eq-(3.14)/, then is easy to see that there exists a constant C3 > 0 depending only on T and 3
such that

L 2-8 ﬁ tu— u))Pdu
h< et 5 [ e Gl P < (316)

From Lemma 3.3.4
t pCp(u) 5
I, :/ / 1X"(Ch(w)) — X"(0)|(u — v) P dvdu
0o Jo

<Ci(w )(1+ / t F(u)u'~2Pdu + F(Cy(t))hH =7
/ /ch (w) (4w /Ch(w) ‘X’h(ch( ) — Xh(’zﬂdzdwdu

(w — Z)ﬁﬂ

+/0 /Och - /ch(w/ | XM (Ch(w) + Ciuls)) — Xh(Ch(z)+C’h(s))|dsdzdwdu>_

(w=2)P*1

From Lemma 3.3.5, (7.22) and Remark [3.5.1 (3.14)]

t
I < Cy(w) (1 + [ F(u)u'=?Pdu+ F(C,(t))hH =8
0

t [Cn(w) L [ XM (Cn(w)) = X (2))|
uw—w) P zawdu
+// ( ) /0 dzdwd

(w — z)B+1

Ch(u
/ / (u—w 1+F(Ch( ))+hH*P(w7Ch(w))7f3Jrh(w—ch(w))*ﬁﬁ'(ch(w))} dwdu
Chn(u) Chr(w) 0
w=w)™’ w—z)07 X" w 5)) — X" sdzdwdu
+/0/0 (=) /O (w=2) /ch@){X (Ch(w) + Ci(s)) = X"(Cn(2) + Cn(s))|dsdzd d)

t t
< Cy(w) (1 + / F(u)u*=2Pdu + F(CL(t))hH =P8 4 / uPE(w)du + =P~ 4+ BB (1)
0 0

t Ch(u) Ch(w) | ¥h —Xh
+/ / (u—w)—ﬂ/ XHOWw) = X iy
0 JO 0

(w — 2)P+1

t Ch(u) Ch(w) 0 ~ )
+/0 /0 (“‘w>_’3/0 <w—2>‘ﬂ‘1/ | X"(C(w) + Cu(s)) — X" (Ca(2) + Cils) |dsdzdwdu>

—Ch(z)
(3.17)
For I, we use Lemma 3.3.3 and (3.13) to deduce
t Ol (1 XM(Cp ()] + 7K1+ (o — h))) (v — Ch(v))H~
I5 < 05(OJ)/ / (u—0)p dvdu
b o 4 B(Cy(v) + rKs(1 4 F(v — h))
H— h 3
< Cs(w)h p/ / (u—v)ﬁﬂ dvdu
H—p—8 H Cntw)
< Cs(w)h" PP + C(w h”// u—vﬁﬂdd
< Cs(w)hf=r=8 4 C(w)R PP E(t) (3.18)

We now analyze Ig, using Lemma 8.3.2 and the upper bound of I3 given in (3.16), we can get
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I < / /Ch<u> I, (u) — Cr(v)| + Ko [7 | X"(Ch(u) + Ch(s)) — XP(Ch(v) + Ch(s))|ds

(0= )P dvdu
<K Iy + K2/ /Ch / X (Cifu) + Chgu))_ U)ﬁfo"( )N o
<C+K2/ /ch u>/ | X"(Ch(u +Chgu))_ U);(fl(ch( >+Ch(s))|dsdvdu.

Now, from Lemma 3.3.5
Is < Cg(w) <1 + /tﬁ(Ch(u))du + pf=r /t(u — Cp(u)Pdu
+h /0 (u — Cy(u)) P F(Ch(u))du
t rCh(u) 0 . ~
+ /0 /0 (T /Ch(z) |Xh(C’h(u) + Ch(s)) = X"(Ch(z) + Ch(s ‘dsdzdu) .

From Remark [3.5.1 (3.14)]
Is < Co(w) (1 i / F(Ch(u))du+ 107 4 WS F(C (1)
t Chp(u) 0 - ~
uw—z) Pt XM Cp(u) + Ch(s)) — X"(C, Ci(s))|dsdzdu | .
e[ e [ R + o)~ RO + o) )

From Lemma 5.5.6

Is < Cs(w) <1+/ F(Ch(w)du+ h=P=PF(CL (1)) + h* P F(Ch(t)) + /Otﬁ(ch(w))wl—ﬁdw

Ch u) h
/ / |F FHCRED
(u— 2)2
e fonte X (Calw) — X (0)
_ )8
+ /0 /0 /0 (u w) (w — o)1 dvdwdu

t rCn(u) Cn(w) 0
’LL—U)_B w_v_5_1 v h w s _ ¥h sdvdwdu
+/0/0 (=) /O (w=v) /ch@,)'X (Ch(w) + Ci(s)) = X"(Ch(v) + Ch(s))|dsdvd d)
(3.19)

Using (3.15), (3.16), (3.17), (3.18), (3.19), (3.14) and from (3.13) and Equation (8) in [16],
considering H — p — 3 > 0, we can obtain

F(t) < Co(w )<1+hH PRE(t) + /twcz +/Otﬁ(u)du (3.20)

uB

—,3
/ / / (u — — U)BH dvdwdu

/ /C} (u=w)” /ch( )(w_“> ﬂl/_ch(y) | XM(Ch(w) + Cu(s)) = X"(Cn(v) + Ci(s))|dsdvduwd
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By Lemma 3.3.4 ,
/Ch(” X" (Cr(1) — X" (v)]
0

(t — U)ﬂ+1 dv

5 Cr(t) N
< Co(w) (1 + PP (1) + / (t —w) P F(w)dw (3.21)
Cr(t) Ch(w) | Yh ~h

ch(t> "t |Xh Ch(w) + C(s)) — XM (Ch(z) + Cu(s))]
of e ]

(=271

dsdz dw) .

From Lemma 3.5.6,

/ - / [XM(Ca(t) + Cu(s) = XM(Cu(0) + CuloN]
Ch(v

(t —v)B+l

< Cp(w) (1 + =P BR(t) + /Ch(t)(t —u) P F(u)du (3.22)

N /OCh(t) (t B u)_ﬁ /OC”(“) ’Xh(ch(u» - Xh(”)‘ dv du

(u — U)ﬁﬂ

(u — U)ﬁﬂ

We define the function <p( ) by
3 Cu(t) | ¥h Th
@(t) :==F(t) + / s (t (_)1)0[331( ) dv

/Ch / [XM(Ch(t) + Ci(s)) = XM(Cu(v) + Culs))|
Ch(v

(t— v)PH

dsdv. (3.23)

Summing (3.20), (3.21) and (3.22), we obtain

o(t) < Ch(w) (1 + WP BR(t) + /t u P F(u)du + /t(t —u) P F(u)du

[ [ G =X,
+/ (t—u)” ﬁ/ch ! |Xh<ch< =X g,

(u — U)BH

P [ G Gl = RO+ Gl
Ch(v

(u — U)ﬁﬂ

cnte [ X*(Cu(w) + Cu(s)) = X"(Cu(v) + Ci(s))|
—|—/0 (t—u)” / /Ch(v dsdvdu).

(u — v)5+1

Hence

(1) < Co(w) (1 4RI PR () + /0 t(u_ﬁ F(t— u)_ﬂ)go(u)du).
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By definition of o(t), we have F(t) < ¢(t). Then

@(t) < Co(w) <1 + R P (t) + /Ot(uﬁ + (t— u)’ﬁ)gp(u)du)

Since H — p— 3 > 0, we may choose hg > 0 and a set Q. p, , with P(Qe ) > 1 — € such
that for h < hg and w € S py p,

C() (w) hH_p_B S

N | —

Therefore,
o(t) < Co(w) (1 +/O (w4 (t = U)_B)w(U)dU>-

The kernel u=? + (t — u)=? is integrable on [0,t] for 3 < 1. By the fractional Gronwall
inequality (see Equation (8) in [16]), there exists C'(w) > 0 such that

sup (1) < C(w).
te[0,7)

In particular, 3
(X" ()] < C(w), Vte[0,T).

Let 0 < s <t <T. Subtracting (3.10) at times t and s, we obtain

(1) — X(s) = / b(Ca(1s), X (Ch(1)), ¥ (Ch(w))) du
+/ o(Ch(u), X"(Ch(w)), Y (Ch(u))) dBH (u).

We have established the uniform bound of X", and of Y follows from Lemma 3.3.1.
Because the coefficients b and o have linear growth, there exists C'(w) > 0 such that for all
u e 0,77,

[B(C(u), X*(Cu(w)), Y (Cu(w))] < Ls(1+ [ X" (0] +[Y (1)) < C'(w)
o (t, X"(1), Y (1))] < Ls(1 + [ X"(0)] + [Y (1)) < C"(w).

Since the integrand is bounded, we have

/b(Ch(U),Xh(Ch(U)),?(Ch(U)))du < C'(w)(t = ).

The integrand ~ -
u s o(Cp(u), X"(Ch(u)), Y (Chlu)))

is uniformly bounded. Moreover, almost surely, B is (H — p)-Hdlder continuous. Using the
fractional integral estimate, inequality 1.4, we obtain

/ o (Ch(u), X"(C(w), Y (C(w))) dB" (u)| < C(w)(t — 5)"~*.
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Combining both estimates yields
X" () = X"(s)] < Cw)[(t—s) + (t —5)"].

Since H € (1/2,1) and p > 0 is chosen such that H — p > 0, we have H — p < 1, hence
1—(H —p) > 0. Therefore, for 0 <t —s<T,

(t—s)=(t—s)d Pt —s)"H=P < TI=H=P)(t _ 5)H=r,
Consequently, for C(w) = T*-H=)C"(w), we obtain
| X" (t) — X"(s)| < Cw)(t — s)H7, 0<s<t<T.

The following corollary is an immediate consequence of Lemma 3.3.2 and Theorem 3.3.1. It
will be used in the following section.

Corollary 3.3.1. Let Y and Y defined by (4.2) and (3.12), respectively. Under hypotheses of
Theorem 3.3.1, for 0 < v <u <T,

Y (u) = Y ()| + Y (u) = Y(0)] <rKi|u— |+ rKyC(w)|u — v

3.4. Convergence of the Euler scheme

In this section, we prove that the Euler scheme introduced in Section 3.2 converges to the
solution of (3.1).
To quantify the error between the exact solution and its approximation, we introduce
increment-type quantities measuring their local discrepancies.
Denoting
Ay s(X, X’h) =1X(s) — Xh(s) — X(u) + Xh(u)\ (3.24)
and

Ay s(Y,Y) =Y (s) = Y (5) = Y (u) + Y (u)]. (3.25)

Theorem 3.4.1. Under Hypotheses 1, 2 and 3, for any € > 0, there exists hg > 0 and a set
Qe ho,p C Q such that P(Q. p, ,) > 1 — € and for each w € Q. p, , and all h < hy,

~ A,y (X, Xh Ch(y) (X, X )
. _vh v+s,y+s
Uy := sup (]X(y) X (y)H—/O (- o) d +/ /Ch(v (y — v dsdv

yE[O,T]

<C(w)h* 1, (3.26)

for B € (1 — H,1/2) and small enough p > 0 sucha that 1/2 < H — p < H, where C(w) does
not depend on h and ¢, but may depend on p.

The proof is based on controlling the difference between the exact solution and the numerical
scheme through increment-type quantities. In particular, we introduce suitable measures of local
error that allow us to handle both the fractional integral terms and the delay contribution in a
unified way. The control of the delay terms follows the structural estimate of the functional Y
given in Lemma 3.1.1, together with its discrete counterpart.

Before proving Theorem 3.4.1, we establish a sequence of technical lemmas controlling se-
parately each component of the error.
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Lemma 3.4.1. Under the conditions of Theorem 3.4.1, taking
ZMt) = sup |X(y) — X (y)l. (3.27)

y€[0,t]

Then

ZMt) < C(w)(h=r~ M/tzh( u ﬁdu+// Ay (X, XM (u —v) P dvodu

// Ay (Y, V) (u — v) P dudu).

Proof.
)< / b, X (u — b(Ch(), X (Ch(u)), T (Ch(u)))|ds
s / (o, X (), Y () — 0(Ca(us), X(Ch(w)), ¥ (Ci())))dB" ()
<L +I,+ I3+ 1+ Is + I, (3.28)
where

I - / Ib(as, X (), ¥ () — b(u, X1(u), ¥ (u))|du

(3.29)
The control of the term involving Y follows the structural estimate provided by Lemma 3.1.1,
combined with the discretization of the delay functional.
According to (3.2) (3.12) and Hypothesis 3 (3.8),

-1

(w+s))ds — Y b K(u,t, X"(u+t;))

-r i=—N

Y (u) =Y (u)] =

< / (Kils = Cu(s)| + Kol X (u + 5) = X*(u + Cu(s))]) ds
< [ (Kils = o)l + Kall Xt 9) = K ut )]+ 1K (u+5) = Xu+ Culs))
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by Theorem 3.3.1, together with inequality
[X(uts) = X (u+s)| < sup X (w) = X"(w)| = sup |X(w) — X"(w)] = Z"(u)

weE[—r,u] we(0,u)

for all s € [—r,0], we obtain

Y (u) =Y (u)] < / (Kl\s — Cu(9)] + K| X (u+5) = X"(u+ s)| + K>C(w)]s — ch<s)\H-p) ds

-

= Ch+ C(w)h" = +CZ"(u). (3.30)
Thus, from (3.29)

I < Ch+ C(w)h=r + C’/Ot Z"(uw)du. (3.31)
Now, using (3.4), we obtain the following
L < /O " Lulu — Cy(w)|du < Ch. (3.32)
By Hypothesis 1 (3.5), and using Theorem 3.3.1 and Corollary 3.3.1,
h<l [ (1) — XACH )] + 1¥ () ~ F(Cw)]) d
< Ly /Ot (C(w)|u — Cr(w) " + rKi|u — Cp(u)| + rEK>C(w)u — Cp(w)|" ) du
< Ly /0 t (C(w)h" ™ + rKih + rK>C(w)h" ) du

< Ch+ C(w)h*. (3.33)

Using the estimate (1.4), we get

( / o, X (). Y () = o, X (). Y ()],

Iy < sup C(w
y€[0,]

P [ [l XY ) - olu, X1(w), ¥ (1) = o(v, X(0),Y (0)) + o0, X'(0), V@))] du)

<Ly + T (3.34)
Using (3.5) and (3.30), we obtain,

Iy = sup C(w / o, X(w), Y(u)) ;ﬁa(u,f(h(u),f/(u))\du

y€0,t]

o(u u W) = o(u. X"(w). Y (u
g0<w>/' X(w), ())u5<’X<)’Y< o,
<ot [ BRI 0

du
uB

< C(w)h + C(w)hf = 4 C(w) /t Z"(u)u=Pdu. (3.35)

0

To estimate I, o, we use the following corollary, whose proof is given in Appendix 7.1.
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Corollary 3.4.1. Under Hypothesis 1 ((4.4) to (4.6)), if |x1|, |zal, |23l |x4| < C, for some
positive constant C', then

o (t1, 21, 91) — o (t1, T2, y2) — 0 (ta, ¥3,y3) + 0 (t2, T4, ya)|

<Lo|lxy — w9 — k3 + 24| + Li|x1 — 22||t1 — to| + Lo|xy — 22||xe — 24| + Lo|z1 — 22|21 — 23]
+ Lo|zy — 22||y2 — ya| + Loz — 22|y — ys| + Lo|yr — y2 — ys + ya| + Lilyr — vol[ts — Lo
+ Lolyr — yol|wa — ma| + Lofyr — yollz1 — @3] + La|yr — v2llye — val + Lofyr — yollyr — ysl.

Thus,
I s <C(w) /t o (u, X (u), Y (w) — o(u, X(u), ¥ (u) — o(v, X(0), Y (v)) + o0, X @), Y (@),

o (u—0)PH
<C(w) ) I, (3.36)
where N
ja /Ot /0 X (1) — X" (u) = X (0) + X"(0)|(u = v) " dvdu
I — /Ot /0 X (1) — X" () — o] (u — v)~Pdvdu
Iy = /Ot /0 X (1) = X () || () — K(0)(u = 0) P dvdu
Tho = /Ot /0 X (1) — X" )| X (1) — X (0)] (1 — v)~Pdvdu
I = /Ot /O X () — X ()||V () — V' (0)|(t — )P dvdu
b= [ [ 100 = IV ) = Y @)= ) o
I = /Ot /0 V() = V(1) = Y (0) + ¥ (0)]| (u = v) " dvdu
I = /Ot /0 V(1) = V()| — ]| (1 — v)~Pdvdu
b= [ [0 - F@IS" ) = K@= o)
ho- [ t 0 = @) = X (@) = o) v
o= [ [ 00 = F@IF @ - Y0l - o) o
I = /Ot /0 Y () — V()Y (1) — Y ()] (1 — v) " dudu.

From (3.24) and (3.25)
t u
I+ L = / / Ay (X, XM (u —v) P Ydodu + / / Ay (Y, V) (u —v) P dodu.  (3.37)
0o Jo
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By (3.27),
t U t
Ig §/ / Z"(u)(u — v) Pdvdu < C/ Z"(u)du. (3.38)
0o Jo 0
Moreover, by Theorems 3.1.1 and 3.3.1,

To+11o < C(w) /O t /O " 2 () (a—0) T dydu < () /0 2wy < COw) /O 2 (w)du.
(3.39)

From Corollary 3.3.1 and (3.27),
_711+.712—/ / X (u) — X"(w)||Y (u) = Y (0)|(u — v)# dvdu

// ZMw) (rKyJu — v| + rK2C(w)|u — v[77°) (u — v) P dvdu

<c//zh (u —v) Pdvdu + C(w //Zh )(u— v)* PP dudu
<C )/ Z"(u)du. (3.40)
Using (3.30), Theoreom 3.1.1 and Theorem 3.3.1
s+ Ls + Iig _/ / ¥ () — ¥ (w)] [Ju— o] + X (u) — K*(0)| + X () = X 0] (= )P dud
<Cw) /0 /O (h+ W10 4 Z(u)) [Ju— o] + 2(u — )] (u — ) 'dvdu
<C(w)(h+hTr + /t Z"(w)du). (3.41)

0

In the same manner, from (3.30) and Corollary 3.3.1
I+ Lig = / / ") = V() [mu) V()] + Y (1) — Y(v)|] (u — v) P Ldvdu
0 Jo
< C’(w)/ / (h+ hH=P + Z"(w)ju — v~ dudu
< C(w)(h+ k7P + /t Z"(u)du). (3.42)

0
Finally, from (3.36) and the bounds (3.37) to (3.42)

Iy < O (// Mxxh)+Avu(YY>>(u—v)ﬁldvdu+/zh<)du+h+hHﬂ).

0

(3.43)
Therefore, from (3.34), (3.35) and (3.43) we obtain
¢ ¢
I, <C(w) (h+hHP+ / Z"(u)du + / ZMuw)u P du
0 0
t u
+ / / (A (X, XM + Apa(Y, ?))(u—v)ﬁldvdu) | (3.44)
0 Jo
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Let us now return to Iy in (3.28), from (1.4),

=I5+ I5_9,

where,

Iy = [ Jo(u, X" (w), ¥ (w) — o(Culw), X (u), ¥ (u))|u~du,

I5 5 :/0 OUIU(UaXh(U)y(U)) — o(Cn(u), X" (u), Y (u)) = (o(v, X"(v),Y (v))
+ o(Ch(v), X ), Y ()| (u — v) P dvdu.

From Hypothesis 1 and (3.4),

t t
Is 1 <Ly / lu — Ch(u)|uPdu < L, / hu™Pdu < Lyh. (3.45)
0 0

To study Is_o, we split the integral over [0,u] into [0, Ch(u)] and [C(u),u]. Using Hypothesis
1, (3.4), Teorema (3.3.1), Corollary (3.3.1), (3.14) and Remark (3.3.1), we obtain

t Ch(u)
Is 5 < Ll/ / (Ju — Cu(u)| + v — Ch(v)])(u — v) P dvdu
0 Jo

* /0 /Ch(u)(|a(u’ Xh(u)> Y(“)) - U(“? Xh(v)’ Y(U))|

+|o(Cn(w), X" (1), Y () = 0(Ch(u), X" (v), Y (0)))|(u — v) 7~ dvdu
t rCh(w)
§C/ / h(u —v) ™" dvdu
o Jo
t u
+ c/ / (|u — | + | X" (w) — X"(0)| + Y (u) — f/(v)|> (u —v) P dvdu
0 JCh(u)
t u
scmﬂ+{m@/ / (20 — o] + 2 — o]"7) (u — v) P dudu
0 JCh(w)
<C(w)h' P 4+ C(w)hH =P, (3.46)
Thus, from (3.45) and (3.46) we obtain
I < C(w)h =77, (3.47)
Similarly to Is, we have for Ig that

Is < C(w)(Is_1 + Is_),
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where

I :/0 o (Cr(w), X" (w), Y (u) = o(Cr(w), X"(Cu(w)), Y (Ch(u)))|u du,

o (Cu(u), X" (u), Y (u)) — o(Ch(u), X" (Ch(w)), Y (Ci(w)))

- (a(Ch(v), X(0), ¥ (0)) — o(C(v), X"(Ch(v)), Y/(ch(v))) ] (u — v) P Ldvdu.
Using Hypothesis 1 (3.5), Theorem (3.3.1) and Corollary 3.3.1 we have,

Iy =

o1 < Lo /0 (1 X" () — XP(Cp(u))| + |V (1) — V(C(w)Ju=Pdu < Clw)hf=r.  (3.48)

Again, splitting the integral over [0,u] into [0, Cy(u)] and [Cy(u),u], from Hypothesis 1 (3.5),
Theorem 8.3.1, Corollary 3.53.1 and (3.14), we have

Ioa < / t / o (103w, (), ¥ () — 0(Co(u), TG (), (Ca(w))
£ 10(Ch (). X4(0). ¥ () — 0(Ci(w), X*(Co(w)). V(CL )] (u— ) dud
+ /t /Cz . |0(Ch(u),)~(h(u),)7(u)) — J(Ch(u),)zh(v),f/(v)ﬂ(u — v)_ﬁ_ldvdu
<o [ [ €40 - R+ 1F ) - @)
F XM (0) — X))+ [T () = V(Cu))]] (u — 0) dvdu
Ly /Ot /C:(u) [1X%() = X0+ ¥ () — ¥ ()] (u — v) > dudu
< C(w) / t / O e ) — ) dud

+ C(w / / [lu—v| + |u— o] (u—v)P~dvdu
Ch(u)
< C(w)h=P7F 4 C(w)h'*. (3.49)
Therefore, from (3.48) and (3.49)
Is < C(w)hH=r7F, (3.50)

Summarizing, from (3.28), (3.31), (3.32), (3.33), (3.44), (3.47), (3.50), for w € Q. p,, (see
Theorem 3.3.1), and recalling that 1 — H < < % and that p > 0 is sufficiently small so that
H — p— 6 > O;

t t
ZMt) < C(w) <h+hH‘p+h1‘fB+hH P 5+/ Z"u )du+/ ZMu)u P du

t u
+// Ay (X, X" (u —- 1dvdu+// v (Y, Y)( —h- 1dvdu)
o Jo
t
< C(w) <hH_p_/B+/ Zh(u)u_ﬁdu+/ / Ay (X, XM (u — v) P dvdu
0 o Jo
t u
+// Awu(Y,}})(u—v)_B_ldvdu). (3.51)
o Jo
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t u
We continue our analysis by studying the term in (3.51), / / Ay (YY) (u—v)"""dv in
0
the following Lemma.

Lemma 3.4.2. Under the hypotheses of Theorem 3.4.1. Let A, (X, XM and Ay (Y, Y) given
n (3.24) and (3.25), respectively, then

/Ot /Ou AU,U(Y, ?)(U — U>_ﬂ_1d1jdu SC(w)hH—P—ﬁ -+ C(W) /Ot Zh(u)du + C’(w) /Ot /{(u)du7
(3.52)
where

Ch ~
— / / (u— ) P A s (X, XM dsdo. (3.53)
Ch(v

Proof. We combine the structural properties of the functional Y from Lemma 3.1.1 with the
discretization errors introduced by the Euler scheme.
From (3.25)

AM(Y,?)g/_ K (5, X (u+ 5)) — K (1, Cr(s), X(u + Ch(s)))
— K(v,5,X(v+5)+ K(v,Ch(s), X"(v+ Cy(s)))|ds,

by properly applying Corollary (3.4.1) to the function K, we obtain

/ A (Y, V) (1= )y < ci Mi(u), (3.54)

where

0
lu —vl|s — Ch(s)|(u — v) P dsdv

0

lu— || X (v 4 5) — X" (v 4 Ch(s)|(u — v) P Ldsdv

’ X(u+s)—X(w+s)— X"(u+ Ch(s) + X (v + Ch(s))|(u — v) P dsdv

0
X (u+5) — X(v+8)||s — Cu(s)|(u—v) P dsdv

||
O\JNNNN

.
.
/ = wll Xt ) — X+ ool — v)Hdsdo
.
.

/0 /_ X(uts) = X0+ 8)||X 0+ 5) — X0 + Cn(s))|(u — v)~Ldsdv
:/0 3 |X(u+s)—X(v—|—5)|\X(u+s)—Xh(u—i—C’h(s))Ku—v)"g’ldsdv. (3.55)

For My we have,

M (u) < hr/ (u —v)Pdvdu < Ch. (3.56)
0
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From Theorem 3.3.1 and recalling that X (s) = X"(s) for —r < s <0, as both correspond to the
initial condition, and following the analysis on the different subintervals as in Lemma (3.3.5),
we obtain

M (u) < /Ou(u )P /0 []X(v + ) — XM+ s)| + | XM+ s) — XP(w+ Ch(s))|] dsdv

-

< [fw-v | "2 + sydsdv + [ [ o4 9 - s+ sl

—v

+/—ch<u) HX}L(”JFS)_Xh(0)|+|Xh(0)—¢(v+0h(s))u e

v

; /0 X <v+s>_5<h<v+ch<s>>|ds}dv
<c/ V=8 25 (0)dv + C(w) /Ou(u—v)_ﬁ{/_U(S—C’h(s))H_pds

r
0

" / ey - o s [ (s s a

—Chr(v)
<CZ"(u) /u(u —v)Pdv 4 C(w)h /u(u — ) Pdv
<CZ"(u) + C(w)h" =+, (3.57)

Analogously,

Ms(u) < /u—v —# [|X u+ ) X’h(u+s)\+\)~(h(u+s)—)~(h(u+0h(s))\]dsdv

<CZ"(u) + w)hH P, (3.58)

From Theorem (3.1.1) and since H — p — 3 > 0,

M;(u) < h/ou(u — )Pt {/_u |p(u + 8) — d(v + s)|ds
+ /_ X+ 5) = X(0)] +1X(0) ~ 60+ 8)lds + [ [X(ut ) = X(0+5)lds| o

< Clw)h /0 *(u = 0) 4w — )T Pdy < C(w)h, (3.59)
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We now study Mg. With an analysis similar to that used for M,

Me(u) < /Ou(u . [/_u |o(u+ s) — Pp(v+ s)||p(v+ s) — d(v+ Cr(s))|ds

[ X 9) = XO+1X(0) — oo+ 5)) oo +5) = o0 + Culs)lds

u

Ch(v)
+/ | X(u+s)— X+ s)|[|X(v+s)—X(0)]+|X(0) —o(v+ Cr(s))|] ds

0

+
—

o )|X(u+s) — X(v+9)| [|X(v+s) — XMoo+ )|+ | X"(v + s) —f(h(v+Ch(s))|H dv

() /0 “(u— )1 [ /_ Tu(u o) Hr(s — Ci(s)) T Pds + /_ uv 21 — v (s — Cy(s))7* ds

IN
Q

—Ch(v)
+ /_v (u — )" P[(v — Ch())T7 + (s — Cy(s))"*]ds
+ /_Ch(v)(u—v) PIZ"(v+s) + (s — Cu(9)) ]} dv
(3.60)
Hence,
Mg(u)du < C(w)h=F + C(w) Z" (u). (3.61)
Analogously to Mg(u),
M;(u) < C(w)h=* + C(w) 2" (u) (3.62)
To study My(u), we introduce the following notation
T(u,v,5) = |X(u+s5)— X(v+s)— X "(u+ Ch(s)) + X" (v + Ch(s))]. (3.63)

Then, by splitting the interval [—r,0] into subintervals we get

U 0
= / / T (u,v,s)(u—v) " dsdv
Ch( o —u
/ / T (u,v,s)(u—v)"" ldsdv—I—/ / Y (u,v,s)(u—v) " tdsdv
Ch(u
Ch Ch Ch
/ / Y (u,v,s)(u—v)"~ 1d$dv~|—/ / Y (u,v,s)(u—v) P dsdv
0 u Ch u
Ch(u 0 u 0
/ / (u,v,$)(u—v) Bldsdv+/ / (u,v, 8)(u —v) " dsdv
0 Ch(u Ch( Ch(u

h

=

+

_I_

=" A(w). (3.64)

=1

We consider each of these cases separately.
Case 1: (A; and Ay) We have 0 < v < wu and —r < s < —u. Then u+ s, v+ s, u + Cp(s)
and v + Cp(s) are non positive; thus

T(u,v,8) =|d(u+s)—d(v+ ) — d(u+ Cr(s)) + d(v + Cr(s))].
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Using the Hoélder continuity of ¢ we obtain

Ch(u) —u
= / / (u—0) " Hp(u + 5) = d(u+ Cu(s)] + [d(v + 5) — ¢(v + Cu(s))[Jdsdv

/ o / 3195 — Oy (s))TPdsdv
<C(w)hf=r /OCh(u)(u — )y
<O (1 — Ch () (3.65)

and

< /u /_“<u —0) P o(u+ 5) = (v + 5)| +[6(u + Ci(s)) — (v + Cu(s))||dsdv
Ch(u) J—r

<C(w / / P2y — ) Pdsdv
Ch(u

gC(w)/C()(u v)H=P=F1dy
<C(w)(u — Cp(w)"="

<C(w)hf=r=5, (3.66)

Case 2: (A; and Ay) We have —u < s < —Cjp(u), hence u+ s >0 and u + Cp(s) < 0. Then
|u 4+ Ch(s)| = —u — Ch(s) < s — Ci(s). For Az, we have 0 < v < Cy(u), then v+ s < 0 and
v+ Ch(s) < 0. Consequently,

T(u,v,8) =|X(u+s)—o(v+s)—od(u+ Cr(s)) + d(v+ Cr(s))l.

Theorem 3.1.1 and the Hélder continuity of ¢ implies
Ch Ch(u)
<[ [ w0 X ) - XO)]+ 6+ 5) — 6o+ Cul)
0 —u
+1X(0) — ¢(u+ Ch(s))|]dsdv

Ch(u Ch
/ / —B- 1[(u—|—s)H P+ (s C’h<5))H—p+ ‘U+Oh(5)|H_p]d8dv
CVh Ch
“ u—0)""" [(u— Ch(u) " s — Cu(s)"7*] dsdv
)/0 /u ( )7 [(u = Cr(u)" =P +2(s — Cy(s)) ] dsd
Ch(u
SC(W)hH’JH/ | )(u — ) dv

0

<CO(w)hT=P T (y — O (u)) 7. (3.67)

Now, we divide the integral in A4(u) as follows
—v Ch(u
/ / u—v) 'BlTuvstdv—l—/ / (u—v) P71 (u, v, s)dsdv
C’h(u —u Ch(u
=As1(u) + Ag_o(u). (3.68)
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For Ay 1(u), Ch(u) < v <uand —u < s < —v, thenv+s <0 and v+ Ci(s) < 0, since
Ch(s) < s. Analogously to As(u),

Aga(u) < /Cu )/_v(“ —0) X (u+ 5) = X(0)] + (v + 5) — ¢(v + Cu(s))]
+[X(0) — ¢(u+ Ci(s))|] dsdv

<C(w) /C“( )/__v(u —0) P (w4 )" 4 (s = Cu(s)" 7 + |[u+ Cr(s)|" ] dsdv

/c o / w=0) 7w = Cu(w) "0 + (s = Ca(s)) "0 + (s = Ca(s)) " ]dsdv
<Ol p/c W Pdv < C(w)h=(u — Cy(u)' ™ < Clw)hT=rH7. (3.69)

For Ay o(u), C"(u) < v <u and —v < s < —Cy(u), then v+ s >0 and v + C"(s) <0 then
T(u,v,8) = [X(u+s) = X(v+s) = d(u+ Cils)) + (v + Cu(s))l
<X (uts) = X(v+5)[ +[o(u+ Cu(s)) — d(v + Cu(s))] < Clw)(u — ).

Hence,
u —Ch(u)
Ay o(u) < C(w) (u— U)H_p_ﬂ_l/ dsdv < C(w)h=rP, (3.70)
Cr(u) —v
Thus, from (3.68), (3.69) and (3.70),
Ay(u) <C(w)hf=r=P, (3.71)

Case 3: (A; and Ag) We have 0 < v < w and —Ch(u) < s < 0, then u+ s > 0 and
u+ Cr(s) > 0. We divide the integral in As(u) as follows,

Ch(u) Ch(u) Ch(v
/ / I (w0, 5 dsdv+/ / BT (u, v, 5)dsdv
Ch(u

Ch(u
+/0 /—c ( )(u —0) P (u, v, 5)dsdv
:A5,1(U) + A5,2(U> + A5,3(U). (372)

For As_1(u), —Ch(u) < s < —uv, thenv+s <0 and v+ Cy(s) < 0. From Theorem 3.3.1, (3.27)
and the Holder continuity of ¢

T(u,v,5) = |X(u+s)— v+ s) — X"(u+ Ch(s)) + d(v+ Cu(s))|

X (u+s) = X"+ s)| + [ X (u+ s) = X (u+ On(s)| + [6(v + 5) = d(v+ Cu(s))]
ZMu+s) + C(w)(s — Cp(s)) 7
Therefore, by Cp(u) —v < u — v,

<
<

Ch(u
u—0) “ZMu + s w)(s — s Pldsdv
A < [ /w 2w+ 5) + Cw)(s — Cal(s))"Idsd

Ch(u)
<[Z"(u) + C(w)hH ) / (4 — v)~dv

<CZ"(u) + C(w)h*. (3.73)
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For As_5(u), —v < s < —Cp(v), then —Ch(u) < Cp(s) < —v < s < —=Cp(v). Thus, v+ s >0,
v+ Ch(s) <0 and |v+ Ch(s)| = —v — Ci(s) < u —v. Hence,
T(u,v,8) = |X(u+s)—X(w+s)— X" u+Chis)) + d(v+ Chls))|
<X (uts) = X(v+s)| + [ X"(w+ Cu(s)) = X"(0)] + [X"(0) = (v + C"(s))]
< Cw)(u—v)"7" + (u+ Cu(s))" ™ + v+ Ci(s)[" 7]
< CO(w)(u—v)Hr.

Then
Ch(u Ch(v
As_s(u) <C(w / / )PP dsdw
<hC(w )/ oy,
0
<C(w)h. (3.74)

For As_s(u), —Ch(v) < s <0, thenv+s >0 and v+ Cy(s) > 0, by the definition of T given
n (3.63)

T(u,v,8) =|X(u+s)— X+ s)— X"(u+ Cu(s)) + X (v + Cu(s))|
<|X(u4s)—X(w+s)— X" u+s)+ X (v +s)|
+ | X" (u+ 5) — X" (u+ Ch(s))] + | X (v + Ch(s)) — X"(v+ s)]
Ay psuts (X, X") + [ XM+ 5) = X" (u+ Cp(s))| + [ X" (0 + Cu(s)) = X"(v + 5)].
By the definition of k given in (3.53), Theorem 8.3.1 and (3.9)

Ch(u) N N
Aocafw <)+ [ [ e S ) - Rt Coto)
+ | X" (v + Ch(s)) — X"(v + s)|]dsdv
Cp(u) 0
<r(u) + C(w)hH_”/O /_C ( (u —v) P dsdv

<r(u) + C(W)h" P (u — Cy(u)) ™" (3.75)
Hence, from (3.72), (3.73), (3.74), and (3.75), we obtain
As(u) <CZ"(u) + C(w)h™" + k(u) + C(W)RT P (u — C"(u)) 7. (3.76)

For Ag, —Ch(u) < s <0 and Cr(u) <v <u, thenv+s>0 and v+ Cy(s) > 0. Then,

T(u,v,5) < |X(u+s)— X(w+s)| +|X"(uA+ Ch(s)) = X" (v + Ch(s))] < Cw)(u—v)H7.

Hence,

t U 0
Ag <C(w) / / / (u — )P (u — v) T Pdsdvdu
Ch(u) J=Ch(u

/ / H PP dvdu
Ch(u)

w)h=r=F, (3.77)
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Using the equality (3.64) and the inequalities (3.65), (3.66), (3.67), (3.71), (3.76) and (3.77),

we obtain

My(u) < CZ"(u) 4+ C(W)RF 7P 4 k(u) + C(w)h =P (u — Cy(u))~". (3.78)

In summary, from (3.54)

/Ot /Ou Ay (YY) (u = v) P dvdu < ci /Ot M;(uw)du (3.79)

and by bounds (3.56) to (3.62) and (3.78), together with (3.14), we obtain the result (3.52).

Let us now study [ Ay, (X , X" (u—v)"#"1dv in the following lemma.

Lemma 3.4.3. Under the conditions of Theorem 8.4.1. Let 0 < v < u < T and A, (X, Xh)
be given in (3.24), defining

0(u) ::/ Ay (X, XM (u—v) P Lo,
0
then

b(u) < C(w) (hﬂ-p-ﬁ s [(2) 4 006) + n(s) = 5) s+ [ 2Ms)(u— s>-2ﬁds) .

0 0

Proof. Let 0 <v <u<T, by (1.4),

( / 0(5, X(5), Y (5)) — 0(Ca(s), XH(Ca(s)), F(Cals)))](5 — v)Pds

/ / 05, X(5), Y (5)) — 0(Ca(5), XM(Ci(s)). Y (Cals)))
(2, X(2). Y (2)) = 0(Cu(2), KM(Ch(2)). T (Cu(2)) (s — )~ dzds).
(3.80)

Then

u 9
0, = / Ay X, XM —0) P do <> (3.81)
0

=1
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where

Jo(u) = / / [0(Ci(s), (), ¥ (5)) — 7(Ci(5), X" (Cn(5)), ¥ (C()))) (s — v) Pds(u — v) =",
/ / / (s, X(5), Y () — (5, X"(s), Y (5))
~ (0(2.X(2),Y(2)) — o (2 Xh<z>,ff<z>>>|<sfzrﬂfldzds(ufv)fﬂfldv,
el / / / (s, X" (5), Y (5)) = 0(Ci(s), X" (5), Y (5))
— (0(2, X"(2), ¥ (2)) = 0(Ca(2), X(2). ¥ (2)))I(5 — 2)~# dzds(u — v) 7L,
Il / / / (0(C(s), X"(5), Y () — o(Cn(s), X"(Ci(s)), Y (Cu(s))
— (0(Cn(2). X

"(2),Y (2)) = 0(Ch(2), X" (Cw(2)), Y (Ci(2))))|(s — 2) 7 dzds(u — v) "7~ dv.
(3.82)

(Cn(z

From Hypothesis 1 (3.5), changing the limits of integration and (3.30), we obtain for Jy in
(3.82)

) < LQ/ / (1X(s) = X"(s)| + [V () — V(s)])ds(u — v)~*~1dlw
// (Z"(s) + h + h=P)ds(u — v) P Ldv
< C(w )/0 (Z"(s) + h+ B P)/O (u —v) P tdvds
< C(w) /0 " 20 () (u = $)Pds + C(w)(h+ hT). (3.83)
and
Jo(u) < Ly /Ou /u s — Cp(s)|ds(u —v) P rdv < Llh/ou(u —v)Pdv < Ch. (3.84)
By Theorem 3.9.1 and Corollary 3.3.1,
)<L [ [R5 = FHCU + 7(5) = V(Culs)l)ds( =)o

/ / W)™ 4 r K h + C(w)hP)ds(u — v) P~ tdv
w)(RT=7 + h). (3.85)
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For the next calculus, recall that

/s(s —0) P (u—v) P rdv < Colu — s)72, (3.86)

where Co = [ (14 y) P~y Pdy.
Using Hypothesis 1 (3.5), (3.30), (3.86) and since 5 < 1/2, we obtain

Jy < LyCO / / (1X(s) = X"(s)| + Y (s5) = Y(5)])(s — v) Pds(u — v) P dv
/ / )+ K h+ Ky Z"(s)) (s — v) Pds(u —v) P do
/ / Z"(s v)Pds(u —v) P dv 4 C(w)h /Ou /vu(s —v)Pds(u —v) P dv
< C(w) /0 h(s) /O (5 — v)~P(u — v)P~1dvds + C(w)h /0 N — 0Py
< C(w) /0 " ) (u — 8)Pds + C(w)h, (3.87)

We estimate J5 similarly to how we obtained Jy, and Jg similarly to how we obtained Js,
then

Js < C(w)h (3.88)
and
Js < C(w) (R + h). (3.89)

To study J7, we apply Corollary (3.4.1), then

Jr < C(w Z . (3.90)

X (s) — X"(s) — X(2) + X"(2)|(s — 2) P dzds(u — v) P dv,

[

i — /0 / / X (s) — X(8)[]s — 2|(5 — 2)~Ldzds(u — v)~P~1dv,
[ e = 2ol [[86) - X+ 160 - X ()

Y (s) =Y (2)|+|Y(s) = Y(2)|| (s — 2) P tdzds(u — v) P dv,

Y (s) = Y(s) = Y(2)+ Y (2)|(s — 2) P dzds(u — v) P dv,

Y (s) =Y (s)] [IS =2+ [X"(s) = X"(2)] + X (s) = X(2)]

Y (s) = Y(2)|+|Y(s) = Y(2)|| (s — 2) P dzds(u — v) P dv.
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By (3.24) and changing the limits of integration, we write
Jro1 = /u /S AL (X, X)(s — 2)P1 /Oz(u — )P Ydvdzds
/ / u—2)PAL (X, X)(s — 2) P dzds
< /0 (u — s) / A, (X, X)(s — 2) P dzds

:/ (u — s)"P0,ds,
0

h(s) / (s — 2) Pdzds(u — v) P du
<[ / " () (s — v)'Pds(u — v) P dv

< c/ou Z"(s) /Os(u — )P dvds

< 0/0u ZM(s)(u— s)Pds.

and

o
[\
O\é
@\:
N

Due to Theorem 3.53.1, Corollary 3.3.1 and (3.9),

Jr—g < C(w / / / Z"(s s—z)H_p—l—QrKl(s—z)+2rK2(s—z)H_p}
s —2) P dzds(u — v) P do

x (
/ / Z"(s / (s — )PP dzds(u — v) P 1dv

<) [ 2 s

Using Theorems 3.1.1 and 3.3.1, Corollary 3.3.1 and (3.30); and calculations analogous to those
done for J;_3, we get

Jr_5 < C(w) /“ /“ /s[h + R - ZM8)](|s — 2| + |5 — 2|H7P) (s — 2) P dzds(u — v) P dw
/ / 7 (s / 2125 dzds(u — v) P dv + C(w)h?
Cw) / h(s)(u — s)~Pds + C(w)hT .
0
Now, we study the term J;_y, similarly to J;_1, by (3.25)

J7_ 4—/ / ZSYY )(s—2z)" _1/ (u — v) P dvdzds

_/0 (u— 5) /AZSYY)( ) dzds. (3.91)
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Recalling the calculation made in Lemma 3.4.2, applying the inequality (3.79) to fos A, (Y, Y)(s—
2)7P~1dz, we have

7

Jra < /Ou(u —5)7" Z M;(s)ds,

=1

where M;(s) are the corresponding integrals given in (3.55).
Using the bound found in (3.56) to (3.62), we obtain

/Ou(u — 8) M, (s) + My(s) + Ms(s) + Ms(s) + Mg(s) + Mz(s)]ds < C/Ou ZM(s)(u — s)Pds 4 C(w)h’
(3.92)
We will study now [ (u— s)"?My(s)ds, from (3.78),
/Ou(u — 8) P My(s)ds < /Ou(u —8)P[CZ"(s) 4+ C(w)h TP 4 k(s) + C(w)h (s — Cu(s))P]ds,
(3.93)

where k(s) is defined in (3.53). We will study the integral of the last term in (3.93),

u Ch(u) w
/0 (u—8)P(s — Ch(s))Pds = /0 (u—s)_ﬂ(s—C’h(s))_’gds—l—/ (w—5)"P(s — Ch(s))Pds

Ch(u)

From the proof of Lemma 2.2. in [16], we have that

Ch(u)
/ (u—5)"P (s — Ch(s))Pds < Ch™".

Now
/ (u—5)"P (s — Ch(s))Pds < h_ﬁ/ (u—s)Pds < Ch™P(u — Cy(u)) = < Ch=2.
Ch(u) Ch(w)
Hence, we obtain that
/ (u—s)"P(s — Ch(s))Pds < Ch™. (3.94)
0

Therefore, from (3.93)
/u(u — ) P My(s)ds < C’/u Z"(s)(u— s)Pds + /u k(s)(u— s)Pds + C(w)h" =77 (3.95)
0 0 0
Hence, from (3.91), (3.92) and (3.95), we obtain
Jr_g < C(w)RH PP 4 C’/u ZM(s)(u — s)Pds + /“ K(s)(u — s)Pds.
0

0

Finally, from (3.90)

Jr <C(w) (hH—ﬂ—ﬂ + /0 ' 0,(u—s)Pds + /0 ' ZM(s)(u— s)Pds + /O ' k(s)(u — s)—ﬂds) .
(3.96)
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We now study Js,

K / //mxh 7 (5)) — o(Cils), X(5), V(5))
~ (o

(2, X" (2 ~<>>—a<c*h<>xh< V(@)I(s — ) deds(u — v) 7 dv

Ch( s)
< CO(w /// dzdsdv—l—/ // - dzdsdv]
Ch(s

C(w)[Js-1(u) + Js—a(u)].
By Hypothesis 1, (3.4) - (3.6),

Joa(u / / /Ch(s 05, X4(5), V(5)) — 0(Ca(s), X(5), ¥'(5))

ZX’%)Y/( ) = o(Ci(2), X"(2), Y (2)))l(s = 2) 7 deds(u —v) 7 dv
/ / / |s—ch< )+ [z = Cul2))(s — 2) 2 dzds(u —v) P du
/ / / = o st — o)

o] )

s — Cp(s))Pds(u —v) ™" tdv,

| /\

I/\

| /\

making the change of variables and using the inequality (3.94),

Js_1(u <Ch// v) P du(s — Cp(s))Pds
<Ch/0 (u— )P (s — Ch(s))Pds
< Ch'7P,

To bound Js_o(u), by hypothesis 1 and recalling that if z € [Cy(s), s], then Cy(z) = Ch(s)

Jo ol ///C o5, X(5), ¥ (5)) — o(Ca(s), X" (), ¥'(5))

(2),Y(2)) = a(Ch(s), X"(2), Y (2)|(s — 2) P Ydzds(u — v) P dv

< /0“ /u /CS( )(S - Z)_ﬁ—l(u — v) 5_1[|0'(S,Xh(s),f/(s)) _ O-(S,Xh(Z),Y/(Z>>|
+ lo(s, X"(2),Y(2)) — 0(z, X"(2), Y (2))]
+[0(Ch(s), X"(2), Y (2)) = (02, X"(2), Y (2)) | dzdsdv
= C/O /c ( )HS —+ ’Xh(s) N Xh(z)| + D}(S) - Y/(Z)”(S - Z)iﬁil(u - U)fﬁfldzdsdv
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and from Theorem 3.3.1 and Corollary 3.3.1

Js_o(u) < C(w /// VH=P=P (4 — )P dzdsdu
Ch(s
/ / (s — Cr(s)="7F(u — v) P dsdv

< <>thﬂ/<u v) v
< C(w)hH=r=F,

Hence, we obtain that
Js < C(w)hf=r=5, (3.97)

Similarly to Jg,

Jo < Ofw ///loch ).V (5)) = o(Ci(s), X(Ch(s)). ¥ (Ch(s)))
2), X1(2),Y(2)) = 0(Ci(2), XM(Cu(2)), Y (Cul2))) (s — 2) 7 dzds(u — ) do

Ch(s)
/// dzdsdv—i—/ // -dzdsdv
Ch(s

C(w)[Jo-1(u) + Jo—a(u)],

u pu pCh(s) B B B B
Joa () = / / 0(Ch(s), X"(s), ¥(5)) — 0(Ca(s), X(Ch()). V' (Ca(s)))
— (0(Cu(2), X"(2), Y (2)) = 0(Ci(2), X"(C(2)), Y (Cu(2)))I(s — 2) " dzds(u — v) ™" dv

Sc/ou/vu OCh(S)[’S_Oh(S)lH_p+|Z_Ch(z)|H_p](S_Z)_ﬂ_ledS(u—U)_ﬁ_ldv
SChH_p/Ou/Uu Och(s><s_Z)_ﬁ—ldzds(u_v)_ﬂ_ldv
< Cpi=r—?
and
Joal / / /c $),Y (5)) = o(Ci(s), X"(Ci(5)), Y (Ca(s)))
) f“ )) = o(Ca(2), X (Ch(2)), V(Ch()) (s — 2) " dzds(u — v) " do
// /Oh 10(Ch(s), X"(5),Y(s)) — a(Ch(s), X"(2), Y (2)|(s — 2) P tdzds(u — v) P dv
=0 / / /C )M = v) P dzdsdo
< (J hH p=B.

Thus,
Jo < C(w)hH=r75. (3.98)

23



CAPITULO 3. EULER-MARUYAMA SCHEME FOR SFDES DRIVEN BY A FRACTIONAL BROWNIAN MOTION

In summary, by (3.81) and bounds from (3.83) to (3.85), (3.87) to (3.90), (3.96), (3.97) and
(3.98), we obtain that

O(u) <C(w) (thﬁ + /Ou Z"(s)(u— s)Pds + /Ou Z"(s)(u — s)"*Pds + /Ou 0(s)(u — s) Pds

+ /Ou K(s)(u — S)_Bds) :

Hence, we obtain the result.
We will study now & (u).
Lemma 3.4.4. Under hypotheses of Theorem 3.4.1. Let 0 < u < T and k(u) defined by (3.53),

w(w) < C(w) (hH—P—ﬁ + / "(Z27() + 0(s) + K(5)) (u — $)Pds + / " (s)(u— s)—%ds) |

0 0
Proof. We follow the proof of Lemma 3.4.3, calculous are similar except some technical changes.
From (3.80) and (3.81),
u+s

Ayiss (X, X") S/ b(w, X (w),Y (w)) = b(Cr(w), X"(Cp(w)), Y (Cr(w)))|dw

v+s

" / / o (w, X (w), Y (w)) = o(Cy(w), X"(Ch(w)), Y (Cp(w)))

—(0(2,X(2), Y (2)) = 0(Ca(2), X"(Ci(2)), Y (Ci(2)))|(w — Z)_’B_ldzdw> :

Then
/Ch u)/ A s (X, XM (= 0) P <Y T, (3.99)
Ch(v =1
where
Ch(u) u+s - ~
:/ / (u—wv _1/ |b(w, X (w),Y (w)) — b(w, X"(w),Y (w))|dwdsdv,
0 —Ch(v) v+s
Ch(u) 0 u+s
= u—v) Pt w, X"(w),Y (w)) — hw,th,~w wasdv,
L et ), ¥ ) b w), K1), ¥ ) s
Ch U) u+s
(u—wv)""~ w), X" (w),Y (w))—
w= [ / =) (), X ), ¥ ()
— b(Ch(w), X"(Cy(w)), Y (Ch(w)))|dwdsdv,
Ch(u) s
/ [ [ ot (). vw)
o(w, X" (w),Y (w)))(w — v)Pdwdsdv,
~ Ch(u) 0 u+s B B
B =cw [ [ e [ et £, V)

— o(Ch(w), X"(w),Y (w)))(w — v)Pdwdsdv,

o4
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/Ch u)/ch(u /J:Sl (Cr(w), X"(w), Y (w))

o (Ch(w), X"(Cr(w)), Y (Ch(w))))(w — v) Pdwdsdv,

Ch (u) u+ts pw . i

/ /Ch(v u—0) / ]U w, X(w),Y(w)) —o(w, X" (w), Y (w))
(2)) = o(2, X"(2) ~(Z)))|(w 2) P Y dzdwdsdv,
Ch u) ut+s pw
u—v) o(w, X"(w),Y (w)) — o(Cy(w), X" (w),Y (w
/ /Ch('u / | X Y( )) (Ch( )7X( )aY( ))
— (0(2, X"(2), Y (2)) = 0(Ca(2), X" (2), Y/(2)))|(w 2) P dzdwdsdv,

/Ch u)/Ch(v T 1/? i 0/(Cp(w), X (w), ¥ (w))

— 0(Ch(w), X"(Cr(w)), Y (Ch(w))) — (0(Ch(z), X"(2), Y (2))
— o(Ch(z ),Xh(C'h( ), (C’h( IN|(w — 2) Pt dzdwdsdv. (3.100)

From Hypothesis 1 and (3.30), changing the limits of integration

< C(w) / ' JRCE| X (w) = X w)| + ¥ (w) — ¥ (w)|dwdsdo,

< C(w) /0 124 (w) + B /w 0_ /_ ts(u )P dudsduw

< Cw) / " (w)dw + C(w)hF . (3.101)
and
. w—ov) Pt " w — Ch(w)|dwdsdv < Ch. .10
</ /cw,( 7t [ = G s < (3.102)
Also,

Ch(u ut+s ~ - -
/ o [ - X + () = Vol
W)l (3.103)

Similarly to (3.87), using the change of variable, the inequality (3.86) and 8 < 1/2, we obtain
<cw [ [ (a0t / X (w) = K@)+ ¥ () — T @) Jw — v) P dwidsdo
< C(w) /Ou[zh(w) + hH7] /Ow /0) { }(u — )P (w — v)Pdsdvdw
< C(w) /Ou ZMw)(u — w) P dw + C(w)h" 7. (3.104)

Analogously to Jo(u) and Js(u), we obtain
Js(u) < Ch and Jg(u) < C(w)h 7. (3.105)
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26

To study J, we apply Corollary (3.4.1), then

ey (3.106)
k=1

_ /Ch /OC (1 — )1 /T /j X (w) — X (w) — X (2) + XM(2)|(w — )P~ dzdwdsdo,
= /OCh /Och (u—v) 1/1::5 /:S X (w) — X" (w)||w — 2|(w — 2) P Ldzdwdsdv,
a= [ s [ - R 84 - 24

V) () . Fe) )] ) V()] (0~ 2)* dedudsdo,
_ /Och /OC (1 — )~ 1/? /j V(W) = V(w) = Y(2) + V(2)|(w — 2)* dzdwdsd,
=M C =0 [ ) = P [l -l + 14w - 22)

=~

+X (w) — X(2)| 4+ [V (w) = Y(2)| + Y (w) — Y(z)q (w — 2) P dzdwdsdv.

By (3.24) and changing the limits of integration, we have

Jr 4 </ / u—) / / aan( X, X — 2) P dzdwdsd,
—v +s +s
0
/ / 2ao( X, X / / v)_ﬂ_ldvdsdzdw

< C/ / (w — Z)_B_lAz,w(X, X) (u — 2z + s)Pdsdzdw
0 0 w—u

SC/ / Az7w(X,)~()(w—z)_5_1dzdw
o Jo

C | f0(w)dw

0

Also,

Jr_ 2</ / u—v) 6/ X (w) — X™Mw)||w — z|(w — 2) P dzdwdsdv
v+s v

+s

0
—/ ZMw )/ w—2z)"" / (u — v) P dvdsdzdw
0 w—u J —s

SC’/ ZMw)dw.
0
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Due to Theorem 3.8.1, Corollary 3.3.1 and (3.9),

Jr s < C(w / / u—v) / / Z"M(w — z)HP =1 dzdwdsdv
+s +s
:C(w)/ Zh(w)/ (w—z)Hpﬁl/ / (u —v) P dvdsdzdw
0 0 w—u J —s

<Cw) /0 " I (w)duw.

And similarly, from Theorems 3.1.1 and 3.8.1, Corollary 8.3.1 and (3.30)

Jr_s < C(w / / u—v) / / [Z"(w) + AP (w — 2)H PP dzdwdsdv
—v +s +s
—c@) [ 124w+ 1] [ w2y / [ s
0 0 —u J—s

<C(w) /Ou ZMw)dw + C(w)h" 7.

Now we study J;_y, similarly to Jo_y, by (3.25)

Jr_ 4</ / u—v) / / A, (Y, V) (w — 2) P dzdwdsdo,
+s +s
SC’/ / ALY, V) (w — 2) P dzdw
0o Jo

< C/ (u— w)ﬁ/ ALY, Y)(w — 2) " dzdw.
0 0
The last bound of J._, is equal to the bound (3.91) obtained in Lemma 3.4.3 for J;_4 . Hence,

Jr_y < Clw)hH=r=8 4 /“ ZMw)(u —w)Pdw + C(w) /O“ k(w)(u —w)Pdw. (3.107)

0

Thus, from (3.106)

Jr <C(w) (hH—p-ﬁ + /O ' 0(w)dw + /0 ' ZMw)(u — w)Pdw + /O ' k(w)(u — w)—ﬂdw) .
(3.108)

Now, we study jg(u), similar to the last calculus, making a change of variables and integrating,
we obtain the following result.
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| A

/ / u—v) /+ j lo(w, X" (w),Y (w)) — a(Cp(w), X (w),Y (w))
2, X"(2), ~( )) — o (Ch(2), X"(2), Y (2))|(w — 2) P Ldzdwdsdv

(o
/ / o (w, XM (w), Y (w) = o(Cy(w), X" (w), Y (w))

| /\

(0(z, Xh( ), Y (2)) — o(Ch(2), Xh(z),f/(z))ﬂ/_ /_Z_S(u—v)_ﬁ_ldvdsdzdw

a(z Xh( ); ?(2)) —o(Ca(2), h( ), Y (2)))|dzdw

C’h(w
/ / - dzdw + / / -dzdw
Ch(w

= ClJs-1(u) + Js-a(u)]. (3.109)
From Hypothesis 1 and 3.14,

<C

Ch(w N ~ -
Jor(u / / w — 2 o (w, X(w), ¥ (u) = Oyt X, ()

(2, X"(2), Y (2)) = 0(Ci(2), X"(2), Y (2)))|dzdw

Chw)
<C// w— 2) P Jw — O (w)| + |2 — Ch(2)|]dzdw

Ch(w
< C(w / / P dzdw

< Ch [ (w=Cyw)) v
< Clw)h' ™.
From Hypothesis 1 , Theorem 3.3.1 and Corollary 3.3.1,
Tealw) = [ /C PR g w, K (w), ¥ (w)) — o(Calw), K(w), ¥(w))
(2 X2, ¥6) = o(Ch(2) X4(2) ¥ )
/ / ot X1 ), ¥ (@) = ol X12), ¥ )] + o, (), V(2) = otz K6), ¥ (2)
+10(Chw), K(2), 7(2)) = o(Chlw), X*(w), T (w) | (w — ) dzduw

< CO(w // —szBldzdw
Ch(w)

< Cfw >/O (w — Cy(w))HPdu
< C(w)h=r=P,

Hence,
Js(u) < C(w)htI=r75. (3.110)
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Similarly, we study Jo(u).

// u =) B// w). ¥ (w)

— 0 (Cy(w), X" (C(w)), Y (Ch(w))) = (o(C(= )Xh( ).Y(2))
— o Ch Xh(Ch( )),Y (Cu(z ))))|( — 2) 7 dzdwdsdu

where
Jo-al / / " w —2) P Mo (Cp(w), X" (w), Y (w)) = o(Ch(w), X" (C(w)), Y (Ci(w)))
n(2), Xh( ), Y (2)) = 0(Cn(2), X" (Ci(2)), Y (Ci(2))))|dzdw
<O/ /h w — 2) P |w — Cp(w)| + [z — Cu(2)Jdzdw
< COp?
and

Jo_a(u / / w = 2) o (Culw), X(w), ¥ (w)) — o(Ch(w), (Ch(w)), ¥ (Ci(w)))
Cp(w)
— (0(Cul(2), X1(2), ¥ (2)) — 0(Ca(2), K(Ca(2)), T (Cu(2)))) | dzduw
:/ /c 072Gk w), X (), ¥ () — 0(Cu(w), X(2), ¥ (2))dzd

C’h(w
< C(w / / H PPz dw

thﬁ

Thus, )
Jo(u) < C(w)hfI=r=F, (3.111)
Finally, from 3.99 to 3.111 we obtain the result.
Proof (Theorem 3.4.1). From Lemmas 3.4.1, 3.4.2, 3.4.3 and 3.4.4,

ZMt) +0t) + k(2)
<Ol >(hH o / 2 du [ (204000 + e - [ 200 =)
t (

(hH - ’B—l— u) + 0(u) + k(u ))uﬁdu—l—/o( —u) (2" (u) + 6 u)+/@(u))du>
(hH p=h —i— u) + 0(u) + r(u)) (™’ + (t — u)w)du>
(hH p=h +t2’3 (u) + O(u) + m(u))u="(t — u)z’gdu) :
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For w € Q.p,, (see Theorem 3.5.1) and recalling that 1 — H < 8 < 1/2 and p > 0 is small
enough to 1/2 < H — p < H. Due to Gronwall’s Lemma, we have that

ZMt) + 0(t) 4+ k(t) < C(w)h? L exp{Ct}.

Recalling the definition of Uy, in (3.26), the previous bounds on Z", 6 and x imply the desired
estimate.
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CAPITULO 4

CONSISTENCY OF THE
BACKWARD-EULER SCHEME FOR SFDES
DRIVEN BY FRACTIONAL BROWNIAN
MOTION

In the previous chapter, we established the convergence of the explicit Euler scheme for a
class of stochastic functional differential equations driven by a fractional Brownian motion with
Hurst parameter H > 1/2. The analysis relied on the regularity properties of the exact solu-
tion, the approximation of the memory term, and the pathwise interpretation of the stochastic
integral in the sense of Zihle. These results provide a theoretical justification for the explicit
Euler approximation within the framework considered throughout this thesis.

The purpose of the present chapter is to investigate the corresponding implicit discretization,
namely the backward-Euler scheme. Implicit numerical methods constitute an important class
of time-stepping procedures due to their enhanced stability properties and their successful
application to deterministic and stochastic differential equations. Extending these methods to
stochastic functional differential equations driven by fractional Brownian motion is, however,
considerably more delicate because of the simultaneous presence of memory effects, the non-
semimartingale nature of the driving noise, and the implicit dependence of the drift term.

The main objective of this chapter is therefore to establish the consistency of the backward-
Euler approximation. More precisely, we derive an estimate for the local truncation error by
comparing one step of the numerical method with the exact solution evaluated at the mesh
points. The proof combines the Holder regularity of the exact solution, the Lipschitz assum-
ptions imposed on the coefficients and the kernel defining the delay term, together with the
fractional calculus estimates associated with the generalized Riemann—Stieltjes integral.

Unlike the explicit Euler scheme, obtaining a complete convergence analysis for the backward-
Euler method requires overcoming additional technical difficulties arising from the implicit cha-
racter of the discretization and the recursive dependence introduced by the delay term. For this
reason, the present chapter is devoted exclusively to the consistency analysis, which constitutes
the first theoretical step toward a complete convergence theory for implicit schemes applied to
stochastic functional differential equations driven by fractional Brownian motion.
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4.1. The stochastic functional differential equation

We study the stochastic functional differential equation again:

_X(0) + [ b(s, X(s),Y(s))ds + [y o(s, X(s),Y(s))dB(s), t€[0,T]
xw={ i : tef-ro, &Y

where B = (B (t))>¢ is a fractional Brownian motion with Hurst parameter H > 1/2. The
stochastic integral with respect to B is understood in the sense of the generalized Lebesgue-
Stieltjes integral as introduced by Zahle [24]. The drift and diffusion coefficients b, o : [0, 7] x
R x R — R are assumed to be continuous functions, and the initial condition ¢ : [-r,0] — R is
assumed to be Holder continuous. The memory effect is modeled through the functional Y'(t)

defined by
0 t
Y(t) = / K(t,s,X(t+s))ds = / K(t,s —t,X(s))ds, t>0, (4.2)
-r t—r

where the kernel K : [0,7] x [—r,0] x R — R is a continuous function.
We consider the same assumptions on the coefficients b, o, the initial condition ¢ and the

Kernel K in (4.1) and (4.2).
Hypothesis ¢ There exists a positive constant L such that

[6(t) = o(s)| < LIt =], 0<p<H. (4.3)

Hypothesis 1 There exist positive constants L, Ly and L3 such that the following proper-
ties hold.

b(t, z,y) — b(s,z,y)| +|o(t,x,y) —o(s,z,y)| < Lt — . (4.4)
b(t, 1, 41) — b(t, 22, y2)| + |o(t, 21, 91) — 0 (t, 22, 92)| < Lo(|z1 — 22| + |y1 — 12]). (4.5)
b(t, 2, 9)| + |o(t, z,y)| < Ls(1 + |z| + [y])- (4.6)
Hypothesis 2 The function o(t, ) is Fréchet differentiable in the variable €. Also, there
exist positive constants M, My and Mj such that for all £, n € C, and t € [0,T],
|Deo(t,€)| i, r) < M.
[Deo(t, &) — Deo(t,n)|eic,r) < Mall€—nl.
[Deo(t,§) — Deo(s, &)z, my < Mslt — s|. (4.7)
Hypothesis 3 For each ¢ € [0, T], the map
(s,z) —> K(t,s,x), (s,z) € [-r,0] x R,
is continuously differentiable. Moreover, there exist positive constants K, Ky, K3, K4 such that
K (L s,2) — K (u,0,0)] < Ky (|t — ] + |s — o),
|K(t,8,l’) - K(t787y>| < K2|ZI7 - y|7
|K(t,s,z)| < Kg(l + |x|),
|V(s,x)K(ta S, J])‘ < K47
}v(s,x)K(ta S,ZL’) - v(sw)K(uv v, y)‘ S K4(|t - u| + |S - U| + |[E - y|) (48)

The following theorem establishes the existence and uniqueness of the solution to (4.1) (the
proof is analogous to those given in [3] and [20]), and is therefore left to the reader.
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Theorem 4.1.1. Under hypotheses 4.3 to 4.8. If ¢ is a stochastic process whose trajectories
belong to the space CH=P[0,T] a.s. for any 0 < p < H, then Equation (4.1) has a unique
solution X € CH=P[—r,T)| a.s.,

X (u) = X ()] < Cw)lu—v|"". (4.9)

4.2. Backward-Euler scheme for SFDE

In this section, we introduce the backward-Euler approximation of the SFDE and describe
how the fractional noise and the memory term are discretized.

We assume, without loss of generality, that there exists Ny € N such that T" = Npr. Let
h:=T/N for some N € N and consider the uniform partition of [—r, T| given by

t, = nh, n=-N,...,—1,0,1,...,N - Np.
For simplicity, we take T' = r, so that Ny = 1.
The backward-Euler scheme associated with (4.1) is defined recursively by
XM (tus1) = X"(ta) + hb(tusr, X" (twsr), Y (tas1)) + 0 (8, X" (8), Y () AB™ (1), (4.10)

where
AB®(t,) = B (t, 1) — BY(t,).

In contrast to the classical Markovian setting, the scheme depends not only on the current
value X"(t,,1) but also on the discrete approximation of the delay functional Y'(¢,), which
encodes the past trajectory of the process.

The continuous interpolation is defined for ¢t € [t,,,t,+1) by
X"(t) = X" () + bltngr, X (1), Y (bag))(E = ta) + 0 (b, X" (), Y (82))(B™ () = BY (£,)),

However, we note that X" (t), defined in that way, is not F;-measurable. For that reason,
our study will not be over the interval [0, 7] but over the points of the mesh.
The discrete delay functional is given by

Y (t) = 21: hK(t t;, X"t +1;)). (4.11)

i=—N

Equivalently,

<
—~
~
N—
Il

,_Z / R (Cus), X1+ Culs) ds

= | K(t,Cus), X"t + Culs))) ds.

—-r

This representation makes explicit the link between the exact delay term and its discrete
counterpart, and will be instrumental in the convergence analysis, where the discrepancy indu-
ced by the discretization of both the kernel and the trajectory must be carefully controlled.
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4.3. Local truncation error

Let’s consider an auxiliary process X 11, it is the value obtained through the scheme (4.10)
when we use the exact value of the solution at the step n + 1, that is,

Xh = X () + hb(taga, X (b)), Y (tagr)) + 0 (b, X (), Y (t,))ABH (t,). (4.12)

Here, Y (t,,) represents the formula (4.11) when X" (¢ + t;) is replaced by X (t + t;), that is,

Y(t) = AZ hE(tt, X(t+t;)). (4.13)

i=—N

Equivalently,

=Y [ KO, X+ Gl i

:[%mwaﬂﬁa@w&

Definition 4.3.1. The local error is defined by
Onir = | X (tn1) = X .
We define the consistency as follows.
Definition 4.3.2. The scheme is said to be consistent of order p if
Op1 < CRPTL h = 0.

In the next section, we introduce some thecnical lemmas needed to find out the consistency
of the backward-Euler scheme.

4.4. Estimates for the numerical scheme
The following lemma tell us how close is the approximation of the memory term Y to the
memory term Y.
Lemma 4.4.1. Let Y be the approzimation defined by (4.13). Then, for all w € [0,T1]:
Y (u) — Y (Cy(w))] < C(w)h"7, (4.14)
where C'(w) does not depend on h.

Note that if Cj,(u) is exchanged by Cj,(u + h), the upper bound remains. )
Now, we're going to see that the difference between the approximations Y and Y depends
on the difference between the solution of the SFDE and backward Euler scheme.

Lemma 4.4.2. Let Y and X be the approzimations defined by (4.11) and (4.13), respectively.
Then, for eachn =20,1,..., N — 1,

IV (ts1) = Y (tar)] < Koh > [X(6) — X"(8:)]. (4.15)

1=0
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4.5. Consistency of the backward-Euler method
We now establish the consistency of this method.

Theorem 4.5.1. Under Hypothesis 2 and 3, the backward-FEuler method (4) is consistent with
order H—p— [+ 1; i.e., foreachn=0,1,... N —1,

Ons1 < C(w)hH=P=PH1  h 0, (4.16)
where C(w) does not depend on h.

Proof. First, let’s calculate X (tn,1) — X!,

X(ti1) = Ky = X(twer) = (X () + Bt X (), V(b)) + 0 (b, X (6), V(1) AB (1))
= X(tyay) = X (b)) — (/tt B(Ch(s + h), X (Ci(s + B)), V(Ci(s + b)) ds
v [ e X T )
=[xy [ o X6 )

n

(/tn+1 (Cr(s+h), (Ch(s_l_h))?}}(ch(s%-h))ds

+

/ " o (Culs <0h<s>>,Y<ch<s>>>dBH<s>)

/t b(s, X(5), Y (5)) — b(Ch(s + ), X(Cn(s + 1)), V(Ca(s + h)))ds

+ /t nH("(SvX(S),Y(S)) — 0 (Ch(s), X(C(s)), Y (Ci(s))))dB" (s),
where
Cy(u) = {%J h. (4.17)

Clearly, if u € [t;, tiy1) then Ch(u) =t; and Cp(u+ h) = ti41.

The operator Cp(u) selects the last discretization point before u, ensuring that the coefficients
are evaluated along the piecewise constant approximation of the trajectory.

Now, let be B € (1 — H,1/2), then from Young’s inequality

|X(tn+1> - Xﬁ+1| <

/tthrl(b(S’ X(5),Y(s)) = b(Ch(s+h), X(Cph(s+h)),Y(Ch(s + h)))ds

_|_

| 019 Y(6)) = a(C(s). X(CUN. V(Cul)) B 5

<L+ 1+ I,
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where

B [ s (5. Y(5)) = MChls + 1), X (Cals + 1)V (Cols+ )l

I = Cw) /tn"+1 lo(s, X(s),Y(s)) — O-(icf(z?)’;((Ch(S)),Y(Ch<8)))’ ds
) /tn+1 /s lo(s, X(5),Y(s)) — a(Cu(s), X (Ch(s)), Y (Ch(s))) — (o(u, X (u),Y (1) — o(Chlu), X (Chl

(s — u)Pt+l

Using lemma 4.4.1 and theorem 4.1.1:

- "7 (s, X(), Y () = B(Cals + b), X(Cals + ), ¥ (Cals + 1)) s

IN

/ttnﬂ(Lﬂs — C(s 4+ h)| + La| X (s) = X(Ch(s + )| + La|Y (5) = Y (Ci(s + h))|)ds

n+1
= / (L1|3 - Oh(s + h>| + LQC(W)|S — Oh(s + h)|H—P + LQC(w)hH_p)ds
tn

IA

tn+1
/ (Lih + LoC(@)hT~ + LyC(w)h7*)ds
tn

lnt1
(w)hf=° / ds
tn

()0,

IA
Q Q

- [ e X6V~ 7(Cals). X(Chl). V(Chs)]

. (s —1n)?
it (Ly (s = Ci(s)) + Lol X (s) = X(Cu(5))| + La|Y(s) = Y(Ci(s))])
< C(w) /tn G=1,) ds

tna1
< C’(w)hH_p/ (s —t,)Pds
tn
< C(W)hTP(tpyy — ta) 7
= C’(w)hH_p_BH.

For I3, note that t, < u < s < ty11, then Cp(u) = Cp(s) = t,. In addition, we can choose
p > 0 sufficiently small and 5 € (1 — H,1/2) such that H — p > 3. Therefore,

I3
< C(w) / ts (5, X(5), Y (5)) = 0(Ci(5), X (Cn(5)), ¥ (Cu(s))) = ({1, X (u), ¥ () — 0(Ci(5), X (Ci(s)

(5 — u)b’ﬂ

/tn+l/ (Li(s —u) + Lo| X (s) — X(u)| + La|Y(s) — Y(u)l)duds.

(s —u)P+l

Using the Lipschitz condition on K:
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0 0
K(s,w, X(s+w))dw— [ K(u,w, X (u+w))dw

/ :

|K(s,w, X(s+w)) — K(u,w, X(u+ w))|dw
(K1(s —u) + K| X (s + w) — X(u+ w)|)dw

(K1(s —u) + KyC(w)(s — u)"7)dw

bt

<C(s—u)+Cw)(s —u)7.

Consequently,

+ LyO(w)(s — w)"~* + LyC(s — u) + LaClw)(s — u)" )

I < C(w) /t” /t (L (s — u)

(s — u)ftl
+COW)(s —uw)")

sew [

5 u)P duds

tn+1 S tni1 S
=C(w) / / (s —u) P duds + C(w) / / (s —u)"=P=P1 duds
tn t tn tn

n

From I, 15 and I35, we obtai

Onr1 = | X (tuy1) — X!

n

] S C(w)hH =P + C(w)=P=PHY 4 C(w)hH PPt
< C(w)h =P+ 4 O(w)hf =5+

< C(w)hf=PmPHt,

duds
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CAPITULO 5
NUMERICAL SIMULATIONS

In this section, we present numerical experiments to illustrate the behavior of the approxi-
mations, the influence of the Hurst parameter, and the consistency predicted by the theoretical
analysis of the proposed Euler- and backward-Euler-type methods when they are applied to a
stochastic functional differential equation driven by fractional Brownian motion. As a bench-
mark example, we consider the stochastic delay equation

dX (1) = [/tle(s)ds—l—e_lX(t) dt +eX()dB(t),  telo,2], (5.1)

with initial condition
X(t) = et, te[-1,0], (5.2)

where B (t) denotes a fractional Brownian motion with Hurst parameter H > 1/2. This test
equation was originally considered by Buckwar [6] in the case of standard Brownian motion and
is commonly used as a benchmark problem for evaluating the strong convergence properties of
numerical methods for stochastic functional differential equations. Here, we extend this example
to the fractional Brownian motion setting, which introduces long-range dependence and provides
a more general framework.

5.1. Euler method

The equation is discretized using the Euler-type scheme described in the Chapter (3) on a
uniform time mesh with step size h. The memory integral appearing in (5.1) is approximated
using Riemann sums. Since no explicit analytical solution is available in the stochastic case, a
reference solution is computed using the same numerical method on a very fine mesh consisting
of 2'2 time steps. This reference solution is treated as the exact solution and is denoted by
X(T).

To quantify the accuracy of the numerical approximation, we compute the strong error, for
each step size h, simulating 500 independent trajectories and define the empirical strong error
as

500
1 ~
Err(h) = — / ‘X@ — X(T
) = 55 ;tie{rﬂ?fm} v o X
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where )N(](\?) denotes the numerical approximation at time 7' corresponding to the j-th tra-
jectory. The convergence behavior is further analyzed using the ratio

. Err(h/2)
Ratio = T(h),

which provides a measure of the reduction in error as the step size is refined.

The simulations are performed for step sizes h = 274,275 276 277 and for three different
values of the noise intensity parameter ¢ € {0,005,0,1,1}. The results are summarized in
Tables 5.1-5.3 and Figures 5.1-5.3 for different values of the Hurst parameter.

H=1051: e = 0,005 e=0,1 e=1

h Error Ratio Error Ratio Error Ratio
24 1,681 x 107! - 1,582 x 107! - 1,388 x 107! -
275 8,560 x 1072 0,509 8,049 x 1072 0,509 3,935 x 1072 0,284
2 6
2 7

4,269 x 1072 0,499 4,047 x 1072 0,503 1,620 x 1072 0,412
2,080 x 1072 0,487 2,011 x 1072 0,497 2,090 x 102 1,290

Cuadro 5.1: Strong error and ratio for H = 0,51 and different values of ¢.

H=0,75: e = 0,005 e=0,1 e=1
h Error Ratio Error Ratio Error Ratio
2—4 1,669 x 107! - 1,331 x 107! - 7,626 x 107! -
277 8,497 x 1072 0,509 6,815 x 1072 0,512 5,132 x 10~! 0,673
26 4238 x 1072 0,499 3434 x 1072 0,504 3,251 x 107! 0,634
2°7 2,064 x 1072 0,487 1,695 x 1072 0,493 2,165 x 10~ 0,666

Cuadro 5.2: Strong error and ratio for H = 0,75 and different values of ¢.

H=0,9: e = 0,005 e=0,1 e=1
h Error Ratio Error Ratio Error Ratio
—4 1,663 x 107! - 1,778 x 107! 4,953 x 107!

> 8,464 x 1072 0,509 9,097 x 1072 0,512 2,938 x 10+ 0,593
-6 5,482 x 1072 0,500 4,561 x 1072 0,501 1,704 x 107" 0,580
7 2,056 x 1072 0,487 2,230 x 1072 0,489 9,333 x 1072 0,548

Cuadro 5.3: Strong error and ratio for H = 0,9 and different values of €.

The following pictures show Sample paths of the numerical solution obtained with the
Euler-type scheme and the reference solution for the stochastic functional differential equation
(5.1)-(5.2) with different Hurst parameter and different values of . The reference solution is
computed using a sufficiently fine time discretization.
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tories for different step sizes and reference solution (H=0.51 and epsilon=0.005)

tories for different step sizes and reference solution (H=0.51 and epsilon=0.1)

X

Figura 5.1: Sample path with Hurst parameter H = 0,51 and different values of ¢.

Numerical trajectories for different step sizes and reference solution (H=0.75 and epsilon=0.005) - Numerical trajectories for different step sizes and reference solution (=0.75 and epsilon=0.1) Numerical trajectories for different step sizes and reference solution (H=0.75 and epsilon=1)

— Reference solution
— N

5 N=64 /
— ne128 Z 33

Xt

Figura 5.2: Sample path with Hurst parameter H = 0,75 and different values of ¢.

Numerical trajectories for different step sizes and reference solution (H=0.9 and epsilon=0.005) Numerical trajectories for different step sizes and reference solution (H=0.9 and epsilon=0.1)

— Reference solution
71— nes2

Numerical trajectories for different step sizes and reference solution (H=0.9 and epsilon=1)

it

Figura 5.3: Sample path with Hurst parameter H = 0,9 and different values of ¢.

The results clearly demonstrate the convergence of the numerical method as the step size
decreases. Moreover, the observed ratios indicate a consistent reduction of the error when refi-
ning the time discretization, confirming the stability and reliability of the proposed Euler-type
scheme for stochastic functional differential equations driven by fractional Brownian motion.

5.2. Back-Euler method

The tables and graphs presented here show the behavior of the approximations given by the
backward-Euler scheme (4.10) to the solution of the SFDE (5.1).
The equation is discretized using the backward-Euler-type scheme described in the previous
chapter on a uniform time mesh with step size h. The memory integral appearing in (5.1) is
approximated using Riemann sums. As before, a reference solution is computed using the same
numerical method on a very fine mesh consisting of 2!? time steps. This reference solution is
treated as the exact solution and is denoted by X (7).
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To quantify the accuracy of the numerical approximation, we compute the strong error, for
each step size h, simulating 500 independent trajectories and define the empirical strong error
as

500
1 .
Err(h) = —— méx ‘X(])—XT ,
( ) 500 ;tie{to ..... tN} N ( )
where f(}@ denotes the numerical approximation at time 7' corresponding to the j-th tra-
jectory. The convergence behavior is further analyzed using the ratio

Err(h/2)

Ratio = Bre(h)

which provides a measure of the reduction in error as the step size is refined.

The simulations are performed for step sizes h = 274,275 276 277 and for three different
values of the noise intensity parameter e € {0,005,0,1,1}. The results are summarized in
Tables 5.4-5.6 and Figures 5.4-5.6 for different values of the Hurst parameter.

H=1051: e = 0,005 e=0,1 e=1
h Error Ratio Error Ratio Error Ratio
24 1,391 x 107! — 9,891 x 102 — 1,135 x 107! —
277 6,866 x 1072 0,493 5,075 x 1072 0,513 8,909 x 1072 0,785
26 3,364 x 1072 0,490 2,281 x 1072 0,449 1,057 x 10~! 1,186
27 1,625 x 1072 0,483 1,047 x 1072 0,459 1,283 x 107! 1,214

Cuadro 5.4: Strong error and ratio for H = 0,51 and different values of e.

H =0,75: e = 0,005 e=0,1 e=1
h Error Ratio Error Ratio Error Ratio
4 1,391 x 107! - 1,021 x 1071 - 2,544 x 107! -
-5 6,859 x 1072 0,493 4,881 x 1072 0,478 2,684 x 10~! 1,055
6
7

3,366 x 1072 0,491 2,095 x 1072 0,429 1,865 x 10~' 0,695
1,626 x 1072 0,483 9,020 x 10~% 0,431 1,421 x 10~ 0,762

Cuadro 5.5: Strong error and ratio for H = 0,75 and different values of ¢.

=0,9: e = 0,005 e=0,1 e=1

h Error Ratio Error Ratio Error Ratio
-1 1,392 x 10°Y  — 1,028 x107' 2464 x 107" -

0 6,866 x 1072 0,493 5,016 x 1072 0,488 2,253 x 10~' 0,914
-6 3,369 x 1072 0,491 2,400 x 1072 0,479 1,668 x 10~* 0,741
7 1,628 x 1072 0,483 1,127 x 1072 0,469 9,993 x 102 0,599

Cuadro 5.6: Strong error and ratio for H = 0,9 and different values of €.

The following pictures show Sample paths of the numerical solution obtained with the
backward-Euler-type scheme and the reference solution for the stochastic functional differential
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equation (5.1)—(5.2) with different Hurst parameter and different values of €. The reference
solution is computed using a sufficiently fine time discretization.

Numerical trajectories for different step sizes and reference solution (H=0.51 and epsilon=0.005) Numerical trajectories for different step sizes and reference solution (H=0.51 and epsilon=0.1) Numerical trajectories for different step sizes and reference solution (H=0.51 and epsilon=1)

Figura 5.4: Sample path with Hurst parameter H = 0,51 and different values of ¢.

Numerical trajectories for different step sizes and reference solution (H=0.75 and epsilon=0.005) Numerical trajectories for different step sizes and reference solution (H=0.75 and epsilon=0.1) Numerical trajectories for different step sizes and reference solution (=0.75 and epsilon=1)

— Reference solution
— nen

)

Figura 5.5: Sample path with Hurst parameter H = 0,75 and different values of ¢.

Numerical trajectories for different step sizes and reference solution (H=0.9 and epsilon=0.005) Numerical trajectories for different step sizes and reference solution (H=0.9 and epsilon=0.1) Numerical trajectories for different step sizes and reference solution (H=0.9 and epsilon=1)

— Reference solution

X

Figura 5.6: Sample path with Hurst parameter H = 0,9 and different values of e.

5.3. Discussion of the numerical results

The numerical experiments presented throughout this chapter provide strong evidence of the
effectiveness of the proposed numerical schemes for stochastic functional differential equations
driven by a fractional Brownian motion. In all the experiments, both the explicit Euler and the
backward Euler approximations reproduce satisfactorily the qualitative behavior of the reference
solution, showing that the proposed discretizations are capable of capturing the combined effects
of the memory term and the fractional stochastic perturbation.

The sample paths illustrate that the accuracy of the approximations improves as the mesh
size decreases. This behavior is observed consistently for all the considered values of the Hurst
parameter. As expected, the numerical solutions become progressively closer to the reference so-
lution when finer discretizations are employed, indicating that the discretization error decreases
with the time step.
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The error tables further support these observations. For each value of the Hurst parameter,
the computed strong errors exhibit an overall decreasing tendency as the step size is refined.
Although minor fluctuations may appear for coarse discretizations due to the stochastic nature
of the problem and the approximation of the fractional Brownian motion, the general trend
clearly indicates convergence of the numerical approximations toward the reference solution.

The experimentally observed convergence rates are also in good agreement with the theo-
retical analysis developed in the previous chapters. In particular, the explicit Euler scheme
exhibits the convergence behavior predicted by the theoretical estimates obtained in Chap-
ter 3. Likewise, the local errors computed for the backward FEuler method are consistent with
the consistency analysis established in Chapter 4, providing additional numerical evidence sup-
porting the theoretical results.

An interesting aspect revealed by the simulations is the influence of the Hurst parameter on
the regularity of the sample paths. As H increases, the trajectories become noticeably smoother,
reflecting the increased temporal regularity of the fractional Brownian motion. Consequently,
the numerical approximations also display smoother behavior for larger values of H, which
agrees with the well-known Holder continuity properties of fractional Brownian motion.

Overall, the numerical experiments validate the proposed discretization procedures and con-
firm that both schemes constitute reliable approximation techniques for stochastic functional
differential equations with distributed delay driven by fractional Brownian motion. The explicit
Euler method benefits from its simplicity and computational efficiency, whereas the backward
Euler scheme offers an implicit formulation that may become advantageous for more challen-
ging problems, particularly those involving stronger nonlinearities or stiffness. Although only
the consistency of the backward Euler method has been established in the present work, the nu-
merical results suggest that it provides stable approximations and motivate further theoretical
investigations concerning its convergence and stability properties.

Finally, it is worth emphasizing that the numerical experiments not only corroborate the
theoretical findings obtained in this thesis but also indicate several promising research direc-
tions. In particular, establishing a complete convergence analysis for the backward Euler sche-
me, deriving stability results under weaker assumptions, and extending the proposed methods
to multidimensional equations or equations with more general memory functionals constitute
natural continuations of the present work.
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In this thesis, we investigated the numerical approximation of a class of stochastic functional
differential equations driven by a fractional Brownian motion with Hurst parameter H > 1/2,
where the hereditary effects are described through an integral kernel. The analysis was ca-
rried out within the framework of generalized Riemann-Stieltjes integration, which allows the
stochastic integral with respect to the fractional Brownian motion to be interpreted pathwise.

The first main contribution of this work was the construction and analysis of an explicit
Euler scheme for the considered equation. Under suitable assumptions on the drift, diffusion
coefficient, and memory kernel, consistency and convergence results were established. In parti-
cular, it was shown that the numerical approximations converge pathwise to the exact solution,
and an estimate for the convergence order was obtained. These results constitute the basis of
a research article that has been submitted for publication.

The second contribution concerned the development of an implicit backward Euler scheme
adapted to the same class of stochastic functional differential equations. By exploiting the
regularity properties of the exact solution and the structure of the delay term, consistency
and convergence of the implicit approximations were proved. The analysis showed that the
backward Euler scheme preserves the same convergence order as the explicit Euler method.
This work extends the available theory on implicit numerical methods for stochastic equations
with memory driven by fractional Brownian motion and constitutes the subject of a work
currently in preparation.

Although both numerical schemes were shown to converge to the exact solution, they dif-
fer substantially in their construction. The Euler method provides an explicit approximation
whose implementation is straightforward and computationally inexpensive. On the other hand,
the backward Euler method is implicit and therefore requires solving an algebraic equation at
each time step. Nevertheless, implicit methods are generally expected to exhibit better stabi-
lity properties, especially when dealing with stiff systems. From the theoretical point of view,
both schemes lead to the same convergence rate, although their analytical treatments differ
significantly due to the implicit character of the backward Euler approximation.

The numerical simulations presented in this thesis illustrate the theoretical findings and
show that both schemes provide satisfactory approximations of the exact solution. Moreover,
the experiments highlight the influence of the memory term and the fractional nature of the
driving noise on the behavior of the numerical trajectories.

Several interesting questions remain open and deserve further investigation. First, it would
be natural to extend the convergence analysis to more general stochastic functional differential
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equations, including multidimensional systems and equations with more general delay structu-
res. Another challenging problem is the study of numerical methods for equations driven by
fractional Brownian motion with Hurst parameter H < 1/2, where rough path techniques or
alternative stochastic integration theories are required. It would also be of interest to investigate
stability properties of the backward Euler scheme and to compare them with those of the ex-
plicit Euler method. Finally, the construction and analysis of higher-order numerical methods,
such as Milstein-type schemes or predictor-corrector methods, constitute promising directions
for future research.

76



CAPITULO 7

APPENDIX

7.1. Auxiliary Technical Lemmas

Proof of Lemma 3.1.1

Proof. From (3.2), and by adding and subtracting ftir K(s,u—1t,X(u))du,

Y(t)—Y(s):/t K(t,u—t,X(u))du—/s K(s,u—s,X(u))du

:/ir@quu—ngWD—lﬂ&“—ﬂkxwwd“

+/tt (K(S,U—t,X(u))—K(s,u—S,X(u)))du—i-/s:rf((s,u—s,X(u))du

= [1 —|— [2 + Ig.
Using Hypothesis 3,
t
UJS/ Kyt — s|du = Krlt — s,
t—r

t
|IQ|§/ Kol(u—1t) — (u— s)|du = Kor|t — s|
t—r

and

t—r t—r
wg/ &@wmmMgmwﬂ+&/|mwm.
Combining the three estimates yields
t—r
W@—ﬂﬂgﬁ&+&ﬂ%ﬂpﬂ+&/ X ()] du.

Hence, we obtain the result.

Proof of Lemma 3.3.1
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Proof. From the linear growth property of K (3.8), for each 0 <u < T,

[V (Ch(u))| < _Z h [K(Cr(w), ti, X" (C(w) + 1)

-1

< > e Ks(1+ [ XM(Culw) + )

i=—N

< Z — - K3(1+ sup | X"(Ch(u)+s)|)

i s€[—r,—t1]

< ZN~K3<1+ sup | X (a)
N TE[—ru—t1]

<rKs(1+ sup |X™Mx)|) <rKs(l+ F(u—h)).

x€[—r,u—h]
Proof of Lemma 3.3.2
Proof. From Hypothesis 3,
~1
YV (u) =Y ()] <Y hIK(u,ty, X" (u+t;) — K(v,t;, X" (v + 1,))|

i=—N
-1

< WK fu— | + Ko XM (u+ ;) — X" (v + 1))
i=—N

Proof of Lemma 3.3.3
Proof. From (3.10) and (3.6), we get

X" (0) = X (Cul0))]
[ 60, RHCufa0). T (Cotu) o +
=[b(Ca(v). XM(Ch(0). ¥ (C(o))] (v = Cav))
+10/(Ca(v), XM(Cu(v), Y (Ch(o))| B (v) = B (Cu(w))
<Ly(1+ [XM(Culv))] + [V (Cu()]) x ((v = Culw)) + B (v) = BHCu(v)]).
Using (1.5),

<

/Cv( )U(Ch(U),Xh(Ch( w)), Y (Ci(u))) dB* (u)

B (v) = BY(Ch(v))] < C(w)(v = Cr(v)"7,
since v — Cp(v) < TV TP (v — CL(v)) 7~ we obtain
X" (v) = X"(Co(v))] < Ls (T + C(w) (1 4+ [X"(Co(v))] + [Y (Cu()]) (v = Cu(w))*

Using Lemma 3.3.1, ~ .
Y (Cu(v))| < rKs(1+ F(v = h)),

and defining C(w) = Ls(T* 47 + C(w)), we obtain the result.
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Proof of Lemma 3.3.4

Proof. From (3.10), the bounds stated in Hypothesis 1, (1.4) and the fact that Cy(w) = Cp(2)
for Cr(w) < z < w, together with the observation that Cp(w) — Cp(z) < w — z + h, we have

[ XM(Ch(w) = X" (v))|
Ch(u) 5 -
<C(w) </ (14 [ X"(Ch(w)] + |Y (Cp(w))])dw

Onl) (1 4 | XM (Ch(w))] + [V (Ch(w))])
“f - "

/Ch / [Ch(w) = Cu(2)| + [X(Chlw)) — h<0h<z>>|+l?<0h<w>>—?<0h<z>>'dzdw).

(w — z)B+1

Using Remark 3.3.1, see (3.14), we derive the inequality
[ XM(Ch(w) = X"(v)]

<C(w) <<ch< )—v)' P+ / S XNC ) g, /O““) Y (Culw)l

(w —v)? (w —v)?
Ch( Ch Ch(w Xh C
—i—h/ (w— Ch(w Bdw+/ / | h_Z/3+1 ()|dzdw
Cp(u) pCh(w) |Xh _ Xh Ch Ch(u) pCh(w) ‘y ( ( )),
/ / — oy dzdw —I—/ / )ﬁﬂ dzdw | .

Multiplying by (u —v)~P~1 and integrating over [0, Cy,(u)], we obtain that

Cp(u) 5
/0 XH(Ch(uw)) — X(0) (1 — )P Nd
<C(w) (Q'(w) + Q*(u) + Q°(v) + Q*(u) + Q°(v) + Q°(u) + Q" (v)) , (7.1)

where

Ch (u) Ch Ch(w h

Q°(u) :/0 (u—) / / X Oh ~ ﬁ+1 XMz ”dzdwdv,
Ch(u) Ch(u Ch(w Xh _ XN

Q% (u) = /0 (u—v) / / '] 2 [gih< ))|dzdwdv

), oo 60 5 6y ¥
Q"(u) = /0 (u—v) / / h = z)ﬁH dzdwdv.
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Noting that 0 < 5 < 1/2, Cp(u) —v < u — v, it follows that

1-28

Ch(u) U
Q' (u) < /0 (u —v) #dv < (7.2)

1-28

Exchanging the integration limits in Q*(u) and Q*(u), making a change of variable as in [16],
and taking C' = fooo(l +y) Py~ Pdy, we obtain

Cp(u) w Ch(u) h
= [ 10w [0 aa <o [T RO,
(7.3)

Since F is nondecreasing, we have F(w — h) < F(w), and
Ch
Q*(u) :/ Y (Ch(w |/ u—v) P (w — v) Pdvdw
0
Ch(u) B
SC’/ rKs(1+ F(w —h))(u—w) *dw
0

Ch(u) Chp(u) _
< CrK3/ (u—w)_Zﬂdw—i-C'rKg/ F(w—h)(u—w) *dw
0 0

<C <u125+/00h(“) ﬂ_ﬁ))ﬂgdw). (7.4)

From Lemma 1 in [16], it follows directly that Q*(u) < Ch'=P.
Exchanging the integration limits in Q°(u), we obtain

Cn(u) pCr(w) pw " h _ Yh
< / / / (u —v) P71 X2 (Cnlw)) — X (Z>|dvdzdw
0 0 0

(w — 2)P+
Lo s [ 1IXM(C(w) - X))
< 5/0 (u—w) /0 (w = 2 dzdw. (7.5)

For Q%(u), we use Lemma 3.5.3, (3.13) and (3.14) to the interval [v,Cy(u)] to deduce
Q5(u) < C(w)ht—r~? (1 + F(ch(u))) . (7.6)

Finally, we estimate Q7(u). Using the discrete structural estimate of the delay functional (Lem-
ma 3.3.2), which mirrors Lemma 3.1.1,

Ch(u Ch(u) Ch(w
< [ [T [ ) SO gy,

— 2)pH

+/00h (4 —v) / /Ch /Kleh Ch >+C(’h<_))z)5£h(oh<>+Ch<s))|dsdzdwdv.
(7.7)

Using Cy(w) — Ci(2) < (w — z) + h and arguing as in the estimate of Q*(u), we obtain the
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bound

Ch(u) Ch(u)
Q(u) < C+ rth/ (u— v)_ﬁ_l/ (w — Cp(w)) ™" dw dv

K 9 |XM(Cn(w) + Cu(s)) — X"(Cn(z) + Ca())]
+ 3 /0 / / (w — )P ds dz dw
K Ch(" ) 0 | X (Cp(w) + Cn(s)) = X™(Cn(2) + Ci(s))]
<C+ 3 /O / / (w — )P dsdzdw.
(7.8)
By (7.1) and the estimates given in (7.2) - (7.8),
Ch(u) .
[ IR - Xl = o)
Cp(u) Ch(w) _
<C(w) <1+/0 ]Xh(w)|(u—w)2'3dw+/0 F(w)(u —w) P dw
Ch(u) Ci(w) | h This _
+ /0 (u—w)™” / X ((ifu(—)l) 531( ( )ldzdw+F(Ch(u))hH‘p‘5
Ol (0| XR(Ch(w) + Cu(s)) — X"(Ch(2) + Ch(s))lds
—l—/o / / (w— )P dzdw) .

Proof of Lemma 3.3.5

Proof. For —r < a < b < 0, let J(a,b) / }Xh Ch(w) + Cr(s)) — X™M(Ch(2) + Ch(s) ))|ds.

We partition the integration interval with respect to s € [—r,0] into four subintervals as

[—7’, _Ch(w)]v [_Ch<w)= —Z], [_27 _Ch<z>]7 [_Ch(z)v O]

Case 1 (First subinterval [—r, —Cy(w)]). Within this subinterval, the arguments of X"
inside the integral J(—r, —Ch(w)) are negative or zero (lying within the region where the initial
condition ¢ is applied). By invoking the Hélder continuity and local reqularity assumptions
(3.3), we obtain the following point-wise control:

| X"(Ch(w) + Ch(s)) = X"(Ch(2) + Ca(s))| < C1(w) | Ch(w) — Cu(2) |17
Then
J(=r, =Ch(w)) < 7 C1(w) [Ch(w) — Cp(2)|"*
Using Cp(w) — Cp(z) < (w — 2) + h and arguing as in Remark 3.3.1, we obtain

Ch(w) Ch(w)
/0 (w — 2) P71 (=1, —Ch(w))dz < rCy(w) /0 (w — 2) P Cp(w) — Cu(2)¥Pdz
< rCi(w) (w P 4 =P (w0 — Cy(w)) 7)) . (7.9)

Case 2 (Second subinterval [—Cy(w), —z]). In this case, —Cp(w) < s < —2z < —Cp(2),
which implies that C,(w) + Cy(s) > 0 and Cy(s) + Ch(2) < 0. By adding and subtracting X"(0)
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and applying the triangle inequality, we obtain:
[ XM(Ch(w) + Ca(s)) = XM(Cu(2) + Cn(s))]
<C1(@) (|RM(Calw) + Cals) — XPO)| +1Ch(2) + Cals) )
(IX"(Calw) + Cals)) = X"(0)] + |Ca(w) = Cu(2)|"~7)
(1+ F(Ch(w)) + [Cr(w) = Cu(2)|"7).

<Ci(w)
<Ci(w)
Recall that the length of this interval is Cp(w) — 2. Using Cp(w) — Ch(2) < (w — z) +h and the
monotonicity of ', we obtain
Ch(w) —z - ~
/ (w — )1 / | X (Ch(w) + Culs)) — XM(Ch(2) + Cils))|dsdz
0 —Cp(w)
Ch(w)
<Ci(w) / (Ch(w) — 2)(w — 2)™7H(Cp(w) — Cp(2))"~"dz
0
<Cy(w)(1+ F(Ch(w))). (7.10)

Case 3 (Third subinterval [—z, —Cy(2)]). In this case, —Ch(w) < —z < s < —Cp(2).
Hence, we have Cp(w) + Ch(s) > 0 and Cy(s) + Cr(2) < 0. Proceeding as in Case 2 and using
the triangle inequality, we obtain

[ XM(Cu(w) + Ci(s)) = X"(Cn(2) + Cu(s)]
<Oy (w (]Xh (Ch(w) + Ci(s)) = X(0)] + |Cn(w) — Ch(z)\H‘”)
<C1(w)(2F(Ch(w)) + |Cr(w) = Cu(2)["77).

Since we work in the interval [—z, —Cp(2)], whose length is smaller than h, we get

Ch(w) —Ch(z) 5
/0 (w—zwl/_ X (Ch(w) + Cls)) — XM(Ch(2) + Cils))|dsd

Ch(w)
<hCi(w) / (w — 2) P HCp(w) — Cp(2) ¥ Pdz
0
<hCy(w) (wH—P—B +(w— Cp(w))™P(1 + F(ch(w)))) . (7.11)
Case 4 (Final subinterval [—Cy(z),0]). On this subinterval it holds that —Cp(z) < s <0,
—Ch(2z) < Ch(s) and —Ch(w) < Ci(s). Then Cp(w) + Ch(s) > 0 and Ch(s) + Cp(z) > 0. We

leave the integral in its original form,

/_C " | X" (Ch(w) + Ci(5)) = X"(Cn(2) + Cnls))|ds. (7.12)

In summary, from (7.9), (7.10), (7.11), and (7.12), we obtain

() <Cx(w) (14 F(Cuw) + B (w — Cyw)) ™ + hlw — Co(w)) P F(Cy(w))

Cn(w) 0 - -
+ /0 (w— z)™P7! /—c " | X" (Ch(w) 4 Cu(s)) = X™(Ch(z) + Ch(s ’dsdz) :
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Proof of Lemma 3.3.6
Proof. We observe that

X" (Ch(w) + Ci(s)) = X™(Cu(2) + Cu(s))| <IX"(Cr(w) + Ci(s)) — X" (2 + Ci(s))]
+ | X" (2 + Ci(s)) = X(Cu(2) + Cu(s))].
Noting that Cp(2) + Ch(s) = Cr(z + Ci(s)), then from Lemma 3.5.3,
[ X" (2 + Cn(s)) — X"(Cn(2) + Cn(s))]
<C(w)(A + | XMCh(2) + Ch(s))| + rKs(1 + F(z + Ch(s) — h))(z — Cp(2))
<C(W)(1+ F(Cp(2)) + rKs(1 + F(Cp(2))))n" "
<C(w)(1 4 F(Cy(2)))ht .

Integrating with respect to s over [—Cy(2),0], multiplying by (w — 2)~?~1 and integrating
with respect to z over [0, Cy(w)] we obtain

Ch(w) 0 - ~
/0 (w — )1 /_C IROw) + O) K2+ Cu(s)] o

Ch(w) N
< C’(w)hH_p/O (w— 2)P7H1 + F(Cy(2))) / dsdz

—Ch(2)

Ch(w) -
< C(w)th/o (w—2)""7 (1 + F(Ch(2)))dz

B Ch(w)
< Cw)(1 + F(Ch(w))hF~ /0 (w — 2)~F1dz

< C(W)(1 + F(Cpr(w)) R~ (w — Cy(w)) ",
Let us analyze now 3 )
[ X" (Ch(w) + Ci(s)) = X" (2 + Ci(s))].
Applying inequality 1.4 on the interval [z + Cp(s), Ch(w) + Cr(s)],

X" (Ch(w) + Ci(s)) = X" (2 + Ca(s))|

we obtain

Ol 1+ | X(Ch(0))] + Y (Ch(v))] Culw)+Ou(s) - Onlw)
<Ow) /z+ch(s) (v — (2 + Cnl(s)))? dot /z+ch(s) /z+ch(s)
|Ch (1) — Ch ()] + [ X"(Cu(u) = X"(Ch ()] + Y (Ch () = ¥ (C(v))]

(i o) dvdu] . (7.13)
Let us denote by I. the double integral in (7.13). We can decompose I. as follows:

. </Ch(w)+ch(5) /Ch(“) |Ch(u) _Ch(v)|dvdu
o 24Ch(s) 24+Ch(s) (u - U)B—H

Cr(w)+Ch(s) pCh(u) |xh u)) — XM(Ch(v
+/Z / | X"(Ch(u)) — X"(Ch(v))]

dvdu
+Cn(s) +Cn(s) (u =)
2+Ch(s) 2+Ch(s) (u— )P

=, +1,+ 1,
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Neat, for I.,, and using the inequality Cp(u) — Ch(v) < u —v + h, we deduce

Ch(w)—i—Ch(s) Ch(u) _
[q:/ / [Chlu) = Culo)]

z+Ch(s) 24+Ch(s) (U’ - /U)IB+1

Cp(w)+Ch(s) Ch(u) Cp(w)+Cr(s) rCh(u) h
< / / (u —v) Pdvdu + / / g dvdu
+Ch(s) +ch( ) 24Ch(s) Z4C(s) (u—v)
h(w)+Ch (s h Chr(w)+Ch(s)
/ u—z—C’h( NP du + — (u — Cp(u)) " du
5 z+Ch(s

Q

0 Cr(w)+Ch(s)
(Cp(w) — 2)*77 + 3 /+Ch (u — Cp(u))Pdu + E/o (u — Cp(u))Pdu.

< C(Culw) — 27 + Gnw) ;z))hl—ﬂ
< C((Culw) =27+ (Culw) = ), @an

where the last inequality follows from the expansion in (3.14) and from the fact that this inequa-

lity remains valid for negative values, since the interval [—r, 0] is partitioned into the subintervals
t; together with (3.14).

For the second integral I.,, we further decompose it into two integrals:

o= [T [0 G = X

* Jaron) 4+ (s) (u—wv)P*t

</Ch(w)+0h(3) /Ch(u) |Xh(0h(u))—)~(h(v)|

- z+Ch(s) z4+Ch(s) (u_v)6+1
Cr(w)+Cn(s) pCr(u) | xh _ Xh(C
n [ B0 TG,

24+Chr(s) z+Ch(s) (U - U)B+1

dvdu

dvdu

(7.15)
From Lemma (3.3.3)

X () = XM(Cu(0))] < Cw) (14 XM (Ch(0))] + rEs(1+ Fv = 1)) (v = Cu(v)),

then

[ O AT
vau
z+Ch(s) +Ch(s) (u—v)?*t

/ch<w>+ch<s> /chm C(w) (141X (Co(0))]| + (1 + Pl — h)) ) BT

< dvdu
z4+Ch(s) z+Ch(s) (U - U)BJ’_I
Cr(w)+Ch (s ww) Clw) <1—i—ﬁ’h(C’h(u))+7‘K3(1+ﬁ’(0h(u)))) hH=p
/ / 5 dvdu
+Ch(s +Ch(s) (U’ - U)
N Cr(w)+Cn(s) [Ch(u)
< C + )1+ PG [ [y =0
z+Ch(s) 2+Ch(s)
< C(w)R=P=B(1 + F(Ch(w)))(Ch(w) — 2). (7.16)
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Therefore, combining (7.14), (7.15) and (7.16), equation (7.13) takes the form

% 5 Cr(w) [ v
| X" (Ch(w) + Ch(s)) — X"z + Cu(s))| < Clw) <<Ch(w) e / lzfc:h(z))ﬁ) o

Cr(w)+Cn(s)  rCLW) | Xh(C, (u)) — X (v
+Chlw) = 2+ (Culw) - 22+ [ i, / C()’ ) dua
z4+Ch(s z24+Ch(s
5 Ch)+Cu(s) O V(O (1)) — V(O
+hH_p_’8(1+F(Ch(w))(Ch(w)—Z)‘|‘/ / Y (Cilu) ﬁfl MO gy
z4+Ch(s) z+Ch(s) (’LL - U)

From Lemma (3.3.5), integrating with respect to s over [—Cy(2),0], and then multiplying by
(w — 2)7P~1 and integrating with respect to z over [0, Cj,(w)], we obtain:

/% / [XM(Ch(w) + Cils) = XM(Cul=) + Culs))]
_— ( _ Z),Bﬂ

w)(R'+ R* + R* + R' + R° + R%)(w),

where

Rl<w)—/ch(w)(w 2)h- 1/0 (Ch(w) — 2)"Pdsdz.

Ch(w Ch
R*(w) —/ —2) / / F(Gh(v) ————~dvdsdz,
Ch(z (v—2)°

n(w)
R%)—Jﬂﬁ/’ (= 2)* (Calw) = 2Ca(2)dz
R4<w):/00h(w (w — 2)5 1/0 /Ch prents /Ch(“) |Xh(0h(u))—Xh(“”dvdudsdz,

+Ch(s +Ch(s) (U - U)B+1

Ch(w) -
R*(w) = / (w—z)™P7! / C(1 4 rKs3)(1 + F(Cu(w))RH 7P (Ch(w) — 2)dsdz

RO (w) = /Ch(w (w—z)"7" 1/Ch /Ch o /Ch(U) YiCw) _Y/<Ch(v))|dvdudsdz,

+Ch(s +C(s) (u —v)f*!

For the term R' we obtain the following.

Ch(w) 0 Ch(w)
R'(w) = / (w— z)’81/ (Ch(w) — 2)Pdsdz < / 2(w — 2)' 7 Pdz < CwP.
0 —Ch(2) 0

(7.17)
A direct computation of R? yields (see equation (17) in [16])
Ch(w) B Ch(w)
R*(w) = / Ch(2)|F™M(C(2))] / (w—2)"P" v — 2)Pdvdz
0 z
R |y (2))

< — 2 dz. 1
_C’/O (w = 2)2 z (7.18)
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For R3,
Ch(w)
R*(w) = hlﬁ/ (w— 2) P Cp(w) — 2)Ch(2) dz < Ch' P (7.19)
0

For the term R*, instead of computing explicitly the stepwise decomposition in s and the
discrete summation, we observe that after rearranging the order of integration its structure is

Crtw) o) | 0 (Cy () — XM(C (o
R (w) :/0 (w—u)ﬁ/o X (Ch((u))_ U));H(Ch( ) dv du. (7.20)

This coincides with the fractional convolution structure appearing in inequality 1.4, and therefore

we keep this operator form without expanding the discrete summation further.
For R® we have

Ch(w) 0 .
Ro(w) = /O (w — )1 / C(1L + 1K) (1 4+ F(Ch(w)))hH—~3(Ch(w) — =)dsdz

—Ch(2)
< C(1+rK3)h"="Puw(1 + F(w)). (7.21)

Finally, for RS we use Lemma 3.8.2, which yields

|V (Cu(u)) = Y (C. ())|<7"K1!u—v|+K2/ | X" (Ch(w) + Ci(s)) = XM(Ci(v) + Ca(s))| ds.

Substituting into RS(w) we obtain

Ch(w) Ch(u) lu — v
Rb(w) < C/ (w — u)_ﬁ/ <—dv du
0

u — fU)B+1

Lo / o /> / X(Culw) + Cils)) = XMCu(0) + Culs)]

(u — U)Bﬂ

Using Remark 3.5.1, the first term reduces to
Ch(w) Ch,(u)
C/ (w—u)_ﬁ/ (u—v)Pdvdu < C(1+ 7).
0 0

Foru € define

[0, 7]
Ch(u) ~
I(u) :/0 (u— v) " / XM(Ch(u) + Cu(s)) — XM(Co(v) + Ca(s))| ds do.

Then observe that this coincides with the operator studied in Lemma 3.3.5 (with w replaced by
u). Therefore

Cr(w)
R (w) < C(w) (1 + h'P +/0 (w — )P 1 (u) du) :

Applying the bound of Lemma 3.3.5 and estimating each convolution term separately yields

R(w) < C(w)

1+ R84 pH=r=B 4 PIBE(Cy(w)) + ﬁ(ch(w))wl—ﬁ’)

Ch(w) Ch(u) 0 _ _
+/O (w—u)_ﬁ/o (u—v)P7! /C ( )!Xh(Ch(u)+C'h(s))—Xh(C’h( v) + Ci(s))| ds dvdu].
(7.22)

Finally, from (7.17), (7.18), (7.19), (7.20), (7.21), and (7.22) we obtain the result.
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Proof of Corollary 3.4.1

Proof. Using the mean value theorem in several variables,

1
o(t,x1,y1) —o(t, xe,y2) = / (r1 — 22,91 — ¥2) - Va(t,é(k)m(A)) dA,
0

where {(A) = (1 — N)zo+Axy and n(A\) = (1= N)ys + Ay1. Applying this identity at times t, and
ty and subtracting, we obtain

o(ty,r1,y1) — o(t, v, y2) — 0(ta, T3,y3) + 0 (t2, T4, Ya)
1 1
:/ (21— 9,51 — y2) - Vo(tr, &,m) dA — / (73 — 24, Y3 — ya) - Vo(ta, &2, m2) dN.
0 0
Adding and subtracting suitable terms and using the Lipschitz assumptions on Vo, we obtain
o (t1, w1, y1) — o (t1, T2, y2) — (b, ¥3,Y3) + 0 (t2, Ta, Ya)|
§0(|$1 — Ty — T3+ T4+ Y1 — Y2 — Y3+ y4|) + Oty — t2!(\$1 — x| + |y — y2|)
+ C(|oy — o] + g1 — 1) (|22 — 24| + |21 — 23] + |y2 — yal + Jy1 — usl),
which proves the result.
Proof of Lemma 4.14

Proof.

-1

Y (1) — Y (Ch(u))| = /_ K(u,s, X (u+s))ds — Z K(Ch(u), t;, X(Cp(u) +1;)) x h

i=—N

= K(u,s, X(u+s))ds — / K(Ch(u),Cr(s), X(Cp(u) + Ch(s)))ds

=T

= / (K(u, s, X(u+s)) — K(Ch(u), Cr(s), X(Cr(u) + Cr(s))))ds

=T

| K (u, s, X(u+s)) — K(Ch(u), Cr(s), X(Ch(u) + Cpr(s)))|ds

IA

-

< / (Ki(u— Ch(u)) + Ki(s — Ci(s)) + Ka| X (u+ s) — X(Ch(u) + Cr(s))|)ds

T

T

0

(Ch + C(w)h=*)ds

< / (Kih + Kl + KoC(w)|(u = Cr(u)) + (s — Cu(s))[" ) ds
</

-r

0
gC(w)th/ ds

T

= rC(w)h = = C(w)h 7.
Proof of Lemma 4.4.2
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Proof. Under hypothesis 3,
-1 -1

|Y( n+1) ff( n+1 | — Z K n+17t17X( n+1 +t )) X h — Z K(tn+17ti7Xh(tn+l +tz)) x h
i=—N i=—N
-1
<h Y K (bt X(tngr + 1) = K (b, t, X (g +1)))]
i=—N
-1
<h Y Kol X(ta +t) = X (tusr + 1)
i=—N
—1 ~
= Koh > [X(tnyisa) = X (bnyiga)].

i=—N

_ Given that for i = —N,—(N +1),...,—(n + 2), we have t,1;41 < 0, then X(tpyiy1) =
XM (tntir1) = ¢tnrivr). Therefore,

—(n+2) —1
Y (tng1) = Y (tns1)| < Koh Z X (tngir1) — X" (tpsivn)| + Z X (tpsiv1) — X" (tnsirr)]
i=—(n+1)
- K2h' Z n-‘rH—l Xh(tn—i-i-i-l)’
n+1

= thz X (t:) — X"(t)]
=0

= KQhZ{fi.
=0

7.2. Technical Estimates for the Solution

In this section, we prove the Proposition 3.1.1. First, we establish some technical lemmas,
which provide a priori estimates for the process X. Their proofs are deferred to the end of this
section.

Let us introduce the following notation. For 0 < u < v < T and s € [—7,0],

X7 ()] = sup |X(2)]

X - X0)
uv * (u — U)5+1 :
Dya(s) = XU J(rus)_;));ﬁ +9) (7.23)

Lemma 7.2.1. Let 0 <u <v <T and s € [-7,0]. Then,

| X (u+s)— X(v+s)|
/ / u—v)f‘“ dsdv

(1+/0u |X* // | X ( u+us_v>)ﬁ(+<f}+8)‘d3dv)'
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Lemma 7.2.2. Let 0 <v <u < T and ¢, be defined by (7.23), then

/ o dv <C <1—|— | X*(a)|(u—a)” 2Bda—i-/ (u—a)” 6/ px.dzda
0 0

/u_a // el dsdzda)

Lemma 7.2.3. Let I, ,(s) defined by (7.23), then

// o dsdv<c<1+/ X ()| de+/y “(a)|(u — a)~2*da.
+/0 (u—a)” ’3/0 cpazdzda—l—/o (u—a)” // az( deZdG)

Proof of Proposition 3.1.1

Proof. For 0 <t <T, we are interested in estimating | X (t)|. From (3.1),

X ()] = ‘X(O)+/0 b(u,X(u),Y(u))du—i—/o o(u, X(u),Y (u))dBH (u)

<IXO)+ [ X (.Y () e
! |0(u,X(u),Y(u))| L |a(u,X(u),Y(u)) — U(U’X(U)7Y<U))|
w) </0 " du—l—/o /0 dvdu) :

(u—v)B+t

Let us denote
L = / |b(u, X (u),Y (u))|du, (7.24)

/ |UUXUB ())Idu’
// o (u, X (), Y () = o(v, X(0), V()| ,

(u—v)Pt

For I, and Iy we use the linear growth condition on the drift b and the diffusion o (3.6) to

obtain
I < Lg (t + /t | X (u)|du + /t \Y(u)|du) (7.25)

(H—TB/ X d +/ Y (u \du)

ASA““+“%”““WW

and

(7.26)
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On the other hand, using the linear growth condition on K (3.8) we obtain

|Y(u)|§/ K (w5, X(ut $)|ds < | Ka(1+ [X(u+ s)|)ds

'

g/_uK3(1+]X(u+s)])ds+/0 K3(14 | X (u+ s)|)ds.

In the interval [—r, —ul; —r +u < s +u < 0. Similarly, in the interval [—u,0]; 0 < u+ s < u.
Then

—u 0
Y (u)] SKgT—i—/ K3|¢(u+s)|ds+K3/ | X (u+ s)|ds.

This leads to
0
Y (u)| < Kgr+ Ks(u—71) sup |p(u+s)|+ Kg/ | X (u+ s)|ds. (7.27)
sE€[—r,—u] —u

Thus, from (7.25), (7.26), and (7.27), and considering C'(w) a generic random variable and
may change from line to line, we obtain that

L+ 1 <Cw) t+T5/ X du+/( —) [sup [z (u+s)\+K3/t/0 D((Z—;Lsﬂdsdu>

| X ()] |X u+s

<0 (@=n0+ sw jolu+9)) / // dd)

w -7 su U+ s X ()] t *(w)|u' P du

< c (e=na s o)+ [ B [ d)
| X (u |X*( )|,

<0 (@=n0+ s jolu+s)) / XCl,, +/ u)

< Cw) (1+/t |X;(B“)|du>. (7.28)

where | X*(u)| is given by (7.23).
Let us now analyze I3 in (7.24)

. / [T ol XD T,

(u—v)Btl
Ly|u — Lo X (u) — X Lo|Y(u) =Y
[ [ Bl LX) X LY Y Oy,
(u — U)B-ﬁ-l
Now, using the Lipschitz condition on K (3.8),
0
V() Y < [ K s Xt ) - K(v,s X+ )]ds
0
< Kilu—v| + K| X (u+s) — X(v+s)|ds
. )
§C|u—v]+C'/ | X (u+s) — X (v+ s)|ds. (7.30)
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Therefore (7.29) becomes

-8 X (u | X (u+s)— X(v+s)
I3 <CT +C’// u—vﬁﬂ dvd —|—C’/// (0 = 0)PH dsdvdu.

(7.31)

Combining (7.28) and (7.31) together with the notation in (7.23), we obtain

t |X*(u)] t u x t u 0
| X (t)] < C(w) (1 +/ 5 du +/ / o pdvdu +/ / / Fuﬂ,(s)dsdvdu> :
o u 0o Jo ’ 0o Jo J-r

The final part of the proof of Proposition 3.1.1 follows the same argument used in the proof
of Theorem 3.3.1 using Lemmas 7.2.1, 7.2.2 and 7.2.3 given above. In particular, once the
previous estimates are obtained, the conclusion is derived by applying the Gronwall inequality
i the same way as before. Since the same bounds and conditions hold, the argument can be
repeated without modification, and therefore we omit the details.

Proof of Lemma 7.2.1

Proof. We assume that —r < —u < —v < 0. To facilitate the analysis, we divide the integral
into the interval [—r,0] according to the relative positions of the points —r, —u, and —v. This
decomposition allows us to treat each contribution separately.

Accordingly, we partition the interval [—r, 0] into the three subintervals

[—r, —ul, [-u,—v], [-v,0].
We analyze each case separately.
Case I: s € [—r,—u]. In this case, —r < s < —u. Adding u yields

—r+u<s+u<0.

Similarly, adding v gives
—r+v<s+v<v—u<0.

Therefore, we obtain X(u+s) = ¢(u+s), X(v+s) = é(v+s) and

[X(u+s) = X(v+s)|=o(u+s) = v+s)] < |u—v]"

In this way
X uts) = X(vs)] T Ju— o7 - H—p—f-1 H—p—p-1
/_T (u —v)sHt ds = L mds < . lu— o777 ds < |u—v|7TF (r
Then
| x( ¥ )
_ u — U)B-‘rl .

Case II: s € [—u, —v)]
In this case, —u < s < —v. Thus, by adding u, we obtain 0 < s+u < u—wv. Similarly, by adding
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v, we have —u +v < s+ v < 0. That is, one quantity is positive and the other is negative.
Therefore, X (v +s) = ¢(v+ s), and

| X (u+s)—X(0)+X(0)—X(v+s)|=|X(u+s)—X(0)|+|X(0)—o(v+3)|
< Ow) (IX(u+s) — XO)| 4+ vo+s]"77).  (7.32)

In this way, since —u < s, it follows that —s < u. Therefore, 0 < —v — s < u — v. Thus,

JRCEEE (R Py g (CEES (P RS G

(u —wv)PHt u (u—v)B+t (u — v)B+1
< /_u |X(léu+jl)_5§(0)|ds+/_u (u —v)HP=P-1gs
< [ oG ey
X" (u— o) .
S ZW + (U — U) '8.

Then

/ / (u +us_ v))ﬁi(f) +8)l <C (/0” %dqj) + /Ou(u .

<C (/ | X*(v)|v"dv +uH_p_5+1) :
0
Caso III: s € [—v,0]

In this case, —v < s < 0. Adding u to the inequality, we obtain u —v < s +u < u. Similarly,
by adding v, we get 0 < s+ v < v. Hence, both quantities are positive, and the integrals remain
unchanged, i.e., no modification of the integration domains is required,

/ / X (u + )= X (7.33)

u — U)/BJrl

Combining the three cases, we obtain the result.
Proof of Lemma 7.2.2

Proof. We will first study | X (u) — X (v)|, for v <u

X (u) - \<Q/1+MTN+W(N@+C/1+M$KEY@Ma
0(a, X (a), ¥ (a)) — 0(2, X (=), Y(2)|
/ / (a— 2)pH dzda.

From (7.27) we have that

0

Y (a)| < Ksr+ K3(a—r) sup ]¢(a+s)|—|—K3/ | X (a + s)|ds.

s€[—r,—al —a
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Thus
[ X (u) — X (v)]

U 0
SC/ <1+|X(a)|—|—K3r+K3(a—r) sup |gz§(a—|—s)|—|—K3/ |X(a+5)]ds> da
v s€[—r,—al —a

w1+ [X(a)| + Ksr + Ks(a — 1) sup,e_y_q |6(a +5)| + K3 [° |X(a + s)|ds
+C (a—v)ﬁ da

o[ / o0, X (a) LB CRLIP

<C <1+/ 1 X*(a)|da +/ o) d +/u/ |U(G’X(a)’Y((Z))__z;(j’X(Z)’Y(Z>)|dzda>
co(is g bl e I[ \o(mX(aiY&»—a(z,X<z>,Y<z>>r ). sy

(a — z)ﬁ-‘rl
Hence,

/‘Xu M+ Ag, <C+C(// o U6+dadv
///'UCLX e U)BS)Y(Z))‘dzdadv).

Using inequality (16) in [16] and recalling that @, ., is d ﬁn d in (7.23), we obtain

/ wivdv <C’+C’(/ |X*(a)|(u — a)"*da
0
|o(a, X(a X(2),Y(2))]
/ / / (0= 25+ (- v)f” dzdadv
§C+C(/ | X*(a)|(u— a) ’Bda+/ / / B+ dzdadv
0 (a—2)
—l—/ / / dzdadv>
o Jo Ju (@—2)1(u—wv)
By making a change of integration variables as in [16] equation (18), we obtain
/ oy dv <C—|—C’</ | X*(a)|(u—a)~ ﬁda—l—/ (u—a) / X (e ))ﬁi( >|dzda
0
+ o B )
_C'+C’(/ | X*(a)|(u—a)” 2'8da—|—/ (u a)_ﬂ/ pn . dzda
Y (a)
/ / S e
(1+/ |X*(a 2ﬁda+/ (u—a)” ﬁ/ X dzda
0
/ u—a) / / dsdzda) (7.35)
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The last inequality follows from (7.30) and Lemma 7.2.1.
Proof of Lemma 7.2.3
Proof. From Lemma (7.2.1), we obtain the following

X( - X
// w( dsdv<C<1+/\X* v~ ﬂdv+//| u+8 gﬁj—i_s)’dsdv),
(u—)

(7.36)

Following the same analysis as in (7.34), we obtain

| X(u+s)— X(v+s)
cofin [T ROy [ [ X ) ol X0 Y(z))ldzda

ors (€= v+8 ( z)7H

u+s X* u+s a X a Y
SC’(l—f-/ | da—l—/ / | /3+1 dzd +/ / | Bﬂ)ldzda).
v+s ( U+S CL—Z +s a—z

Writing this in (7.36), we obtain the following

/ ) | Ty o(s)dsdo
<C <1+/ X (0) |0~ ﬂdv+/ /_ |Xu+u8_v)ﬂi(f+s>|dsdv>
sl [imonene [ [ [ o
/ / / / X(a 210 +|1+< Y iﬁﬂwzﬂdzdadsdv). (7.37)

For the last integral in (7.37), a change of variables followed by direct computation yields

[ RO 1
) —Y(2)|

:/ / /u/ T X() a_;)ﬂ)lluii%ﬁ; N qodsdzda

<c / / / = ﬁ+3|<u+ _|Y(i ) 8);(2)|dsdzda

<o [ [umprEO= YO M0 Ve,
(a — z)pt+1
X( Y(a)-Y
<C/ / 5\ a) — X(2)] +|Y(a) (Z)|dzda, (7.38)
(a — Z)/B+1
the last inequality is due to z < a implies u —a < u — z, and then — < ——. We study the

second integral of (7.37), making a substitution, then changing the l@mzts of the integral and
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taking into account that s is non-positive, we have

u 0 u+s %
// / X (@) dadsdv
—v Ju+s CL— U+8))_ (u—v)ﬁ-f'l
|X*a—i—s)| 1X*(a + 5)|
//_U/v (a—v) u—vﬂ+1dad5dv_//_a/ (0= ) u_y)ﬂﬂdvdsda
/ / / |X* dydsda<0/ / 1X*(a)|(u—a)” 28 Jsda
—a CL—U u—U)ﬂ-i-l

<C /0 IX*(a)] (1 — a)2da. (7.39)

Combining (7.37), (7.38) and (7.39) yields

// o dsdv<0<1+/ | X*(v) v~ ﬁdv+/ | X*(a)|(u — a)"**da.
+/0 (u— / |Xa—z))5(+<1) dz da—i—/o (u— / %dzda).
Finally, from (7.30) and Lemma 7.2.1,
/ / o dsdv<C’<1+/ | X*(v)|o~ ﬂdv+/ | X*(a)|(u — a) " da.
—I—/O (u— / |Xa_z))ﬂ(+<1)|d da+/ / /a a,z( dsdzda).
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