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Abstract

This thesis proposes an Opposite-Inspired Learning strategy for ant-based algorithms that were
designed and are able to solve combinatorial problems. We are interested in improving the search
process of a target ant-based algorithm, in terms of the quality of the solutions it can obtain.
Our strategy is focused on learning about such an undesirable characteristic that can bias some
intermediate decisions performed during the construction process. Usually, these intermediate
decisions give priority to locally interesting components and in some cases, only poor quality
solutions can be reached. Inspired in the concept of anti-pheromone, the idea is to produce a repel
effect to (temporarily) avoid components that were related to an undesirable characteristic. The
claim of our work is the following: if we consume a certain amount of resources in identifying and
learning about some undesired characteristic, the search process could be further focused making
decisions using this knowledge so that we can obtain complete instantiations of a better quality.
The objective of our strategy is to change some intermediate decisions allowing the selected ant-
based algorithm to consider components that could not be evaluated or are initially discarded.

To evaluate our strategy we selected ant-based algorithms designed for solving two different
combinatorial problems: the Multidimensional Knapsack Problem (a Constraint Optimization
Problem) and Constraint Satisfaction Problems (CSPs). We selected Ant Knapsack as the baseline
algorithm for solving the Multidimensional Knapsack Problem and Focused Ant Solver, for solving
Constraint Satisfaction Problems. The inclusion of our strategy requires the study of both problems
and algorithms. Results in benchmark instances show that both algorithms were allowed to reach
better quality solutions. In the case of Ant Knapsack, the use of opposite information allows
the algorithm to reach better quality solutions. About Focused Ant Solver, the use of opposite
information allowed the algorithm to solve more problems from the transition phase. Boxplots,
statistical analysis and fitness-distance plots are presented to assess how the search process of these
ant-based algorithms are modified. Moreover, the search process of the two baseline algorithms
were able to obtain different solutions, in terms of quality and structure.

In addition to the evaluation of our strategy in Ant Knapsack and Focused Ant Solver, a
cooperative scheme named COISA is presented as a preliminary work in this Thesis. The objective
of this scheme is to evaluate the collaboration of different sub-colonies of ants using opposite
information.
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Chapter 1

Introduction

Since ant-based algorithms have been proposed for solving Combinatorial Optimization Problems

in 1992 [Dor92], there have been several applications in different types of problems (i.e, Discrete

[DDCG99], Continuous [SD08], Multi-Objective Optimization Problems [LIS12]), new strategies

and variants, parameters analysis [SLIP+12], among others.

In an ant-based algorithm, each ant (or agent) constructs candidate solutions for a problem of

interest. The construction process of partial instantiations is based on decisions taken using two

components: local information in the form of pheromone and heuristic information. Pheromone

is used as a communication method among the ants in the colony, to guide the search process to

interesting regions of the search space. On the other hand, heuristic knowledge measures the effect

of each possible assignment using information on the problem being solved.

When the problems are complex to solve, some of the decisions made during the construction

process can lead the algorithm to complete instantiations with less quality than expected. Our

work is focused on ant-based algorithms that have shown to be able to solve complex combinatorial

problems, but in some stages of the construction of partial instantiations they make some decisions

that could be improved. In other words, the construction process can be biased by the attraction

of some characteristic of the candidate components. We named this characteristic as undesirable

(uD) and our objective is to provide useful information to an ant-based algorithm, to guide the

search process in a better way, when decisions can lead to poor quality complete instantiations. We

propose an Opposition-Inspired Learning strategy to identify an uD-characteristic from complete

instantiations. The idea is to reduce the attraction of this particular uD-characteristic, giving a

chance to other components that the original algorithm would not consider.

1



CHAPTER 1. INTRODUCTION

Opposite Learning (OL) was the main motivation of this work. Chapter 2 presents the principal

concepts and definitions related to OL. Many metaheuristic approaches related to Opposite Learn-

ing have been proposed in the last 10 years. These approaches can be classified in two main areas:

Opposition-Based Learning (OBL) and Opposition-Inspired Learning (OIL). OBL metaheuristic

approaches were mostly proposed for solving continuous problems. On the other hand, OIL ap-

proaches are designed for solving discrete problems. A revision and a classification of existing OBL

and OIL metaheuristic approaches is presented in Chapter 2.

Our strategy is proposed for ant-based algorithms solving combinatorial problem. Chapter 3

presents a review of the most important and pioneer ant-based approaches. The first ant-based

algorithm was proposed in 1992 and the motivation behind the design of this algorithm is related

to the organization, communication methods and stimuli response of real ants. Section 3.1 presents

a brief revision of how the behavior of real ants motivates the creation and design of ant-based

algorithms.

The pioneer ant-based approaches are Ant System, Ant Colony System, MAX −MIN Ant

System, among others. Mainly, these approaches were originally proposed for solving the Trav-

elling Salesman Problem. Section 3.3 introduce these algorithms and also, some applications in

other combinatorial problems are detailed in Section 3.4.3. As our strategy was mainly inspired in

the OL literature, Section 3.3.5 introduces the concept and presents details of the first application

of anti-pheromone.

Our Opposite-Inspired Learning strategy is presented and detailed in Chapter 4. In order to

evaluate alternative possibilities of identifying an uD-characteristic, we proposed three different

Methods. These methods will perform a particularly defined search process and some components

should be defined. Section 4.3 presents details of these three Methods. To evaluate our strategy

we consider ant-based algorithms proposed for solving two different combinatorial problems: the

Multidimensional Knapsack Problem (a Constraint Satisfaction and Optimization Problem) and

for binary Constraint Satisfaction Problems (CSPs).

Chapter 5 presents the application in an ant-based algorithm for solving the Multidimensional

Knapsack Problem (MKP). Section 5.1 formally defines MKP and also, presents a brief revision

of existing efficiency metrics, heuristics, metaheuristic approaches and benchmark instances. We

2



CHAPTER 1. INTRODUCTION

selected Ant Knapsack as the baseline algorithm to evaluate our strategy and Section 5.2 intro-

duces the main components of this technique. Experiments in large-size benchmark instances were

performed and results show that the inclusion of opposite information allows Ant Knapsack to be

competitive with state-of-the-art algorithms.

Chapter 6 presents the details of the inclusion of our strategy in an ant-based algorithm for solv-

ing CSPs. Definitions and a review of existing approaches for solving these problems are presented

in Section 6.1. We selected Focused Ant Solver as the baseline algorithm for CSPs. Section 6.2

introduces this algorithm and Section 6.3 present details of the implementation of our strategy.

Experiments using randomly-generated binary CSPs were considered to evaluate the inclusion of

the strategy in FAS. The generated instances are part to the transition phase, where the hardest

problems are. Experiments and results are presented in Section 6.4. Results show that the inclu-

sion of opposite information allows Focused Ant Solver to solve more problems.

For both baseline algorithms, statistical analysis, boxplots and fitness-distance plots are pre-

sented in order to confirm that using opposite information allows the original algorithms to reach

different solutions, in terms of quality and structure. In addition, fine tuning processes were

performed using Evolutionary Calibrator (EVOCA), a well-known tuner algorithm based on Evo-

lutionary Algorithms.

COISA is a collaborative scheme that considers the cooperation of sub-colonies of ants and

it is proposed in Chapter 7. Despite that the key idea and main components of COISA are the

same as in our OIL strategy, COISA has some implementation and design differences. Section 7.1

introduces the details of COISA and explains how the sub-colonies cooperate in the construction

of a pheromone matrix. The First Step of this scheme is executed in parallel, considering some

threads focused on the construction of solutions and other focused in the management of pheromone

information. Main details of the parallelism are presented in Section 7.2 and preliminary results

in benchmark instances are presented in Section 7.4.

Finally, Chapter 8 present some conclusions and possible paths for future work.

3



Chapter 2

Opposite Learning

A metaheuristic can be defined as an iterative generation process which guides a subordinate

heuristic by intelligently combining different concepts for exploring and exploiting the search

space [OL96]. In general, metaheuristics identify promising regions of the search space and exploit

them to obtain the best quality solutions from those regions. However, metaheuristics based ap-

proaches present typical difficulties: getting trapped in local optima, having convergence problems,

among others. For these reasons, the design of strategies for improving the search of metaheuristics

has been studied for several years [Tal02, Tal09].

Opposite Learning (OL) has been introduced in optimization and metaheuristics as a search

strategy for obtaining complementary candidates from a set of solutions [Tiz05]. The key idea is

to support the search process of a target algorithm considering alternative candidate solutions.

A relationship between two candidate solutions is defined as “opposite” and the highest quality

solution among them is kept to continue the search process. The objective of mapping candidate

solutions is to increase the coverage of the search space, accuracy and convergence of the search

process [Mal08].

Many OL metaheuristic approaches have been reported in the metaheuristics community [RRM17,

MRD17, XWW+14]. OL has been mainly applied with different objectives like: initialization pro-

cess of metaheuristics, generation of solutions, parameter control, local search procedures, pertur-

bation of solutions, among other goals. Existing Opposite Learning approaches can be classified in

two main areas: Opposition-Based Learning (OBL) and Opposition-Inspired Learning (OIL). OBL

is more related to solve continuous optimization problems and OIL to combinatorial optimization

problems. This chapter presents the main concepts and ideas of both, OBL and OIL.

4
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First, eight types of Opposition-Based Learning are defined and explained, and also several

OBL metaheuristic approaches are presented. Then, Opposition-Inspired Learning is presented

followed by a description of some metaheuristic approaches inspired in opposite ideas. All the

approaches here reviewed were classified and described considering four important characteristics:

• The objective of including OL: we analyze the principal reason of including an Opposite

Learning component into an algorithm. This shows some possible deficiencies of metaheuris-

tics that can be tackled with OL.

• The role of OL: this feature shows the task performed by a component based on OL.

• The type of OL: this attribute shows which type of OBL or OIL is applied in each approach.

• The type of problem tackled: continuous or discrete optimization problem.

Finally, a discussion and a taxonomy are presented to classify all these Opposite Learning

metaheuristics. In the following section Opposition-Based Learning is presented.

2.1 Opposition-Based Learning

There are several definitions of what opposition is, considering a long list of situations and contexts

where this concept can be applied.1 Focused on metaheuristics and optimization, opposition has

been presented as a relationship between a pair of candidate solutions. Both in combinatorial

and continuous optimization, each candidate solution has its own particularly defined opposite

candidate. In general, there are two ways of searching using opposite candidate solutions: defining

a function for mapping every solution of the search space with its own opposite solution or searching

for solutions with opposite quality.

Let us suppose that we are interested in solving a problem whose variable domains are defined

in defined C space, where C can be a set of numerical (e.g, discrete, continuous) or categorical

concepts. As Opposition-Based Learning (OBL) is more related to continuous problems, we will

consider in this chapter that C space is a real number space R.

Let us suppose that X = [x1, x2, . . . , xM ] is a point in a M -dimensional space where xi ∈

[ai, bi],∀i ∈ [1,M ]. Next, we will present different existing types of OBL to obtain opposite

candidate solutions X̆ that consider variables in a M-dimensional space.

1Def: Completely different; of a contrary kind. (Oxford Dictionary - http:\\en.oxforddictionaries.com)
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Figure 2.1: Search space example

Definition 2.1.1. Type-I Opposition: Given Φ : R→ R an opposition mapping function that

maintains the characteristics of the input space. Thus, a Type-I Opposite candidate solution is

defined by X̆ = Φ(X)

Type-I Opposition was proposed in the first article related to OBL [Tiz05]. Here, Φ is a function

that maps every solution X in the search space to its opposite solution X̆. The most commonly

used Φ function considers the boundaries of the domain of each dimension of X. Considering

xi ∈ [ai, bi] the ith dimension of X, its opposite x̆i can be defined as:

x̆i = ai + bi − xi (2.1)

Figure 2.1 shows a search space example of a problem to be solved. There are seven regions

named from A to G, where the darker the region the better the quality solution. Suppose that a

candidate solution X is in region D, where lowest quality solutions are placed. Using a particularly

defined mapping function Φ, we can obtain its opposite candidate solution X̆ = Φ(X). This

solution can be in other region of the search space, for example in Figure 2.1, in region B. The key

idea is to generate alternative candidate solutions using Φ and continue the search process with the

highest quality solutions. It is important to emphasize that Φ is defined as a one-to-one mapping

function. Moreover, the relationship between two candidate solutions is symmetric: Φ(X) = X̆

and Φ(X̆) = X.

From Type-I Opposition, two extensions were proposed according to a function that mea-
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Figure 2.2: Quasi and Super Opposition example

sures the distance between X and X̆: Type-I Quasi-Opposition [RTS07c] and Type-I Super-

Opposition [TVR08]:

Definition 2.1.2. Type-I Quasi-Opposition: Given X ∈ R and d a distance function. We

define that points X̆q are Type-I Quasi-opposite of X when d(X̆q, X) < d(X̆,X).

Definition 2.1.3. Type-I Super-Opposition: Given X ∈ R and d a distance function. We

define points X̆s are Type-I Super-opposite of X when d(X̆s, X) > d(X̆,X).

A distance relation is defined between these opposite types. Figure 2.2 shows an example in

a two dimensional space. Let us suppose that the distance between a candidate solution X and

its Type-I opposite X̆ is d(X, X̆) = k′. Quasi-opposite points X̆q are defined closer to the original

candidate solution X than a Type-I Opposition point X̆. Here, a Quasi-opposite point X̆q can be

defined considering d(X̆q, X) < k′. In the figure, X̆q can be inside the region colored in yellow. The

hypothesis is that quasi-opposite points have a higher chance to be closer to an optimal solution

than opposite points [TVR08].

On the other hand, compared to a Type-I Opposition point X̆, a Super-opposite candidate

solutions X̆s is defined farther from X. In the figure, X̆s can be defined in the white color region.

Moreover, a Super-opposite point X̆s can be defined as (k′ + k) ≥ d(X̆s, X) > d(X̆,X).

There is other existing type of opposition named Type-II Opposition, that defines a relationship

7
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between a pair of candidate solutions considering an evaluation function for mapping them.

Definition 2.1.4. Type-II Opposition: Given X ∈ R and Υ : R→ R by a Type-II Opposition

mapping that requires a defined performance function f . Then, the set of Type-II opposites of R

is completely defined by Υ.

As was proposed in [VT07], let us suppose that Υ(X) = min(f(X), f(X̆)) for a minimization

problem. An opposite candidate X̆ is calculated and evaluated by Υ considering a fixed value ∆:

X̆ = X ± ∆. Υ allows to compute an opposite candidate and compare its quality with X. The

candidate solution that optimizes the objective of the problem being solved will be considered to

continue the search process of the algorithm.

However, a different application of Type-II Opposition was proposed in [TVR08]. Here, an op-

posite candidate X̆ is computed for a continuous problem considering the maximum and minimum

values of the performance function f . X̆ is computed such that its quality value y̆ is:

y̆ = ymax + ymin − y (2.2)

where y = f(X) and y ∈ [ymin, ymax]. The Type-II Opposition strategy has been used for

exploring the search space, maintaining highest quality solutions.

Generalized OBL (GOBL) [WWRK09] is a type of OBL originally presented as Space Trans-

formation Search (STS) [WWL+09]. Similarly to the idea behind Quasi-Opposition, the aim of

GOBL is to obtain candidate solutions closer to an hypothetical global optimum.

Definition 2.1.5. Generalized OBL: Given X = [x1, . . . , xM ] a solution in a M-dimensional

space. An opposite candidate solution X̆g = [x̆1, . . . , x̆M ] is defined by a weight parameter k that

controls the distance between each opposite dimension and its original. The dimension j of X is

mapped using:

x̆j = k ∗ (aj + bj)− xj (2.3)

where k is a random number ∈ [0, 1] and aj and bj are the minimum and maximum values for

jth dimension of X.

If k = 0 the opposite candidate is defined as x̆j = −xj . In this case, x̆j is a reflection of xj

through the origin (0). Also, if k = 1 the opposite candidate is equal to a Type-I Opposition

candidate (Equation 2.1). When k ∈ (0, 1), different values for x̆j will be obtained. The idea

of this type of OBL is to map candidate solutions controlling the distance between opposite and

8
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original candidate solutions.

Center-Based Sampling (CBS) [RW09] is a type of OBL similar to GOBL. Here, the objective

is to obtain opposite candidate solutions closer to the center of the domain of each variable.

Definition 2.1.6. Center-Based Sampling: Given X = [x1, . . . , xM ] a solution in a M-

dimensional space. An opposite candidate solution X̆c = [x̆c1 , . . . , x̆cM ] is defined by a random

point between X and its opposite point X̆. Each dimension j of X is mapped using:

x̆cj = randj ∗ (aj + bj − 2 ∗ xj) + xj (2.4)

where randj is a uniformly distributed random number ∈ [0, 1], j ∈ [1,M ] and aj and bj are

the minimum and maximum values of the jth component of X.

In literature there exist other types of OBL: Quasi-Reflection OBL (QROBL) [ESD09] and OBL

using the Current Optimum (COOBL) [XWHW11]. Table 2.1 summarizes all these types of OBL.

For each type, we present the opposite candidate X̆ of a solution X and the required inputs for

obtaining this opposite candidate solution.
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Figure 2.3: OBL types example

Figure 2.3 shows a minimization problem example that considers one dimension solutions (M =

1) and all the OBL types described. Let us suppose that C space is R and the candidate solution

x ∈ [0, 10], specifically x = 2. Also, let us suppose that the current best solution found is xco = 1.

Notice that the center of the domain is
xmin + xmax

2
= 5. Let us suppose that the Type-I opposite

will be mapped using the Φ(x) function

x̆ = Φ(x) = 10 + 0− x (2.5)

where 0 and 10 are the domain limits of x. In this case, x̆ = Φ(2) will be equal to 8. Then, the

Type-I Quasi opposite can be x̆q = 6 and the Type-I Super opposite should be x̆s ∈ (8, 10]. Notice

that for x̆q = 6 the constraint d(2, 6) < d(2, 8) is satisfied. For x̆s, the constraint d(x̆s, 2) > d(8, 2)

should be satisfied.

Then, x̆qr is a reflection of x̆q across the center of the domain, x̆qr = 4. About CBS, x̆c can be

between 4 and 6, near to the center of the domain of x. GOBL defines the opposite x̆g closer to the

original candidate solution than x̆. For this reason, x̆g can take values from 2 to 8, depending of

the random value of k (Equation 2.3). Considering that the current optimum is xco = 1, COOBL

is defined as xCOOBL = 0. Notice that Type-II opposite x̆II cannot be represented without the

definition of an evaluation function.

In the following we will present several applications of these OBL types metaheuristics. A brief

review will be detailed for each approach, considering the four features already presented.

2.1.1 OBL Metaheuristics

Since 2005, several metaheuristic approaches related with Opposition-Based Learning have been

proposed. Mainly, any of these OBL types were applied in metaheuristic like Differential Evolution,

Particle Swarm Optimization, Evolutionary Algorithms and Harmony Search. In this section a
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Figure 2.4: Opposite initialization procedure included in ODE

literature review of OBL metaheuristic approaches is presented.

2.1.1.1 Differential Evolution

Differential Evolution (DE) [SP97] is a population-based metaheuristic originally proposed for

solving continuous problems. In a basic DE approach, a population of candidate solutions evolves

considering mutation, crossover and selection operators. There are several DE algorithms that

apply any of the described OBL types in their components. In general, the main objective of

including OBL in Differential Evolution (DE) is to accelerate the convergence of the search process

by improving the chance of getting better candidate solutions, by evaluating the original and their

opposite candidate solutions simultaneously.

Opposite Differential Evolution (ODE) [RTS06, RTS07a] is a DE algorithm that includes two

important opposite procedures: opposite initialization and opposite generation jumping. These

schemes were proposed in [RTS06] and Type-I Opposition is considered in both procedures. Fig-

ure 2.4 shows details of the opposite initialization procedure. During opposite initialization, a set of

random candidate solutions is created and then their opposites are computed. Initial population

is then conformed by the best solutions selected from these two sets. Figure 2.5 shows details

of the opposite generation jumping procedure. Similar to the opposite initialization, the opposite

generation jumping also produces an opposite population, but in this case, during the execution

of the algorithm. For each individual, its opposite is calculated with Type-I Opposition mapping

rule (as in Equation 2.1). Considering an opposite and a normal population, the fittest individuals

are kept to continue the search process. Here, the evolutionary process can be forced to jump

to a fitter generation, with better quality individuals. The application of this procedure will be

controlled by a parameter named Jumping Rate (JR).

12
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Figure 2.5: Generation Jumping method of ODE

To evaluate these procedures, experiments were performed using a test-suite of nine well-known

benchmark functions (De Jong, Axis parallel hyper-ellipsoid, Rotated hyper-ellipsoid, Rosenbrock,

Griewank, Sum of different power, One dimensional multimodal, Ackley and Rastrigin functions).

Details of these benchmark functions can be found in [WRDM96]. First, they compare the inclusion

of opposite initialization with a random initialization procedure. Results showed that the opposite

initialization obtains better solutions than a randomly generated set. Then, both initialization

processes were included in DE algorithm. Results showed that the convergence of ODE was

accelerated in an average of 3%, in terms of the number of evaluation function calls. However, the

algorithm improves the quality of the solutions found in an average of 30%. In the last scenario,

opposite generation jumping and opposite initialization were included in DE. Results showed an

overall improvement of 40% of average number of function calls [RTS06].

A performance evaluation of DE and ODE in large scale optimization problems is presented

in [RW08]. For this, a set of benchmark functions proposed in a special session of CEC-2008

were used [TYS+07]. These functions are Shifted Sphere, Shifted Schwefels, Shifted Rosenbrocks,

Shifted Rastrigins, Shifted Griewanks, Shifted Ackleys, and Fast Fractal DoubleDip functions.

Results showed that ODE outperforms DE in these large scale optimization functions.

Finally, it is important to mention that these two opposite procedures have being severally

applied in OBL metaheuristic approaches. When opposite initialization or generation jumping is

mentioned in the following, we refer to these procedures.

Opposition-based Differential Evolution using the Current Optimum (COODE) is a variant of

ODE. The structure and components of COODE are the same as ODE. The main difference is that

opposite candidates are computed considering the OBL using the Current Optimum type instead

of using Type-I Opposition. Experiments with 33 benchmark functions showed that COODE is

13
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more efficient than ODE in terms of the number of evaluation function calls.

Quasi-Oppositional DE (QODE) [RTS07c] is a variant of ODE that considers the Type-I Quasi-

Opposition instead of Type-I Opposition in their procedures. Results confirm that QODE outper-

forms ODE and DE in 15 benchmark functions. In [Bas16], an application of QODE is presented

for the Optimal Reactive Power Dispatch problem. The objective of the reactive power dispatch

problem is to minimize the active power loss and to improve voltage profile and voltage stabil-

ity satisfying some constraints. The approach was tested on IEEE 30-bus, 57-bus and 118-bus

test systems. Results showed that QODE outperforms other evolutionary techniques reported in

literature such as DE, OGSA [SMG14], QOTLBO [MS15], SOA [DCZZ09], among others.

Generalized Opposition Orientation Neighborhood DE (GoOnDE) [Wan15] is an Enhanced Dif-

ferential Evolution approach that includes two strategies based on Generalized-OBL (GOBL) and

Orientation Neighborhood Mining (ONM). The idea is to increase the population diversity and

the chance of finding the optimal solution using GOBL. For this purpose, a Generalized Opposite

Population is generated, maintaining the fittest individuals from both populations. The algorithm

was tested with seven well-known continuous benchmark functions and results showed that this

algorithm outperforms another DE algorithms that include OBL or ONM.

There are some works only focused on the opposite generation jumping procedure. Opposition

DE with Time Varying Jumping Rate (ODE-TVJR) is a variant of ODE that considers a variable

jumping rate [RTS07b]. The generation jumping rate parameter changes linearly during the evo-

lution, based on the number of function evaluations. Moreover, strategies for linearly increasing

or decreasing the rate were proposed. Several functions and problems were used to evaluate this

strategy (Rosenbrock, Rastrigin, Griewank, Perm, Michalewicz, Schwefel, Kowalik functions and

Multi-Gaussian, Neumaier 2, Odd Square, Price’s Transistor Modeling and Schaffer 2). Results

showed that the linearly decreasing jumping rate performs better than constant settings and the

linearly increasing strategy.

ODE-Protective Generation Jumping (ODE-PGJ ) [ER11] is an ODE variant that adaptively

uses the opposite generation jumping procedure. A parameter rate is defined to decide when the

opposite generation jumping will be applied. The opposite generation jumping procedure will be

used until the individuals selected from the opposite population is lower than a fixed percentage.

To evaluate this strategy, twelve specific benchmark functions where ODE performs poorly were

used (Rosenbrock, Rastrigin, Griewank, Perm, Michalewicz, Schwefel and Kowalik functions). Re-

sults showed that this strategy outperforms ODE in 10 out of 12 functions.
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Shuffled Extended Opposition-Based DE (OB-SEOBDE) [AAR12] is a Shuffled Differential Evo-

lution (SDE) approach that applies OBL to accelerate the convergence. Here, the population is di-

vided into several partitions and each one is improved by a DE approach. Four different approaches

were tested, combining opposite initialization and opposite generation jumping. These approaches

were evaluated on 25 benchmark functions designed for a special session on real-parameter opti-

mization [SHL+05]. Encouraging results were found using these approaches. Their main disadvan-

tage was the large number of parameter values to define. There is another variant of OB-SEOBDE

extended for the Bidirectional SDE algorithm [Aha16].

In literature there are also DE algorithms proposed for solving Multi-objective optimization

problems (MOP) that include OBL concepts. Multiobjective Differential Evolution Based on Op-

posite Operation (MODEA-OO) [DW09] is an ODE variation for MOPs. Here, in addition to using

opposite initialization, the algorithm calculates opposite points of the offspring in each generation,

according to the number of the non-dominated individuals. The algorithm was tested in ZDT1 to

ZDT3, ZDT6 and F1 functions [ZDT00].

Opposition-based Multiple Objective Differential Evolution (OMODE) [CT15] is a similar ap-

proach proposed for solving the Time Cost Utilization Work Shift Tradeoff (TCUT) problem. The

aim of the TCUT problem is to minimize simultaneously the project duration, project cost and

total evening and night shift working hours. Here, opposite initialization and generation jumping

are included in OMODE.

Multiobjective Differential Evolution Algorithm (MODEA-OA) [LZY12] proposed another DE

algorithm that includes an Opposition-Based parameter control mechanism. Here, OBL is used

to accelerate the convergence of the search process. For this purpose, parameter configurations

are characterized in three conditions: keep, flip and re-generate. If a configuration obtains good

results, then it is in the keep condition, so it will be maintained. But, if a configuration does

not obtain good results, it can be flipped using OBL. If that configuration was flipped in another

iteration, the algorithm re-generates a new one. MODEA-OA was tested with problem functions

with bi, tri and five-objectives. Results showed that MODEA-OA outperforms several MODEA

algorithms in literature.

Table 2.2 shows a summary of these OBL-DE approaches. In general, Type-I Opposition is

the most used type of OBL and most of these algorithms include OBL with the objective of

accelerating the convergence of a DE approach. The most recurrent role when including OBL in

DE the initialization of the algorithm and for the application of a generation jumping procedure.
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Algorithm Objective Role Type Problem

ODE [RTS06, RW08],

ODE-TVJR [RTS07b],

ODE-PGJ [ER11],

Accelerate Convergence Initialization, Generation Jumping Type-I Opposition Continuous

OB-SEOBDE [AAR12,

Aha16],

OMODE [CT15]
COODE [XWHW11] Accelerate Convergence Initialization, Generate Solutions OBL using the Current Optimum Continuous

MODEA-OO [DW09] Accelerate Convergence Initialization, Generate Solutions Type-I Opposition Continuous

QODE [RTS07c,
Bas16]

Accelerate Convergence Initialization, Generation Jumping Type-I Quasi-Opposition Continuous

GoOnDE [Wan15] Increase Exploration Generate Solutions GOBL Continuous
MODEA-OA [LZY12] Accelerate Convergence Parameter Control Type-I Opposition Continuous

Table 2.2: Summary of Differential Evolution approaches that applies OBL

It is important to notice that all these applications are used for solving continuous optimization

problems.

2.1.1.2 Particle Swarm Optimization

Particle Swarm Optimization (PSO) [KE95] is a stochastic swarm intelligence algorithm inspired

in the social behavior lying in the bird flocking. In PSO, a population of individuals (referred

as particles) are grouped into a swarm. Each particle represents a candidate solution and has its

own position and velocity. Different rules are followed by each particle for moving with a certain

acceleration. In the literature there are some PSO approaches that implement OBL ideas. Here,

opposite initialization and opposite generation jumping were also implemented for PSO algorithms.

For this, an opposite swarm from the regular swarm is computed using a numerical opposite position

and opposite velocity. Fittest particles, belonging to both swarms, will be selected to be part of the

next generation. This is used in the beginning of the execution process for the opposite initialization

and during the execution for the generation jumping procedure.

Opposition-based Particle Swarm Optimization (OPSO) [HH07] considers the idea of opposition

in three components: opposite initialization, opposite generation jumping and local improvement

of the best individual in swarm. For the generation jumping, the procedure is repeated iteratively

using a jumping rate and a dynamic constriction factor for enhancing the convergence speed. Ex-

periments with well-known optimization functions (Rosenbrock, Rastrigin, Shubert, Beale, Ackley,

Schaffer functions) showed that opposition-based ideas improve the performance of PSO.

Opposition based Particle Swarm Optimization (O-PSO) [JJB09] was proposed as the Opposi-

tion based initialization in PSO. In this case, the algorithm considers an opposite population only

during the initialization. Fittest particles between both populations are considered for the execu-

tion of the algorithm. Experiments with Sphere, Rosenbrock, Ackley and MultiModal functions
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showed that the opposite initialization procedure allows to improve the search process of standard

PSO.

Opposition based Particle Swarm Optimization with Cauchy Mutation (OPSOCM) [WLL+07]

is an extension of OPSO that includes a dynamic Cauchy mutation. The objective of this mutation

is to avoid getting trapped in local optima. This dynamic Cauchy mutation is applied to the global

best particle. To evaluate this approach, unimodal and multimodal functions were used. Results

showed that OPSOCM presents a faster convergence and can find better quality solutions than

PSO.

Another variant named Generalized Opposition based Particle Swarm Optimization (GOPSO)

[WWR+11] includes Generalized OBL in addition to use Cauchy mutation. Generalized OBL

considers a random number k as a weight to control the distance between a candidate solution

and its opposite. Here, GOBL is used in the opposite initialization and opposite generation jump-

ing procedures. To evaluate this approach, authors compared GOPSO with eight PSO variants

from literature using unimodal, simple multimodal, unrotated and rotated multimodal benchmark

functions [LQSB06]. Also, another version of GOPSO with dynamic population size is presented

(DP-GOPSO). Large scale problems were used to compare GOPSO with their dynamic variant.

Results showed that GOPSO was improved considering a dynamic population size. In [DKZ16], a

complementary strategy to GOPSO was proposed, including an adaptive mutation selection strat-

egy for performing a local search procedure to the global best particle. Also, an adaptive non

linear inertia weight is included, with the objective of balance exploitation and exploration of the

algorithm.

Other technique that includes Generalized OBL is named Opposition based Personal Best PSO

(OpbestPSO) [SDB14]. In PSO algorithms, the movements of particles are guided by their personal

best known positions and the best known position of the entire swarm. In this case, GOBL is used

to obtain an opposite personal best position and for the initialization of the algorithm. The idea is

that particles can learn about their opposite personal best positions before updating their velocities.

To evaluate this strategy, uni and multimodal, quartic noisy and discontinuous step functions were

used. Results showed that OpbestPSO outperforms PSO and OPSO algorithms.

Another similar Opposition based PSO approach is called OPSO-Exp, focused on exploration

and exploitation [MS15]. As OpbestPSO, OPSO-Exp also uses GOBL for initialization and to

obtain opposite particle personal best positions. In addition, OPSO-Exp includes a component for

controlling exploitation and exploration levels considering the global best solution. To evaluate

this strategy, 28 benchmark functions presented in CEC-2013 conference were used [LQSHD13].
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Results showed that OPSO-Exp outperforms OPSOCM, OpbestPSO and PSO algorithms.

Enhanced Opposition-based PSO (EOPSO) [TZ09] is another PSO-OBL approach. Here, an-

other type of OBL called Enhanced-OBL is proposed. An Enhance Opposite Particle is computed

from a candidate solution using the Type-I Opposition definition and then, mapping X̆ closer

to the center of the domain. We considered this method as an hybrid between CBS and Type-I

Opposition. The strategy is applied to obtain an enhance opposite population probabilistically

controlled by a parameter named Opposition Probability. Experiments with well-known optimiza-

tion functions showed that EOPSO outperforms OPSO and PSO, according to the quality of the

solutions found.

Opposition-based PSO with Velocity Clamping (OVCPSO) is presented in [SBM+09]. Similarly

to EOPSO, this algorithm considers opposite particles and an opposite population, but in this

case, defined as Type-I Opposition. OVCPSO includes a velocity clamping component to manage

swarms exploration and exploitation levels. Uni and multimodal functions were used to evaluate

and compare OVCPSO with different variants of PSO that include velocity clamping components.

Results showed that OVCPSO obtains better performance than the other two algorithms. However,

OVCPSO was not able to find the optimum solutions for some test functions.

Particle Swarm Optimization with Opposition-based Disturbance (PSOOD) [CC10] tries to in-

crease the population diversity and exploration in PSO. For this reason, the approach includes the

Opposition-based Disturbance component, that changes the position of particles when the local

best is updated. For testing this approach, multimodal functions were used and results showed

that PSOOD outperforms PSO, OPSO and EOPSO algorithms.

Another PSO variant with a chaotic OBL population initialization procedure and a stochastic

search technique is named CSPSO [GLH12]. Here, the random initialization is replaced by an

opposition-based initialization with a sinusoidal iterator. Also, it considers a stochastic search

strategy to increase the exploration of CSPSO search process. Experiments with 10 well-known

benchmark functions with dimensions ranging from 30 to 300 showed that CSPSO performs better

than seven other PSO variants from literature.

Multi-start Opposition-based Particle Swarm Optimization algorithm with Adaptive Velocity

(MSOPSOAV) [Kau13] is a multi-start PSO variant for bound constrained optimization problems

(BCOP). This algorithm considers an adaptive velocity strategy and includes OBL in the swarm

initialization process. Also, to tackle the premature convergence, the search process is restarted

re-initializing particles according to the Super-Opposition definition. To evaluate the performance

of MSOPSOAV, 100 global optimization problems from literature were used. Results showed that
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Algorithm Objective Role Type Problem

OPSO [HH07] Accelerate Conver-

gence, Handle Noisy

Problems

Initialization, Genera-

tion Jumping, Local

Improvement

Type-I Opposition Continuous

OPSOCM [WLL+07], OVCPSO [SBM+09] Accelerate Conver-

gence

Generate Solutions Type-I Opposition Continuous

GOPSO [WWR+11, DKZ16] Accelerate Conver-

gence

Initialization, Genera-

tion Jumping

GOBL Continuous

OPSO-Exp [MS15], OpbestPSO [SDB14] Accelerate Conver-
gence

Initialization, Gener-
ate Solutions

GOBL Continuous

EOPSO [TZ09] Accelerate Conver-

gence

Generate Solutions Type-I Opposition + CBS Continuous

O-PSO [JJB09], CSPSO [GLH12] Accelerate Conver-

gence

Initialization Type-I Opposition Continuous

PSOOD [CC10] Increase Exploration Generate Solutions Type-I Opposition Continuous
MSOPSOAV [Kau13] Accelerate Con-

vergence, Increase
Exploration

Initialization, Restart Type-I Super Opposition Continuous

Table 2.3: Summary of Particle Swarm Optimization approaches that applies OBL

OBL initialization and super-opposition based restart strategy prevent the premature convergence

and stagnation of PSO.

Table 2.3 shows a summary of these PSO approaches that includes ideas from OBL. In general,

the most recurrent objective of including OBL is to accelerate the convergence speed of PSO

algorithms. For this purpose, OBL was applied mostly in initialization processes and for generating

opposite particles during the search process. Again, all these approaches were implemented for

solving continuous optimization problems.

2.1.1.3 Evolutionary Algorithms

Evolutionary Algorithms (EA) [BFM97] are population-based algorithms inspired in Darwin’s prin-

ciples of evolution. A population of individuals evolves considering transformation operators and

a natural selection procedure (based in the fitness of individuals). Most used EAs are Genetic

Algorithms, Memetic Algorithms, Genetic Programming, among others.

The first OBL proposed approach was incorporated to a Genetic Algorithm named Opposition

GA (OGA) [Tiz05]. The idea here was to generate anti-chromosomes for best and worst members

of the population. To obtain these anti-chromosomes, binary genes are inverted by a total mutation

procedure. Results in unimodal functions showed how interesting the use of opposite knowledge

can result during the search process of an algorithm. Finally, total sub-mutation was proposed for

inverting only specific parts of the chromosome.

Oppositional Biogeography-based Optimization (OBBO) [ESD09] is a technique that includes a

Quasi-Reflection OBL in the standard Biogeography-based Optimization (BBO). 2 Here, opposite

2Biogeography-based Optimization [Sim08] is an EA inspired by biogeography and the migration of species in
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initialization and opposite generation jumping were implemented. The objective of the inclusion

of opposite information is to accelerate the convergence process of the standard BBO algorithm.

Results in sixteen benchmark functions showed that OBBO outperforms BBO in terms of the

successful runs and of the number of evaluation function calls made.

In the field of Multi-Objective Optimization Evolutionary Algorithms (MOEA), one OBL ap-

proach was published. A MOEA/D variant that includes OBL for the initialization and for gen-

erating new chromosomes during the evolutionary process is named MOEA/D-OBL [MLQ+14].

Center-Based Sampling is used for the initialization of the population. An opposite population

is calculated and one of these solutions replaces a solution from the original population. To gen-

erate new chromosomes, Generalized-OBL is implemented in a strategy called opposition-based

local search. A solution is mapped considering the maximum and minimum values of its neighbor

solutions. MOEA/D-OBL was evaluated using four representative test problems including ZDT,

DTLZ, UF and WFG problems. Results showed that MOEA/D-OBL outperforms the well-known

MOEA/D.

Opposition-Based Memetic Algorithm (OBMA) [ZHD17] is an MA approach for solving the

Maximum Diversity Problem (MDP). In MDP, considering a set of N elements and a distance

dij between each pair of elements, the idea is to select a subset S of elements with the objective

of maximizing the total distance between all of them. OBMA uses a binary representation to

define which elements will be selected. For its initialization, it simultaneously considers opposite

candidates for each randomly generated candidate solution. Then, both solutions are improved

using a Tabu Search procedure. To obtain an opposite candidate X̆, the complement in each

dimension i of the candidate solution X is calculated. The solution with best quality value will

be included in the initial population. Also, OBMA includes a component named Opposition-

based Double Trajectory Search, that searches simultaneously in the neighborhoods of an offspring

solution and its opposite. Results in 80 large benchmark instances, considering from 2000 to 5000

items, show the competitiveness of OBMA obtaining best-known solutions in most instances. Also,

new boundaries were obtained in 22 instances.

There are other EA-OBL approaches in literature: a Hybrid Parallel EA based on STS (HPEA)

[DYWC10], a GA for the Multi-Unmanned Combat Aerial Vehicle problem (OGA-M) [WLWK15]

and a Balanced Cartesian Genetic Programming approach with a new mutation operator inspired

in OBL (BCGP) [YS15].

evolution. Each solution represents an island with an immigration and emigration rates based in its fitness. Each
variable represents a species that lives in that island. Species migrate among islands based on the immigration and
emigration rates to find a better habitat.
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Algorithm Objective Role Type Problem

OGA [Tiz05] Accelerate Convergence Generate Solutions Type-I Opposition Continuous

OGA-M [WLWK15] Accelerate Convergence Generate Solutions Type-I Opposition Discrete

OBBO [ESD09] Accelerate Convergence Initialization, Generate Solutions OBL using CO Continuous
MOEA/D-OBL [MLQ+14] Accelerate Convergence Initialization, Generate Solutions CBS - GOBL Continuous

HPEA [DYWC10] Accelerate Convergence Generate Solutions GOBL Continuous

BCGP [YS15] Increase Exploration Mutation Type-I Quasi Opposition Continuous

Table 2.4: Summary of Evolutionary Algorithms approaches that apply OBL

Table 2.4 shows a summary of these EA-OBL approaches. The most recurrent objective of

including OBL in an EA algorithm is to accelerate its convergence. For this reason, OBL was

applied mostly for generating opposite solutions during the search process. GOBL, CBS, Type-I

Opposition and Type-I Quasi-Opposition were the types implemented in EA approaches. More-

over, GOBL and Type-I Opposition were the more recurrent options. Finally, OGA-M is the

only approach that was implemented for solving a discrete optimization problem. The other four

approaches were proposed to solve continuous optimization problems.

2.1.1.4 Harmony Search

Harmony Search (HS) [Gee00] is a population-based metaheuristic inspired in the improvisation

process of jazz music. Each harmony represents a candidate solution and different components

(random selection, memory consideration and pitch adjustment) are considered to construct and

perturb harmonies. In literature, there are some HS approaches that implement OBL ideas.

Opposition Based HS (OHS) [CGM12] is an approach for solving the Combined Economic

and Emission Dispatch (CEED). Here, opposite initialization and opposite generation jumping are

implemented. For the initialization, opposite candidates are obtained from the randomly generated

candidates. Here, an opposite candidate is computed using a function that uses the boundaries

of the domain variable. Results showed that OHS successfully solved several CEED problems and

its performance is comparable to state-of-the-art algorithms for this problem. There are other

applications of OHS for solving engineering optimization problems [BMG14, UKM+14].

Dynamic Regional HS (DRHS) [QF11] is a HS approach that includes OL with the objective of

avoiding stagnation. It considers an opposition-based initialization of the half of Harmony Memory

(HM). Here, a function is used to map continuous variables to their opposite value. Moreover, for

searching solutions in other sub-regions of the space, DRHS splits the HM into multiple groups.

In each group, when a solution is constructed, its opposite is also calculated. Results in uni and

multimodal test problems showed that DRHS outperforms HS.

An improved approach of the Global-best HS named IGHS is presented in [XAL+14]. Here, an

21



CHAPTER 2. OPPOSITE LEARNING

Algorithm Objective Role Type Problem

DRHS [QF11], IGHS [XAL+14] Avoid Premature Convergence Initialization, Generate Solutions Type-I Opposition Continuous
OHS [CGM12, BMG14, UKM+14] Accelerate Convergence Initialization, Generation Jumping Type-I Opposition Continuous
ACHS [NZW+14] Increase Exploration Perturb Solutions Type-I Opposition Continuous
QOHSA [SM16, SSM15] Accelerate Convergence Initialization, Generation Jumping Type-I Quasi-Opposition Continuous

Table 2.5: Summary of Harmony Search approaches that applies OBL

initialization opposition-based procedure is proposed, using a function to map continuous variables

to their opposite value. Also, modifications of the original Global-best HS (GHS) are proposed: a

new improvisation scheme based on differential evolution, on-line modification of the HMCR and

PAR parameters, a modified Randomization component and, two perturbation schemes to avoid

premature convergence. Results in twenty-eight benchmark continuous functions showed that

IGHS outperforms the original HS and GHS and also, is competitive with population based state-

of-the-art algorithms like Artificial Bee Colony (ABC) and Teaching-Learning-Based Optimization

algorithm (TLBO).

Harmony Search with Arithmetic Crossover (ACHS) [NZW+14] was proposed for solving the

Economic Dispatch problem. Here, Type-I Opposition concept is employed to enhance diversity of

solutions modifying the Pitch Adjusting component. Results in unimodal functions showed that

ACHS outperforms several HS variants and some well-known algorithms from literature.

In electric engineering, an HS variant that uses Type-I Quasi-Opposition was presented (QOHSA)

[SM16]. Here, Quasi-Opposite concept is used to initialize the Harmony Memory and for an oppo-

site generation jumping procedure. QOHSA was proposed for the study of load frequency control

(LFC) of power systems. In [SSM15], another application of QOHSA in electric engineering is

presented, specifically for automatic generation control of power systems.

Table 2.5 shows a summary of these Harmony Search approaches that includes OBL. In this case,

the acceleration of convergence of Harmony Search algorithm was the main reason for including

OBL. There is not a clear tendency related to the role of OBL in Harmony Search. On the other

hand, the Type-I Opposition was the most used type of OBL. As in PSO and DE approaches, all

these HS approaches were implemented for solving continuous optimization problems.

2.1.1.5 Other Metaheuristics

In our knowledge, Opposition-based Simulated Annealing (OSA) [VT07] is the only Simulated

Annealing based in OBL that has been reported. OSA algorithm proposes to generate opposite

neighbors during the search process. At each iteration, an opposite neighbor can be calculated

according to a probabilistic criterion. To obtain a neighbor, a fixed number k is summed to a con-
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tinuous candidate solution. Then, to obtain an opposite neighbor the same number k is subtracted.

In this case, an hybrid between Type-I and Type-II Opposition types was considered. Moreover,

this work presents theoretical foundations of OBL, specifically related to opposite mapping and

opposite evaluation functions. Here, the opposition mapping is focused on obtaining near candi-

date solutions considering implicit boundaries of the neighborhood. To evaluate OSA, continuous

unimodal functions were used and results showed that SA is improved using the opposite neighbors

idea.

Novel Artificial Bee Colony (NABC) is an ABC approach that includes an Opposite Learning

initialization mixed with the Tent Chaotic Map (TCM) strategy [WWAS17]. Here, NABC is used

for optimizing the input weights and biases of a Extreme Learning Machine (ELM). ELM technique

is a single-hidden layer feed forward Neural Network used for classification and, NABC-ELM is

here proposed. For the initialization of NABC, SN candidate solutions are generated using the

TCM strategy and their opposite are calculated considering the domain of each variable. Also, a

local search procedure based in TCM is used for scout bees with the objective of escaping from

local optima. Datasets obtained from UCI machine learning repository are used to evaluate NABC-

ELM. Results showed that NABC-ELM outperforms other ELM approaches optimized with other

metaheuristics (PSO, Gbest-guided ABC, Inspired-ABC, ABC, among others).

Other ABC approach is the Grey Artificial Bee Colony (GABC), proposed for solving global

optimization of numerical function problems [XLM+17]. Here, Opposite Learning and TCM is

used for its initialization. Also, GABC includes a Grey Regional Degrees scheme to guide the

search process. For this, an individual is selected as a current employed bee to guide the search

process. To evaluate this approach, fifty-seven continuous benchmark functions were used con-

sidering multimodality, unimodality, nonseparability, among others. Results show that GABC is

competitive to other well-known Artificial Bee Colony and Differential Evolution variants.

2.2 Opposition-Inspired Learning

As mentioned early, the concept of opposite can be applied in several situations. If we analyze

the definitions of the different types of OBL, an opposite solution is a candidate solution mapped

from an original one, that will be in the same domain of the original solution. However, there are

some situations where the concept of opposition cannot be directly related to mapping solutions.

Opposition-Inspired Learning (OIL) [RRM17] was proposed considering that mapping solutions is

not intuitive because of some algorithm-specific properties. A clear example of this situation is
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how any of the already explained OBL types can be applied to Ant Colony Optimization (ACO)

algorithms. Since decisions are stochastically made during the construction process, obtaining an

opposite complete instantiation is not straightforward as applying a mapping function. In these

situations, the term opposite has been particularly defined for each proposed strategy in literature.

For example, the decisions made by an algorithm can be modified to their opposite instead of

applying any of these OBL definitions. In this section we present a brief review of the existing

approaches that do not directly apply any definition of OBL but were inspired by opposition-based

concepts. First, OIL ants based algorithms are presented and then, some evolutionary algorithm

approaches are described.

2.2.1 Ant-based algorithms

Ant-based algorithms are population-based algorithms inspired in the behavior and communication

of real ants. Some early proposed approaches can be related to the idea of including opposite infor-

mation into ant-based algorithms, specifically into the pheromone management. Schoonderwoerd

introduced the concept of anti-pheromone proposing the idea that ants would decrease pheromone

rather than reinforce it [SBHR97].

In [MR02], three approaches of anti-pheromone structure were proposed for an Ant Colony

System (ACS) algorithm for solving the Traveling Salesman Problem (TSP). The objective of

studying these structures was to improve the exploration of the search space. The approaches were:

(1) Subtracting Anti-Pheromone (SAP), subtracting pheromone from the elements that worsen the

solutions, (2) Preferential Anti-Pheromone (PAP), using two pheromones matrices: one for good

solutions and one for bad solutions; and (3) Explorer Ants, that are interested in regions with lower

levels of pheromone.

Another related algorithm is Best-Worst Ant System (BWAS) [CdVHM00]. In this case, the

best so far and current worst solutions are considered respectively to perform positive and nega-

tive pheromone updates. Also, they include a mutation operator for introducing diversity into the

pheromone matrix. Eight symmetric TSP instances were used to evaluate and compare BWAS

with Ant Solver (AS) and ACS. Results showed that BWAS outperforms both algorithms. More-

over, a study of the application of BWAS for QAP is presented in [CdVH02]

In 2007, Malisia proposed the first Ant Colony System approach with an extension of OBL for

solving the TSP [MT07, Mal07]. Here, the idea of opposition is related with increasing the coverage
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of the solution space. In this work, authors propose to include OBL during their construction phase:

changing the decisions or their main components (pheromone or heuristic).

Three extensions were presented for modifying the decisions made during the construction

process: Synchronous Opposition (SO), Free Opposition (FO) and Free Quasi-Opposition (FQO).

These algorithms considered that each ant must be paired: a leading ant and an opposite ant. The

leading ant constructs solutions like in ACS. At each step, the leading ant selects each city based

on its rank, while the opposite ant selects the city with the opposite rank of the leading ant. These

algorithms differ in the decision made when both ants are in the same city.

Other two extensions are related to the pheromone management: Opposite Pheromone per Node

(OPN) and Opposite Pheromone per Edge (OPE). When the ant k is constructing a solution, in

both approaches, altered pheromone values can be considered. These altered values try to make

farther cities more desirable in order to increase the exploration of the algorithm. Both approaches

differ in the way the pheromone matrix is altered. In OPN, considering a pheromone matrix τ , an

opposite pheromone matrix τ̆ is computed by the ant k as:

τ̆ = τo +
1

Lbs
− τ (2.6)

where τo is the initial pheromone value and Lbs is the length of the best-so-far path. This

matrix is computed to decide which city will be visited next by the ant k. The decision of modifying

pheromone values is controlled by a parameter λ̆.

On the other hand, OPE can consider opposite pheromone values only on some edges of the

current decision of ant k:

τij =


τ̆ij = τo + 1

Lbs
− τij if λ ≤ λ̆

τij , otherwise

(2.7)

where λ ∈ [0, 1] is a uniform random number.

These five extensions were evaluated using four instances of TSP and compared to the original

ACS (eil51, eil76, kroA100 and d198 ). Results showed that OPN outperforms all the extensions

and ACS in 3 out of the 4 instances.

In [Mal08], OPN was revisited and a pheromone update procedure called Opposite Pheromone

Update (OPU) is presented. After pheromone is updated, for each component of a given solution,

outgoing edges are ranked. Pheromone is deposited or removed from opposite edges, depending
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Algorithm Objective Role Problem

GAPSP [BB16] Accelerate Convergence Perturb Solutions Discrete

ONSGA-II [TDR16] Increase Exploration, Accelerate
Convergence

Generate Solutions Continuous

OPU [Mal08],

OPN,OPE,FO,SO,FQO [MT07,
Mal07], ACON [YZNL17]

Increase Exploration Generate Solutions Discrete

BWAS [CdVHM00, CdVH02],
SAP, PAP, Explorer Ants [MR02]

Table 2.6: Summary of Opposition Inspired Learning metaheuristics approaches

on what kind of ant algorithm is used and on the problem being solved. Again, the objective of

OPU is to improve the exploration of ACS. Nine symmetric TSP instances were used to evaluate

and compare OPN with ACS. Also, OPU was compared to AS using instances of the Grid World

Problem. Results showed that these approaches outperform ACS and AS, respectively.

ACON is an ant-based algorithm with a transition rule and a pheromone management that

considers information from low quality solutions [YZNL17]. Here, an alternative pheromone matrix

is used to obtain information about the worst quality complete instantiations of each interation.

This information is used in a transition rule to decrease the attraction to edges that are related with

this unpromising candidates. ACON also considers a typical pheromone matrix where best ant

deposits pheromone in each iteration. On the other hand, heuristic knowledge represents the effect

of a candidate assignment in terms of its produced conflicts. Experiments were made using random

binary CSP instances and N Queens instances considering different number of queens ranging from

4 to 700. Here, ACON solved all the N Queen instances, but only solved CSP instances with the

lowest κ values (near to 0.70− 0.80).

2.2.2 Evolutionary Algorithms

There are some Evolutionary Algorithms that include an OIL component. GAPSP is a Genetic

Algorithm proposed for the Protein Structure Prediction problem (PSP) [BB16]. Here, a different

concept of opposition is proposed considering an opposite-based mechanism that inverts sequences

of proteins for obtaining new candidate solutions. It is important to remark that the opposition

here inverts amino acid sequences considering their specific properties. The hypothesis points out

that the algorithm can repair inverted sequences than the original ones more easily. Results show

that GAPSP outperforms evolutionary and swarm algorithms of the state-of-the-art.

The notions of Opposite Convergence and Opposite Diversity were proposed in an EA algorithm
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for solving MOPs named ONSGA-II [TDR16]. About convergence, a solution that is far from the

true Pareto-front (PF) is defined as opposite to any solution that is closer to the true Pareto-front.

About diversity, authors defined that an isolated solution on the true PF is opposite to a crowded

solution. The idea is to deterministically generate opposite candidate solutions during the search

process using both concepts. For this, it is necessary to define extreme points of the true PF.

These extreme points are the pivots between opposites and original solutions. In each generation,

25% of the best individuals from the current population are used to generate opposite solutions.

This strategy was included into NSGA-II and tested with 2-objective well-known problems.

Table 2.6 presents a summary of these OIL metaheuristic approaches. Unlike the applications

of OBL in metaheuristics, most of these approaches were implemented for solving discrete opti-

mization problems. As these approaches do not apply any type of OBL, the columnn type was not

considered.

2.3 Classification

In this section we propose a classification of metaheuristics that are related with Opposition-based

Learning. As we mentioned earlier, we considered two main areas: Opposition-Based Learning and

Opposition-Inspired Learning. Figure 2.6 presents our proposed classification. Considering OBL

metaheuristic approaches, the most intuitive and useful characteristic to classify them is which

type of OBL is applied: Type-I Opposition, Type-I Quasi-Opposition, Type-I Super-Opposition,

Type-II Opposition, Generalized-OBL, Center-Based Sampling, Quasi-Reflection OBL or OBL

using Current Optimum.

On the other hand, about OIL metaheuristic approaches, we first classify them considering

when the opposite information is applied: On-line or Off-line. In the case of On-line approaches,

the learning takes place when the algorithm is solving a problem and Off-line approaches consider a

previous learning step. On-line approaches can consider the opposite information Deterministically

or Stochastically. The idea is to analyze if the inclusion of the opposite information is considered

at every iteration or when an stochastic condition is satisfied. Finally, we analyzed the effect of

using the opposite information. We observed that the inclusion of opposite information can allow

algorithms to Focus or Disperse the search process, visiting more regions of the search space. For

example, the GAPSP algorithm can be classified as: Inspired in OBL, On-line, Deterministically

applied and to Disperse the search process.
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Opposite Learning Metaheuristics

OBL approaches

Type-I Opposition

Type-I Quasi Opposition

Type-I Super Opposition

Type-II Opposition

Generalized OBL

Quasi-Reflection OBL

Center-Based Sampling

OBL using Current Optimum

OIL approaches

Focus Search

Disperse Search

Focus Search

Disperse Search

Focus Search

Disperse Search

Stochastically Applied

Deterministically Applied

On-line

Off-line

Figure 2.6: Opposition-Based Metaheuristics classification
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2.4 Discussion

In this chapter several Opposite Learning metaheuristic approaches were reviewed. Most of these

algorithms apply directly any of the detailed types of Opposition-Based Learning. The other

approaches are algorithms that were inspired in the opposition-learning concepts. Differential

Evolution and Particle Swarm Optimization are the most preferred metaheuristics selected for

applying directly any of the definitions of OBL. On the other hand, Ant Colony Optimization was

the most selected metaheuristic in OIL.

The most recurrent objective of including OBL was to accelerate the convergence of these

approaches. For this reason, the most frequent uses were the initialization, generation jumping and

generating solutions. As the idea of including OBL is for improving a metaheuristic performance,

these results show two important remarks: (1) the speed of convergence is an important attribute

that can be improved using OBL and, (2) focusing the attention on the initialization and the search

process, the convergence speed can be improved including an OBL component.

Analyzing the types of Opposition-Based Learning, the Type-I Opposition was the most used,

implemented in twenty four out of the thirty seven applications. This situation shows that maybe

there is not a solid argument to consider other opposite candidate solutions from other areas of

variables domains. On the other hand, the need for proposing other seven OBL types shows that

these concepts can be highly modifiable and adaptable to different situations.

About the type of problem solved by each approach, most of these approaches were imple-

mented for solving continuous optimization problems. On the other hand, OIL approaches were

implemented mostly to tackle discrete optimization problems. This shows that the study of op-

posite candidates for integer and discrete variables can be considered as a future trend of re-

search [MRD17]. Also, it reflects that opposite-learning concepts can be applied in several other

scenarios. In general, the key idea is to detect which component or decision of an algorithm could

be improved and analyze how opposition information can be used.

Table 2.7 shows our proposed classification for all the approaches reviewed in this chapter. It

is important to notice that Off-line (OIL approaches, (10)) and approaches that include opposite

information for Discard Solutions (Objective, (5)) are not listed in the table. These classes were

included into the classification because the approaches proposed in this thesis consider an Off-line

learning step and for discard components of candidate solutions.

Finally, a paper entitled “A survey and classification of Opposition-Based Metaheuristics” was

published with the contents presented in this chapter [RRM17].

29



CHAPTER 2. OPPOSITE LEARNING

Approach
OBL directly applied Inspired on OBL Objective Role
1 2 3 4 5 6 7 8 9 10 11 12 13 14 1 2 3 4 5 1 2 3 4 5 6 7 8

ODE [RTS06, RW08],
ODE-TVJR [RTS07b],
ODE-PGJ [ER11], OB-
SEOBDE [AAR12,
Aha16], OMODE [CT15]

X X X X

OSA [VT07] X X X X
COODE [XWHW11] X X X X
OBBO [ESD09] X X X X
MODEA-OO [DW09] X X X X
QODE [RTS07c, Bas16] X X X X
GoOnDE [Wan15] X X X
MODEA-OA [LZY12] X X X
OPSO [HH07] X X X X X X
OPSOCM [WLL+07],
OVCPSO [SBM+09]

X X X

GOPSO [WWR+11,
DKZ16]

X X X X

OPSO-Exp [MS15],
OpbestPSO [SDB14]

X X X X

EOPSO [TZ09] X X X X
O-PSO [JJB09],
CSPSO [GLH12]

X X X

PSOOD [CC10] X X X
MSOPSOAV [Kau13] X X X X X
OGA [Tiz05], OGA-
M [WLWK15]

X X X

MOEA/D-
OBL [MLQ+14]

X X X X X

HPEA [DYWC10] X X X
BCGP [YS15] X X X
DRHS [QF11] X X X X
OHS [CGM12, BMG14,
UKM+14]

X X X X

ACHS [NZW+14] X X X
QOHSA [SM16, SSM15] X X X X
GAPSP [BB16] X X X X X
ONSGA-II [TDR16] X X X X X X
OPU [Mal08] X X X X X
OPN,OPE [MT07,
Mal07]

X X X X X

FO,SO,FQO [MT07,
Mal07], Explorer Ants,
PAP [MR02]

X X X X X

BWAS [CdVHM00],
SAP [MR02]

X X X X X

Table 2.7: Classification of Opposite Learning metaheuristic approaches

OBL directly applied: (1) Type-I Opposition (2) Type-I Quasi Opposition (3) Type-I Super Oppo-

sition (4) Type-II Opposition (5) GOBL (6) Quasi-Reflection OBL (7) CBS (8) OBL using CO - Inspired

on OBL: (9) On-line (10) Off-line (11) Stochastically applied (12) Deterministically applied (13) Focus

search (14) Disperse search - Objective: (1) Accelerate Convergence (2) Increase Exploration (3) Handle

Noisy Problems (4) Avoid Premature Convergence (5) Discard Solutions - Role: (1) Initialization (2)

Generation Jumping (3) Generate Solutions (4) Parameter Control (5) Local Improvement (6) Restart (7)

Mutation (8) Perturb Solutions.
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Chapter 3

Ant Colony Optimization

Ant Colony Optimization (ACO) [Dor92] is a metaheuristic that represents the analogy with the

organization and communication of colonies of real ants. Real ants are social insects highly struc-

turally organized, that respond to different stimuli of the environment. They deposit a chemical

substance named pheromone that perturbs the environment producing a stimulus. Pheromone is

used to collaborate and communicate to the colony, for example, a path from their nest to a food

source. In this chapter a description of the behavior of real ants is first presented in Section 3.1.

This social and collaborative behavior is represented with artificial ants searching solutions for

a problem. A problem can be represented as a graph of a finite set of solution components. Ants

perform randomized walks on this completely connected graph constructing candidate solutions.

Pheromone is deposited on paths that are most promising to be visited by the colony. Pheromone is

used as a communication method among the ants in the colony, to guide the search process towards

interesting regions of the search space. To decide the path to be visited, pheromone information and

heuristic knowledge are considered. Heuristic knowledge measures candidate vertices considering

specific information about the problem being tackled. Section 3.2 presents the details of how the

behavior of real ants has been represented in a metaheuristic.

In this chapter, most important variants of Ant Colony Optimization are detailed: Ant Sys-

tem, Ant Colony System, MAX −MIN Ant System and Ranked Ant System. These ant-based

algorithms were the first proposed in literature and during the last decades, most ants approaches

and applications are based on these algorithms. The structure of these algorithms differ mainly

in how pheromone is managed, which ant will be allowed to deposit pheromone, among other

characteristics. Here, the main components of each algorithm will be presented. As most of these
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ant-based algorithms were designed for solving the well-known Traveling Salesman Problem (TSP),

we present their components as they were proposed for this problem. However, these components

can be defined and re-designed for solving other combinatorial problems. Section 3.4.3 present how

ant-based algorithms have been applied to other combinatorial problems like Quadratic Assignment

Problem (QAP), Multidimensional Knapsack Problem (MKP), Constraint Satisfaction Problems

(CSP), among others. Finally, as the concept of anti-pheromone that was already described in

Section 2.2.2 was important for the motivation of our work, we present more details of these ideas

in this chapter.

3.1 Real Ants going from Food to Nest

An ant colony is a highly structured group of ants with self organizing principles that involve

cooperation and communication among them. As there exist blind ant species, their communication

is produced via a mechanism named stigmergy related to mediate animal-animal interactions. To

communicate among them, modifications in the environment are generated to produce a stimulus

for the other individuals of the group [TB99]. More specifically, a chemical substance called

pheromone is deposited by ants to mark paths on the ground. The objective is to indirectly

communicate to the other ants in the colony something in particular (e.g., presence of food nearby).

An isolated ant walks almost randomly because no previously deposited pheromone amounts are

on the ground. Then, this new trail can be detected by another ant and it will bias its walk.

The concentration of this chemical substance will modify the probability of response of the

individuals to these stimuli. The pheromone evaporates after a while and paths with lower amounts

of pheromone will be less interesting to be visited by ants. The evaporation allows the colony to

slowly “forget” paths that were not interesting to be visited. When pheromone is more concentrated

in a particular path, ants are attracted to walk through that way.

The pheromone trail-laying has been investigated in controlled experiments by several re-

searchers. Figure 3.1 shows the Binary Bridge experiment [DAGP90]. Here, the nest is separated

from a food source by a bridge with two equally long branches (1) and (2). Moreover, at the

beginning, branches are free from any pheromone. From this experiment, a stochastic model that

represents the path selection process was proposed [DAGP90, GADP89]:

P(1)(t+ 1) =
(c+ n(1)(t))

α

(c+ n(1)(t))α + (c+ n(2)(t))α
= 1− P(2)(t+ 1) (3.1)
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(1)

(2)

Figure 3.1: Binary bridge experiment

A B

Figure 3.2: Altered binary bridge experiment

where P(1) and P(2) are the probabilities of the next ant to choose path (1) and (2) at time

step t + 1 respectively, n(1) and n(2) denote the number of ants on path (1) and (2) respectively,

c quantifies the degree of attraction of an unexplored branch, α is the bias to using pheromone

deposits in the decision process. This model assumes that the amount of pheromone on a branch

is proportional to the number of ants that selected this branch in the past. Finally, evaporation

was not considered in the model because it produces too small changes in the pheromone amounts.

However, the evaporation component in artificial ants was important to avoid stagnation, so authors

decided to finally maintain it in the design of the algorithm.

Figures 3.2 and 3.3 illustrate an altered version of the binary bridge experiment [GADP89].

Here, one of the branches of the bridge was longer than the other. In this experiment the behavior

of a particular species of ants named Iridomyrmex humilis was studied. These ants were capable

to select the shortest route while walking from a food source to their nest and vice versa. In

both figures, each ant has to decide which path to continue in A and B points. Figure 3.2 shows

an initial situation where no pheromone has been deposited. In this case, ants do not have a

preference and paths are selected with the same probability for any of the branches. Ants start to
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A B

Figure 3.3: Shortest path marked with pheromone

produce a autocatalytic behavior [Dor92] (also known as positive feedback) depositing pheromone

preferentially on the shortest branch. Figure 3.3 shows an advanced situation where pheromone

has biased the decision of the colony to follow the shortest path. Also, some ants choose the larger

branch performing a “path exploration”.

The social behavior of real ants, its organization structure and the optimization ability to

find the shortest possible path inspired the idea of designing artificial ants to solve combinatorial

problems. The stigmergy mechanism will be represented by artificial pheromone to communicate

to the other ants which components are more promising to be considered. In the following section

we present the details of Ant Colony Optimization metaheuristic.

3.2 Artificial ants in a Metaheuristic

Ant Colony Optimization (ACO) is a metaheuristic algorithm designed and proposed for solving

Combinatorial Optimization problems. To this day, there exist several variants and applications of

this algorithm in continuous or discrete optimization, constraint satisfaction, real-world application

problems. As it is mentioned in [DS04], an ACO algorithm can be applied to any combinatorial

optimization problem for which a constructive heuristic can be defined. This section describes

common components that are part of most existing ant-based algorithms. The objective of this

section is to present details of how a combinatorial problem can be represented by a graph, how

artificial ants construct solutions and some characteristics of pheromone management. Further

details of each variant will be presented in following sections of this chapter.
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3.2.1 A combinatorial problem into a Construction Graph

To define and explain ACO, we will consider a combinatorial problem P that we want to solve.

This problem will be represented by a graph structure where ants will walk through and construct

candidate solutions. First, we will define a Combinatorial Problem P that will be solved by an

ant-based algorithm.

Definition 3.2.1. Combinatorial Problem Let P a Combinatorial Problem defined as a 4-tuple

P = (X,D,Ω, F ) where:

• X is the set of variables X = {x1, x2, . . . , xn},

• D is the set of variable domains D = {D1, D2, . . . , Dn},

• Ω is the set of constraints among variables,

• F is an objective function F to be optimized.

The set of all possible complete instantiations S for P can be defined as:

S = {IC = {(x1, v
1), . . . , (xn, v

n)}|vi ∈ Di}. (3.2)

Also, a partial instantiation IP can be defined as:

IP = {(x1, v
1), . . . , (xk, v

k)}. (3.3)

that considers the assignment of a subset of size k < n variables in X. To solve P , a complete

instantiation I∗C ∈ S that satisfies all constraints in Ω has to be found. If P is a maximization

problem and F (I∗C) ≥ F (IC), ∀ IC ∈ S, the complete instantiation I∗C is an optimal solution for

P .1

In general, a combinatorial problem P can be represented as a construction graph GC where:

• C = {c1, c2, . . . , cNc} is the set of components, where Nc is the number of total components.

These components can be defined as the variables in P , the set of possible assignations

(variable, value), the union of variables and values of P , among others.

• States of the problem can be defined in terms of partial instantiations of finite length, in this

case, over the elements of C: IP = {c1, c2, . . . , ck}. Here, k < n and the size of a partial

instantiation IP is |IP |.
1If P is a minimization problem, F (I∗C) ≥ F (IC) ∀ IC ∈ S, should be satisfied
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• A set of all possible states is denoted by X and the set of feasible states X̃ , where X̃ ⊆ X ,

is defined by the partial and complete instantiations that satisfy all constraints in Ω.

• A cost Q(IC) is associated to each complete instantiation IC . In general, Q(IC) ≡ F (IC)

and this function can also measure the cost of a partial instantiation IP .

Finally, GC = (C,L) is a completely connected graph whose vertices are the solution components

C, and L are the set of edges that connect vertices. Artificial ants will perform randomized walks

in this construction graph to construct complete instantiations for P .

3.2.2 Artificial Ants

Let us consider A an ant-based algorithm that considers m artificial ants and suppose that A has

been designed for solving a combinatorial problem P . These artificial ants will perform walks in

GC cooperating and communicating among themselves. As real ants do, artificial ants will deposit

(artificial) pheromone on paths that are being visited. The role of pheromone is to communicate

to the other ants in the colony about vertices (or edges) that can be promising to solve P .

In GC , components ci ∈ C and connections lij ∈ L can have associated an amount of

pheromone. This pheromone can be deposited on components (τi) or on the edge between com-

ponents (τij). These pheromone trails information is collected in a long-term memory (τ). For

example, if pheromone is deposited on each component a vector can be considered and each cell

represents how desirable a component can be. On the other hand, if pheromone is deposited on

edges a pheromone matrix can be considered. Here, the cell τij represents how desirable it can be

to visit vertex j from vertex i. Usually, the initial value of each cell in the pheromone matrix τ

will be defined at the beginning of the execution of A. As real pheromone, artificial pheromone

intensity decays over time because of evaporation. How pheromone decreases is controlled by an

evaporation rule.

On the other hand, heuristic information (η) is used to represent a priori specific informa-

tion about the problem P . In general, η is a defined function that measures or estimates the

cost of including a candidate component. Each artificial ant k of algorithm A has the following

characteristics:

• It will perform stochastic walks in GC for searching for an optimal solution I∗C

• It has a memory Mk where the partial (and then, complete) instantiation will be stored. In

some cases, Mk can be used during the construction process to calculate the pheromone and
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Algorithm 1 Ant-based algorithm structure

1: InitializePheromoneTrails()
2: while ek criterion not reached do
3: for k = 1 → m do
4: Mk ← ∅
5: Mk ← ConstructCompleteInstantiation()
6: LocalSearch(Mk) %%Optional;
7: end for
8: UpdatePheromone(ILBest

C );
9: end while

10: return IGBest
C

heuristic knowledge of each candidate component.

• A starting state xkst and termination condition(s) ek should be defined.

Constructing complete instantiations: Algorithm 1 shows the structure of an ant-based

algorithm. At every iteration of A, each ant k incrementally constructs a complete instantiation IkC

(line 5), making stochastic intermediate decisions to include components into a partial instantiation

IkP . At the beginning, the memory Mk of the ant k is empty (line 4), and components will

incrementally be added to Mk. Considering a current state where last component ci has been

added, to decide which cj component will be added next, a probabilistic decision rule named state

transition rule is used. Here, pheromone information and heuristic knowledge of all candidate

components are considered. This rule is particularly defined in each ant-based algorithm. In some

ant-based algorithms, a local search procedure can be applied when an complete instantiation is

constructed (line 6).

Pheromone management: Artificial pheromone is updated by a pheromone updating rule. In

some cases, pheromone is updated applying a global pheromone updating rule where a fraction of

the pheromone evaporates on all edges. Moreover, a heuristic H determines which ants will deposit

an amount of pheromone on edges which belong to their tour. During evaporation, pheromone is

decremented considering a scheduling rule. In general, this scheduling rule is defined by:

τnewij = (1− ρ) ∗ τoldij (3.4)

where ρ is a parameter that controls the trail persistence. Usually, the global pheromone

updating rule is applied when all ants have constructed a complete instantiation (line 8). There is

also a local pheromone updating rule where pheromone is deposited during the construction process
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of candidate solutions. Which pheromone updating rule and the heuristic H should be defined in

each ant-based algorithm.

3.3 Ant-based algorithms

This section presents a review of the most important ant-based algorithms. These algorithms were

the first approaches that considered artificial ants for solving combinatorial problems. Mostly, they

were proposed for solving the well-known Traveling Salesman Problem and the construction process

is quite similar between them. However, main components related to pheromone management

and heuristic knowledge were specifically proposed. Also, the anti-pheromone concept and some

applications are presented at the end of this section.

3.3.1 Ant System

Ant System (AS) [CDM92, Dor92, DMC96] was first introduced for solving the well-known Travel-

ing Salesman Problem (TSP).2 Constraints in TSP ensure that cities should be visited only once.

In Ant System, artificial ants construct feasible complete instantiations checking that only allowed

vertices can be visited. For this, a “tabu” list is used to avoid loops during the construction process.

Pheromone values are initialized by a small positive constant c.

A TSP instance can be represented as a construction graph where its vertices of are the cities

and a distance is associated to its edges. The distance considered in each problem instance is

previously defined. For example, the length of the path between cities i and j considering the

Euclidean distance in a 2 dimensional space is dij = [(xi − xj)2 + (yi − yj)2]. In Ant System for

TSP, the heuristic knowledge considers the distance between these two cities (Eq. (3.5)). This

definition will produce that cities that are closer will obtain a higher value, and vice versa.

ηij =
1

dij
. (3.5)

At each iteration, each ant k incrementally constructs a complete instantiation. If ant k is

currently in vertex i, a transition rule is applied to decide which vertex will be visited next. In

Ant System, the state transition rule is named random-proportional rule and is defined as:

2Let C = {a, . . . , z} be a set of cities, L = {(r, s) : r, s ∈ C} be the edge set. drs is the distance between cities r
and s. The TSP is the problem of finding a minimal length closed tour that visits each city once.
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pkij =
[τij ]

α[ηij ]
β∑

u∈Jk(i)[τiu]α[ηiu]β
(3.6)

where Jk(i) is the list of feasible vertices that can be visited, j is a unvisited allowed vertex, τij

is the current pheromone in edge between vertices i and j, ηij is the heuristic knowledge related

to this pair of vertices, α and β control the relative importance of pheromone information versus

heuristic knowledge. Here, the construction process will favor attractive edges evaluated by the

heuristic knowledge and also, will favor actions that were found in the past and which proved to be

effective. Balance between exploration and exploitation can be managed with the values assigned

to α and β. If α = 0, the algorithm will perform as a stochastic greedy algorithm with multiple

starting points. On the other hand, if β = 0 the algorithm will be guided only by the pheromone

information without considering problem-dependent information.

Pheromone updating applies a global pheromone updating rule after all ants have constructed

a complete instantiation considering the following formula:

τnewij = (1− ρ) ∗ τoldij + ∆τij (3.7)

where τnewij is the updated pheromone value for edge (i,j), τoldij is the current pheromone value

for edge (i,j), ρ is the decreasing rate used for pheromone evaporation (as it was already explained

in Section 3.2) and ∆τij is the quantity of pheromone that will be deposited by all the ants in this

iteration. This amount is defined by:

∆τij =

m∑
k=1

∆τkij (3.8)

where ∆τkij is the quantity deposited by ant k considering:

∆τkij =


Q
Lk

if k-th ant uses edge (i,j) in its tour in this iteration

0 otherwise

(3.9)

where Lk is the total distance of the tour constructed by ant k, Q is a parameter. For Ant

System, the heuristic H defines that all ants will deposit pheromone at the end of each cycle.

In [DMC96], three variants of Ant System were studied: Ant-cycle, Ant-density and Ant-

quantity. These algorithms differ in the way how pheromone is deposited. In Ant-cycle pheromone
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is deposited as in Equation 3.9. In the other two variants pheromone is deposited during the

construction process.

Ant-density: An amount of Q will be deposited on edge (i,j) every time an ant goes from i to

j:

∆τij =


Q if k-th ant goes from i to j

0 otherwise

(3.10)

Notice that Q is a parameter of the algorithm. This variant increases pheromone without

considering the distance associated to edges.

Ant-quantity: An amount of Q/dij will be deposited on edge (i,j) every time an ant goes from

i to j:

∆τij =


Q
dij

if k-th ant goes from i to j

0 otherwise

(3.11)

This variant will consider to deposit higher amounts of pheromone on short distance edges

producing that they will be more desirable during the construction process.

Experiments were performed with TSP instances in [DMC96] and Ant-cycle obtained better

results than the other two variants of Ant System. Finally, an elitist strategy was also proposed

to increase the importance of ants that found best quality tours in each iteration. For this, a fixed

number of elitist ants will deposit an extra amount of pheromone. Equation 3.7 is modified as:

τnewij = (1− ρ) ∗ τoldij + ∆τij + ne ∗∆τeij (3.12)

where ne is the number of elitist ants and ∆τeij is defined as:

∆τeij =


Q
L∗ if edge(i, j) ∈ L∗

0 otherwise

(3.13)

where L∗ is the best tour found during the current iteration. The objective is to increase the
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attraction of edges that were related to best quality solutions of each iteration.

3.3.2 Ant Colony System

Ant Colony System (ACS) [DG97] is presented as an improved version of Ant System for solving

TSP. The main differences between ACS and AS are:

1. the Pseudo-random rule, the state transition rule used in ACS

2. the global pheromone updating rule is particularly defined to reinforce higher quality paths

3. a local pheromone updating rule, applied during the construction process

The Pseudo-random rule is defined to produce balance between exploration of new edges and

exploitation of accumulated knowledge. The idea is to give priority to edges that are related to

lower cost (shorter distances for TSP) and higher amounts of pheromone. An ant positioned in a

component i will visit the next candidate vertex j defined by:

j =


argmaxu∈Jk(i){[τiu] ∗ [ηiu]β} if q ≤ q0

S, otherwise

(3.14)

where Jk(i) are the allowed vertex to be visited, q ∼ U(0, 1) and q0 is a parameter of ACS.

Here, S is a vertex randomly selected according to probability:

pkij =
[τij ][ηij ]

β∑
u∈Jk(i)[τiu][ηiu]β

(3.15)

similar to Equation 3.6 but in this case, without the α parameter.

The objective of q0 is to balance exploration and exploration: if q ≤ q0, ant k will exploit the

most promising edges. Otherwise, if q > q0, ACS will explore other vertices giving an importance

to heuristic knowledge defined by β parameter.

In ACS, the global pheromone updating rule is defined for reinforcing paths related to best

quality solutions. For this, the heuristic H determines that the best quality solution, of the

current iteration or of the execution, will be marked with pheromone. The rule is defined as:

τnewij = (1− ρ1) ∗ τoldij + ρ1 ∗∆τij (3.16)
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where ρ1 ∈ [0, 1] is a parameter that controls the evaporation and increment of pheromone

globally and ∆τij is defined as:

∆τij =


1
L∗ if (i,j) is in IBC

0 otherwise

(3.17)

and IBC is the best quality solution. Moreover, IBC can be defined as:

• iteration-best, as the best solution found of the current iteration or,

• global-best, as the best solution found during the execution

A local pheromone updating rule is also defined in ACS, in addition to the global rule. The

idea of this rule is to make the desirability of edges change dynamically during the construction

process. The rule is defined as:

τnewij = (1− ρ2) ∗ τoldij + ρ2 ∗ τ0 (3.18)

where ρ2 ∈ [0, 1] is a parameter that controls the evaporation and increment of pheromone

locally and τ0 is the amount that will deposited. Authors experimentally defined that τ0 = (nG ∗

L)−1 provided good results [DG97], considering that nG is the number of vertices in construction

graph G and L is the length of a tour generated using nearest-neighbor heuristic for TSP [RSL77].

Ant-Q [GD95] is a variant of Ant Colony System inspired by Q-learning [Wat89]. Ant-Q

is defined as a family of algorithms with components similar to AS and ACS with some minor

modifications. However, two components are important to be mentioned:

• Ant-Q considers a global and local pheromone updating rule defined as:

τnewij = (1− ρ)τoldij + ρ ∗ (∆τij + γ ∗ max
u∈Jk(i)

{τoldiu }) (3.19)

where γ is a learning step size parameter. This rule is applied as a local pheromone updating

rule considering ∆τij = 0 until all ants have completed their construction process. On the

other hand, this equation is reduced to the global pheromone updating rule of ACS when

γ = 0. The objective is to influence the future decisions of the colony with the best edge

(j, u) from the edge (i, j).
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• The λ−branching factor is proposed to determine the stagnation of the algorithm. Authors

defined it as an indicator of the dimension of the search space and they experimentally found

that it should decrease monotonically during the execution of Ant-Q. A search process will

be considered as stagnating if the average branching factor is lower than a small positive

value (ε):

∑
i∈V λi

NG
< ε (3.20)

where λi is defined as the number of edges exiting from vertex i which have an associated

pheromone value greater than λ∗γr + τij , λ ∈ [0, 1] is a parameter of the algorithm and γr =

τi,max − τi,min. When the search process is stagnating the pheromone matrix is reinitialized

to the maximum allowed values. The objective is to increase the exploration of the Ant-Q

algorithm.

3.3.3 MAX −MIN Ant System

MAX −MIN Ant System (MMAS) [SH96, SH00] was proposed to improve the performance

of Ant System (AS) for solving TSP. Moreover, the main motivation was to improve AS in terms

of the quality of solutions found and resource consuming. About the quality of the solutions, the

larger the number of cities of a TSP instance, the lower was the quality of the solutions found by

Ant System. On the other hand, authors remarked that one disadvantage of AS is its high run

time. The main differences between MMAS and AS are:

1. The global pheromone updating rule is particularly defined to reinforce the highest quality

path,

2. A shorter candidate list is considered in the transition rule,

3. Lower and upper bounds of pheromone trails are defined,

4. Pheromone trails are initialized considering the defined upper bound of pheromone.

First, the heuristic H allows only the best quality complete instantiations to be marked with

pheromone. For this, the global pheromone updating rule of MMAS is defined as:

τnewij = (1− ρ) ∗ τoldij + ∆τ bestij (3.21)
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where ρ ∈ [0, 1] is a parameter that controls the evaporation of pheromone and ∆τ bestij is defined

as:

∆τ bestij =


1
L∗ if (i,j) is in IBC

0 otherwise

(3.22)

and IBC is the best quality solution. As in ACS, IBC can be defined as:

• iteration-best, as the best solution found of the current iteration

• global-best, as the best solution found during the execution

Moreover, authors propose to use a schedule where iteration-best and global-best can be con-

sidered at different moments of the execution of MMAS.

To improve the execution time of Ant System, authors propose to consider less candidates in

each decision of the construction process. A candidate set is defined with a fixed number of nearest

neighbors. The next component to be included in a partial instantiation will be taken from the

candidate set. The size of the candidate set is a parameter of the algorithm.

The main components of MMAS are related with the pheromone management. The idea is

to prevent the stagnation of the search process, preventing pheromone to be concentrated only in

a subset of components or edges. Here, lower (τmin) and upper (τmax) limits for pheromone values

are defined. The upper bound is defined as:

τmax =
1

1− ρ
∗ 1

L∗
(3.23)

where L∗ is the best found solution during the execution. On the other hand, the lower bound

τmin is defined considering the average number of components an ant has to choose in every decision

and the probability of an ant to construct the optimal solution for a problem instance. Further

details can be found in [SH00].

About the initialization of pheromone in MMAS, pheromone trails are initialized with the

maximum allowed amount of pheromone (τmax).

Other component that is called Pheromone Trail Smoothing (PTS) has been studied with the

objective of controlling the increment of pheromone:
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τnewij = τoldij + δ ∗ (τmax − τoldij ) (3.24)

where δ ∈ (0, 1) and τnewij is the pheromone trail after the smoothing. The objective of PTS is

to increase the exploration of the search process by increasing the probability of selecting solution

components with low pheromone trail.

Finally, the inclusion of a local search procedure was studied. More specifically, for solving

TSP instances, a 2-opt best-improvement local search procedure was considered after some ants

have finished their construction process. This procedure was based on 2-opt, where two edges of

the current solution are removed and replaced by two other edges. The best ant of each iteration

or a fixed number of ants perform this local search procedure.

3.3.4 Ranked Ant System

ASrank, a variant of Ant System with elitism and a ranking method, was proposed in [BHS97]. As

in Ant System, this variant was experimentally evaluated with TSP instances. The heuristic H

allows ne elitist ants to deposit pheromone and also, a ranked-based procedure is defined. Here,

the m ants are ranked considering the constructed tour length. Moreover, the contribution of an

ant to the trail level depends of its assigned rank. The main differences with Ant System are:

1. As the elitism described for AS, the best ant of each iteration deposits an amount of

pheromone,

2. The pheromone updating rule considers a ranking of ants based in the quality of the obtained

complete instantiation.

Here, the global pheromone updating rule is defined as:

τnewij = (1− ρ) ∗ τoldij + ne ∗∆τeij + ∆τ rij (3.25)

where ne is the fixed number of elitist ants and ∆τeij is defined as in Equation 3.13. If the m

ants are sorted such that f(I1
C) ≤ f(I2

C) ≤ · · · ≤ f(ImC ), then:

∆τ rij =

ne∑
σ=1

∆τσij (3.26)
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where ∆τσij considers only the best quality complete instantiations of ne ants and it is defined

as:

∆τσij =


(ne−σ)∗Q
f(xσ) if the ant σ goes from i to j

0 otherwise

(3.27)

where σ indicates the rank of the corresponding ant, f(xσ) is the quality of the complete

instantiation constructed by ant σ. Here, the better the ranking, the more the contribution. This

updating rule increases the importance of edges related to best quality complete instantiations.

3.3.5 Anti-pheromone

The concept of anti-pheromone [MR02] was proposed as a different type of pheromone that will be

deposited on the components of poor quality solution. The idea is the same as pheromone: compo-

nents with higher values of anti-pheromone will be less attractive and repelled in the intermediate

decisions during the construction process. Considering the Ant Colony System for TSP as the

baseline algorithm, three variants were proposed: Subtractive Anti-pheromone (SAP), Preferential

Anti-pheromone (PAP) and Explorer Ants.

Subtractive Anti-pheromone (SAP) This version is specifically focused in detecting edges

that are related to poor quality solutions. As it was suggested in [SBHR97], pheromone will be

removed from those elements that make up the worst solution in each iteration. For this, the global

pheromone update rule of ACS includes a decreasing rate γ:

τnew−wij = γ ∗ τnew−wij (3.28)

where τnew−wij is the updated pheromone value of an edge that is part of the worst w quality

solution of an iteration and γ ∈ [0, 1] is the decreasing rate. It is expected that edges of the worst

quality solution will not be selected in the following construction processes.

Preferential Anti-pheromone (PAP) In this version, two types of pheromone are used simul-

taneously: one for good solutions and one for poor quality solutions. Here, a parameter θ controls

the preference of pheromone versus anti-pheromone. The transition rule of ACS is redefined as:
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j =


argmaxu∈Jk(i){[θ ∗ τiu + (1− θ) ∗ antiτiu] ∗ [ηiu]β} if q ≤ q0

S, otherwise

(3.29)

where θ ∈ [0, 1], antiτiu defines the amount of anti-pheromone in the edge (i, u). Then, S is a

vertex randomly selected according to probability:

pkij =
[θ ∗ τiu + (1− θ) ∗ antiτiu][ηij ]

β∑
u∈Jk(i)[θ ∗ τiu + (1− θ) ∗ antiτiu][ηiu]β

(3.30)

The update of anti-pheromone is a global pheromone update rule where the worst tour from

the current iteration deposits anti-pheromone.

Explorer Ants This variant defines a set of ants named Explorer Ants for which the preference

for existing pheromone is reversed. These explorer ants will construct complete instantiations

considering pheromone as undesirable. For this, an explorer ant k in the city i will go to city j

defined by:

j =


argmaxu∈Jk(i){[τmax − τiu] ∗ [ηiu]β} if q ≤ q0

Se, otherwise

(3.31)

where τmax is the highest current level of pheromone in the system. Then, Se is a vertex

randomly selected according to probability:

pkij =
[τmax − τij ][ηij ]β∑

u∈Jk(i)[τmax − τiu][ηiu]β
(3.32)

The number of explorer ants is a parameter of the algorithm.
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3.4 Applications in Combinatorial Problems

All the presented ant-based algorithms were proposed for solving the well-known Traveling Sales-

man Problem. In this section, applications of ant-based algorithms to other combinatorial problems

are detailed. The idea is to describe how these algorithms can be severally adapted for solving

different problems. Also, the two baseline ant-based algorithms, Ant Solver and Ant Knapsack,

are here described.

3.4.1 Quadratic Assignment Problem

The Quadratic Assignment Problem (QAP) is a NP-hard combinatorial optimization problem,

that can be described as the problem of assigning a set of facilities to a set of locations with given

distances and given flows between the facilities. The objective is to minimize the cost related to

the distance between the locations and the flow between facilities.

MMAS − QAP [Stü97] is a MMAS algorithm proposed for solving QAP . It searches for

feasible complete instantiations which consists in assigning every facility to exactly one location,

and vice versa. Here, the problem is represented in a construction graph where vertices represent

the facilities and the locations of the problem description. Pheromone represents the desirability of

assigning a facility i to an available location j. MMAS−QAP does not make use of any heuristic

information. On the other hand, it considers a local search procedure to improve the constructed

candidate solutions.

At each construction step ofMMAS−QAP , ant k first randomly selects the next facility i to

be instantiated. Then, the decision to which location j will be assigned is taken by the following

state transition rule:

pij =
τij∑

l∈Jk(i) τil
(3.33)

where τij is the pheromone trail between the facility i and location j, l is a unassigned location

from the set of feasible locations Jk(i).

When each ant has constructed a complete instantiation φ, solutions are improved using a

local search procedure. Two local search procedures have been evaluated: iterative improvement

local search (2-opt) and Robust Tabu Search (Ro-TS ). Then, the pheromone trails are updated

according to the following global pheromone updating rule as in Equation (3.21).
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Finally,MMAS−QAP has an additional diversification feature that resets all the pheromone

trails τmax. Then, during the next q iterations, the best solution found of each iteration will be

used in the pheromone update procedure.

3.4.2 Constraint Satisfaction Problems

Ant Solver [Sol02] is a well-known MMAS algorithm proposed to solve Constraint Satisfaction

Problems (CSP). Ant Solver searches for a solution that minimizes the number of unsatisfied

constraints. At each step, each ant k constructs a complete instantiation for the CSP. Unlike

classical ant algorithms, when applied to CSP, the construction of a solution considers two decisions

at each assignment: the selection of the next variable, according to some given criterion, and the

selection of the value, made probabilistically according to the state transition rule. The pheromone

is deposited on a binary graph whose vertices 〈Xi, v〉 represent the assignment of value v to variable

Xi and the edges between two vertices (〈Xi, v〉, 〈Xj , w〉) represent those simultaneous assignments

of values.

Equation 3.34 shows the transition rule used by Ant Solver. Here, it does not only depend on

local relations between the candidate vertex and the last visited vertex, but also on a global relation

between the candidate vertex and the whole set of visited vertices Ip. Hence, the pheromone factor

of vertex 〈Xj , v〉 depends on pheromone deposited on all edges between 〈Xj , v〉 and the vertices in

Ip.

pIp(〈Xj , v〉) =
[τIp(〈Xj , v〉)]α ∗ [ηIp(〈Xj , v〉)]β∑

w∈D(Xj)
[τIp(〈Xj , w〉)]α ∗ [ηIp(〈Xj , w〉)]β

(3.34)

The heuristic knowledge in Ant Solver is defined to measure the number of possible new violated

constraints for each candidate assignment. This factor also depends on the whole set of currently

visited vertices in Ip:

ηIp(〈Xj , v〉) =
1

1 + F (〈Xj , v〉 ∪ Ip)− F (Ip)
(3.35)

where F is the evaluation function of the algorithm that counts the number of conflicts of a

partial or complete instantiation. Ants that find the best quality solutions in each iteration are

allowed to deposit pheromone. Pheromone is deposited on each pair of assignments in a complete

instantiation. Equation (3.36) shows the amount of pheromone (∆ τ) deposited, where ILBestC is
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the best quality complete instantiation of an iteration.

∆τ(ILBestC , i, j) =
1

F (ILBest
C )

(3.36)

Ant Solver includes pre- and post- processing steps that use a min-conflicts based local search

procedure. The pre-processing phase repeatedly performs a local search to collect information that

will be used to initialize pheromone trails. The post-processing phase performs a local search after

each ant has constructed a complete instantiation.

3.4.3 Multidimensional Knapsack Problem

Multidimensional Knapsack Problem (MKP) is an NP-hard combinatorial optimization problem,

variant of the well-known Knapsack Problem. MKP is defined as a knapsack with T resource

constraints and a set of objects O = {o1, . . . , oN}. Each object i has a defined profit pi and a

weight wit in each problem dimension t. The idea is to select a subset of n ≤ N objects in such

a way that each capacity constraint, in dimension t, is satisfied maximizing the total profit. The

capacity constraints define the maximum capacity bt for each dimension.

Ant Knapsack (AK) [ASG04] is a well-known MMAS algorithm proposed to solve MKP. AK

only constructs feasible complete instantiations and it uses a binary representation where each bit

represents the decision of including an object into the knapsack. For this, each ant k includes

objects iteratively in a partial instantiation IkP , until the dimensions are filled and no object can be

included. At each step, a list of candidates Jk is constructed with the allowed candidate objects.

The heuristic knowledge is focused on the current capacity (CC), considering the objects were

already included in the partial instantiation. About the pheromone management, it is deposited

on each pair of objects (oi, oj) (with i 6= j) that are part of the best quality solution of each

iteration. Then, the state transition rule is defined as:

pIkP (oi) =
[τIkP (oi)]

α ∗ [ηIkP (oi)]
β∑

z∈Jk(j)[τIkP (oz)]α ∗ [ηIkP (oz)]β
(3.37)

where:

• τIkP (oi) is defined as the sum of the pheromone trails between the object i and objects v (that

are already in IkP ):

τIkP (oi) =
∑
ov∈IkP

τ(oi, ov), (3.38)
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• ηIkP (oi) is the heuristic knowledge defined as a rate between the profit pi of the object i and

the current capacity factor hIkP (i) considering objects in IkP :

ηIkP (oi) =
pi

hIkP (i)
(3.39)

where hIkP (i) is defined as:

hIkP (i) =

T∑
t=1

wit
CCt

(3.40)

where wit is the weight of object i in dimension t, CCt is the current capacity in dimension

t defined as:

CCt = bt −
∑
ov∈IkP

wvt (3.41)

where bt is the capacity of the dimension t and
∑
ov∈IkP

wvt is the sum of the weights of the

objects in the partial instantiation.

At the end of each iteration, the artificial ant that constructed the best quality complete

instantiation of the iteration is allowed to mark every pair of objects present in its solution and

deposits an amount ∆τ of pheromone defined as:

∆τ =
1

1 + F (Lbest found)− F (Lbest it)
(3.42)

where Lbest found is the best solution found during the execution and Lbest it the best solution

found in the current iteration.

3.5 Summary

This chapter presented how the behavior of real ants has been represented by artificial ants in

metaheuristic algorithms. Most relevant experiments were explained to understand how artificial

ants were defined first in Ant System algorithm. A revision of the most important ant-based

algorithms was presented in this chapter: Ant System, Ant Colony System, MAX −MIN Ant

System and Ranked Ant System. In general, these approaches try to communicate to a colony

of artificial ants which edges should be attractive to be traversed in a construction graph. Each

algorithm considers a particular balance between exploration and exploitation, mostly defined by

how pheromone is updated and which ants are allowed to deposit pheromone. Two different types

of rules are used to update pheromone: global and local. The first one is related to modify a trail
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in a particular iteration and it is performed when all ants have finished their construction process.

On the other hand, a local pheromone updating rule is used to modify the desirability of nodes (or

edges) during the construction process. In general, these updating rules are specifically defined in

each ant-based algorithm.

As Ant System was originally proposed for solving the Traveling Salesman Problem, all these

variants were also proposed for the same problem. As a consequence, their main components are

defined considering the importance of the existing distance between nodes in a construction graph.

For example, the heuristic knowledge in all these approaches was defined to represent the distance

existing between each pair of nodes. The idea is to give priority to edges that are associated with

shorter distances.

We presented details of the concept of anti-pheromone. Three variants of Ant Colony System

were proposed that incorporate the concept of learning about edges related with poor quality solu-

tions. The idea of biasing the construction process of artificial ants considering “extra” information

about the problem being tackled was an inspiration for this thesis.

Finally, three applications of ant-based algorithms were detailed for different combinatorial

problems: MMAS − QAP for the Quadratic Assignment Problem, Ant Solver for solving Con-

straint Satisfaction Problems and Ant Knapsack for Multidimensional Knapsack Problem. The

last two algorithms are the baseline approaches for our work. In the following chapter we present

our approach that was inspired in Opposite Learning literature and the concept of anti-pheromone.
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Chapter 4

An Opposite Inspired Learning

strategy for Ant-based Algorithms

In an ant-based algorithm, each artificial ant constructs complete instantiations for a selected prob-

lem. The construction process of partial instantiations is based on intermediate decisions taken

using two components: pheromone and heuristic knowledge. Pheromone is used as a communi-

cation method among the artificial ants in the colony, to guide the search process to interesting

regions of the search space. On the other hand, heuristic knowledge measures the effect of each

possible assignment using information on the problem being solved.

When the problems are complex to solve, some of the decisions made during the construction

process can lead the algorithm to complete instantiations with less quality than expected. Here,

we are focused on ant-based algorithms that have shown to be able to solve complex combinatorial

problems, but in some stages of the construction of partial instantiations they make some decisions

that could be improved. In other words, the construction process can be biased by the attraction

of some characteristic of the candidate components. We name such characteristic as undesirable

(uD) and our objective is to provide useful information to an ant-based algorithm, to guide the

search process in a better way, when decisions can lead to poor quality complete instantiations.

We propose an Opposite Inspired Learning strategy to identify an uD-characteristic from com-

plete instantiations. The idea is to reduce the attraction of this particular uD-characteristic, giving

a chance to other components that the original algorithm would not consider. The details of this

strategy are presented in Section 4.1. To learn about an uD-characteristic, we propose to divide the

search process into two steps: a First Step to identify a characteristic from the complete instanti-
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ations and a Second Step to solve the problem of interest. The main idea is to use the information

obtained in the First Step during the Second Step to change the decisions of the algorithm during

its construction process. Sections 4.2 and 4.3 present details of how this knowledge should be

obtained during a previous learning step. Finally, there are some components of this strategy that

are necessary to be defined. Details of these components are presented in Section 4.4.

4.1 uD − Characteristic

In the last chapter, we presented an ant-based algorithm A designed to solve a combinatorial

problem P using m artificial ants. As we already explained, I∗C is the optimal solution of P and

this combinatorial problem can be represented as a construction graph GC = (C,L) whose vertices

are solution components C, and L is the set of edges that connect pairs of vertices. Artificial ants

perform walks in GC cooperating among them, depositing pheromone on paths they visit. Let us

consider that pheromone in A will be deposited on edges with the objective of detecting promising

pairs of vertices for solving P . Moreover, this information is collected in a pheromone matrix (τ),

where the cell τij represents how desirable it can be to visit vertex j from vertex i. At every

iteration of A, each ant k incrementally constructs a complete instantiation IkC , making stochastic

intermediate decisions to include components into a partial instantiation IkP . To decide which

path the ant k should visit next, pheromone information and heuristic knowledge of all candidate

vertices are considered in a state transition rule. This rule can be any of what we have already

mentioned in Section 3.3: random-proportional rule, pseudo-random rule, among others.

We are interested in improving the search process of A, in terms of the quality of the complete

instantiations that A can build. The idea is to maintain the original design and components of A.

For this, we are interested in provide useful information to A in order to improve its intermediate de-

cisions. Let us suppose that ant k constructs a complete instantiation IkC = {(x1, v
1), . . . , (xn, v

n)}

that F (IkC) < F (I∗C), considering P as a maximization problem. Although the structure of I∗C can

be unknown, we can expect that IkC and I∗C are structurally different in terms of their assignments.

In most cases, components are included in IkC because a certain preference related to their

heuristic knowledge and pheromone information was considered in the stochastic intermediate

decisions of A. As heuristic knowledge function is particularly defined in A and the information

in pheromone matrix is limited by the vertices which were already visited during the current

execution, in some cases, the information provided to perform intermediate decisions might be

poor. This information can lead the construction process of A to complete instantiations with less
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quality than expected.

Let us suppose that IkC has some characteristic w that can be measurable and related to:

• a structural property of IkC ,

• a quality feature of IkC ,

• a feature related to the (in)feasibility in IkC ,

• a P -specific property feature,

among others. This characteristic may be present on some components by themselves or in a

relationship between components in IkC . Here, we can expect that w is not only present in IkC , but

also the construction process of IkC could be influenced by w.

During the construction process of IkC , intermediate decisions are biased by some character-

istic w that makes some components appear more promising than others. We name this char-

acteristic as undesirable (uD). We propose to learn about an uD−characteristic w in IkC to de-

crease the attraction to components that A considered promising. It is important to remark that

an uD−characteristic can be not perceptible by the current pheromone information and by the

heuristic knowledge, as it is specifically defined in A. The objective is to allow A to consider other

intermediate decisions during its construction process and finally, obtain better quality solutions.

Let S(A,i) a set of complete instantiations obtained by A during its ith iteration and w an

uD-characteristic. As w is measurable, we define a function W to detect the presence of an uD-

characteristic in S(A,i). Some examples can be:

• If w is related to the quality of solutions in S(A,i), W can be defined as F for partial and

complete instantiations.

• Considering that P is an instance of the QAP, w can be related to a poor prioritization of

assignments. Let us define (fi, fj) as a priority pair of facilities where, compared to other

pairs of facilities in P , there is a high flow value between fi and fj . In this case, W can

penalize solutions that have a (locally) maximum distance for priority pairs of facilities like

(fi, fj). Notice that W can be also complemented considering a quality measure to compare

solutions in S(A,i).

• Considering that P is a binary CSP instance, w can be related to complete instantiations

that are difficult to be repaired. In this case, P defines pairs of incompatible values for some
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Pheromone Matrix

Figure 4.1: Identifying and learning about a characteristic in IC

pairs of variables. As a consequence, there are some conflicts that have higher number of in-

compatible values. The higher the number of incompatible values in a complete instantiation,

the more difficult the conflicts are to be repaired.

W can penalize the solutions in S(A,i) that have the highest number of incompatible values.

Moreover,W can also consider the number of conflicts to better discriminate among solutions

in S(A,i).

• Considering that P is a MKP instance, w can be related to how the capacity is being con-

sumed during the construction process. In general, dimensions have different capacities and

objects have different weight in each capacity. Let us define a dimension as critical, if it has

the lowest capacity value compared to the other dimensions. W can evaluate candidate so-

lutions in S(A,i), considering the profit of the selected objects and penalizing those solutions

that consumed a higher capacity in a critical dimension. The idea is to discriminate about

objects that are promising for A, in terms of their profit, and are also part of poor quality

solutions.

Figure 4.1 explains how uD-characteristic will be identified. In the left part of the figure, the

set of complete instantiations S(A,i) obtained by A in the ith iteration is shown. In the center of

the figure, solutions in S(A,i) are colored representing their evaluation value W(S(A,i)), where the

lighter the color the more the presence of w. We define Sw(A,i) as the set of complete instantiations
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that have more presence of w.1

As pheromone produces a modification of the way the problem is represented and perceived by

artificial ants [DS04], we decided to use pheromone to learn about uD-characteristics. Moreover,

the components of the complete instantiations in Sw(A,i) will be marked with pheromone. Inspired

in the concept of anti-pheromone we will name pheromone for marking the solution in Sw(A,i) as

anti-pheromone. This anti-pheromone information will be used during the intermediate decisions

taken by A, to include components to a partial instantiation IP . The hypothesis is: if we consume

an amount of resources in identifying and learning about some uD-characteristic w in S(A,i), the

search process could be further focused making decisions using this knowledge and obtain better

quality complete instantiations. For this, we propose to divide the search process of A into two

steps. Next section presents the details of the learning process.

4.2 Division of the Search Process

This section presents the details for learning about an uD-characteristic during the execution of

A. First, we propose to divide the search process of A into two steps: a First Step to learn about

w in S(A,i) and a Second Step performed by A using the obtained knowledge in the First Step. As

shown in Figure 4.1, pheromone will be used to mark a complete instantiation in Sw(A,i) during the

First Step.

Inspired in the concept of anti-pheromone [SBHR97], the idea is to learn about the components

of solutions in Sw(A,i) and their relationship. For now on, pheromone used during the First Step

will be named as anti-pheromone. In this case, a pair of components (ci, cj) that were more

related with a complete instantiation in Sw(A,i) during First Step will have a higher amount of

anti-pheromone antiτij . The idea is to produce a repellent effect to some pairs of components,

allowing A to consider other components that originally it usually would not be able to include.

To determine on which candidate solutions the anti-pheromone will be deposited, the heuristic

H will be defined considering the W function. Our goal is to identify an uD-characteristic using

our Opposite Inspired Learning strategy, represented by the anti-pheromone matrix (antiτ). The

decisions performed during the construction process of A in the Second Step will then be influenced

by this anti-pheromone translated in the pheromone matrix of A.

Let A◦ an ant-based algorithm that will perform the First Step and anti-pheromone will be

1The size of Sw
(A,i)

will be particularly defined for each application of this strategy. For simplicity, from now on

we will consider that Sw
(A,i)

contains only one candidate solution.
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º

Figure 4.2: Resources distributed by parameter B

used to reinforce paths that are related with complete instantiations in Sw(A,i). A
◦ has the following

components equally defined as A:

• the defined representation for P ,

• the evaluation function F ,

• the structure of the state transition rule

However, the heuristic knowledge η, the anti-pheromone management and the parameters of

the algorithm will be particularly defined in A◦. More specifically, the global anti-pheromone

updating rule and which artificial ants will be allowed to deposit anti-pheromone in each iteration.

Also, a new parameter value should be considered in A◦ for each parameter in A (e.g, αFS , βFS ,

ρFS , among others, where FS means First Step).

Figure 4.2 shows how the search process is divided into two steps. In the left part of the figure,

the execution of algorithm A is shown where an amount maxRes of resources has been consumed

for solving P . In the right part of the figure, the First Step is performed by A◦ consuming an

amount B ∗ maxRes, where B is a parameter that defines the percentage of resources designed

to the learning step. At the end of the First Step, an anti-pheromone matrix will be obtained,

that will be translated into pheromone and used by A as its initial pheromone matrix. Further

details of how the translation process can be made are described in the following sections. Finally,

A performs its search process considering the remaining (1−B) ∗maxRes resources.

In the following section, different methods to identify and learn about some uD-characteristic

will be presented. Also, the anti-pheromone management will be particularly defined for each

method.
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4.3 Methods

In order to explore and compare different possibilities to identify an uD-characteristic, we propose

three different Methods. Each method will consider a different definition for the heuristic knowledge

and anti-pheromone management for A◦. As a consequence, each method will perform a different

search process during the First Step and defines how to identify an uD-characteristic. The methods

are named Soft Opposite-Learning (SOL), Worst Opposite-Learning (WOL) and Half Opposite-

Learning (HOL). The first two methods are related to the quality of complete instantiations and

the last one is related to problem-specific features.

Soft Opposite-Learning (SOL) This method is focused on identifying an uD-characteristic

related to the quality of complete instantiations but trying to perform a similar search process as

in A. For this, the heuristic knowledge η of A◦ will be the same as in A. Considering an heuristic

knowledge defined for pairs of components, a partial instantiation IP and an ant that has currently

included component i in IP , the heuristic knowledge of a candidate component j will be defined

in A◦ as:

ηA
◦

ij = ηAij (4.1)

On the other hand, the heuristic H will be defined as follows: anti-pheromone will be deposited

in edges that are related to the lowest quality solution of each iteration constructed by antL. The

global anti-pheromone updating rule can be defined as:

antiτnewij = (1− ρFS) ∗ antiτoldij + ∆τLij (4.2)

where ρFS is the evaporation rate for the First Step and ∆τLij is the amount of anti-pheromone

that will be deposited by antL. H and the amount to be deposited (∆τLij) depends on how they

are defined in A. For example, if A considers a fixed number of elitist ants, this can be considered

also in Equation 4.2 for anti-pheromone deposit.

The idea is that SOL method will consider the same edges that are attractive for A in terms of

the heuristic knowledge, but will focus on constructing poor quality complete instantiations. The

objective is to identify complete instantiations where an intermediate decision (i.e, from vertex i to

vertex j that was an attractive path to take for ant k), can lead the search process to less quality

complete instantiations than expected. The information obtained during a First Step performed by

the SOL method, stored in the anti-pheromone matrix, will reduce the level of attraction produced
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A SOL WOL HOL

η η η ηA
◦

H H H H
F F F F

Table 4.1: Summary of Methods

by heuristic knowledge in the corresponding intermediate decisions of A.

Worst Opposite-Learning (WOL) This method is focused on evaluating the effect of taking

totally opposed decisions to the objective of the problem P . The idea is to identify components that

are considered simultaneously in bad quality complete instantiations. For this, the construction

process is performed against the objective of P . In this method, the heuristic knowledge should

be inverted in each intermediate decision:

ηA
◦

ij = max
u∈Jk(i)

(ηAiu) + min
u∈Jk(i)

(ηAiu)− ηAij (4.3)

where the maximum and minimum heuristic knowledge values are considered from a list Jk(i)

of u candidate components allowed to be included, and ηAij is the heuristic knowledge as it is

defined in A. The idea is to make more attractive the less interesting components. Furthermore,

H is equally defined as in A but in this case, F will be optimized: anti-pheromone is deposited on

the lowest quality solution obtained at each iteration (as in Equation 4.2). We expect that using

the WOL method, the search process of A◦ explores regions of the search space that the original

algorithm could never visit.

Half Opposite Learning (HOL) This method is focused on detecting a problem-specific uD-

characteristic w. Let us suppose that, as the heuristic knowledge and pheromone management are

defined in A, any information on w cannot be obtained. As a consequence, the heuristic knowledge

ηA
◦

should be redefined in A◦ to detect this problem-specific feature. The construction process

should be guided considering ηA
◦
, allowing the search process to consider information on the pres-

ence of w in the obtained complete instantiations. Moreover, it is necessary to particularly define

W in order to measure the presence of w in S(A◦,i). Anti-pheromone should be deposited in the

complete instantiation defined by H.

Table 4.3 shows a summary of the main features of each Method. As it was already presented, A

algorithm considers a heuristic knowledge η, a heuristic H that defines which trails will be marked
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with pheromone and F is the function to be optimized in the problem P being solved. In SOL

Method, η and H are maintained as in the original algorithm. Here, the algorithm will deposit

anti-pheromone in solution(s) that optimize F . About WOL Method, the heuristic knowledge is

translated (η) and F will be optimized. As in SOL, the solution that optimizes F will be marked

with anti-pheromone (H). In HOL Method, F will be optimized and H will be maintained as in

A. However, a different heuristic knowledge should be considered (ηA
◦
).2

It is important to mention that, which method will obtain useful information during the First

Step, will directly depend on the selected ant algorithm and on the problem being solved. It is

important to define some components that will be detailed in the following section.

4.4 Components

To implement our strategy, considering any of these methods, it is necessary to define and study

the following components:

• The amount of anti-pheromone ∆antiτ that will be deposited during the First Step. This

amount must be consistent with the quantity of pheromone deposited by the ants in A. The

amount of anti-pheromone should not be constant and can consider different measures to

guide the search process. Moreover, the amount of anti-pheromone should not exceed the

maximum pheromone that can be deposited during the Second Step.

• Which ants will be allowed to deposit anti-pheromone during First Step. As we already

mentioned, this component can be mapped from its definition in A.

• A translation rule, to initialize the pheromone values for the Second Step using the infor-

mation obtained during the First Step. If the ant based algorithm is a MAX −MIN Ant

System (MMAS), it is necessary to translate the anti-pheromone considering the maximum

and minimum allowed boundaries for pheromone.

• The percentage B defines the effort that will be invested in the First Step. As shown in

Figure 4.2, a maximum amount of resources maxRes is distributed. It is important to

remark that the effort invested in the whole process (both steps) should be the same as the

one used by A: the higher the percentage for the First Step, the lower the effort during the

2For this, ηA
◦

can be defined considering an existing heuristic knowledge proposed in the literature, based in a
heuristic already proposed on literature for P or propose a new one.
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Second Step. On the other hand, a very low percentage B will not allow the anti-pheromone

to converge.

4.5 Conclusions

In this chapter we propose an Opposite Inspired Learning strategy to improve the search process

of ant-based algorithms designed for solving Combinatorial Problems. The strategy consists in

detecting an uD-characteristic, an undesirable characteristic that leads the construction process

of an ant-based algorithm to poor quality solutions. To detect this characteristic, we propose

to divide the search process of an ant-based algorithm into two steps: a First Step focused on

detecting such uD-characteristic and a Second Step to solve the problem of interest.

Our strategy tries to identify a uD-characteristic during a First Step using a defined amount of

resources. When an amount of B∗maxRes resources is consumed, the anti-pheromone is translated

into pheromone to define the initial values for the original ant-based algorithm A. Finally, A will

be executed using the remaining (1−B)∗maxRes resources for solving the problem being tackled.

We proposed three different methods to perform the First Step: Soft Opposite-Learning (SOL),

Worst Opposite-Learning (WOL) and Half Opposite-Learning (HOL). Each method performs a

particular search process, with specifically defined heuristic knowledge and pheromone management

components.

To implement this strategy, it is important to define how much anti-pheromone will be deposited

at each iteration, which ants will be allowed to deposit anti-pheromone, how anti-pheromone will

be translated into pheromone and the amount of resources designed to the First Step.

In the following chapters, we present the application of this strategy to two well-known ant-

based algorithms for solving different combinatorial problems. For each algorithm, these methods

and components are particularly defined considering how the original algorithms were designed.
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Chapter 5

OL for Multidimensional

Knapsack Problem

This chapter presents the application and evaluation of our strategy in Ant Knapsack (AK). Ant

Knapsack is a well-known ant-based algorithm proposed for solving the Multidimensional Knap-

sack Problem (MKP). As Ant Knapsack was already described in Section 3.4.3, this chapter only

includes a summary of most important details and components of the algorithm in Section 5.2.

To implement our strategy, it is also necessary to study the problem considered to design

the ant-based algorithm. In this case, we are interested in Multidimensional Knapsack Problem

(MKP). This combinatorial problem was proposed by a mathematician named Tobias Dantzig near

to 1900, and it has been severally studied. However, it is still considered by the community to

design and evaluate algorithms. Section 5.1 presents formal description of the MKP and some

related work proposed on literature.

Our strategy requires that an ant-based algorithm performs a First Step to obtain information

about some undesirable (uD) characteristic present in complete instantiations. We propose three

methods to perform different search processes and evaluate which information could be more

valuable for the selected algorithm. As we described earlier, in this chapter, the ant-based algorithm

A will be AK and A◦, that will be used during the First Step. A◦ requires the definition of some

components and some details for each method. Section 5.3 details the inclusion of our strategy in

Ant Knapsack.

This chapter also presents the experimental evaluation of the inclusion of our strategy in Ant
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Knapsack. The objective is to evaluate how the information about some uD-characteristic can

improve the search process of Ant Knapsack. Section 5.4 shows the description of experimental

setup and the set of benchmark instances used to evaluate our approaches. Moreover, results for

these instances, statistical analysis, boxplots and fitness-distance plots are presented.

5.1 Multidimensional Knapsack Problem

Multidimensional Knapsack Problem (MKP) is a NP-hard combinatorial optimization problem,

variant of the well-known Knapsack Problem. MKP is defined as a knapsack with multiple resource

constraints and a set of objects O = {o1, . . . , oN}. Each object i has a defined profit pi and weight

wit in each problem dimension t. The problem consists in selecting a subset of n ≤ N objects in

such a way that each capacity constraint, for the T dimensions, is satisfied maximizing the total

profit. The capacity constraints define the maximum capacity bt of each dimension. Formally,

given:

xi =


1 if object i is included in the knapsack

0 otherwise

(5.1)

Max Z =

N∑
i=1

pi ∗ xi (5.2)

Subject to:
N∑
i=1

wit ∗ xi ≤ bt,∀t = 1, . . . , T (5.3)

where pi is the profit of the object i, wit is the weight of the object i in dimension t and bt is

the capacity of dimension t. To measure the quality of objects, some efficiency measures have

been proposed related the cost of obtaining one unit of profit.1 Considering the T dimensions of

a problem instance, an object oi can be light in one dimension and be very heavy in other one.

Moreover, some dimensions can have less capacity than others. For this reason, it is there no

obvious efficiency measure for objects [PRP10].

1Definition of Efficiency: “The ratio of the useful work performed by a machine or in a process to the total energy
expended or heat taken in”.(Available in https://en.oxforddictionaries.com/definition/efficiency)
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The most typical efficiency measure ei can be defined as:

ei =
pi∑T
t=1 wit

. (5.4)

Moreover, as constraints consider different orders of magnitude in their capacities and weights,

a scaled version can be defined as:

escaledi =
pi∑T

t=1

wit
bt

. (5.5)

In some cases, the average of the weights in all dimensions of each object wi can be considered:

eavgi =
pi
wi

(5.6)

An alternative efficiency measure that considers how restricted are some dimensions of the

problem was proposed in [KPP04]. For this, relevance values rt are computed for every constraint:

ei =
pi∑T

t=1 rt ∗ wit
(5.7)

where rt are computed as follows:

rt =
(
∑T
t=1 wit)− bt∑T
t=1 wit

(5.8)

Here, the lower the capacity of dimension t and the higher the sum of weights in t, the more

restricted is the dimension.

There are applications of the Multidimensional Knapsack Problem in different areas. For

example, for capital budgeting [MCS01], optimizing a portfolio of Research & Development pro-

jects [BMM01], among others. Also, there are several approaches proposed for solving MKP and

in the following, some important works are presented.

In [Fid05], four different heuristic knowledge functions were proposed for ACO algorithms, each

one with a different efficiency measure. These functions are:
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1. Considering si =
∑T
t=1 wit, the first heuristic knowledge function is defined as:

ηi =
pd1i
sd2i

(5.9)

where d1 > 0 and d2 > 0 are parameters of the algorithm. Here, objects with greater profit

and lower weight will be more attractive. This heuristic is similar to Equation 5.4, but the

parameters d1 and d2 try to produce a balance between profit and the sum of weights.

2. The second heuristic function is similar to Equations 5.9 and 5.5, but considering si =∑T
t=1 wit/bt. Here, objects with greater profit that use less capacity will be more desirable.

3. In this case, ηi is calculated dynamically for each candidate object. Considering a partial in-

stantiation IP that is being constructed, the heuristic knowledge is defined as in Equation 5.9,

but in this case d1 = d2 and si is defined as:

si =

T∑
t=1

wit
CCt

(5.10)

where CCt is the current capacity defined as:

CCt = bt −
∑
ov∈IkP

wvt (5.11)

where bt is the capacity of the dimension t and
∑
ov∈IkP

wvt is the sum of the weights of the

objects that are already included in the partial instantiation.

4. The fourth heuristic is equal to the third one but considering d1 6= d2 in Equation 5.9. The

idea is to analyze the effect of giving different importance to the profit and the weights.

A Genetic Algorithm for solving MKP was proposed in [CB98]. This approach considers a

binary representation, binary tournament parent selection, uniform crossover and a specific repair

operator. For this, pseudo-utility ratios are calculated using the surrogate duality approach [Pir87]

and the surrogate relaxation problem of the MKP (SR-MKP) considering Equation 5.2 and:

N∑
i=1

(

T∑
t=1

ωt ∗ wit) ∗ xi ≤
T∑
t=1

ωt ∗ bt,∀t = 1, . . . , T (5.12)

where ω = {ω1, . . . , ωT } is the set of surrogate multipliers. SR-MKP is single constraint

knapsack problem and the idea is to obtain the optimal set of multipliers that minimizes the
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solution value. These multipliers can be obtained using a linear programming solver [CB98].

Then, the pseudo-utility ratios are calculated as:

ui =
pi∑T

t=1 ωt ∗ wit
(5.13)

These ratios are used in the repair operator to decide which objects should be discarded from

a complete instantiation and which objects are more promising to be included.

Other important contribution are 270 instances proposed for the OR Library by Chu and

Beasley2. For this, the following details were considered:

• Weights were randomly generated with a discrete value in ∼ U(0, 1000),

• Capacity of each dimension was defined as:

bt = tr ∗
N∑
i=1

wit (5.14)

where tr ∈ [0.25, 0.50, 0.75] is the tightness ratio,

• Profits were generated considering:

pi =

∑T
t=1 wit
T

+ 500 ∗ qi (5.15)

where qi ∼ U(0, 1).

Instances with different number of dimensions (5, 10, 30 and 50) and with different number of

objects (100, 250 and 500) were proposed. These instances have been severally used in literature

to evaluate and compare different approaches designed for solving MKP. Also, we used a subset of

these instances to evaluate the inclusion of our strategy into Ant Knapsack.

An important Tabu Search approach based on an oscillation strategy was proposed [GK96].

This strategy tries to balance the exploration and exploitation of the algorithm, “oscillating”

between feasibility and infeasibility during the construction of partial instantiations. The inclusion

of an object that produces the infeasibility of a partial instantiation is considered a critical event.

The Tabu List determines if a potential move will be performed considering information about the

recency and frequency of critical events. Surrogate constraint information is used to compute ratios

for guiding the decisions of the algorithm. These ratios are used to decide which objects should

2Instances available in http://people.brunel.ac.uk/~mastjjb/jeb/orlib/mknapinfo.html

67



CHAPTER 5. OL FOR MULTIDIMENSIONAL KNAPSACK PROBLEM

be added and dropped. Other similar Tabu Search approach was proposed in [HF98] including

different rules to control the oscillation between feasibility and infeasibility.

A relative mean resource occupation (O) for each object was proposed in [KGOL15]. The

relative mean resource occupation of an object i is defined as:

Oi =
( 1
T ) ∗

∑T
t=1

wit
bt

pi
(5.16)

The objective was to propose a different surrogate relaxation considering pseudo-utility ratios that

could be easier to calculate. This metric was used in a repair operator of an Harmony Search

approach similar to the oscillation strategy already described.

Several different metaheuristic approaches are proposed in literature for solving the MKP [Fre04,

KGOL15, MP17, LHGL18]. Also, there are approaches for a multi-objective variant of MKP [LT12].

5.2 Ant Knapsack

Ant Knapsack (AK) [ASG04] is a MMAS proposed for solving MKP. Algorithm 2 shows the

structure of Ant Knapsack. AK constructs feasible complete instantiations considering m artificial

ants. The first object to be included is randomly selected (lines 5-6). After an object is included

into a partial instantiation, the current capacities are updated (line 7) and a list of candidate

objects Jk is constructed (line 8). More specifically, Jk contains the objects allowed to be included

considering the current capacity in each dimension. This process is repeated until Jk is empty

(line 9). Pheromone is evaporated at the end of each iteration (line 15).

As AK is aMMAS algorithm, H allows best quality solutions to be marked with pheromone.

Then, an amount of pheromone (∆τ) is deposited on each pair of objects of the best solution found

in the current iteration (Lbest it):

∆τ =
1

1 + F (Lbest found)− F (Lbest it)
(5.17)

where Lbest found is the best solution found during the execution (line 16). On the other hand,

heuristic knowledge is defined as:

ηIkP (oi) =
pi∑T

t=1
wit
CCt

(5.18)

considering the profit and the weight in the current capacity. Here, the idea is to give priority to
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Algorithm 2 Ant Knapsack algorithm

1: InitializePheromoneTrails(τmax)
2: while Stop criterion is not met do
3: for antk, k = 1 to m do
4: Ikp = ∅
5: onext ← ChooseRandomlyObject()
6: Ikp ← {onext}
7: UpdateCurrentCapacities(onext , b)
8: CheckCandidates(Jk, b)
9: while Candidates 6= ∅ do

10: onext ← ChooseAndAddNextObject()
11: UpdateCurrentCapacities(onext , b)
12: CheckCandidates(Jk, b)
13: end while
14: end for
15: EvaporatePheromone(ρ)
16: DepositPheromone(Lbest it)
17: end while

objects with higher profit and less capacity consuming.

5.3 Opposite Learning in Ant Knapsack

During the First Step of our strategy, an ant based algorithm will perform a search process in order

to obtain information about an uD-characteristic. This search process is defined considering one

of the three methods already described: SOL, WOL and HOL. SOL and WOL methods obtain

information about some uD-characteristic considering quality features of the complete instantia-

tions. On the other hand, HOL is focused in obtain information related to some problem-specific

feature. This section presents the details of the implementation of our strategy in Ant Knapsack.

First, we present details about how each method is implemented for Ant Knapsack. Then, details

about how some algorithm-specific components were defined are presented.

5.3.1 Methods for Ant Knapsack

Let us consider AK◦ as a modified version of Ant Knapsack that will be used to perform the First

Step. As we presented in Section 4.2, AK◦ uses the same representation for P, the same evaluation

function F, and the same structure of the state transition rule of Ant Knapsack. Moreover, heuristic

knowledge and anti-pheromone management is particularly defined for each method, with the

objective of obtaining information about an uD-characteristic.
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• Soft Opposite Learning Ant Knapsack (SOL-AK): this method tries to perform a search

process similar as in Ant Knapsack. For this, the heuristic knowledge used during First Step

ηAK
◦

i is the same as in Ant Knapsack. As presented in Section 4.3, the lowest quality solution

of each iteration IwC will be marked with anti-pheromone (as in Equation 4.2). As in Ant

Knapsack, each pair of objects included in IwC will be marked with an amount ∆antiτ of

anti-pheromone. ∆antiτ will be explained in the following section.

• Worst Opposite Learning Ant Knapsack (WOL-AK), considers an inversion of the heuristic

knowledge during the First Step. Similar as in Equation 4.3, this inversion is defined as:

ηAK
◦
(oi) = max

u∈Jk(i)
(ηAKu ) + min

u∈Jk(i)
(ηAKu )− ηAK(oi) (5.19)

where the maximum and minimum heuristic values of candidate objects are considered and

ηAK(oi) is the heuristic value of object i. Notice that the heuristic knowledge ηAK
◦
(oi) is

calculated considering the same heuristic knowledge function of Ant Knapsack.

Anti-pheromone management is equally defined as in SOL-AK. Anti-pheromone is deposited

on each pair of objects of the lowest quality solution of each iteration. As we mentioned

earlier, the objective of this method is to give priority to worst decisions during the First

Step.

• Half Opposite Learning Ant Knapsack (HOL-AK):

In general, objects can be heavier in some dimensions than others. As it is currently defined

in Ant Knapsack, an object i that has an interesting profit value compared to the other

candidate objects, can use several capacity in some dimensions and be lighter in the other

ones. This situation is undesired because this kind of objects still be interesting for Ant

Knapsack. For this, the uD-characteristic is related to detect assignations that are part of

(poor quality) candidate solutions where the way the capacity is being consumed can be

improved.

To detect this situation, we define the heuristic knowledge based in a heuristic presented

in Equations 5.7 and 5.8. This heuristic considers relevance values (rt) to evaluate how

restricted are some dimensions. Here, the lower the capacity of dimension t and the higher

the sum of weights in t, the more restricted is the dimension. This heuristic defines a fixed

efficiency value for each object i. To obtain an efficiency value that considers the current

state of the partial instantiation being constructed, we considered the candidate allowed

objects and the current capacity (CC) in each dimension. The heuristic knowledge of the
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HOL method, for a candidate object i, is defined as:

ηA
◦

i =
pi∑T

t=1 rt ∗ wit
(5.20)

where rt are the relevance values computed as follows:

rt =
(
∑
j∈Jk(i) wjt)− CCt∑

j∈Jk(i) wjt
(5.21)

Notice that when all the candidate objects can be included in the dimension t (the sum of

their weights are less than the current capacity), the numerator can be a negative value or

zero. When this situation happens, the dimension t will not be considered in the efficiency

of all objects of the current intermediate decision.

The idea is to give priority to objects that use a lower capacity and also have a higher profit.

As H is equally defined as in AK, pairs of objects related to poor quality candidate solutions,

that use a lower capacity and have interesting profits will be marked with anti-pheromone.

5.3.2 Components in Ant Knapsack

It is necessary to define four components related with the management of anti-pheromone during

First Step:

• The amount of anti-pheromone ∆antiτ is defined similarly as in Ant Knapsack:

∆antiτ =
1

1 + |F (Lworst found)− F (Lworst it)|
(5.22)

where Lworst it is the worst solution found in the current iteration and Lworst found is the

worst solution found in during the execution.

• As Ant Knapsack is a MMAS algorithm, the translation rule was defined considering the

maximum value of pheromone allowed τmax. For each cell of the anti-pheromone matrix, its

pheromone equivalent is calculated as:

τij = τmax − antiτij (5.23)

where τij is the translated amount of anti-pheromone into pheromone. This will produce that

the higher the amount of anti-pheromone, the lower the amount of pheromone translated.
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• The artificial ants allowed to deposit anti-pheromone are also similarly defined as in Ant

Knapsack. In this case, the artificial ants that construct the poorest quality solution of each

iteration will be allowed to deposit anti-pheromone.

• The percentage B defines the percentage of iterations that will be assigned for the First Step.

The value of B can be experimentally defined or using a tuner algorithm.

In the following section, we present the experimental evaluation of this strategy considering all

these methods.

5.4 Experiments

In this section we present the experiments performed in order to evaluate our approaches. The

main objective of these experiments is to compare the quality of solutions found by Ant Knapsack

versus the quality found when an OIL strategy is incorporated to AK. For these experiments, we

considered 30 independent executions per instance, each with 60000 evaluations.

5.4.1 Instances

We considered 90 large-scale benchmarks instances from the OR-Library proposed by Chu and

Beasley.3 These instances were designed considering the following details:

• Weights are randomly generated with a discrete value in ∼ U(0, 1000),

• Capacity of each dimension is defined as:

bt = tr ∗
N∑
i=1

wit (5.24)

where tr ∈ [0.25, 0.50, 0.75] is the tightness ratio,

• Profits are generated considering:

pi =

∑T
t=1 wit
T

+ 500 ∗ qi (5.25)

where qi ∼ U(0, 1).

3Instances are available in http://www.cs.nott.ac.uk/∼jqd/mkp/index.html
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Set T N tr

5x500 5 500
0.25
0.50
0.75

10x500 10 500
0.25
0.50
0.75

30x500 30 500
0.25
0.50
0.75

Table 5.1: Details of each set of instances used for our experiments

Algorithm
First Step Second Step

m α β ρ B m α β ρ τmax
AK - - - - - 50 2.3688 5.6 0.009 10.3

SOL-AK 60 8.0 9.1 0.206 0.010 50 2.3688 5.6 0.009 10.3
WOL-AK 30 5.2 6.7 0.369 0.010 50 2.3688 5.6 0.009 10.3
HOL-AK 45 18.3 0.1 0.151 0.085 50 2.3688 5.6 0.009 10.3

Table 5.2: Parameter values used for these experiments

Table 5.1 shows the three sets of instances used in our experiments. Each set contains 30

instances, considering 10 instances for each tuple (T,N, tr). These instances have been severally

used to evaluate and compare different approaches on literature designed for solving MKP.

5.4.2 Parameter Values

Parameter values for Ant Knapsack and our approaches were defined using a tuner algorithm

called Evolutionary Calibrator (EVOCA) [MR13]. Table 5.2 shows the obtained values by the

tuning process for each algorithm, after an average of 5000 evaluations of the tuner algorithm.

Randomly selected instances from the three sets were considered for this process. About the

amount of resources for the First Step, for SOL and WOL methods the 1% of the evaluations

will be considered (60000 ∗ 0.01 = 600 evaluations). On the other hand, 5114 evaluations will be

considered for the First Step in the HOL method.

5.4.3 Results

To compare Ant Knapsack and our approaches, we consider a percentage gap distance between

the Best Known (BK) solution and a solution found Sfound calculated as follows:4

4Best Known solutions are available in http://www.eecs.qmul.ac.uk/∼jdrake/bestresults.html
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T N tr AK SOL-AK WOL-AK HOL-AK

5 500
0.25 0.109 0.093 0.102 0.095
0.50 0.041 0.041 0.037 0.049
0.75 0.019 0.021 0.017 0.015

AVG 5x500 0.056 0.052 0.052 0.053

10 500
0.25 0.227 0.215 0.237 0.226
0.50 0.089 0.094 0.102 0.093
0.75 0.040 0.039 0.040 0.039

AVG 10x500 0.119 0.116 0.126 0.119

30 500
0.25 0.512 0.485 0.516 0.530
0.50 0.211 0.203 0.217 0.226
0.75 0.101 0.102 0.106 0.110

AVG 30x500 0.275 0.263 0.280 0.289

AVG 0.150 0.144 0.153 0.154

Table 5.3: Average percentage gap between the Best Known solution and the best solution found,
considering instances from each tuple (T,N, tr)

gap = 100 ∗ (BK − SFound)
BK

(5.26)

Table 5.3 shows the average percentage gap between the BK solution and the best reached

solution by each algorithm, over all the instances in each tuple (T,N, tr). Here, bold numbers

in the table show when an algorithm outperforms another approach. Also, the average (AVG)

percentage gap for each set and an overall average are shown. Considering the set 5× 500, results

show that the performance of AK was slightly improved using these three methods. Moreover, the

greatest improvements were obtained using the SOL and WOL methods, where the average gap of

AK was reduced from 0.056 to 0.052.

About the set 10× 500, the information obtained by the SOL method was useful for AK. Here,

the average percentage gap of AK was reduced from 0.119 to 0.116. Also, the search process of

AK was slightly worsened using the information provided by the WOL method.

In the set 30× 500, the information obtained by the SOL method was useful for AK. Here, the

average percentage gap of AK was reduced from 0.275 to 0.263 In summary, SOL-AK obtained

the lowest overall average percentage gap (0.144), followed by AK (0.150), WOL-AK (0.153) and

HOL-AK (0.154).

Table 5.4 shows the average percentage gap between the Best Known solution and the average

quality of the 30 independent executions per instance, over all the instances in each tuple (T,N, tr).
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T N tr AK SOL-AK WOL-AK HOL-AK

5 500
0.25 0.222 0.216 0.221 0.228
0.50 0.098 0.096 0.414 0.099
0.75 0.049 0.047 0.047 0.046

AVG 5x500 0.123 0.120 0.227 0.124

10
500 0.25 0.427 0.430 0.438 0.456

0.50 0.182 0.181 0.173 0.187
0.75 0.086 0.083 0.080 0.084

AVG 10x500 0.232 0.231 0.230 0.242

30 500
0.25 0.922 0.864 0.896 0.906
0.50 0.354 0.351 0.360 0.366
0.75 0.171 0.175 0.176 0.176

AVG 30x500 0.483 0.464 0.478 0.482

AVG 0.279 0.272 0.312 0.283

Table 5.4: Average percentage gap between the Best Known solution and the average quality of
30 seeds per instance, considering results from each tuple (T,N, tr)

In the set 5× 500, the information provided by the SOL method was useful to AK to decrease

its average percentage gap. Here, the average percentage gap of AK was reduced from 0.123 to

0.120. For the set 10× 500, the information provided by the WOL and SOL methods were useful

for AK. On the other hand, HOL-AK was outperformed by AK. About the set 30 × 500, our

proposed algorithms outperformed AK obtaining a lower average overall percentage gap. Finally,

considering all the executions per instance, the SOL method obtained the lowest overall average

percentage gap (0.272), followed by AK (0.279), HOL-AK (0.283) and WOL-AK (0.312).5

Table 5.5 shows the average execution time of each algorithm, over all the instances per tuple

(T,N, tr). In general, the execution times are higher using our strategies. However, the execution

times of WOL-AK are slightly lower than the AK’s.

5.4.4 Statistical Analysis

We have used the pair-wise Wilcoxon non-parametric test to compare the performance of Ant

Knapsack and our approaches. For this, we used the percentage gap to the best known solution of

all the independent executions of each algorithm on every instance. The hypotheses considered in

this test are:

• H0: Algorithm X found same quality solutions as Algorithm Y

5Tables with the obtained results in the 90 large-scale instances are available in appendix A
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T N tr AK SOL-AK WOL-AK HOL-AK

5 500
0.25 2977 3451 2917 3469
0.50 4755 5548 5607 5090
0.75 6490 6997 4765 6399

AVG 5x500 4741 5332 4429 4986

10 500
0.25 3233 3230 2760 3362
0.50 5202 5524 4706 5489
0.75 7483 7064 6081 6838

AVG 10x100 5306 5273 4515 5230

30 500
0.25 3309 3266 2839 3286
0.50 5893 5788 4961 5712
0.75 7207 7564 6540 7509

AVG 30x500 5470 5539 4780 5502

AVG 5172 5381 4575 5239

Table 5.5: Average execution times of each algorithm (in seconds)

Comparison Negative Ranks Positive Ranks p-value
SOL-AK - AK 1464 1236 0.01
WOL-AK - AK 1400 1300 0.13
HOL-AK - AK 1303 1397 0.00

Table 5.6: Results of the Wilcoxon tests

• H1: Algorithm X found different quality solutions than Algorithm Y

Table 5.6 shows the results of the tests. Considering a confidence level of 95%, results show

that the SOL and HOL approaches are statistically different from AK. On the other hand, no

conclusion about the statistical difference between WOL and AK can be made. As the MKP is a

maximization problem, the negative ranks (NR) show the cases where our approaches outperform

AK. Positive ranks show the cases where AK outperforms our strategies. All these computations

were done using the statistical software package PSPP .

5.4.5 Boxplots

This section presents boxplots to show the dispersion of the solutions found by each algorithm.

Boxplots per set of instances are presented, considering the percentage gap to the Best Known

solution and the boxes are grouped by the tightness ratio value (tr ∈ [0.25, 0.50, 0.75]). Moreover,

all independent executions of each algorithm are considered. Figure 5.1 shows boxplots for the

set 5 × 500. In general, medians and boxes of the four algorithms are similar for all values of

tr. However, for tr = 0.25 and tr = 0.50, the median of SOL method is the closer one to zero.
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Moreover, considering tr = 0.25, lower whiskers of our approaches are closer to zero than AK ones.

Figure 5.2 shows boxplots for the set 10× 500. For all tr values, boxes of AK are the closest to

zero. However, considering tr = 0.50, the size of the boxes of SOL and WOL method are smaller

than the box of AK.

Figure 5.3 shows boxplots for the set 30×500. Considering tr = 0.25, medians of our approaches

are the closest to zero. Moreover, in the same case, the boxes of are smaller than the box of AK.

In general, for the three sets, the higher the tr value the closer to zero the percentage gap

reached by all the algorithms. Also, boxes are smaller when the value of tr increases. Moreover,

the performance and the distribution of the solutions obtained by the four algorithms is similar

when tr = 0.75. On the other hand, the main differences in the boxes sizes and whiskers are

presented when tr = 0.25.

5.4.6 Comparison with the Literature

This section presents a comparison of our approaches with some existing approaches from the

literature. We considered two approaches: TS+LP, a Tabu Search algorithm combined with Linear

Programming [VV05] and CF-LAS, a Selection Hyperheuristic framework [DÖB16]. To the best

of our knowledge, TS+LP is known as the best metaheuristic algorithm for solving MKP instances

with N = 500. Table 5.7 shows the comparison of these approaches with AK and SOL-AK,

considering the percentage gap between the Best Known solution and the best reached solution

per algorithm. In general, the lowest percentage gaps are obtained by TS+LP. However, AK and

SOL-AK algorithms are competitive to both state-of-the-art algorithms, outperforming CF-LAS

and obtaining an overall percentage gap near to TS+LP. Moreover, the use of the information

provided by the SOL method allows AK to get closer to the performance of the best known

algorithm for solving these problem instances.

5.4.7 Discussion

This section presents an analysis of our OIL strategy applied in AK. First, we present a comparison

between the typical initialization of AK and using our strategies to initialize AK. The idea is to

visualize the initial matrices produced by one of our strategies and AK.

Then, we present Fitness-Distance plots in order to visualize the effect of using opposite in-

formation, in terms of the structure and quality of the obtained solutions. Several studies have

been proposed in literature to understand the structure of the search space of combinatorial prob-
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Figure 5.1: Boxplot of the set 5× 500
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Figure 5.2: Boxplot of the set 10× 500

79



CHAPTER 5. OL FOR MULTIDIMENSIONAL KNAPSACK PROBLEM

A S W H A S W H A S W H

0
.0

0
.5

1
.0

1
.5

2
.0

Set 30x500

tr = 0.25                          tr = 0.50                        tr = 0.75

P
e
rc

e
n
ta

g
e
 G

a
p
 t
o
 t
h
e
 B

e
s
t 
K

n
o
w

n
 s

o
lu

ti
o
n

AK

SOL

WOL

HOL

Figure 5.3: Boxplot of the set 30× 500
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T N tr AK SOL-AK TS+LP CF-LAS

5 500
0.25 0.109 0.093 0.070 0.190
0.50 0.041 0.041 0.040 0.100
0.75 0.019 0.021 0.020 0.060

10 500
0.25 0.227 0.215 0.170 0.400
0.50 0.089 0.094 0.080 0.180
0.75 0.040 0.039 0.060 0.120

30 500
0.25 0.512 0.485 0.480 0.920
0.50 0.211 0.203 0.210 0.390
0.75 0.101 0.102 0.140 0.230

AVG 500 0.150 0.144 0.140 0.290

Table 5.7: Comparison with the literature - Percentage gap between the best known solution and
the best quality solution obtained by each algorithm.

lems using Fitness Landscape analysis techniques [OQB09, Wat10, OTVD08, TPC08, TPC06]. In

this case, as most of the optimal solutions are structurally unknown, we computed the hamming

distance between each solution obtained by AK and the best reached (BR) solution by all the

algorithms here evaluated. The idea is to show how the use of opposite information can produce

a modification of the search process of AK, considering new and different intermediate decisions.

Figure 5.4 shows two pheromone matrices obtained by AK without using opposite information.

We used a MKP instance named MKNAP 1 6 that considers 39 objects and 5 dimensions. As

each cell of the matrix is a pair of objects, to better understanding of the matrices, we select an

instance with a small number of dimensions and objects.6 Also, the maximum allowed value of

pheromone is τmax = 0.1 and the minimum allowed value is τmin = 0.01. For both matrices, each

cell represents the amount of pheromone in a pair of objects where the darker the color the higher

the amount of pheromone. In the left part of the figure, the initial pheromone matrix is shown,

where all values are equal to τmax = 0.1. In the right part of the figure, the final pheromone matrix

of AK is shown.

Figure 5.5 shows two pheromone matrices using opposite information in AK. In the left part

of the figure, an anti-pheromone matrix obtained by the SOL method is shown (that will be the

initial pheromone matrix for AK). Here, some pairs of objects will have small initial pheromone

values because they were part of candidate solutions related to an uD-characteristic. In the right

part of the figure, the final pheromone matrix obtained by AK is shown. Comparing the two final

matrices, the SOL matrix allows AK to include objects that were not considered originally or were

discarded by the algorithm. More specifically, this can be seen in some grey regions in the final

6Matrices obtained for a larger size instance can be found in appendix B
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Figure 5.4: Initial and final matrices for Ant Knapsack - Instance MKNAP 1 6

Figure 5.5: Initial and final matrices using SOL in Ant Knapsack - Instance MKNAP 1 6
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matrix using opposite information. Moreover, some cells that are white in the first final matrix

are now in a darker color when opposite information is used.

Figures 5.6 and 5.7 shows fitness-distance plots for an instance from the 30 × 500. For our

strategies, we only present the solutions obtained during the Second Step. First, the increment of

the exploration of AK can be seen in the three plots. Solutions obtained by Ant Knapsack are

clustered in two regions: near to a 12% gap and near to a 2.5% gap. In the left plot, the percentage

gaps obtained using the information provided by the SOL method range from 16% and 0%. In the

center plot, the percentage gaps of the solutions found using the WOL method range from 17% and

0.5%. In the right plot, the percentage gaps obtained using the HOL method range between 15%

and 0.5%. These plots show how the use of opposite information allows to visit different solutions

from the ones obtained by the original algorithm, in terms of their structure and quality.
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5.5 Conclusions

In this chapter we present the evaluation of the inclusion of our strategy in Ant Knapsack, an ant-

based algorithm proposed for solving the Multidimensional Knapsack Problem. The main objective

of these experiments is to compare the quality of the solutions found by Ant Knapsack versus the

quality found when our strategy is incorporated to AK. We evaluated the three different methods to

learn about uD-characteristics: Soft Opposite-Learning (SOL), Worst Opposite-Learning (WOL)

and Half Opposite-Learning (HOL).

In these experiments, three sets of large-scale benchmark instances were considered (N = 500):

5 × 500, 10 × 500 and 30 × 500. These sets differ in the number of dimensions (5, 10 and 30)

and also, different tightness ratio values were considered (tr ∈ [0.25, 0.50, 0.75]). Results show

that, in general, the SOL methods allowed Ant Knapsack to reach better quality solutions. The

highest improvements were obtained for the set 30 × 500, where the average percentage gap of

Ant Knapsack was decreased from 0.275 to 0.263. Considering the three sets of instances, the

information provided by the SOL method was the more effective one.

A comparison with two state-of-the-art approaches is presented: TS+LP [VV05] and CF-

LAS [DÖB16]. To the best of our knowledge, TS+LP is known as the best metaheuristic algorithm

for solving MKP instances with N = 500. Results show that Ant Knapsack, using the opposite

information provided by the SOL method, can be competitive to both algorithms.

Statistical analysis, boxplots and fitness-distance plots were presented to show how the search

process of Ant Knapsack is modified using opposite information, obtaining different solutions in

terms of its quality and its structure.

Two articles entitled “Using Anti-pheromone to Identify Core Objects for Multidimensional

Knapsack Problems: A Two-step Ants Based Approach” [RMRM15] and “Learning from the

opposite: Strategies for Ants that solve Multidimensional Knapsack Problem” [RMRM16b] were

published presenting preliminary results and experiments of the application of our strategy in Ant

Knapsack. In the following chapter, the application and evaluation of our strategies in Focused Ant

Solver is presented, an ant-based algorithm proposed for solving Constraint Satisfaction Problems.
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Chapter 6

OL for Constraint Satisfaction

Problems

This chapter presents the application and evaluation of our strategy in Focused Ant Solver. In

order to compare and evaluate our strategies in well-designed algorithms, we proposed Focused Ant

Solver (FAS) [RMRN18] as a contribution of this Thesis. FAS is an improved version of the well-

known Ant Solver [Sol02] that was introduced in Section 3.4.2. Section 6.2 presents a description

of FAS, considering the main components and details of the algorithm.

As Ant Solver, FAS was proposed for solving Constraint Satisfaction Problems. The study of

Constraint Satisfaction Problems (CSP) begins in the Artificial Intelligence community in early

1970’s by Waltz [Wal72], Montanari [Mon74] and Mackworth [Mac77]. In these almost 50 years

of research, CSPs have been severally studied and also, different techniques have been proposed,

considering exact and approximate approaches. This chapter presents a formal definition of CSPs,

some particular details related to the difficulty of these problems and a brief review of the literature.

Similarly as proposed in the last chapter, to implement our strategy, FAS is considered as the

A algorithm. In order to obtain information about some undesirable characteristic, a modified

version of FAS is considered for the First Step (A◦). Moreover, the three proposed methods are

implemented and evaluated. Section 6.3 details the inclusion of our strategy in Focused Ant Solver.

An experimental evaluation of the inclusion of our strategy in Focused Ant Solver is presented

in Section 6.4. The objective is to evaluate how the information about some uD-characteristic

can improve the search process of Focused Ant Solver. For this, instances from the transition
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phase were randomly generated. Results for these instances, statistical analysis, boxplots and

fitness-distance plots are presented.

6.1 Constraint Satisfaction Problems

A Constraint Satisfaction Problem (CSP) can be defined as a triple P = (X,D,C) where:

• X is the set of variable X = {x1, x2, . . . xn},

• D is the set of variable domains D = {D1, D2, . . . , Dn},

• Ω is the set of constraints among variables.

This definition is similar to the Combinatorial Problem described in Definition 3.2.1, but in

this case, F is not considered. However, a complete instantiation IC can be defined as presented

in Equation 3.2 and a partial instantation IP as in Equation 3.3. A constraint Ωijk...p ∈ Ω is a

relationship between some variables xi, xj , xk, . . . , xp that defines the subset of possible combina-

tions of values of xi, xj , xk, . . . , xp. In other words, Ωijk...p ⊆ Di ×Dj ×Dk · · · ×Dp specifies the

combination of values which the constraint defines as incompatible. Each assignment of values to

variables ruled out is called a nogood [GMP+01].

A feasible solution to a CSP is a complete instantiation, in such a way that every constraint

is satisfied. Here, the problem P is considered as satisfiable. On the other hand, if there is

no assignment of values to variables from their respective domains for which all constraints are

satisfied, then the problem is unsatisfiable.

In this chapter, binary CSPs are used to evaluate FAS and our approaches. Thus, each con-

straint can affect only two variables and P can be represented as a constraint graph (GΩ). Here,

each vertex represents a variable and an edge represents the existence of a constraint between two

vertices.

Randomly-generated binary CSPs were used to evaluate our strategy in Focused Ant Solver.

To generate these instances, four parameters 〈n,m, p1, p2〉 should be defined:

• n defines the number of variables,

• m corresponds to the number of possible values in the domain of each variable,

• p1 ∈ [0, 1] represents the connectivity (or density) of the constraint graph, i. e. it determines

the number of constraints and
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• p2 ∈ [0, 1] corresponds to the tightness of the constraints, i. e. the probability that a pair of

values is incompatible.

There exist some models to generate these problems, that differ in how the constraint graph is

generated and how incompatible values are chosen. These models are:

• Model A: each one of the n ∗ (n − 1)/2 possible edges in GΩ is independently selected with

probability p1, and for each selected edge, each one of the m2 possible pair of values is selected

as incompatible with probability p2.

• Model B: exactly p1 ∗ n ∗ (n− 1)/2 edges are randomly selected for GΩ, and exactly p2 ∗m2

pairs of values are randomly selected.

• Model C: each one of the n ∗ (n − 1)/2 possible edges in GΩ is independently selected with

probability p1, and exactly p2 ∗m2 pairs of values are randomly selected.

• Model D: exactly p1 ∗ n ∗ (n− 1)/2 edges are randomly selected for GΩ, and each one of the

m2 possible pair of values is selected as incompatible with probability p2.

• Model E: exactly p ∗m2 ∗ n ∗ (n− 1)/2 of nogoods are selected uniformly, independently and

with repetitions.

Notice that p1 and p2 are considered, in some cases, as a portion or as a probability.

There is a situation with randomly-generated problems related to flawed values/variables. A

value for a variable is flawed if, when the value is assigned to the variable, there exists an adjacent

variable in the constraint graph that cannot be assigned a value without violating the constraint

between the two variables. As a consequence, a problem with a flawed variable cannot have a

solution. In [AKK+97], authors prove that if p2 ≥ 1/m then, as n → ∞, it is probable that all

values of at least one variable will be flawed.

In general, CSPs are considered NP-Complete problems [BPS99]. Empirical studies showed

that the hardest instances to solve, in a set of NP-complete problems, often occur around a tran-

sition from solubility to insolubility [CKT91]. Considering the tuple 〈n,m, p1, p2〉, some critical

values produce a boundary that divides the space of problems into two regions: under-constrained

problems (high number of solutions) and over-constrained problems (where problems cannot have

a solution). Hard problems occur in the transition phase, on the boundary between these regions.

It is important to remark that the transition phase is an algorithm-independent feature.
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The transition phase can be predicted considering a constrainedness measure (κ) [GMPW96].

In particular, for binary CSPs (model B), κ can be defined as follows [MPSW98]:

κ(n,m, p1, p2) =
n− 1

2
∗ p1 ∗ logm(

1

1− p2
) (6.1)

Considering that κ ∈ [0,∞[, when κ ≈ 0, problems are under-constrained and soluble. On the

other hand, when κ ≈ ∞, problems are over-constrained and insoluble. However, when κ ≈ 1

problems are between solubility and insolubility and it is difficult to find a solution or to prove

there are none.

Several Real-world or Artificial Intelligence problems can be considered as Constraint Satis-

faction Problems. Scheduling and planning problems, floor plan design, satisfiability problems,

graph problems, circuit design, diagnostic reasoning, are some examples of problems that can be

viewed as CSPs [Kum92]. As a consequence, several approaches have been proposed to solve these

long list of problems. However, it is important to mention some important proposed methods for

solving CSPs.

First, propagating constraints methods have been proposed [Mac77]. The idea is to check the

consistency of nodes or arcs in a problem instance, considering the feasible values allowed by the

constraints. In example, if the domain Di of a variable xi contains a value a that does not satisfy a

unary constraint on xi, then the instantiation of xi = a will always result as an immediate failure.

Similar situation can be produced in arcs when values are flawed.

The most basic method to solve CSPs (and other Combinatorial Problems) is Generate-and-

Test, where each possible combination of variable-values is systematically generated and tested to

evaluate if all constraints are satisfied. This method evaluates a number of combinations equal to

the Cartesian product of all the variable domains.

The following methods perform a search tree to represent the current state of the search.

“Each node of the tree corresponds to a partial instantiation in which the values of some variables

are determined (past variables). The values of future variables remain to be decided” [BPS99].

Backtracking is a method where variables are sequentially instantiated and constraints are checked

when involved variables are instantiated. When a partial instantiation violates any constraint,

backtracking is performed to the most recently instantiated variable that still has alternatives

available. Notice that the algorithm only checks the constraints between the current variable and

the past variables.
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Forward Checking (FC) [HE80] is a look-ahead algorithm that checks the constraints between

the current, past and future variables. When a value is assigned to the current variable, any value

in the domain of a future variable in conflict with the assignment is (temporary) removed from the

domain. An inconsistency is found when a domain becomes empty. As backtracking, when this

situation happens, the algorithm continues with the most recently instantiated variable that still

has alternatives available.

Improved versions of these algorithms have been proposed like Conflict-Directed Backjumping

(CBJ) [Pro93a], Graph-Based Backjumping (GBJ), Maintaining Arc Consistency (MAC) [SF94]

and also, some hybrid techniques like FC-CBJ [Pro93b], among others. Variable and value ordering

heuristics have been proposed with the objective of studying the sparseness found in the constraint

network and the simplicity of the tree-structured CSPs [DP87].

There are several metaheuristic approaches for solving CSPs like ant-based approaches [Sol02,

RMRN18], Tabu Search [DBFS+00, GH97, NI98], Simulated Annealing [FCM+92], Genetic Algo-

rithms [KMN95], among others. In the following section, a description of Focused Ant Solver is

presented.

6.2 Focused Ant Solver

Focused Ant Solver (FAS) [RMRN18] is an ant-based algorithm proposed for solving CSPs, based in

the well-known Ant Solver (AS) [Sol02]. FAS searches for a solution that minimizes the number of

unsatisfied constraints. The construction of a solution considers two decisions at each assignment:

the selection of the next variable, according to some given heuristic, and the selection of the value,

made probabilistically according to the transition rule. The pheromone is deposited on a binary

graph whose nodes 〈Xi, v〉 represent the assignment of value v to variable Xi and the edges between

two nodes (〈Xi, v〉, 〈Xj , w〉) represent those simultaneous assignments of values.

Equation 6.2 shows the transition rule used by FAS. Here, it does not only depend on local

relations between the candidate node and the last visited node, but also on a global relation

between the candidate node and the whole set of visited nodes Ip. Hence, the pheromone factor of

node 〈Xj , w〉 depends on pheromone deposited on all edges between 〈Xj , w〉 and the nodes in Ip.

pIp(〈Xj , w〉) =
[τIp(〈Xj , w〉)]α ∗ [ηIp(〈Xj , w〉)]β∑

v∈D(Xj)
[τIp(〈Xj , v〉)]α ∗ [ηIp(〈Xj , v〉)]β

(6.2)

Equation 6.3 shows the heuristic knowledge considered in Focused Ant Solver.
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ηIp(〈Xj , w〉) =
1

1 + F (〈Xj , w〉 ∪ Ip)− F (Ip)
+

1

(1 + E(〈Xj , w〉, IP ))2
(6.3)

where 〈Xj , w〉 is a candidate assignment, F is the evaluation function of the algorithm that

counts the number of conflicts of a partial or complete instantiation and E(〈Xj , w〉, IP ) is defined

as:

E(〈Xj , w〉, IP ) =
∑

〈Xr,a〉∈IP

U(〈Xj , w〉, 〈Xr, a〉) (6.4)

where 〈Xr, a〉 is an assignment in IP that has a conflict with 〈Xj , w〉 and U(〈Xj , w〉, 〈Xr, a〉)

the number of pairs of values in conflict between two variables Xj and Xr.

The objective is to give priority to assignments that have a low number of conflicts and also,

conflicts with a low number of incompatible pairs of values.

In FAS, the heuristic H determines that pheromone will be deposited on the feasible edges of

the complete instantiation IC that has the lowest number of conflicts and also the lowest pairs of

values in conflict. To calculate the number of pairs of values in conflict in a complete instantiation,

E function is redefined considering each pair of variables in conflict:

E(IC) =
∑

(〈Xj ,w〉,〈Xr,a〉)∈IC

U(〈Xj , w〉, 〈Xr, a〉) (6.5)

where IC is a complete instantiation, Xj and Xr are two variables in conflict because the

simultaneous instantiation (〈Xj , w〉, 〈Xr, a〉) is considered in IC . Then, an amount of pheromone

∆τ will be deposited defined by:

∆τ (IEC , (〈Xj , w〉, 〈Xr, a〉)) =
1

F (IEC)
(6.6)

where IEC is the complete instantiation that has the lowest E function value during the current

iteration, (〈Xj , w〉, 〈Xr, a〉) is a non conflict pair of assignments and F (IEC) is the quality of IEC .

As in Ant Solver, FAS includes pre- and post- processing steps that use a min-conflicts based

local search procedure. The pre-processing phase repeatedly performs a local search to collect

information that will be used to initialize pheromone trails. The post-processing phase performs a

local search after each ant has constructed a complete assignment.
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Component Details

Amount of anti-pheromone deposited ∆antiτ = 1
1+|F (Lworst found)−F (Lworst it)|

Translation of anti-pheromone τij = τmax − antiτij
Resources assigned for the First Step Percentage B defined by a tuner algorithm

Table 6.1: Summary of components

6.3 Opposite Learning in Focused Ant Solver

This section details the implementation of our Opposite-Learning strategy on Focused Ant Solver.

As in the implementation for Ant Knapsack, it is important to previously define some components

for implementing our approach: the amount of anti-pheromone, how anti-pheromone will be trans-

lated and the percentage B. These components were equally defined as it was shown in Section 5.3

for Ant Knapsack. However, table 6.1 presents a summary of the definition of these components.

About the heuristic knowledge for the HOL Method, we considered an existing heuristic knowl-

edge originally proposed in Ant Solver [Sol02], a well-known ant-based algorithm for solving CSPs.

In this case, the heuristic knowledge will be defined as:

ηIp(〈Xj , w〉) =
1

1 + F (〈Xj , w〉 ∪ Ip)− F (Ip)
(6.7)

Here, the uD-characteristic is related only to detect feasible assignations that are part of poor

quality candidate solutions. As the selected heuristic knowledge does not include information about

the ε function, the H should consider only the available information. For this, the anti-pheromone

will be deposited only on feasible arcs of the lowest quality solution obtained in each iteration.

The following section presents the experiments made for testing and evaluating the inclusion

of these strategies on Focused Ant Solver.

6.4 Experiments

This section presents the evaluation of our Opposition-Inspired Learning strategy and a comparison

with the selected baseline algorithm Focused Ant Solver. We considered a set of 100 binary CSP

instances from the transition phase, where the most difficult instances are found [GMP+01]. To

define the stopping criterion, we considered the average conflict checks consumed by the pre- and

post-processing phases of Focused Ant Solver. For this, the stopping criterion is defined as 4× 109

conflict checks. The hardware platform adopted for all these experiments was a Power Edge R630
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p2 0.22 0.23 0.24 0.25 0.26 0.27 0.28 0.29 0.30 0.31

κ 0.828 0.871 0.915 0.959 1.003 1.049 1.095 1.141 1.189 1.237

Table 6.2: κ values for the selected p2 values

server with 2 Intel(R) Xeon(R) CPU E5-2680 v3 @ 2.50GHz, 128 GB of RAM under Ubuntu x64

16.10 distribution.

6.4.1 Instances

Randomly generated binary CSPs were considered for our experiments. We generated hard to

solve instances belonging to the phase transition region. For our experiments, 100 instances were

generated using Model A. For our experiments we considered n = 100 variables, m = 8 domain

sizes, p1 = 0.14 and p2 ranging from 0.22 to 0.31. Ten instances were generated for each category

of p2. Table 6.2 shows the values of κ for the different values of p2. Finally, we have added a

random generated solution to each one in order to assure that each instance is solvable.

6.4.2 Parameter Values

Parameter values for Focused Ant Solver and our apporaches were defined using a tuner algorithm

called Evolutionary Calibrator (EVOCA) [MR13]. As we already mentioned, Focused Ant Solver

performs a pre-processing step to initialize the pheromone matrix. During this step some instances

from p2 = [0.22, 0.23, 0.29, 0.30, 0.31] categories can be solved. In order to correctly evaluate

parameter configurations, instances only from p2 = [0.25, 0.26, 0.27] categories were used during

the tuning process. Table 6.3 shows the obtained values by the tuning process for all the approaches,

using an average of 8000 evaluations of the tuner algorithm. Again, in our approaches, parameter

values of both steps were tuned. About the amount of resources for the First Step, for SOL and

WOL methods, a number of 0.01 ∗ 4 ∗ 109 = 4 ∗ 107 conflict checks will be assigned. On the other

hand, the First Step of the HOL method will consider a number of 0.0728 ∗ 4 ∗ 109 = 2.912 ∗ 108

conflict checks.

6.4.3 Results

We have evaluated these algorithms using a total number of 100 solvable CSP instances. Each

algorithm was tested using 20 different seeds per instance. To compare these algorithms we defined

a success rate (SR) as:
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Algorithm
First Step Second Step

m α β ρ B m α β ρ τmax

FAS - - - - - 46 15.5000 14.4000 0.0005 26.3931
SOL-FAS 89 4.2995 15.2449 0.0005 0.0100 46 16.8411 14.4000 0.0005 26.3931
WOL-FAS 46 15.5000 14.4000 0.0005 0.0100 46 15.5000 14.4000 0.0005 26.3931
HOL-FAS 64 1.1098 19.7270 0.0005 0.0728 63 17.8627 2.9034 0.0005 25.0454

Table 6.3: Parameter values obtained by EVOCA

Category FAS SOL-FAS WOL-FAS HOL-FAS

0.22 100.0 100.0 100.0 100.0
0.23 93.5 92.5 92.0 88.5
0.24 73.5 70.5 71.0 69.5
0.25 65.5 75.0 62.5 70.0
0.26 65.0 69.0 66.5 68.5
0.27 65.5 84.5 66.5 86.0
0.28 99.0 100.0 100.0 100.0
0.29 100.0 100.0 100.0 100.0
0.30 98.0 98.5 98.5 98.0
0.31 100.0 100.0 100.0 100.0

Table 6.4: Success rates obtained by FAS and OL-FAS approaches in each category

SR = 100 ∗ SuccessRuns
TotalRuns

(6.8)

where SuccessRuns is the number of independent runs where a complete instantiation without

conflicts was obtained and TotalRuns is the total number of independent runs executed. Table 6.4

shows the success rates obtained by each algorithm in all the categories. Results in bold show that

an algorithm obtains the highest success rate for a category.

Results show that SOL-FAS outperformed FAS in the categories 0.25, 0.26, 0.27, 0.28 and 0.30.

Here, improvements ranging from 0.5 to 19 percent were produced. On the other hand, using the

HOL method, improvements in categories 0.25, 0.26, 0.27 and 0.28 were obtained, ranging from

1 to 20.5 percent. However, small decrements of the success rate of FAS can be seen in 0.23 and

0.24 categories using the HOL method, ranging from 4 to 5 percent.

About the WOL method, results show that the inclusion of this method produce a decrement

of the quality of the solutions found by FAS. However, small improvements can be seen in the

category 0.28.

Table 6.5 shows the average execution time in seconds, of each algorithm. In general, the
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Category FAS SOL-FAS WOL-FAS HOL-FAS

0.22 2.881 3.852 5.702 6.5136
0.23 21.188 23.366 37.444 35.407
0.24 36.798 51.966 65.147 84.324
0.25 44.443 82.007 84.467 89.718
0.26 36.364 47.035 67.055 75.743
0.27 35.723 41.835 53.096 38.346
0.28 15.890 14.156 27.423 17.248
0.29 3.189 4.261 5.285 5.512
0.30 4.541 5.012 6.285 6.958
0.31 0.340 0.421 0.511 0.559

Table 6.5: Average execution times (in seconds) of FAS and OL-FAS approaches

Comparison Negative Ranks Positive Ranks Ties p-value

SOLFAS - FAS 164 100 1736 0.00
WOLFAS - FAS 123 136 1741 0.50
HOLFAS - FAS 149 107 1744 0.01

Table 6.6: Wilcoxon results comparing of FAS with OL-FAS approaches

execution time of our approaches are higher than the algorithm without opposite information.

This is mainly produced because the objective of the First Step is not to solve the problem of

interest. As a consequence, the solving step will be started when the full percentage of resources,

assigned to the First Step, will be consumed.

6.4.4 Statistical Analysis

We performed the pair-wise Wilcoxon non-parametric test to compare the performance of these

approaches. Same hypotheses described in Section 5.4.4 are used in these tests. All the independent

executions performed by each algorithm are here considered. Table 6.6 shows the results of the

tests. Results show that SOL and HOL are statistically different from FAS. On the other hand, no

conclusion about the statistical difference between WOL and FAS can be made. As the objective is

to minimize the number of conflicts, negative ranks show the number of cases when our approaches

outperformed FAS. Results show that FAS obtained better solutions using the information provided

by the SOL method, followed by the HOL method. All these computations were done using the

statistical software package PSPP .
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Figure 6.1: Boxplots for instances from the p2 = 0.26 category
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Figure 6.2: Boxplots for instances from the p2 = 0.27 category

6.4.5 Boxplots

This section presents boxplots to show the dispersion of the solutions found by each algorithm.

Here, all the independent executions of each algorithm are considered. Figure 6.1 shows boxplots

for instances from the p2 = 0.26 category. First, the medians of the four approaches have 0

conflicts. Moreover, an identical behavior and boxes of FAS, SOL and HOL can be seen. On the

other hand, the solutions found by the WOL method are more dispersed with an upper quartile

over 2 conflicts and the upper whisker over 5 conflicts.

Figure 6.2 shows boxplots for instances from the p2 = 0.27 category. Again, medians of all

approaches have 0 conflicts. However, in this case, solutions of SOL-FAS and HOL-FAS are mostly

over 0 conflicts. About the boxes of FAS and WOL-FAS, the upper quartiles are over 1 conflict

and the upper whiskers are over 2 conflicts.
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6.4.6 Discussion

This section presents fitness-distance plots to compare FAS and our approaches in terms of the

structure and quality of the obtained solutions. Figure 6.3 shows a fitness-distance plot of an

instance from the p2 = 0.26 category. As alternative non-conflict solutions were found for this

instance, we considered a set of 12 non-conflict solutions (obtained by the four algorithms here

evaluated). Thus, for each solution obtained by each algorithm, the lower Hamming distance to a

non-conflict solution was considered in these plots. In general, the area covered by the solutions

obtained using opposite information is bigger than the obtained by FAS. This shows how the

opposite information allows FAS to increase its exploration, in terms of the structure and quality

of the found solutions. On the other hand, solutions nearer to a non-conflict solution are reached

using opposite information provided by SOL and HOL methods, in terms of the number of conflicts

and the Hamming distance. Moreover, non-conflict solutions are shown for the SOL and HOL

methods.

99



CHAPTER 6. OL FOR CONSTRAINT SATISFACTION PROBLEMS

0
50

10
0

051015202530 # Conflicts
SO

L
AK

0
50

10
0

Ha
m

m
in

g 
Di

st
an

ce
 to

 S
ol

ut
io

n

051015202530
W

OL
AK

0
50

10
0

051015202530
HO

L
AK

In
st

an
ce

 fr
om

 p
2=

0.
26

F
ig

u
re

6.
3:

F
it

n
es

s-
d

is
ta

n
ce

p
lo

ts
fo

r
a
n

in
st

a
n

ce
fr

o
m

th
e
p
2

=
0.

2
6

ca
te

g
o
ry

100



CHAPTER 6. OL FOR CONSTRAINT SATISFACTION PROBLEMS

6.5 Conclusions

In this chapter we presented the application of our strategy in Focused Ant Solver, a recently pro-

posed algorithm for solving CSPs and a contribution of this Thesis. Focused Ant Solver is an im-

proved version of Ant Solver that considers heuristics to better discriminate candidate assignments.

We previously published an article entitled “Ants Can Learn from the Opposite” [RMRM16a],

where results and experiments of the application of our strategy in Ant Solver are presented. In

FAS, two heuristics are included to consider information about the feasibility (in terms of mini-

mizing the number of conflicts) and the availability of variable values (related to choosing conflicts

“easy” to be repaired).

The three proposed Methods were implemented in Focused Ant Solver: SOL, HOL and WOL.

About the HOL method, in this case, we considered an existing heuristic knowledge from literature.

Here, it was equally defined as in Ant Solver, including information focused on minimizing the

number of conflicts.

To evaluate our approaches, we considered 100 randomly generated instances from the transition

phase. Results show that Focused Ant Solver is able to solve problems from all the categories.

However, the transition phase can be seen in how the obtained success rate of FAS decreases on the

categories where p2 ∈ [0.25, 0.27]. On the other hand, these success rates were increased with the

inclusion of our strategy. Particularly, using the information provided by SOL and HOL methods,

an increment between 1% and 20% was obtained. However, the information provided by the WOL

method was not useful for FAS. These results were corroborated by the Wilcoxon test and also,

the hypothesis test confirms that the SOL method was the most efficient one.

The inclusion of our strategy increases the execution time of Focused Ant Solver. The main

reason is related to the objective of the First Step: to learn about an undesired characteristic

present in complete instantiations instead of obtaining a non-conflict solution.

In some cases, for Ant Knapsack and Focused Ant Solver, the information provided by the three

methods was useful for the target algorithm. This situation motivates a possible collaboration of

these methods in order to define an initial pheromone matrix. In the following chapter we present

COISA, a collaborative scheme where three sub-colonies cooperate to detect an uD-characteristic.
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Chapter 7

A Cooperative

Opposition-Inspired Learning

Strategy for Ant-based Algorithms

This chapter introduces COISA: a Cooperative Opposition-Inspired Learning Strategy for Ant-

based algorithms. The obtained results in the implementation of our strategy in Ant Knapsack

and Focused Ant Solver show how each method allows the original algorithms to change their

intermediate decisions and also, in some cases, reach better quality solutions. However, as each

method has a particular objective, the effect in each target algorithm is different. For example,

the WOL method was the most useful one for Ant Knapsack, but it worsens the search process

of Focused Ant Solver. This situation motivates the design of a cooperative scheme where the

information provided by the proposed methods can be considered together. The scheme consists

in the cooperation of three sub-colonies of ants to construct an initial pheromone matrix. Each

sub-colony will perform a different search process guided by a method. These sub-colonies will

obtain information about an uD-characteristic during the First Step, that will be considered in

the Second Step to change its decisions during the construction process. Despite that the key

idea of COISA is the same as to our OIL strategy, COISA has some implementation and design

differences. Section 7.1 introduces the details of COISA.

We select Ant Knapsack to evaluate COISA. Details of the inclusion of COISA in Ant Knapsack

are presented in Section 7.3. We considered benchmark instances to evaluate and compare COISA
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and each method independently included. Preliminary results are presented in Section 7.4.

As the collaboration of these three sub-colonies can be time consuming, we decided to execute

the First Step in parallel and the Second Step is executed sequentially. The first ideas of the inclu-

sion of parallelism in ant-based algorithms were proposed in 1993, with the objective of improving

the quality and the performance of the search process [Dor93]. In general, most common metrics

used by the research community to evaluate the performance of parallel approaches are the Speedup

and efficiency. Speedup (Sm) evaluates how much faster a parallel approach is than its sequential

algorithm and is calculated as:

Sm =
T1

Tm
(7.1)

where T1 is the execution time of the sequential algorithm and, Tm the execution time of the

parallel version using m processors. As Amdahl’s law [Amd67] proposes, the sequential part of the

algorithm will limit the performance of any parallel approach, depending of how parallelism has

been incorporated. Section 7.2 presents the details of the parallelism. In order to compare COISA

with the existing parallel ant-based approaches, Section 7.5 presents a brief literature review.

7.1 Cooperation between Methods

This section presents our approach named Cooperative Opposition - Inspired Strategy for Ants

(COISA). COISA also considers a division of the search process: the First Step for learning

about an uD-characteristic and a Second Step for solving the problem of interest. During the

First Step, three sub-colonies of ants will cooperate in the construction of a pheromone matrix.

Each sub-colony will be focused on obtaining information about an uD-characteristic and will be

guided by one Method : SOL, HOL or WOL. A defined number of ants will participate in each

sub-colony:NSOL, NHOL and NWOL. These methods are equally defined as it was explained in

Section 4.3.

The main differences of COISA with our proposed approach are:

• In order to avoid the translation of anti-pheromone into pheromone, we consider to decrease

anti-pheromone during the First Step. The initial pheromone matrix will be directly provided

from the First to the Second Step.

• As at least one ant from each sub-colony participates in the construction of the pheromone

matrix, pheromone evaporation is not considered during First Step.
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Figure 7.1: Interaction between sub-colonies in COISA

Figure 7.1 shows how COISA works. Here, all ants consider the same anti-pheromone matrix

M to construct solutions. At the end of each iteration, anti-pheromone will be updated by antSOL,

antHOL and antWOL considering the following rule:

antiτnewij = antiτoldij −∆SOL
ij −∆HOL

ij −∆WOL
ij (7.2)

where ∆SOL
ij , ∆HOL

ij and ∆WOL
ij are the amounts of anti-pheromone to be decreased.1 When

the First Step ends, M will be the initial pheromone matrix for A. The idea is to decrease the

initial pheromone value of components that were part of complete instantiations related to an

uD-characteristic.

The execution of the First Step, as three sub-colonies are considered, can be time consum-

ing. For this, we consider to perform the First Step in parallel and the Second Step is executed

sequentially. Next section presents details of this implementation.

7.2 Parallelism in COISA

COISA was implemented in POSIX Threads. Figure 7.2 explains the implementation of COISA.

Two types of threads will be considered: constructor or manager threads. Considering a total

1The number of SOL, HOL or WOL ants that will participate in the anti-pheromone updating should be defined
considering how it is defined in A for managing pheromone.

104



CHAPTER 7. A COOPERATIVE OIL STRATEGY FOR ANT-BASED
ALGORITHMS

constructor Threads

Thread 1 Thread 2 Thread 
N-1

Ant 1
Ant 2
……
Ant i

Ant i+1
Ant i+2
……
Ant j

Ant k+1
Ant k+2
……
Ant m-1

BARRIER (N)

E
ac

h 
Ite

ra
tio

n

Thread N

Cond_Var
(Wait N-1 
threads)

Manage 
Pheromone

E
ac

h 
Ite

ra
tio

n

manager
Thread

Figure 7.2: Parallel implementation of our proposed COISA

of N threads and m ants, (m − 1) ants are assigned to (N − 1) constructor threads, focused in

constructing and evaluating solutions. On the other hand, one ant is assigned to one manager

thread that will be focused on the pheromone management.

Algorithm 3 shows how constructor threads work. The tasks of each constructor thread are:

(1) construct the candidate solutions of their assigned ants, (2) evaluates each solution and, (3)

determines which ant will alter the anti-pheromone matrix (line 3). Ants from different sub-colonies

can be assigned to constructor threads. A shared variable ConstructionDone is used to count the

number of threads that have finished their tasks (line 6).

Algorithm 4 shows how the manager thread works. The manager thread waits until all con-

structor threads finish all their tasks to update the pheromone matrix M (line 11). When the
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Algorithm 3 Constructor thread

1: while signal cont do
2: for Each ant k assigned do
3: Ant[k].ConstructCompleteInstantiation();
4: end for
5: pth mutex lock(&mX);
6: ConstructionDone++;
7: pth mutex unlock(&mX);
8: pth cond signal(&cond,&mX);
9: pth barrier wait(&bar);

10: end while

Algorithm 4 Manager thread

1: while signal cont do
2: while !(Done) do
3: pth mutex lock(&mX);
4: if #(ConstructionDone) then
5: pth cond wait(&cond);
6: else
7: Done = 1;
8: end if
9: pth mutex unlock(&mX);

10: end while
11: SubtractPheromone(M);
12: if (B ∗maxRes) consumed then
13: signal cont = false;
14: end if
15: pth barrier wait(&bar);
16: end while
17: return Pheromone matrix M

resources assigned to the First Step are consumed, the Second Step starts executing the original

algorithm A with the pheromone matrix M (line 12).

For the synchronization of all the threads, a barrier (bar), a conditional variable (cond) and

a mutex (mX ) are used. The barrier allows the constructor threads to wait until the manager

thread updates the pheromone matrix M .

A special treatment of the seed should be implemented. To make the parallel execution of

COISA reproducible, for a given started seed, a local random number generator for each thread

was implemented. Moreover, to ensure the reproducibility, a thread always processes the same

subset of ants in the same order. A barrier allows the synchronization of each iteration of the

algorithm. This makes COISA stochastic and parallel but deterministic when using the same

initial seed and parameters. In the following section, we present the study case to evaluate COISA

in Ant Knapsack.
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7.3 COISA for Ant Knapsack

This section presents some details that should be considered before the implementation of COISA

in Ant Knapsack. First, it is important to define the following details:

• The amount of anti-pheromone ∆antiτ is defined similarly as in Ant Knapsack:

∆antiτ =
1

1 + F (Lworst found)− F (Lworst it)
(7.3)

where Lworst it is the worst solution found in the current iteration and Lworst found is the

worst solution found in during the execution.

• In Ant Knapsack, ants that constructed the best quality solution of each iteration are allowed

to deposit pheromone. In most cases, one ant is allowed to deposit pheromone. In order to

maintain this behavior, during the First Step, one ant per sub-colony will be allowed to

decrease anti-pheromone.

• As Ant Knapsack is aMMAS algorithm, the initial anti-pheromone value for the First Step

is τmax.

• The value of the percentage of resources B will be obtained using a tuner algorithm.

About the HOL method, it is necessary to define a heuristic knowledge for guiding its search

process. In this case, we consider the same η used in [RMRM16b]:

ηIkP (oj) =
pj∑T

t=1RCt
(7.4)

where RCt is the remaining capacity in the dimension t defined as RCt = bt − wjt.

The objective is to give priority to objects with higher profit and higher weight in each dimen-

sion. The idea is to identify the core of objects for which it is hard to decide if they will be part

of an optimal solution or not [PRP06].

In the following section, we present the experimental evaluation of this strategy considering all

these methods.
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Approach NSOL NHOL NWOL B

COISA-AK 16 11 8 0.211
SOL-AK 20 - - 0.241
HOL-AK - 2 - 0.422
WOL-AK - - 16 0.408

Table 7.1: Parameter values obtained by EVOCA

7.4 Experiments

In this section we present preliminary experiments performed in order to evaluate COISA. The

main objective of these experiments is to compare the quality of solutions found by Ant Knapsack

versus the quality found when COISA strategy is incorporated to AK. We considered two sets from

the OR Library benchmarks instances proposed by Chu and Beasley. Each set contains 30 instances

and have different number of objects and dimensions: 10 × 100 (10 dimensions and 100 objects)

and 5× 100 (5 dimensions and 100 objects). We defined the same experimental setup as [ASG04],

considering 50 independent runs per instance, each with 60000 evaluations. In order to evaluate

and compare the collaboration between the three sub-colonies, we present results obtained by each

method independently: SOL-AK, HOL-AK and WOL-AK. For all the executions, we considered

a number of ten threads for COISA and the independently evaluated methods. The hardware

platform adopted for all these experiments was a Power Edge R630 server with 2 Intel(R) Xeon(R)

CPU E5-2680 v3 @ 2.50GHz, 128 GB of RAM under Ubuntu x64 16.10 distribution.

7.4.1 Parameter Tuning

As we mentioned earlier, the idea is to consider Ant Knapsack as a black box. For this, we

considered the same parameter values proposed in [ASG04]: α = 1, β = 5, ρ = 0.01, NTotal = 30,

τmax = 6 and τmin = 0.01. To determine the parameter values for our approaches we used

a parameter tuner algorithm named Evolutionary Calibrator (EVOCA) [MR13]. The objective

was to obtain the number of ants for each sub-colony and the percentage B. Notice that in the

independent approaches only ants from their belonging methods are considered (and the number

of ants from the other methods are set in zero). Table 7.1 shows the values obtained by EVOCA.

7.4.2 Preliminary Results

Table 7.2 shows the results obtained for the 10 × 100 set and Table 7.3 shows the results for

the 5 × 100 set. We considered 50 independent runs per instance, each with 60000 evaluations
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(maxRes). Light grey cells represent when an algorithm outperforms other approach considering

the average quality (AVG) of the 50 seeds adopted. On the other hand, dark grey cells represent

when an algorithm outperforms another approach considering the Best quality solution obtained.

Also, the standard deviation (SDV) is shown for each instance and algorithm. First, results show

that AK could find most of the best known solutions for the instances from both sets (51 of the 60

instances). Moreover, COISA-AK outperformed AK obtaining the best known solution in 53 of the

60 instances. This shows that the collaboration between sub-colonies is better than each method

on their own. Regarding the average quality, results show that AK obtained better results in the

5×100 set and COISA-AK was better for the 10×100 set. Finally, considering the independent and

the cooperative approaches, all the best known solutions can be found using opposite information.

The non-parametric Wilcoxon test was applied to assess that these algorithms are statistically

different (pvalue = 0.01).

About the Speedup obtained by COISA-AK, the average was 1.8, with a maximum of 4.9 and a

minimum of 1.4. Considering that the First Step only consumes the 20% of the evaluations, these

metrics shows the positive effect of using a parallel architecture for executing the First Step.
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CHAPTER 7. A COOPERATIVE OIL STRATEGY FOR ANT-BASED
ALGORITHMS

7.5 Discussion

Several parallel ant-based approaches have been proposed in literature [PNC11]. This section

presents a brief review of these techniques.

Parallel ant-based approaches were classified based in how parallelism is included [RL02]: (1)

Parallel Independent Ant Colonies, based on the well-known master/slave approach [Fos95], exe-

cuting a number of sequential ACO searches in available processors; (2) Parallel Interacting Ant

Colonies, including exchange of information (in general, pheromone structures) between running

colonies; (3) Parallel Ants, each ant builds and evaluates its own candidate solution in the assigned

thread and a master process is focused on the pheromone management; (4) Parallel Evaluation

of Solution Elements, obtaining the quality of candidate solutions in parallel; (5) a combination

of ants and evaluation of solutions. Also, a Parallel Ants approach is proposed for the Traveling

Salesman Problem. Results in eight TSPLIB instances shows a Speedup between 0.06 to 3 was

obtained using between 2 to 8 processors.

A more complete classification of parallel ant-based algorithms was proposed in [PNC11], con-

sidering five models:

• Master/slave (M/S) model, considers a master process that manages global information

and controls slave processes that perform a defined amount of work. This determines the

granularity, coarse, medium or fine-grain, according the tasks assigned to each processor.

• Cellular model, defining each colony as a small neighborhood with their own pheromone

matrix. The high-quality solutions of a neighborhood can affect other neighborhoods using

a diffusion model.

• Parallel independent runs model, similar to Parallel Independent Ant Colonies.

• Multicolony model, similar but more general than Parallel Interacting Ant Colonies.

• Hybrid model, that includes features from more than one model.

More recently, approaches are implemented for GPU/CUDA platforms, i.e, an ant-based algo-

rithm for the MKP was proposed in [FCMS14]. This approach considers multiple colonies, where

each thread block made the computations of one ant.

Three GPU-based Ant Colony System (ACS) approaches are proposed in [Ski16] for solving

the TSP. Approaches differ in how pheromone is updated, considering global or local pheromone

updating rules. Here, best-so-far solution can be marked with an additional amount of pheromone.
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Also, a selective pheromone memory is implemented, considering only a lower number of “impor-

tant” edges. Results in eight TSPLIB instances, with sizes ranging from 198 to 2392 cities, showed

that parallel approaches are more efficient than a sequential ACS algorithm.

COISA considers two types of threads: constructor and manager threads. When the tasks of

constructor threads end, the manager thread updates the pheromone matrix. Only one pheromone

matrix is considered, by all the sub-colonies, to construct solutions during the First Step. Ants

from different sub-colonies can be assigned to a constructor thread. These features show that

COISA can be classified as an hybrid approach. First, the pheromone is managed similarly as

in the Master/slave model. Moreover, the search process is very similar as it is presented in the

Parallel Ants model. However, as only one pheromone matrix is considered, some features from

the Parallel Interacting Ant Colonies model are present in COISA.

7.6 Conclusions

This chapter presents a Cooperative Opposition-Inspired Strategy for Ants named COISA, for

focusing the search process of ant-based algorithms. As our original strategy, the objective is to

obtain information about such uD-characteristic that could bias the search process to poor quality

solutions. Here, the search process is also divided into two steps and during the First Step, three

sub-colonies of ants cooperate to define an initial pheromone matrix. Each sub-colony is guided

by one Method : SOL, HOL and WOL.

To evaluate our strategy, we used the well-known Ant Knapsack algorithm for solving the

MKP. The obtained initial pheromone matrix will contain information about pairs of objects that

were related to a uD-characteristic. Results showed that the inclusion of COISA in Ant Knapsack

improves its search process, benefits its robustness and helps out to obtain better quality solutions.

Moreover, results showed that the cooperation between these methods is better than each one by

itself.

An article entitled “A Cooperative Opposite-Inspired Learning Strategy for Ant-based Algo-

rithms” [RMRC18] was published with the contents of this chapter. It is important to remark that

this chapter presents a preliminary design and evaluation of COISA, that will be study in a future

work.
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Conclusions

This thesis proposes a general Opposition-Inspired Learning strategy for ant-based algorithms, to

improve its search process in terms of the quality of the obtained solutions. Our strategy is focused

on learning about an undesirable (uD) characteristic that can bias some intermediate decisions of

the construction process of the target algorithm. These intermediate decisions can give a higher

priority to locally interesting components and as a consequence, inhibit reaching good quality

solutions. The objective of this strategy is to provide valuable information about such an uD-

characteristic to an ant-based algorithm, in order to change some of these intermediate decisions.

The idea is to give a chance to components that were originally discarded or not considered because

of the preference to most (locally) interesting components. It is important to remark that this

characteristic is not inherent to the problem of interest, but it cannot be perceptible by the current

pheromone information and by the heuristic knowledge, as it is specifically defined in the target

algorithm.

We propose to divide the search process into two steps: a First Step to learn about such an uD-

characteristic and a Second Step, to solve the problem of interest. During the First Step, complete

instantiations related to this uD-characteristic will be marked with anti-pheromone. The intention

is to produce a repel effect in components that were part of these complete instantiations. For this,

the First Step is performed by a modified version of the target algorithm. Three Methods were

proposed with the objective of evaluate different possibilities to identify an uD-characteristic: Soft

Opposite Learning (SOL), Worst Opposite Learning (WOL) and Half Opposite Learning (HOL).

Each one performs a different search process considering a different: anti-pheromone manage-

ment, heuristic knowledge definition and function to be optimized. At the end of the First Step,
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an initial pheromone matrix will be provided to the Second Step for solving the problem of interest.

This work was inspired in the Opposite Learning literature, in both of its types: Opposition-

Based Learning (OBL) and Opposition-Inspired Learning (OIL). OBL was proposed with the

objective of obtaining complementary candidate solutions, in order to continue the search process

with the higher quality solutions. Usually, these complementary candidates are computed using

a mapping function. OBL was mainly applied in metaheuristics for solving continuous problems

and with the objective of initializing the target algorithm, increasing its exploration, accelerating

its convergence, avoiding premature convergence, local improvement, among others. On the other

hand, OIL was proposed for specific situations when the desired concept of opposition cannot be

directly related to mapping solutions. The strategy proposed in this thesis is an OIL approach and

defines the concept of opposite in terms of possible decisions made by ant-based algorithms, that

could lead the search process towards poor quality candidate solutions. Basically, the information

obtained during this learning step will allow us to consider new and different decisions during the

construction process. A paper entitled “A survey and classification of Opposition-Based Meta-

heuristics” was published with the contents presented in this chapter [RRM17].

Our strategy was proposed for ant-based algorithms that were designed for solving combinato-

rial problems. In order to correctly implement this strategy, the target algorithm should consider

pheromone information and heuristic knowledge in its construction process. The absence of one

or both components will probably require to redefine some aspects of the strategy. However, the

strategy can be adapted and redefined considering: (1) the type of ant-based algorithm (Ant Sys-

tem, Ant Colony System, MAX −MIN Ant System, among others), (2) features of the target

algorithm that should be replied in the First Step (the use of a local search procedure, special

pheromone management rules, scheduling of the construction process, among others).

We evaluated our strategy in two ant-based algorithms: Ant Knapsack (AK), designed for

solving the Multidimensional Knapsack Problem (MKP) and Focused Ant Solver (FAS), proposed

for solving Constraint Satisfaction Problems (CSP).

AK is a MAX −MIN Ant Solver algorithm that is able to solve benchmark instances of

the MKP. However, its search process can be improved when the size of instances increase. For

this, a set of 90 large-size benchmark instances was considered, with 500 objects and 5, 10 or 30

dimensions. Results show how the opposite information allows AK to reach better quality solu-
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tions. Boxplots, statistical analysis and fitness-distance plots confirm that the use of our strategy

allows AK to reach different complete instantiations, in terms of quality and structure. The infor-

mation provided by the SOL method to AK was the most valuable, reaching the lowest average

percentage gap followed by WOL-AK and HOL-AK. Moreover, using the SOL method, AK is now

closer to state-of-the-art approaches, including the best metaheuristic approach in solving MKP

instances with 500 objects. Two articles entitled “Using Anti-pheromone to Identify Core Ob-

jects for Multidimensional Knapsack Problems: A Two-step Ants Based Approach” [RMRM15]

and “Learning from the opposite: Strategies for Ants that solve Multidimensional Knapsack Prob-

lem” [RMRM16b] were published presenting preliminary results and experiments of the application

of our strategy in Ant Knapsack.

FAS is a MAX −MIN Ant Solver algorithm proposed as an improved version of the well-

known Ant Solver algorithm. Binary CSPs instances, belonging from the transition phase, were

considered to evaluate the inclusion of our strategy in FAS. Results show that the SOL and HOL

methods provide useful information for FAS. On the other hand, the search process of FAS was

worsen using the information provided by the WOL method. As in AK, boxplots, statistical anal-

ysis and fitness-distance plot confirms that the use of our strategy allows FAS to reach different

complete instantiations, in terms of quality and structure. Moreover, the use of our strategy al-

lows FAS to reach alternative non-conflict solutions to these transition phase problems. An article

entitled “Ants Can Learn from the Opposite” [RMRM16a] was published presenting results and

experiments of the application of our strategy in Ant Solver.

The results of the evaluation in both algorithms confirms our hypothesis that is: if we consume

a certain amount of resources in identifying and learning about some uD-characteristic, the search

process could be further focused making decisions using this knowledge so that we can obtain

complete instantiations of better quality. However, the use of our strategy increases the execution

time in both target algorithms. This is mainly produced because the objective of the First Step is

to obtain information about an uD-characteristic instead of solving the problem of interest. For

this, in the three methods, the function that is being optimized is the opposite of the original

function (F̄ ).

Comparing the implementation in both algorithms, about the uD-characteristics, a quality-

related method was the most efficient one (SOL method). This method can be fully implemented

without considering new or different components from the original algorithm. This shows how
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generic can be the strategy here proposed. However, to implement Half Opposite-Learning it is

necessary to define the heuristic knowledge for the First Step. For this, we present three recommen-

dations: (1) use an existing heuristic knowledge from an existing ant-based algorithm, (2) define it

based in an existing heuristic from literature and (3) propose a new function. The idea of the first

two recommendations is to maintain how general this strategy can be and also, reduce the effort

to the designer. In this thesis, for Ant Knapsack, the heuristic knowledge was defined based on an

existing heuristic from literature and for Focused Ant Solver, an existing heuristic knowledge from

literature was used.

In some cases, for the two target algorithms, the information provided by the three proposed

methods was useful to improve their search processes. In order to evaluate the collaboration be-

tween the three proposed methods, a cooperative scheme named COISA was proposed. Here,

sub-colonies of ants cooperate in the definition of an initial pheromone matrix that contains in-

formation about an uD-characteristic. Each sub-colony is guided by one of the proposed method.

COISA was implemented in a parallel architecture, considering constructor and manager threads.

Ants are assigned to constructor threads that are focused in constructing and evaluating solu-

tions. One manager ant is allowed to manage the pheromone information. To evaluate COISA,

we selected Ant Knapsack as the baseline algorithm. Preliminary results in benchmark instances

show that the information provided by COISA improves its search process, in terms of the quality

of the solutions and its robustness. An article entitled “A Cooperative Opposite-Inspired Learn-

ing Strategy for Ant-based Algorithms” [RMRC18] was published with the contents of this chapter.

For future work, we are interested in the following areas:

• Evaluate the inclusion of our strategy in a different ant-based algorithm proposed for a

different combinatorial problem (different of the already used),

• Perform a parameter analysis in order to understand the effect of each component of the

First Step,

• Analyze the application of our proposed strategy in different stages of the search process of

a target ant-based algorithm,

• Evaluate and analyze the application of opposite information as an on-line method, where

this strategy works with normal pheromone information,
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• Study and analyze the changes on the Fitness Landscape of the problems of interest, produced

by using opposite information,

• Study in detail the design of COISA, analyzing the effect and benefits of each method in the

search process of the target algorithm,

• Create and design an extension of this strategy for other metaheuristic approaches (e.g.,

Evolutionary Algorithms, Tabu Search, Simulated Annealing, among others).

About the last item of this list, we have evaluated some preliminary ideas in some Harmony

Search approaches. For this, we first published a paper entitled “Improving harmony search algo-

rithms by using tonal variation: the case of Sudoku and MKP” [RMR17]. Here, some components

inspired in the music improvisation process were proposed. Then, an article entitled “Collaborative

Opposite Strategies for HS: The case of MKP” was presented in the OPTIMA 2017 conference.1

Here, a Harmony Search approach was initialized using the anti-pheromone matrix produced by

the strategies here proposed. Results showed that the Harmony Search approach reached better

quality solutions using the opposite information. The idea is to evaluate new and different ways

of including opposite information in other metaheuristics and also, not necessarily obtained by

ant-based algorithms.

1The article is available in https://github.com/nicolasemilio/OPTIMA17
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Appendix A

Tables - MKP

This appendix presents the obtained results for each set of instances: 5×500, 10×500 and 30×500.

For each set, two tables are presented: (1) the percentage gap between the best known solution

and the best obtained solution by each algorithm and, (2) the percentage gap between the best

known solution and the average of 30 independent executions. Tables A.1 and A.2 present results

for the set 5 × 500. Tables A.3 and A.4 present results for the set 10 × 500. Tables A.5 and A.6

present results for the set 30× 500.
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tr # Best Known AK SOL-AK WOL-AK HOL-AK

0.25 1 120148 0.093 0.136 0.094 0.114
2 117879 0.119 0.093 0.107 0.109
3 121131 0.126 0.123 0.118 0.030
4 120804 0.100 0.107 0.109 0.097
5 122319 0.102 0.079 0.045 0.072
6 122024 0.100 0.077 0.111 0.086
7 119127 0.107 0.060 0.081 0.082
8 120568 0.127 0.092 0.140 0.102
9 121586 0.132 0.071 0.134 0.182

10 120717 0.084 0.094 0.079 0.080

0.50 11 218428 0.060 0.064 0.050 0.075
12 221202 0.075 0.047 0.074 0.079
13 217542 0.067 0.065 0.040 0.046
14 223560 0.022 0.028 0.032 0.023
15 218966 0.005 0.034 0.025 0.041
16 220530 0.046 0.030 0.037 0.042
17 219989 0.045 0.031 0.001 0.043
18 218215 0.043 0.045 0.053 0.044
19 216976 0.028 0.033 0.034 0.049
20 219719 0.017 0.033 0.025 0.046

0.75 21 295828 0.023 0.022 0.034 0.019
22 308086 0.015 0.026 0.020 0.013
23 299796 0.020 0.023 0.021 0.020
24 306480 0.015 0.016 0.014 0.011
25 300342 0.003 0.016 0.031 0.017
26 302571 0.017 0.020 0.004 0.006
27 301339 0.018 0.018 0.006 0.017
28 306454 0.023 0.020 0.017 0.017
29 302828 0.029 0.017 0.008 0.010
30 299910 0.028 0.028 0.014 0.026

Table A.1: Set 5x500 - Percentage gap between the Best Known and the best quality solution
obtained
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tr # Best Known AK SOL-AK WOL-AK HOL-AK

0.25 1 120148 0.218 0.203 0.203 0.228
2 117879 0.230 0.222 0.228 0.232
3 121131 0.224 0.228 0.230 0.203
4 120804 0.222 0.232 0.187 0.213
5 122319 0.185 0.208 0.187 0.218
6 122024 0.208 0.201 0.227 0.194
7 119127 0.208 0.226 0.262 0.243
8 120568 0.238 0.202 0.230 0.224
9 121586 0.237 0.236 0.260 0.302

10 120717 0.251 0.202 0.194 0.225

0.50 11 218428 0.118 0.121 3.269 0.123
12 221202 0.124 0.113 0.120 0.135
13 217542 0.109 0.099 0.103 0.099
14 223560 0.073 0.077 0.078 0.072
15 218966 0.080 0.079 0.087 0.093
16 220530 0.102 0.095 0.109 0.090
17 219989 0.095 0.091 0.083 0.086
18 218215 0.099 0.095 0.095 0.086
19 216976 0.083 0.094 0.085 0.094
20 219719 0.097 0.101 0.112 0.111

0.75 21 295828 0.053 0.050 0.063 0.050
22 308086 0.052 0.054 0.051 0.051
23 299796 0.046 0.047 0.043 0.045
24 306480 0.048 0.041 0.039 0.049
25 300342 0.044 0.045 0.048 0.044
26 302571 0.042 0.042 0.037 0.037
27 301339 0.047 0.044 0.041 0.037
28 306454 0.044 0.048 0.047 0.049
29 302828 0.057 0.048 0.041 0.046
30 299910 0.055 0.051 0.054 0.052

Table A.2: Set 5x500 - Percentage gap between the Best Known and the average of 30 independent
executions
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tr # Best Known AK SOL-AK WOL-AK HOL-AK

0.25 1 117821 0.266 0.252 0.225 0.265
2 119249 0.227 0.203 0.197 0.273
3 119215 0.216 0.218 0.276 0.149
4 118829 0.135 0.164 0.220 0.170
5 116530 0.289 0.282 0.259 0.291
6 119504 0.223 0.156 0.156 0.209
7 119827 0.200 0.159 0.248 0.239
8 118344 0.308 0.235 0.213 0.182
9 117815 0.243 0.277 0.283 0.246

10 119251 0.168 0.226 0.290 0.236

0.50 11 217377 0.102 0.133 0.118 0.111
12 219077 0.121 0.103 0.115 0.028
13 217847 0.090 0.110 0.117 0.098
14 216868 0.080 0.108 0.082 0.070
15 213873 0.101 0.072 0.124 0.116
16 215086 0.053 0.027 0.079 0.088
17 217940 0.075 0.095 0.103 0.103
18 219990 0.085 0.069 0.098 0.101
19 214382 0.091 0.113 0.098 0.118
20 220899 0.088 0.058 0.082 0.097

0.75 21 304387 0.033 0.040 0.040 0.035
22 302379 0.038 0.039 0.030 0.043
23 302417 0.041 0.045 0.055 0.029
24 300784 0.050 0.047 0.028 0.017
25 304374 0.038 0.027 0.020 0.017
26 301836 0.068 0.058 0.078 0.085
27 304952 0.030 0.036 0.027 0.030
28 296478 0.009 0.027 0.035 0.048
29 301359 0.037 0.038 0.036 0.040
30 307089 0.051 0.045 0.051 0.044

Table A.3: Set 10x500 - Percentage gap between the Best Known and the best quality solution
obtained
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tr # Best Known AK SOL-AK WOL-AK HOL-AK

0.25 1 117821 0.459 0.504 0.455 0.547
2 119249 0.407 0.465 0.428 0.433
3 119215 0.548 0.436 0.532 0.449
4 118829 0.321 0.355 0.379 0.337
5 116530 0.450 0.416 0.437 0.556
6 119504 0.373 0.373 0.353 0.395
7 119827 0.411 0.426 0.431 0.481
8 118344 0.439 0.465 0.446 0.435
9 117815 0.437 0.426 0.460 0.483

10 119251 0.422 0.430 0.460 0.443

0.50 11 217377 0.207 0.231 0.188 0.206
12 219077 0.184 0.185 0.173 0.178
13 217847 0.200 0.180 0.185 0.205
14 216868 0.154 0.142 0.166 0.143
15 213873 0.201 0.200 0.211 0.201
16 215086 0.131 0.170 0.124 0.154
17 217940 0.164 0.162 0.152 0.184
18 219990 0.175 0.191 0.178 0.197
19 214382 0.209 0.182 0.170 0.194
20 220899 0.198 0.171 0.179 0.204

0.75 21 304387 0.075 0.083 0.073 0.086
22 302379 0.080 0.074 0.067 0.079
23 302417 0.092 0.088 0.087 0.090
24 300784 0.085 0.088 0.074 0.075
25 304374 0.070 0.070 0.058 0.072
26 301836 0.117 0.118 0.122 0.111
27 304952 0.081 0.065 0.062 0.064
28 296478 0.085 0.080 0.083 0.091
29 301359 0.083 0.075 0.085 0.082
30 307089 0.093 0.084 0.088 0.092

Table A.4: Set 10x500 - Percentage gap between the Best Known and the average of 30 independent
executions
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tr # Best Known AK SOL-AK WOL-AK HOL-AK

0.25 1 116056 0.504 0.534 0.526 0.492
2 114810 0.341 0.395 0.445 0.436
3 116741 0.450 0.539 0.480 0.582
4 115354 0.551 0.428 0.474 0.451
5 116525 0.596 0.356 0.513 0.521
6 115741 0.390 0.310 0.415 0.329
7 114181 0.483 0.440 0.489 0.462
8 114403 0.656 0.805 0.727 0.678
9 115419 0.562 0.533 0.483 0.720

10 117116 0.590 0.511 0.609 0.628

0.50 11 218104 0.170 0.140 0.190 0.159
12 214648 0.260 0.287 0.252 0.267
13 215978 0.147 0.144 0.163 0.191
14 217910 0.240 0.234 0.243 0.264
15 215689 0.248 0.211 0.201 0.237
16 215919 0.279 0.276 0.299 0.312
17 215907 0.151 0.113 0.138 0.193
18 216542 0.201 0.224 0.209 0.223
19 217340 0.148 0.153 0.199 0.163
20 214739 0.269 0.249 0.271 0.249

0.75 21 301675 0.103 0.099 0.099 0.100
22 300055 0.102 0.088 0.111 0.105
23 305087 0.100 0.091 0.077 0.069
24 302032 0.072 0.107 0.121 0.092
25 304462 0.110 0.115 0.098 0.136
26 297012 0.118 0.146 0.121 0.139
27 303364 0.106 0.086 0.106 0.088
28 307007 0.110 0.094 0.110 0.121
29 303199 0.124 0.102 0.117 0.144
30 300572 0.065 0.093 0.103 0.108

Table A.5: Set 30x500 - Percentage gap between the Best Known and the best quality solution
obtained

126



APPENDIX A. TABLES

tr # Best Known AK SOL-AK WOL-AK HOL-AK

0.25 1 116056 0.946 0.797 0.872 0.934
2 114810 0.785 0.740 0.783 0.729
3 116741 0.929 0.854 0.900 0.874
4 115354 0.967 0.837 0.960 0.937
5 116525 0.935 0.874 0.915 1.024
6 115741 0.814 0.796 0.769 0.777
7 114181 0.919 0.840 0.891 0.843
8 114403 1.041 1.067 1.025 1.010
9 115419 0.921 0.936 0.919 1.059

10 117116 0.963 0.897 0.929 0.871

0.50 11 218104 0.296 0.308 0.357 0.335
12 214648 0.401 0.368 0.427 0.434
13 215978 0.284 0.308 0.269 0.315
14 217910 0.390 0.382 0.387 0.414
15 215689 0.389 0.402 0.393 0.390
16 215919 0.408 0.398 0.431 0.429
17 215907 0.283 0.268 0.274 0.288
18 216542 0.370 0.370 0.377 0.362
19 217340 0.304 0.311 0.287 0.296
20 214739 0.417 0.398 0.402 0.396

0.75 21 301675 0.151 0.170 0.166 0.172
22 300055 0.160 0.163 0.169 0.162
23 305087 0.153 0.147 0.138 0.143
24 302032 0.179 0.181 0.182 0.170
25 304462 0.180 0.188 0.190 0.182
26 297012 0.191 0.193 0.199 0.198
27 303364 0.173 0.171 0.181 0.178
28 307007 0.186 0.184 0.187 0.185
29 303199 0.197 0.194 0.196 0.209
30 300572 0.143 0.162 0.152 0.157

Table A.6: Set 30x500 - Percentage gap between the Best Known and the average of 30 independent
executions
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Matrices - MKP

Initial and final pheromone matrices obtained by Ant Knapsack (AK), SOL-AK, WOL-AK and

HOL-AK are here presented. These matrices were obtained for the instance #7 of the set 5x500

(tr=0.50). Figure B.1 shows the initial obtained matrices and figure B.2 shows the final obtained

(a) AK (b) SOL

(c) WOL (d) HOL

Figure B.1: Initial pheromone matrices
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matrices.

(a) AK (b) SOL

(c) WOL (d) HOL

Figure B.2: Final pheromone matrices
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Appendix C

Fitness-Distance Plots - MKP
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Figure C.1: Fitness-Distance plots of Ant Knapsack and each Method separately for an instance
from the set 10× 500
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Figure C.2: Fitness-Distance plot with all approaches for instance an from the set 10× 500
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Figure C.3: Fitness-Distance plots of Ant Knapsack and each Method separately for an instance
from the set 30× 500
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Figure C.4: Fitness-Distance plot with all approaches for an instance from the set 30× 500
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