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To my parents



Abstract

Coherent elastic neutrino–nucleus scattering (CEνNS) is a low-energy process within the
Standard Model, characterized by an enhanced cross section due to the coherent vector
weak charge. Although this dominant contribution has been thoroughly investigated,
subleading axial-vector effects are typically considered suppressed and have consequently
received limited attention.

In this work, we present a systematic determination of the axial contribution to the
CEνNS differential cross section within an effective field theory framework, incorporating
spin-dependent nuclear structure factors from modern nuclear calculations. We iden-
tify target-dependent regimes in which the axial contribution is not strongly suppressed
relative to the vector term, challenging the common assumption of its negligibility and
providing a basis for precision CEνNS analyses beyond the coherent approximation.
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Chapter 1

Introduction

Among the elementary particles that form the universe, neutrinos played a crucial role
in our understanding of particle physics. The study of their properties and interactions
has been one of the most dynamic activities in particle physics and astrophysics, since
Pauli proposed their existence in 1930 [1]. Neutrino interactions are described with an
impressive accuracy by the Standard Model (SM) having no electric charge and coupled
weakly, make them unique tools for exploring fundamental phenomena in astrophysical,
cosmological and particle physics processes.

In astrophysical contexts, neutrinos are the dominant mechanism for energy loss in
core-collapse supernovae process [2, 3]. Furthermore, the Sun is a powerful source of
neutrinos, making these a unique tool that enables us to get direct information of the
solar interior [4]. At cosmological scales, process during the primordial nucleosynthesis
era, and large-scale structure formation, neutrinos played an essential role [5, 6].

In particle physics neutrinos have a central role in the development of the theory of
weak interactions. Beginning with the historical β-decay process, in which the interaction
is understood as a product of four spinor fields. The discovery of neutrino oscillations
demonstrated that neutrinos have non-zero masses, thus providing the first evidence for
beyond the SM physics [7]. Furthermore, it is possible to establish a relation between
particle physics and nuclear physics. Being subject solely to weak interactions they inter-
act directly with the nuclei, providing information on the internal distribution of nucleons
and giving access to the fundamental couplings of the weak force at the nuclear level.

It is in this intersection where Coherent Elastic neutrino-Nucleus Scattering (CEνNS)
emerges as a powerful tool for research on nuclear structure. Where precision measure-
ment of CEνNS provides information on nuclear structure, including the determination
of nuclear form factors [8]. In addition, CEνNS is characterized by a relatively high in-
teraction rate and small intrinsic nuclear uncertainties thus it is cleanly predicted in the
SM. It therefore it is excellent probe for precision tests of fundamental parameters in the
electroweak sector [9, 10] and enables searches for physics beyond the SM [10, 11].

In astrophysics CEνNS is also highly relevant. Neutrinos produced in Sun, supernovae
and atmospheric cosmic-ray showers can produce nuclear recoils in terrestrial detectors
through this process, leading to signals in dark matter (DM) detectors [12, 13]. Fur-
thermore this process is of paramount importance for WIMP searches. It represents an
irreducible background, thus demanding its full understanding [13].
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Predicted in 1974 by Daniel Freedman [14] as a consequence of the neutral weak cur-
rent. This SM process remained unobserved for decades due to the daunting technical re-
quirements: very low nuclear recoil energy thresholds, intense sources/large target masses,
and low backgrounds [15]. It was finally observed in 2017 by the COHERENT Collabora-
tion, using 14.6 kg in a cesium iodide scintillation detector exposed to the neutrino flux of
the Spallation Neutron Source (SNS) at the Oak Ridge National Laboratory (ORNL) [16].

Following its initial observation, the COHERENT collaboration has developed a com-
prehensive experimental program to investigate CEνNS across various targets and physics
regimes. The first measurement of CEνNS on argon provided a crucial test of the process
in a lighter nucleus, confirming that the cross-section scales with the square of the neutron
number [17]. In parallel, the experiment has probed sensitivity to physics beyond the SM.
This includes searches for accelerator-produced dark matter [18, 19], which demonstrates
the versatility of the CEνNS signal as a probe for new interactions. More recently, the
initial detection of CEνNS on germanium nuclei [20] has extended the experimental pro-
gram to lower recoil energies, thereby enhancing sensitivity to subtle effects and enabling
more precise investigations.

The cross section is sizable when the momentum transferred in the neutrino-nucleus
interaction is below 200 MeV for typical nuclei. Under these conditions, nuclear structure
effects are less significant, and the scattering is enhanced proportionally to the square of
the number of neutrons. In the SM, CEνNS is described by the neutral current interaction
between neutrinos and quarks, mediated by the Z0 boson. [12, 14]. At the nuclear level
there are two contributions vector and axial: The vector current contributes dominantly,
with sub-leading contributions from the axial current. The latter, being related with nu-
clear spin, is relevant only in nuclei with spin non-zero ground-state.

Energy recoils, which are the measurable signal are small. Actually, measurements
of CEνNS require innovative technologies, accelerating advances in neutrino detection
techniques in order to achieve the required ultra low-threshold operation level and back-
ground reduction. For this reason, the COHERENT program includes plans for upgrades,
exploiting a variety of target materials, different detection technologies, and ton-scale de-
tectors [21].

Furthermore, XENONnT [22], PandaX-4T [23] and LZ [24] have reported their first
measurement CEνNS, and soon next-generation facilities such as the European Spallation
Source (ESS) are expected to provide larger neutrino fluxes [25], enabling precision mea-
surements of CEνNS that were previously beyond reach. These, indicates a experimental
progress that will producing the reduction of experimental and theoretical uncertainties
for CEνNS.

In light of this emerging precision era, sub-leading effects in the scattering process
become increasingly relevant. Therefore, the axial contribution, that has been historical
neglected due to its strong suppression, demands a more careful and systematic study. In
this context, upcoming experiments with larger detector masses, different material targets
and access to smaller nuclear recoil energy are expected. They will open the possibility of
experimentally accessing axial-current effects in CEνNS. It should be noted that access is
essential for a complete understanding of neutrino-nucleus scattering. The measurement
of this quantity will open new possibilities for spin-dependent new physics searches, while
providing indirect information on the axial-vector coupling gA.
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Motivated by the previous discussion, this work examines the axial contribution to the
CEνNS process and identifies the experimental conditions required for its measurement.
The analysis uses the multipole decomposition formalism of Donnelly and Walecka [26,
27] as the nuclear framework to implement structure factors. These structure factors,
from Ref. [28], are based on nuclear structure computations initially developed for direct
DM detection and later adapted for CEνNS interactions. This connects nuclear structure
computation methods to the study of CEνNS.

Building on this framework, the spin-dependent nuclear responses for isotopes most
relevant in CEνNS experiments are calculated and analyzed. This methodology enables
the consistent determination of the differential cross section. Both axial and vector con-
tributions are incorporated. The axial component’s magnitude is evaluated relative to the
dominant coherent contribution across different target materials and spallation neutrino
sources. The physical parameters and experimental conditions that impact its detectabil-
ity are also identified.

This study identifies the 19F isotope as the most suitable target for investigating the
axial component in CEνNS. Compared to heavy nuclei, which strongly suppress the ax-
ial contribution due to their spin structure, light nuclei with non-zero spin, such as 19F,
experience much less suppression. Specifically, 19F possesses a nuclear spin structure char-
acterized by sizable nucleon spin expectation values. This property enhances the axial
contribution to the cross-section.

In a realistic context, fluorine-based compounds such as CF4, C3F8, and C4F10 are
particularly attractive. Among these, the use of C3F8 is identified as optimal, as it of-
fers a favorable axial response and supports operation at large detector masses. The
viability of this approach is further supported by the prior development of bubble cham-
ber detectors in dark matter experiments [29, 30], which already employ these materials,
facilitating their direct application in the CEνNS context. Under realistic experimen-
tal configurations. It is demonstrated that, despite inherent suppression relative to the
dominant vector contribution, the axial component can be isolated and quantified. This
enables a statistically significant extraction of both its cross section contribution and the
axial-vector coupling gA.

The structure of this thesis is as follows. Chapter 2 outlines the theoretical framework,
introducing gauge theories and the electroweak sector of the SM. This chapter also covers
the derivation of the V-A structure of weak interactions and Walecka’s general semilep-
tonic effective Hamiltonian [26, 31]. Chapter 3 discusses the nuclear shell model, the
harmonic oscillator single-particle basis, and neutrino production mechanisms relevant
to CEνNS experiments. Chapter 4 presents the results: spin-dependent nuclear struc-
ture factors, differential cross sections, and event rates for vector and axial contributions,
considering various targets and sources. It concludes with a sensitivity analysis of gA.
Chapter 5 summarizes the main conclusions and outlines directions for future research.
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Chapter 2

Theoretical Framework for
Neutrino–Nucleus Scattering

2.1 Gauge theories

Symmetries in physics have an important role in governing or restricting the formula-
tion of theories. One of the most relevant results for field theory and particle physics is
provided by Noether’s theorem: If an action is invariant under some group of transforma-
tions, then there exist one or more conserved quantities which are associated with these
transformations [32, 33]. This concept correlates a conservation law with every continuous
symmetry transformation under which the Lagrangian is invariant, and gives rise to the
idea of gauge theories.

The concept of gauge theories was first introduced in the classic investigations of Her-
mann Weyl in 1918 [34]. Furthermore, it was established that Maxwell’s equations and
quantum electrodynamics (QED) are locally gauge invariant. However, the idea of gener-
alizing the local gauge principle to non-Abelian groups was proposed only in 1954 by Yang
and Mills [35]. Their construction was based on the concept introduced by Heisenberg in
1932 [36], namely isotopic spin, which provides a description of the two charge states of
a nucleon. In this work Yang-Mills demonstrated that the conservation of isotopic spin is
identical to the requirement of invariance of all interactions under isotopic spin rotation
and presented the mathematical formulation of the idea of isotopic gauge invariance.

Gauge theories became consolidated as a unifying framework for all elementary in-
teractions. In general, gauge theories show that when a system of fields is described
by a Lagrangian invariant under local Lie group transformations, the dynamics remain
unchanged. This invariance principle prescribes the introduction of vector gauge fields,
whose transformation properties set their interactions with matter [37].

2.1.1 General formulation of gauge theories

In view of this, it becomes necessary to present the general formulation of gauge theories
since the processes of interest occur in the electroweak sector, which is described by a
non-Abelian gauge theory. Therefore, we begin considering a non-Abelian Lie group of
continuous transformations G with N generators Ta, that satisfy the Lie algebra [38]:

[Ta, Tb] = ifabcTc , (2.1.1)
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with fabc the group structure constants. Infinitesimal elements of the group can also be
defined from the generators:

g(ϵ) = 1 + iϵ · T . (2.1.2)

From Noether’s theorem, charge conservation is a consequence of the invariance of the
Lagrangian under global phase transformations [33]. In gauge theories, this symmetry
is promoted to local transformations of the matter field, such that a general Lagrangian
L(x)ψ = L(ψr(x), ∂µψr(x)) must remain invariant under local phase transformations of
the form

ψ(x) → ψ′(x) = U(θ(x))ψ(x) , (2.1.3)

where U(θ(x)) ∈ G depends on N real parameters θa(x).

The Lagrangian is not invariant under local gauge transformations, since the derivative
term transforms as:

∂µΨ(x) → ∂µΨ
′(x) = ∂µ

[
U(θ(x))Ψ(x)

]
= U(θ(x)) ∂µΨ(x) +

(
∂µU(θ(x))

)
Ψ(x) .

(2.1.4)

The second term breaks gauge invariance. To restore it, a gauge field Aµ(x) should be
introduced [39], and ∂µ promoted to a covariant derivative Dµ, such that Dµψ transforms
as ψ:

Dµψ → D′
µψ

′ = U(θ)Dµψ . (2.1.5)

Using ψ = U−1(θ)ψ′, the transformation rule for Dµ follows:

Dµ → D′
µ = U(θ)DµU

−1(θ) . (2.1.6)

Finally, the transformation in Eq. (2.1.6) is satisfied by the explicit definition:

Dµ = ∂µ + igAµ · L , (2.1.7)

where g is a real constant.

The conditions in Eqs. (2.1.5), (2.1.6) and (2.1.7) are indeed satisfied. Using the
definition of the covariant derivative in Eq. (2.1.7), the requirement in Eq. (2.1.6) leads
directly to the transformation law of the gauge field,

Aµ · L → A′
µ · L = U(θ)

(
Aµ · L− i

g
∂µ

)
U−1(θ) . (2.1.8)

This results in the finite transformation of the vector gauge field (as shown in the Ap-
pendix A and B),

A′
µ = Aµ + Aµ × ϵ− 1

g
∂µϵ . (2.1.9)

In conclusion, the explicit form of the variation of the gauge vector field has been
derived. This result justifies the replacement of the ordinary derivative in the Lagrangian
by the covariant derivative, which in turn implies the introduction of interaction terms
coupling gauge fields Aµ to the matter fields ψ.

The previous discussion allows outlining the general principles for the construction of
a gauge theory, namely [32]:

• Choose the gauge group G with N generators.
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• Add N vector fields in a specific representation of the gauge group.

• Choose the representation, in general the fundamental representation, for the matter
fields (elementary particles).

• Define the covariant derivative and write the most general renormalizable Lagrangian,
invariant under G, which couples all these fields.

2.1.2 Abelian and non-Abelian gauge symmetries

The general formalism is now applied to the two gauge relevant groups: the Abelian group
U(1) and the non-Abelian group SU(2), treated separately.

Abelian group

Consider the free Dirac Lagrangian L0 = ψ̄(/p − m)ψ. Imposing invariance under local
U(1) phase rotations leads to the following result:

L0 → L′
0 = ψ′(/p−m)ψ′

= ψ(/p−m)ψ + ψγµ∂µα(x)ψ .
(2.1.10)

Thus, the gauge principle is evidently required. To consistently implement local gauge
transformations, the principle of minimal coupling is employed. In this approach, the
ordinary derivative is replaced by a gauge-covariant derivative as defined in Eq. (2.1.7):

Dµ = ∂µ + ieAµ(x) . (2.1.11)

The vector field Aµ transforms according to Eq. (2.1.9), as follows:

Aµ → A′
µ = Aµ +

1

e
∂µα . (2.1.12)

As a result, the free-particle Lagrangian is modified to a locally gauge-invariant form:

L = ψ̄(iγµ −m)ψ − qAµψ̄γ
µψ

= Lfree − JµAµ .
(2.1.13)

Non-Abelian group: Yang-Mills, Isotopic spin

In the context of SU(2) formalism, the isospin theory is developed. Isospin is a new quan-
tum number that emerges because the nucleon possesses an internal degree of freedom
with two possible states: the proton and the neutron. These states are indistinguish-
able under the nuclear interaction. Consequently, an SU(2) symmetry arises, where the
nucleon ψT = (n, p) transforms as an SU(2) irreducible representation. This theoretical
framework is mathematically analogous to spin [36, 40].

Yang and Mills extended the gauge principle to non-Abelian symmetries [35], moti-
vated by evidence for isospin conservation and the near-equality of neutron and proton
masses. They formulated the isotopic gauge principle, allowing arbitrary local orienta-
tion of the isotopic spin axes [35]. They required that physical processes, except those
involving the electromagnetic field, be invariant under an isotopic gauge transformation
of the form ψ → ψ′ = S−1ψ, where S is a 2× 2 unitary matrix representing a space-time
dependent isotopic spin rotation [35]. This approach was inspired by Heisenberg’s earlier
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ideas [36].

Identifying the symmetry with SU(2) allowed the promotion of the nucleon as an
isospin doublet. This development in turn paved the way for the development of the
theory of weak interactions. Following on their reasoning, the nucleon field is represented
by a two-component wave function ψ, corresponding to an isospin 1

2
state [41]

ψ =

(
ψ1

ψ2

)
. (2.1.14)

This field obeys the free Dirac Lagrangian:

L0 = ψ̄(x) (iγµ∂µ −m)ψ(x) . (2.1.15)

Its transformation obeys:

ψ (x) → ψ′ (x) = exp

{
−iτ · θ (x)

2

}
ψ(x) , (2.1.16)

where τ = (τ1, τ2, τ3) with τi the Pauli matrices that satisfy the Lie Algebra in Eq. (2.1.1):[τi
2
,
τj
2

]
= iεijk

τk
2

i, j, k = 1, 2, 3 . (2.1.17)

To ensure the local gauge invariance of the theory, the ordinary derivative is promoted to
a covariant derivative which remains the form in Eq. (2.1.7):

Dµψ =

(
I∂µ + ig

τ · bµ
2

)
ψ . (2.1.18)

This requires the introduction of three vector fields biµ (i = 1, 2, 3), which transform under
infinitesimal SU(2) gauge transformations as (see Appendix D for details):

b′µ = bµ −α× bµ −
1

g
∂µα . (2.1.19)

At this stage, the isospin gauge theory of nucleons is described by the Lagrangian

L = ψ̄ (iγµDµ −m)ψ

= L0 −
g

2
τ · ψ̄γµψ , (2.1.20)

which consists of a free Dirac term and an interaction term coupling the fermion field to
the isovector gauge fields. This structure leads to the conserved isospin current

jµ = ψ̄γµ
1

2
τψ . (2.1.21)

2.2 Standard Model of Electroweak Interactions

A comprehensive understanding of the weak interaction provides the theoretical basis for
analyzing neutrino-nucleus scattering. As outlined in the previous section, fundamental
interactions arise from electroweak theory, which is based on SU(2)L weak-isospin sym-
metry and U(1)Y phase symmetry associated with weak hypercharge.
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Historically, the development of the SM began in early studies of radioactive decay,
where it was established that α particles are helium nuclei and β particles are electrons.
While α-decays produce monoenergetic particles consistent with two-body kinematics, β-
decay was found to exhibit a continuous energy spectrum, as demonstrated by Chadwick
in 1914 [42] and later confirmed through calorimetric measurements by Ellis and Wooster
in 1927 [43]. This result implied that β-decay could not be a simple two-body process
and posed a serious challenge to energy conservation [44]. To address the problem, Pauli
suggested in 1930 the existence of a neutral, light, spin-1/2 particle emitted in β-decay [1].
The theory of β-decay was put forward years later by Fermi [45]

2.2.1 Four-Fermi interaction

Fermi built the theory of β-decay by analogy with the simplest electromagnetic interaction
Hamiltonian

HEM(x) = e p̄(x)γαp(x)Aα(x) , (2.2.1)

which induces the quantum transition p→ p+ γ. It has the form of the scalar product of
the electromagnetic vector current and the vector electromagnetic field Aα(x). Borrowing
from this prescription, he postulated the following interaction Hamiltonian density for
quantum transition of a neutron into a proton:

Hβ(x) = GF p̄(x)γ
αn(x) ē(x)γαν(x) + h.c. , (2.2.2)

where GF is the Fermi coupling constant and h.c. denotes the Hermitian conjugate [46].

It is important to note unlike HEM, which couples two fermion fields to a boson,
Hβ involves four fermion fields. As a result of that the constants e and GF possess
different physical dimensions. Subsequent experiments revealed parity violation in weak
interactions. To address this observation, a more general form was proposed [7]

HW(x) = GF

5∑
i=1

[
Ci (ψ̄pOiψn)(ψ̄eO

iψνe) + h.c.
]
. (2.2.3)

Here Ci are coupling constants and OS,V,T,A,P = {1, γα, σαβ, γαγ5, γ5}. They are five
types of interactions: scalar, vector, tensor, axial-vector and pseudoscalar. Determining
which structures are realised in nature became the central problem of weak interaction
physics.

2.2.2 Parity Non-conservation

Conservation of parity (invariance under space inversion, i.e. under transition from a
right-handed to a left-handed system) was firmly established for strong (hadronic) and
electromagnetic processes. For many years physicists thought that this invariance is a
general law of nature valid for all interactions [46]. The discovery of parity violation in
the weak interaction represents one of the most significant advances in twentieth-century
physics. In 1957, Lee and Yang proposed an experimental test of parity conservation in
the weak interaction and were subsequently awarded the Nobel Prize [47].

In the early 1950s, the θ− τ puzzle emerged: two mesons with nearly identical masses
and lifetimes but with different parities in their decay products, suggesting they could
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be the same particle. Lee and Yang resolved this in 1956 [48] by proposing parity non-
conservation in weak interactions, noting the absence of any experimental evidence for
parity conservation in β-decay. This was confirmed shortly after by Wu et al. [49] and
Lederman et al. [50] in 1957.

Wu et al. tested this by measuring the angular distribution of electrons emitted from
polarized 60Co nuclei, where θ is the angle between the nuclear polarization axis and
the electron momentum. Parity conservation requires a symmetric distribution under
θ → 180◦ − θ. However, a pronounced asymmetry was observed: electrons were pref-
erentially emitted opposite to the polarization axis (α < 0, |α| ≳ 0.7). This provided
unambiguous evidence of parity violation in β-decay [46, 49].

In order to account the results of the Wu et al. and other experiments, we must
assume that the Hamiltonian of the β-decay is the sum of a scalar and a pseudoscalar [7,
46]:

HI
W =

∑
i=S,V,T,A,P

ψ̄p(x)Oi ψn(x) ψ̄e(x)O
i(Gi −G′

iγ5)ψν(x) + h.c. (2.2.4)

where the constants Gi characterize the scalar part of the Hamiltonian. While the con-
stants G′

i characterize the pseudoscalar part. This became the most general Hamiltonian
at the moment.

2.2.3 V-A theory

The discovery of parity violation in β-decay spurred enormous progress in understanding
the weak interaction. This progress began with the two-component neutrino theory [46].
This theory of the neutrino became part of the universal V-A theory of the weak inter-
action and the main idea of the two-component theory (left-handed component of the
neutrino field in the interaction Hamiltonian) was subsequently generalized, playing a key
role in the further development of the theory of the weak interaction [46].

In 1957, Landau [51], Lee and Yang [47], and Salam [52] proposed the two-component
neutrino theory. Let us present the field ν(x) in the form of the sum of the left-handed and
the right-handed components. Formν = 0, the chiral components decouple: iγα∂ανL.R(x) =
0 . Such a theory can be valid only if parity is violated. Shortly after the proposal of
the two-component neutrino theory, the helicity of the neutrino was determined by the
Goldhaber, Grodzins, and Sunyar experiment [53], which confirmed the two-component
neutrino theory and the left-handed nature of the neutrino.

Feynman and Gell-Mann [54], as well as Marshak and Sudarshan [55], extended this
framework by applying left-handedness to all fermion fields in the weak interaction Hamil-
tonian, rather than restricting it to the neutrino. According to this approach, the β-decay
Hamiltonian assumes the form

Hβ
I =

∑
i=S,V,T,A,P

Gi p̄LOi nL ēLO
i νL + h.c. , (2.2.5)

where fL = 1−γ5
2
f denotes the left-handed component of field f . The explicit representa-

tion of the leptonic bilinear in terms of full Dirac fields is [46]

ēLOi νL = ē
1 + γ5

2
Oi

1− γ5
2

ν . (2.2.6)
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Applying the left-handed prescription, the S, T , and P terms vanish [7], while the V
and A terms are related by

1 + γ5
2

γαγ5
1− γ5

2
= −1 + γ5

2
γα

1− γ5
2

. (2.2.7)

This leads to a unique four-fermion Hamiltonian:

Hβ
I =

GF√
2
4p̄LγαnL ēLγ

ανL + h.c. =
GF√
2
p̄ γα(1− γ5)n ē γ

α(1− γ5)ν + h.c. . (2.2.8)

This formulation establishes the V-A (vector minus axial vector) current–current structure

HW =
GF√
2
J†
α J

α , (2.2.9)

where Jα denotes a purely left-handed V-A current. Characterized by the single Fermi
constantGF, this theory restores the universality of the weak interaction and is in excellent
agreement with all charged-current experimental data.

2.2.4 SU(2)L ×U(1)Y

The V−A current×current theory of the weak interaction represented a major step for-
ward in the understanding of weak processes and neutrino physics. The proposal by
Feynman and Gell-Mann, as well as Marshak and Sudarshan, that only left-handed com-
ponents of fermion fields enter the charged-current (CC) Hamiltonian was strongly moti-
vated by experimental evidence, in particular the success of the two-component neutrino
theory [46].

In this framework, the charged weak interaction for a generic lepton ℓ is described by
the current

J+
α = ℓ̄γα(1− γ5)ν = 2 ℓ̄LγανL , (2.2.10)

which explicitly involves only left-handed fields. This is a charged current, as it connects a
charged lepton with a neutral neutrino. The chiral structure naturally suggests organizing
leptons into left-handed isospin doublets [32]

ψlep
L (x) =

(
νL
ℓL

)
. (2.2.11)

This structure is consistent with an SU(2) symmetry acting only on left-handed fields,
denoted as SU(2)L.

Following the Yang–Mills construction, the interaction Lagrangian can be written as

LI = −g jα · bα , (2.2.12)

where bα are the gauge fields associated with SU(2) L and jα are the corresponding
currents. Explicitly,

LI = −g
(
j1αb

1α + j2αb
2α + j3αb

3α
)

= −g ψ̄γα
τ

2
ψ · bα . (2.2.13)
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Introducing the combinations

jα = 2 j1+i2α , Wα =
1√
2
b1−i2α , (2.2.14)

where j1±i2α = j1α ± i j2α and b1±i2α = b1α ± i b2α. The interaction Lagrangian becomes

LI(x) =

(
− g

2
√
2
jα(x)W

α(x) + h.c.

)
− g j3α(x) b

α3(x) . (2.2.15)

The current jα(x) corresponds to the charged current and reproduces Eq. (2.2.10),
while the third component,

j3α(x) = ψ̄(x)γα
1

2
τ3ψ(x), (2.2.16)

leads to a neutral current interaction. However, this neutral current cannot be identified
with the electromagnetic current, since it involves only left-handed fields, whereas the
electromagnetic interaction couples to both chiralities. This observation indicates that an
additional symmetry is required therefore, hypercharge current is introduced [32],

JYµ = ν̄LγµνL + ℓ̄LγµℓL + 2 ℓ̄RγµℓR , (2.2.17)

associated with a U(1)Y gauge symmetry. The electromagnetic current is then obtained
as the linear combination

Jem
µ = J3

µ +
1

2
JYµ , (2.2.18)

which leads to the relation between the conserved charges Q = T3 +
1
2
Y known as the

Gell-Mann–Nishijima relation [56, 57].

Therefore, the minimal gauge structure that unifies weak and electromagnetic inter-
actions is given by the group

SU(2)L ⊗ U(1)Y . (2.2.19)

The symmetry group SU(2)L associated to left-handed fermions satisfies the Lie algebra
and contains three generators. While the symmetry group U(1)Y , known as hypercharge,
possesses a single generator these constitutes the basis of the electroweak theory [7].

2.2.5 Electroweak Lagrangian for fermions

The gauge structure developed in Section 2.1.1, when combined with the V-A struc-
ture of the weak current, determines the form of the electroweak Lagrangian. Local
SU(2)L× U(1)Y invariance is ensured by introducing the covariant derivative, as presented
in Eqs. (2.1.18) and (2.1.11). This approach introduces three gauge fields Aαi (i = 1, 2, 3)
associated with SU(2)L and one gauge field Bα corresponding to the generator Y of U(1)Y
are introduced. Consequently, the covariant derivative for the unified group is given by:

Dα = ∂α + ig
1

2
τ ·Aα + ig′Bα

Y

2
, (2.2.20)

where g and g′ are the coupling constants of SU(2)L and U(1)Y , respectively.

With the gauge structure in place, the left-handed fermion content is fixed as SU(2)L
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doublets [7],

ψlep
eL =

(
νeL
eL

)
, ψlep

µL =

(
νµL
µL

)
, ψlep

τL =

(
ντL
τL

)
, (2.2.21)

ψq1L =

(
uL
dL

)
, ψq2L =

(
cL
sL

)
, ψq3L =

(
tL
bL

)
. (2.2.22)

while Right-handed components are singlets. The covariant derivative in Eq. (2.2.20) acts
on each multiplet as follows:

∂αψ
lep
iL (x) −→

(
∂α + ig

1

2
τ jAjα(x) + ig′

1

2
Y lep
L Bα(x)

)
ψlep
iL (x) , (2.2.23)

∂αψ
q
iL(x) −→

(
∂α + ig

1

2
τ jAjα(x) + ig′

1

2
Y q
L Bα(x)

)
ψqiL(x) (2.2.24)

for left-handed leptons and quarks, respectively. Since right-handed fields are singlets,
they couple only to U(1)Y ,

∂αℓR(x) −→
(
∂α + ig′

1

2
Y lep
R Bα(x)

)
ℓR(x) (2.2.25)

∂αqR(x) −→
(
∂α + ig′

1

2
Y up
R Bα(x)

)
qR(x), q = u, c, t (2.2.26)

∂αdR(x) −→
(
∂α + ig′

1

2
Y down
R Bα(x)

)
dR(x), d = d, s, b . (2.2.27)

for right-handed leptons and up-down quarks, respectively. By substituting these expres-
sions into the Dirac Lagrangian and omitting the mass term, the resulting interaction
Lagrangian is obtained. The derivation for leptons and quarks is presented separately
below.

Lagrangian for leptons

Begin with the interaction Lagrangian for leptons, and we have (for details, see Ap-
pendix E.1):

Llep
I = g′ ℓ̄Rγ

µBµℓR − g ψ̄lep
iL γ

µ τ
a

2
Aaµψ

lep
iL + g′

1

2
ψ̄lep
iL γ

µBµψ
lep
iL . (2.2.28)

To derive the explicit interaction terms for the fermions, we consider, for simplicity, the
first generation [58]. The leptonic interaction Lagrangian reads

Llep
I = g′ ēR /BeR − 1

2

(
ν̄eL ēL

)( g /A3 − g′ /B g( /A1 − i /A2)
g( /A1 + i /A2) −gA3 − g′ /B

)(
νeL
eL

)
. (2.2.29)

This expression naturally separates into CC and neutral-current (NC) contributions. The
CC interaction arises from the off-diagonal terms and introducing the charged gauge field

Wµ =
A1

µ−iA2
µ√

2
, the CC Lagrangian takes the form

L(CC)
I,L = − g√

2

[
ν̄eL /WeL + ēL /W

†
νeL

]
, (2.2.30)
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which, becomes the familiar V-A structure:

L(CC)
I,L = − g

2
√
2
ν̄eγ

µ(1− γ5)eWµ +H.c. (2.2.31)

= − g

2
√
2
jµW,LWµ +H.c. . (2.2.32)

The diagonal terms lead to the neutral-current (NC) interaction. Additionally, the
electromagnetic interaction must be included, as previously discussed. For this purpose,
the electromagnetic field Aµ is expressed as a suitable linear combination of Bµ.(

Aµ
Zµ

)
=

(
cos θW sin θW
− sin θW cos θW

)(
Bµ

A3
µ

)
,

A3
µ = sin θW Aµ − cos θW Zµ

Bµ = cos θW Aµ + sin θW Zµ .

(2.2.33)

At this stage, the Brout–Englert–Higgs mechanism [59, 60] is explicitly realized. This
mechanism spontaneously breaks SU(2)L×U(1)Y symmetry down to U(1)em. As a result,
it generates masses for the weak gauge bosons while leaving the photon massless. Conse-
quently, the neutral gauge fields A3

µ and Bµ mix to form the physical mass eigenstates Zµ
and Aµ (the photon). This mixing is described by a rotation in field space parameterized
by the Weinberg angle θW .

Substituting Eq. (2.2.33) into NC interaction, one obtains

L(NC)
I,L = −1

2

{
ν̄eL

[
(g cosϑW + g′ sinϑW )/Z + (g sinϑW − g′ cosϑW ) /A

]
νeL

− ēL

[
(g cosϑW − g′ sinϑW )/Z + (g sinϑW + g′ cosϑW ) /A

]
eL

− 2g ēR

[
− sinϑW /Z + cosϑW /A

]
eR

}
. (2.2.34)

The condition of neutrino electromagnetic neutrality fixes tan θW = g′/g and identifies
the electric charge as e = g sin θW = g′ cos θW . The neutral-current Lagrangian is then

L(NC)
I,L = − g

2 cos θW

∑
ψi=ν,ℓ

ψ̄iγ
µ
(
giV − giAγ5

)
ψiZµ + e ℓ̄γµAµℓ , (2.2.35)

with
giV = T i3 − 2Qi sin

2 θW and giAT
i
3. (2.2.36)

Lagrangian for quarks

The quark interaction Lagrangian follows the same procedure as for leptons, differing only
in the hypercharge assignments (see Appendix E.2):

LqI = − 2

3
g′ ūiRγ

µBµuiR +
1

3
g′ d̄iRγ

µBµdiR − 1

2
ψ̄qiL

(
gγµτaAaµ −

1

3
g′γµBµ

)
ψqiL .
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Restricting to the first generation [58]:

LI,Q = −1

2

(
ūL d̄L

)(gA3 +
1
3
g′B g(A1 − iA2)

g(A1 + iA2) −gA3 +
1
3
g′B

)(
uL
dL

)
− 2

3
g′ ūRBuR +

1

3
g′ d̄RBdR .

(2.2.37)
The charged-current Lagrangian is:

L(CC)
I,Q = − g

2
√
2
jµW,QWµ +H.c. , (2.2.38)

where the quark CC is jµW,Q = ū γµ(1− γ5) d = 2 ūLγ
µdL.

The NC Lagrangian L(NC)
I,q = L(Z)

I,q + L(γ)
I,q takes the same form as for leptons, with

L(γ)
I,q = −e jµγ,qAµ and L(Z)

I,q = − g

2 cos θW
jµZ,qZµ , (2.2.39)

where the quark electromagnetic current and the weak neutral current are:

jµγ,Q =
2

3
ūγµu− 1

3
d̄γµd , (2.2.40)

jµZ,L =
∑

ψq=u,...,c

ψ̄qγ
µ(gqV − gqAγ5)ψq Zµ . (2.2.41)

with gqV and gqA as defined in Eq. (2.2.36).

2.3 Semileptonic Weak interactions

Throughout this section, the notation established by Walecka and detailed in Appendix G
is employed. While this notation may differ from conventions used elsewhere in this work,
it is adopted to maintain consistency with the seminal literature on semileptonic weak
interactions [26, 31].

2.3.1 Effective theory

In physical situations characterized by a clear separation of energy scales, the appropriate
theoretical framework is provided by an effective field theory (EFT). The central idea
of an EFT is that the dynamics at low energies can be described independently of the
detailed structure, whose effects are encoded in a set of higher-dimensional operators.
Within this framework, one constructs the most general Lagrangian consistent with the
symmetries of the system. Unlike fundamental renormalizable theories (where only op-
erators of canonical dimension four or less are retained) an EFT systematically includes
operators of dimension greater than four [61].

Weak interactions are governed by Eqs. (2.2.32), (2.2.35), (2.2.38), and (2.2.39), which
specify the interactions between fermions and gauge bosons. In the low-energy nuclear
regime, where q2 ≪M2

W and M2
Z , the intermediate bosons are significantly off-shell. As a

result, the electroweak Lagrangian reduces to an effective current-current interaction [31,
62]. For nuclear applications, it is important to note that the relevant processes involve
the semileptonic components of the effective low-energy Lagrangian, as explicitly provided
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in [31]:

L(±)
eff =

iG√
2

{[
ψ̄ℓγµ(1 + γ5)ψνℓ

]
J (+)
µ (hadrons) +

[
ψ̄νℓγµ(1 + γ5)ψℓ

]
J (−)
µ (hadrons)

}
,

(2.3.1a)

L(0)ν
eff =

iG√
2

[
ψ̄νℓγµ(1 + γ5)ψνℓ

]
J (0)
µ (hadrons) , (2.3.1b)

L(0)ℓ
eff = − iG√

2

[
ψ̄ℓγµ(1 + γ5)ψℓ − 4 sin2 θW ψ̄ℓγµψℓ

]
J (0)
µ (hadrons) . (2.3.1c)

The effective Lagrangians form the basis for the neutrino-nucleus scattering cross section
in the subsequent sections.

2.3.2 Semileptonic Matrix Element

The process under consideration is the interaction between a neutrino and a nucleus,
governed by the second term of Eq. (2.3.1). At energies significantly below the Z boson
mass, this interaction is described by an effective semileptonic Hamiltonian of the following
form:

ĤW = −GF√
2

∫
dxjleptonicµ Ĵµ(x) , (2.3.2)

Here Ĵµ denotes the nuclear current and jleptonicµ the leptonic current. Working to first
order in the weak coupling constant, the leptonic sector is treated perturbatively, while
the hadronic sector requires a non-perturbative treatment due to the strong interaction.

The transition matrix element of the effective Hamiltonian between the initial state
|k1, i⟩, which consists of a lepton with four-momentum k1 and a nucleus in state i, and
the final state ⟨k2, f |, comprising a lepton with four-momentum k2 and a nucleus in state
f , is given by

⟨ k2 , f |ĤW| k1 , i ⟩ = −GF√
2

∫
dx ⟨ k2 , f | jlepµ Ĵµ(x) | k1 , i ⟩ . (2.3.3)

Here the leptonic matrix element, derived in Appendix H, is expressed as follows:

⟨k2, s′|jlepµ |k1, s⟩ = ūs′(k2)e
ik2·xγµ(1 + γ5)us(k1)e

−ik1·x

= ℓ̂µe
−iq·x (2.3.4)

with q = k1 − k2.

Decomposing the four-vector as xµ = (x⃗, ix0) and separating the temporal and spatial
components yields the following expression for the Hamiltonian matrix element:

⟨f, k2|ĤW|k1, i⟩ = −GF√
2

∫
d3x e−iq·x

[
l0J0(x)fi − l⃗ · J⃗ (x)fi

]
. (2.3.5)

At this stage, the only assumptions are the existence of a local current density operator
Ĵµ(x) for the target and that the target is sufficiently localized in space such that partial

integrations on the transition matrix elements ⟨f |Ĵµ(x)|i⟩ ≡ Ĵµ(x)fi [26].
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2.3.3 Multipole analysis of the nuclear matrix element

Multipole expansion for plane wave

We utilize a multipole expansion of the hadronic current matrix element to project ir-
reducible tensor operators (ITOs). This approach provides a systematic framework for
applying angular momentum algebra and strong isospin symmetry to evaluate nuclear ma-
trix elements. The procedure begins with the expansion of a plane wave (see Appendix I
for details),

eikr cos θ =
∞∑
l=0

√
4π(2l + 1) il jl(kr)Yl0(Ω) . (2.3.6)

This expansion distinguishes the radial dependence, represented by the spherical Bessel
functions jl(kr), from the angular dependence, described by the spherical harmonics
Yl0(Ω).

To account for the vector nature of the current, vector spherical harmonics are intro-
duced and defined using Clebsch–Gordan coefficients

Ylmeλ =
∑
JM

⟨l m 1 λ|l 1 J M⟩YM
Jl1 . (2.3.7)

This relation enables the coupling between orbital angular momentum and the spin-1
structure associated with the polarization vector eλ. Multiplying the plane wave expansion
by the polarization vector eλk transforms the plane wave into a representation explicitly
expressed in terms of vector spherical harmonics

eλke
ik·r = eλk

∑
l

il
√

4π(2l + 1)jl(kr)Yl0(Ω)

=
∑
l

∑
J

il
√

4π(2l + 1)jl(kr)⟨l 0 1 λ| l 1 J λ⟩Yλ
Jl1 .

(2.3.8)

The allowed contributions to this expansion are determined by angular momentum se-
lection rules. The Clebsch–Gordan coefficients in this expression can be evaluated through
their relationship to 3j symbols [63, 64], resulting in a significant simplification. Following
this procedure, the expansion assumes the form

eλke
ik·r = −

∑
J≥1

√
2π(2J + 1) iJ

[
λ jJ(kr)Y

λ
JJ1

+ i

√
J + 1

2J + 1
jJ−1(kr)Y

λ
J J−1 1

− i

√
J

2J + 1
jJ+1(kr)Y

λ
J J+11

]
.

(2.3.9)

This expression clearly reveals the structure of the multipole decomposition in terms of
well-defined angular momentum components.

A more concise formulation is achieved by utilizing the properties of vector spherical
harmonics (see Appendix J). In particular, the previous expression can be expressed in
terms of a transverse component and a curl term, leading to the following multipole
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expansion [31]

eλke
ik·r = −

∑
J≥1

√
2π(2J + 1) iJ

[
λjJ(kr)Y

λ
JJ1 +

1

k
∇∧

(
jJ(kr)Y

λ
JJ1

)]
. (2.3.10)

The corresponding adjoint relation is derived as follows [31]

e†λke
−ik·r = −

∑
J≥1

√
2π(2J + 1) (−i)J

[
λjJ(kr)Y

−λ
JJ1 +

1

k
∇∧

(
jJ(kr)Y

−λ
JJ1

)]
. (2.3.11)

For clarity, we adopt the notation k = |q|. Additionally, it is useful to consider
the longitudinal component of the expansion. Beginning with Eq. (2.3.6), an alternative
representation involving the scalar polarization component can be derived as follows:

eik·xek0 =
∞∑
J=0

[4π(2J + 1)]1/2 iJ jJ(kx)ek0YJ0(Ω)

=
∞∑
J=0

[4π(2J + 1)]1/2 iJ jJ(kx) ⟨l 0 1 0|l 1 J 0⟩Y0
Jl1(Ω) .

(2.3.12)

This result is obtained by applying the properties outlined in Appendix (J):

e−ik·xek0 =
∞∑
J=0

√
4π(2J + 1) (i)J∇(jJ(kx), YJ0(Ω)) . (2.3.13)

The corresponding adjoint representation is given by:

e−ik⃗·x⃗ek0 =
∞∑
J=0

√
4π(2J + 1)(−i)J ∇(jJ(kx)YJ0(Ω)) . (2.3.14)

Multipole analysis

The multipole expansion of the leptonic plane wave in terms of vector spherical harmon-
ics, as established in the previous section, forms the basis for a systematic decomposition
of the current matrix element. Expressing the leptonic current in this basis enables the
matrix element to be written in terms of irreducible tensor operators (ITOs), thereby
allowing identification and classification of the contributing nuclear multipoles.

A systematic angular momentum decomposition is achieved by considering the leptonic
current l in the spherical basis [26], which is particularly sizable for coupling to tensor
operators in isospin space. The current is expanded as l =

∑
λ lλe

†
λ, where the spherical

basis vectors eλ are defined with respect to the momentum transfer direction q as [31,
65]:

e± ≡ ∓ 1√
2
(eq1 ± ieq2), e0 ≡

q

|q|
, e†λ = (−1)λe−λ . (2.3.15)

The corresponding spherical components lλ = eλ · l are given explicitly by

l±1 = ± 1√
2
(l1 ∓ il2), l0 = l3 . (2.3.16)
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Substituting this decomposition into Eq. (2.3.5) and separating the vector and scalar
contributions of the nuclear current, one obtains:

⟨f |Ĥw|i⟩ = −GF√
2

∫
dxe−iq·x

[∑
λ

lλe
†
λ ·J (x)fi − l0J (x)fi

]
. (2.3.17)

The analysis begins with the vector contribution, specifically
∑

λ e
−iq·xlλe

†
λ · J (x)fi.

Applying the multipole expansion of the plane wave from Eq. (2.3.11) and Eq. (2.3.14),
the expression is transformed as follows:

∑
λ

e−iq·xlλe
†
λ ·J (x)fi =

[ ∑
λ=±1

lλ ×−
∑
J≥1

√
2π(2J + 1)(−i)J{

λ jJ(kr)Y
−λ
JJ1 +

1

k
∇∧

(
jJ(kr)Y

−λ
JJ1

)}

+ l3
i

k

∑
J≥0

√
4π(2J + 1)(−i)J∇(jJ(kr)YJ0)

]
·J (x) ,

(2.3.18)

Collecting terms, the vector contribution to the matrix element takes the form:

−GF√
2

∫
d3x e−iq·x

∑
λ

lλe
†
λ ·J (x)fi = −GF√

2
⟨f |

{ ∑
λ=±1

lλ
∑
J≥1

√
2π(2J + 1)(−i)J[

λ

∫
d3x jJ(kr)Y

−λ
JJ1 ·J

+
1

k

∫
d3x∇∧

(
jJ(kr)Y

−λ
JJ1

)
·J
]

+ l3
∑
J≥0

√
4π(2J + 1)(−i)J

∫
d3x

i

k
∇ (jJ(kr)YJ0) ·J

}
|i⟩ .

(2.3.19)

The scalar contribution is evaluated in an analogous manner. By applying the plane wave
expansion from Eq. (2.3.6), the following expression is obtained:

GF√
2

∫
d3x e−iq·xl0J0fi =

GF√
2
⟨f | l0

∑
J=0

(−i)J
√

4π(2J + 1)

∫
d3x
[
jJ(kr)YJ0J0

]
|i⟩ .

(2.3.20)
Equations (2.3.19) and (2.3.20) both reveal the presence of multipole operators [31]:

M̂JM(k) = M̂JM + M̂ 5
JM =

∫
d3x jJ(kx)YJM(Ωx) Ĵ0(x) , (2.3.21)

L̂JM(k) = L̂JM + L̂ 5
JM =

i

k

∫
d3x

[
∇
(
jJ(kx)YJM(Ωx)

)]
· Ĵ (x) , (2.3.22)

T̂ el
JM(k) = T̂ el

JM + T̂ el 5
JM =

1

k

∫
d3x

[
∇×

(
jJ(kx) Y⃗

M
JJ1(Ωx)

)]
· Ĵ (x) , (2.3.23)
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T̂ mag
JM (k) = T̂ mag

JM + T̂ mag 5
JM =

∫
d3x jJ(kx) Y⃗

M
JJ1(Ωx) · Ĵ (x) . (2.3.24)

These correspond to the Coulomb, longitudinal, transverse electric, and transverse mag-
netic multipole operators, respectively. Each operator contains both vector and axial-
vector components, reflecting the V-A structure of the weak interaction as established in
Section 2.2.3 as defined by

Ĵµ = Ĵµ + Ĵµ5 . (2.3.25)

By combining Eqs. (2.3.19) and (2.3.20) with the previously defined multipole opera-
tors, the Hamiltonian matrix element for semileptonic processes is expressed as

⟨f |ĤW|i⟩ = −GF√
2
⟨f |

{
−
∑
J≥1

√
2π(2J + 1)(−i)J

∑
λ=±

lλ
[
λT̂ mag

J −λ(k) + T̂ el
J −λ(k)

]
+
∑
J=0

√
4π(2J + 1)(−i)J

[
l3L̂J0(k)− l0M̂J0(k)

]}
| i⟩ ,

(2.3.26)

M̂, L̂, T̂ el, and T̂ mag are spherical tensor operators [64] encoding the multipole structure
of the nuclear current, allowing the transition amplitude to be decomposed into contribu-
tions of definite angular momentum transfer.

2.3.4 Matrix element squared for semileptonic process

Since the nucleus is heavy and can be localized, it undergoes transitions between states
of definite angular momentum Ji and Jf . The matrix elements of the tensor operators
are evaluated via the Wigner–Eckart theorem [63, 64],

⟨Jf Mf |T̂JM | Ji Mi ⟩ = (−1)Jf−Mf

(
Jf J Ji

−Mf M Mi

)
⟨Jf ||T̂J ||Ji⟩ . (2.3.27)

Here the 3j-symbols encode the dependence on the magnetic quantum numbers Mi, Mf ,
andM , while all nuclear structure information is contained in the reduced matrix element
⟨Jf ||T̂J ||Ji⟩. Applying this theorem to Eq. (2.3.26), the Hamiltonian matrix element takes
the form:

⟨f |ĤW|i⟩ = G√
2

{ ∑
λ=±1

lλ
∑
J≥1

√
2π(2J + 1) (−i)J

[
(−1)JF−Mf

(
Jf J Ji

−Mf M Mi

)
⟨Jf ||λT̂ mag

J + T̂ el
J ||Ji⟩

]

−
∑
J=0

√
4π(2J + 1)(−i)J

[
l3(−1)Jf−Mf

(
Jf J Ji

−Mf 0 Mi

)
⟨Jf ||L̂J ||Ji⟩

− l0(−1)Jf−Mf

(
Jf J Ji

−Mf 0 Mi

)
⟨Jf ||M̂J ||Ji⟩

]}
.

(2.3.28)

The reaction rates Γi→f between initial |i⟩ and final |f⟩ discrete nuclear states in
semileptonic processes are typically expressed in terms of matrix elements of an effective
Hamiltonian

Γi→f ∼ |⟨f |ĤW|i⟩|2 . (2.3.29)
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To compute the squared matrix element, Eq. (2.3.28) yields the following expression:

1

2Ji + 1

∑
Mi

∑
Mf

|⟨f |ĤW|i⟩|2 = G2
F

2

1

2Ji + 1{ ∑
λ=±1

∑
J≥1

lλl
∗
λ × (2π)|⟨Jf ||λT̂ mag

J + T̂ el
J ||Ji⟩|2

+
∑
J≥0

(4π)
[
l3l

∗
3 |⟨Jf ||L̂J ||Ji⟩|2 + l0l

∗
0 |⟨Jf ||M̂J ||Ji⟩|2

− 2Re
(
l3l

∗
0⟨Jf ||L̂J ||Ji⟩ ⟨Jf ||M̂J ||Ji⟩∗

) ]}
.

(2.3.30)

It is important to note that the cross terms involving products of components of l vanish
due to their orthogonality. Additionally, the δM,M ′ factor ensures that the product of
transverse tensors with the Coulomb tensor is zero. There is also no interference between
the transverse and longitudinal or charge density terms, as the transverse contribution
corresponds to M = λ = ±1, whereas the others have M = 0.

Furthermore, this result can be simplified using the notation introduced in [31]:∑
λ=±1

|l∗λ|
2 |a+ λb|2 = |a+ b|21

2
(l1l

∗
1 + l2l

∗
2 + il2l

∗
1 − il1l

∗
2)

+ |a− b|21
2
(l1l

∗
1 + l2l

∗
2 − il2l

∗
1 + il1l

∗
2)

=
(
|a|2 + |b|2

)
(l · l∗ − l3l

∗
3)− i(l× l∗)3 2Re(ab

∗) . (2.3.31)

Therefore, Eq. (2.3.30) can be written as [26, 31]:

1

2J + 1

∑
MiMf

∑
λ

∣∣∣⟨f | ĤW | i⟩
∣∣∣2 = G2

2

4π

2J + 1
(2.3.32)

×

{∑
J≥1

[
1

2
(l1l

∗
1 + l2l

∗
2)

] ∣∣∣⟨Jf∥T̂ mag
J ∥Ji⟩

∣∣∣2 + ∣∣∣⟨Jf∥T̂ el
J ∥Ji⟩

∣∣∣2
− i

2

(
l⃗ × l⃗ ∗

)
3
2Re

(
⟨Jf∥T̂ mag

J ∥Ji⟩⟨Jf∥T̂ el
J ∥Ji⟩∗

)
+
∑
J=0

[
l3l

∗
3

∣∣∣⟨Jf∥L̂J∥Ji⟩∣∣∣2 + l0l
∗
0

∣∣∣⟨Jf∥M̂J∥Ji⟩
∣∣∣2]

− 2 l3l
∗
0⟨Jf∥M̂J∥Ji⟩⟨Jf∥L̂J∥Ji⟩∗

}
. (2.3.33)

Equation (2.3.33) constitutes the central result of this chapter: a general expression for the
squared matrix element of any semileptonic multipole process. Resting on two assump-
tions alone : the existence of a local weak nuclear current operator, and the identification
of the initial and final nuclear states as eigenstates of angular momentum.
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Chapter 3

Nuclear Structure and Neutrino
Sources for CEνNS

This chapter presents the fundamental components necessary for describing CEνNS, with
a focus on axial contributions. The nuclear structure framework is introduced, including
the model for nucleon states and the decomposition of nuclear currents into irreducible
tensor operators in a harmonic oscillator basis. The principal neutrino production mech-
anisms relevant to CEνNS experiments, such as pion decay-at-rest sources and nuclear
reactors, are analyzed in terms of their impact on neutrino energy spectra and fluxes. The
chapter concludes by explicitly summarizing the introduction of the CEνNS process and
the presentation of the differential cross section as formulated by Hoferichter, Menéndez,
and Schwenk [28], highlighting their roles as the foundation for the subsequent results
and discussion.

3.1 Nuclear structure

3.1.1 Shell Model

The present analysis of nuclear structure employs the Nuclear Shell Model, proposed in
1949 by Mayer and Jensen [66], who explained the origin of the shell structure in nu-
clei and its connection with the so-called magic numbers; discontinuities observed in the
binding energy and stability limits of nuclei. This model provides a robust single-particle
description of nuclear states, essential for the evaluation of the nuclear form factors.

The nuclear interaction demonstrates isospin symmetry, indicating that the strong
force does not differentiate between protons and neutrons. As a result, nuclear forces
tend to favor configurations with equal numbers of protons and neutrons. However,
the repulsive Coulomb interaction necessitates an increasing neutron excess to preserve
nuclear stability. For two isotopes of even-Z elements, ZXN and Z+2X

′
N ′ , it is generally

expected that N ′ > N . Mayer and Jensen identified notable exceptions in which the
heaviest isotopes of even-Z elements possess the same neutron number despite an increase
in proton number Mayer and Jensen [66]:

Xenon and Barium : 136Xe , 138Ba (N = 82),

Krypton and Strontium : 86Kr , 88Sr (N = 50),

Calcium and Titanium : 48Ca , 50Ti (N = 28).

A similar situation is observed for the lightest isotopes that differ only by the addition
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of two protons. These include the lightest isotopes of:

Neodymium and Samarium : 142Nd, 144Sm (N = 82),

Zireonium and Molybdenum: 90Zr, 92Mo (N = 50).

The stability limits for both heavy and light isotopes display a pronounced increase at
N = 28, 50, 82 in the nuclear stability diagram. This observation indicates that these
neutron numbers are energetically exceptional, independent of the corresponding proton
number, and provides strong empirical evidence for the existence of shell closures.

The masses of lighter nuclei were sufficiently well established to enable a detailed study
of binding energy patterns, which revealed discontinuities at proton or neutron numbers
2, 8, 20, corresponding to the closed-shell nuclei 4

2He,
16
8 O, and 40

20Ca [66]. While the bind-
ing energy of the (N + 1)st neutron typically increases with atomic weight, a pronounced
decrease occurs at the magic numbers. This decrease indicates that the added nucleon is
less tightly bound, providing direct evidence that the previous shell is closed and a new
shell must be initiated.

Discontinuities in nuclear stability observed at specific neutron numbers, along with
similar discontinuities in binding energy in lighter elements, indicate significant energy
gaps between single-particle levels. This pattern implies that, once a neutron shell is filled,
any additional neutron must occupy a higher energy state. A nuclear shell is defined as
a group of energy levels separated from others by wide energy gaps [66]. Furthermore,
the independence of magic numbers from the proton count demonstrates that nucleons
within the nucleus retain a degree of individuality and can be approximated as particles
moving in a mean-field potential that represents the nuclear force.

In this model, each nucleon is considered to move within an average field of force V (r)
that exhibits spherical symmetry and does not depend on the instantaneous positions
of other nucleons. This central mean-field potential characterizes spherical nuclei. The
nuclear potential must generate substantial energy gaps to explain shell closures at the
magic numbers, subject to two conditions [66]

• V (r) represents the influence of the other nucleons, which are assumed to be uni-
formly distributed throughout the nuclear volume. The nucleon density at r=0 is
approximately equal to that at any other point within the nucleus. Because V (r)
is a spherically symmetrical potential, it must satisfy the following more restrictive
condition: (

dV

dr

)
r=0

= 0 . (3.1.1)

• The potential must go to zero rather abruptly at the nuclear surface that is when r
approaches the nuclear radius R.

Both conditions are satisfied by a potential of the form given above,

V (r) =

{
−V0

[
1−

(
r
R

)2 ]
for r < R ,

0 for r < R ,
(3.1.2)

which inside the nucleus reduces to the harmonic oscillator potential V (r) = −V0 +
1
2
mω2r2.
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Because the potential depends solely on r, the Schrödinger equation is separable, and
its solutions are given by (see Appendix K):

ψnlm = RnlYlm(Ω) . (3.1.3)

Discrete energy levels are determined by the following expression [67, 68]:

Enl =

(
2nr + l +

3

2

)
ℏω

=

(
N +

3

2

)
ℏω , (3.1.4)

Here, the eigenvalues and eigenfunctions depend on two quantum numbers: the radial
quantum number nr and the orbital quantum number l, where N denotes the energy
level. Consequently, the following relation holds:

l = N − 2nr .

Given nr = 0, 1, 2, 3..., the possible values of l are N,N − 2, N − 4, ..., 0 or 1 .

For the oscillator potential, degeneracy occurs because states with different values of
l can share the same principal quantum number N, resulting in identical energy levels.
For a fixed l, there are 2l + 1 possible states. Taking into account the two possible spin
projections ms = ±1/2 for nucleons, the total number of protons or neutrons with a given
value of N is:

NN =
∑
l

2(2l + 1) , (3.1.5)

where l runs over all values allowed by Eq. (3.1.1). Energy levels are denoted by (nr, l),
according to spectroscopic notation: s, p, d, f, g, h, . . . for l = 0, 1, 2, 3, 4, 5, . . .. The orbital
occupancies, computed with n̂ = nr + 1 according nuclear notation [64], are summarized
in Table 3.1.

N Energy Orbitals (n̂,l) NN

∑
N NN

0 3/2 1s 2 2
1 5/2 1p 6 8
2 7/2 1d, 2s 12 20
3 9/2 1f, 2p 20 40
4 11/2 1g, 2d, 3s 30 70

Table 3.1: Allowed values of the orbital angular momentum quantum number l for a given
principal quantum number N in the three-dimensional harmonic oscillator, defined by the rela-
tion N = 2nr + l, where nr is the radial quantum number and use the shell notation (n̂,l) with
n̂ = nr + 1. The table presents the corresponding orbitals (n̂, l), the degeneracy NN at each
shell, and the cumulative sum

∑
N NN [67].

A central potential modeled solely as a harmonic oscillator does not account for all
experimentally observed magic numbers. As indicated in Table 3.1, only those corre-
sponding to the first three shells are reproduced. To address this, Goeppert-Mayer and
Jensen introduced a spin-orbit potential of the form vLS(r) L · S [66, 64]. With this
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modification, the shell model describes the nucleon as follows [64]:

H(x)ϕα(x) = εαϕα(x) with H(x) =
p2

2m
+

1

2
mω2r2 + Vso(r) L · S . (3.1.6)

Here α denotes the complete set of quantum numbers characterizing the single-particle
state and ϕα(x) the corresponding eigenfunction. In the angular momentum coupling
formalism [63], two angular momenta L and S couple to a total J = L+S, yielding the
coupled basis |l s j m⟩. The spin-orbit operator is evaluated using L ·S = 1

2
(J2−L2−S2),

giving:

L · S |l, s, j,m⟩ = ℏ2

2
{j(j + 1)− l(l + 1)− s(s+ 1)} |l, s, j,m⟩ . (3.1.7)

In conclusion, the single-particle eigenstates of the shell model are elements of the
coupled basis of the harmonic oscillator, with nucleon spin s = 1

2
included. Each single-

particle state is characterized by the conserved quantum numbers (n, l, j,m) and takes
the form:

|ϕα⟩ ≡ |n
(
l
1

2

)
jm⟩ . (3.1.8)

The coordinate representation of the state vector is given by [64]:

⟨x | α⟩ = ϕα(x) = Rnαlα(r) [Ylαmlα
(Ω)χ 1

2
]jαmα , Ω = (θ, ϕ) , (3.1.9)

where Rnl(r) is the harmonic oscillator radial function and [Ylml
(Ω)χ 1

2
]jm is the tensor

product of the spherical harmonic and the nucleon spinor, coupling orbital and spin an-
gular momenta to definite j.

The addition of the spin-orbit term L · S to the shell model Hamiltonian breaks the
degeneracy of each orbital l, splitting it into two levels characterized by j = l + 1

2
and

j = l − 1
2
. The associated eigenvalues, as derived from Eq. (3.1.7), are [69]:

L · S |n, l, s, j,m⟩ = ℏ2

2

{
j(j + 1)− l(l + 1)− 3

4

} ∣∣∣∣n, l, 12 , j,m
〉

(3.1.10)

=

{
1
2
l for j = l + 1

2
,

−1
2
(l + 1) for j = l − 1

2
,

(3.1.11)

As the splitting increases with l, orbitals with large l exhibit significant energy gaps
between the two j states. This mechanism produces new shell closures that correspond
exactly to the empirically observed magic numbers, thereby defining the nuclear shell
structure. The resulting level scheme is shown in Figure 3.1.

3.1.2 Harmonic Oscillator single-particle matrix elements

Following the establishment of the nuclear shell model in the previous section, the single-
particle basis is employed to evaluate the matrix elements of the multipole operators
present in the semileptonic Hamiltonian Eq. (2.3.33). The harmonic oscillator basis is
especially suitable for this purpose, as it is widely utilized in many-body nuclear cal-
culations and enables the analytical determination of matrix elements in terms of finite
polynomials.
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Figure 3.1: Single-particle level ordering scheme for the nuclear shell model. The diagram
presents energy levels arising from the harmonic oscillator potential (left) and the inclusion of
a spin-orbit coupling term ℓ · s (center), as well as the resulting states labeled by single-particle
nℓj (right). The numbers on the far right indicate the cumulative nucleon occupation at each
shell closure, thereby illustrating the magic numbers [31, 67].

Multipole operators

A prescription for the nuclear weak current is required [70]. The matrix elements of
the current between nucleon states are considered, employing Lorentz invariance, parity
invariance, and isospin invariance. Representing the nucleon as a Dirac spinor enables
the general form of these matrix elements to be expressed [71]. The derivation of these
currents is provided in Appendix L:

⟨p′λ′; 1
2
m′
t|Jµ JMJ

|pλ; 1
2
mt⟩ = i ū(p′, λ′)

[
F

(J)
1 γµ + F

(J)
2 σµνq

ν
]
u(p, λ)×

〈
1
2
m′
t

∣∣I 1
JMJ

∣∣ 1
2
mt

〉
,

(3.1.12)

⟨p′λ′; 1
2
m′
t|J5

µ JMJ
|pλ; 1

2
mt⟩ = i ū(p′, λ′)

[
F

(J)
A γ5γµ − iF

(J)
P γ5qµ

]
u(p, λ)×

〈
1
2
m′
t

∣∣I 1
JMJ

∣∣ 1
2
mt

〉
.

(3.1.13)

Here, the plane-wave single-nucleon states are characterized by three-momentum p (p′),
helicities λ (λ′), and isospin quantum numbers.

In addition, we adopt the conserved vector current hypothesis, which implies the
absence of induced scalar (second-class vector) currents and we assume that there are
no induced tensor (second-class axial-vector) currents. The single-nucleon form factors
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F
(J)
X (q2), where J = 0, 1 and X = 1, 2, A, P (representing vector (Dirac), vector (Pauli),

axial, and pseudoscalar, respectively), are all functions of q2 [71]. The isospin depen-
dence in Eqs. (3.1.13) and (3.1.12) is incorporated through the isospin operator IMT

T [72].
Wigner-Eckart theorem in isospin space yields immediately [72]

⟨1
2
m′
t | I

MT
T | 1

2
mt⟩ = (−1)

1
2
−m′

t

(
1
2

T 1
2

−m′
t MT mt

)
⟨1
2
∥IT∥1

2
⟩ ,

with ⟨1
2
∥IT∥1

2
⟩ =

√
[T ] =

√
2T + 1 . (3.1.14)

The relevant q2 region is determined by the nuclear form factors, and within the
target, nucleons can be treated nonrelativistically. The nonrelativistic reduction yields
operators such as ∇ and σ [71]. By substituting the current expressions from Eqs. (3.1.13)
and (3.1.12) into the multipole operators defined in Eqs. (2.3.21), (2.3.22), (2.3.23),
and (2.3.24), the expressions for the multipole tensors are obtained (a detailed deriva-
tion is provided in Ref. [26]):

MJMJ ;TMT
(qx) = F

(T )
1 MMJ

J (qx) IMT
T , (3.1.15.a)

T elJMJ ;TMT
(qx) =

q

MN

[
F

(T )
1 ∆MJ

J (qx) +
1

2
µ(T )ΣMJ

J (qx)

]
IMT
T , (3.1.15.b)

iTmagJMJ ;TMT
(qx) = − q

MN

[
F

(T )
1 ∆MJ

J (qx)− 1

2
µ(T )Σ′MJ

J (qx)

]
IMT
T , (3.1.15.c)

iM5
JMJ ;TMT

(qx) =
q

MN

[
F

(T )
A ΩMJ

J (qx) +
1

2
q0F

(T )
P Σ′′MJ

J (qx)

]
IMT
T , (3.1.15.d)

−iL5
JMJ ;TMT

(qx) =

[
F

(T )
A − q2

2MN

F
(T )
P

]
Σ′′MJ
J (qx) IMT

T , (3.1.15.e)

−iT el5JMJ ;TMT
(qx) = F

(T )
A Σ′MJ

J (qx) IMT
T , (3.1.15.f)

Tmag5JMJ ;TMT
(qx) = F

(T )
A ΣMJ

J (qx) IMT
T , (3.1.15.g)

where MN is the nucleon mass and µ(1)(q2µ) = F
(1)
1 (q2µ) + 2MNF

(1)
2 (q2µ). These operators

are described in terms of the seven basic multipole operators:

ξ = 1, MMJ
J (qx), (3.1.16.a)

ξ = 2, ∆MJ
J (qx) ≡MMJ

J (qx)

(
1

q
∇
)
, (3.1.16.b)

ξ = 3, ∆′MJ
J (qx) ≡ −i

[
1

q
∇×MMJ

J (qx)

]
· 1
q
∇ (3.1.16.c)

= [J ]−1
[
−
√
J MMJ

J,J+1(qx) +
√
J + 1MMJ

J,J−1(qx)
]
· 1
q
∇, (3.1.16.d)

ξ = 4, ΣMJ
J (qx) ≡MMJ

J (qx) · σ, (3.1.16.e)

ξ = 5, Σ′MJ
J (qx) ≡ −i

[
1

q
∇×MMJ

J (qx)

]
· σ (3.1.16.f)

= [J ]−1
[
−
√
J MMJ

J,J+1(qx) +
√
J + 1MMJ

J,J−1(qx)
]
· σ, (3.1.16.g)
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ξ = 6, Σ′′MJ
J (qx) ≡

[
1

q
∇MMJ

J (qx)

]
· σ (3.1.16.h)

= [J ]−1
[√

J + 1MMJ
J,J+1(qx) +

√
J MMJ

J,J−1(qx)
]
· σ, (3.1.16.i)

ξ = 7, ΩMJ
J (qx) ≡MMJ

J (qx) σ ·
(
1

q
∇
)
, (3.1.16.j)

defined within the Walecka-Donelly method [27, 72, 71] as nuclear responses, in which
these operators are independent of the form factors and

MMJ
J (qx) = jJ(qx)Y

MJ
J (Ω) ,

MJ
M(qx) = jJ(qx)Y

M
JL1(Ω) . (3.1.17)

The Single-particle matrix elements

The shell-model single-particle basis |na(l 12)jama⟩ is employed within the harmonic oscil-
lator potential, as described in Eq. (3.1.9). By applying the Wigner-Eckart theorem
(Eq. (2.3.27)) and the angular momentum recoupling relations of Edmonds [63], the
reduced matrix elements are derived analytically. Explicit expressions are available in
Refs. [72, 71, 73]:

⟨n′l′j′||MJ(qx)||nlj⟩ =
1√
4π

(−)J+j+1/2[l′][l][j′][j][J ]

{
l′ j′ 1

2

j l J

}(
l′ J l
0 0 0

)
⟨n′l′j′|jJ(ρ)|nlj⟩ ,

(3.1.18.a)

⟨n′l′j′||MJL(qx) · σ||nlj⟩ =
√

3

2π
(−)l

′
[l′][l][j′][j][L][J ]


l′ l L
1
2

1
2

1
j′ j J


(
l′ L l
0 0 0

)
⟨n′l′j′|jL(ρ)|nlj⟩ , (3.1.18.b)

⟨n′l′j′||ML(qx) ·
1

q
∇||nlj⟩ = 1√

4π
(−)L+j+1/2[l′][j′][j][L][J ]

{
l′ j′ 1

2

j l J

}

×

{
− (l + 1)1/2[l + 1]

{
L 1 J
l l′ l + 1

}(
l′ L l + 1
0 0 0

)
⟨n′l′j′|jL(ρ)

(
d

dρ
− l

ρ

)
|nlj⟩

+ l1/2[l − 1]

{
L 1 J
l l′ l − 1

}(
l′ L l − 1
0 0 0

)
⟨n′l′j′|jL(ρ)

(
d

dρ
+
l + 1

ρ

)
|nlj⟩

}
,

(3.1.18.c)

⟨n′l′j′||MJ(qx)σ · 1
q
∇||nlj⟩ = 1√

4π
(−)l

′
[l′][j′][j][2j − l][J ]

{
l′ j′ 1

2

j 2j − l J

}(
l′ J 2j − l
0 0 0

)

×

{
− δj,l+1/2⟨n′l′j′|jJ(ρ)

(
d

dρ
− l

ρ

)
|nlj⟩+ δj,l−1/2⟨n′l′j′|jJ(ρ)

(
d

dρ
+
l + 1

ρ

)
|nlj⟩

}
.

(3.1.18.d)
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For multipole operators in Eq. (3.1.16) with ρ = qx, the angular components are deter-
mined using recoupling relations and the 3 − j and 6 − j symbols, while radial matrices
are defined by [72, 70]

⟨n′l′j′|θ(ρ)|nlj⟩ =
∫
x2dxR∗

n′l′j′(x) θ(ρ)Rnlj(x) . (3.1.19)

with θ(ρ) =



jJ(ρ) ,

jJ(ρ)

(
d

dρ
− l

ρ

)
,

jJ(ρ)

(
d

dρ
+
l + 1

ρ

)
.

The radial matrix elements in Eq. (3.1.19) are evaluated using harmonic oscillator wave
functions, the natural choice since the shell model is formulated within this potential and
the radial functions are known analytically (Appendix K). Following Refs. [26, 72, 71],
the radial solution is:

Rnl =

[
2ez

b3(n− 1)!Γ(n+ l + 1
2
)zl+1

] 1
2
dn−1

dzn−1

{
zn+l−

1
2 e−z

}
, (3.1.20)

where z = (x/b)2 and b is the oscillator length parameter. Substituting into the radial
integrals (Appendix M), the results take the form of exponential and hypergeometric
functions, reducing the single-particle matrix elements to the closed-form expression:

⟨n′l′j′|TJ(qx)|nlj⟩ =
1√
4π
y(J−K)/2e−yp(y) . (3.1.21)

3.2 Neutrino production

3.2.1 Neutrinos at the Spallation Neutron Source

The first mechanism under consideration is neutrino production via spallation. In physics,
spallation refers to a high-energy nuclear reaction in which a target nucleus, when im-
pacted by an energetic incident particle, emits multiple lighter particles and is transformed
into a residual nucleus of lower mass [74]. Spallation neutron sources generate neutrons
by accelerating protons with a high-powered accelerator and directing them onto a heavy
metal target, such as mercury or tungsten. This process leads to the emission of free
neutrons as a result of the impact [75].

The SNS at ORNL, specifically its First Target Station (FTS), is one of the most pow-
erful neutron sources in the world and provides, as a by-product, a high-flux stopped-pion
neutrino source [76]. At the FTS, H− ions are accelerated to 1 GeV by a superconducting
linac and stripped to protons via a diamond foil before accumulation in the Proton Accu-
mulator Ring. The resulting 1 GeV proton pulses, delivered at 60 Hz and 1.4 MW with
1016 POT/s, bombard a steel vessel containing 20 tons of liquid mercury; each high-energy
proton striking a mercury nucleus releases 20–30 spalled neutrons, which are guided into
beam tubes attached to the instrument stations [21, 75].

As a by-product of the spallation, charged and neutral pions are also produced. About
99% of π− are captured by nuclei, while π+ particles come to rest and subsequently decay.
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As shown in Figure 3.2, π+ decay via π+ → µ+ + νµ, resulting in mono-energetic muon
neutrinos at 30 MeV. The subsequent three-body muon decay, µ+ → e+ + ν̄µ + νe, pro-
duces a continuous spectrum of electron neutrinos and muon antineutrinos with energies
up to 52.6 MeV [21].

P Hg
∼ 1 GeV

fragments

fragments

π− capture
> 99%

π+

τπ ≈ 26 ns

µ+

τµ ≈ 22µs

νµ

e+

νe

ν̄µ

Figure 3.2: Decay chain for neutrino production at the SNS: a proton beam at ∼ 1 GeV
impacts a mercury (Hg) target, generating π+ and π− mesons, whose subsequent decay at rest
produces muons and neutrinos. [21].

The Proton Power Upgrade (PPU) will double the current accelerator power, increas-
ing the brightness of pulsed neutron beams and enabling the construction of a Second
Target Station (STS). Unlike the FTS, which employs a liquid mercury target in a steel
casing with a rectangular cross section of 39.9 × 10.4 cm2, the STS design assembles 21
tungsten wedges in a ring of 1.1 m diameter, together with an additional experimental
hall, substantially expanding the scientific reach of the SNS [76].

A comparable facility is the ESS, currently under construction in Lund, Sweden. As
at the SNS, neutrons at the ESS are produced by spallation, and the facility will soon pro-
vide the largest pulsed neutrino flux suitable for CEνNS detection. The ESS accelerator
delivers proton pulses at ∼ 2 GeV with an average beam power of 5 MW at 14 Hz, di-
rected onto a rotating tungsten target where spallation reactions occur [77, 25]. Notably,
the neutrino energy spectrum from spallation sources is largely independent of the proton
beam characteristics, making it essentially identical for both the SNS and the ESS.

3.2.2 Neutrinos from nuclear reactors

Nuclear reactors serve as significant sources of neutrinos. In 1956, a nuclear reactor pro-
vided the flux required for the first detection of neutrinos via the inverse beta decay
process ν− + p+ → β+ + n0 [78]. In this experiment, the intense antineutrino flux pro-
duced by fission-fragment decay was directed onto a detector containing a high density
of target protons within a hydrogenous liquid scintillator, enabling the identification of a
free neutrino signal.

A nuclear reactor operates through the process of nuclear fission, as illustrated in Fig-
ure 3.3. During fission, a neutron collides with a heavy atomic nucleus, which subsequently
captures the neutron, becomes unstable, and splits into two smaller nuclei referred to as
fission products. This reaction also emits additional neutrons, which can sustain a chain
reaction [79]. The fission process within the reactor ultimately generates antineutrino flux
via β decays, described by the following form:

A
ZX →A

Z+1 Y + e− + ν̄e . (3.2.1)
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This process occurs in the neutron-rich fission fragments of heavy nuclei, primarily ura-
nium and plutonium isotopes [80].

235
92 Un

n

n

n

90
35Br

90
36Kr 90

37Rb
90
38Sr

90
39Y

90
40Zr

β− β− β− β− β−

143
54 Xe 143

55 Cs 143
56 Ba 143

57 La 143
58 Ce 143

59 Pr 143
60 Nd

β− β− β− β− β− β−

Figure 3.3: Illustration of the nuclear fission of 235
92 U and the subsequent β− decay chains.

Electron antineutrinos are produced in these β− decays. [81]

In commercial nuclear reactors, the primary fission isotopes are 235U, 238U, 239Pu, and
241Pu. Although 238U constitutes approximately 99.3% of natural uranium and does not
fission with thermal neutrons, it can do so with fast neutrons; upon neutron absorption
it undergoes β− decay to produce the fissile isotope 239Pu, which in turn can breed 241Pu.
The fission of these isotopes generates neutron-rich fragments that are unstable, and the
difference in binding energy between the original heavy nucleus and the fission products
is released as approximately 200 MeV per event [81].

As a result, these nuclei undergo a series of β− decays before reaching stable iso-
topes [81]. Figure 3.3 illustrates these processes. Each β− decay is accompanied by the
emission of an electron and an electron antineutrino, as described by

n→ p+ e− + ν̄e. (3.2.2)

On average, each fission event produces approximately 6 ν̄e. Neutron capture by 238U
nuclei represents another significant source of antineutrino flux. This process occurs via
the following reaction: 238U + n →239 U →239 Np →239 Pu. The β decay of 239U results
in the production of two ν̄e [81, 80].

3.3 Coherent Elastic Neutrino–Nucleus Scattering

This investigation focuses on the process CEνNS, with particular emphasis on its axial
contribution, motivated by the emerging precision era. CEνNS was first predicted by
Freedman in 1974 [14]. The initial experimental observation occurred in 2017, when the
COHERENT collaboration detected CEνNS using CsI detectors at the SNS [16]. More
recently, in 2024, the CONUS+ experiment observed CEνNS with reactor neutrinos using
high-purity germanium (HPGe) detectors [82]. The detection challenge arises because the
only observable is a nuclear recoil in the few-keV range.

This process involves low-energy neutrinos scattering coherently from the entire nu-
cleus through Z0 exchange, resulting in ground-state-to-ground-state transitions. The
coherence condition, qRA ≲ 1, where q2 = 2mNEnr and RA denotes the nuclear radius,
is typically satisfied for reactor, solar, supernova, and artificial neutrino sources, as their
momentum transfers remain well below the inverse nuclear size.
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3.3.1 Diferential Cross section for CEνNS

The neutrino-nucleus cross section is calculated in the regime of low momentum trans-
fer, where the interaction reduces to an effective four-fermion coupling, as derived in
Section 2.3.1. This approximation is valid because the incident neutrino energies are
significantly below the Z boson mass. The analysis proceeds by transitioning from the
quark level to the nuclear level, utilizing multipole analysis and nuclear form factors to
characterize the nucleon distribution within the nucleus.

q

νℓ

q

νℓ

⇒

A;Z

νℓ

A;Z

νℓ

The initial stage involves the quark-neutrino interaction within the SM framework.
Based on the results presented in Section (2.2.5), the effective Lagrangian describing
neutrino–quark interactions is derived from Eqs. (2.2.35) and (2.2.39) as follows:

Leff
nq =

GF√
2

∑
q=u,d
α=e,µ,τ

[ ν̄α γ
µ(gνV − gνA γ5)να ][ q̄ γµ(g

q
V − gqA γ5)q ] . (3.3.1)

In this context gV,A denote the Standard Model (SM) vector and axial-vector couplings,
which take the following values:

gνV =
1

2
, gνA =

1

2
,

gu,c,tV =
1

2
− 4

3
sin2 θW , gu,c,tA =

1

2
,

gd,s,bV = −1

2
+

2

3
sin2 θW , gd,s,bA = −1

2
.

(3.3.2)

These couplings describe the interactions between quarks and the Z boson and depend
on the weak mixing angle, which has a value of sin2 θW (q = 0) = 0.23857 [83].

At the nucleon level, electroweak processes are generally modeled as one-body pro-
cesses, with additional corrections included as necessary. In this framework, nuclear cur-
rent operators are represented as the sum of the currents of the constituent nucleons [31].
The most general structure of the matrix element of the current for a free nucleon is
provided in Eqs. (3.1.12) and (3.1.13), as described in [31, 28]:

⟨p′σ′ρ′|Jµ|pσρ⟩ = ū(p′, σ′)η†ρ′ [Jµ − Jµ5] ηρu(p, σ) . (3.3.3)

The matrix elements for Jµ and for Jµ5 are, respectively [28],

⟨N(p′)|q̄γµq|N(p)⟩ = ū(p′)η†ρ′

[
F q,N
1 (t)γµ − F q,N

2 (t)
iσµνq

ν

2mN

]
ηρu(p) , (3.3.4)

⟨N(p′)|q̄γµγ5q|N(p)⟩ = ū(p′)η†ρ′

[
γµγ5G

q,N
A (t)− γ5

qµ
2mN

Gq,N
P (t)

]
ηρu(p) . (3.3.5)
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Here ū, u are Dirac spinors, ηp, ηn Pauli isospinors, q = p−p′ the four-momentum transfer,
and F1(q

2), F2(q
2) form factors encoding the nucleon distribution within the composite

nucleus.

To construct the nuclear current density operator, we use the following expression in
second quantization [31]:

Ĵµ =
∑
p′σ′ρ′

∑
pσρ

c†p′σ′ρ′⟨p
′σ′ρ′|Jµ|pσρ⟩cpσρ (3.3.6)

with

⟨p′σ′ρ′|Jµ(x)|pσρ⟩ =
∫
d3y ϕ∗

p′σ′ρ′(y)
{
Jµ(y) δ

(3)(x− y)
}
ϕpσρ(y) , (3.3.7)

where the nuclei current is defined as the sum of the currents of the constituent nucleons.
The set {pσρ} denotes a complete basis of momentum, spin, and isospin quantum num-
bers for each nucleon. The operators c and c† correspond to the annihilation and creation
operators of nucleons in the nuclear Hilbert space.

This approach establishes the final connection with nuclear physics by employing
second-quantized transitions for multipole operators within the nuclear many-particle
space:

T̂JM =
∑
αβ

c†α⟨α|TJM |β⟩cβ . (3.3.8)

Here, TJM denotes any of the operators in Eqs. (3.1.15), which are constructed from single-
nucleon currents. The matrix elements of these operators, evaluated between nuclear
many-body states labeled |Ji MJi;Ti MT i⟩, can be expressed in terms of the one-body
density matrix [72, 70, 31]:

⟨Jf ;Tf ||T̂J,T ||Ji;Ti⟩ =
∑
|α|,|β|

ψf,iJT (α, β)⟨α; 12 ||TJ,T ||β;
1
2
⟩ . (3.3.9)

In this expression, |Jf , Tf⟩ and |Ji, Ti⟩ denote the angular momentum and isospin of the
operator, as well as those of the final and initial nuclear states, respectively. The state
|α⟩ = {nα(lα 1

2
)jα} specifies the set of single-nucleon quantum numbers.

The matrix elements are evaluated by assuming a specific model for the initial and
final nuclear states. In this analysis, shell model wave functions are employed, utilizing
the formalism presented in Section 3.1.2. Within the Donnelly-Walecka multipole de-
composition framework, the relevant nuclear matrix element for the dominant coherent
channel is determined by the Coulomb operator M0 [84]:

|⟨gs||M̂0||gs⟩|2 = [gpVZFZ(q
2) + gnVNFN(q

2)]2 . (3.3.10)

The vector couplings of protons (gpV ) and neutrons (gnV ) are normalized according to their
valence-quark content, leading to the following relations [12]:

gnV = guV + 2gdV = −1

2
, gpV = 2guV + gdV =

1

2
− 2 sin2 θW . (3.3.11)
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FZ(N) represent the corresponding nuclear form factors. These form factors are functions
of the transferred four-momentum q2, which is primarily determined by the energy of the
incident neutrino.

The momentum transfer determines the spatial resolution of the interaction and the
extent to which the neutrino probes nuclear structure. For very small momentum transfer,
q2 → 0, the wavelength associated with the probe exceeds the nuclear size, preventing
resolution of the internal nucleon distribution. In this regime, the vector form factors
approach unity, F n,p

V (q2 → 0) = 1, and the nuclear weak form factor is normalized to the
coherent sum of the individual nucleon vector couplings [12]

FW(q2 → 0) = gnVN + gpVZ = QW . (3.3.12)

Here N and Z are the neutron and proton numbers, QW is the nuclear weak charge quan-
tifying the Z boson coupling strength, and the limit corresponds to the fully coherent
regime where all nucleon contributions add constructively.

For nuclei with odd mass number and ground-state-to-ground-state transitions, axial-
vector couplings are present, giving rise to contributions from transverse multipole op-
erators. These nuclear responses are derived from the hadronic matrix elements, which
are determined by the action of the multipole operators at the single-nucleon level. The
nuclear structure factors then encode the many-body nuclear matrix elements of these
single-nucleon currents, as described in Eq. (3.3.9). Within this framework and following
Ref. [28], the axial contribution can be expressed as a combination of proton and neutron
responses, as encoded in the Eq. (3.1.21).

After accounting for the kinematic development of the traces, the differential cross
section, which includes the axial vector contribution, is expressed as the sum of the
standard coherent term and the pure axial term[28, 85]:

dσ

dEr
=
G2
FmN

4π

(
1− mNEr

2E2
ν

− Er
Eν

)
Q2

W|FW(q2)|2

+
G2
FmN

4π

(
1 +

mNEr
2E2

ν

− Er
Eν

)
FA(q

2) . (3.3.13)

here GF = 1.1663787 × 10−5GeV−2 denotes the Fermi constant [83], mN represents the
nuclear mass, Er is the nuclear recoil energy, Eν is the energy of the incoming neutrino,
and QW is the vector charge. FW denotes the weak form factor, while FA represents the
axial form factor.
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Chapter 4

Results and Discussion

With the theoretical framework for CEνNS established in the preceding chapters, this
section presents the results and analysis of key observables: the differential cross section,
nuclear form factors and predicted event rates for a specified detector configuration.

The isotopes studied are selected on two grounds: their connection to active CEνNS
experiments and nuclear spin properties. Targets with non-zero ground-state spin are
of particular interest because they enable investigation of the axial-vector contribution,
which is nuclear-spin dependent. The COHERENT collaboration employs CsI and Ge
targets at the SNS and has recently expanded its program to include reactor neutrinos
with germanium detectors. Additionally, xenon targets have been employed by dark mat-
ter detection experiments to measure CEνNS.

Furthermore, 19F is examined as a representative light nucleus with non-zero ground-
state spin (Jπ = 1/2+). Its small atomic mass makes it especially sensitive to the axial-
vector contribution. Studying 19F provides a complementary case to the heavier targets
discussed above and allows assessment of how nuclear structure effects evolve across the
mass table. This comparison is relevant for evaluating the dependence of the CEνNS
cross section on nuclear spin and size.

4.1 Form Factors

The Standard Model CEνNS cross section is governed by the nuclear response, which
is encoded in the proton and neutron form factors. These quantities carry information
about the internal nuclear structure and, in general, differ between protons and neu-
trons [12]. Nevertheless, in most practical treatments, they are taken to be equal, thereby
reducing the nuclear form factor to a single global factor multiplying the cross section [86].

The form factors are introduced to account for the spatial distribution of nucleons
within the nucleus and are defined as the Fourier transform of the nucleon density distri-
bution [86, 87],

F (q2) =

∫
eiq·rρ(r)d3r , (4.1.1)

here q denotes the momentum transfer in the scattering process, and ρ represents the
probability density of the charge distribution [87]. This function is normalized such that∫
ρ(r)d3r = 1 [88]. The form factor quantifies deviations from point-like nuclear behav-

ior and suppresses the cross section as coherence diminishes with increasing momentum
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transfer.

4.1.1 Coherent Form factor

In CEνNS, the axial contribution is nuclear spin-dependent, whereas the vector contri-
bution is the dominant, coherent component. This coherent contribution is characterized
by the weak form factor FW. In principle, FW can be constructed a priori using chi-
ral effective field theory and nuclear many-body theoretical frameworks. However, these
approaches introduce intrinsic theoretical uncertainties. Consequently, phenomenological
parametrizations are generally preferred, as the associated theoretical uncertainty can be
incorporated into the systematic uncertainty during statistical analysis [89].

This analysis uses a phenomenological form factor based on the Helm parametriza-
tion [88], with parameters set by experimental data and their uncertainties [86, 90]. In
this model, the nuclear density is a uniform sphere of radius R0 convolved with a Gaus-
sian smearing kernel fG of width s, to account for the finite diffuseness of the nuclear
surface [11, 86]. The Helm density is [86]

ρH(r) =
3

4πR3
0

∫
fG(r − r′)Θ(R0 − |r′|) d3r′ , (4.1.2)

where Θ(x) is the Heaviside step function enforcing the sharp boundary, and the Gaussian
distribution

fG(x) =
e−x

2/2s2

(2π)3/2s3
(4.1.3)

acts as a smoothing kernel that replaces the hard edge with a realistic, continuously falling
surface profile. The skin depth s controls how quickly the density drops from its bulk
value to zero at the nuclear periphery.

The corresponding form factor, obtained as the Fourier transform of ρH, takes the
compact analytical form

FH(q
2) = 3

j1(qR0)

qR0

e−q
2s2/2 , (4.1.4)

where j1(x) = sin(x)/x2 − cos(x)/x is the first-order spherical Bessel function, and the
parameter R0 is related to the mean nuclear radius R = 1.2A1/3 fm and the surface thick-
ness s = 0.5 fm via R0 =

√
R2 − 5s2 [11].

The form factor in Eq. (4.1.4) can be expressed as the product of two physically
distinct contributions. The Bessel term encodes the diffraction pattern resulting from the
finite nuclear volume, which leads to the characteristic oscillatory structure and zeros at
large momentum transfer. In contrast, the exponential factor e−q

2s2/2 introduces an overall
damping that increases with s, indicating the suppression of high-q components due to the
diffuse nuclear surface [86, 90]. Within the framework of coherent elastic neutrino–nucleus
scattering, FH(q

2) determines the loss of coherence as q increases, thereby providing a
quantitative relationship between measured cross sections and the spatial extent of the
neutron distribution [11]..
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4.1.2 Nuclear responses for axial contribution: Spin-dependent
structure factors

In contrast to the vector contribution, the axial scattering rate has an intrinsic depen-
dence on the nuclear spin and is therefore sensitive to nuclear structure. As a result, the
axial form factor is governed by the nuclear response to an external axial-vector current
and is significantly suppressed. Accurate determination of the axial form factor requires
ab− initio calculations that evaluate the relevant multipole matrix elements between nu-
clear states within a specified nuclear model.

The present analysis adopts the approach outlined in Ref. [28], which introduces a
function for nuclear structure results for CEνNS based on nuclear shell model calcula-
tions. The methodology employs harmonic-oscillator single-particle matrix elements, as
established in studies of nuclear structure factors relevant to direct dark matter detec-
tion. This framework enables analytical evaluation of the multipole operators and provides
closed-form expressions for the nuclear response functions.

The full multipole expansion of the scattering amplitude, as presented in Eq. (2.3.33),
includes contributions from the longitudinal (L), Coulomb (M), transverse electric (T el),
and transverse magnetic (T mag) multipoles. Each term is weighted by the correspond-
ing leptonic coefficients l3l

∗
3, l0l

∗
0, and lλl

∗
λ. Analysis of the leptonic trace demonstrates

that the longitudinal and Coulomb components are strongly suppressed in the kinematic
regime Er ≪ mN relevant for CEνNS [28].

While the transverse magnetic multipoles vanish in elastic scattering as a result of
time-reversal invariance [91]. Therefore, only the transverse electric multipoles T el

L con-
tribute with non-vanishing and kinematically unsuppressed terms, since they are even
under time reversal and remain finite in the T → 0 limit. These operators are directly
associated with the transverse spin current of nucleons, and their nuclear matrix elements
determine the spin-dependent structure factors when an appropriate parametrization is
applied.

The parametrization of this multipole matrix element corresponds to the nuclear re-
sponse FΣ′

± , where Σ′ represents one of the seven fundamental operators associated with
transverse electric multipoles (see Eq. (3.1.15)). This function arises as a proton or neu-
tron combination, denoted FΣ′

p,n [28]

FΣ′
L

± (q2) = FΣ′
L

p (q2)±FΣ′
L

n (q2) . (4.1.5)

The nuclear responses are parametrized through fit functions obtained from shell-model
calculations performed in a harmonic oscillator single-particle basis [70].

As shown in Section 3.1.2, the evaluation of the corresponding radial integrals in
the harmonic oscillator single-particle basis leads to a factorized structure. Specifically,
this structure (present in the Eq. (3.1.21)) consists of a Gaussian term, multiplied by a
polynomial in the dimensionless variable u = q2b2/2, where b is the oscillator length. This
results in the compact expression

F(u) = e−u/2
∑
i

ciu
i , (4.1.6)
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the coefficients ci represent the nuclear configuration information provided by the shell-
model calculation.

The axial form factor, which includes contributions from all nucleons, consists of three

components: the isoscalar term (FΣ′
L

+ , p + n), the isovector term (FΣ′
L

− , p - n), and
interference terms [90]. This formulation follows the approaches outlined in Refs. [28, 91].

FA =
8π

2J + 1

[
(gsA)

2ST
00 − gAg

s
AST

01 + g2AST
11

]
. (4.1.7)

Here, J denotes the total angular momentum of the nucleus in its ground state. The pa-
rameter gsA represents the contribution of strange quarks to the spin structure, while gA is
the axial vector coupling of the nucleon and ST

ij are transverse spin-dependent structure
factors.

The explicit expressions are given by:

ST
00 =

∑
L

[
FΣ′

L
+ (q2)

]2
, (4.1.8.a)

ST
11 =

∑
L

[(
1 + δ′(q2)

)
FΣ′

L
− (q2)

]2
, (4.1.8.b)

ST
01 =

∑
L

2
[
1 + δ′(q2)

]
|FΣ′

L
+ (q2)||FΣ′

L
− (q2)| . (4.1.8.c)

In this expression, the sum extends over the contributing multipoles L. The term δ′(q2) de-
notes corrections beyond the leading spin-dependent coupling to the transverse response.
The explicit form of this correction is provided in Refs. [28, 91].

This expression is employed to analyze the behavior of spin-dependent structure func-
tions for selected isotopes, prioritizing those with the highest natural abundance and
non-zero nuclear spin. The principal results presented here neglect quantum corrections.
Within this approximation, the structure functions preserve the essential nuclear physics
encoded, which are sufficient to capture the dominant features of the spin-dependent re-
sponse at low momentum transfer. The justification for this omission, along with related
analyses, is provided in Section 4.1.3.

Results for nuclear responses: Spin-dependent structure factors.

In studies of CEνNS, the COHERENT program is expected to incorporate various de-
tector materials and detection technologies, all designed to measure low-energy nuclear
recoils. These include the CsI[Na] scintillating crystal, which enabled the first observation
of CEνNS, as well as an array of NaI crystals for charged-current measurements. In these
configurations, measurements of nuclear recoil allow for the collection of both vector and
axial current events, since both isotopes are odd-A, meaning they contain an unpaired
nucleon and possess non-zero spin.

Furthermore, ESS is anticipated to achieve an order-of-magnitude increase in neu-
trino flux, thereby enabling precision studies of CEνNS. Advanced detector technolo-
gies, including those based on CsI, Xe, Ge, Ar, and C3F8, have been developed for this
purpose [25]. In this context, only stable isotopes with non-zero spin ground states,
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specifically 73Ge, 129Xe, 131Xe, and 19F, are capable of generating axial current events.
The relevant isotopes, along with their natural abundances and ground-state spins, are
summarized in Table. 4.1.

Isotope Abundance (%) Spin J
133Cs 100 7

2

131Xe 21.2 3
2

129Xe 26.4 1
2

127I 100 5
2

73Ge 7.8 9
2

23Na 100 3
2

19F 100 1
2

Table 4.1: Isotopes relevant for CEνNS that possess non-zero nuclear ground-state spin (J ̸=
0), along with their natural abundances [92], are of particular interest. Only isotopes with J ̸= 0
contribute to the spin-dependent (axial) response, which is essential for investigating the axial-
vector sector of the weak interaction.

To fully characterize the spin-dependent observables of the process, the transverse SD
structure factors ST

ij (q
2) are evaluated from Eq. (4.1.8) for the isotopes of interest listed in

Table 4.1, and are shown as a function of momentum transfer in Fig. 4.1. The structure
factors exhibit the typical behavior of nuclear form factors: as the momentum trans-
fer q increases, the nuclear response loses coherence because the probe begins to resolve
the internal structure of the nucleus, leading to a progressive suppression of ST

ij at large q.

A key distinction from the coherent weak form factor, which is normalized to unity at
q2 = 0 [84, 12], is that the SD structure factors are normalized through the proton and
neutron spin expectation values ⟨Sp⟩ and ⟨Sn⟩ [28]

FΣ′

N (0) =

√
2

3

√
(2J + 1)(J + 1)

4πJ
⟨SN⟩ . (4.1.9)

This normalization depends on the total spin of the nucleus J and the spin of the unpaired
nucleon, which is why the values of ST

ij at q
2 = 0 differ between isotopes and are generally

small.

For 133Cs, 127I, 23Na, and 19F, the nuclear spin is primarily determined by an unpaired
proton. In contrast, for 129Xe, 131Xe, and 73Ge, the dominant contribution arises from an
unpaired neutron. This distinction facilitates direct interpretation of the structure factors
in terms of the spin expectation values ⟨Sp⟩ and ⟨Sn⟩, which are shown in Table 4.2.

These results provide a consistent explanation for the behavior of the structure fac-
tors in the limit q → 0. Comparing panels (a) and (b), clear differences emerge that can
be traced back to both the nucleon spin content and the normalization factor, which is
explicitly dependent on the total nuclear spin J . In particular, xenon isotopes exhibit
significantly smaller values, indicating reduced effective spin contributions within their
nuclear structure. In panel (c), the structure factor for 23Na is suppressed relative to 19F
and 73Ge, consistent with its lower value of ⟨Sp⟩. Although 19F and 73Ge possess similar
spin expectation values, the response of germanium is enhanced due to the normalization
factor’s dependence on J , which increases its contribution.
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(a) 133Cs and 127I (b) 129Xe and 131Xe

(c) 23Na, 73Ge, 19F

Figure 4.1: Transverse spin-dependent (SD) structure factors ST
ij (q

2) (i, j = 0, 1) as a function
of the momentum transfer q, computed within the nuclear shell model. Components shown are
the isoscalar ST

00 (solid), isovector ST
11 (dashed), and interference term ST

01 (dotted). Panel (a):
133Cs (red) and 127I (blue). Panel (b): 129Xe (blue) and 131Xe. Panel (c): 23Na (blue), 73Ge
(red), and 19F (green).

Collectively, these results demonstrate that the normalization of the structure factors
depends in a non-trivial manner on both the total nuclear spin and the spin expectation
value of the unpaired nucleon. This combined dependence determines which nuclei ex-
hibit a more pronounced axial response. Within this framework, isotopes such as 133Cs
and 127I are suitable candidates, while 19F and 73Ge are particularly favorable due to
their relatively large structure factor values, making them especially sensitive probes for
extracting axial information.

The oscillatory behavior observed as a function of q originates mathematically from
the spherical Bessel functions jL(qr) [93], which are encoded in the functions FΣ′

as ex-
pressed in Eqs. (4.1.8). At specific values of q, these functions exhibit minima that depend
on the nuclear radius, following qmin = xmin

RA
, where xmin denotes the first minimum of the

Bessel function and RA = 1.2A1/3 fm. Thus, the position of a pronounced minimum is
determined by the size of the nucleus [84].
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Isotope 19F 23Na 73Ge 127I 129Xe 131Xe 133Cs

⟨Sp⟩ 0.478 0.224 0.032 0.346 0.010 -0.009 -0.343

⟨Sn⟩ -0.002 0.024 0.439 0.031 0.329 -0.272 0.001

Table 4.2: Shell-model proton (⟨Sp⟩) and neutron (⟨Sn⟩) spin expectation values for the odd-
mass isotopes analyzed in this study. The explicit values are taken from Hoferichter, Menéndez,
and Schwenk [28]. These parameters characterize the dominant nuclear spin contribution and
determine the overall magnitude of the spin-dependent structure factors in the low-momentum-
transfer limit.

Physically, as q increases, the probe’s de Broglie wavelength approaches the nuclear
size, thereby satisfying the coherence condition. As a result, the contributions from nu-
cleons within the nucleus acquire different phases, leading to destructive interference in
the nuclear response. Heavier nuclei, therefore, exhibit peaks at lower values of q, as
demonstrated by the comparison of the three panels in Fig. 4.1. Beyond this mass depen-
dence, the nuclear spin plays an equally important role in shaping the structure factors,
as discussed below.

The influence of nuclear spin is most clearly demonstrated by comparing isotopes of
similar mass but different spin. Fig. 4.1b presents 129Xe and 131Xe, which have nearly
identical masses but differ in nuclear spin: J = 1/2 for 129Xe and J = 3/2 for 131Xe (see
Table 4.1). The higher spin of 131Xe permits contributions from higher-order multipoles
(L = 1, 3 rather than L = 1 alone), resulting in stronger destructive interference at spe-
cific values of q [28]. This effect is evident in the figure: the 131Xe curves display a more
pronounced minimum around q ∼ 100–110 MeV, whereas the 129Xe curves decrease more
smoothly. An analogous behavior is observed in Fig. 4.1a, where 133Cs and 127I, despite
having comparable masses, exhibit markedly different structure factors due to their dis-
tinct nuclear spins.

Figure 4.1c demonstrates the combined effect of varying both mass and spin by com-
paring three nuclei across a broad range of these parameters. At one extreme, 19F has
spin J = 1/2 and a small nuclear radius (R = 2.8976 fm [28]); its first minimum is shifted
to q > 200 MeV, beyond the displayed range, resulting in a monotonically decreasing
structure factor.

At the other extreme, 73Ge is significantly heavier and has a high spin of J = 9/2. Its
greater mass brings the first minimum within the shown range, while the high spin allows
contributions from multiple multipoles (L = 1, 3, 5, 7, 9), producing the non-monotonic
behavior visible in the figure. 23Na represents an intermediate case: its moderate mass
and spin J = 3/2 place it between these two extremes, exhibiting mild suppression at
intermediate momentum transfers. These three examples collectively demonstrate that
the interplay between nuclear mass and spin determines both the position and the shape
of the minima in the spin-dependent structure factors.

At a fundamental level, the behavior of spin-dependent structure factors arises from
their origin in the axial current. Unlike the coherent response, which is dominated by the
charge operator and sums constructively over all nucleons, the factors ST

ij (q
2) are deter-

mined by operators proportional to the nucleon spin, σi. Consequently, their magnitude
depends on the spin structure of the nuclear ground state rather than the total nucleon
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number.

Then as demonstrated in Ref. [28], the structure factors are constructed from combi-
nations of the proton and neutron axial form factors

Sp = ST
p

=
∑
L

[
2FΣ′

L
p (q2) + δ(q2)

(
FΣ′

L
p (q2)−FΣ′

L
n (q2)

)]2
, (4.1.10)

Sn = ST
n

=
∑
L

[
2FΣ′

L
n (q2)− δ(q2)

(
FΣ′

L
p (q2)−FΣ′

L
n (q2)

)]2
(4.1.11)

This explicit construction demonstrates that the structure factors result from combina-
tions of the proton and neutron axial form factors.

Consequently, for a given nucleus, the isovector and isoscalar response shapes are sim-
ilar, as both are primarily governed by Sp(q

2) in nuclei with an unpaired proton or by
Sn(q

2) in nuclei with an odd number of neutrons. This observation further supports the
conclusion that spin-dependent structure factors are determined by the distribution and
correlations of nucleon spin within the nucleus [28].

4.1.3 Axial Current Corrections in CEνNS

At leading order, the axial current is represented by a one-body (1b) operator. In this
framework, each nucleon is considered independently, and the neutrino interacts with a
single nucleon at a time. This approach establishes the baseline for describing the axial
response in nuclei (Results Section 4.1.2). Nevertheless, beyond this leading contribution,
additional corrections arise from the nuclei’s internal structure.

Specifically, the finite spatial extent of the axial charge distribution is characterized by
the axial root-mean-square (rms) radius. Under the assumption of spherical symmetry,
the axial form factor is expanded at low momentum transfer as follows [94, 95]

FA(Q
2) = FA(0)−

⟨r2A⟩
3!

q2 +
⟨r4A⟩
5!

q4 + · · · , (4.1.12)

where ⟨r2⟩A denotes the spatial distribution of the axial charge within the nucleon. This
correction results in a moderate suppression of the axial response as the momentum trans-
fer increases.

Chiral EFT provides a more fundamental and systematic basis for nuclear forces and
electroweak currents [96]. Within this framework, nucleon-nucleon interactions are me-
diated by pion and meson exchanges [97]. These processes give rise to two-body (2b)
currents, which contribute alongside standard one-body operators.

At leading order, the axial one-body (1b) current is governed by the coupling gA, while
the leading axial 2b-body contributions are characterized by the low-energy constants c3,
c4, and cD [96]. For the processes considered here, the dominant weak 2b-body currents
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have only a spatial axial component [28]. The explicit form of these currents is given
below:

J2b =
A∑
i<j

J3
ij , (4.1.13)

where J3
ij denotes the axial 2b-body current operator (see Refs. [28, 96] for explicit ex-

pressions).

To incorporate these contributions into nuclear structure calculations, it is necessary
to account for the normal-ordered one-body component of chiral two-body currents. This
component is obtained by summing the second nucleon j over occupied states within a
spin- and isospin-symmetric reference state, assumed here to be a Fermi gas [96]:

Jeff
i, 2b =

∑
j

(1− Pij) J
(3)
ij . (4.1.14)

The exchange operator Pij includes all 2b-body exchange contributions. Consequently,
axial-vector two-body currents are transformed into effective one-body currents [28]. In
the case where the total momentum P = 0, the 2b-body current contribution to the axial
component can be expressed as:

Jeff
i,2b(ρ, q) = gAσi

τ 3i
2
δa(q

2) , (4.1.15)

with

δa(q2) =− ρ

F 2
π

[
c4
3
(3Iσ2 (ρ, |q|)− Iσ1 (ρ, |q|))−

1

3

(
c3 −

1

4mN

)
Iσ1 (ρ, |q|)

− c6
12
Ic6(ρ, |q|)−

cD
4gAΛχ

]
. (4.1.16)

These contributions depend on the density of the reference state, ρ = 2k3F/3π
2, where

kF denotes the Fermi momentum, as well as on the low-energy couplings c3, c4, and cD.
The functions Iσ1 (ρ, |q|), Iσ2 (ρ, |q|), IP (ρ, |q|), and Ic6(ρ, |q|) are defined by integrals aris-
ing from the summation over occupied states in the exchange terms. The low-energy
coupling constants have been determined from experimental data [91].

By incorporating both nucleon finite-size effects and two-body contributions, the total
correction to the axial current is given by

δ′(q2) = −q
2⟨r2A⟩
6

+ δa(q2) . (4.1.17)

These corrections have a clear physical interpretation. The finite axial radius introduces
a suppression of the form factor at increasing momentum transfer, while the 2b-body
currents generate an additional term of the axial coupling due to nucleon–nucleon corre-
lations.

Fig. 4.2 presents the spin-dependent structure functions for a representative set of iso-
topes chosen to probe contrasting regimes of nuclear mass and total spin. This selection
allows for a direct comparative analysis of how each correction affects the axial response
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(a) 133Cs (b) 23Na

Figure 4.2: Structure factors ST (q2) including quantum corrections for two representative
nuclei: (a) the heavy, large-spin nucleus 133Cs, and (b) the lighter, small-spin nucleus 23Na.
Solid lines denote the uncorrected (one-body) results, while shaded bands represent the inclusion
of two-body current contributions and radius corrections.

across different nuclear configurations. As a general trend, both the finite axial radius
and the two-body currents reduce the overall magnitude of the structure functions, with
the suppression becoming more pronounced at higher momentum transfer where the form
factor effects are most significant.

Quantum corrections influence only ST
11 and ST

01, whereas S
T
00 remains unaffected by

2b-body currents. This selectivity results from the isovector character of the axial 2b-body
currents. These currents, mediated by pion exchange with isospin T = 1, depend on the
isospin operator τ 3 and thus contribute exclusively to structure functions with isovector
character. In contrast, the isoscalar component ST

00 only receives corrections through the
axial radius term. This term becomes relevant at higher q2.

At low momentum transfer, the width of the uncertainty band in ST
11 and ST

01 is pri-
marily determined by the uncertainty in the low-energy coupling cD ∈ [−6.08,+0.30] [28].
This coupling appears as a constant term cD/(4gAΛχ) in δa(q

2). More negative cD values
further suppress the structure functions, which broadens the band toward lower values.
At higher momentum transfer, the dominant uncertainty arises from c3 and c4 through
the loop functions Iσ1,2(ρ, |q|). The axial radius term adds momentum dependence, further
amplifying this uncertainty and increasing sensitivity to q in this regime.

Although momentum-dependent axial corrections are available, these corrections are
not incorporated into the CEνNS calculations presented in this study. Two-body currents
and the finite axial radius act to reduce the axial response; however, their influence on
CEνNS observables remains minor. This is primarily due to the dominance of the coherent
vector contribution dominates and current experimental limitations [98]. As a result, these
effects are expected to be less significant than the experimental uncertainties associated
with extracting the axial-current contribution itself [89]. This assumption is particularly
justified for initial measurements that focus on the axial component in CEνNS.
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4.2 Cross Sections and Event Rates

4.2.1 Cross Section for different isotopes

Following the determination of the coherent and axial form factors, the total ν-nucleus
cross sections are computed using numerical integration of Eq. (3.3.13). The results,
shown in Fig. 4.3, present the Standard Model cross section in cm2 as a function of recoil
energy Er in keV for several relevant target nuclei. The cross section is separated into
coherent (vector) and spin-dependent (axial-vector) contributions.

(a) 133Cs ,127 I and 131Xe (b) 23Na, 19F and 73Ge

Figure 4.3: Total CEνNS cross sections in the Standard Model dictated by Ref. [28], are shown
as a function of nuclear recoil energy Er for selected target nuclei. Solid lines represent the
coherent (vector) contribution σC , while dashed lines indicate the spin-dependent (axial-vector)
contribution σA, which is suppressed due to its sensitivity only to the spin of the unpaired
nucleon. The left panel presents results for heavy nuclei: 133Cs, 127I, and 131Xe. The right panel
displays results for light nuclei: 23Na, 19F, and 73Ge.

The behavior of the vector current is governed by N2. As shown in Q2
W (Eq. (3.3.12)),

the value sin2 θW ≃ 0.231 is approximately 1/4. As a result, the proton contribution,
which is proportional to Z, is significantly suppressed compared to the neutron contri-
bution. Electroweak theory thus predicts that the cross section scales as dσ

dT
∝ N2. This

scaling characterizes the fully coherent regime, where contributions from all nucleons
add constructively. However, this coherent enhancement is modulated by the nuclear
form factor FW(q2), which accounts for the finite size of the nucleus and introduces a
momentum-transfer-dependent suppression [99].

In contrast, the Standard Model (SM) axial vector contribution to the CEνNS cross
section is subdominant relative to the vector component, as it is highly suppressed by
nuclear spin. Although all nucleons couple to the axial current, in even-even nuclei the
individual spin contributions cancel pairwise, resulting in J = 0 and, consequently, no
axial response. In odd-mass nuclei, the axial contributions arise from unpaired nucleons
that possess a non-zero net spin, for which the numbers are typically much smaller than
the total number of nucleons. Therefore, the axial contribution survives [99], but it re-
mains strongly suppressed, as illustrated in Fig. 4.3.

A comparison of the two panels indicates that the cross sections differ by one to two
orders of magnitude between light and heavy nuclei for both coherent and spin-dependent
contributions. This outcome demonstrates the pronounced dependence on nuclear mass
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number and the corresponding form factor suppression.

Figure 4.3b demonstrates that the relative contributions of the axial-vector and coher-
ent terms vary significantly among the three nuclei. In 19F and 23Na, the similar numbers
of protons and neutrons result in the N2 scaling of σC providing only a modest enhance-
ment, which maintains a relatively small difference between σC and σA. Additionally,
the substantial proton spin expectation values for both nuclei (⟨Sp⟩ = 0.478 and 0.224,
respectively) [28] further amplify the axial structure functions and preserve a notable
spin-dependent contribution.

The case of 73Ge is qualitatively distinct. While its high nuclear spin (J = 9/2) pro-
duces a complex multipole structure capable of supporting a substantial axial response,
the large neutron number (N = 41) causes σC ∝ N2 to greatly exceed σA. As a result,
the spin-dependent contribution becomes negligible in the total cross section. This com-
parison between 73Ge and lighter nuclei highlights a fundamental competition in CEνNS:
although nuclear spin structure shapes the spin-dependent response, the coherent enhance-
ment driven by the neutron number ultimately determines the dominant contribution.

This analysis indicates that light nuclei with an unpaired nucleon, such as 19F or 23Na,
are preferable for maximizing the spin-dependent signal, as the minimum occurs at larger
values of q and the axial contribution remains a non-negligible fraction of the total cross
section. In contrast, heavy nuclei such as 133Cs, 127I, 131Xe, or 73Ge present an axial
cross section of comparable absolute magnitude to that of lighter nuclei; however, it is
overwhelmingly dominated by the coherent contribution, rendering the spin-dependent
response effectively negligible in the total cross section.

4.2.2 Total Number of Events

The subsequent step in this procedure involves calculating the number of events. Given
an expression for the cross section, the CEνNS differential event rate spectra are obtained
by convoluting the CEνNS differential cross section with the neutrino fluxes Φ(Eν). For
the α-th flux, the expression is given by [100, 98]:

dN

dEr
= N ×

∑
α=νe,νµ,ν̄µ

∫ Emax
ν

Emin
ν

dEν
dσ(T,Eν)

dT

dϕα(Eν)

dEν
(4.2.1)

and finally the total number is:

N =

∫ Emax
r

Emin
r

dN

dEr
dEr . (4.2.2)

here:

• N is a normalization factor and depends of detector parameters, the expression is:

mdetNA nPOT r εf
4πL2 mM

, (4.2.3)

with mdet represents the mass of the detector, NA = 6.02214076 × 1023 mol−1 is
Avogadro’s number [83], nPOT denotes the total number of protons on target (POT)
delivering neutrinos during the exposure period, r specifies the number of neutrinos
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per flavor produced per proton on target, εf indicates the detector efficiency or
acceptance, L is the distance from the detector to the neutrino source, and mM is
the molar mass of the detector [25, 13].

• Neutrino fluxes are determined by their source characteristics. At the SNS and ESS,
as described in Section 3.2.1, low-energy neutrinos are produced from the decay of
pions at rest, followed by subsequent muon decay. Muon neutrinos result from
two-body decay processes; consequently, they are monochromatic, with their energy

determined by the pion and muon masses: Eνµ =
m2

π−m2
µ

2mπ
≃ 30MeV. In contrast, the

signal from the three-body decay mode involves two continuous spectra governed
by the differential decay rate of the muon. The differential neutrino energy spectra
are given by [100, 85]:

dΦνµ(Eν)

dEν
= δ

(
Eν −

m2
π −m2

µ

2mπ

)
(prompt) , (4.2.4a)

dΦν̄µ(Eν)

dEν
=

64E2
ν

m3
µ

(
3

4
− Eν
mµ

)
(delayed) , (4.2.4b)

dΦνe(Eν)

dEν
=

192E2
ν

m3
µ

(
1

2
− Eν
mµ

)
(delayed) . (4.2.4c)

The total neutrino flux is considered to be the sum of the three previous contribu-
tions.

• The limits of the Er integral are set by the detector threshold and the maximum
recoil energy for a fixed Eν , which can be approximated as Ermax(Eν) = 2E2

ν/M . In
comparison, the upper limit for the Eν integral is 52.8 MeV, reflecting the highest
neutrino energy produced by the SNS or ESS.

This study examines a specific experimental scenario for CEνNS. Two of the most
intense spallation neutrino sources currently available are the SNS and the ESS. Both
facilities generate neutrino fluxes through pion decay-at-rest, as detailed in Section 3.2.1,
resulting in identical neutrino flavors and spectral distributions. Despite this similarity,
the sources differ substantially in their operational characteristics, which leads to varia-
tions in total neutrino fluxes and, consequently, in total event rates.

Having characterized the coherent and spin-dependent cross sections, the analysis pro-
ceeds to the expected number of CEνNS events in realistic detector configurations. This
quantity establishes a more direct connection to experimental observables and enables
assessment of which target nuclei provide the greatest sensitivity to the axial-vector con-
tribution under practical detection conditions.

Tables 4.3 and 4.4 show the expected CEνNS event rates at the SNS and ESS. Each
table separates the rates into coherent and axial contributions for the detector targets of
interest. All detector setups assume a mass of 50 kg, efficiency ε = 80%, baseline L = 20
m, and energy threshold Eth

r = 2 keV [25]. The analysis accounts for the unique charac-
teristics of each source. Average production rates are r = 0.08 and r = 0.3 neutrinos of
each flavor per proton, with nPOT = 1.76× 1023 for SNS and nPOT = 2.8× 1023 for ESS.

The data indicate that ESS produces approximately 18 times more events than SNS
across all targets and contributions. The reason for this is obviously the effective neutrino
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Detector Coherent Events Axial Events

CsI 2 138 0.165

NaI 1 855 0.286

Ge 1 422 0.96

Xe 2 170 0.206

Table 4.3: Expected CEνNS event rates at SNS parameters for various detector targets, indi-
cating the number of events from coherent and axial contributions. Calculations are based on
Eqs. (4.2.1) and (4.2.2) with mdet = 50 kg and a 20 m baseline.

Detector Coherent Events Axial Events

CsI 38 273 3

NaI 33 209 5

Ge 25 467 17

Xe 38 838 3

Table 4.4: Expected CEνNS event rates at ESS parameters for various detector targets, indi-
cating the number of events from coherent and axial contributions. Calculations are based on
Eqs. (4.2.1) and (4.2.2) with mdet = 50 kg and a 20 m baseline.

yield, defined as the product r · nPOT, which is 1.41× 1022 at SNS and 8.4× 1022 at ESS
including the exposure time, where for SNS it is considered to be only 1 year, while for
ESS it is 3 years. The higher yield at ESS makes it the optimal source for probing the
axial-vector contribution. Therefore, ESS is used as the reference source for subsequent
analyses of different targets.

It should be emphasized that despite this improvement, the axial-vector contribution
remains highly suppressed at both neutrino sources, accounting for at most ∼ 7% of the
total event rate in the most favorable case, corresponding to 73Ge. To further characterize
this behavior, Fig. 4.4 presents the differential recoil energy spectra for both the coherent
and spin-dependent contributions, assuming a 50 kg detector exposed to the ESS neutrino
flux. The comparison focuses on the detector compounds most relevant to current CEνNS
experiments: NaI, CsI, germanium, and xenon.

The coherent component dominates the event rate for all targets, exceeding the axial
contribution by several orders of magnitude across the entire recoil energy range. The
bulk of events is concentrated at low recoil energies and decrease rapidly with increas-
ing Er. The observed hierarchy in coherent rates directly confirms the expected ∝ N2

scaling. CsI, NaI, and 131Xe yield comparable and dominant event rates, whereas 73Ge
exhibits suppression due to its lower neutron number. These results indicate that heavy
targets are optimal for maximizing coherent statistics. However, this same characteristic
renders them less suitable for isolating the axial-vector contribution, thereby establishing
a fundamental experimental tension.

The spin-dependent event rates, as depicted in the right panel, are significantly sup-
pressed across all targets. However, their relative magnitudes reflect the underlying nu-
clear spin structure. In particular, 73Ge exhibits the highest axial event rate at low recoil
energies. This is consistent with its complex multipole structure associated with its high
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(a) Spectrum event rate coherent events. (b) Spectrum event rate axial events.

Figure 4.4: Event-rate spectrum for the coherent (vector) and axial-current contributions to
CEνNS are presented for a 50 kg detector exposed to a spallation neutron source neutrino flux
over a three-year period at an ESS facility. The experimental configuration assumes a baseline
of L = 20 m, a proton beam power of 1.3 MW, a uniform detection acceptance of 80%, and
a nuclear recoil energy threshold of 2 keV. Panel (a) displays the coherent (vector) event-rate
spectrum for CsI, considered as the primary odd-A nucleus, in comparison with NaI (23Na and
127I), 73Ge, and 131Xe targets. Panel (b) shows the axial-current event-rate spectrum for NaI
and CsI detectors, along with the contributions from 73Ge and 131Xe, calculated using ab initio
shell-model spin structure functions.

spin (J = 9/2), as previously in the structure factor analysis of Section 4.1.2. Other nuclei
with substantial unpaired nucleon spin expectation values, such as 23Na (⟨Sp⟩ = 0.224)
and 127I (⟨Sp⟩ = 0.346, ⟨Sn⟩ = 0.031) [28], also display comparatively higher axial con-
tributions. Nonetheless, even in these favorable scenarios, the axial signal is dominated
by the coherent rate. This highlights the experimental difficulty in isolating the spin-
dependent component in current CEνNS measurements.

The total event rates presented in Tables 4.3 and 4.4, as well as the curves shown in
Fig. 4.4, demonstrate that the axial-vector contribution remains strongly subdominant
for both the SNS and ESS sources across all targets considered. This suppression arises
directly from nuclear structure. As established in Section 4.1.2, the spin-dependent re-
sponse is governed by the unpaired nucleon spin, which is intrinsically limited in standard
detector compounds. The coherent enhancement consistently dominates the axial signal
for all neutrino sources.

The results demonstrate that the primary constraint in accessing the spin-dependent
contribution is determined by the choice of target nucleus, rather than by experimental
parameters. Coherent enhancement remains the dominant effect regardless of the neutrino
source. Isolating the axial-vector component requires the use of nuclei with significant
unpaired nucleon spin, as reflected by large ⟨Sp⟩ and ⟨Sn⟩ values, and a relatively low
mass number to reduce form factor suppression. Representative examples are shown in
the Table. 4.5:
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Isotope Abundance (%) Spin J
29Si 26.4 1

2

27Al 100 5
2

19F 100 1
2

3He 0.013 1
2

Table 4.5: Candidate isotopes for spin-dependent CEνNS searches, selected on the basis of
non-zero nuclear spin and relatively light mass number. Natural abundances are taken from
Ref. [92].

Table 4.5 lists isotopes meeting these criteria, but a closer look reveals practical lim-
itations. The natural abundance of 3He is only parts per million, requiring much larger
detector masses for reliable statistics. 27Al has emerged as a candidate, yet there is cur-
rently no information on its use in CEνNS experiments. For 29Si, the CONNIE experiment
uses silicon-based detectors [80]. The detector installed in 2016 has an active mass of 73.2
g, which strongly limits the number of axial events. Although lowering the recoil-energy
threshold could increase axial event rates in principle, the expected signal remains too
small [89].

Among the candidate targets discussed above, fluorine-based compounds represent the
most promising option for spin-dependent CEνNS searches. Materials such as C4F10, CF4,
and C3F8 [89] exhibit two advantageous characteristics: the carbon component (A = 12)
possesses nearly equal numbers of protons and neutrons and zero nuclear spin, resulting in
a negligible contribution to the coherent cross section. In contrast, fluorine (19F, J = 1/2)
has a large proton spin expectation value and a low mass number, both of which support
a comparatively strong axial-vector response.

This combination reduces the N2 coherent enhancement relative to heavier targets
while preserving the spin-dependent signal, making fluorocarbon compounds particularly
effective for isolating the axial contribution. Based on these findings, Fig. 4.5 displays the
differential recoil energy spectra for these three compounds using the same ESS configu-
ration as in the heavy-target analysis.

The left panel shows that the coherent event rates have nearly identical curves. This
is expected, since the coherent rate depends on the square of the total neutron number,
which is similar among the compounds. The spectral shape is similar to that of heavier
compounds. However, the absolute event rates are substantially lower than those for CsI
or NaI due to the lighter nuclear masses of fluorine and carbon. In contrast, the right
panel displays a spectrum that differs from those of heavier compounds. The observed
decrease follows a distinct structural pattern in fluoride. The spectral degeneration results
directly from the axial nuclear responses of fluoride.

A key observation emerges from comparison with Fig. 4.4. In contrast to the heavy-
target case, where the axial contribution was negligible, the difference between coherent
and axial components is now significantly reduced. Consequently, the spin-dependent
contribution constitutes a substantial portion of the total event rate. This effect is par-
ticularly pronounced at low recoil energies, where the axial response of fluorine is most
significant, as indicated by the structure factor in Fig. 4.2.
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(a) Spectrum event rate coherent events (b) Spectrum event rate axial events

Figure 4.5: Event-rate spectrum for the coherent (vector) and axial-current contributions to
CEνNS are shown for a 50 kg detector exposed to a spallation neutron source neutrino flux
over a three year run at an ESS. The setup assumes a baseline of L = 20 m, a proton beam
power of 1.3 MW, a flat detection acceptance of 80%, and a nuclear recoil energy threshold of
2 keV. Panel (a)Coherent (vector) event-rate spectrum for C4F10, CF4 and C3F8. Panel (b)
Axial-current event-rate spectrum C4F10, CF4 and C3F8.

A more quantitative understanding is obtained by analyzing the count rates as a
function of recoil energy. At low recoil energies (approximately 0–50 keV), the coherent
component reaches a maximum of about 500 counts. In contrast, the axial contribution
is limited to roughly 15 counts. This produces a suppression factor of approximately 35.
Near 100 keV, the coherent component falls below 200 counts. The axial contribution
peaks at about 25 counts, reducing the suppression factor to about 8.

This trend is consistent with the observation that the weak-charge form factor, which
determines the coherent component, decreases more rapidly with increasing momentum
transfer than the axial form factor of 19F (as illustrated by the structure factors in Fig. 4.1).
This behavior is not observed in heavier isotopes, where the axial form factor exhibits
pronounced peaks.

A suppression factor of approximately 25 provides a global estimate across the entire
spectral range [89]. This sharply contrasts with the several orders of magnitude observed
for targets such as CsI, NaI, germanium and xeonon. Where axial events number only
3–5 compared to thousands of coherent events. In contrast to heavy nuclear targets, the
three fluorine compounds presented in Fig. 4.5 produce axial spectra that are statistically
accessible. This effect is especially evident at recoil energies of 50-100 keV, where the
spectra are pronounced due to the 19F spin structure functions.

Advancing these results to the experimental stage requires a rigorous evaluation of
each compound’s practical viability. While all three fluorocarbons are theoretically at-
tractive targets, practical constraints necessitate eliminating two of them. Specifically,
CF4 has been proposed for CEνNS measurements using the νBDX-DRIFT detector [101].
But with only 2 kg active mass is insufficient to achieve the statistical sensitivity required
to resolve the axial contribution with precision.
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A similar limitation applies to C4F10, previously utilized by the PICASSO experi-
ment [29] in a traditional bubble chamber configuration with modest active mass, and
thus it is excluded from the present analysis. In contrast, C3F8 is deployed by the PICO
collaboration [30], whose PICO-60 detector operates a bubble chamber containing 52 kg
of C3F8, with plans to scale to larger volumes [102]. This positions C3F8 as a particularly
promising target for axial-current CEνNS measurements.

4.3 Sensitivity to the gA

Although the axial-vector event ratio is relatively small, this subdominant contribution
opens access to the calculation of quantities characteristic of the axial current in various
processes. Based on these results, the next step is to extract the axial-vector coupling gA
for upcoming COHERENT experiments. In this analysis, we considered only the results
for C3F8.

(a) mdet = 50 kg (b) mdet = 350 kg

Figure 4.6: Projected sensitivity to the axial-vector coupling gA is presented as ∆χ2 profiles
for a spallation-source experiment using a C3F8 detector. Detector masses of 50 kg (Panel
(a)) and 350 kg (Panel (b)) are considered under varying recoil-energy thresholds and neutrino
flux uncertainties. Green and blue curves represent flux uncertainties of σα = 1% and σα = 5%,
respectively. Solid and dashed lines indicate recoil-energy thresholds of Eth

r = 2 keV and Eth
r = 3

keV, respectively.

Figure 4.6 presents projected sensitivities to gA, based on previous C3F8 data. This
analysis uses the χ2 function, a statistical test that estimates parameters from a dataset
using a probability distribution [103]. Forecasted data are simulated under the SM, with
gA ranging from 0.8 to 1.8 while gsA is fixed. The following form for χ2 is used

χ2 = 2
∑
i

[
N th
i −N exp

i +N exp
i ln

(
N exp
i

N th
i

)]
+

(
α

σα

)2

. (4.3.1)

Here, N th
i is the theoretical event count per recoil energy bin, calculated using gA =

1.27641 [83] and gsA = −0.085 [104]. N exp
i is the expected event count for different gA val-

ues. The parameter α reflects neutrino flux uncertainty, while the fractional uncertainty
σα measures flux normalization precision. This parameter accounts for experimental,
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kinematic, and systematic errors.

In this study, we vary three parameters to generate different experimental configura-
tions:

• To characterize the uncertainty, two contrasting scenarios are considered. One is a
realistic scenario with fixed uncertainty at σα = 5%. The other is a more favorable
scenario, where the uncertainty is reduced to σα = 1%, highlighting the range
studied.

• Two configurations of recoil-energy thresholds complement these scenarios: one with
Eth
r = 2 keV and another with Eth

r = 3 keV.

• Finally, detector masses are varied to further explore these configurations. The
left panel shows a detector mass of 50 kg, reflecting current experiments such as
PICO [30]. The right panel presents a future setup with a detector mass of 350 kg.
These parameters represent realistic configurations, given the planned construction
of a ∼500 kg C3F8 detector by the PICO collaboration [102].

Analysis of the curves indicates that neutrino flux uncertainty is the parameter with
the greatest influence on the precision of gA extraction. In both panels, the green lines,
which represent variations with neutrino flux uncertainty, exhibit significantly narrower
∆χ2 wells compared to the blue curve, which corresponds to the baseline scenario. Ad-
ditionally, the curves representing the recoil-energy thresholds, specifically the solid line
for Eth

r = 2 keV and the dashed line for Eth
r = 3 keV, overlap. This overlap demonstrates

that the effect of the recoil-energy threshold is negligible.

Comparing panels (a) and (b) shows that increasing detector mass from 50 kg to
350 kg substantially narrows all perfiles. This improvement exceeds what is achieved by
reducing flux uncertainty alone. Detector mass thus emerges as the single most influential
parameter in determining gA through spin-dependent CEνNS measurements.

These results lead to the expected conclusion: the optimal experimental configuration
corresponds to the combination of the maximum detector mass and the minimum flux
uncertainty. Under these conditions, a measurement of gA at the ∼ 10% level appears
achievable, a precision that would constitute a meaningful constraint on the axial-vector
coupling in the neutrino sector. Notably, this target is consistent with the current devel-
opment plans of the PICO collaboration, which aims to operate a ∼ 500 kg C3F8 detector,
positioning this experiment as a leading candidate for the first precision measurement of
the spin-dependent CEνNS cross section.
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Chapter 5

Conclusions

In anticipation of future CEνNS measurement programs, a comprehensive study of the
subdominant axial current is required for targets with non-zero nuclear ground-state spin.
Such analysis enables access to the complete neutrino-nucleus scattering signal and facili-
tates the investigation of spin-dependent sensitivity to potential new physics. In counting
experiments, the axial current signal is significantly suppressed by the dominant vector
contribution, leading to its omission in current measurements. A thorough understanding
is essential to distinguish whether an observed signal arises from new physics or from
previously unaccounted physics effects.

This study examined the principal variables relevant to measuring this subleading yet
phenomenologically significant effect. The relative size of the axial contribution to the
cross section, and consequently its impact on the total event rate, was quantified. This
approach enabled the identification of the physical parameters governing this magnitude.
The results demonstrate that, despite suppression effects, the axial contribution can be
systematically characterized and experimentally extracted under certain conditions, pro-
vided that suitable target materials, neutrino sources, and detector configurations are
utilized.

The study begins by examining the structure factors, which are derived from the nu-
clear response framework developed by Hoferichter, Menéndez, and Schwenk [28]. This
framework provides a consistent description of spin-dependent nuclear responses using
multipole decomposition of the nuclear current and the nuclear shell model. Building
upon these results, the present work extends their application to fully characterize the
axial form factor and subsequently evaluates the cross section and event rates in various
isotopes relevant to neutrino-nucleus scattering.

The contributions were first examined for heavy targets: 133Cs, 127I, 131Xe, and 73Ge,
as these are the most common targets employed in neutrino and dark matter experiments.
Even when the neutrino flux is increased using the European Spallation Source and larger
mass detectors are considered, the axial signal remains strongly suppressed due to the
coherent enhancement of the vector contribution. In contrast, for lighter nuclei such as
23Na and 19F, the behavior differs. Although the axial contribution remains small, the
degree of suppression is comparatively less pronounced.

Light nuclei with non-zero spin ground states have been identified as the most promis-
ing candidates for isolating the axial signal. In particular, 19F emerges as the optimal
target due to its large unpaired proton spin expectation, which results in a less restrictive
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axial form factor and consequently reduced suppression of this contribution.

Fluorine-based compounds emerge as the most favorable targets for axial-current ex-
traction in CEνNS: the coherent-to-axial suppression factor reaches only ∼ 25 across the
full spectral range, in stark contrast to targets such as CsI or NaI, where axial events
number merely 3 to 5 against thousands of coherent events [89]. Among the three fluo-
rocarbon candidates, practical experimental considerations single out C3F8 as the most
viable option, supported by the PICO collaboration [30, 102], whose planned large-scale
detectors make this compound not only physically optimal but also experimentally acces-
sible for precision axial-current measurements.

An application of this analysis is demonstrated through the development of a forecast
study for axial-current measurements, which evaluates the achievable precision in extract-
ing the axial-vector coupling gA under various experimental configurations. The results
suggest that, in a realistic experimental setup employing a 350 kg C3F8 detector, a nuclear
recoil threshold of 2 keV, and a 1% neutrino flux uncertainty, gA can be extracted with
approximately 10% precision. While measurements of CEνNS are less precise than those
obtained from cold neutron experiments, they provide a complementary determination of
gA relative to traditional approaches and yield additional insights into the axial structure
of weak interactions.

Despite the results obtained, this works present inherent limitations. In particular, the
determination of the axial contribution is based on nuclear structure calculations consider-
ing the shell model and harmonic oscillator approximations, which introduce uncertainties
for more complex nuclear configurations, this is translated as theoretical uncertainties in
the spin-dependent form factors.

In addition, our results of the sensitivity analysis demands a exigent experimental
configuration such as small range of nuclear recoil energy threshold, large detector masses
available, and low value for uncertainty in the neutrino flux normalization, in the same
line in a realistic experimental set; beam neutron backgrounds, electronic noise, and de-
tector systematic uncertainties, would need to be modelled in detail. Overall, theoretical
developments more precise will allow for a reduction in uncertainties in the results.

However, the results in this work provide a clear guide for future experimental and
theoretical efforts. Where next-generation detectors assuming targets of light isotopes and
non-spin zero ground states, with lower recoil-energy thresholds, larger target masses, and
improved control of systematic uncertainties will be crucial to enhance the sensitivity to
the axial-current contribution.

A particularly promising direction for future research is the extension of spin-dependent
responses within frameworks beyond the Standard Model. In contrast to the Standard
Model, where the axial contribution is subleading and tightly constrained, beyond Stan-
dard Model scenarios may introduce enhanced or qualitatively different couplings to nu-
clear spin, thereby modifying both the magnitude and momentum dependence of the
spin-dependent structure factors. Additionally, extending the analysis to reactor neutrino
sources, motivated by the recent detection of reactor-neutrino CEνNS by the CONUS+
experiment [82] and the emerging CONNIE collaboration [80], would complement the
spallation-source results presented here. Finally, future work could focus on the experi-
mental extraction of the axial contribution, given that in the present study this contribu-
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tion is fully determined theoretically.

In this context, a precise measurement of the axial-current contribution is essential for
a complete description of neutrino-nucleus scattering at low energies, and would establish
CEνNS as a powerful probe of spin-dependent new physics that remains inaccessible in
standard coherent analyses. The theoretical framework developed in this work provides
the necessary foundation for such measurements, and the identification of C3F8 as the
optimal experimental target opens a concrete and near-term path toward their realization.
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Chapter 6

Appendix

A Infinitesimal Gauge Transformation of the Gauge

Field

We start from the infinitesimal gauge transformation

U(ϵ(x)) = 1 + i ϵ(x) · L , (A.1)

and consider the transformation of the gauge field

Aµ · L −→ A′
µ · L = (1 + i ϵ · L)

(
Aµ · L− i

g
∂µ

)
(1− i ϵ · L) . (A.2)

We expand this expression up to first order in ϵ.

First term

Consider first the transformation of Aµ · L:

(1 + i ϵ · L)(Aµ · L)(1− i ϵ · L) = [Aµ · L+ i(ϵ · L)(Aµ · L)] (1− i ϵ · L)
= Aµ · L+ i(ϵ · L)(Aµ · L)− i(Aµ · L)(ϵ · L) +O(ϵ2) .

(A.3)

Neglecting terms of order O(ϵ2), we obtain

(1 + i ϵ · L)(Aµ · L)(1− i ϵ · L) = Aµ · L+ i[ϵ · L, Aµ · L] . (A.4)

Second term

We now consider the derivative term:

(1 + i ϵ · L)
(
− i

g
∂µ

)
(1− i ϵ · L) . (A.5)

The derivative acts on the space-time dependent parameter ϵ(x), while the generators
La are constant:

∂µ(1− i ϵ · L) = −i(∂µϵ) · L . (A.6)
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Thus,

(1 + i ϵ · L)
(
− i

g
∂µ

)
(1− i ϵ · L) = − i

g
(1 + i ϵ · L) [−i(∂µϵ) · L]

= −1

g
(∂µϵ) · L+O(ϵ2) . (A.7)

Again, higher-order terms are neglected.

Final result

Collecting both contributions, the transformed gauge field reads

A′
µ · L = Aµ · L+ i[ϵ · L, Aµ · L]−

1

g
(∂µϵ) · L . (A.8)

Therefore, the infinitesimal variation of the gauge field is

δAµ · L = i[ϵ · L, Aµ · L]−
1

g
∂µϵ · L . (A.9)

B Derivation of the Gauge Field Variation

Starting from Eq. (A.9), which is a matrix equation in the Lie algebra,

N∑
a=1

δAaµ La = −
N∑

a,b,c=1

fabc ϵaA
b
µ Lc −

1

g

N∑
a=1

(∂µϵa)La , (B.1)

we aim to extract the variation of the gauge field components δAaµ.
The generators La form an orthonormal basis of the Lie algebra, satisfying the relation

Tr(LaLb) =
1

2
δab . (B.2)

To isolate the coefficient multiplying each generator, we project Eq. (A.9) onto a fixed
generator Ld by multiplying both sides by Ld and taking the trace:

Tr

[
Ld

N∑
a=1

δAaµ La

]
= Tr

[
Ld

(
−

N∑
a,b,c=1

fabc ϵaA
b
µ Lc −

1

g

N∑
a=1

(∂µϵa)La

)]
. (B.3)

Using the linearity of the trace, the left-hand side becomes

N∑
a=1

δAaµ Tr(LdLa) =
N∑
a=1

δAaµ

(
1

2
δda

)
=

1

2
δAdµ . (B.4)

The first term on the right-hand side gives

−
N∑

a,b,c=1

fabc ϵaA
b
µ Tr(LdLc) = −1

2

N∑
a,b=1

fabd ϵaA
b
µ , (B.5)
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while the second term yields

−1

g

N∑
a=1

(∂µϵa) Tr(LdLa) = − 1

2g
∂µϵd . (B.6)

Collecting all contributions, we obtain

δAdµ = −
N∑

a,b=1

fabd ϵaA
b
µ −

1

g
∂µϵd . (B.7)

C Useful Identities and Gauge Field Transformations

In this appendix we present some identities and derivations that are used throughout the
discussion of non-Abelian gauge theories. In particular, we derive an important identity
involving the derivative of the inverse of a group element and show the equivalence between
two common forms of the gauge field transformation.

C.1 Derivative of the Inverse Group Element

Let U(x) be an element of a Lie group G, depending smoothly on the spacetime coordi-
nates xµ, with inverse U−1(x). By definition,

U(x)U−1(x) = I . (C.1)

Taking the spacetime derivative of both sides, we obtain

∂µ
(
UU−1

)
= ∂µI = 0 . (C.2)

Using the product rule, this yields

(∂µU)U
−1 + U (∂µU

−1) = 0 . (C.3)

Multiplying this expression from the left by U−1, we find

U−1(∂µU)U
−1 + ∂µU

−1 = 0 . (C.4)

Solving for the derivative of the inverse, we arrive at the identity

∂µU
−1 = −U−1(∂µU)U

−1 . (C.5)

This identity plays a crucial role in the derivation of the transformation law of the non-
Abelian gauge field under local gauge transformations.

C.2 Equivalence of Gauge Field Transformation Laws

Consider a non-Abelian gauge theory with gauge field

Aµ(x) = Aaµ(x)L
a , (C.6)

where La are the generators of the Lie algebra of the gauge group. Under a local gauge
transformation

U(x) = eiθ
a(x)La

, (C.7)
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the gauge field is often written to transform as

A′
µ · L = U(x)

(
Aµ · L− i

g
∂µ

)
U−1(x) . (C.8)

Expanding this expression explicitly, we obtain

A′
µ = UAµU

−1 − i

g
U(∂µU

−1) . (C.9)

Using the identity derived in Eq. (C.5), the second term becomes

− i

g
U(∂µU

−1) =
i

g
(∂µU)U

−1 . (C.10)

Therefore, the gauge field transformation can be written as

A′
µ = UAµU

−1 +
i

g
(∂µU)U

−1 . (C.11)

D Infinitesimal Gauge Transformation of bµ

In this appendix we present explicitly the derivation of the infinitesimal gauge transfor-
mation of a non-Abelian gauge field.

D.1 Finite Gauge Transformation

The gauge field Bµ = Ba
µτ

a transforms under a local gauge transformation G(x) as

B′
µ = GBµG

−1 +
i

g
(∂µG)G

−1 , (D.1)

where g is the gauge coupling constant and τa are the generators of the gauge group (for
SU(2), the Pauli matrices).

D.2 Infinitesimal Transformation

For an infinitesimal transformation, the group element is written as

G(x) = 1 +
i

2
τ · α(x), G−1(x) = 1− i

2
τ · α(x) , (D.2)

where terms of order O(α2) have been neglected.

First Term: GBµG
−1

Substituting Eq. (D.2) into the first term of Eq. (D.1), we obtain

GBµG
−1 =

(
1 +

i

2
τ · α

)
Bµ

(
1− i

2
τ · α

)
= Bµ +

i

2
(τ · α)Bµ −

i

2
Bµ(τ · α) +O(α2) . (D.3)
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Second Term: (∂µG)G
−1

The derivative of the group element is

∂µG =
i

2
τ · (∂µα) . (D.4)

Multiplying by G−1 and keeping only linear terms, we find

(∂µG)G
−1 =

i

2
τ · (∂µα)

(
1− i

2
τ · α

)
=
i

2
τ · (∂µα) +O(α2) . (D.5)

Therefore,
i

g
(∂µG)G

−1 = − 1

2g
τ · (∂µα) . (D.6)

Combining Eqs. (D.3) and (D.6), the infinitesimal gauge transformation of the gauge field
is given by

B′
µ = Bµ +

i

2
(τ · α)Bµ −

i

2
Bµ(τ · α) +O(α2)− 1

2g
τ · (∂µα) .

This result explicitly displays the homogeneous (commutator) and inhomogeneous
(derivative) contributions characteristic of non-Abelian gauge transformations. Neglecting
the larger order terms and use Lie algebra Eq. (2.1.17), it is obtain for gauge fields:

τ · b′µ = τ · bµ + i (τ ·α τ · bµ − τ · bµ τ ·α)− 1

g
∂µ(τ ·α)

= τ · bµ + α× bµ · τ −
1

g
∂µ(τ ·α) ,

because the three isospin components of the gauge field are linearly independent, we have
as the transformation law for infinitesimal gauge transformations:

b′µ = bµ −α× bµ −
1

g
∂µα . (D.7)

As a result get the variation gauge vector under SU(2), and it is equivalent to Eq. (2.1.9).

E Gauge invariance of the free Lagrangian

E.1 Lepton

The free leptonic Lagrangian (disgard mass term) is given by

Llep
free = ℓ̄R iγ

µ∂µℓR + ψ̄lep
iL iγ

µ∂µψ
lep
iL , (E.1)

where the left-handed lepton doublets are defined as

ψlep
iL =

(
ν ′iL
ℓ′iL

)
, i = e, µ, τ . (E.2)
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and ℓR is a rigth handed singlet.

Local gauge invariance under the group SU(2)L×U(1)Y is ensured by replacing the
ordinary derivative with the covariant derivative,

∂µ −→ Dµ. (E.3)

For the right-handed charged leptons, which are singlets under SU(2)L, the covariant
derivative reads

DµℓR =

(
∂µ + ig′

Y lep
R

2
Bµ

)
ℓR . (E.4)

For the left-handed lepton doublets, transforming as doublets of SU(2)L, one has

Dµψ
lep
iL =

(
∂µ + ig

τa

2
Aaµ + ig′

Y lep
L

2
Bµ

)
ψlep
iL . (E.5)

Substituting the covariant derivatives into the free Lagrangian, the leptonic Lagrangian
including gauge interactions becomes

Llep = ℓ̄R iγ
µ∂µℓR + ψ̄lep

iL iγ
µ∂µψ

lep
iL

− g′
Y lep
R

2
ℓ̄Rγ

µBµℓR − g ψ̄lep
iL γ

µ τ
a

2
Aaµψ

lep
iL − g′

Y lep
L

2
ψ̄lep
iL γ

µBµψ
lep
iL (E.6)

= Llepfree − g′
Y lep
R

2
ℓ̄Rγ

µBµℓR − g ψ̄lep
iL γ

µ τ
a

2
Aaµψ

lep
iL − g′

Y lep
L

2
ψ̄lep
iL γ

µBµψ
lep
iL . (E.7)

Using the Gell-Mann–Nishijima relation

Q = T3 +
Y

2
,

the hypercharge assignments for the leptonic sector are fixed to be

Y lep
L = −1 , Y lep

R = −2 . (E.8)

With it obtain the final lepton Lagrangian invariant under SU(2)L × U(1)Y :

Llep = Llep
free + g′ l̄Rγ

µBµlR − g ψ̄lep
iL γ

µ τ
a

2
Aaµψ

lep
iL + g′

1

2
ψ̄lep
iL γ

µBµψ
lep
iL . (E.9)

E.2 Quarks

The free quark Lagrangian (discarding mass terms) is given by

Lqfree = ūiR iγ
µ∂µuiR + d̄iR iγ

µ∂µdiR + ψ̄qiL iγ
µ∂µψ

q
iL , (E.10)

where the left-handed quark doublets are defined as

ψqiL =

(
u′iL
d′iL

)
, i = 1, 2, 3 , (E.11)
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and uiR and diR are right-handed singlets under SU(2)L. For the right-handed up-type
quarks, singlets under SU(2)L, the covariant derivative reads

DµuiR =

(
∂µ + ig′

Y up
R

2
Bµ

)
uiR , (E.12)

while for the right-handed down-type quarks one has

DµdiR =

(
∂µ + ig′

Y down
R

2
Bµ

)
diR . (E.13)

For the left-handed quark doublets, transforming as doublets of SU(2)L, the covariant
derivative is

Dµψ
q
iL =

(
∂µ + ig

τa

2
Aaµ + ig′

Y q
L

2
Bµ

)
ψqiL . (E.14)

Substituting the covariant derivatives into the free Lagrangian, the quark Lagrangian
including gauge interactions becomes

Lq = Lqfree − g′
Y up
R

2
ūiRγ

µBµuiR − g′
Y down
R

2
d̄iRγ

µBµdiR

− g ψ̄qiLγ
µ τ

a

2
Aaµψ

q
iL − g′

Y q
L

2
ψ̄qiLγ

µBµψ
q
iL . (E.15)

The hypercharge values for the quarks are

Y q
L =

1

3
, Y up

R =
4

3
, Y down

R = −2

3
. (E.16)

With these values, the final quark Lagrangian invariant under SU(2)L × U(1)Y reads

LqI = Lqfree −
2

3
g′ ūiRγ

µBµuiR +
1

3
g′ d̄iRγ

µBµdiR

− 1

2
ψ̄qiL

(
gγµτaAaµ −

1

3
g′γµBµ

)
ψqiL . (E.17)

F Detailed Derivation of the Neutral Current La-

grangian

In this appendix we present the explicit algebraic derivation of the neutral current in-
teraction in the lepton sector of the electroweak theory, starting from the gauge–fermion
couplings written in terms of the physical fields Zµ and Aµ.

For convenience, we introduce the standard shorthand notation for the Weinberg angle,

sW ≡ sin θW , cW ≡ cos θW . (F.1)

The neutral current interaction Lagrangian for leptons can be written as

L(NC)
I,L = −1

2

{
ν̄eL

[
(g cW + g′ sW) /Z + (g sW − g′ cW) /A

]
νeL

− ēL

[
(g cW − g′ sW) /Z + (g sW + g′ cW) /A

]
eL
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− 2g ēR

[
− sW /Z + cW /A

]
eR

}
. (F.2)

The electroweak gauge couplings satisfy the well-known relation

g sW = g′ cW → g′ = g
sW
cW

and tan θW =
g′

g
, (F.3)

with it, replace in the Lagrangian:

L(NC)
I,L = −1

2

{
ν̄eL

(
g cW + g

s2W
cW

)
/Z νeL (F.4)

− ēL

[(
g cW − g

s2W
cW

)
/Z +

(
g sW + g

sWcW
cW

)
/A

]
eL (F.5)

− 2g ēR

[
−s

2
W

cW
/Z +

cWsW
cW

/A

]
eR

}
(F.6)

= − g

2cW

{
ν̄eL /ZνeL − ēL

[(
c2W − s2W

)
/Z + 2sWcW /A

]
eL − 2ēR

[
−s2W /Z

]
eR

}
(F.7)

+ gēRsW /AeR . (F.8)

Use trigonometric identities and finally obtain:

L(NC)
I,L = − g

2cW

{
ν̄eL /ZνeL −

(
1− 2s2W

)
ēL /ZeL + 2s2WēR /ZeR

}
+ gsW ē /Ae (F.9)

G Notation Nuclear Physiscs

As we know in particle physics is usual use the natural units based in use only energy
dimension and with it c = h = 1, and to use the notation of cuadrivector like aµ = (a0, a⃗).
However,this section it is based in ”THEORETICAL NUCLEAR AND SUBNUCLEAR
PHYSICS” of John Dirk Walecka [31] in wich he present the next table comparative for
convertions that he use :
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Bjorken and Drell [105] Present text [31]

gµν =


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

 ↔ δµν

aµ = (a0, a⃗) ↔ aµ = (a1, a2, a3, a4) = (⃗a, ia0)

aµb
µ = gµνa

µbν = a0b0 − a⃗ · b⃗ ↔ aµbµ = a⃗ · b⃗− a0b0

xµ = (t, x⃗) ↔ xµ = (x⃗, it)

xµ = gµνx
ν = (t,−x⃗) ↔ xµ ≡ xµ

∂µ = ∂
∂xµ

=
(
∂
∂t
, ∇⃗
)

↔ ∂
∂xµ

=
(
∇⃗, ∂

i∂t

)
γµ = (β, βα⃗) ↔ γµ = (iα⃗β, β)

γµγν + γνγµ = 2gµν ↔ γµγν + γνγµ = 2δµν

γµ† = γ0γµγ0 ↔ γ†µ = γµ

(iγµ∂µ −M)ψ = 0 ↔ (γµ∂/∂xµ +M)ψ = 0

(kµγ
µ −M)u(k) = 0 ↔ (iγµkµ +M)u(k) = 0

γ5 = iγ0γ1γ2γ3 ↔ γ5 = γ1γ2γ3γ4

σµν = i
2
[γµ, γν ] ↔ σµν =

1
2i
[γµ, γν ]

Note: gµν = gµν .

Table 1: Convention comparison table (ℏ = c = 1).

So we follow the notation of Walecka in Section 2.3.

H Calculation of ⟨ k2 | jlepµ | k1 ⟩
Begin with lepton sector since the current it is SM, shows in previous sections. For the
representation of the fields we use second quantization, in which particles are described
by quantum field operators acting on a Fock space and refers to the integer of excitations
of each modes, allowing for the creation and annihilation of particles from to creation and
annihilation operators for each moment, written as[106],

ψ(x) =

∫
d3k

(2π)3
1√
2Ek

∑
s

(
asku

s(k)e−ik·x + bs†k v
s(k)eik·x

)
, (H.1)

ψ̄(x) =

∫
d3k

(2π)3
1√
2Ek

∑
s

(
a†sk ū

s(k)e−ik·x + bskv̄
s(k)e−ik·x

)
. (H.2)

In its expression, us(k)eik·x are eigenfunctions of the Dirac Hamiltonian with eigenvalues
Ep, similarly to the functions vs(k)e−ik·x (or equivalently vs(−k)e+ik·x) are eigenfunc-
tions of the Dirac Hamiltonian with eigenvalues −Ep and are described in the Heisenberg
picture, the index s corresponds to helicity or spin.

Also ask operator destroys a fermion using the fact that of vaccum |0⟩ is defined to be
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the state such that
ask |0⟩ = bsk |0⟩ = 0 , (H.3)

while as† creates fermions, and b† creates an antifermion by,

|k, s⟩ ≡
√
2EK as†k |0⟩ , (H.4)

and this operators obey the anticonmutation rules:{
ark, a

s†
p

}
=
{
brk, a

b†
p

}
= (2π)3δ(3)(k − p)δrs , (H.5)

based on the above, the current lepton matrix is calculated.

We knows jlepµ (x) = ν̄(x)γµ(1 + γ5)ν(x), so for right handed of matrix element is,
using the Eq. (H.1) for described ν(x), and we need create a fermion so projected in the
state Eq. (H.4) we obtain:

ν(x⃗) |k1, s⟩ =
∫

d3p

(2π)3
1√
2Ep

∑
r

[
ar(p)ur(p) e

−ip⃗·x⃗]√2Ek1 a
†
s(k1) |0⟩

=

∫
d3p

(2π)3

√
2Ek1√
2Ep

∑
r

[
ur(p) e

−ip⃗·x⃗ar(p) a
†
s(k1) |0⟩

]
, (H.6)

we use anticommutation rules Eq. (H.5)

ar(p) a
†
s(k1) |0⟩ =

[
(2π)3δ(3)(p− k1) δ

rs − a†s(k1) ar(p)
]
|0⟩

= (2π)3δ(3)(p− k1) δ
rs |0⟩ (H.7)

⇒ ν(x⃗) |k1, s⟩ =
∫

d3p

(2π)3

√
2Ek1√
2Ep

∑
r

[
ur(p) e

−ip⃗·x⃗ (2π)3δ(3)(p− k1) δ
rs |0⟩

]
= us(k1) e

−ik⃗1·x⃗ |0⟩ . (H.8)

Likewise for the final state, for the form of current we need:

⟨k2, s′|ν̄ =

∫
d3q

(2π)3
1√
2Eq

∑
r′

[
a†r′(q) ūr′(q) e

iq⃗·x⃗
]
⟨0|
√
2Ek2 as′(k2)

=

∫
d3q

(2π)3

√
2Ek2√
2Eq

∑
r′

[
⟨0|as′(k2)a†r′(q)ūr′(q)e

iq⃗·x⃗
]

(H.9)

Use the anticommutation rules:

⇒ ⟨k2, s′|ν̄ =

∫
d3q

(2π)3

√
2Ek2√
2Eq

∑
r′

[
⟨0|(2π)3δ(3)(k2 − q)δr

′s′ūr′(q)e
iq⃗·x⃗
]

= ⟨0|ūs′(k2)eik⃗2·x⃗ (H.10)

Therefore the matrix element for leptons is:

⟨k2, s′|ν̄ γµ(1 + γ5) ν|k1, s⟩ = ūs′(k2)e
ik⃗2·x⃗γµ(1 + γ5)us(k1)e

−ik⃗1·x⃗
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= ℓ̂µe
−iq·x with q = k1 − k2 . (H.11)

I Expansion of plane wave in spherical harmonics

We derive the expansion of a vector plane wave

ekλe
ik⃗·r⃗ , (I.1)

in terms of vector spherical harmonics. If write the Hamiltonian that describes a free
particle in spherical coordinates, obtain

H0 =
p2r
2m

+
L2

2mr2
, (I.2)

it is possible divided into radial part and angular part.

Carrying out the development to find the radial and angular wave function we find
that the energy eigenstates of the free particle can be written like

Ψk⃗ = N il jl(kr)Ylm(Ω) (I.3)

and since eik⃗·r⃗ is solution for the free particle, we can write as superposition of Ψk⃗ so:

eik⃗·r⃗ =
∞∑
l=0

l∑
m=−l

Clm(k⃗) jl(kr)Ylm(r̂) . (I.4)

This equation demonstrates that a superposition resembling a plane wave can be con-
structed from waves originating at a point source. It is established that plane waves
result from the superposition of spherical waves, particularly when observed at large dis-
tances.

The subsequent step involves determining the coefficients Clm(k⃗). The z-axis may be

oriented to align with k⃗ in the problem. For the case where k⃗ = kẑ,

k⃗ · r⃗ = kr cos θ , (I.5)

where θ is the polar angle of the vector r⃗ with respect to the z-axis. Hence the double
sum in Eq. (3.5) must be independent of the azimuthal angle ϕ. This is possible only if

Clm(kẑ) = 0 for all m ̸= 0 (I.6)

and it follows that only the m = 0 term survives and it follows that

eikr cos θ =
∞∑
l=0

.al jl(kr)Yl0(Ω) (I.7)

We know that (property of Spherical armonics)

Y m
l (θ, ϕ) = (−1)m

√
2l + 1

4π

(l −m)!

(l +m)!
Pm
l (cos θ) eimϕ . (I.8)
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Inserting Eq.( I.8) into (I.7) with m=0

eikr cos θ =
∞∑
l=0

al jl(kr)

√
2l + 1

4π
Pl(cos θ) . (I.9)

For calculate al use the orthogonality relation of the Legendre polynomials:∫ 1

−1

Pl(x)Pl′(x) dx =
2

2l + 1
δl,l′ , (I.10)

∫ 1

−1

Pl′(x) e
ikrx dx =

∞∑
l=0

al jl(kr)

√
2l + 1

4π

∫ 1

−1

Pl(x)Pl′(x) dx , (I.11)

∫ 1

−1

Pl′(x) e
ikrx dx =

∞∑
l=0

al jl(kr)

√
2l + 1

4π

2

2l + 1
δl,l′ , (I.12)

al jl(kr) =
√
π(2l + 1)

∫ 1

−1

Pl(x) e
ikrx dx , (I.13)

with ∫ 1

−1

Pl(w) e
ikrw dw = 2 il jl(kr) , (I.14)

and obtain that
al =

√
4π(2l + 1) il . (I.15)

Then the expansion of plane wave as a sum over Legendre polynomial

eikr cos θ =
∞∑
l=0

√
4π(2l + 1) il jl(kr)

√
2l + 1

4π
Pl(cos θ)

=
∞∑
l=0

il(2l + 1)jl(kr)Pl(cos θ) ,

(I.16)

and back to harmonics sphericals

eikr cos θ =
∞∑
l=0

√
4π(2l + 1) il jl(kr)Yl0(Ω) . (I.17)

J Properties of Spherical Harmonics

We have
Ylm(r̂) = ⟨r̂|lm⟩ , êλ = ⟨r̂|1λ⟩ . (J.1)

So if |l1JM⟩ =
∑

m,λ |lm1λ⟩⟨lm1λ|l1JM⟩ and define the vector Spherical harmonics [63]:

Ylm êλ = ⟨r|l 1 J M⟩ =
∑
mλ

⟨r|l m 1 λ⟩⟨lm1λ|l1JM⟩ ,

use ec.(J.1) Ylm êλ =
∑
mλ

⟨lm1λ|l1JM⟩Ylm(r)eλ ,
(J.2)
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and the inverse relation, is obtain by way of the aid of the orthogonality propieties of
Clebsh-Gordan coefficients [63]:

Ylm êλ =
∑
mλ

⟨lm1λ|l1JM⟩YM
Jl1 . (J.3)

Also we have the adjoint of vector Spherical harmonics:

Y λ †
JJ1 = −(−1)λY λ

JJ1 , (J.4)

it can be demonstrated that vector spherical harmonics satisfy the following properties,
which are useful for the calculation of multipole expansions. [26]:

1

[l(l + 1)]1/2
LYlm =

1

[l(l + 1)]1/2
1

i
(r ∧∇)Ylm = Y M

ll1 , (J.5)

∇ϕ(r)Y M
Jl1 = i

(
d

dr
− J

r

)
ϕ(r)

(
J

2J + 1

)1/2

Y M
J,J+1,1

+ i

(
d

dr
+
J + 1

r

)
ϕ(r)

(
J + 1

2J + 1

)1/2

Y M
J,J−1,1 ,

(J.6)

∇ · ϕ(r)Y M
JJ1 = 0 , (J.7)

∇Φ(r)YJM = −
(
J + 1

2J + 1

)1/2(
d

dr
− J

r

)
Φ(r)YM

J,J+1,1

+

(
J

2J + 1

)1/2(
d

dr
+
J + 1

r

)
Φ(r)YM

J,J−1,1 , (J.8)

∇×
[
jJ(ρ)Y

M
J,J,1

]
= −i

(
J

2J + 1

)1/2

jJ+1(ρ)Y
M
J,J+1,1

+ i

(
J + 1

2J + 1

)1/2

jJ−1(ρ)Y
M
J,J−1,1 , (J.9)

K The Isotropic Harmonic Oscillator

In this appendix, we derive the radial solution for the three-dimensional quantum har-
monic oscillator. This system is fundamental in nuclear structure models, especially
within the shell model, as it underpins the understanding of level degeneracies and magic
numbers.

A nucleon is assumed to move independently within a spherically symmetric harmonic
oscillator potential. The corresponding Schrödinger equation is given by:(

− ℏ2

2m
∇2 + V (r)

)
Ψ(r) = EΨ(r) , (K.1)

Here, V (r) = 1
2
mω2r2. Due to the spherical symmetry of the potential, the Schrödinger

equation is most appropriately solved in spherical coordinates.
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Let us write ∇2 in spherical coordinates [93]

∇2 =
1

r2
∂

∂r

(
r2
∂

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

r2 sin2 θ

∂2

∂ϕ2
. (K.2)

The angular part is related to angular momentum operator:

L⃗ = r⃗ × p⃗ ,

L2 = (r⃗ × p⃗)2 ,

using property (⃗a× b⃗)2 = a2b2 − (⃗a · b⃗)2 + iℏa⃗ · b⃗, obtain the expression:

L2 = r2p2 − (r⃗ · p⃗)2 + iℏr⃗ · p⃗ . (K.3)

We solve it term by term:

r⃗ · p⃗ = −iℏ r⃗ · ∇⃗

= −iℏ
[
r̂
∂

∂r
+ θ̂

1

r

∂

∂θ
+ ϕ̂

1

r sin θ

∂

∂ϕ

]
· r⃗

= −iℏ r ∂
∂r

.

(r⃗ · p⃗)2 − iℏr⃗ · p⃗ = (−iℏr∂r)2 − iℏ(−iℏr∂r)

= −ℏ2
[
r2
∂2

∂r2
+ 2r

∂

∂r
.

]
From Eq. (K.3):

p2 =
L2 + (r⃗ · p⃗)2 − iℏr⃗ · p⃗

r2
. (K.4)

Replacing the previous result into Eq. (K.4),we find:

p2 =
L2

r2
− ℏ2

r2

[
∂

∂r

(
r2
∂

∂r

)]
. (K.5)

In comparison with Eq. (K.2), we find:

L2 = −ℏ2
[

1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂ϕ2

]
. (K.6)

Since L2, as shown in Eq. (K.6), does not depend on r, H commutes with both L2 and
Lz.

[H,L2] = 0

Thus H,L2 have common eigenfunctions and we know that the solution is given by
the spherical harmonics, as form:

L2Ylm(θ, ϕ) = l(l + 1)ℏ2Ylm(θ, ϕ) . (K.7)

Since the Hamiltonian consists of a radial component and an angular component, we can
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separate the variables, and the solution becomes:

Ψ(r) = ⟨r|n, l,m⟩ = Ψ(r, θ, ϕ) = Rnl(r)Ylm(θ, ϕ) , (K.8)

here the quantum number n is introduced to identify the eigenvalues of H. So replace
Eqs. (K.6) an (K.8) in the hamiltonian Eq. (K.1):[

− ℏ2

2m

∂

∂r

(
r2
∂

∂r

)
+

L2

2mr2

]
Rnl(r)Ylm(θ, ϕ) = (E − V (r))Rnl(r)Ylm(θ, ϕ) . (K.9)

Using the eigenvalue Eq. (K.7), we obtain the radial eqaution [68]:

− ℏ2

2m

d2

dr2
Rnl(r) +

[
1

2
mω2r2 +

l(l + 1)ℏ2

2mr2

]
Rnl(r) = ERnl(r) (K.10)

The solutions are evaluated at the asymptotic limits as follows:

When r → 0

When r → 0 the E and 1
2
mω2r2 become very small compared to l(l+1)ℏ2

2mr2
hence Eq.(K.10)

is:

− ℏ2

2m

d2

dr2
Rnl(r) +

l(l + 1)ℏ2

2mr2
Rnl(r) = 0 .

The solutions are of the form:
R(r) = rl+1

When r → ∞
When r → ∞, E and l(l+1)ℏ2

2mr2
become too small compared to 1

2
mω2r2:

− ℏ2

2m

d2

dr2
R(r) +

1

2
mω2r2R(r) = 0 .

Which admits solutions:

R(r) ∼ e−
mωr2

2ℏ .

Finally the solution of eq.(K.10) is

R(r) = f(r) rl+1e−
mωr2

2ℏ .

Substituting this function:

− ℏ2

2m

d2

dr2

[
f(r)rl+1e−

mωr2

2ℏ

]
+

[
1

2
mω2r2 +

l(l + 1)ℏ2

2mr2

]
f(r)rl+1e−

mωr2

2ℏ = Ef(r)rl+1e−
mωr2

2ℏ .

(K.11)

Calculate of derivate

We define α = Mω
2ℏ and first compute:
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d

dr

[
f(r)rℓ+1e−αr

2
]
. (K.12)

Using the product rule:

d

dr

[
f(r)rℓ+1e−αr

2
]
=
(
f ′(r)rℓ+1 + (ℓ+ 1)rℓf(r)

)
e−αr

2 − 2αrf(r)rℓ+1e−αr
2

= e−αr
2 [
f ′(r)rℓ+1 + (ℓ+ 1)rℓf(r)− 2αrℓ+2f(r)

]
. (K.13)

Now the second derivative:

d2

dr2

[
f(r)rℓ+1e−αr

2
]
= e−αr

2

{
f ′′(r)rℓ+1 + 2(ℓ+ 1)rℓf ′(r)− 4αrℓ+2f ′(r)

+ (ℓ+ 1)ℓrℓ−1f(r)− 2α(2ℓ+ 3)rℓ+1f(r) + 4α2rℓ+3f(r)

}
.

(K.14)

Therefore,

d2R(r)

dr2
= e−αr

2

rℓ+1

[
f ′′(r) + 2

(
ℓ+ 1

r
− 2αr

)
f ′(r)

+

(
−2α(2ℓ+ 3) + 4α2r2 +

ℓ(ℓ+ 1)

r2

)
f(r)

]
. (K.15)

Replace in Eq (K.11) and obtain:

d2

dr2
f(r) + 2

(
l + 1

r
− mω

ℏ
r

)
f ′ +

[
2mE

ℏ2
− (2l + 3)

mω

ℏ

]
f = 0 . (K.16)

Let us try a power series solution

f(r) =
∞∑
n=0

anr
n ,

so in the Eq. (K.16):

∞∑
n=0

{[
2ME

ℏ2
− (2ℓ+ 3)Mω

ℏ

]
anr

n +

[
−2Mω

ℏ
n+

2ME

ℏ2
− (2ℓ+ 3)Mω

ℏ

]
anr

n−2

}
= 0 .

(K.17)
Evaluating some values for an we found the recurrence formula:

(n+ 2)(n+ 2l + 3)an+2 =

[
−2mE

ℏ2
+
mω

ℏ
(2n+ 2l + 3)

]
an . (K.18)

Consequently, the function f(r) must contain only even powers of r:

f(r) =
∞∑
n=0

a2nr
2n =

∞∑
n′=0,2,4,...

an′rn
′
. (K.19)

79



Note that when n→ +∞ the function f(r) diverges. So to obtain a finite solution we
must require that Eq. (K.19) to stop at a maximum power rn

′
.

For Eq. (K.19), the term an′+2 must be zero. Substituting this result into the recur-
rence formula Eq. (K.18) yields the quantization condition:

2m

ℏ2
En′l −

mω

ℏ
(2n′ + 2l + 3) = 0

En′l = (2n′ + 2l + 3)
ℏω
2

=

(
n′ + l +

3

2

)
ℏω , (K.20)

where n′ is even and can denoting n′ = 2N where N = 0, 1, 2, 3, . . . and we can write this
energy expression:

ENl =

(
2N + l +

3

2

)
ℏω .

Reduction to the Associated Laguerre Equation

We start from the differential equation for f(r):

f ′′(r) + 2

(
l + 1

r
− mω

ℏ
r

)
f ′(r) +

[
2mE

ℏ2
− (2l + 3)

mω

ℏ

]
f(r) = 0. (K.21)

Introduce the oscillator length

b =

√
ℏ
mω

, (K.22)

so that
mω

ℏ
=

1

b2
. (K.23)

Define the dimensionless variable

ξ =
r2

b2
. (K.24)

Then,
d

dr
=

2r

b2
d

dξ
,

f ′(r) =
2r

b2
fξ ,

f ′′(r) =
2

b2
fξ +

4ξ

b2
fξξ .

Substituting into the differential equation and simplifying, we obtain

ξfξξ +

(
l +

3

2
− ξ

)
fξ +

[
E

2ℏω
− 2l + 3

4

]
f = 0 . (K.25)

Defining

n =
E

2ℏω
− 2l + 3

4
. (K.26)

The equation takes the standard associated Laguerre form:
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ξfξξ +

(
l +

3

2
− ξ

)
fξ + nf = 0 . (K.27)

This is the differential equation satisfied by the associated Laguerre polynomials. The
acceptable solutions correspond to polynomial solutions of degree n = 0, 1, 2, . . . , which
requires:

n =
E

2ℏω
− 2l + 3

4
. (K.28)

This leads to the energy quantization:

Enl = ℏω
(
2n+ l +

3

2

)
. (K.29)

The solutions of the differential equation are the associated Laguerre polynomials [26]

f(ξ) = L l+1/2
n (ξ), (K.30)

where the associated Laguerre polynomials are defined by

Lαn(x) =
Γ(n+ α + 1)

Γ(α + 1)
x−αex

dn

dxn
(
e−xxn+α

)
. (K.31)

The radial wave functions are therefore

Rnl(r) = Nnl r
le−r

2/(2b2)L l+1/2
n

(
r2

b2

)
, (K.32)

where b =
√
ℏ/(mω).

The normalization condition ∫ ∞

0

|Rnl(r)|2r2dr = 1 (K.33)

gives the normalization constant:

Nnl =

√
2n!

b[ Γ
(
n+ l + 1

2

)
]3
. (K.34)

L Reduction of Current for a Single Nucleon

In this work, we employ Lorentz covariance and current conservation to derive the general
form of the electromagnetic current for an on-shell nucleon, following the approaches of
Bjorken and Drell and Peskin [105, 106]. This study analyzes the electromagnetic current
structure of mesons and nucleons. Motivated by the anomalously large magnetic moment,
the modification of minimal electromagnetic coupling is attributed to strong interactions.

The electromagnetic current of the nucleon is influenced by its spin degree of freedom,
which permits additional form factors associated with the magnetic structure of a spin–1/2
particle. The proton electromagnetic vertex and its corrections are considered in their
most general form:

ū(p′) eΓµ(p
′, p)u(p) . (L.1)
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Because the proton current transforms as a four-vector, the only vectors that can be
inserted between proton spinors are pµ, p

′
µ, and γµ. Therefore, by Lorentz covariance, the

most general structure is:

ū(p′) eΓµ(p
′, p)u(p) = e ū(p′)

[
pµΓ1(q

2) + p′µΓ2(q
2) + γµΓ3(q

2)
]
u(p) , (L.2)

where Γi(q
2), i = 1, 2, 3, are scalar functions of q2, with

q2 = (p′ − p)2 . (L.3)

Identical arguments lead to the same general form for the neutron current.

We now impose current conservation, which gives

qµū(p′)Γµ(p
′, p)u(p) = 0 . (L.4)

Using qµ = (p′ − p)µ, one obtains the constraint

Γ1(q
2) = Γ2(q

2) . (L.5)

As a consequence, the nucleon current takes the more compact form:

ū(p′) eΓµ(p
′, p)u(p) = e ū(p′)

[
(pµ + p′µ)Γ1(q

2) + γµΓ3(q
2)
]
u(p) . (L.6)

To eliminate the vector (pµ + p′µ), we use the Gordon identity [106]:

ū(p′)γµu(p) = ū(p′)

[
(p+ p′)µ

2M
+
iσµνq

ν

2M

]
u(p) . (L.7)

From this relation, we obtain:

ū(p′)(p+ p′)µu(p) = 2M ū(p′)γµu(p)− i ū(p′)σµνq
νu(p) . (L.8)

Replacing this expression in the previous result, we obtain

e ū(p′) [γµ(2MΓ1 + Γ3)− iΓ1 σµνq
ν ]u(p) . (L.9)

Finally, redefining the form factors in terms of the Dirac and Pauli form factors, we obtain

ū(p′) eΓµ(p
′, p)u(p) = e ū(p′)

[
γµF1(q

2) +
iσµνq

ν

2M
F2(q

2)

]
u(p) . (L.10)

For axial current, the construction is similar of the electromagnetic the onlu difference
being the insertion of γ5 to form the axial vector. Furthermore, in the present work we
will assume that there are no induced tensor (second-class axial-vector), so the general
axial current is [106]:

⟨N |j5µ|N⟩ = ū(p′)
[
γµγ5FA(q

2) + qνγ5FP (q
2)
]
u(p) . (L.11)

M Radial integrals

This appendix presents the results of the radial integrals, calculated using the harmonic os-
cillator wave function. This function describes the radial component found in the reduced
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matrix elements of the seven basic operators defined in the Walecka-Donelly method.

To get this elements it is necessary some proprieties of spherical Bessel functions [65]:

(
d

dρ
− l

ρ

)
jl(ρ) = − jl+1(ρ) (M.1.a)(

d

dρ
+
l + 1

ρ

)
jl(ρ) = jl−1(ρ), l > 0 (M.1.b)

jl−1(ρ) + jl+1(ρ) =
2l + 1

ρ
jl(ρ), l > 0 (M.1.c)

d

dρ

[
ρ l+1jl(ρ)

]
= ρ l+1jl−1(ρ), l > 0 (M.1.d)

jl(ρ) −−→
ρ→0

ρl

(2l + 1)!!
(M.1.e)

here ρ = qx. With this and the definition of radial wave function of harmonic oscillator
finally it is get the subsequent form of the radials integrals [26, 65, 70]:

⟨n′l′|jL(ρ)|nl⟩ =
2L

(2L+ 1)!!
yL/2e−y

√
(n− 1)!(n′ − 1)!Γ

(
n′ + l′ + 1

2

)
Γ
(
n+ l + 1

2

)
×

n−1∑
k=0

n′−1∑
k′=0

(−1)k+k
′

k!k!′
1

(n− 1− k)!(n′ − 1− k′)!

×
Γ
[
1
2
(l + l′ + L+ 2k + 2k′ + 3)

]
Γ
(
l + k + 3

2

)
Γ
(
l′ + k′ + 3

2

)
× 1F1

(
1
2
(L− l − l′ − 2k − 2k′);L+ 3

2
; y
)
, (M.2)

⟨n′l′|jL(ρ)
(
d

dr
− l

r

)
|nl⟩ = 2L−1

(2L+ 1)!!
y(L−1)/2e−y√

(n− 1)!(n′ − 1)!Γ
(
n′ + l′ + 1

2

)
Γ
(
n+ l + 1

2

)
×

n−1∑
k=0

n′−1∑
k′=0

(−1)k+k
′

k!k!′
1

(n− 1− k)!(n′ − 1− k′)!

×
Γ
[
1
2
(L+ l + l′ + 2k + 2k′ + 2)

]
Γ
(
l + k + 3

2

)
Γ
(
l′ + k′ + 3

2

)
×

{
− 1

2
(l + l′ + L+ 2k + 2k′ + 2)

× 1F1

(
1
2
(L− l − l′ − 2k − 2k′ − 1);L+ 3

2
; y
)

+ (2k) 1F1

(
1
2
(L− l − l′ − 2k − 2k′ + 1);L+ 3

2
; y
)}

,

(M.3)
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⟨n′l′|jL(ρ)
(
d

dr
+
l + 1

r

)
|nl⟩ = 2L−1

(2L+ 1)!!
y(L−1)/2e−y√

(n− 1)!(n′ − 1)!Γ
(
n′ + l′ + 1

2

)
Γ
(
n+ l + 1

2

)
×

n−1∑
k=0

n′−1∑
k′=0

(−1)k+k
′

k!k!′
1

(n− 1− k)!(n′ − 1− k′)!

×
Γ
[
1
2
(L+ l + l′ + 2k + 2k′ + 2)

]
Γ
(
l + k + 3

2

)
Γ
(
l′ + k′ + 3

2

)
×

{
− 1

2
(l + l′ + L+ 2k + 2k′ + 2)

× 1F1

(
1
2
(L− l − l′ − 2k − 2k′ − 1);L+ 3

2
; y
)

+ (2l + 2k + 1) 1F1

(
1
2
(L− l − l′ − 2k − 2k′ + 1);L+ 3

2
; y
)}

,

(M.4)

where y =
(
qb
2

)2
and 1F1 is a confluent hypergeometric function:

1F1(α; β; y) = 1 +
α

β
y +

α(α + 1)

β(β + 1)

y2

2!
+ · · · (M.5)

In its present context α is a negative integer, so that the series in Eq. (M.5) is a polynomial
of order −α in y.
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