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Motivated by the experimentally observed deviations from standard model predictions, we calculate the
anomalous magnetic moments aα ¼ ðg − 2Þα for α ¼ e, μ in a neutrino mass model originally proposed by
Babu, Nandi, and Tavartkiladze (BNT). We discuss two variants of the model: the original model, and a
minimally extended version with an additional hypercharge-zero triplet scalar. While the original BNT
model can explain aμ, only the variant with the triplet scalar can explain both experimental anomalies. The
heavy fermions of the model can be produced at the high-luminosity LHC, and in the part of parameter
space where the model explains the experimental anomalies it predicts certain specific decay patterns for
the exotic fermions.
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I. INTRODUCTION

Apart from neutrino masses, as observed in oscillation
experiments [1,2],1 there are only a few experimental hints
for new physics. Among them is the long-standing
deviation of the anomalous magnetic moment of the muon
from the standard model (SM) prediction [5].
Currently, the experimental data gives a roughly 4σ C.L.

deviation [6–12] from the SM prediction2:

Δaμ ¼ ð27.06� 7.26Þ × 10−10: ð1Þ

Two new experiments will shed light on this tension: the
E989 experiment at Fermilab [14] and E34 at J-PARC [15].
E989 (running since 2018) and E34 (planned to start in
2024) will improve the experimental accuracy by a factor of

4 and 5, respectively, leading to a 5σ C.L., in case the
central value of the older measurement is confirmed.
From the theory side, there is still a debate about the

SM calculation of the anomalous magnetic moment
regarding hadronic vacuum polarization (HVP). A recent
lattice-QCD result [16] for HVP brought the SM pre-
diction of (g − 2) of the muon into agreement with
experiments. However, this result is in tension with
eþe− → hadrons cross-section data and global fits to
electroweak precision observables [17].
More recently, a new precise measurement of the fine-

structure constant [18] led to a deviation in the (g − 2) of
the electron [19],

Δae ¼ −ð8.7� 3.6Þ × 10−13: ð2Þ

Although less significant (roughly 3σ C.L.), it provides
a new motivation to study (g − 2), as one might hope
that both discrepancies have a common new physics
origin. While both anomalies can be easily explained
individually, the relative sign between aμ and ae makes
it more complicated to find a common explanation.
Simple Z0 (dark photon) models cannot account for
both discrepancies [20]. Several papers studying both
anomalies in different contexts can be found in the
literature [21–38].
In this paper we study (g − 2) and the electric

dipole moment (EDM) for the electron and muon in the
context of the Babu-Nandi-Tavartkiladze (BNT) model
[39] and a simple extension of it. The BNT neutrino mass
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1For a recent global fit to neutrino oscillation data see, for
example, Refs. [3,4].

2After submitting our draft to the arXiv, it was brought to
our attention that deviations between experiment and theory in
ðg − 2Þμ have a surprisingly long history [13].
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model adds to the SM particle content vector-like fermion
pairs ðΨ; Ψ̄Þ, which transform as SUð2ÞL triplets, and a
scalar quadruplet S. With these fields neutrino masses are
induced at tree level by a dimension-seven operator via the
diagram shown in Fig. 1. By closing a pair of external
scalar lines, a dimension-five operator can also be gen-
erated with a loop.
However, with this particle content the Wilson coeffi-

cient cαβR of the electromagnetic (effective) dipole moment
operator, i.e.,

cαβR l̄ασμνPRlβFμν þ H:c:; ð3Þ

is suppressed by the small charged SM lepton masses, as
can be seen from the diagrams in Fig. 2. Therefore, this
model struggles to explain the current experimentally
measured value of ðg − 2Þμ, which significantly differs
from the SM value. To do so very large values for Yukawa
couplings are required, which are close to the edge of
nonperturbativity, given current limits on the exotic fer-
mion masses; see Sec. IV.
As can be seen in Eq. (3), a chirality flip (mass

insertion) is needed to close the effective operator.
While the particle content of the original BNT model
requires a Higgs insertion on the SM lepton line, the
situation changes with the addition of an extra (complex)
scalar triplet ϕ with no hypercharge. A summary of the

extra fields in this extended BNT model—henceforth
referred to as BNTϕ—can be found in Table I. With
this field content, the main contribution to the electro-
magnetic dipole moment operator becomes proportional
to the mass of the heavy fermions ðΨ; Ψ̄Þ rather than the
muon mass, as shown in Fig. 3 (diagram in the electro-
weak basis).
The rest of the paper is organized as follows. In Sec. II

we describe in detail the BNTϕ model. We derive the
neutrino masses and the relevant mixings for the calculation
of the Wilson coefficient cαβR , directly related to (g − 2), the
EDM, and Br(lβ → lαγ). At the end of the section we

derive an analytical approximation for cαβR , to provide some
insight into the parameter dependence of the different
observables. In Sec. III we give and analyze the main
results for the BNTand BNTϕmodels to compare both. We
show that while the BNTϕ model can explain both
anomalous magnetic moments fulfilling the experimental
constraints, the BNT model can only account for ðg − 2Þμ
with values for the Yukawas at the edge of perturbativity. In
Sec. IV we study the phenomenology of both models at
colliders for the parameter space where they explain
neutrino masses and the anomalous magnetic moments.
We finally close with a short discussion of our results.
Only the most relevant pieces of the Lagrangian are given
in the main text. The full Lagrangian can be found in the
Appendix.

FIG. 2. Diagrams responsible for the electromagnetic dipole moment operator in the BNT model. Note that the photon line can be
attached to the internal scalar or fermion line.

FIG. 3. Main contribution to the electromagnetic dipole mo-
ment operator in the BNTϕ model. Note that the photon line can
be attached to any of the internal scalars or the fermion line.

FIG. 1. Dimension-seven diagram responsible for neutrino
masses in the BNT model.
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II. MODEL SETUP

A. Lagrangian, masses, and mixings

We start by establishing a notation for the SUð2ÞL
components of each field. We will assume that the
components of L and H are organized in vectors,

L ¼
�

ν

l−

�
and H ¼

�
Hþ

H0

�
; ð4Þ

while the triplets Ψ, Ψ̄, and ϕ are matrices:

Ψ ¼
 Ψþffiffi

2
p Ψþþ

Ψ0 − Ψþffiffi
2

p

!
; Ψ̄ ¼

 Ψ̄−ffiffi
2

p Ψ̄0

Ψ̄−− − Ψ̄−ffiffi
2

p

!
;

and ϕ ¼
 ϕ0ffiffi

2
p ϕþ

ϕ− − ϕ0ffiffi
2

p

!
: ð5Þ

Last, S is taken to be a three-index symmetric tensor with
the following components: S111 ¼ Sþþþ, S112¼S121¼
S211¼Sþþ=

ffiffiffi
3

p
, S122¼S212¼S221¼Sþ=

ffiffiffi
3

p
, and S222¼S0.

The neutral scalars have nonzero vacuum expectation
values (VEVs), which we will denote as hH0i≡ vH=

ffiffiffi
2

p
,

hϕ0i≡ vϕ=
ffiffiffi
2

p
, and hS0i≡ vS=

ffiffiffi
2

p
. The electroweak

bosons acquire masses m2
W ¼ g2ðv2H þ 4v2ϕ þ 3v2SÞ=4 and

m2
Z ¼ ðg2 þ g02Þðv2H þ 9v2SÞ=4, and therefore at tree level

the ρ parameter has the value ðv2H þ 4v2ϕ þ 3v2SÞ=
ðv2H þ 9v2SÞ. In order for this number to not be far from
unity, it follows that vS and vϕ need to be much smaller
than vH. Indeed, assuming that only one of these two VEVs
is different from zero and using data from Ref. [8], the 3σ
upper limits for jvϕj and jvSj are roughly 4 and 2 GeV,
respectively.
On top of the SM couplings, the BNTϕ model contains

the following mass and interaction terms:

LBNTϕ ¼ MΨΨΨ̄þ YΨLΨH� þ YΨ̄Ψ̄LSþ YeϕecΨ̄ϕ

þ YeϕcecΨ̄ϕ� þ YΨϕΨΨ̄ϕþ YΨϕcΨΨ̄ϕ� − V;

ð6Þ

V ¼ m2
SS

�Sþm2
ϕϕ

�ϕþ ðμ2ϕϕϕþ μHϕH�Hϕ

þ λ5S�HHH þ λ9H�Hϕϕþ H:c:Þ
þ λ6aðH�Hϕ�ϕÞ þ λ6bðH�Hϕ�ϕÞ0 þ � � � : ð7Þ

We have omitted SUð2ÞL indices, as well as several scalar
interactions which are of little importance for this
work. Nevertheless, the full Lagrangian is displayed in
the Appendix. Flavor indices can be read from the
equations above with the understanding that the coupling
matrices have indices ordered according to the position
of the fermions; for example, YΨLΨH� ¼ ðYΨÞijLiΨjH�.
Note that, even though several parameters in the potential
could be complex, in our numerical studies we will take
them to be real for simplicity and allow complex entries
only in the Yukawa matrices.
From the requirement that the first derivative of the

potential is null for the nonzero vacuum expectation values
vH, vϕ, and vS, together with the expected hierarchy of
these VEVs, we get the approximate tadpole equations:

μ2 ≈ −
λ1v2H
2

þ 2ðm2
ϕ þ 2μ2ϕÞ

v2ϕ
v2H

; ð8Þ

λ5 ≈ −2
m2

S

v3H
vS; ð9Þ

μHϕ ≈ 2vϕ
m2

ϕ þ 2μ2ϕ
v2H

: ð10Þ

In the very first equation, μ2 and λ1 are the SM scalar
parameters: VSM ¼ μ2H�H þ 1

2
λ1H�H�HH. Note that μHϕ

is a critical parameter for the electromagnetic dipole
moment operator (see Fig. 3) which, through Eq. (10),
gets substituted by the VEVof ϕ0. On the other hand, λ5 is
fundamental for the generation of neutrino masses, as can
be seen from the diagram in Fig. 1, and its value is
approximately proportional to the VEV of the S0 scalar.

B. Neutrino masses

In the basis ðν;Ψ0; Ψ̄0ÞT the full mass matrix for neutral
fermions reads, at tree level and in block form,

M0 ¼

0
B@

0 mYΨ
mT

YΨ̄

mT
YΨ

0 MΨ

mYΨ̄
MT

Ψ 0

1
CA; ð11Þ

where mYΨ
¼ YΨvH=

ffiffiffi
2

p
and mYΨ̄

¼ YΨ̄vS=
ffiffiffi
2

p
. With the

standard seesaw approximation, if the entries in the
matrices mYΨ

ðM−1
Ψ ÞT and mYΨ̄

ðM−1
Ψ ÞT are smaller than 1,

one can block diagonalize M0 and the effective mass
matrix for the light neutrinos is given by the expression

TABLE I. Quantum numbers of the new fields in the extended
BNT model, namely, BNTϕ. It contains the complex ϕ scalar
which is not part of the original BNT model. The Weyl fermions
Ψ and Ψ̄ are unrelated (the bar in Ψ̄ is simply a reminder that it
has the opposite quantum numbers of Ψ). One can have any
number of generations of vector fermions ðΨ; Ψ̄Þ; for simplicity,
we fix the number of copies to three.

Spin SUð3Þc SUð2ÞL Uð1ÞY
Ψ 1

2
1 3 1

Ψ̄ 1
2

1 3 −1
S 0 1 4 3

2

ϕ 0 1 3 0
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Mν ¼ mYΨ
ðM−1

Ψ ÞTmYΨ̄
þmT

YΨ̄
M−1

Ψ mT
YΨ
: ð12Þ

Note that, without loss of generality, the MΨ matrix can be
taken to be diagonal.
If we take the neutrino mass diagram associated with this

last formula (see Fig. 1) and close the outgoing Higgs H�
line with one of the ingoing Higgses H, we also obtain a
radiative contribution to neutrino masses already in the
original BNT model. In the basis whereMΨ is diagonal, the
correction to the tree-level formula can be expressed as

ΔMLoop
ν ¼ 1

16π2
ðmYΨ

M−1
LoopmYΨ̄

þmT
YΨ̄
M−1

Loopm
T
YΨ
Þ; ð13Þ

where M−1
Loop is a diagonal matrix with entries3

ðM−1
LoopÞii ≈

mΨi

m2
S −m2

h

ΔB0ðm2
S; m

2
h; m

2
Ψi
Þ

þ mΨi

m2
S −m2

W
ΔB0ðm2

S; m
2
W;m

2
Ψi
Þ: ð14Þ

The quantity ΔB0ðm2
A;m

2
B;m

2
Ψi
Þ ¼ B0ð0; m2

A;m
2
Ψi
Þ −

B0ð0; m2
B;m

2
Ψi
Þ is related to the standard Passarino-

Veltman function B0. The main contribution to the radiative
neutrino mass is shown in the left panel of Fig. 4. It should
be noted that, with the introduction of the ϕ field, there is an
extra loop contribution to neutrino masses (shown in the
right panel of Fig. 4). Nevertheless, numerically its impor-
tance is small.

C. Scalar masses and mixing

In order to get a grasp on the magnitude and parameter
dependence of the electromagnetic dipole moment operator
in Eq. (3), it is important to understand how the various
scalars mix. That discussion is simplified if we consider
that the VEVof S is negligible (vS ≈ 0), in which case this
field does not mix with the remaining ones. All scalar
components of S can therefore be safely ignored (except in
what concerns neutrino mass generation). However, we
note that while this and other approximations made in the

following discussion are very useful, to obtain the numeri-
cal results in Sec. III we used the full unapproximated
expressions for masses and mixing angles.
We are left with three scalars with electric charge þ1

contributing to the dipole moment operator, namely, Hþ,
ϕþ, and ðϕ−Þ�. For this particular ordering of the fields,
their mass-squared matrix is given by the approximate
expression

Mþ ≈

0
BBBBB@

2
v2ϕ
v2H
ðκ1 þ κ2Þ

ffiffi
2

p
vϕ

vH
κ1

ffiffi
2

p
vϕ

vH
κ2ffiffi

2
p

vϕ
vH

κ1 κ3 κ1 − κ3ffiffi
2

p
vϕ

vH
κ2 κ1 − κ3 −κ1 þ κ2 þ κ3

1
CCCCCA
;

ð15Þ

with

κ1 ≈m2
ϕ þ 2μ2ϕ þ ðλ6a þ λ6b þ 2λ9Þ

v2H
2
; ð16Þ

κ2 ≈ κ1 − λ6b
v2H
2
; ð17Þ

κ3 ≈m2
ϕ þ ðλ6a þ λ6bÞ

v2H
2
: ð18Þ

The properly normalized admixture of fields vHHþ −ffiffiffi
2

p
vϕϕþ −

ffiffiffi
2

p
vϕðϕ−Þ� constitutes the pseudo-Goldstone

boson Gþ, and therefore we are left with only two other
mass eigenstates: φþ

1 and φþ
2 . In order to make a quanti-

tative analysis of their masses and composition, we shall
take into account that vϕ must be significantly smaller than
vH, which in turn is much smaller than the bare masses m2

ϕ

and μ2ϕ. When this is the case,

m2ðφþ
1 Þ ≈m2

ϕ þ 2μ2ϕ þ
�
λ6a þ

1

2
λ6b þ 2λ9

�
v2H
2
; ð19Þ

m2ðφþ
2 Þ ≈m2

ϕ − 2μ2ϕ þ
�
λ6a þ

1

2
λ6b − 2λ9

�
v2H
2
: ð20Þ

FIG. 4. Left: dimension-five diagram corresponding to the main one-loop neutrino mass contribution. Right: subleading dimension-
seven neutrino mass contribution.

3To a good approximation, here we can use the value of the
mass of S ignoring electroweak corrections.
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There is also the following relation between electroweak
and mass eigenstates:

0
B@

Gþ

φþ
1

φþ
2

1
CA ≈

0
BB@

1 −
ffiffiffi
2

p vϕ
vH

−
ffiffiffi
2

p vϕ
vH

2
vϕ
vH

1ffiffi
2

p 1ffiffi
2

p

0 − 1ffiffi
2

p 1ffiffi
2

p

1
CCA
0
B@

Hþ

ϕþ

ðϕ−Þ�

1
CA: ð21Þ

The neutral scalars, H0 and ϕ0, are equally important in
the loop diagrams in Fig. 2. By splitting these two fields
into their real and imaginary parts,

H0 ≡H0
R þ iH0

Iffiffiffi
2

p ; ϕ0 ≡ ϕ0
R þ iϕ0

Iffiffiffi
2

p ; ð22Þ

it is easily seen that only the CP-even fieldsH0
R and ϕ0

R mix
to form two mass eigenstates. One of them should be
identified with the observed 125 GeV Higgs boson, and we
will call the other one R0. The CP-odd fields—H0

I and
ϕ0
I—do not mix, and hence they are mass eigenstates. In

particular,H0
I ≡G0 is the neutral pseudo-Goldstone boson,

just like in the SM. The expressions for the mass eigen-
states are

h0 ≈H0
R þ 2

vϕ
vH

ϕ0
R; R0 ≈ϕ0

R − 2
vϕ
vH

H0
R; G0 ¼H0

I ; ϕ0
I ;

ð23Þ

with the corresponding (pseudo)masses given by the
following formulas:

m2ðh0Þ ≈ 4λ1v2H − 4ðm2
ϕ þ 2μ2ϕÞ

v2ϕ
v2H

; m2ðR0Þ ≈m2ðφþ
1 Þ;

ð24Þ

m2ðG0Þ ¼ 0; m2ðϕ0
I Þ ≈m2ðφ−

1 Þ: ð25Þ

D. Analytical understanding of the value
of (g− 2)e;μ and related observables

With the approximate dependence of masses and mixing
angles on the various Lagrangian parameters, we are in a
position to estimate the value of g − 2 for the electron
and the muon, as well as the value of the lepton electric
dipole moments and the branching ratios Brðlβ → lαγÞ.
Nevertheless, for our numerical results we used the full
one-loop expressions, without approximations.
Following Ref. [22], we can describe a generic inter-

action of a fermion Ψ with the charged leptons lα ¼ e, μ, τ
and a scalar Φ with couplings Γα

L and Γα
R:

L ¼ � � � þ Ψ̄ðΓα
LPL þ Γα

RPRÞlαΦ� þ H:c: ð26Þ

Through a loop diagram, this interaction will induce a
contribution to the electromagnetic dipole moment operator
shown in Eq. (3). Specifically, Ref. [22] quoted the result

cαβR ≈
1

16π2
Γα�
L Γβ

R
mΨ

m2
Φ

�
fΦ

�
m2

Ψ
m2

Φ

�
þ qΨgΦ

�
m2

Ψ
m2

Φ

��
ð27Þ

plus subleading contributions which are suppressed by the
masses of the leptons lα and lβ. The loop functions
appearing in this expression are

fðxÞ ¼ x2 − 1 − 2x log x
4ðx − 1Þ3 ; ð28Þ

gðxÞ ¼ x − 1 − log x
2ðx − 1Þ2 ; ð29Þ

and qΨ is the electric charge of the loop fermion, flowing
from the initial lepton (lβ) to the final one (lα).
The lepton anomalous magnetic moments, their electric

dipole moments, as well as the branching ratios of the
decays lβ → lαγ can readily be calculated from the

numbers cαβR :

ðg − 2Þα
2

≡ aα ¼ −4
mlα

e
RecααR ; ð30Þ

dα ¼ −2ImcααR ; ð31Þ

Brðlβ → lαγÞ ¼
m3

lβ

4πΓlβ

ðjcαβR j2 þ jcβαR j2Þ: ð32Þ

For the particular model under discussion, the main
contribution to cαβR is due to the loop shown in Fig. 3.
With the approximate value of the scalar mixing matrices
provided earlier, we obtain the following estimate:

cαβR ≈
1

16π2
X3
i¼1

ðYΨÞαiðYeϕ þ YeϕcÞβimΨi

vϕ
vH

×
X

Φ¼fGþ;h0;φþ
1
;R0g

κΦ
m2

Φ

�
f

�
m2

Ψi

m2
Φ

�
− κ0Φg

�
m2

Ψi

m2
Φ

��
:

ð33Þ

The κð0ÞΦ coefficients in this expression take the following
values: κGþ;h0;φþ

1
;R0 ¼ ð− ffiffiffi

2
p

; 1;
ffiffiffi
2

p
;−1Þ and κ0Gþ;h0;φþ

1
;R0 ¼

ð2; 1; 2; 1Þ. At leading order, the remaining scalars do not
contribute. Note also that the present model does not
contain extra gauge bosons; however, the couplings of
the SM ones to leptons is slightly altered. Instead of
considering an extra loop with an internal W� boson, it
is sufficient to include in the scalar computation the
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pseudo-Goldstone boson Gþ, assigning to it its physical
mass (mGþ ¼ mW).

III. RESULTS AND DISCUSSION

In this section we will discuss the numerical results for
Δðg − 2Þα (α ¼ e, μ), the neutrino mass fits, and constraints
from charged lepton-flavor-violation (cLFV) searches.
We also briefly comment on electric dipole moments
de;μ. The discussion is divided into two parts. In the first
one we show results for the original BNT model, while in
the second we discuss the extended version, BNTϕ.
We have implemented the model into SARAH [40,41].

This program generates SPheno routines [42,43] for a
numerical calculation of mass spectra and other observ-
ables. To cross-check the results, we have written private
codes for the numerical evaluation of Δðg − 2Þα and
also implemented the approximation formulas discussed
in Sec. II.

A. Results for the BNT model

Since the main motivation for the BNT model [39] is to
explain the observed neutrino oscillation data, we first
briefly discuss how neutrino masses and angles can be
fitted to the experimental data.
The master parametrization [44,45] allows us to fit any

Majorana neutrino mass model to experimental data. For
the case of the BNT model, the general formulas in
Ref. [45] simplify to

Y1 ¼ cM1=2
Ψ WTm̂ν

1=2U†
ν;

Y2 ¼ cM1=2
Ψ W�Bm̂ν

1=2U†
ν; ð34Þ

with

B ¼ ðTTÞ−1ðI − KÞ; ð35Þ
and c ¼ ðvHvSÞ−1=2. Since the neutrino mass matrix is
symmetric under the exchange of Y1 and Y2, we can
associate YΨ and YΨ̄ with either of them arbitrarily. The
master parametrization calculates the two Yukawa matrices
as functions of the input parameters mνi , Uν, and MΨ and
three matricesW, T, and K with arbitrary parameters. Here,
W is a unitary matrix, T is an upper triangular matrix, andK
is an antisymmetric matrix. All matrices are (3, 3). As
usual, m̂ν and Uν are the light neutrino mass eigenvalues
and mixing matrix.4

An especially simple case is the choice W ¼ I,
T ¼ f × I, and K ¼ 0. This leads to YΨ ¼ f2YT

Ψ̄ and both
Yukawa matrices are equal for f ¼ 1. With this choice, both
Yukawa matrices have off-diagonal elements due to the
large mixing angles observed in oscillation experiments.
Figure 5 shows Δðg − 2Þα and Brðli → ljγÞ for some fixed
masses mΨi

as functions of the diagonal entries in YΨ,
jðYΨÞiij. Since the neutrino fit requires the product of the
two Yukawa matrices to be constant, small values of
jðYΨÞiij correspond to large entries in YΨ̄ and vice versa.
As the plots in Fig. 5 show, Δðg − 2Þμ can be explained

if either jðYΨÞ22j or jðYΨ̄Þ22j are order Oð1Þ.5 However,
Δðg − 2Þe is always smaller than the experimental

anomaly.6 Even more importantly, cLFV constraints
[especially Brðμ → eγÞ] rule out all points that explain
Δðg − 2Þμ in this fit.
We have therefore tried a different ansatz for the matrices

W and T. It is easy to show that the choice W ¼ Uν and
T ¼ f × m̂ν

−1=2 will lead to a fit of neutrino data in which
one of the two Yukawa matrices is diagonal. Figure 6 shows
the result of this calculation. Here we show Δðg − 2Þμ for
two choices ofmΨ. Full lines are formΨ ¼ 800 GeV, while
dashed lines are for mΨ ¼ 1.5 TeV. These values are
motivated by the (estimated) lower limit and future sensi-
tivity of the LHC; see the discussion in Sec. IV. Colored
points are allowed by cLFV constraints, while points
violating the experimental bound on Brðμ → eγÞ are shown
in grey. The plot in the left panel fits neutrino data with a
diagonal matrix YΨ, while the plot in the right panel is
for diagonal YΨ̄. As expected, the model can explain
Δðg − 2Þμ, consistent with the bound on Brðμ → eγÞ, if
the larger of the two Yukawa matrices is diagonal. The plots
show that both ŶΨ and ŶΨ̄ give valid solutions. Again,
Δðg − 2Þe is never large enough to explain the experimental
anomaly.
While the BNTmodel can explainΔðg − 2Þμ, at least one

of the Yukawas needs to beOð1Þ, given current lower limits
on the heavy fermion masses. In fact, as we show in Fig. 7,
in the BNT model one can derive an upper bound on the
mass of Ψ from the requirement that the experimental
anomaly is correctly explained. As Fig. 7 demonstrates,
even for jðYΨÞ22j ¼ 4π, mΨ cannot be larger than roughly
3 TeV in this case. Note that such a large coupling makes

4An alternative but equivalent fit could be done using one of
the two Yukawa couplings as input:

YΨ ¼
�

1

vHvS
Mν þ A

�
ðYΨ̄Þ−1MΨ; ð36Þ

with A being a generic antisymmetric matrix andMν the neutrino
mass matrix in the flavor basis.

5The plots in Figs. 5 and 6 are shown versus ðYΨÞ11. Since we
fit neutrino data using Eq. (34) for fixed, best-fit-point neutrino
data, the ratios of all different entries in the Yukawa matrix are
constant in this scan. For example, ðYΨÞ22=ðYΨÞ11 ≃ 6 at all
points in these plots.

6Since we plot logarithmically, the plot shows jΔðg − 2Þej.
Experimentally, Δðg − 2Þμ and Δðg − 2Þe have different signs.
We have checked that the relative signs can be easily generated by
relative signs in the entries of the Yukawa matrices.
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the model nonperturbative, and thus this number is
conservative and the LHC should be able to test values
up to jðYΨÞ22j∼ (6–7).

B. Results for the BNTϕ model

Let us turn now to a discussion of the extended BNT
model. The addition of the scalar ϕ to the model generates

diagrams, for which the mass flip [necessary for the
generation of Δðg − 2Þα] can be caused by the large
fermion mass internal to the loop.
Figure 8 shows a comparison of the approximation

formulas (see Sec. II) to the full numerical results from
SPheno. The plot shows Δðg − 2Þα as a function of mϕ for
different values of vϕ and Yeϕ ¼ Yeϕc . The neutrino fit was

FIG. 5. Left: Δðg − 2Þα, the shift with respect to the SM value of ðg − 2Þα, as a function of jðYΨÞ11j for two choices of the quadruplet
VEV, vS. We only show α ¼ e, μ, since there is practically no experimental information for the τ. The thin horizontal bands are the 1σ
C.L. ranges of the experimental anomalies. Right: Brðli → ljγÞ for the same choice of parameters as in the left panels. The masses of Ψi

are chosen as mΨ1;2;3
¼ ð0.8; 0.9; 1.0Þ TeV, and the mass of the scalar quadruplet is mS ¼ 500 GeV. For the neutrino fit, see the

discussion in the text.

FIG. 6. Δðg − 2Þα as a function of jðYΨÞ11j. mΨi
are chosen as mΨ1;2;3

¼ ð0.8; 0.9; 1.0Þ TeV (solid lines) and mΨ1;2;3
¼

ð1.5; 1.6; 1.7Þ TeV (dashed lines). Grey points are ruled out by the experimental limit on Brðμ → eγÞ. For the neutrino fit, see the
discussion in the text.
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done with a diagonal coupling YΨ, with entries on the
diagonal equal to ðYΨÞii ¼ 1 for simplicity. The plots
demonstrate that there is a large range of parameter space
for which both experimental anomalies can be explained
simultaneously. It may seem counterintuitive that Δðg −
2Þα increases with increasing mass mϕ. The reason for this
is the relative sign between the diagrams from the
Goldstones and the scalars; see Eq. (33). This sign leads
to a cancellation in Δðg − 2Þα if the scalars h0 and ϕþ are
degenerate with the corresponding Goldstone bosons. For
large mϕ this cancellation is less effective, and in the limit
mϕ → ∞ only the Goldstone diagrams contribute to the
observable.
Figure 8 also demonstrates that the approximation

formulas work quite well for a vϕ of order OðGeVÞ, as
expected. For the muon, the approximation formula starts
to differ from the numerical results once vϕ and Yeϕ are
smaller than a GeVand Yeϕ ≪ 1, respectively, while for the
electron the approximation still works reasonably well.
Again, this is to be expected because, since mμ=me ≃ 200,
diagrams with external mass flips are more important in the
case of the muon. Depending on other model parameters,
the diagrams proportional to vϕ will be subdominant even

for very large (i.e., nonperturbative) Yukawa couplings
for vϕ ≲ ð10−3–10−2Þ GeV. For vϕ below 10−3 GeV the
model cannot explain Δðg − 2Þe and the results of the
original BNT model are approximately recovered.
Since roughly Δðg − 2Þα ∝ 1=mΨ, correctly explaining

the experimental anomalies would imply an upper limit on
mΨ. The most conservative value for this limit is reached if
all Yukawa couplings take the maximum values allowed
by perturbativity. Taking ∀Y ∼ ð4πÞ, the result is roughly
of order mΨ ∼Oð100Þ TeV. This number is so large that it
is only of academic interest. Figure 9 shows that for large
mϕ (say, mϕ larger than 1 TeV) there is practically no
dependence on the choice of mϕ. The reason for this is that
in this limit all of the heavy scalar states decouple from the
calculation and the only contribution to the observable
comes from the Goldstone diagrams.
Figure 9 also demonstrates that for more reasonable

couplings the upper limit on mΨ is again much lower.
Allowing Yeϕ ¼ 4π but restricting YΨ to order Oð1Þ, the
limit is roughly (8–10) TeV, while for all couplings no
larger than 1 one finds mΨ ≤ ð2–3Þ TeV. This last number
is close to what the LHC can probe in the high-luminosity
run, although the LHC will not be able to cover the allowed
range of masses completely; see the next section.
Let us briefly discuss the electric dipole moments dα.

Figure 10 shows one example as a function of mΨ. The
couplings Yeϕ and Yeϕc have been taken to be real and equal
to one, Yeϕ ¼ Yeϕc ¼ 1. The plot shows that de provides a
severe constraint, while for dμ there is no part of the
parameter space where the model can saturate the exper-
imental bound. The plot uses the same parameters and
fitting as that used in Fig. 9 for Δðg − 2Þα. de probes phases
as low as 10−6. Thus, the large couplings needed to explain
Δðg − 2Þe essentially need to be real.
For the BNTϕmodel, in order to generate theCP phase δ

in the neutrino fit, one can always put the phases into the

FIG. 7. Δðg − 2Þμ for three fixed values of ðYΨÞ22 as a function
of MΨ, for degenerate Ψ.

FIG. 8. Δðg − 2Þα as a function of mϕ for different values of vϕ and Yeϕ ¼ Yeϕc . The colored lines are the numerical result, while the
gray lines are calculated with the approximation formulas (see text). Full lines are calculated with ðYeϕÞ11 ¼ 0.06 and ðYeϕÞ22 ¼ 1,
while dashed lines are with ðYeϕÞ11 ¼ 0.006 and ðYeϕÞ22 ¼ 0.1. As in all other figures in this section, red is for μ and purple is for e.
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small Yukawa coupling. (In the case of Fig. 10 we use YΨ̄).
Thus, the model can survive the de constraint easily, but it
also does not make any testable predictions.
The large couplings have to be both real and close to

diagonal, as Fig. 11 demonstrates. Here, YΨ has simply
been parametrized as

YΨ ¼

0
B@

f ϵ ϵ

ϵ 1 ϵ

ϵ ϵ 1

1
CA: ð37Þ

Here, f ≃ 0.06, as discussed above. μ → eγ provides a
severe constraint on the off diagonal in the (12) sector:
ϵ ≤ 10−ð5=6Þ, depending on the mass of Ψ. τ → μγ is much
less stringent, but still provides ϵ ≤ 10−2 for the lowestmΨ.
In summary, the extended version of the BNT model,

BNTϕ, can simultaneously explain the experimentally
observed anomalies in (g − 2) and easily fit neutrino
oscillation data in large parts of its parameter space.
Electric dipole moments force the large Yukawa coupling
required for Δðg − 2Þexpα to be (nearly) real, while cLFV
constraints require them to be (nearly) diagonal. This has
some interesting consequences for the phenomenology of
the heavy fermions Ψ, as we discuss in the next section.

IV. HEAVY FERMIONS AT COLLIDERS

We calculated the production cross sections for the
different heavy fermions of the BNT model using
MADGRAPH [46–48]. For the pair production of multiply
charged particles, photon-photon fusion diagrams are
especially important at large scalar masses, despite the
tiny parton density of the photon inside the proton.
Manohar et al. [49,50] recently reported an updated
determination of the photon parton distribution function
(PDF) inside the proton. The resulting LUXqed17_
plus_PDF4LHC15_nnlo_100 combines QCD partons
from PDF4LHC15 [51] with the LUXqed calculation of the
photon density. Results for cross sections using this set of
PDFs are shown in Fig. 12 for the LHC and a hypothetical
future 100 TeV pp collider.

FIG. 9. Δðg − 2Þα, the shift with respect to the SM value of ðg − 2Þα, as a function of mΨ. The mass of the scalar ϕ is mϕ ¼ 1 TeV
(left) andmϕ ¼ 10 TeV (right). The neutrino data is fitted with a diagonal YΨ and the factor f has been chosen as f ≃ 0.06 to fit the two
experimental anomalies at the same value of mΨ. This is neither necessary nor a prediction of the model and has been done only for
demonstration. The points have been calculated assuming Yeϕ ¼ Yeϕc , and the solid lines are for ðYeϕÞii ¼ 1 while the dashed lines are
for ðYeϕÞii ¼ 4π.

FIG. 10. dα, the electric dipole moments, as a function of mΨ.
The large couplings, except ðYΨÞ11, have all been taken to be
equal to 1 in this plot.

FIG. 11. Brðli → ljγÞ as a function of mΨ. The large couplings
have all been taken to be equal to 1 in this plot. For the
parametrization of YΨ, see the main text.
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The largest cross sections are the pair production of the
doubly charged fermions and the associated production of
ΨþþΨ−. For the high-luminosity LHC with L ¼ 3=ab each
of these gives more than 100 (20) events for mΨ ¼ 1.5
(1.8) TeV before cuts. Therefore, we expect that, depending
on search strategy and backgrounds, the final reach of the
LHC for the discovery of the heavy fermions of the BNT
model should roughly lie in this mass range.
Possible decays of the heavy fermions depend on

whether the scalars S and/or ϕ are lighter or heavier than
Ψ. We will concentrate on the case that all new scalars
are heavier than the fermions for definiteness. Final
states for the different Ψ are Ψþþ

i → lþj W
þ, Ψþ

i →
ðlþj Z0; lþj h

0; νj þWþÞ, and Ψ0
i → ðl�j þW∓; νj þ h0;

νj þ Z0Þ. Since Ψ0
i are Majorana fermions, both lepton

charges should occur with (nearly7) equal branching ratios.
Before entering into a more detailed discussion of the

different branching ratios, let us comment briefly on
existing limits from LHC searches. Several “exotic”
searches at ATLAS and CMS can provide lower mass
limits on Ψ. The currently most stringent one is, to our
knowledge, the multilepton search by CMS [52]. This work
uses a total of 137=fb of statistics to search for three
charged leptons with missing energy in the final state and
no hadronic activity associated with the events. The target
process is the type-III seesaw, and the final state searched
for can be generated in this model via pp → ΣþΣ0 →
ðWþνÞ þ ðWþl−Þ → lþlþl−νν, from the leptonic decays of

the W’s. For Σ decaying “flavor democratically” the lower
limit is mΣ ¼ 880 GeV. (This assumes equal branching
ratios to the different lepton families. For Σ decaying to τ’s
the limit is considerably worse; see Ref. [52] and for more
details the earlier Ref. [53]). While both cross sections and
branching ratios are different in the seesaw type-III and the
BNT model, a rough estimate using Fig. 11 of Ref. [52]
gives a lower limit on mΨ in the range of (800–900) GeV
for Ψþþ decaying to e or μ.
Let us now turn to a discussion of the decay branching

ratios of the heavy fermions. As discussed in the previous
section, neutrino data requires that at least one of the
matrices YΨ or YΨ̄ be nondiagonal. Since the same
couplings are responsible for the decays of the heavy
fermions, in general one would expect the decays of Ψþþ,
Ψþ, and Ψ0 to also violate flavor.
An example is shown in Fig. 13. Here we show the total

decay width ofΨþþ and Brðμ → eγÞ (left panels) as well as
the branching ratios Br(Ψþþ → lþj W

þ) for j ¼ e, μ, τ (right
panel) as a function of vS. For this figure we have chosen
mΨ1

¼ 1 TeV and the neutrino masses were fitted with
Eq. (34). In this scan we randomly choose the angles in
matrixW, we restrict the entries in the matrix T to be order
Oð1Þ on the diagonal andOð10−1Þ on the off diagonal, and
for simplicity K ≡ 0. Note that, due to the restrictions on T,
YΨ and YΨ̄ have a similar order of magnitude in this plot.
The plot in the left panel shows that both Brðμ → eγÞ and
the total width of Ψþþ decrease with increasing vS, since a
larger vS requires smaller Yukawa couplings in the neutrino
fit. The plot in the right panel, however, shows no such
tendency in the branching ratios. This is easily understood:
while the total width is sensitive to the overall size of the
Yukawa couplings, ratios of branching ratios depend only

FIG. 12. Production cross sections for the exotic fermions in the BNT model for the LHC (left) and a future 100 TeV collider (right).

7CP-violating phases can lead to small differences in the
branching ratios to leptons or antileptons. We do not address
these details, since the lepton asymmetry caused by this differ-
ence is a one-loop correction to the branching ratio.
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on ratios of Yukawa couplings. Thus, an upper limit on
Brðμ → eγÞ does not restrict the possibility to have flavor-
violatingΨþþ decays.8 Results for the decays ofΨþ andΨ0

show the same qualitative behavior, and we do not repeat
these plots here.
The situation is very different in those parts of param-

eter space where the model can explain Δðg − 2Þe and
obey the upper bound from cLFV decays at the same time.
As discussed in the previous section, YΨ (or YΨ̄) and Yeϕ

must be “large” and nearly diagonal to fit Δðg − 2Þe. In
this case all heavy fermion decays are very nearly flavor
diagonal. We have numerically checked that points with
YΨ and Yeϕ in the range that gives the correct Δðg − 2Þe
cannot have measurable flavor-violating decays of the
heavy fermions without grossly violating existing cLFV
bounds.
Moreover, the decays ofΨþ

1 andΨ0
1 depend on the values

of vϕ and Yeϕ. Figure 14 shows an example. In these plots

branching ratios are shown as a function of Yeϕ for two
values of vϕ. All points in this plot are within the 1σ C.L.
range of the two experimental anomalies, Δðg − 2Þe and
Δðg − 2Þμ. For values of vϕ < ðfewÞ10−3 GeV, Δðg − 2Þe
cannot be fitted anymore with perturbative Yukawa cou-
plings. The lines stop on the left side, when YΨ becomes
nonperturbative. Note that YΨ is fitted to the experimental
data as a function of Yeϕ, and thus YΨ ≫ YΨ̄ in this
calculation.
It is interesting to point out that for Yeϕ ≫ YΨ, which

occurs only for vϕ ¼ 1 GeV in these figures, the decays
Ψþ → eþh0 and Ψ0 → e�W∓ are enhanced. This particu-
lar pattern appears only in the BNTϕ model (and not in the
original BNT model). One can trace it back analytically to
the appearance of the coupling Yeϕ in the coupling of the
heavy fermions to the SM Higgs, due to the mixing of H
and ϕ (proportional to vϕ=v).
We note that the model does not predict the hierarchy

among the different copies of Ψ. Thus, the lightest of these
can couple dominantly to either e, μ, or τ. Figure 14 shows
the case where the lightest Ψ couples to e. The plots for the
other cases (coupling to μ or τ) are very similar and we do
not repeat them here.

FIG. 13. Left: total width of Ψþþ and Br(μ → eγ) as a function of vS. Right: branching ratios of Ψþþ. The plot shows a random scan
for a fixed mass mΨ ¼ 1 TeV (see text).

FIG. 14. Branching ratios for the decays of Ψþ
1 and Ψ0

1 as a function of Yeϕ, for two different values of vϕ, vϕ ¼ 1 GeV (0.1 GeV),
shown by the solid lines (dashed lines). All points in this plot are within the 1σ C.L. range of the two experimental anomalies, Δðg − 2Þe
and Δðg − 2Þμ. This is achieved by fitting YΨ as a function of Yeϕ. In this case, all decays are flavor diagonal, as discussed in the text.

8For flavor violation in heavy fermion decays one must
consider the full event. For example, the pair production of
ΨþþΨ−− leads to lþi l

−
j þ 4j (from hadronic W decays), with

i ≠ j, if Ψþþ decays to more than one lepton generation.
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In summary, the heavy fermions Ψ of the BNT model
can be produced at the high-luminosity LHC. While in
general one expects to have large LFV decays of the heavy
fermions, fitting Δðg − 2Þe to the experimental anomaly
requires large and flavor-diagonal couplings. Thus, in order
for the model to explain Δðg − 2Þe, the heavy fermions
must decay in a flavor-conserving manner. Interestingly,
the decays of Ψþ and Ψ0 also indirectly trace the presence
of ϕ in the model via enhanced rates for the decays Ψþ →
eþh0 and Ψ0 → e�W∓, if Yeϕ is the largest Yukawa
coupling.

V. SUMMARY

We proposed an extension of the original BNT
neutrino model to accommodate the experimental
ðg − 2Þα (α ¼ e, μ) anomalies, compatible with neutrino
oscillation data and current cLFV bounds. In this model,
the presence of an extra hypercharge-zero triplet scalar
gives a sizable contribution to the dipole operator
proportional to the mass of the exotic heavy fermions.
The situation is different for the original BNT model,
where the dipole operators are suppressed by the small
charged lepton masses. Consequently, the original BNT
model cannot explain both anomalies at the same time,
but Δðg − 2Þμ could be explained if at least one of the
exotic fermions has a mass of roughly mΨ ≲ ð2–3Þ TeV,
which is partially within reach of the high-luminosity
LHC.
In the extended BNT model an explanation of both

observed anomalies, ðg − 2Þe and ðg − 2Þμ, is compatible
with neutrino oscillation data and perturbative couplings
in a large part of the available parameter space. The
smallness of the observed mν, together with the require-
ment to correctly explain the (g − 2) anomalies, selects a
specific part of the parameter space. Specifically, Yeϕ and
either YΨ or YΨ̄ have to be order Oð0.1–1Þ. cLFV bounds
then force the large couplings to be (nearly) flavor
diagonal. Additional constraints on these couplings come
from the current EDM bounds of the electron. We
showed that the experimental bound for jdej ∼ 1.1 ×
10−9 e cm forces the large couplings needed to explain
Δðg − 2Þe to be mostly real. These results are in agree-
ment with model-independent considerations which can
be made based on an effective field theory analysis [22].

For dμ, on the other hand, the model cannot give large
enough values to saturate the current experimental bound.
No observation of dμ is therefore expected in the
current model.
Since current cLFV bounds require the large coup-

lings to be nearly diagonal in order to avoid large
cLFV observables, decays of the heavy fermions are
necessarily flavor conserving. We discussed the decays of
ðΨ0;Ψþ;ΨþþÞ for the case that the scalars are heavier
than the fermions. We used MADGRAPH [46–48] together
with the LUXqed PDFs [49,50] to calculate production
cross sections of the different heavy fermions for the
LHC and a possible future

ffiffiffi
s

p ¼ 100 TeV hadron col-
lider. For the high-luminosity LHC, future searches for
the heavy fermions of the BNT model can probe masses
up to roughly mΨ ≤ (1.5–1.8) TeV.
We discussed branching ratios of the heavy fermions.

Ψþþ
α decay via Ψþþ

α → lþαWþ with 100%, whereas Ψþ
α →

ðlþα h0; lþα Z0; νWþÞ. The branching ratio to lþα h0 is
enhanced if Yeϕ ≳Oð1Þ. Similarly, for Ψ0 decays the
branching ratios Ψ0

α → l�αW� can be large in the same
parts of parameter space. In summary, the extended
BNTϕ model can explain the observed anomalies in
(g − 2), while making interesting predictions for the decay
patterns of the exotic fermions.
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APPENDIX: FULL LAGRANGIAN EXPRESSION

The full expression of the extra interactions and mass
terms of the BNTϕ model, including SUð2ÞL indices
(i; j;…; p), is as follows.

LBNTϕ ¼ MΨΨijΨ̄ij þ YΨLiΨjiH�
j þ YΨ̄Ψ̄ljLmSijkϵimϵkl þ YeϕecΨ̄ijϕji

þ YeϕcecΨ̄ijϕ
�
ij þ YΨϕΨijΨ̄jkϕki þ YΨϕcΨijΨ̄jkϕ

�
ik − V; ðA1Þ
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V ¼ m2
SS

�
ijkSijk þm2

ϕTrðϕ†ϕÞ þ ½μ2ϕTrðϕϕÞ þ H:c:� þ ½μHϕH†ϕHμSϕS�ijkSijlϕkl þ H:c:�

þ 1

2
λ2aðS�ijkSijkÞ2 þ

1

2
λ2bS�ijkS

�
mnoSljkSpnoϵimϵlp

1

2
λ3ðH†HÞS�ijkSijk

þ 1

2
λ4HjH�

i S
�
klmSnlmϵikϵjn þ λ6aðH†HÞTrðϕ†ϕÞλ6bH†ϕϕ†H þ λ7aðS�ijkSijkÞTrðϕ†ϕÞ

þ λ7bS�ijkSijnðϕϕ†Þknλ7cS�ijkSilmðϵϕ�ÞjkðϵϕÞlm þ λ8a½Trðϕ†ϕÞ�2
þ λ8bTrðϕϕϕ†ϕ†Þfλ5HiHjHkS�ijk þ λ9ðH†HÞTrðϕϕÞ þ λ10aS�ijkSijkTrðϕϵϕTϵTÞ
× λ10bS�ijkSilmðϵϕϵTÞljðϵϕϵTÞmk þ λ11½TrðϕϕÞ�2 þ λ12TrðϕϕÞTrðϕ†ϕÞ þ H:c:g: ðA2Þ

Whenever it is appropriate, we use a vector and matrix notation [in SUð2ÞL space] for the various fields. As usual, ϵ stands
for the two-dimensional Levi-Civita tensor.
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